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COMPUTING EXP(A) AND / EXP(As)ds

C. Killstrdm

ABSTRACT

This report describes one algorithm to compute exp(A) and one algo-
rithm to compute both exp(A) and fexp(As)ds. The method used in the
two algorithms is finite series approximation, where the matrix is
scaled before the expansion. The choice of the nurber of terms in
the series expansion is discussed in detail, and results of numeri-
cal investigations performed on the PDP 15/35 computer are presented.
The conclusion is that nine terms is a suitable choice on a computer

with a floating point accuracy of 7 - 8 decimal digits.

This work has been supported by the Swedish Board for Technical Deve-
lopment under Contract No. 72-202/U 137.
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1. INTRODUCTION

1.1. Linear Systems

Consider the continuous linear time-invariant system

%=mm+mm (1.1)
g(£) = Cx(t) + Du(t) (1.2)

with initial condition

x(t ) = x (1.3)
o o

where

%x(t) is an n-dimensional state vector
u(t) is an r-dimensional control vector

y(t) is a p-dimensional vector of outputs

A, B, Cand D are time-invariant matrices of dimension n x n, X I,

pxnand p xr respectively.

The solution of (1.1) with initial condition (1.3) is of the form (see
e.g.[23]):

A(t-t

x(t) = e eA(t_S)

) i
o'x *+ [ Bu(s)ds (1.w)

° ¢
O

where the matrix exponential is defined by

[>e)

Mo aM+ M2+ =S M/it (1.5)

1=0
Now assume that we observe the output vector at the discrete times to,
to + 1, to + 2¢,..., where 1t 1is the sampling interval, and that the
control vector is constant over the intervals (to, tO+T), (to+r,to+21),..-
then (1.4) implies that the continuous system (1.1) - (1.2) can be de-

scribed at the sampling events by following discrete system:



A T
x(trt) = T x(t) + [ & ds Bu(t) (1.6)
O

y(t) = Cx(t) + Du(t) (1.7)

t=t, t Tt 2T,

Introduce the notations

At

¢ = e (1.8)
T

ro=17, eAS ds B (1.9)
o

where ¢ and I cbviously are time-invariant matrices of dimension n x n

and n x r respectively.
With these notations the discrete system (1.6) - (1.7) can be written:

x(t+t) = ¢x(t) + Tu(t) (1.10)
y(t) = Cx(t) + Du(t) (1.11)

t =t ,t +1,t + 27,...
(@) (@] ®)

Obviously the eveluaticn of eAg where A is a square matrix, and the com-
putation of the discrete system matrices ¢ and I' play an important part

in linear system theory.

If the definition of matrix exponential (1.5) is inserted in (1.9), we

obtain following series expansion of T':

r = (I+Ar/2!+ A2:2/31 4+ ...) Br =

. [z (AT)i/(i+1)!} Bt (1.12)
3=l

Multiply (1.12) from left by A anc add the matrix B to obtain

AT

Ar+ B=e B (1.13)
and then

AT
AT = (e - I)B (1.1%)

= T
If the inverse A . exists, it is possible to obtain I from ¢ = éA by

solving the linear equations system (1.14). As the solution of (1.14) is



time-consuming and not successful when A is singular, a special method

to obtain ¢ and T, not using eAI, is introduced in Chapter 3.
Following two algorithms are treated in this paper:

(1) evaluation of eA (algorithm 1)
(2) computation of ¢ and I' (algorithm 2)

1.2. Different Methods of Evaluating Exp(A)

Several methods to evaluate eA have been tried. The main methods are:

Inverse laplace transformation
The Cayley-Hamilton method

. The eigenvalue/eigenvector method

£ ow N

. Tinite series approximation

Methods 1, 2 and 3 require the computation of the eigenvalues of the
matrix A, which may be a difficult computational problem (see e.g. 6).
Method 1 is suitable to use for handcomputation. An algorithm using
method 2 has been proposed by Fath [7]. If the eigenvalues and eigen-

vectors of A are desired for other reasons, method 3 may be suitable.

The finite series approximation method seems generally to be the most
suitable one for digital computations. The method was first used in

the IBM Research Laboratories in the early sixties. R.W. Koepeke wrote
an IBM 7090 assembler program which was modified and incorporated in
Kalman-Englar's ASP package [10]. A FORTRAN version is found in Astrtm's
Linear Quadratic Package described in [22]. The finite series approxi-
mation method is used in algorithm 1 to evaluate eA, and a modification
of the method is used in algorithm 2 to compute ¢ and T'. The details

are discussed in Chapters 2 and 3.



2. EVALUATION OF EXP(A)

2.1. Method of Finite Series Approximation in Evaluating Exp(A)

The matrix exponential eA is defined by the series

Ao Taea+al 4. = 3 Al (2.1)

i=0

In the method of finite series approximation we estimate eA with

N .
:;k ST+ A+ A2 4 NN = 3 AT/ (2.2)
i=0

where N is determined so that the truncation error matrix

T= 3 A/l (2.3)
1=N+1

has suitable small elements.

If A has large elements a large N must be determined. This means a long
computing time and a bad accuracy because of the round-off errors in-

troduced by the great number of matrix operations.

To overcome these difficulties we choose a positive integer N and a
non-negative integer k so that

s /29t (2.1)
1=N+1

T

has suitable small elements.

Now we compute

'fZ;ZR A K. i
e = 5 (A/27)7 /4! (2.5)
i=0
and then
2
— ./}2 2
s {[eA/Q } } (2.6)

where the number of powers is k.



The difficult problem of choosing suitable N and k will be discussed
in detail in Chapter k4.

The convergence of (2.1) is easy to prove. Introduce the wvector space
L. = {x | X an n x n matrix}. Then L is a Banach-space, and the series
(2.1) is convergent if it is convergent in the norm.

We have

ISR 2.7

The ordinary positive series

(o]

2 1] /3 (2.8)
converges for all ||A|| towards the scalar eIlAll.

From (2.7) we have that the series

; ||Ai/i!|l (2.9)

1=0

is dominated by the series (2.8), and then (2.9) is convergent and
finally (2.1) is convergent for all quadratic matrices A. See e.g.
[1land [18].

The convergence of the method (2.5) and (2.6) is discussed in [20].

Ananalysis of roundoff and truncation errors is given in [211.

2.2. Series Expansion

k .
According to (2.5) we estimate AT with

“%_ & ki,

A/2" = 5 (A/27)7/18 (2.10)
& i=0

We introduce the notation A = A/Qk. A straightforward computation of
(2.10) requires a memory storage of 4 matrices of dimension n x n,

namely



1. A
L4
2 vy A/i!
1=0
3. A/t

4. The matrix product (52/2!) A
where £= 1,..., N

Tn fact, it is possible to reduce matrix 4 to a vector, where the rows
of the resulting matrix (AL/Q!]A.temporarily are stored before they are

put into matrix 3.

The number of matrix operations involved in a straightforward computation

of (2.10) is:

(N-1) matrix multiplications
(N-1) matrix additions

1 addition of the unity matrix

Another way to evaluate (2.10) is now described. Define matrices Bl’

£ =0,.., N as follows:

B, =4 (2.11)

AB, | /(N-2+1) + I

Obviously we have

A

eA = BN (2.12)

Memory storage of 3 matrices of dimensions n x n is required, namely

1. A
2, Bz )
3. The matrix product AB,

As in the straightforward computation it is possible to reduce matrix

3 to a vector.

The number of matrix operations involved is:



(N-1) matrix multiplications

N additions of the unity matrix

We conclude that the computing time 1is less in this case, which has

been confirmed by numerical investigations.

Additions of the last terms in the straightforward computation of (2.10)
seems to be illconditioned numerical opemations. The method (2.11) -
_ (2.12) does not include additions of matrices with such small elements,
and the accuracy should be better. This conclusion has been confirmed

by numerical investigations.

The last method is obviously to prefer with regard to accuracy, com-

puting time and memory storage.

In fact following modification of (2.11) and (2.12) will decrease the

execution time further:

B, = I/N!
B, = AB,_; + I/(N-2)! (2.13)
x

However, it is necessary to compute N! explicite, and if this value
is too large to be stored in a fix point variable, the computation

may be less accurate than (2.11) and (2.12)
2.3. Origin Shift

If the eigenvalues of A are concentrated around a point far away from
the origin, it seems reasonable to shift the origin to the centre of
mass of the eigenvalues before the evaluation of eA to get shorter
computing time and higher accuracy. See [18]. The sum of the eigenva-
lues is equal to tr A (trace of A), and consequently the centre is

tr(A)/n. We then have

A= (A - (tr(A)/n)I) + (tr(A)/n)I (2.1W)
and
eA ~ e(A - (tr(A)/n)I) + (tr(A)/n)I

(2.15)



But the matrices

A - (tr(A)/n)I
and
(tr(A)/n)I

commutate, which implies that (2.15) can be written

A _ (A- (tr(A)/M)I) _(tr(A)/n)I
e e e

- (2.16)
We have

L(tr(AY/MT _ tr(A)/ng (2.17)
and (2.16) can be written

. (etr(A)/n) e(A - (tr(A)/n)I) (2.18)
where etr(A)/n is a scalar.

The origin shift requires, of course, that it is possible to obtain an

a .
accurate value of e, where a is a scalar.

The origin shift seems to be a reasonable way of increasing the accu-
racy and decreasing the computing time. In some applications, however,
the matrix A is known to have its eigenvalues centered around the ori-
gin. It is therefore desirable for the user to be able to control if

origin shift will be performed or not.

The difference in accuracy and computing time between using origin shift

and not is further discussed in Chapter 6.

2.4. Algorithm 1

Now we sum up the conclusions we have made in sections 2.1, 2.2 and 2.3

in an algorithm to evaluate eA:

1. Put ¢ = A if no origin shift or compute tr(A)/n and put S = A -
- (tr(A)/n)I if origin shift.

2. . Choose N and k so that the truncation error
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p (8/29Y/ir
1=N+1

T

1]

is suitable small.

3. Compute S = S/2k.
4. Put BO = I and compute
= S +
Bl S BO/N I
B)Z =35 Bﬂ_l/(N—£+l) + I
=
e’ =B =SB, *+1I
5 Compute

where the square is taken k times.

6. Put

/Z/g
e = e  if no origin shift
or compute
AN AN
A tr(A)/n S
e =e e

if origin shift.

The difficult problem of choosing suitable N and k is discussed in Chapter 4.
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3. SAMPLING A LINEAR SYSTEM

In section 1.1 we have introduced the definitions ((1.8) and (1.9)):

AT

PR (3.1)
T

r =17/ eAS ds+B (3.2)
O

where ¢ and T are matrices of dimensionn x nand n X r respectively, and
T is the sampling interval. As shown in section 1.1 it would be possible
to compute ¢ = eAT by algorithm 1 given in section 2.4, and then solve
(1.14) to get I'. As this method is time-consuming and does not work if

A is singular, another approach of computing 4 and T is introduced in

this chapter.

3.1. Method of Finite Series Approximation in Sampling a lLinear System

In section 1.1 we have shown (1.12):

r=| oz (ADY/ (D! Be (3.3)
i=0
We now define the series expansion

WA = 3 AT/(AHD)! (3.1)
i=0

and write (3.3) as:
I = v(At)Br (3.5)

The convergence of (3.4) is proved analogous to the convergence of (2.1)

in section 2.1. Only note that
AL/t [ FA] 7 G0t « | Al T/l (3.6)

and the convergence of

5 ||a]] /4 (3.7)
1=0

implies that (3.4) is convergent.
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From the definition of matrix exponential (1.5) and (3.4) we can state:

s Av(A) + T = Y(AA + T (3.

The method is now obvious. Evaluate ¥(At) according to (3.4) and then

compute:
o = (AT)Y(AT) +.1 (3.
r = ¥(At)(Bt) (3.

As in section 2.1 we choose a positive integer N and a non-negative

integer k so that
7 Kyi,peoayy
T= 1 (A/27)7/@E+D)! (3.
1=N+1

has suitable small elements, where T is the truncation error matrix.

Then we estimate W(A/2k) with

TP Kyi, .

y(A/27) = ¢ (A/27)7/(1+D)! (3.
i=0

To cbtain ¥(A) from @(A/2k) is somewhat more complicated than in the

exponential case.

Put A/2 into equation (3.8) to obtain

7 = w2y + 1 (3.
Square (3.13) and use (3.8):

= (2w + 1) = ava) + T (3
Develope the square and use that A/2 and Y¥(A/2) commutate to get:
A(¥(A) - (A/W)¥2(A/2) - ¥(A/2)) = 0 (3.

This equality has to be satisfied for any = matrix A, and we obtain:

v(a) = ((A/mva/2) + I)¥(A/2) (3.

8)

9)

10)

11)

12)

13)

J14)

15)

16)
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We can obtain ¥(A) from W(A/Zk) by writing (3.16) as
a2t = [T a2ty + 1wt (3.17)
and use this relation for 2 = k, k-1,...,1.
~ -1 . L 3

To compute ¥(A/2” 7) from ¥(A/2”) requires

2. matrix multiplications

1 addition of the unity matrix
while the corresponding relation to (3.17) in the exponential case,

(2.6), only requires one matrix multiplication.

3.2. Series Expansion

According to (3.12) we estimate W(A/?k) with

T LI |

Y(A/27) = £ (A/27)7/(i+D)! : (3.18)
i=0

Again we use A = A/2k. It is possible to evaluate (3.18) in a straight-

forward way, but analogous to section 2.2 we use another approach.

Define matrices CQ, 2 =0, 1,..., N as follows:

CO = (3.19)
= AC, /(N-2+2) + I

Obviously we have

¥(A) = C (3.20)

N

This method is quite analogous to the methed (2.11) - (2.12) described

in section 2.2, and the advantages are quite the same.

3.3. Algorithm 2

In section 2.3 is the origin shift in evaluating eA described. Applica-
tion of the same origin shift in evaluating ¥(A) implies the solving
of a linear equations system, and the advantages of the shift thus have

disappeared.
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We now sum up sections 3.1 and 3.2 in an algorithm to compute ¢ and I':
1. Choose N and k so that the truncation error matrix
T= o1 (Av29OYEHD!
1i=N+1

has suitable small elements.

2. Compute A = AT/Zk.
3 Put CO = T and compute
C, = AC /(N+1) + I
1 o
Cl = ACQ_l/(N—2+2) * I

¥(A) = ¢y = Ay /2 + 1
4. Compute V¥(At) by using
v(ar/2t Ly = % (/20w 2by + 1) w2’

for ¢ = k, k-1,.., 1.

5. Compute

(AD)¥(A) + T
¥(AT)(B1)

—
1]

The difficult problem of choesing suitable N and k is discussed in next

chapter.



L. CHOICE OF THE NUMBER OF TERMS AND THE SCALE FACTOR

In this chapter the choice of the number of terms and the scale factor
1/2k in the two algorithms given in Sections 2.4 and 3.3 will be dis-

cussed.

T+ would be desirable to find an N with regard to the accuracy of the
computer only, and then choose a k dependent on the actual matrix A.
Numerical investigations will show that this is a reasonable approach
to obtain efficient algorithms.

A simple consideration of the number of terms for a computer with eight
significant decimal digits is given in Kalman-Englar's ASP package [10].
They decided to use N = 36, but the results in this chapter will show
that this number is too large.

The investigations are performed on the computer PDP 15/35. The mantissa
of a real single precision variable occupies 27 bits including a sign bit,
which means that the accuracy is between 7 and 8 decimal digits. Matrix
multiplications, however, are partly performed in double precision. The

double precision accuracy is about 10 decimal digits.

4.1. Algorithm 1

N

Define the relative error of eA as

“T A

) .

5 = J—fi—jim——LL (4.1)
el

where the norm of A is taken as

n n
||A]] = min{max % |a..|, max I Lai.l} (4.2)
io§=1 3 i=1 M

N

The relative error of eA ac a function of N and k has been computed en

PDP 15/35 for four kinds of test matrices.



Testmatrix 1:

A=a

where a is a scalar.

Obviously we
A _ a
e

Testmatrix 2:

0 a
-a 0

A =

get

We obtain (see e.g. [3] ):

A_{COS&
e =

sin a

Testmatrix 3:

|

16

(4.3)

If A is an n by n matrix and T is any nonsingular n by n matrix, then

following can be proved (see e.g.

TAT’l I
e e

We choose

n-1
n-1

n-2

[

and then we get (see [8]):

N NN

N

[31):

(L.4)

(4.5)
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[ 1 | 7
=1 2 =1 0
-1 2 -1
71 - ... (4.6)
0 -1 2 -1
L -1 %

1 0
A = 3 (4.7)

N

B N (4.8)

1)
i

Now testmatrices

A= TaT L (4.9)
and exponential matrices

= relrt (4.10)
easily can be generated with various order n.

Testmatrix U:

Define the n by n matrix

g= |+ 1.1 (4.11)
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If we put

T =ak + bI (4.12)

it is easy to show that

T 1 = E + dI (4.13)
where
-_a 1 1
¢==T =% (4.14)
1
d = 5 (4.15)

Put a = b and choose A according to (4.7), and then testmatrices of
various order can be generated analoguous to (4.9) and (4.10). It appears
that the value of the parameter a = b does not influence the matrices A

and eA.

Some results of the numerical investigations are shown in Tables 4.1 - 4.5.
The computational effort to evaluate eA can roughly be estimated by the

number of matrix multiplications M. We obviously have
M=N+k -1 (4.186)
which means, of course, that the same number of matrix multiplications M

can be obtained by several combinations of N and k. For each M = 1,2,3,..

the minimum relative error is underlined in the Tables 4.1 - L.5.
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The minimum relative error § as a function of M for the five matrices in
Tables 4.1 - 4.5 are shown in Fig. 4.1 and 4.2. The optimal number of

matrix products, M o is easily found for each matrix from the plots.

All plots of investggated testmatrices have the same characteristic
appearance. The anomaly of the plot in Fig. 4.1 (c) can be explained by
going back to Table 4.3. The minimum value of § for M = 10 is obtained
by the combination N = 5 and k = 6. By locking at § for Kk = 6 and N =

= 6,7,8,.. we can conclude that the small value of § for N = 5 and

k = 6 only is a "lucky hit".

When Mbpt has been determined from the plot it is quite easy to go
back to the table to find the optimal combination of N and k. The re-

sults are summarized in Table L4.6.
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a.

10—4_
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b. C
107+ 1074
1075+ 10-5-
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Fig. 4.1 - Minimum relative error § as function of the number of matrix
multiplications M. The §-axis has logarithmic scale. v

a. Test matrix 1 with a = -8.
b. Test matrix 1 with a = 6.4.

c. Test matrix 2 with a = 8.
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10-3
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multiplications M. The §-axis has logarithmic scale.

Test matrix

ae 1
b. Test matrix 1
Cs 2

Test matrix

with a = -8.
with a = 6.4.
with a = 8.

Fig, 4.1 - Minimum relative error § as function of the number of matrix
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multiplications M. The 6-axis has logarithmic scale.

a. Test matrix 3 with n
b. Test matrix 4 with n

= 12.
= 8.

1% M
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N
Testmatrix no. Mopt Nopt kopt §(e )10
1: a = -8 11 8 I 10
1l: a = 6.4 11 9 3
2: a=8 12 9 L L
3: n =12 12 9 il 10
4: n = 8 12 8 5 10
Table 4.6

The optimal combination of N and k, and the obtained relative error for

some test matrices.

We notice that the optimal choice of Nopt is either 8 or 9.

The considerations outlined above have been performed for a large num-
ber of test matrices with order between 2 and 13. The conclusion is that

NOpt mainly takes the values 7, 8 or 9, with preference to 8.

The remaining problem is now how to determine k so that the truncation

error matrix

7= 5 w29 (4.17)
1=N+1

has suitable small elements.
We estimate T with
T = /29 (4.18)

Now choose k in such a way that

ll(A/2k)N/N![[ < e
k-1yN

(4.19)
| | (A/2 /NY|] > e
where the norm is given by (4.2) and e is a small number dependent on

the accuracy of the computer.

To avoid the computation of AN in (4.18) it seems attractive to use the

relation
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A kN N 1
Tl = [[as2y/m] < AT 55 (4.20)
Ny
and then choose such a k that
N 1
gl =g==2 =
Ny
(4.21)
N 1
A&l s =
2N(k—l)N!

There are, however, such matrices that (4.20) estimate ||T|| very badly,
which implies that:the value of k determined according to (4.21) is too

large.

To obtain an accurate result it is necessary to compute AN and use (4.19)
to determine k. The number of required matrix multiplications to compute

AN is of course dependent on N:

N = 7: 4 matrix multiplications
N = 8: 3 matrix multiplications (4.22)
N = 9: 4 matrix multiplications

We now conclude that the most reasonable choice of N when implementing

algorithm 1 on a computer with the same accuracy as PDP 15/35 is 8.

Going back to the Tables 4.1 - 4.5 it is now possible to determine the

optimal k for each matrix when N = 8. Then by computing

1¢ar2)8/8t || (4.23)

7|

1

for k = k - land k = k we can make a consideration how to choose
opt opt

e in (4.19). See Pable 4.7.
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k.8 ,.,
kopt || a72™)°/78t ||
Testmatrix no. when B B
N=8 k_kop‘t_l k_kop‘t
a=-B 4 2:107° 1-10‘7
a=6.u4 4 u-lo‘6 2-10'8
5 2-10‘8 6-10'11
2: a=8 4 2-10‘5 1.10‘7
3: n=12 5 5-10"6 2-10"8
6 2.1078 g.10" 1t
4: n=8 5 3-10"7 1-10“9
Table 4.7
The estimated truncation error when k = k -1 and k=k for some test
opt opt

8.

matriees whan N

If we choose € = 2-10_7, the value of k obtained by (4.19) with N=8

will be the same as ko for the 5 matrices in Table 4.7. When considering

pt
the entire set of testmatrices the optimal value of e is modified to

5-10"7.

Point 2 of algorithm 1 in section 2.4 now can be described as:

2.a Compute v = ||SN]|/N!

b. Choose k in such a way that

V_ ¢e¢ and e > €
A NG

When implementing algorithm 1 on a computer with the same accuracy as
PDP 15/35 a suitable choice of N is 8 and a suitable choice of e is

5.107.

4.2. Algorithm 2

Define therelative error of ¥ (A) as

v (A) - v(A)]
[ ¥ (A)]]

where the norm is given by (4.2).

sy = (4. 2u)

The relative error of ¥ (A) as a function of N and k has been computed
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on PDP 15/35 for two kinds of test matrices.

Testmatrix 1:

A=a
where a is a scalar.

From (3.8) we get

ea -1
Y(A) = (4.25)
a
Testmatrix 2:
A = 0 a
-a 0
From (3.8) and (4.3) we get
i-sin a l(l - cos a)
Y(A) = < (4.26)
- l-(l - cos a) L sin a
a a

Some results of the numerical investigations are shown in Tables 4.8 -
- 4.10. As in section 4.1 we estimate roughly the computational effort
by the required number of matrix multiplications M. From (3.17) we
conclude that the number of matrix multiplications due to the scaling
is 2k. We then get

M =N+ 2k (4.27)

|
=

For each M = 1,2,3,.. the minimum relative error is underlined in the
Tables 4.8 4.10.

The minimum relative error § as a function of M for the three matrices
in Tables 4.8 - 4.10 i< shown in Fig. 4.3. The optimal number of matrix

products, Mopt’ is easily found for each matrix.
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Fig. 4.3 - Minimum relative error § as function of the number of matrix

multiplications M. The §-axis has logarithmic scale.

a. Test matrix 1 with a = 6.4
b. Test matrix 1 with a = -6.4
c. Test matrix 2 with a = 6.4
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If we compare Fig. 4.3(a) to Fig. 4.1 (b) we can notice that

M (¥(6.4)) = 14 and M (e6'u) = 11. Itris zften true that the

opt opt

optimal number of matrix multiplications when evaluating ¥(A) is greater

than the number when evaluating eA.

When Mopt has been determined from the plot we go back to the table
to find the optimal combination (or combinations) of N and k. The re-

s ults are summarized in Table 4.11.

Testmatrix no. M N k 6(@(A))°108
opt opt opt
1: a=6.U 14 5 5
7 il
9 3 2
11 2
1l: a= -6.4 12 5 L 9
7 3
2: a= 6.4 14 9 3 20
Table 4.11

The optimal combination or combinations of N and k, and the obtained

relative error for some test matrices.

When all test matrices are considered it appears that the most common

vatues of No are 7,8 and 9.

pt

As in section 4.1 we estimate the truncation error matrix

= 1 (29! (4.28)
1=N+1

with

T = (/29N (i) (4.29)

We now choose k in such a way that

Hea/29% auyr | ] < ¢

(4.30)

a2 N a1yt || > e
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where the norm is given by (4.2) and e is a small number dependent on the
accuracy of the computer. The number of matrix multiplications to compute
AN is given by (4.22). Our conclusion now is that the most reasonable
choice of N when implementing algorithm 2 on a computer with the same

accuracy as PDP 15/35 is 8.

If we make the same considerations as in section 4.1, we obtain that

e = 5.107 is a suitable choice on PDP 15/35.
Point 1 of algorithm 2 in section 3.3 now can be described as:

l.a. Compute v =|\(AT)NII/(N+1)!

. Y \Y
b. Choose k in such a way that sz < e and 2N(k—l) > €

When implementing algorithm 2 on a computer with the same accuracy

as PDP 15/35 a suitable choice of N is 8 and a suitable choice of

e 1s 5-10—7.
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5. ORGANIZATION OF THE CODES FOR THE TWO ALGORITHMS

The two algorithms given in section 2.4 and 3.3 have been implemented
on the computer PDP 15/35. The programming language is FORTRAN IV and
the compiler F4S V12D has been used. The computer uses software real

arithmetic.

Both in algorithm 1 and 2 a series has to be evaluated. The difference
between the two series expansions is quite small, and it seems reason-
able to make a subroutine which can be called by both algorithm 1 and 2
to perform the series evaluations. The program head of this Fortran
subroutine EXPAN is shown in Appendix B. The computations are organized
as described in the second method of section 2.2 and in section 3.2. The
subroutine needs one internal matrix, which is stored in a common block

SLIASK of fixed length 1 k used for dummy matrices.

This internal matrix could in fact be saved by making the code and
computing time longer. Cf section 2.2. The maximum order of the input
matrix of subroutine EXPAN is restricted to 13 by the internal matrix.
The required number of cells of the code rand the internal matrix is
shown in Table 5.1. Note that a real variable on PDP 15/35 is stored

in two cells.

Algorithm 1 is implemented by subroutine MEXP-. The program head is
shown in Appendix C. Subroutine MEXP calls subroutine EXPAN and the two
subroutines NORM and MMULT in the Program Library [1°1. Subroutine NORM
computes the norm given by (4.2) and subroutine MMULT performs matrix

multiplications. See Fig 5.1.

MEXP

EXPAN NORM MMULT

Fig. 5.1. The subroutine structure of MEXP.
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The computations of MEXP are organized as described in section 2.4 and
cection 4.1. If the origin shift (see section 2.3) is to be performed
or not is controlled by the argument NOTRAC. Subroutine MEXP needs two
internal matrices, which are stored in the common block SLASK. Note that
one of these matrices is shared with EXPAN. The required number of cells
of MEXP is shown in Table 5.1.

Finally algorithm 2 is implemented by subroutine COSA. The program head
is given in Appendix D. The computations are organized as described in
section 3.3 and 4.2. The subroutine calls EXPAN, NORM and MMULT as
shown in Fig. 5.2. COSA needs three internal matrices, stéred: in the
common block SLASK. One of these is shared with subroutine EXPAN. The

required number of cells is shown in Table 5.1.

COSA

EXPAN NORM MMULT

Fig 5.2

The subroutine structure of COSA.
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Number of cells

Code without Cocde with sub- Internal Totally
subroutines subroutines matrices
EXPAN 223 1 256 338 1 594
MEXP U3 2 251 676 2 927
COSA 498 2 197 1 014 3 211
Table 5.1

The required number of cells of subroutines EXPAN, MEXP and COSA on

PDP 15/35. The maximum order of the input matrices is restricted to 13 by
internal matrices stored in the common block SLASK. Note that a real
variable is stored in two cells. The notation "subroutines" in the table
head means for EXPAN system subroutines, mainly consisting of the real
arithmetic package, and for MEXP and COSA furthermore subroutines EXPAN,
NORM and MMULT.

Tt should be pointed out that subroutines MEXP and COSA 1n fact compute

A8 twice, the first time to determine the scale factor 1/2 and the

second time when evaluating the series. If the main memory is large enough
to store the seven matrices A2 As A8 it seems possible to decrease
the computing time by only computing AS once. The saving in computing
time is roughly the three matrix multlpllcatlons AxA, A *AQ and ALL*AM
when determining the scale factor 1/2 , but probably the expanded pro-
gramming administration will decrease the saving. In our case, however,

there is no possibility to store seven matrices.
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6. NUMERICAL EXAMPLES

The two Fortran subroutines MEXP and COSA, described in chapter 5, have
been tested on PDP 15/35. Some of these test examples will be given in

this chapter.

The execution time is measured with the accuracy of 0.1 S+~ . .When a time
is equal to 0.0 s, . this means that the real execution time is less than
0.1 s« Some of the characteristic times of PDP 15/35 are listed in
Appendix A.

The relative error is computed from the internal representation of the
nurbers in the computer. The accuracy of a real floating point number is
between 7 and 8 digits. The resulting matrices, however, are printed with
7 digits, which means that it is possible for the elements of a computed

matrix exp(A) to have 7 correct digits but the relative erreris not zero.
It is possible to compute exp(A) in three ways:

o MEXP without origin shift (NOTRAC = 0)

o MEXP with origin shift (NOTRAC = 1)

o COSA

The total number of matrix multiplications M is obtained from the

number of scalings k by

M=k+ 7 (6.1)
for MEXP and
M=2k + 8 (6.2)

for COSA. Note that the number of matrix multiplications to compute
¥(A) is 2k+7,but another matrix multiplication is reguired to obtain
exp(A).COSA &al=n perfornsa matrix-vector-multiplication to obtain, in

this case, a dummy vector

The first example is test matrix 1 (see sec. 4.1) with a = 3. See Table
6.1. In this case, the call of MEXP with NOTRAC = 1 only is a way to let

the Fortran Library Function EXP perform the computation.



MATRIX A

NOSM(A) = N,500n0N0F+nN1

EXACT MATRIX EXP(A)

N.20n8554E+07

NORMIEXP(A)Y) = 0.2008554E+02

EXP(A) COMPUTEDN RY MFXP
MOTRACE(

N,20N8554E+02
NUMBFER OF SCALINGS (K) = &

RELLATIVE £RROR = 0.0&+00
EXECUTION TIME 0.0 SEC

FXPCA) COMPUTED RY MEXP
NOTRAC=1

N.20N8554F+07
NUMBER OF SCALINARS (K) = 0

RELATIVE ERRCR = 0,7E-07
EXECUTION TIME = 0.0 SEC

EXP(A) COMPUTED RY COSA
N.2008554E+02
NUMBER OF SCALINARS (K) = 2

RELAT|VE ERROR N, 7E-07
EXECUTION TIME n.0 SEC

Table 6.1.
Test matrix 1 with a = 3.

41
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The next example is the matrix

A= (000 (6.3)
0 1
with
100
& = [e O} (6.4)
0 e

The result is shown in Table 6.2.

Lion and Alderson [15] have suggested following matrix:

2 b4
A = T (6.5)
3 -b

with
%(3 ¥ g 8T %(1 - &7 %%y ]
AT
g = (6.6)
3 _8T 1 -8T
h-§(l - e ) LF(l + 3e )_

Matrix A has the eigenvalues 0 and -8t. The sampling interval is chosen
as 1/80, 1/8, 1, 10, 100 and 1000. The results are shown in Tables 6.3 -

- 6.8. A summary of the results is given in Table 6.9.



MATRIX A

.10 00001 :+!:4I";
0 | nn r! r| kil ‘i*’;‘\ )

MORMOAY = 0.10000008E+03

EXACT MATRIX EXP(A)

0.2688117E+44 0.0000000E+00
0.0000000E+00 0.2718282E+01

NORM(EXP(A))= 0.2688117E+hk

FXP(AY COMPUTED 7Y
NMOTRAC=0

0.2688113E+44

0.00N0NONE+DD

MUMBER OF SCALINGS
FXFCUTION TIME =

EXP(A) COMPUTED 1Y
NOTRAC=1

0,26R8113F+44
N, 0nononNnNaE+QN

NUMBER OF SCALINGS
EXECUTION TIME =

EXP(A)Y COMPUTEDN RY

D.2688112E+44
0.0Q000NNE+DD

NUMBEER OF SCALINGS
FXECUTION TIME =

Table 6.2.

M XP

N,0000NDNE+DN
(1,2718273E+01

(r)y = &
0,1 SEC

MEXP

0.,0000000E+00
N,2718287E+01

(Ky = 7
0.1 SEC

COSA

nL.O00D0NNE+QN
N,7718282E+01

(K) =

7
0.1 SEC

43



MATRIX A

-0 ,2500000E~{1

0.3750000NE-01

N.5000000E-01
-n.,7%00000E=-01

NORM(A) = 0.1125000E+00

EXACT MATRIX =X

0, 9762058541

(.3568597E-101

NORM(EXP(A)) =

FXP(A)Y COMPUTED
MOTRAC=0

0,9762094E+010
N.3568597E-01

NUMBFR OF SCALI
RELATIVE ERROR
EXECUTION TIME

PCA)

N,47531290F=01
N,02862R81E+00

0.1011895E+01

AY MEAP

n,475812%9E-01
N.9286281E+00

NGRS (K) = 0
nN,4E-07
0.0 SEC

o

EXP(A) COMPUTER RY MEXP

MOTRAC=1

0.9762094E+00 nN,4758129E-01
N,%568597E-01 N,9286281E+00

NUMBER OF SCAL
RELATIVE ERROR
EXECUTION TIME

INGS (K) = 0
= N, 2E-07
= 0.0 SEC

EXP(A) COMPUTED BY COSA

1.,9762094F+00 0.4758129E-01
0.3568597E-01 N.Q2R6281E+0N

NUMBER OF SCAL
RELATIVE ERROR

<

INGS (K) = 0

= 0.1E-07
EXECUTION TIME = 0.0 SEC
Table 6.3.
_2 L" 1
A = T, Wwhere 1 = 30

il



MATRIX A

-0.2500000kE+00
N.3750000E+00

NORM(A) = 0.11

N.5000000E+0N
~03,7500000E+010

PRONEE+01

EXACT MATRIX EXP(A)

N.R41942FF+
0.2370422+00

NORM(EXP(A) ) =

EXP(A) COMPUTED
MOTRAC=D

0.8419698E+00

0.2370452E+01

NMUMBER OF SCAL!
RELATIVE ERROR
EXFCUTION TIHME

EXP(A) COMPUTED
NOTRAC=1

N.8419A99c+00
0.2370452E+00

NUMBER OF SCAL
RELATIVE ERROR
FXFCUTION TIME

FXP(A) COMPUTED

N.8419699E+0N
0.237043P2E+00N

NUMBER OF SCALI

0,31606033E+0N

0,5259096E+00

N,316060%E+00

0.5259096E+010

N.3E-08
0.1 SEC

NS (K)Y = 1

RY MEXP

N.3160A03E+00
0.5259090E+00

NGS (K) = O

0.56-07
n.0 SEC
RY COSA

N.3160A03E+00
N.HA59N96E+00

NGS (K) = 1

RELATIVE ERROR = n,2E-07
FXECUTION TIME = n.1 SEC
Table 6.4.

-2 ) 4
A = T, where T = g
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MATRIX A

=0,200000084+01 B,4000000F+01
0,3000000E+01 =N,A000000F+01

NORM(A) = D.9000000F+01

EXACT MATRIX EXP(A)

(1, 7500830E+00 N, 4908323E+0N
(.3748742E+00  NL.2502516E+00
NORMCEXP(AY)=  N,1124058E+01

EXPCAY COMPUTED RY MEXP
NOTRAC=9)

D.750N8276E+00 N.4Q998322E+00
0.37487416+00 N,2502515£+00

NUMBER OF SCALINGS (K) = 4
RELATIVE ERROR =  n,2F-04
EXECUTION TIME = N1 sec

EXPCAY COMPUTED RY MEXP
MOTRAC=1

0.7500837F+0N 0,4998322E+00
0,3748741E+00 0,2502516E+00

NUMBER OF SCALINGS (KY = 3
RELATIVE ERROR =  0n,2E=06
FXFCUTION TIME = n.1 SEC

FXP(A) COMPUTED RY CNSA

0.7500839FE+0N N.4998322E+00
0.37487472E+00 0.2502516E+00

NUMBER OF SCALINGS (K) = 4

RELATIVE ERRDR = 0,5E-07
EXECUTION TIME = 0.1 SEC
Table 6.5

-2 L
A = T , where 7 = 1

3 -6



MATRIX A

=0 P20N000NE+D? N.4900N00E+D?
0.3000000E+02  =0,6000000E+02

NORM(A) = 0.9000000F+02

FXACT MATRIX EXP(A)

0.,7500000E+00 N,BNN0N00NE+DN
N.3750000E+00 N,2500N000E+00N

MORMOEYP(AY)=  0.1125000E+01

EXPCA) COMPUTEN RY MFXP
NOTRAC=0

(1.7499989E+00 N.4999092E+00
0.3749994E+010 N.2499996E+00

NUMBER OF SCALINGS (K) = 8
RELATIVE ERROR = N.1E-05
EXFCUTION TiME = 0.1 SEC

EXP(A) COMPUTED RBRY MEXP
NUTRAC=1

0.7499093E+09 N,4999996E+01
0.3749997E+00 0.249999RE+0N

NUMBER OF SCALINGS (K) = 7
RELATIVE ERROR 0.9E-06
EXECUTION TIiE .1 SEC

FXP(A) COYPUTED BY COSA
N.7500002E+6G0 0,4399995E+00
N.3750001E+00 N.240099RE+N

NUMBER OF SCALINGS (K) = 7
RELATIVE rHROR n,ak-06

EXECUTION TINME = 0.1 SEC
Table 6.6

-2 L
A = T , where T = 10
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MATRIX A

~0.2000000E+073 N,4000000E+03
0,30007002+403  =0,6000000E+03

NORMAY = 0.9000000F+03

EXACT MATRIX EXPCA)

0.75N0000E+0N N,5000000E+0]
0.3750000E+00 N.2500000FE+00

MORM(EXP(A) )=  0.1125000E+01

EXP(A) COYPUTED BY MEXP
MOTRAC=0

N.749%847E+010 N,49998948E+00
0.3749924E+00 N.2499949E+00

NUMBER OF SCALINGS (K) = 11
RELATIVE ERROR 0+2E=04
EXEFCUTION TIME N.1 SEC

EXP(A) COMPUTED BY MEXP
NOTRAC=1

N,74090847E+00 N ,4909R08F+(N
N.3745924F+010 N.2499949E+010

NUMBER OF SCALINGS (K) = 11

RELATIVE =RROR = n.2e-04
EXFCUTION TIME = 0.1 SEC

FXP(A) COYPUTED RY COSA

C.7499995FE+00  0,5000010E+00
N.3750004E+00  0.,2499992E+00

NUMBFR OF SCALINAS (K) = 10

RELATIVE EPROR = 0,1E-05
EXFCUTION TIME = n,? SEC
Table 6.7
-2 I
A = T, where t = 10C

3 -6
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YATRIEX A

-0.,2000000E+04 N.4000N000F+04
(.3000000E+04  =0,60050000E+04

MORM(A) = 0.9000000F+N4

EXACT MATRIX EXPC(A)

0.7500000E+00 N,5000000E+00
Ne3A75000NE+00 N.2500000E+00
NORMCEXP (A)) = 0,3112500NE+01

EXP(AY CO4PUTED RY MEXP
NOTRAC=D

(1,7499050E+00 0,4999367E+010
N.3749525£+00 N,2409683E+00

NUMBER OF SCALINGS (K) = 14
RELATIVE EPROR 0.1E-03
EXECUTION TIME 0.1 SEC

it

EFXP(A) COMPUTED RY MEXP
MOTRAC=1

0.7499050E+00 N.4999367E+0"
0.3749525E+00 N.2499683E+0N

NUMBFR OF SCALINGS (K) = 14
RELATIVE ERROR = 0,1E-03
EXECUTION TIME = 0.1 SEC

FXP(A) COMPUTED RY COSA

0.7500351=+00 N.4999K38E+0N
01,3749951£+00 N.2500098E+01

NUMBER OF SCALINGS (K) = 14
RELATIVE EPROR = 0,4E-04
FXECUTION TIHE = n.2 SEC

Table 6.8

-2 4
A= ¢ |1, where t = 1000

49
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MEXP ,NOTRAC=0 MEXP ,NOTRAC=1 COSA

. . 8 8 8
Sampling k M Exec. §-10° Xk M Exec. §-10 k M Exec. §+10
: time time time
interval

S = Sed®
T

éﬁ- 0 7 <0.1 1 0 7 0.1 2 C 8 <0.1 1

—é— 1 g 0.1 0.3 0 7 0.1 5 1 10 0.1 2

1 11 0.1 20 3 10 Qs1 20 4 16 0.1 5

10 8 15 0.1 100 7 14 0.1 a0 22 0.1 60

100 11 18 0.1 2000 11 18 0.1 2000 10 28 02 100

1000 14 21 0.1 10000 14 21 0.1 10000 14 36 0.2 4000

Table 6.9
Number of scalings k, total number of matrix multiplications M, execu-

tion time and relative error § when computing

- m
exp T
3 -6
with MEXP (NOTRAC =0  and NOTRAC = 1) and COSA. When T = 100 and
1 = 1000 there is no difference in computation in MEXP between NOTRAC = 0

and NOTRAC = 1, for tr(A)/n is greater than 170.
See Appendix C.

Two examples generated by testmatrix 3 given in section 4.1 are shown in
Table 6.10 and 6.11. The order n is 5 resp. 6.

A summary of the results of testmatrix 3, when the order n is varied
from 2 to 13, is shown in Table 6.12.

The results of testmatrix 4 of section 4.1, when the order n is 4 and 5,
are given in Tables 6.13 and 6.1k. A summary of the results when n is

varied from 2 to 13 is shown in Table 6.15.
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Testmatrix MEXP,NOTRAC=0 MEXP,NOTRAC=1 CBSA
Order n k M Exec 5§10 .k M Exec 6-108 k M Exec §-10
time time time
sec sec sec
2 2 9 0.1 2 0 7 0.1. 6 2 12 0.1 i
3 3 10 0.2 7 2 9 0.2 9 3 14 0.2 5
L 3 10 0.3 7 2 9 0.8 3 3 1.4 0.4 3
5 411 0.6 10 3 10 0.6 5 3 14 0.7 5
6 4 11 0.9 20 3 10 0.9 5 L 16 1.2 9
7 411 1+3 8 3 10 1.3 L 16 1.7 8
8 Lo11 1.8 30 4 11 1.9 20 i 16 2.4 10
9 5 12 2.6 20 Ly 11 2.5 20 L 16 3.2 10
10 5 12 3.4 20 b 11 3.2 10 L 16 4.1 10
11 5 12 .3 60 4 11 .1 9 4 16 5.3 20
12 12 5.4 50 L 11 .1 20 5 18 7.3 10
13 5 12 6.7 60 11 6.3 30 5 18 9.0 30
Table 6.12

Number of scalings k, total number of matrix multiplications M, execu-

tion time and relative error S when computing exp(A), where A is test-
matrix 3, with MEXP (NOTRAC = 0 and NOTRAC = 1) and COSA.



MATIRIEX A

-0.2000000FR+00
— L TANONNNE+]]
-0, AMDOUGE+0T

-0,1800000E+(1

NORM(AY = g.890
EXsCT MATRIX EXP

D, 1206580 F+07
NeA571773E+072

LIR2570FE+)?
~(,2515955E+(09

MORMOEXP(A) ) =

EXP(A)Y COMP
MOTRAC=0Q

JTEDN

~0 12NARANE+N2
=11,1571773E+07
~1.1825703E+072
=N,25159565E+072

NUHBER OF
RELATIVE ERROR
EXFCUTION TIME

EXPCA) COMPUTEN
MOTRAC=1

~0.,120653NE+07
=N 1571773%5+07
=N,18257036+07
=0.2516958E+(7

MUMBER OF SCALIN
RELAT|VE FRROR
EXECUTION TIME

LR |

FXP(A) COMPUTEN

—0.,120653NE+02
=0, 1571773E+072
=“NLVARPBT702E+(37
~0.25156955E+(7

MUSMZER OF SCAL N
RELAT|VE ERRNR

EXFCUTION TIME =
Table 6.13

SCALING

=N, 2000N00E+NN

Ne1s8inNinoE+01
=0,AD00000E+00
=N, RONNDONDE+DD

ngnQE+01

CA)

=0 ,1011281 407
-0,3557904E+01
=N ,15580626F+07
=N, 2048R7RE+(?

0.1347591E+03

=N+10311280E+D?
=0, 3ART0H4F+ (31
=N, 1898A025F+02
=0.2048878E+(07

S (¥) = 3
N.4E-07
0.% SEC

RY MEXP

=0.,1011281E+«07

=N ,35579004F+01
-0, 15 BA2OE+(Q?
-0.2048R78E+07

6GS (KY = 2
N, 7e-07
0.4 SEC

BY C0OSa

~N.,1011280E+07
-0,3657904E+01
=0.1358R26F+(7
~0.,2048R7RE+02

RS (K) = 3
n.4E-07
0.5 SEC

Testmatrix 4 with n = 4

N.8000NOTE+QD
0.6N0000NE+00
0.3400600F+01
N,200000NE+00

0.2583676F+01
N.16495821F+01
0.191957AF+02
~0.7792294E+01

N.2HRIATHE+01
L1640821F+01
0.1919f/ﬁk*02
-N,7792297F+01

,27583675F+01
0.1649521F+01
0.1919%76F+02
=0.779229%F+01

0.25R367HF+01
0.1649521F+01
N.191657AF+02
=0,7792297F+01

56

0.1800000E+01
N.1600000E+01
0,3400000E+01
0.5200000E+01

0.370962%E+07
N.3616213E+07
N.3362284F+i2
0,81381846E+07

0.870962CF+n0?
N,3616213E+012
0,3362283E+07
0,8131846F+02

0.3709629EF+0n7
0.3616214E+02
0,3362284F+02
0.8131847=+07

0.3709620FE+072
0.3616213£+02
N.3362283E+07
0.81318B46E+07
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Test- MEXP ,NOTRAC=0 MEXP ,NOTRAC=1 COSA
matrix 4
E a0 Y
Order n KoM e su108 koM U BXeCesa0® o om  BeC 5108
time,s. time, s. time, s.
2 2 9 <0.1 2 0 7 <0.1 2 2 12 0.1 0.5
3 3 10 0.2 2 1 8 0.2 L 3 14 0.2 1
L 3 10 0.4 4 2 9 0.3 7 3 14 0.5 L
5 Lo11 0.6 20 2 9 0.6 3 3 14 0.8 5
6 L 11 1.0 9 3 10 1.0 4 16 13 10
7 L 11 1.5 5 3 10 1.4 4 4 16 1.9 10
8 Lo 11 2.1 20 3 10 2.0 20 4 16 2¢7 10
9 5 12 2.9 70 3 10 2.6 20 b 16 3.7 10
10 5 12 3.9 20 I 11 3.7 10 L 16 b.8 9
11 5 12 b.9 50 L 11 4.7 20 5 18 6.8 20
12 5 12 6.2 30 4 11 5.9 40 5 18 8.5 30
13 5 12 7.7 200 b 11 7.3 70 5 18 10.6 60
Table 6.15

Number of scalings k, total number of matrix multiplications M, execu-
tion time and relative error § when computing exp(A), where A is test-
matrix 4, with MEXP(NOTRAC=0 and NOTRAC = 1) and COSA.

Finally two examples of sampling a linear system with subroutine COSA

will be given.
Consider the continuous linear system

g 0 1 0
a% = x + u (6.7)
-1 0 Kl

Tf the system is sampled with sampling interval t, the discrete system
will be:

Co3T sint 1-cost
x(t+r) = x + u (6.8)
-sint COST sint

We obtain a special case if t is a multiple of 2m:
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1 0 0
x(t+1) = X + u (6.9)
0 L 0

where tv = k*2m, k = 0, +1, +2,...
Tables 6.167and 6.17 show the results from COSA when t = 27

and Tt = ZOH:



MATRIX AxT
D.00N00N0O0E+0N
C=0,62B31A5E+01

MATRIX BT
0,0000000F+0N
N,6283185E+01

MATRIX F I
0.1000000E+01
0.3064613E-056

MATRIX GAMMA
~0.1192093E-06
-0.3064813E-06

N,A283185E+01
N.0000000E+0D

-0.30/4813E-06
N,1000000E+01

NUMBER OF SCALINGS (K) = &

EXECUTION TIME=

Table 6.16.

Result from subroutine CCSA. The sampling interval

T is 2.

0.2 SEC

61
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MATRIX A*T

G.0000000E+0" 0,6283185E402
-0.6283185E+07 nN.Nooo0N00E+0D

MATRIX B#*T
0,0000000E4+00
0.6283185E+472

MATRIX FI
N,.990998RE+0N =N,9540060F-06
0.9540960E-064 0.9999988E+00

MATRIX GAMMA
0.1392093E-05
-0.9540960E-06

NUMBFR OF SCALINGS (K) = 7
EXFCUTION TIME= . 0.2 SEC
Tablie 6117

Result from subroutine COSA. The sempling interval

~

T is 20mw.
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Conclusions

The numerical examples show, that the results obtained from
subroutines MEXP and COSA often are very accurate, with re-
gard to the accuracy of the computer. The execcution times ere
short, in spite 6f the fact thet the computer uses software

real arithmetic.

When computing exp(A), subroutine MEXP with origin shift
(NOTRAC = 1) often gives the shortest computing time, while
subroutine COSA gives the longest computing time. The longer
execution time is due to the fact that the scaling procedure

is more complicated in COSA. Nine terms are used when evalua-
ting Y(A) in COSA, but to obtain exp(A) from ¥(A) requires
another matrix multiplication. This is comparable 1o usetten
terms in the series expansion of exp(A), and this implies that
the achieved accuracy of evaluating exp(A) by COSA sometimes

is higher than evaluating exp(A) with MEXP.

If we compare the accuracy of evaluating exp(A) by MEXP with
and without origin shift, we can conclude that the shift often
implies a higher accuracy. There are, however, applications
when the matrix A is known to have the eigenvalues centered
around the origin, and the option NOTRAC therefore is e wey

to get shorter computing times in these cases, by avoiding an

unnecessary trace computetion.
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APPENDIX A

SUMMARY OF CHARACTERISTICS FOR THE COMPUTER PDP 15/35

Word length = 18 bits

Real single precision vaeriabler= 2 words
Real double precision variable = 3 words
Mantissa of real single precision veriable = 27 bits (incl.

1 sign bit) = 7 - 8 dicimal digits.

Nete that the real precision Fortran Library Functions some-
times only give 6 decimel digits.

Mantissa of real double precision varisble = 3€ bits (incl.

1 sign bit) =10 decimal digits

Matrix multiplications are partly performed ir double precision.
Fortran IV compiler: Fu4S V12D.

Memory cycle time = 0.8 s

Execution times 6f some subroutines in the real arithmetic
package:

Floating load = 40 us

Floating store = Ul us

Floating add = 192 us

Floating subtract = 2U0 us
Floating multiply = 190 us
Floating divide = 240 ps

Execution times to
calculate the address of an array element:
2 dimensional array = S4 us

3 dimensional array = 116 us
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APPENDIX B

SUBROUT INE EXPANCA,EA,N,NLOOP,R)

COMPUTES EXP(A) = | + A + A#%2/(1%2) + ,.,

OR GAMMACA) = | + A/(1%2) + A##2/(1#2%#3) + ,,.
AUTHOR, C.KALLSTROM 1971-02-25.

REVISEN, C.KALLSTROM 1971-10-15.

A= MATRIX OF ORDER N#N, NOT DESTROYED.

EA- RETURNS FXP(A) OR GAMMA(CA) OF ORDER N=#N,

N- ORDFR QF. A (MAX 13, MIN 1).

NLOOP- THE DFSIRED NUMBER OF TERMS (EXCEPT THE IDENTITY MATRIX)
OF THE SERIES EXPANS|ON (NO MAX, MIN 2), '

R- PUT R=0. I|F EXP(A).
PUT R=1. |F GAMMAC(A).

THE LAST 338 CFLLS OF THE COMMON BLOCK /SLASK/ ARE USED.

SUBROUT INE REQUIRED
NONE

DIMENSION A(1,1),EA(1,1)

COMMON/SLASK/ 1DUM(686),S1(13,13)
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APPENDIX C

SURROUTINE MEXP(A,FA,N, IE,NOTRAC)

COMPUTES EA=FXP(A) BY NRIGIN SHIFT AND SERIES EXPANSI|ON
USING B TERMS,

AUTHOR, C.KALLSTROM 1971-03-15,

REVISED, C.KALLSTROM 1071-11-23,

A= MATRIX OF ORDFR N=N, NOT DESTRAYED,

EA-= MATRIX OF 0ORDER N#i,

N-= ORDER 0OF THE MATRICES A AND EFA (MAX 13, MIN 1).

lE- DIMENSIOM PARAMETER OF EA (THE DIMENSION OF A NEFD NOT
BE THE SaME).

NOTR&C- INPUT PARAMETER:
NOTRAC=0 ¢ NO SHIFT WILL RE PFRFORMED,
NOTRAC=1 ¢ ORIGIN SHIFT WILL RE PFRFQRMED,

THE LAST 677 CELLS OF THE COMMON RLOCK /SILLASK/ ARE USED.

NOTE: |F ARS(TRACECA)/N) ,GT. 170 NO ORIGIN SHIFT
WILL BE PERFORMED EFVEN |F NOTRAC=1.

THE ACTUAL ARGUMENTS A AND EA CAN RF EQUIVALFNCED
IN THE CALLING PROGRAM,

SURROUT INE RFQUIRED
NORM

EXPAN
MMULT

DIMENSION A(1,1),EA(1,1)

COMMON/SLASK/ 1DUM(347),KDIV,S1(13,13),S2(13,13)
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APPENDIX D

SUBROUT INE CNSACAT,BT,MNX,NU)

COMPUTES FI AdD GAMMA OF THE DISCRFTE SYSTEM FROM A#T AND
B#T, WHERE A AND B ARE THE CONT|NMUOUS SYSTEM MATR|CES

AND T THE SAMPLING INTERVAL. ;

THE NUMBER OF TERMS USED |N THE SERIES EXPANSION |S R,
AUTHOR, C.KALLSTROM 1971-03-17,

‘REVISED, C.KALLSTROM 1971-11-23,

AT-= MATRIX OF ORDER NX#*NX, |[NPUT A#T
QUTPUT F |
BT- MATRIX OF ORDER NX#NU, |NPUT 3%T
QUTPUT GAMMA
NX=- NUMBFR OF STATES (MAX 13, MIN 1),
NU~ NUMBFR OF |INPUTS (MAX 13, MIN 1).

THE LAST 1015 CELLS OF THE COMMON BLOCK /SLASK/ ARE USED,

"SURROUT INE REQUIRED

NORM
EXPAN
MMULT

" DIMENSION AT(1,1),BT(1,1)

COMMON/SILLASK/ 1DUM(9),XDIV,S1(13,13),S2(13,13),S3(13,13)



APPENDIX E

During the development of this report, the PDP 15/35 computer has been
supplied with hardware floating point arithmetic. The new execution
times when evaluating eA for test matrices 3 and 4 are given in Table

8.1 to illustrate how much faster the computations are performed.

Order n MEXP, NOTRAC=0 MEXP, NOTRAC=1 COSA

Test matrix 3

2 <0.1 <0.1 <0.1
3 0.1 0.1 0.1
L 0.2 0.2 0.2
5 0.3 0.3 0.4
6 0.5 0.5 0.6
7 0.7 0.7 0.9
8 1.0 1.0 1::3
9 1.4 13 1.7
10 1.8 1.8 2.2
M 242 2.1 2.7
12 2.8 2.6 3.7
13 3.4 3+2 4.6
Test matrix U
2 <0.1 <0.1 <0.1
3 0.1 0.1 0.1
4 0.2 0.2 0.2
5 0.3 0.3 okl
6 0.5 0.5 0.6
7 0.7 0.7 0.9
8 1.0 0.9 1.3
9 1.4 1.2 1.7
10 1.8 1.7 2 2
11 2.2 2.1 2.9
12 2.7 2.6 31
13 33 3.2 4.5

Table 8.1. Execution times in seconds of evaluating eA for test matrices
3 and 4, when the PDP 15/35 computer uses hardware floating
point arithmetic. Cf. Tables 6.12 and 6.15.



