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� �
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�������� ��
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����� ����� �� �
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���
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 �����
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4��� ���
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��
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�
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� �� �� �
���
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-
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���
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������� � ��

��
 �� � ��
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���
�����
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,��
� ����� ������� ��� 
���  ����� $�
�� �f �� ��� ��

��
 �
�7����� ��� ���� ��
��� ��,�$��� �7�� ������ ��� �� ������ ��
$��( �� ���$�� �� ��� �
���
����� ����
���- �� ������� ��

��������� �����
� ��� ��
$��( �� ���$� �� ����� ����
�4��
4� � ���� $�
� ��� � $���� ���$�- ��
 $���� �
$������ 
�������� 83%�:
����
�� �
 $���� 
��������� $���� ����� ������ 83�5:� ����
�� ��� ��
$��(
�� ���$� ��� 4� ����
�4�� 4�

���� �
�
n

�n���� 	
v�� 8)-":

,��
� ���� �� ��� $���� ���$�� �n �� ��� ��
$��(� ����� ���� $�
� ��� 
v �� ���
��
4�� ��
�-

9�� �� ��� ����������� $
�4��
� �� ��� ������ �� ������� ��

��������� ����
��
� �� ��, �� ������ ��� 
��������� ����
� �� �
��
 �� ��� 
�4��� ��� �A�����
�����
�- ���� ������ �� �
����� �>����� 4� ��� �� �
��
��� �� ,���� ��� �����

�� ��$$���� �� ,�
�- ��� ��=����� �� ��� ������� ��� 4� ����
�4�� 4� ��� �
�
$���� 
��$���� ��� ������ ���
� �� ���� ������ � ,���� G������� ����� 8%	G+:
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$���������� ��� ������� �� ����� ����
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�  �
���� �
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��$���� ��� 4� ����
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l������ � � l����� 8)-D:
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l��� ������� ��� ��
$��(� ����� ��$ ���� ��
 $��� ��
4�
 �� � �� ���
��
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 �� ��$�� � l��� �� ��� ����� �� ��$ �� ��� � �� ��� ��
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%
��� ��� 
��� �
$�
���� $�
�
���
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��
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��� 
���� �� ������
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�� ��� 4� �� �
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��� �� ���� �� ���� ��� �����
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�� ��
4���- �� ���� ���� ��� �� � �� ���
����� �� �7������
 ��

������� ��� �>��� �� ����
��
4�� ����
��
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����� �������� �� ���� ��� ��
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��� �
$���� 
��$���� 8)-D:- %� 
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�
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Pilot Assisted Channel Estimation for OFDM 
in Mobile Cellular Systems

 Fredrik Tufvesson and Torleiv Maseng
Department of Applied Electronics, Lund University,

Box 118, S-221 00 Lund, Sweden
E-mail:Fredrik.Tufvesson@tde.lth.se

Abstract

The use of pilot symbols for channel estimation introduces overhead and it is
thus desirable to keep the number of pilot symbols to a minimum. The number
of needed pilot symbols for a desired bit error rate and Doppler frequency is
highly dependent on the pilot pattern used in orthogonal frequency division mul-
tiplexed, OFDM, systems. Five different pilot patterns are analysed by means of
resulting bit error rate, which is derived from channel statistics. Rearrangement
of the pilot pattern enables a reduction in the number of needed pilot symbols up
to a factor 10, still retaining the same performance. The analysis is general and
can be used for performance analysis and design of pilot patterns for any OFDM
system.

1 Introduction

The mobile channel introduces multipath distortion of the signalling waveforms.
Both the amplitude and phase are corrupted and the channel characteristics changes
because of movements of the mobile. In order to perform coherent detection, reliable
channel estimates are required. These can be obtained by occasionally transmitting
known data or so called “pilot symbols”. The receiver interpolates the channel infor-
mation derived from the pilots to obtain the channel estimate for the data signal, see
figure 1.

OFDM, orthogonal frequency division multiplexing, is used and proposed for
several broadcast systems and there is a growing interest in using the technique for
the next generation land mobile communication system. In OFDM systems the infor-
mation signal can be seen as divided and transmitted by several narrowband sub-car-
riers. Typically, for practical OFDM systems, the frequency spacing is less than the
coherence bandwidth and the symbol time is less than the coherence time. This
means that a receiver and pilot estimation pattern that take advantage of the relatively
large coherence bandwidth and coherence time can manage with less pilot symbols,
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thereby minimizing the overhead introduced by the pilot symbols. The problem is to
decide where and how often to insert pilot symbols. The spacing between the pilot
symbols shall be chosen small enough to enable reliable channel estimates but large
enough not to increase the overhead too much. This paper includes among all an
algorithm of how to design a suitable pilot estimation pattern.

In a multicarrier system there exist a unique opportunity to determine various
parts of the channel impulse response, as opposed to a single-carrier system. It is no
use to make efforts to determine already known parts. Until now it seems like no one
has looked into the impact of the placement of the pilot symbols for multicarrier sys-
tems. Cavers [5] made an exhaustive theoretical analysis for single-carrier systems.
He pointed out that it was appropriate that 14% of the sent symbols were pilot sym-
bols to be able to handle large Doppler values (fdTs=0.05). Some pilot estimation pat-
terns for OFDM has been presented in the literature, see e.g. [6], [7]. Comparisons
between these and the one proposed here are shown later.

2 Estimation Strategies

Five different pilot patterns are analyzed, see figure 2.

1. Measure all channels at the same time, compare to a broadband single-carrier sys-
tem.

2. Measure the channels in increasing order, one at a time. 

3. Measure the channels one at a time in a smart, but predetermined, way. The mea-
surement order is derived upon channel statistics and is optimal in the sense that
the total bit error rate is kept at a minimum each symbol time.

4. A pilot pattern presented by T. Mueller et al. [6], where the pilots are located with
equidistant spacings in time and frequency.

Figure 1: The pilot pattern is known both by the receiver and the transmitter. The pur-
pose is to minimize the number of transmitted pilot symbols without increasing the
bit error rate.
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5. A pilot pattern by P. Hoeher [7], used in [4]. The pilot symbol locations are
shifted one step in frequency each pilot interval.

For comparison the same amount of pilots is used, one of 64 sent symbols. This
means that only 1.6% extra overhead is introduced by the pilots, but this is not suffi-
cient for large Doppler frequencies in some of the cases.

3 System

At different signal to noise ratios the resulting bit error rate from each pilot pattern is
evaluated using the algorithms given in Section 8. A matched filter receiver and
coherent BPSK or QPSK are used. Additive white Gaussian noise is assumed for
every sub-channel. The channel has delays and Rayleigh distributed amplitudes
according to the COST 207: “Typical Urban profile”. The complex parts of the trans-
fer function are assumed to change according to a first order auto-regressive process
as described in Section 6. The reason for using this model is to get a linear system
which rather easy can be hand-led algebraically. A Kalman filter is used to estimate
the frequency response of the channel. From the filter, a time dependent covariance
matrix is given as described in Section 7. This is used to calculate the expected bit
error rate for each channel. See figure 3 for a description of the system.

4 Results

The resulting bit error rate curves of the pilot patterns are presented for different
Doppler frequencies in figure 4. 

Figure 2: Examples of pilot patterns analyzed.
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For a given Doppler frequency the pilot pattern used sets the limit for the lowest pilot
density to be used, alternatively for a given pilot density it limits the maximum Dop-
pler frequency allowed. The calculations are made at 1800 MHz using 10 kHz chan-
nel separation between 64 OFDM channels carrying in total 640 ksymbols/s. No
intersymbol interference, perfect synchronization and known Doppler frequency, fd,
is assumed. 1.6% of the sent symbols are pilot symbols and the average bit error rate
of the 64 channels is presented.

The bit error rate is degraded both by imperfect channel estimates and noise dis-
turbances. The pilot pattern used determines the conversion between noise limited

Figure 3: Overview of the system used to analyze the estimation patterns.

Figure 4: Resulting bit error rate as a function of Doppler value when the different
pilot patterns are used. The same number of pilot symbols are used for all curves.
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and estimate limited region, see figure 5.

It is interesting to study the resulting pattern when estimating the channel that
gives the lowest bit error rate (strategy 3). A steady state pilot pattern is often
achieved where only few of the sub-channels are measured, see figure 6. Channel
estimates of the other sub-channels are achieved by filtering.

To see the effect of mismatch between the pilot pattern design parameters and the
actual parameters, the optimal pilot patterns (pattern 3) for three Doppler values were

Figure 5: Bit error rate at different signal to noise ratios. Note the difference between
the error floors.

Figure 6: Resulting pilot pattern when sending a pilot at the channel which gives the
lowest total bit error rate. Note that only few channels will be used for pilot symbols.
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used when moving at another speed. The actual Doppler frequency was as before
assumed to be known by the estimator, just to see the effect of the pilot pattern with-
out influences of the estimation algorithm. The designed pilot patterns for the ”typi-
cal urban” environment were also used in ”hilly terrain” and ”rural area” specified in
[2] to see the influence of the propagation environment on the bit error rate, see
figure 7. As seen in the figure, the pilot patterns are robust to mismatches in the
design parameters.

5 Discussion

To minimize the bit error rate it is desirable to spread the pilot symbols both in time
and in frequency, as seen in figure 4 and figure 5. Normally a worst case design is
made for the channel estimation system and then we suggest to tailor the pilot pattern
to each base station site. A suitable pilot pattern can be calculated once the propaga-
tion environment and maximum expected speed in the particular cell is known. In
such a system, the pilot pattern used in the cell is among the information transferred
to the mobile when it logs into a new cell. When designing the pilot pattern one also
has to take the estimation algorithm into account. Here the estimation algorithm is
used only for evaluation and the complexity of the used algorithm is not a problem.
In some cases the pilot pattern has to aid the estimation algorithm to enable a less
complex one. The estimation algorithm used here, the Kalman filter based on an AR-
process, has no delay and the received signal can be detected immediately, i.e. no
future pilot symbols is taken into account when making the channel estimate. If the

Figure 7: Changes in the bit error rate due to Doppler mismatch and power delay pro-
file mismatch. The pilot patterns designed for fdTs=0.02, 0.002 and 0.0002 were used
at different Doppler values and the designed patterns for typical urban environment
were used in hilly terrain and rural area.
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received signal is stored in a memory, the pilot symbols can be used in both ”time
directions” and the time spacings between pilot symbols can be increased, retaining
the same performance. 

The degradation due to mismatch in design parameters is mainly caused by the
estimation algorithm and therefore the curves for different Doppler values do not dif-
fer much. When the pilot pattern is designed for higher Doppler values than the
actual one, an increased error rate is achieved since the pilot symbols are not located
as close to each other in frequency as desired. In rural area the bit error rate becomes
lower due to the increased frequency correlation while the opposite happens in hilly
terrain. In the first case, an even better result is achieved with less pilots along the
frequency axes and more along the time axes.

The bit error rates within the sub-channels differ depending on where the pilots
are located. When minimizing the total bit error rate (pattern 3) the channels of the
sides get higher error rate, see example in figure 8.

6 Channel Model

The time dependent impulse response, , is assumed to be a sum of reflections,
see (1) where denotes the dirac-function.

Figure 8: The bit error rate becomes higher for the side channels when the total bit
error rate is kept at a minimum
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(1)

The tap coefficients, an(t), and the tap delays, , are chosen according to the COST
207 ”Typical Urban” model in the GSM specification [2]. The transfer functions,
H(f,t), are obtained by the Fourier transform and these are the functions we want to
estimate for the different carriers. These channel transfer functions are regarded as
flat fading and constant during a symbol time. 
A first order AR-process is used to model how the different taps may change from
one time instant to another. If we look at all the transfer functions at the same time, it
is possible to set up a state-space model of the form:

(2)

The matrix  is a diagonal N*N-matrix (here treated as a scalar) with elements 

(3)

that define the AR-process. Ts is the symbol time including any cyclic prefix or guard
space. The white noise v(k) has covariance matrix , where RGSM cor-
responds to the multipath intensity profile described in [2]. The vector y(k) is the
measured transfer functions. C(k) is an observation vector with ones only at the posi-
tions (channels) measured at time KTs and e(k) is measurement noise with a diagonal
covariance matrix R2. 

The parameter kAR in the auto-regressive process for the channel changes is cho-
sen to adjust the ”memory” so that it corresponds to the ”memory” of Jakes’ model.
Channels corresponding to the U-shaped spectrum given in [8] were simulated and
then estimators based on an AR-model with different kAR were used, see Figure 9:
Simulations were performed with one sub-channel (Eb/No= 10, fdTs=0.002) with
every tenth symbol as a pilot symbol. In the figure the bit error rates of the nine data
symbols are shown. figure 9 shows that the best fit, in this case, is reached for
kAR≈0.15. 

The adjustment of the AR-process can also be seen as an adjustment of the band-
width. If we set the 90% power bandwidth of the AR process equal to the bandwidth
of the Doppler spread, see figure 10, a value of kAR≈0.158 can be calculated. This is
the value used for all bit error rate calculations throughout the paper.

h τ t,( ) an t( ) δ t τn–( )⋅
n 1=

N

∑=

τn

H k 1+( ) φH k( ) v k( )+=

y k( ) C k( )H k( ) e k( )+=

φ

e
kAR2πfdTs–

R1 F RGSM F∗⋅ ⋅=
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7 Channel Estimator

For the analysis and pilot pattern design a Kalman filter is used to estimate the trans-
fer functions. The Kalman filter is causal and uses measurements up to time k to esti-
mate the transfer functions, H(k). The Kalman filter is given [3] by (4)-(8), where 
denotes conjugate transpose of X:

(4)

Figure 9: Bit error rate for a simulated channel by Jakes when estimates are based on
an AR-process. The minimum value is reached for kAR=0.15.

Figure 10: Power density spectrum of the channel by Jakes and a first order AR-pro-
cess. The latter is adjusted to have the 90% power bandwidth equal to the Doppler
spread.
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(5)

(6)

(7)

(8)

The reconstruction error  is given by:

(9)

The Kalman filter is optimal in the sense that the variance of the reconstruction error
is minimized. The matrix P(k|k) is the variance matrix and this is used together with
K to make an estimate of the bit error rate, which in turn is used to decide the order in
which the channels are going to be measured. For pattern 3, the channel is chosen
that minimizes the total bit error rate of the channels after the measurement. The
matrices P(k|k) and K are independent of the measured values and therefore it is pos-
sible to precompute the order in which the channels are going to be measured. 

8 Bit Error Rate Calculations

The bit error rate is calculated for BPSK and QPSK. A matched filter receiver is
assumed. The sampled output of this filter is given by 

(10)

where  is the signal energy, Hm is the current transfer function at channel m, n is the
signal alternative among M sent and em is white gaussian noise. The bit error rate at
channel m is calculated as [1]

H
ˆ

k 1+ k( ) φH
ˆ

k k 1–( )
K k( ) y k( ) C k( )H

ˆ
k k 1–( )–[ ]

+

φH
ˆ

k k( )
=

=

K k( ) φP k k 1–( )C k( )∗

C k( )P k k 1–( )C k( )∗ R2+[ ] 1–⋅

=

P k 1+ k( ) φP k k 1–( )φ∗ R1
K k( ) C k( )P k k 1–( )C k( )∗ R2+[ ]K k( )∗–

+=

P k k( ) P k k 1–( ) P k k 1–( )C k( )∗

C k( )P k k 1–( )C k( )∗ R2+[ ] 1–
C k( )P k k 1–( )⋅

–=

H
˜

k k( ) H k( ) H
ˆ

k k( )–=

H
˜

k k( ) φ K k( )C k( )–[ ]H˜ k 1– k 1–( ) v k 1–( )
P k k 1–( )C k( )∗ C k( )P k k 1–( )C k( )∗ R2+[ ] 1–

e k( ) C k( )v k 1–( )+{ }⋅

–+=

Xm 2εHme
j
2π
M
------ n 1–( )

em+=

ε



PILOT PATTERN DESIGN 11 

 (11)

where 

(12)

 are the outputs of the Kalman filter. These are not known in advance and there-
fore (13) -(15) are used. If matrix notation is used and signal alternative 1 is used for
the pilot symbol (does affect the analysis here, but in practise different pilot symbol
alternatives should be used), the expectations for all the channels can be calculated
as:

(13)

(14)

(15)

The expected values ,  and  are independent of the
measured values but dependent upon which channels that are measured. Therefore
they are time dependent. The expectations can be calculated as:

(16)

(17)
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(18)

where

(19)

(20)

The bit error rate calculation is compared and verified by simulations. Proakis [1]
gives expressions for the bit error rate when estimating a constant Rayleigh channel
using different numbers of pilot symbols, see figure 11. 

The bit error rate when using only one pilot symbol corresponds to estimating a
rapidly changing channel or the first estimate of an unknown channel. Then, only the
latest measurement is useful. In a similar way, the bit error rate when estimating a
constant channel with use of (infinitely) many pilot symbols corresponds to that of
coherent detection. Normally in a practical system the effect of the estimation is
somewhere between these two cases.

Figure 11: Bit error rate for 2PSK when estimating a constant Rayleigh channel with
several pilot symbols at different signal to noise ratios.
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9 Conclusions

The bit error rate for pilot assisted QPSK modulation is calculated when using differ-
ent pilot patterns. The ability to estimate the channel reliably when it changes due to
e.g. vehicle movements is highly dependent on the pilot pattern used. By rearranging
the pilot pattern it is, in some cases, possible to handle 10 times higher Doppler fre-
quency alternatively possible to reduce the number of needed pilot symbols the same
amount, still retaining the same bit error rate. Alternatively the new pilot pattern
could be used to reduce the bit error rate up to a factor 5, even more in a low noise
environment. The pilot symbols in the proposed pilot pattern are spread out both in
time and frequency. For a given propagation environment, e.g. a base station site, it is
possible to pre-calculate a suitable pilot pattern.
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Abstract

 The bit error rate in orthogonal frequency division multiplex (OFDM) sys-
tems is affected by the number of sub-channels used, changes in the channel
characteristics and, to some extent, the excess delay of the channel. This paper
presents an analytical expression for the bit error rate on Rayleigh fading chan-
nels when interchannel interference (ICI) caused by channel changes during a
symbol and energy loss due to the cyclic prefix are regarded. This expression is
used to optimize the number of sub-channels, and thereby the sub-channel band-
width in the system. It is argued that the system can be optimized neglecting the
effect of imperfect channel estimation and on a worst case assumption for the
Doppler frequency and signal to noise ratio. The analysis is general and can be
used for performance analysis and optimization of any mobile OFDM system.

1 Introduction

OFDM, orthogonal frequency division multiplexing, is used and proposed for several
broadcast systems [1] [2] and there is a growing interest in using the technique for the
next generation land mobile communication system. In OFDM systems the informa-
tion signal can be seen as divided among and transmitted by several narrowband sub-
carriers. The bandwidths of the sub-carriers depend on the bit rate sent on each of
them and consequently, for a given total bitrate the sub-carrier bandwidth is depen-
dent on the number of sub-channels used. The number of sub-channels used is set in
the system design and the problem is to find a good trade off between bandwidth,
limitations by the hardware and the physical channel. As the sub-carrier bandwidth is
reduced, the symbol time on each carrier gets longer, the channel changes during a
symbol gets larger and channel compensation gets more difficult. When the changes
in the channel characteristics during a symbol time become evident, the orthogonality
between the subchannels is lost and interchannel interference (ICI) arises. On the
other hand as the carrier bandwidth and the sub-channel symbol rate increases,
intersymbol interference (ISI) becomes a problem. This problem can be avoided by
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introducing a cyclic prefix [3], but this results in an energy loss. In between these two
extremes there exists an optimal bandwidth where the bit error rate is minimized, this
bandwidth is found in this paper.

There is some previous work regarding the choice of number of sub-channels in
OFDM systems, see e.g. [4] [5], but often the optimization is performed empirically
or by simulation. In [4] a noncoherent OFDM DPSK system is analysed with respect
to random FM noise and a frequency selective channel. It is concluded that a sub-
channel bandwidth of 1.5 kHz is suitable for a bitrate of 200 kbit/s and 100 Hz Dop-
pler frequency, but without consideration to the interchannel interference caused by
channel changes during a symbol. The latter can cause severe degradation of the bit
error rate if the sub-channel bandwidth is chosen too small.

2 System description

When designing an OFDM system one often start with a requirement on the total bit
rate. Assume that a total bitrate of Rtot bits per second is required. If these are equally
divided between the channels then the bitrate

(1)

is transferred on each of the N sub-channels. The symbol time for M-ary modulation
on each sub-channel becomes

. (2)

In the following the influence of some of the most important design parameters are
discussed.

2.1 Cyclic prefix

To avoid intersymbol interference and to maintain orthogonality between the sub-
channels in a time dispersive channel, a cyclic prefix can be used [3]. ISI is avoided if
the length of the cyclic prefix, Tcp, is chosen large enough to exceed the maximum
excess delay of the channel. The total symbol time, Tsub, is extended when a cyclic
prefix is used but the sub-channel bandwidth, , is equal to the inverse of the sym-
bol time excluding the cyclic prefix [4], Ts, see figure 1.

R1

Rtot

N
---------=

Tsub

M2log

R1
---------------

N M2log

Rtot
--------------------= =

∆ f
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(3)

Insertion of a cyclic prefix means that the sub-channel bandwidth has to be increased
in order to keep the bit rate R1 constant. The bit rate determines the symbol time Tsub
and if a part of this is used for the cyclic prefix, then the time Ts has to be shortened
which in turn leads to increased sub-channel bandwidth.

The cyclic prefix also leads to a power loss, . The receiver uses the energy
received during the time Ts and discards the energy corresponding to the duration of
the cyclic prefix. The remaining signal energy can be calculated as  where

. (4)

2.2 Interchannel interference

Even though the channel is perfectly estimated there are some variations in the trans-
fer function during each symbol interval. These variations becomes evident when
many sub-channels are used due to the long symbol time, they are hard to track and
result in interchannel interference, ICI. When the number of sub-channels is suffi-
ciently large the resulting ICI can be modeled as additive white Gaussian noise,
which is added to the channel noise [6] with spectral density N0. The variance of the
ICI-noise, , is calculated as[6]:

Figure 1: Eight symbols sent on four sub-channels. The striped area indicates inser-
tion of the cyclic prefix.
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(5)

2.3 Bit error rate for coherent detection

If we neglect the effect of channel estimation errors, the equivalent signal to noise
ratio after the cyclic prefix is removed and the ICI-noise is added becomes

. (6)

The BER for QPSK/4QAM in a Rayleigh fading channel with coherent detection can
then be calculated as

(7)

where y is the power attenuation of the channel with an exponential distribution of
mean 1, i.e. p(y)=e-y. In figure 2 the bit error rate for coherent detection is presented
for four different Es/N0 at 50 Hz Doppler frequency and a total bit rate of 320, 640
respectively 1280 kb/s. The reference curve represents coherent detection in a Ray-
leigh channel without losses due to cyclic prefix or ICI.

A cyclic prefix of duration 10 µs is chosen to combat time dispersion, a duration
long enough to exceed the expected maximum excess delay of the channel. In this
paper a COST 207 ”Typical Urban” channel [8] is considered with an maximum
excess delay of 5 µs. In figure 2 the bit error rate is shown insensitive to bitrate
changes but the effect of the ICI-noise and the energy loss due to the cyclic prefix is
apparent. On the right hand side few sub-channels are used, the symbol time is short
and the length of the cyclic prefix needed to suppress ISI causes a big loss of symbol
energy. On the left hand side the symbol time is long, the changes in the channel
characteristics during a symbol becomes significant and ICI arises. The optimal sub-
channel bandwidth is sensitive to the Doppler frequency since a large Doppler fre-
quency results in large ICI-noise and the optimum is pushed toward broader chan-
nels, see figure 3.
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Figure 2: The BER curves for Rtot=320, 640 and 1280 kbit/s overlap each other
totally in this case. Coherent QPSK is used in a Rayleigh fading channel with Tcp=10
µs and fD=50 Hz when the number of sub-channels and signal to noise ratio are var-
ied. The dotted lines represent coherent detection without losses.

Figure 3: Bit error rate for coherent detection when the Doppler frequency is varied,
fD={10, 50, 200} Hz, Rtot=320 kbit/s and Es/N0= {3, 13, 23, 33} dB. The dotted lines
represent coherent detection without losses.
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2.4 Channel estimation

The radio channel corrupts the transmitted signal and in order to make coherent
detection possible we have to know the impact of the channel. Both the amplitude
and phase are corrupted by the fading channel, whose characteristics vary because of
movements of the mobile terminal. In order to keep track of the channel characteris-
tics pilot symbol assisted modulation, PSAM, can be used. This means that known
training symbols are multiplexed into the data stream at certain sub-channels and cer-
tain times. The receiver interpolates the channel information derived from the pilot
symbols and makes channel estimates for the data symbols. Since the pilot symbols
carry no data the pilot density is to be kept at a minimum not to increase the overhead
too much. In order to make it possible for the receiver to achieve nearly maximal
channel information from each of the pilots the pilot pattern can be made ”balanced”
[7]. This means that the spacings between the pilots are approximately the same in
both frequency and time when normalized by the minimum expected coherence
bandwidth and the minimum expected coherence time respectively. Few sub-chan-
nels means that we have to insert several data symbols between the pilot symbols in
the time domain. Many sub-channels gives us the opportunity to use several of the
channels for pilots simultaneously without increasing the pilot density, see figure 4.

Let NT and NF denote the pilot time distance respectively pilot frequency distance
in number of symbols, fDmax denote the maximum expected Doppler frequency (Hz)
and  denote the maximum expected excess delay (s) of the channel, then the con-
dition for ”balanced design” becomes [7]

. (8)

The overall pilot density is , and as a rule of thumb the pilot spacings can be
chosen as [7] 

Figure 4: Time - frequency distribution of a pilot symbol differs depending on the
number of sub-channels, N, used. Note that the same pilot density, 1/4, is used for the
three alternatives.
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 (9)

An example of a pilot pattern with NF=4 and NT=5 is given in figure 5.

With a fixed time-frequency block, edge problems can arise when designing the
pilot pattern. In order to get rid of this problem in the following and in order to sup-
press the bit error rate at the edges, pilots are put on the outer sub-channels respec-
tively time instants and then sufficiently many pilot symbols are evenly distributed
between these edge pilots in frequency respectively time in order not to exceed the
pilot distances given by (9).

To see the effect of the channel estimation only, the bit error rate was calculated
without ICI-noise and energy losses due to the cyclic prefix. For the estimation a
two-dimensional Wiener filter [7] was used, which is optimal in the sense that the
variance of the estimation error is minimized. Furthermore, known Doppler fre-
quency, perfect synchronization, a COST 207 ”Typical Urban” channel [8] and a
matched filter receiver was assumed, see Appendix A for more details. The resulting
bit error rate under these assumptions with a bit rate of 320 kbit/s, 200 Hz Doppler
frequency is presented infigure 6. 

The reason why the different pilot patterns virtually do not affect the bit error rate
is explained by the fact that the pilot symbols are placed at approximately the same
frequencies and time instances independent of the sub-channel bandwidth and sym-
bol time used. There are some changes in the bit error rates due to the fact that the
pilot distances can not be below one, due to numerical reasons in the pilot pattern
design and due to the slight increase in the total bandwidth to estimate when few
channels are used, but these changes are rather small.

Figure 5: An example of a ”balanced” pilot pattern with pilot time distance NT=5 and
pilot frequency distance NF=4.
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3 Complete System

In a real system the channel estimation is of course not perfect. The bit error rate
when both channel estimation and the losses due to the cyclic prefix and ICI-noise
are included is lower bounded by the bit error rate for coherent detection in (7) and
the deviation gets smaller as the pilot density increases. The bit error rate for the
same parameters as in last section (Rtot=320 kbit/s fD=200 Hz, ”Typical Urban” chan-
nel, Tcp=10 µs) but with the losses included is presented in figure 7.

4 Discussion

As indicated in figure 7 it is possible to optimize the number of sub-channels and
thereby the sub-channel bandwidth by assuming perfect channel estimates. The
resulting optimum when channel estimation effects are included is principally unaf-
fected by the number of sub-channels used. The reason for this is that the variance of
the estimation error, see Appendix A, is approximately the same, independent of the
sub-channel values chosen. This, in turn, means that it is possible to optimize the
number of channels neglecting the effect of channel estimation. 

More narrowband sub-channels can be used when terminal movements are slow

Figure 6: Changes in the bit error rate caused by the pilot pattern, Es/N0={3, 13, 23,
33} dB. As seen, the pilot pattern has virtually no effect on the bit error rate when
”balanced design” is used.
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since the channel is not expected to change during the longer symbol time. This
means that the relative duration of the cyclic prefix becomes shorter and that the
bandwidth expansion is kept small. However, the sub-channel bandwidth has to be
optimized on a worst case assumption for the Doppler frequency, otherwise the
increase in bit error rate can become severe for high Doppler values. 

The optimal sub-channel bandwidth is unfortunately dependent on the signal to
noise ratio. Higher noise levels call for more narrowband sub-channel since the noise
makes the energy loss due to the cyclic prefix more evident. In the same way as for
the Doppler frequency a worst case design has to be made with respect to the noise
level. It is important to keep the maximal bit error rate as low as possible, even
though this results in a larger BER increase for lower noise levels. Actually, often it is
the performance of a coded system that is interesting and since the coding gives more
distinct optima it is important not to increase the worst case BER.

The effect of frequency offsets is not included in the analysis and this effect
becomes more significant when many narrowband sub-channels are used. The carrier
to interference ratio due to frequency offsets is proportional to ∆f 2 [9], thus moving
the optimal sub-channel bandwidth towards broader channels when frequency offsets
are present. Finally, the calculations are based on the assumption that the sub-chan-
nels are flat fading, which may not be the case when broadband sub-channels are
used in some channels, e.g. hilly terrain. 

Figure 7: Bit error rate for coherent detection and for the total system when channel
estimation errors are included, Es/N0={3, 13, 23, 33} dB. 
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5 Conclusions

The impact of the number of sub-channels, and thereby the sub-channel bandwidth,
used in a mobile OFDM-system was analysed. An analytical expression for the bit
error rate in Rayleigh fading channels was presented where the impact of the cyclic
prefix and the channel changes during a symbol time are encountered. This BER
showed an optimum for the sub-channel bandwidth to be used depending on Doppler
frequency, length of cyclic prefix and signal to noise ratio. The effect of channel esti-
mation on the optimum was also examined and this showed that the optimization can
be performed on the coherent system, without taking the channel estimation into
account. The excess delay of the channel, high noise levels and efficient usage of the
spectrum call for many narrowband sub-channels while a rapidly moving terminal
call for the use of fewer more broadband sub-channels. Finally it was argued that the
sub-channel bandwidth has to be designed on a worst case assumption for the Dop-
pler frequency and the signal to noise ratio.

Appendix A. System Models

In the following section the channel model, estimation algorithm and bit error rate
calculations are presented in detail.

The time dependent channel impulse response, , is assumed to be a sum of
reflections, see (A.1) where denotes the dirac-function.

(A.1)

The tap coefficients, an(t), and the tap delays, , are chosen according to the COST
207 ”Typical Urban” model in the GSM specification [8]. The transfer functions,
H(f,t), are obtained by the Fourier transform of (A.1) and these are the functions we
want to estimate for the different carriers. These channel transfer functions are
regarded as flat fading. 

For the estimation and analysis a two-dimensional Wiener filter [7] is used, which
is optimal in the sense that the variance of the reconstruction error is minimized. The
sampled signal from the matched filter receiver of a pilot symbol at channel m in time
k is given by

h τ t,( )
δ t( )

h τ t,( ) an t( ) δ t τn–( )⋅
n 1=

N

∑=

τn
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(A.2)

where Es is the signal energy, p is the signal alternative sent among the M possible
ones and n is white Gaussian noise. The noise terms have a variance given by (7), but
the covariance matrix  is not diagonal due to the correlation between
the channels introduced by the ICI. The filter coefficients are given by

(A.3)

where  is the covariance matrix for the received pilot symbols and
 is a cross-covariance vector between the transfer function to be esti-

mated and the received pilot symbols. The estimates of the channel transfer functions
can then be calculated as

(A.4)

where X is a vector of the sampled values from all of the pilot symbols.

Finally, the mean square error of the estimates is calculated as 

(A.5)

and this matrix is in turn used to calculate the QPSK bit error rate for each of the
symbols. The BER is given by [10] [11]

(A.6)

where

. (A.7)
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Pre-Compensation for Rayleigh Fading 
Channels in Time Division Duplex OFDM 

systems

 Fredrik Tufvesson1, Mike Faulkner2 and Torleiv Maseng1

Abstract

Coherent demodulation results in good detection performance but requires
channel estimation. Fading pre-compensation (precoding) at the transmitter can
lead to low-complex receiver structures with good performance capabilities,
without the need for channel estimation. Time division duplex systems based on
orthogonal frequency division multiplex (OFDM) are particularly suited to this
because intersymbol interference effects can be neglected, simplifying transmit-
ter adjustments. Methods that involve amplitude and/or phase pre-compensation
are compared in terms of resulting bit error rate and increase in peak-to-average
power ratio. Dynamic channels degrade the performance as the block lengths get
longer. For a certain block length the performance degrades below that of tradi-
tional differential decoding. A block length of up to 40 times that used in the
Digital European Cordless Telephone system, DECT, is possible using channel
estimation and ideal Wiener prediction.

1 Introduction

In time division duplex (TDD) systems the same frequency is used both by the base
station and the mobile terminal, but at different time instants. In these systems the
possibility of making predictions of the channel impact is rather straightforward. The
used radio channel is often assumed to be reciprocal, see e.g. [1] [2], since we are
interested in compensating the multipath channel and not the interference. If the
block length is short compared to the speed of change of the channel, then predictions
of the channel influence are likely to be accurate for adjacent blocks and we can
adjust the signal to be transmitted to achieve better performance.

Pre-compensation can be used for different purposes, for example to control the

1 Department of Applied Electronics, Lund University, Box 118, 
SE - 221 00 Lund, Sweden, E-mail: Fredrik.Tufvesson@tde.lth.se

2 School of Communications and Informatics, Victoria University of Technology, 
PO Box 14428, MCMC, Melbourne, Vic. 8001, Australia



2 PRE-COMPENSATION

output power [3], to reduce interference from other users [4], or to modify the trans-
mitted signal in order to reduce intersymbol interference (ISI) [1]. In this paper we
examine the possibilities and limits when using pre-compensation of the channel
impact on the downlink symbols in orthogonal frequency division multiplex (OFDM)
systems. Figure 1 shows the principle of the technique.  In OFDM systems it is

straightforward to compensate for a time dispersive channel since its impact after the
FFT only is an amplitude attenuation and a phase shift of the data symbols. Channel
estimation is normally a complex operation to perform and every mobile terminal has
to make channel estimates in order to use coherent detection. By pre-compensation it
is possible to move the task of channel estimation to the base station, but still achieve
the performance benefits of coherent detection at the mobile terminal [5]. This means
that cheap, less complex, mobile receivers can be used. We address here the problem
of channel pre-compensation in a simple uncoded OFDM system, but the results can
be applied for other systems where the channel can be modeled as a single complex
tap or together with coding and diversity arrangements. 

Compensating channel attenuation means that we transmit more power where the
channel attenuation is high and less power where the channel attenuation is low. This
contradicts the water pouring theorem, which states that more power and higher order
modulation should be used where the channel attenuation is low in order to maximize

Figure 1: Pre-compensation where the channel influence is compensated in advance
on the downlink.
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the transmission capacity. However, here the aim is to use fixed modulation and
enable a low-complex receiver. 

A drawback when compensating channel attenuation is also that the amplitude
variations of the transmitted signal become larger. The resulting peak-to-average
power ratio has to be limited. For PSK systems it is not necessary to compensate
amplitude variations and in this paper we show that phase compensation only may be
adequate in these cases. In the paper we are interested in evaluating the performance
limits for the system. We therefore assume perfect time synchronization and ideal
oscillators without phase or frequency jitter. In a real system such impairments natu-
rally degrade the performance and their influence needs to be taken into account.

The paper is organized as follows: In section 2, the system and the model for the
OFDM system are described. In section 3 we then present the three analyzed com-
pensation methods, and in section 4 we derive their performance in case where the
channel is known by the base station. In section 5 the resulting increase in peak-to-
average power ratio is derived for the three methods, respectively. We then proceed
in section 6 with the method where only the phase shift of the channel is compen-
sated and we derive the maximum block length before the performance gets worse
than that of differential detection. Finally, the conclusions are presented in section 7.

2 System

In the paper we use an OFDM TDD-FDMA system with M sub-channels, see Figure
2 for a description of the transmitter and receiver. The OFDM signal is transmitted
through a time dispersive Rayleigh fading channel. It is assumed that the fading is
flat for each of the sub-channels and constant during a symbol interval. We assume
further a cyclic prefix exceeding the maximum excess delay, and that the demodu-
lated signals do not suffer from interchannel interference nor ISI.

Under these assumptions we can use a model for the OFDM system where the data

Figure 2: Block description of the transmitter-receiver chain.
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4 PRE-COMPENSATION

signal is transmitted on separate, but correlated, Rayleigh fading channels with addi-
tive Gaussian noise. The transmitted OFDM signal is convolved with the channel
impulse response, , but after demodulation the convolution only results in a
phase shift, , and a power gain, ym[k], of the data symbols. The sampled com-
plex representation of the received signal on channel m at time k can therefore be
written as [6] 

, (1)

where sm[k] is the complex representation of the transmitted data signal and nm[k] is
independent samples of white Gaussian noise. 

3 Compensation Methods

We evaluate three compensation methods:

1. Phase compensation only, the transmitted phase is altered by  radians.
This method gives no increase in the transmitted signal dynamics.

2. Phase and amplitude compensation when y>a2, otherwise no transmission. The
transmitter output is inhibited when the channel gain does not exceed the thresh-
old a2. This saves power when the channel is poor.

3. Phase and amplitude compensation when y>a3, otherwise power limiting. The
transmitter output saturates when the channel gain does not exceed the threshold
a3. This method limits the output peak power to a reasonable level.

In the following the sub-script m is omitted to simplify notation, but every sub-chan-
nel is compensated individually by its own amplitude and/or phase. 

The base station makes estimates of the channel amplitude and channel phase e.g.
by using known pilot symbols from the uplink. Then the signal to be transmitted is
compensated. If we let  denote the complex representation of the uncompen-
sated signal alternative q, the complex representation of the compensated signals,

, becomes
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, (4)

for the three methods respectively. Here  and  are power normalization coeffi-
cients. The probability density function of the power gain, y, in a Rayleigh channel
with unity mean is . Hence, if the channel is perfectly estimated and

 denotes the symbol energy before compensation, then the respective mean trans-
mitted symbol energies are 

(5)

(6)

(7)
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power normalization coefficients are consequently chosen as
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4 Performance when the Channel is Known by the 
Base Station

The performance limit for each of the given methods is achieved when all downlink
transfer functions are known by the base station and the channel is compensated per-
fectly. This is of course not the situation in a practical case, but it is anyhow interest-
ing to get a lower limit for the resulting bit error rate (BER). 

The BER, Pb, when the Rayleigh fading channel is perfectly known is for the first
method the same as for ordinary coherent detection of QPSK signals, i.e. [6]

(10)

Here N0 denotes the density of the noise and  denotes the bit energy before com-
pensation,  for QPSK. The BER, when the base station knows the chan-
nel impact, can for the two other methods be calculated as

(11)

(12)

The resulting BER is shown in Figure 3 together with the curves for differential
QPSK [6].
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there is some value in adding amplitude compensation with peak power saturation,
but the question is whether one can afford the increased peak-to-average power ratio.
For the amplitude compensation methods a low compensation limit means that too
much energy is spent on compensating very bad channels, while a high limit means
that the transmitter is saturated or off even when communication normally is advis-
able. 

5 Peak-to-Average Power Ratio

The compensation limits, a2 and a3, can be seen as measures of the dynamic range
for the power compensation. In practical measurements the peak-to-average ratio of
the transmitted power is often used, which for the pre-compensation methods is the
product of the peak-to-average ratio of the modulation method, e.g. OFDM, and the
increase due to the compensation. For a single sub-channel the increase in peak-to-
average power ratio can be calculated as 1,  and  for the three methods
respectively, but for an OFDM signal the increase is dependent on the correlation
between the sub-channels and which particular channels that are compensated. If we
compensate the phase only, then the transmitted signal is a sum of sinusoids with dif-
ferent phases and there is no increase in the peak-to-average power ratio. If we com-
pensate the amplitude as well, then the transmitted signal is a sum of weighted
sinusoids and we get a larger peak-to-average power ratio. In Figure 4 we present

Figure 3: BER for the compensation methods when the channel is known by the base
station, Eb’/N0= 20 dB (left) and 10 dB (right). The compensation limit (i.e. a1, a2 or
a3) is the maximum power amplification (attenuation) of the channel to be entirely
compensated.
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simulated values of the increase in peak-to-average power ratio when applying the
different methods in channels with various delay spreads. We use here the OFDM
based wireless local area network (LAN) specified in ETSI BRAN [7]1 as an exam-
ple. The system uses 52 sub-channels and has a sub-channel bandwidth of 312.5 kHz.
For the simulations we use three different channel models:

• A one tap channel, giving full correlation between the sub-channels.

• An indoor channel with short delay spread (“channel A”, =50ns), resulting
in large sub-channel correlation.

• A channel with long delay spread modeling large open buildings (“channel E”,
=250ns). This gives low correlation between the sub-channels.

The simulated values of the increase in peak-to-average power ratio are achieved as
the difference between the 99.5% peak-to-average power ratio levels for the uncom-
pensated and pre-compensated OFDM signal. 

Figure 4: Simulated values of the increase in peak-to-average power ratio when
applying the three methods for an OFDM-based wireless-LAN. The dashed lines rep-
resent a channel with no delay spread and fully correlated sub-channels. The dash-
dotted lines represent an indoor channel with short delay spread and high correlation
( =50ns), and the solid lines represent an indoor channel with long delay spread
and low correlation ( =250ns). 

1 This system is similar to IEEE 802.11a standardized in the U.S. 
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In Figure 4 we see that we get a larger increase in peak-to-average power ratio if the
sub-channels are correlated, i.e. the delay spread is short. A large peak in the trans-
mitted signal is achieved when the sub-channels contributing to the peak are ampli-
fied due to the amplitude compensation. When the correlation is small, the increase
becomes smaller. This is because the probability that all sub-channels contributing to
the peak are amplified becomes lower. The simulations are performed for a specific
system, but similar results can be expected for other OFDM systems if we take into
account the relation between the coherence bandwidth of the channel and the OFDM
bandwidth. 

Phase-only compensation produces no increase in peak-to-average power ratio
and for known channels we get the same performance as for coherent detection. If it
is possible to increase the peak-to-average power ratio by 2 dB, we see in Figure 4
that we can use a3=0.15 for the method where the transmitter is saturated. As seen
from Figure 3, it is then possible to decrease the BER 2-3 times compared to phase-
only compensation. However, it is doubtful whether one can afford to increase the
peak-to-average power ratio for wireless OFDM applications, since power variations
already are a problem in these systems. 

6 Maximum Block Length

In practice the transfer functions are not known, but they have to be estimated e.g. by
transmitting known so-called pilot symbols. The impact of the channel on the pilot
symbols is observed, and the channel coefficients for the data symbols are achieved
by filtering and prediction. Different alternatives can be used to form these channel
estimates. Here we use a two-dimensional Wiener filter, which uses both the correla-
tion in time and in frequency to derive the channel estimates. The Wiener filter is
optimal in the sense that the mean squared error is minimized. For further details
about channel estimation in OFDM systems see e.g. [8]. 

The channel predictions for the downlink block become obsolete after a certain
time. This means that the length of the downlink block is limited before the BER
reaches an unacceptable level. This particular level is dependent on the application.
Here we compare the BER to that of differential detection and use the latter as a
benchmark since the complexity of the mobile terminals is almost the same. The
maximum block length is a function of the Doppler frequency, fD, in the system since
it determines the speed of change in the channel. In the following we assume a classi-
cal U-shaped Doppler spectra such that the time correlation can be described by a
zeroth-order Bessel function. We also concentrate on the performance of the phase-
only compensated system, since there is no increase in peak-to-average power ratio.
In order to investigate the influence of the observation time we study the performance
of a single sub-channel in the OFDM system. We use almost noise free pilot symbols
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for channel estimation where the observation time t1, the time between the first and
last pilot symbol, is varied, see Figure 5. The low-noise pilot symbols are used in the
analysis since we want to separate the impact of the time varying channel. In the
analysis we have not compensated the symbol energy of the data symbols due to the
boosted pilots. For long and medium block lengths the performance is limited by the
time varying channel and not by the noise. Besides, in a well designed OFDM system
the noise affecting the pilot symbols are averaged over several symbols when calcu-
lating the channel estimates. Therefore, the variance of the channel estimation error is
much lower than the variance of the noise affecting data symbols.

In Figure 6 the BER as a function of prediction time t2, the time since the last
pilot symbol, is presented for different observation times. All the pilot symbols, are

Figure 5: Block structure to investigate the influence of the observation time.

Figure 6: BER as a function of prediction time, fDt2, for different observation times,
fDt1. Eb/N0=20 dB for the dashed lines and Eb/N0=10 dB for the solid ones. The dash-
dotted lines represent differential detection. 
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equally distributed within the observation time t1. In this example pilot symbols at
P=4 different time instants are used for prediction. The signal to noise ratio, Eb/N0, is
set to 20 dB and 10 dB respectively, except for the pilot symbols where we use a 30
dB higher signal to noise ratio. We assume that the Doppler frequency is known and
use a Wiener filter for estimation and prediction of the channel. The BER is derived
from the mean squared error, , of the estimate. For QPSK it is given by the corre-
lation coefficient, µ , between the backrotated received samples and the channel esti-
mate as [6, appendix C]

. (13)

The correlation coefficient when using pilot symbols can be calculated as

, (14)

where  is the mean power of the channel. The BER for DQPSK is also
given by (13), but with 

. (15)

The BER of the downlink block is determined by the ability of making correct
channel predictions. This ability is dependent on the location of the pilot symbols in
the uplink block, especially their spreading in time, the observation time. Longer
observation time means in general better predictions. An observation time of zero
corresponds to keeping the last channel estimate in the uplink block as a channel pre-
diction for the whole downlink block. By just adding some information about the
trend of the channel values, a considerable decrease in the BER could be achieved.
But the enhanced predictions are naturally dependent on the validity of the channel
model and the ability to suppress the noise affecting the pilot symbols. 

At a certain prediction time, the differential system and the pre-compensated sys-
tem have the same bit error performance, see Figure 6. This point, the break even
point, is evaluated in Figure 7 as a function of the observation time and the number of
used pilot symbols using the same assumptions as before.  For block lengths smaller
than the ones in Figure 7 the (instantaneous) BER is lower for a pre-compensated
system than for a differential system. Beyond the break even point, differential detec-
tion without pre-compensation gives better results for similar receiver complexity. As
an example, look at Figure 6, Eb/N0=10 dB and the curve for observation time
fDt1=0.05. After a certain time fDt2=0.17 the BER is the same as for a differential sys-
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tem. This point can be found in Figure 7. For P=4 and an observation time of 0.05 the
break even point is fDt2=0.17. In Figure 7 we clearly see the effect of the observation
time. By using all the pilot symbols for prediction and not only the last estimate there
is an increase in the break even time of at least a factor 3. We also see the importance
of using sufficiently many pilot symbols to ensure that there always are pilot symbols
with high correlation to the point to be predicted. Pilot symbols at 3 or 4 time instants
in the uplink block seems enough for this.

To compare the above block lengths to an existing TDD system we can use the
Digital European Cordless Telephone (DECT) system, which has a block length of
368 µs [9]. For a terminal at pedestrian speed (10 km/h, 1900 MHz carrier frequency)
this results in a normalized block length of fDt=0.0065. With pre-compensation,
Eb/N0=10 dB, P=4 and a known Doppler frequency the break even time becomes
fDt2=0.26 (when the observation time is equal to the break even time). This means
that it is possible to use approximately 40 times longer block lengths than the one in
the DECT system before the BER becomes worse than that of differential detection.

In a real system the statistics of the time variations may not be known and one
often avoids the requirement of measuring Doppler frequency. The estimation and
prediction filters are therefore often adjusted to the worst case scenario for the chan-
nel changes. This of course decreases the feasible block lengths in the system. In Fig-
ure 8 the break even points are given when the Wiener filter is designed for k times

Figure 7: Break even time where the BER for a pre-compensated system starts to
exceed the one for a differential system, Eb/N0= 10 dB. P is the number of time
instants in the uplink block used for pilot symbols.
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higher Doppler frequency than the actual one. If a pedestrian for example reduces the
speed to 2.5 km/h when the Wiener filter is designed for 10 km/h, the mismatch fac-
tor k is 4 and the break even time is reduced from fDt2=0.18 to 0.07. But this means
on the other hand that absolute block length measured in number of symbols or the
time t2 is longer in the slow but mismatched case since the Doppler frequency is
smaller there,  s instead of  s. The feasible
block length in number of symbols is in the general case still determined by the worst
case Doppler frequency and therefore mismatch is not regarded as a problem.

7 Conclusions

The BER when applying different methods of pre-compensating QPSK signals in a
Rayleigh fading channel is presented. Pre-compensation can be used to achieve a per-
formance better than that of traditional differential detection without using channel
estimation and equalization in the mobile receivers. Phase-only compensation is pro-
posed since there is no increase in the peak-to-average power ratio. It is shown that
block lengths 40 times longer than the one in the DECT system could be used, and
anyhow get a performance better than in differential systems. The block length analy-
sis was made for a single sub-channel assuming low-noise pilot symbols. This
assumption is not as restrictive as one may think, since many pilot symbols normally
are used in OFDM systems to form the channel estimates. The correlation in time and
in frequency results in noise averaging and therefore the channel estimates become

Figure 8: Break even time when the Wiener filter is adjusted to k times the actual
Doppler frequency and pilot symbols at P=4 time instants are used for prediction,
Eb/N0= 10.
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accurate. For unknown Doppler frequencies where the filters are adjusted to the
worst case scenario, the feasible block lengths are determined by the maximum Dop-
pler frequency, though the filters are mismatched for lower Doppler frequencies. 
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Abstract

Fast and reliable time and frequency synchronization is crucial for packet-
based orthogonal frequency division multiplex (OFDM) systems. Various syn-
chronization methods are analyzed to determine their performance when using
preambles based on repeated short pseudo noise (PN) sequences or conventional
preambles based on repeated OFDM data symbols. We make analytical evalua-
tions for AWGN channels and simulate the performance for one- and two-tap
Rayleigh fading channels. Conventionally, the synchronization signal is calcu-
lated as a sum of products between received samples. However, it is shown that
switching the order of summation and multiplication improves the detection per-
formance in terms of lower probability of false detection and of missing the syn-
chronization signal. The false detection probability is decreased by several
orders of magnitude for reasonable parameter settings. The performance in terms
of frequency-offset estimation is similar for both preambles. The PN-based pre-
ambles have low peak-to-average power ratio and they make it possible to use
analog-to-digital converters with only one-bit quantization in stand-by mode.
Therefore, the PN-based preambles allow for a great reduction in stand-by mode
power consumption.

1 Introduction

There is great interest in using orthogonal frequency division multiplex (OFDM) for
high-speed wireless local area network applications. Standardization of systems
where OFDM is used is occurring both in the United States [1], Japan [2] and Europe
[3]. The systems are based on packet data transmission and therefore fast and reliable
time and frequency synchronization with low overhead is crucial to the systems. 

Often, a repeated OFDM data symbol is proposed for synchronization issues in
OFDM systems, see e.g. [4] [5]. The synchronization signal is achieved by correlat-

1 Parts of this work have been presented at the IEEE Vehicular Technology Confer-
ence, Amsterdam, The Netherlands, September 1999.
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ing samples one symbol or half a symbol apart. The timing signal is then the ampli-
tude of the correlator output. Time synchronization is achieved when the amplitude
exceeds a certain threshold. The frequency-offset estimate is then obtained from the
phase of the same signal. When using a cyclic prefix the timing signal has a flat
region, which causes an uncertainty about where the actual start of the packet is [6].
On the other hand, if no cyclic prefix is used, the frequency-offset estimate is cor-
rupted by intersymbol interference. This has to be suppressed by weighting the
received samples [7]. 

Synchronization techniques like this, where the synchronization signal is calcu-
lated by correlation, require heavy computations while less complex solutions are
favorable. Alternative methods resulting in lower complexity include e.g. the use of a
preamble, which uses only half of the OFDM spectrum for transmission [8]. The syn-
chronization signal is then achieved as the ratio between the powers in each half of
the frequency band. This method works well for frame synchronization at medium
and high signal-to-noise (SNR) ratios, but gives only a coarse time synchronization
signal and no frequency-offset estimate. There is still a timing uncertainty and, for
low SNR values, the probability of missing the synchronization signal is large.

In CDMA systems synchronization is generally achieved by correlation to a
known code sequence. The correlation means that the influence of noise and interfer-
ence is reduced so that synchronization can be achieved at very low SNR values. Fur-
ther, since the transmitted signal is a single carrier signal, the power variations can be
made low. However, the calculation of the frequency-offset estimate is not as
straightforward as in OFDM systems [9]. 

In this paper we propose a synchronization technique for OFDM systems that
combines the advantages of time synchronization in CDMA systems with those of
the simple frequency estimation scheme in OFDM systems. We propose a preamble
that consists of a known short repeated pseudo noise sequence (PN-sequence) to be
used together with a synchronizer that correlates received samples before processing
them further. The advantages of this technique compared to conventional OFDM
synchronization are:

• The synchronization signal has a sharp synchronization peak and no ambiguity
due to the cyclic prefix.

• There are low power variations within the preamble, which means relaxed
requirements on the automatic gain control (AGC).

• It is possible to use analog-to-digital converters with only one-bit quantization for
coarse time synchronization. This means low power consumption in stand-by
mode.



PREAMBLE-BASED SYNCHRONIZATION 3 

• The amplitude of the synchronization signal is small when the timing is wrong
compared to the amplitude when the timing is correct. This means low probability
of false detection and of missing the correct synchronization signal.

To our knowledge, this is a novel approach for OFDM system synchronization and
no analysis of the statistics of the synchronization signal has been made before. The
idea of using one-bit quantization has been presented before for conventional OFDM
synchronization [10] but there the quantization loss was large. By using the technique
presented here this loss becomes low enough to make a one-bit solution attractive.

The paper is organized as follows: In section 2 the synchronization system is
described. In section 3 we analytically analyze the performance in AWGN channels.
In section 4 the performance for two-tap Rayleigh fading channels is investigated by
means of simulations and, finally, in section 5 we present the conclusions.

2 System Description

The preambles are designed for an OFDM system with M sub-channels. The aim is to
estimate the start of the packet and achieve a reliable frequency-offset estimate using
a single-symbol preamble, but other preamble lengths are of course also possible. We
compare two preambles, a PN-based and a conventional one. The comparison is per-
formed using two alternative synchronizer structures, the conventional OFDM syn-
chronizer and a pre-correlating synchronizer.

2.1 Preamble Structures

The PN-based preamble was derived from a R/2 chip long m-sequence, where R
denotes the repetition length of the preamble. The sequence was oversampled twice
and repeated until the total length became 2R+G samples, as shown in Figure 1,
where G denotes the length of the guard interval. In order to decrease the power vari-

Figure 1: Evaluated preambles and their length in samples.
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ations within the preamble we used an offset QAM constellation for transmission
where the quadrature sequence was delayed one sample compared to the inphase
sequence. The preamble can be generated using the FFT of the PN-sequence as input
to the OFDM modulator so no extra device is required for preamble generation.

The conventional preamble consists of a repeated OFDM data symbol as shown
in Figure 1. The total preamble length was 2R+G samples, where R normally is half
the OFDM symbol length, i.e. R=M/2. The data symbols were chosen to give good
autocorrelation properties and the repetition of the R samples was achieved by using
only the even sub-channels for transmission. 

2.2 Synchronizer Structures

The main parts of the pre-correlating synchronizer are presented in Figure 2. First,
pre-correlation of length K with the known sequence is performed. When the
received sequence coincides with the known sequence, a large peak occurs with a
phase angle determined by the channel. When there is no synchronization signal, the
output is noise only. The correlator output is multiplied by the conjugate of the output
delayed PR times. The positive integer P denotes an extra delay, which can be used to
decrease the variance of the frequency-offset estimate. Most often no extra delay is
used and P=1. Correlation peaks spaced PR samples apart produce a large synchroni-
zation signal with a (small) phase shift proportional to the frequency-offset. The
maximum frequency offset is inversely proportional to the pre-correlator length. If
the pre-correlator length is limited, e.g. due to a large frequency offset, and the varia-
tions of the synchronization signal is too large it is possible to sum consecutive peaks
to decrease the variance. However, normally a long correlator is preferred and no
summation is necessary. 

Figure 2: Structure of the pre-correlating synchronizer when using only one pre-corr-
elator product for synchronization (L=1).
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The conventional synchronizer multiplies samples spaced R samples apart and
uses a sliding window to sum R consecutive products. This synchronizer structure is
presented in Figure 3. When the repeated signal is present, the phases of the products
within the window are nearly the same and they essentially add in phase. Signals that
are not repeated generally result in small products with random phases. Then the
products do not add in phase and the synchronization signal becomes small. 

For both methods the absolute value of the synchronization signal is compared to
the short time mean of the received power. If a threshold is exceeded, time synchroni-
zation is achieved and the frequency estimate is available from the phase of the syn-
chronization signal.

2.3 Synchronization Signal

For the analytical performance evaluation we consider an AWGN channel. The base
band representation of the received signal is 

, (1)

where n0(t) is white Gaussian noise with one-sided spectral density N0, and s0(t) is
the transmitted preamble. Further,  is the carrier phase and  is the fre-
quency-offset to be estimated when normalized by the sub-channel spacing 1/Ts. 

The synchronization signals from the two synchronizer structures are represented
in a common framework. Let r[k] denote the sampled received signal and c[k] the
sequence used for pre-correlation. If the pre-correlating synchronizer is used then the
pre-correlator length is equal to the repetition length, i.e. K=R. If no pre-correlator is

Figure 3: Structure of the conventional OFDM synchronizer.
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used, as for conventional OFDM synchronization, then K=1 and all c[k]=1. Further,
let a denote the slip between the received sequence and the locally generated pre-cor-
relation sequence. In the following analysis this slip is assumed to be an integer. The
received sampled signal is multiplied by the conjugate of the known pre-correlation
sequence to get a “remodulated” signal, which is summed over length K to get the
pre-correlator output. The remodulated signal can be calculated as

(2)

where * denotes complex conjugation,  is the power of the transmitted signal, M is
the number of sub-channels in the OFDM system, n[k] is white Gaussian noise with
variance  and s[k] is the transmitted preamble. 

The synchronization signal for both the conventional and the pre-correlating syn-
chronizer is given by 

 (3)

where, again, L is the number of products used for the synchronization signal, P is the
extra delay when calculating the products and K is the pre-correlator length. When
using the pre-correlator we often have only one product for synchronization and no
extra delay so L=1 and P=1, without the pre-correlator these parameters are set to
L=R and P=R. 

A PN-based preamble permits a very low arithmetic resolution in the synchroniz-
ers due to its low peak-to-average power ratio and good autocorrelation properties.
There is of course a loss in performance but, if for example the length of the pream-
ble is extended, it is possible to have a sleep mode operation where the synchronizer
uses only one-bit resolution for time synchronization. The synchronization unit then
only consists of a threshold detector, a K-input adder, a multiplier and a comparator.
The synchronization signal is still given by (3), but the received signal now only take
the values . In this way only the sign of the received signal is used, thus
the receiver does not have to compare the timing signal to the received power and can
instead use a fixed threshold. This decrease in complexity renders the low-resolution
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operation especially suitable in acquisition/sleep mode, where low power consump-
tion is important.

3 Performance Evaluation

In this section we analytically analyze the performance of time and frequency syn-
chronization for the two preambles and the two synchronizer structures in AWGN
channels. To compare different parameter choices, we normalize the synchronization
signal as . As we will see below, when the timing is
correct the mean of the synchronization signal is almost unity, and when the timing is
wrong the mean is close to zero.

In subsection 3.1, we analyze the distribution of the timing signal when the timing
is correct, i.e. when a=0 and there is no slip between the received and known
sequence. In subsection 3.2 we derive the distribution of the timing signal when the
timing is wrong. By wrong timing we mean that there is no synchronization signal
present and the synchronizer is fed by white Gaussian noise only. We concentrate on
the cases where the synchronization signal consists of one, two or a large number of
products. Normally, only one product is used together with the pre-correlating syn-
chronizer since this results in the best performance. Further, in subsection 3.3, we
analyze the performance of time synchronization when using the low-resolution
mode. In subsection 3.4 we summarize our results on time synchronization and
finally, in subsection 3.5, we analyze the performance of the frequency-offset esti-
mate. For the figures and numerical examples in this section we use an AWGN chan-
nel with 0 dB SNR and a preamble length of 60 samples (R=30), except for the
evaluation of the frequency-offset estimate where we have other SNR values and the
preamble length is 64 for the OFDM-based preamble. The extension is used in that
case in order to get a full OFDM symbol as a preamble.

3.1 Time Synchronization, Correct Timing

When the pre-correlator is used, the synchronization signal is calculated as a sum of
L products between delayed pre-correlator outputs. Let  denote the pre-corre-
lator output. If the frequency offset is within the permitted range, ,
then  can be calculated for both the conventional and the PN-based preamble
as [12]

 (4)
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output has been normalized by . Define, in the same way as in [5], inphase
as the phase of the sum, 

. (5)

For reasonable SNR values the noise-times-noise products are negligible and the
inphase part of the synchronization signal  is much larger than its quadrature
part. The amplitude, i.e. the timing signal, can therefore be approximated by the
inphase components as

(6)

The approximation, , is Gaussian with mean

, (7)

and variance

. (8)

The timing signal is always positive and, since the expected value is large compared
to the variance, the approximation as a Gaussian gives a negligible probability of
negative values. When there is a frequency offset, the mean decreases slightly since
the samples do not add totally in phase. However, this loss is small in the interesting
frequency-offset range. The cumulative density function (CDF) at the correct timing
point can be expressed as

, (9)

where Q is the tail probability of a normalized Gaussian variable. 
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tional synchronizer is similar to that of the pre-correlating synchronizer. However,
since there is no loss due to the phase rotation, the normalized synchronization signal
can in this case be regarded as Gaussian with unity mean, 

, (10)

and variance 

. (11)

Monte Carlo simulations, not presented here, show a good agreement between the
true values and the approximations.

3.2 Time Synchronization, Wrong Timing

When using the pre-correlating synchronizer, the normalized complex outputs of the
sub-correlators have zero mean and variance . If the synchroniza-
tion signal consists of one product only, i.e. L=1, we can rewrite the timing signal as

. (12)

Since the terms are the amplitude of complex Gaussians, they are Rayleigh distrib-
uted with probability density function (PDF)

. (13)

The two terms in (12) are independent. By using the transformation theorem on their
joint distribution, the PDF of the timing signal can be calculated as

(14)
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(15)

For L=2 we are not able to derive exact expressions for the distributions of the
timing metric, but we determine bounds for the CDFs instead. By an upper bound we
mean that if the CDF of A is upper bounded by the CDF of B then .
The opposite is true for a lower bound. In appendix A we show that the CDF of

 is lower bounded by the CDF of an Erlang-2 variable ,

. (16)

We also show that the CDF of the timing signal  when L=2 is upper
bounded by the CDF of the maximum, , of two independent exponential variables, 

. (17)

When the number of terms, L, in the sum is large, the distribution of the timing
signal can be calculated in the same way for the pre-correlating synchronizer and the
conventional synchronizer. In such cases, the distribution of the real and the imagi-
nary part of the timing signal can be approximated as Gaussian due to the central
limit theorem. The real and imaginary part of the normalized timing signal,

 and , both have zero mean and a variance

. (18)

The normalized conventional timing signal can therefore be regarded as Rayleigh
distributed with CDF 

. (19)

The timing signal from the pre-correlating synchronizer is generally smaller com-
pared to the same signal from the conventional synchronizer when the timing is
wrong. This in turn means that the false detection probability of the pre-correlating
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synchronizer is much lower than that of the conventional synchronizer. In Figure 4
the CDFs of the timing signals from the pre-correlating synchronizer and the and
conventional synchronizer are presented for the cases of correct and wrong timing
and no frequency-offset. By correlating samples before multiplication the mean and
variance of the timing signal are decreased when the timing is wrong. This makes it
possible to use a low detection threshold without a resulting large false detection
probability. Although in the figure there is no difference between the detection per-
formance of the PN-based preamble and the conventional preamble, there is an
advantage for the PN-based preamble when analyzing the case when the timing is
almost, but not entirely, correct. The correlation properties are better for the PN-
based preamble and it results a sharp synchronization peak. This results in more
accurate time synchronization and this property is especially important in multipath
channels. 

3.3 Low-Resolution Operation

There is a high correlation between the sign of the received signal and the sign of the
pre-correlating sequence when the timing is correct. The correlation is zero when the
timing is wrong and therefore it is possible to have a low-resolution operation mode
where only the sign of the received signal is used to find a coarse timing signal. The
probability that the sign of the received sample is equal to the sign of the pre-correlat-
ing sequence can, for the I-channel and the Q-channel respectively, be calculated as

(20)

when the timing is correct. Note that if the phase of the received signal is between 
and  then the probability of equal signs in e.g. the quadrature channel is lower than
0.5. However, the same is true for the second part of the preamble so that the product
will in general be positive anyway. The correlator adds all the equal and unequal
samples and therefore the two complex parts of the correlator output, ,
have a binomial distribution. The probability that the real part of pre-correlator has nI
samples of equal signs is given by

(21)

with a corresponding expression for the imaginary part. For small frequency offsets
and correct timing the real part of the synchronization signal is much larger than the
imaginary part, so the absolute value can be approximated by the real part only.  The
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real part of the synchronization signal is the sum of the products between the two real
parts of the correlator outputs and the two imaginary parts of the correlator outputs.
The correlator output is given by . The probabil-
ity function of the products is calculated by adding all the probabilities for values
resulting in a certain product and the probability function, , of the
sum is then achieved by convolution. For larger frequency offsets we have a similar
distribution, but the signal is not dominated by the real part. 

When the timing is wrong, the input can be seen as random and the probability
that the sign of the received sequence is equal to the sign of the pre-correlating
sequence is PI,equal=PQ,equal=50% for the I and Q-channel, respectively. In this case
none of the parts dominate and we derive bounds for the distribution. The absolute
value of the synchronization signal is larger than the maximum absolute value of the
real and imaginary part of the synchronization signal and smaller than the sum of the
amplitudes of the real and imaginary part respectively. The CDF of the synchroniza-
tion signal is therefore upper bounded by the CDF of the maximum absolute value of
the real and imaginary part and lower bounded by the CDF of the sum of the absolute
values of the real and imaginary parts, i.e.

(22)

Due to the favorable correlation properties, the low-resolution timing signal
works well also for low SNRs in AWGN channels. In Figure 5 we plot the CDF of

Figure 4: CDFs of the timing signals when using the conventional synchronizer or the
pre-correlating synchronizer (p.c.) with L=1 or L=2. In case of L=2 and wrong tim-
ing we show an upper (u.b.) and lower bound (l.b.) for the distribution. 
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the low-resolution timing signal using the PN-based preamble and the same parame-
ters as in Figure 4. For wrong timing we show an upper and a lower bound for the
distribution. In the figure it can be seen that the probability is very small that the tim-
ing signal is larger when the timing is wrong than when it is correct.  

3.4 Receiver Operation Characteristics

For the timing signals there is a relationship between the probability of missing the
synchronization signal and the probability of false detection, which is dependent on
the chosen detection threshold. We plot this relationship, the so-called receiver oper-
ation characteristics, in Figure 6 for the conventional and pre-correlated timing signal
together with an upper and lower bound for the low-resolution timing signal. Note
that we plot the probability of missed synchronization signal and not, as most often,
the probability of detection vs. the probability of false detection. We see in the figure
that the timing signal from the pre-correlating synchronizer results in much better
performance, compared to the conventional synchronizer. For a probability of missed
synchronization signal of 10-4 we get a false detection probability of 3*10-2 for the
conventional synchronizer while we get 2*10-8 for the pre-correlating synchronizer.
The lower variance for the pre-correlated timing signal when the timing is wrong also
means that it is possible to decrease the threshold for detection without having too
many false alarms. The low-resolution synchronization signal also results in good
detection performance, in AWGN channels it competes well with the conventional
full-resolution synchronizer. When the probability of missed synchronization signal
is 10-4 the false detection probability from the low-resolution synchronization signal

Figure 5: CDFs of the low-resolution timing signal. For wrong timing we have a
lower and an upper bound for the distribution.
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is in the order of 10-3. Compare this to the false detection probability of the conven-
tional, but full resolution, synchronization signal that for these parameters is 3*10-2.
In [10] a synchronizer based on the cyclic prefix using an A/D-converter with one-bit
quantization is analyzed. This system is similar to conventional preamble synchroni-
zation but the repetition due to the cyclic prefix is used instead of the repetition in the
preamble. There the low-resolution synchronizer gave a significant loss compared to
conventional full-resolution synchronization. Here the performance of the low-reso-
lution synchronizer is actually better than that of the conventional full resolution syn-
chronizer.

3.5 Frequency-Offset Estimation

The frequency-offset estimate is given by the phase of the synchronization signal
when the correct timing is found. The estimate is calculated as

. (23)

This phase increment method gives a (nearly) unbiased frequency estimate of a com-
plex exponential in white noise [11] and can cope with frequency-offsets which are
smaller than .

The variance of the normalized frequency estimate can be approximated as [11]

Figure 6: Receiver operation characteristic for the conventional synchronizer, the
pre-correlating synchronizer and the low-resolution synchronizer. For the latter one
we show an upper and lower bound. 
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(24)

The performance of the frequency-offset estimate is similar for the conventional and
the pre-correlating synchronizer. For low SNRs the variance from the pre-correlating
synchronizer is slightly lower. In this case the effective SNR after the pre-correlator
is often high enough that the second term in (24) can be neglected. In Figure 7 we
plot the theoretical standard deviation of the frequency-offset estimation error
together with simulated results for the conventional synchronizer using the OFDM-
based preamble and the pre-correlating synchronizer using the PN-based preamble.
The preamble length was 60 (K=30, L=1) for the PN-based preamble and 64 (K=1,
L=32) for the OFDM-based one in an AWGN channel with SNR 0 10 and 20 dB,
respectively. The simulated values agree well with the theoretical values. For the pre-
correlating synchronizer at large frequency offsets it is possible to observe the loss
due to the sinc-term in (24). However, as seen in the figure this increase in the stan-
dard deviation is small.

It is possible to use the low-resolution synchronization signal to derive an initial
frequency-offset estimate. Simulations show, however, that the loss compared to full-
resolution estimation is large, especially for high SNRs. For low SNRs the increase in
standard deviation is smaller due to the averaging effect from the noise. 

Figure 7: Theoretical and simulated values of the standard deviation of the fre-
quency-offset estimation error. AWGN channel with SNR 0, 10 and 20 dB. Note that
the OFDM-based preamble is slightly longer than the PN-based one.
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4 Performance in Fading Channels

In multipath channels the timing signal from the pre-correlating synchronizer has a
peak for each of the resolvable channel taps. The correlation peaks have the same
phase, except for a small distortion due to the noise, and their amplitudes correspond
to the tap-power for each delay. For time synchronization the synchronizer can either
use the largest peak, a sum of the largest peaks or a sum of all peaks within a time
window corresponding to the excess delay of the channel to find the correct timing. 

In OFDM systems we want a timing signal that has a peak when the largest part
of the channel impulse response is within the window set by the guard interval. This
is straightforward to achieve with a rectangular window with length as the guard
interval. To get sharp synchronization peaks and to minimize the influence between
peaks it is important to use a sequence with good autocorrelation properties. Mini-
mizing the influence is especially important for the frequency-offset estimate, other-
wise there will be a small increase in the standard deviation of the estimation error.
The PN-based preamble used together with the pre-correlating synchronizer makes it
possible to resolve taps spaced one chip (i.e. two samples) apart. 

In order to investigate the performance in multipath and fading channels we sim-
ulated a one-tap and a two-tap Rayleigh fading channel. In case of the two-tap chan-
nel the taps had equal mean power and the delay between them was varied. In Figure
8 we present simulated receiver operation characteristic in a one-tap rayleigh fading
channel for the low-resolution synchronizer, the conventional synchronizer using the
OFDM-based preamble and the pre-correlating synchronizer using the PN-based and
OFDM-based preamble. The preamble length was 60 for the PN-based preamble
(K=30, L=1) and 64 for the OFDM-based preamble (K=1, L=32). The OFDM-based
preamble was also designed to give good correlation properties by choosing the data
symbols properly, the mean SNR was 10 dB and a constant channel during the whole
preamble was assumed. 

As before, we compare the timing signals when the timing is correct and when the
timing is wrong so that the input to the synchronizer in the latter case is noise only.
The pre-correlating synchronizer in this and the next figure used the largest peak and
not a sum to find the timing. In Figure 9 we present simulated receiver operation
characteristic for the two-tap Rayleigh fading channel. The delay between the taps
was 4 samples such that we got two fully resolvable Rayleigh fading taps when using
the PN-based preamble with the pre-correlating synchronizer. Due to the delay the
preambles were extended by 4 samples. For a probability of missed synchronization
signal of 10-3 the probability of false detection is here 2*10-1 for the conventional
synchronizer, 10-2 for the low-resolution synchronizer and 7*10-4 for the pre-corre-
lating synchronizer, respectively.
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Figure 8: Simulated receiver operation characteristics for the different synchronizers
and preambles. One-tap Rayleigh fading channel, mean SNR 10 dB, preamble length
60 (PN-based preamble) or 64 (OFDM-based preamble).

Figure 9: Simulated receiver operation characteristics for the different synchronizers
and preambles. Two-tap Rayleigh fading channel with equal power and 4 samples
delay, mean SNR 10 dB, preamble length 64 (PN-based preamble) or 68 (OFDM-
based preamble) including 4 samples of cyclic extension.
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The pre-correlating synchronizer gives better detection performance both for the
one-tap and the tow-tap channel. The reason is again that the mean amplitude is
lower for that timing signal when the timing is wrong. The low-resolution synchro-
nizer also performs well compared to the conventional one. It also gives lower proba-
bility of false detection and lower probability of missing the synchronization signal.
When using the pre-correlating synchronizer the difference between the OFDM-
based and the PN-based preambles is small. Both preambles have good autocorrela-
tion properties and therefore their performance is similar. The PN-based preamble
has a slightly better performance when the threshold is low and the false detection
probability thereby is high. This is because the received samples are weighted
equally for the PN-based preamble while some samples have higher weight for the
OFDM-based preamble. For short preambles this implies that the variance of the tim-
ing signal is slightly smaller when the timing is wrong. 

In a real application a two-step procedure for synchronization in Rayleigh fading
channels can be used. The PN-sequence is repeated four times such that the preamble
length becomes 4R+G samples. During the first 2R samples the low-resolution mode
is used to find a coarse timing signal where the received power is unknown. In low-
resolution mode the synchronizer has low complexity and therefore the stand by
mode power consumption becomes low. At the same time as the coarse synchroniza-
tion signal is calculated the AGC is set. In the second step, during the following sam-
ples, fine time synchronization is performed and a frequency-offset estimate is
derived. In this part the synchronization signal is normalized by the received power.

We evaluate the performance of the frequency-offset estimate by comparing the
standard deviation of the estimation error. In Figure 10 the standard deviation is pre-
sented for different frequency offsets using the conventional synchronizer with the
OFDM-based preamble or the pre-correlating synchronizer with the PN-based pre-
amble. It should be noted that also in this example only the maximum peak is used
for estimation. A slightly lower standard deviation for the pre-correlating synchro-
nizer is achieved by using more peaks. The simulations showed that the performance
is similar for both preambles and that the standard deviation is in principle indepen-
dent of the actual frequency offset as long as it is within the permitted range. The
simulations also showed that outliers caused by fading dips dominate the standard
deviation of the frequency-offset estimate. 

5 Conclusions

We have analyzed the performance of different preamble-based synchronization
schemes in OFDM systems. We analyzed two synchronizer structures, the conven-
tional OFDM synchronizer and the pre-correlating synchronizer, used together with a
conventional preamble or a PN-based preamble. It was shown that the pre-correlating
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synchronizer results in better detection performance than the conventional synchro-
nizer. By summing received samples coherently before multiplication, as in the pre-
correlating synchronizer, it is possible to decrease the influence from noise or inter-
ference when the timing is wrong. Therefore a lower detection threshold can be used,
which results in better detection performance in terms of lower false detection proba-
bility and lower probability of missing the synchronization signal. By using the PN-
based preamble the peak-to-average power ratio of the transmitted signal becomes
low and the timing signal from the pre-correlating synchronizer shows a sharp syn-
chronization peak. This is in contrast to conventional synchronization, which is based
on repeated OFDM symbols. For frequency-offset estimation the different methods
result in similar performance. Synchronization based on PN-sequence preambles and
the pre-correlating synchronizer offers great power reductions in stand-by mode.
Using this method it is possible to use A/D-converters with only one-bit resolution in
stand-by mode. The low-resolution synchronization signal is independent of the
received power and therefore a coarse time synchronization signal can be calculated
at the same time as the AGC level is set. 

Figure 10: Simulated standard deviation of the frequency-offset estimation error.
Rayleigh fading channel with two Rayleigh fading taps. Mean SNR 10 (solid) and 20
dB (dashed), preamble length 64 (PN-based preamble) or 68 (OFDM-based pream-
ble) including 4 samples of cyclic extension.
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Appendix A. Distribution of the Timing Signal, Wrong 
Timing, L=2

If L is even, the synchronization signal can be rewritten as

(25)

All the terms (b, c, d and e) in (25) are independent zero mean Gaussian variables; d
and b are real valued and have variance , whereas c and
e are complex valued with variance of the both complex parts

. Defining new variables as  and
, the joint probability function for g and h becomes

(26)

Integrating [13] (3.478.4) over h gives the PDF for the products, i.e.

(27)

Naturally this PDF also applies for  and for the corresponding imagi-
nary parts. The characteristic function of the product, g, can be calculated as [13]
(6.671.14) 
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The PDF of the sum of products, i.e. the real part of , is given by the inverse trans-
form of the product between the L characteristic functions,

(29)

For L=2, we get a Laplacian random variable with PDF [13] (3.389.5) 

. (30)

 and  are therefore independent exponential variables
and their sum is an Erlang-2 distributed variable. This means that the CDF of

 when L=2 is lower bounded by the CDF of an Erlang-2 variable ,

. (31)

The CDF of  when L=2 is upper bounded by the CDF of the maximum, ,
of two independent exponential variables, 

. (32)
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Abstract

Correct time and frequency synchronization is important for the perfor-
mance of orthogonal frequency division multiplex (OFDM) systems. We evalu-
ate a system where a pseudo noise sequence (PN-sequence) is used for
estimation of these synchronization parameters. The PN-sequence is superim-
posed on the OFDM signal. The system is evaluated by means of the variance of
the frequency estimation error and the probability for correct timing synchroni-
zation. Both theoretical and simulated results are presented. The proposed tech-
nique is very flexible and works also at low signal to noise ratios. The frequency
offset range has been significantly increased compared to conventional OFDM
synchronizer schemes.

1 Introduction

Time and frequency synchronization are two important issues for the performance of
orthogonal frequency division multiplex (OFDM) systems. Correct frequency syn-
chronization is crucial in order to preserve orthogonality of the sub-channels. Timing
synchronization is necessary in order to locate the cyclic prefix and identify the start
of new packets or frames. Often the synchronization process is divided into two parts,
acquisition and tracking. Burst transmission acquisition includes a continuous search
for new packets, finding the beginning of the symbols as well as the packets and
making a coarse frequency estimate so that demodulation can be performed. For con-
tinuous transmission, acquisition means finding the start of symbols and frames and
making a coarse frequency estimate. In tracking mode the synchronization parame-
ters are continuously updated to keep the performance of the demodulator as good as
possible under changing conditions. 



2 SYNCHRONIZATION USING SUPERIMPOSED PILOTS

Existing algorithms are often based on correlation of either a repeated [1][2][3] or
a known [4][5] symbol. A correlation peak is achieved when the timing is correct and
then the frequency offset estimate is achieved by the phase shift between certain sam-
ples. The distance between these samples determines the frequency offset range.
When, e.g., the cyclic prefix is used as a repeated symbol the frequency offset range
is limited to half the sub-channel spacing.

This paper presents a new method for acquisition and tracking of OFDM synchro-
nization parameters, which is based on a continuous transmission of a pseudo noise
(PN) sequence. Similar techniques has previously been proposed for synchronization
of single carrier systems [6] and for frame synchronization in OFDM systems [7]. In
this paper we propose and investigate a system for frequency and timing synchroni-
zation, including both symbol and frame synchronization. The system can cope with
very large offsets, up to half the OFDM bandwidth, and gives the frequency estimate
in one step. The synchronization signal has a sharp peak and is independent of the
OFDM parameters used. It can be used for any length of the cyclic prefix and does
not increase the transmitted bandwidth.

2 Spread Spectrum Pilot Technique

The estimation of synchronization parameters is based on transmission of a PN-
sequence which is superimposed on the OFDM information signal. The chip time of
the PN-sequence is equal to or double the sample time in the OFDM system, depend-
ing on spectrum and sampling requirements. The sequences are synchronous and
transmitted in the same band. Figure 1 shows a block description of how the transmit-
ted signal is generated. During acquisition the PN-sequence is sent without transmis-
sion of the information signal. After one or more PN-symbols, when the correct
timing and carrier frequency have been found, the transmission of the information
signal starts and the receiver enters the tracking mode, see Figure 2. In tracking mode
the amplitude of the PN-sequence can be chosen so that the distortion of the informa-
tion symbol is small. The amplitude of the PN-sequence can be adjusted to a specific
application and the synchronization scheme works for low signal to noise ratios. It is
desirable to use a code length equal to or a multiple of the OFDM symbol length
(including the cyclic prefix) so that correlation peaks occur at the symbol boundaries.

Figure 1: Generation of the transmitted signal

OFDM +

1 ρ– ρc k[ ]

PN-sequencescaling

data data data PN
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For frame synchronization it is sometimes advantageous to use a long code. 

3 System Description

In the analysis we assume an OFDM system with M sub-channels, having a sym-
bol time Ts in an AWGN channel. The discrete time representation of the received
base band signal is

(1)

where c[k] is the transmitted PN-sequence, d[k] is the OFDM data sequence and n’[k]
is white Gaussian noise with spectral density N0. Further,  is the carrier phase and

 denotes the frequency offset to be estimated when normalized by the
sub-channel spacing. Both the PN-sequence and the data sequence has unity power
and the amount of power used for the PN-sequence is controlled by the code power
ratio . The received power is given by , whereas the
noise power is given by . The received signal is
despread by the local PN-sequence to get 

(2)

For time synchronization we want to find the integer slip, a, between the two codes.
For the purpose of time and frequency estimation, the two latter terms in (2) are act-
ing as disturbances. For data demodulation, no code multiplication is performed in
the receiver and the first and the last terms cause disturbances. The resulting SNR
becomes  for the code sequence and  for the
data sequence. In acquisition mode, only the code sequence is sent and the code
power ratio  equals one. In tracking mode a low code power ratio is then used in
order to minimize the impact on data transmission.

Figure 2: Structure of the transmitted signal.
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The despread signals are summed in groups of K samples to get a so called sub-
correlation. The synchronization signal, , for a given slip, a, is then achieved
as the sum of L products between sub-correlations spaced KP samples apart (P is the
delay in number of correlator lengths), 

(3)

Time synchronization is given by the absolute value of this signal whereas the fre-
quency offset estimate is given by the phase. The synchronizer structure is given in
Figure 3. This scheme can be seen as a modification of the schemes in [4] and [5].
Here, the length of the sub-correlators is K instead of 1 as in [5], and the differential
detectors work on the sub-correlator outputs instead of the correlator outputs as in
[4]. 

4 Timing Estimator Performance

In this section we analyze the distribution of the timing metric in an AWGN chan-
nel. Firstly we analyze the case when the timing is correct and later when it is wrong.
The calculations are quite tedious and therefore we just summarize the results and
verify them by means of simulations. Often it is desirable to have a signal which is
independent of received power. By normalizing  as 
we get a timing metric with a mean close to one when the timing is correct and just
above zero when it is wrong. 

Figure 3: Block diagram of the estimator.
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4.1 Correct Timing

When the timing is correct, a=0, the distribution of the timing metric can be ana-
lyzed in a similar way as in [3]. The frequency offset entails that the chips are not
added totally in phase in the sub-correlator, which leads to an energy reduction. We
assume that no ISI is present and . Normalizing the sub-correlator signal by

 gives the normalized output, , where [4]1

. (4)

All differential products then add coherently since they have nearly the same phase.
For medium and high SNR:s, the contribution from the noise vector perpendicular to
the signal vector can be neglected. If we consider the data signal as Gaussian, or if K
is large,  can be approximated as a Gaussian variable with mean

(5)

and variance

. (6)

As seen in (6) the variance is inversely proportional to LK. The particular choice of
correlator length has small impact on this product if the observation interval is kept
constant. The probability of missing the sync signal is therefore mainly determined
by the observation interval and the equivalent SNR for the PN-sequence.

4.2 Incorrect Timing

When the timing is wrong, , the sub-correlators do not peak. The sub-corre-
lator outputs, , can be regarded as Gaussian variables with zero mean. The
timing metric is therefore the absolute value of a sum of products between zero mean
Gaussian variables, 

. (7)

1 A typo in the original publication has been corrected, the square root was missing.
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In appendix A the distribution of the timing metric is analyzed for different choices
of the number of differential signals. In Figure 4 the cumulative distribution function
(CDF) of the timing metric is presented for various correlator lengths, K, and number
of differential signals, L, when the observation interval is 512 samples, SNR=10dB
and =0.1.

4.3 Receiver Operation Characteristics

Depending on how the detection threshold is set we will get a specific probability
of missing the sync signal and a probability of false alarm. In Figure 5 we plot the
receiver operation characteristics (ROC) for different parameter choices. It is of
course desirable to be in the lower left corner where both probabilities are low. Here,
again, we see the importance of using long sub-correlator lengths. By correlating
samples before differential detection we are not so sensitive to single noise samples.
In conventional OFDM synchronization no correlation is performed before differen-
tial detection The proposed technique will therefore give better performance, also
when only used as a preamble in acquisition mode.

5 Frequency Estimator Performance

The frequency estimator structure is the same both in tracking and acquisition

Figure 4: CDF for the normalized timing metric when the timing is wrong (solid) and
correct (dashed), SNR=10 dB, =0.1, observation interval 512 samples and

. Marker values are obtained by
simulations, whereas the lines represent theoretical values.
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mode, but a two step procedure can be used in order to enhance the performance. In
acquisition mode the sub-correlator length, K, and the number of delay elements, P,
are chosen according to the maximum expected frequency offset. In tracking mode,
initial compensation has already been made and therefore larger K and P can be used
to decrease the variance of the frequency estimation error.

The phase increment method used gives a (nearly) unbiased frequency estimate of a
complex exponential in white noise [8] and can cope with frequency offsets which
are upper bounded by1 . The normalized frequency estimate when
the timing is known is given by2

. (8)

The frequency offset estimators in [1], [2], [4] and [5] can, from a performance point
of view, be seen as a special case of the proposed estimator in acquisition mode. See
Table 1 for a comparison of parameters, where G denotes the length of the cyclic pre-
fix.

Figure 5: Receiver operation characteristics, probability of missing the synch signal
vs. false detection probability. SNR=10 dB, =0.1, 

and observation interval 512 samples.

1 A typo in the original paper has been corrected, the factor 2 was missing.

2 A typo in the original paper has been corrected,  was missing.
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The variance of the normalized frequency estimates can be calculated as [8]

(9)

Strictly speaking this is only valid for zero frequency offset, but simulations indicate
[8] that it is a good approximation for other frequency offsets as well. An interesting
property to note is that the same minimum variance can be achieved for different sub-
correlator lengths as long as the number of delay elements are chosen properly.

Figure 6 shows theoretical and simulated values of the variance as a function of
the frequency offset when the estimator is designed for a worst case normalized off-
set of 1, 4 and 10 respectively. Due to the flat region we can conclude that the perfor-
mance is determined by the frequency offset for which the estimator is designed and
that a worst case design has to be made. For large frequency offsets a two mode
approach can be used to decrease the variance. First the parameters are adjusted for
the worst case scenario and after a first coarse estimate has been made and corrected
longer sub-correlators and larger delay can be used. As a rule of thumb the normal-
ized frequency error must not exceed a few percent, see e.g. [2][9]. In order to fulfil
this in tracking mode we need to extend the observation interval or increase the code
power ratio compared to the parameters used in the figure. A possible solution could
be to have correlation length 1 and an observation interval of 3 symbols. Then the
frequency error variance becomes  for small offsets in tracking mode.

Table 1:  Comparison of parameters for some frequency 
offset estimators based on one symbol measurements.
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6 Conclusions

We have presented and analyzed a new approach for synchronization in OFDM
systems. The technique is very flexible and has a large frequency offset range. Off-
sets up to half the OFDM bandwidth can be detected in one step, instead of the com-
mon offset range equal to one or half the sub-channel spacing. The synchronization
signal is achieved by correlating received samples before they are differentially
detected. This makes the synchronizer less sensitive to single noise values and results
in better detection properties compared to conventional synchronizers. The amount
of synchronization signal is controlled by a single parameter and can be tailored to a
specific application. Therefore the presented synchronizer scheme is robust and
works for low signal to noise ratios. The complexity of the synchronizer is low and it
is therefore suitable for implementation.

Appendix A. Distribution of the Timing Metric

In this section we analyze the distribution of the timing metric when the timing is
not correct. We analyze the case with one or two differential signals, L, or when the
number of differential signals is large. The normalized complex outputs of the sub-
correlators have zero mean and variance  if an

Figure 6: Variance of the normalized frequency estimation error as a function of the
offset for SNR=10 dB and code power ratio =0.1 (dashed) and =1 (solid). The
sub-correlators are designed for frequency offsets 1, 4 and 10. Marker values are
obtained by simulations.
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ideal code with perfect autocorrelation properties is used, and variance
 for a random code. 

For L=1 we can rewrite the timing metric as

, (10)

where the two terms are Rayleigh distributed. By the transformation theorem we can
derive the joint PDF for  and  and then integrate over

 to get the probability density function (PDF) for the timing metric.
The PDF for incorrect timing becomes 

, (11)

where k0(x) denotes the zeroth-order modified Bessel function. The CDF of the tim-
ing metric is consequently given by

, (12)

where k1 is the first order modified Bessel function. 

For L=2 we derive bounds for the timing metric. If L is even the metric can be
rewritten as

(13)

All the terms (b, c, d and e) in (13) are independent zero mean Gaussian variables, d
and b are real valued and have variance , whereas c
and e are complex valued with variance of the both complex parts
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Integrating [10, integral 3.478.4] over h gives the PDF for the products, i.e.

(15)

Naturally this PDF also applies for  and for the corresponding imagi-
nary parts. The characteristic function of the product, g, can be calculated as [10,
integral 6.671.14] 

(16)

The PDF of the sum of products, i.e. the real part of , is given by the inverse trans-
form of the product between the L characteristic functions,

(17)

For L=2, we get [10, integral 3.389.5] a Laplacian random variable with PDF

. (18)

 and  are therefore independent exponential variables
and the sum of them is therefore an Erlang-2 distributed variable. This means that the
CDF of  is upper bounded by the CDF of an Erlang-2 variable ,

. (19)
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. (20)

Finally, if L is large  and  can be approximated as independent
Gaussian variables due to the central limit theorem. In this case  and 
have zero mean and variance

. (21)

The normalized conventional timing metric is therefore Rayleigh distributed with
CDF 

. (22)
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������ ����� ���2��� �
� �� ��
�&���	��� ���� ��
����
� �� �������
 ������-

�&� ��
���2����
� �	 �&�� ����� �
����� 2��& �&� 
�$ &�2��� ��������

��&��� �
� � �
�4�� �
������ 	����$��� 	�� ����$��� ����� �
�
��� �&�� ��

2� ������� �� ��� �	 �&� �2�
� ��������
 ��&����- �&��1& 2���
� �&� ����� �	
�&�� ������ �&� ����$��� ����� ���2�2������� �����
��� ��
 2� ���� �� ���������
2��
�� 	�� �&� �������
1 2�� ����� ���� 9��3; ���
1 �&� ���� ���2�2�� �����
��7��
��� �
 �&� ���� $�� �� �
 @+A-

! ������	�� �������

�&� �
���5�� ��������
 ���&���� �
�����
1 �&� ��0���
���� �
��� ��7���� ����
��
� �	 F�&�

�� ��������F 	�� ��������
- G�

�
���
�� ��0���
���� ��������




� ���������	
 ����
��� +

f 
~
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estimator
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A
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y

~

��1��� �' ����� ��&��� �	 �&� �������� ���� 	�� �&� �
������-

���� �-1- �&� ���� �����
�� ���2�� �� � �&�

�� ��������- 6
 % �< �&� ��!
���
�� ����� ���2��� ��� ���� �� ��������� �&�

�� ���������- /&�
 ���
1  %%
�&� �&�

�� ��������� ��� 2���� �
 �&� �
�$
 ����� ��7��
�� ��1��&�� $��&
&����&���� �	 �&� �
�
�$
 ���� ��7��
��- �&� 1�
���� �����
�� ���� 	�� �&�
�
������ �	 ��� ��������
 ���&��� �� �����
��� �
 ��1-�-

6
 �&� 	����$�
1� $� ��� ������� 2���2�
� 
������
 �
� ������ ���	���
����� 	��7��
�� �
� 	���� ��
�&��
�5����
- �&� ���
������� ���� ���2���
��� ��
���� �� �n � �- �&� ���2�� �n �� ���&�� � ���� ���2��� �n� � �����
���2��� �n� �� � ���2�
����
 �	 2��&� �n �

�
�� �n ��n��

�n � �n� $&��� �n ��
�&� ����
� �	 �
��1� ���
� �
 ����� �
	�������
 �� ���� �� ��� �n ��
��� �&�
�����
�� ���2�� ��������

�n � �n � 	n � 
n� 9�;

$&��� 	n � � �� � ������������
� 9����!�������
�; 	���
1 ������� $��& ���	n�5� �
�� �
� 
n � � ��� 5���!���
 $&��� >������
 
���� ������� $��& �
�!�����
��$�� �������� ��
���� �3- /��&��� ���� �	 1�
�������� �&� �
���1� �
��1� �	 �&�
�����
�� ���2��� �� �v � ����n	n�5� � �� 6� �� ��

�
��
� �� ��� ������ 
������

�
� $� ��
��� �&� �����
�� ������ 
����� 2� � � ��4� �5� ���� �Q �W � �� � ��
$&��� � �
� � ��� 
������ �	 �&� 	���
1 ������� �
� �&� 
����� ��������
���� �
�
� �� � ���1�
�� ������ $��& �&� ���
������� ���2��� �
 ��� ���1�
��-

�&� 1��� �� �� ������� �&� �������!������&��� �������� �	 �&� ���
����!
��� ��7��
��- �&� �����
�� ����� ��� �����2�� &����&���� �
� ������� 	�� �&�
��7��
�� �������
1 �
 �&� ��$��� ������- ��� G�
���
�!�

����� ���������
�
�&� ������� ������ �� 1�
�
 @+A ��

�	 � �K ���
 � ���4��K�� 9";

$&��� �� �� � ���1�
�� ������ �	 �&� &����&���� �� 2� ������ 9��4
�� ����� �
;
�
� 
 �� �&� ��
����
�� ������ �	 �&� �&�

��-  �
�� �� �� ��
�
��1���� �� &�
�



) � ���������	
 ����
���

�
 ������
� ������ �
�����
� 	�� ���& 
�$ ���2�� �
� �	��
 ��� ������������
�
�
�����- �&� 
���� �� ������� �� 2� >������
� �
� �&���	��� � �����2�� ������
�
�����
� ��

�	n���n� ��n�S3 � � � � � ��n�SO� � ��n � ��n � �	n�5� 9+;

$&��� ��n �� � &����&���� 	�� �&� �!�& ���� ���2�� �
� �	n �� � �&�

�� ��������-
�&� ������ �� ����
�� 	��� �&� ���� &����&���� ���n�S3 � � � � � ��n�SO � �
�8�� �����
���2��� ��n�S3 � � � � � �n�SO �- �&� ��������� 
 �� �&� 
��2�� �	 ���2��� ����
	�� �&� �&�

�� �������� �
� �o ��
���� �&� ���� �
����� �	 �&� �����
�� ���2���
���� 	�� �&� ��������-

6
 ����� �� ���� �������
�� �&� �����
�� ����
�� �&�

�� ��������� �
� ���
1
�&��� �� ����� ��� �����2�� &����&���� �1��
�� �&� �����
�� ���2���- �&� �&�

��
��������� ��� ���������� �� 	����$�' � ��
����
� �&�

�� �������� �� �2���
��
2� ��!���������
� �	n�So � �n�So���n�So � >�
�
 �&� &����&���� �
� �&� �����
���2���� �&� �&�

�� �������� �	n ��
 2� �������� 2� ��
��� 4�����
1 @��A'

�	n �
O�4�
o@3

�n>So � �	n�So �
O�4�
o@3

�o � �n�So
��n�So

� 9);

�&� 4���� ���H���
�� �n>p ��� ����
��
� �
 �&� ��������
 ���&�� ����- ���
��

�
���
�� ��0���
���� ��������
 �
�� �&� ���� ���2�� �� ���� 	�� �&� �&�

��
�������� �� 
 � �� �3 � �� �4 � �� �
� ��� ��&�� 4���� ���H���
�� ��� 5���- 6	
� /��
�� ��������� �� ����� �� �
 �-1- % �< ��  %%� �&� 4���� ���H���
�� ���
�2���
�� �� �&� �������
 �	 �&� /��
��!=��	 �7�����
�-

�&� �&�

�� �������� �� ���� �� 2���� �
 � ������
 &����&����� �� 1�
�
 2�
�&� ���
���� �����
�� ���2��� ��

�	n � �n ��
�4�� 9C;

$&��� �n �� � 
����� �	 �&� �&�

�� ���������
 ���H���
�� �n>p� �-1- �&� /��
��
4���� ���H���
��� �
� �� �� � ���1�
�� ������ ��
���
�
1 �&� &����&���� �	 �&�
���
������� ���2��� �
 ��� ���1�
��� �-�- ��n>n �

�
�� �n � �n �

�
�n � �n��n�

�&� ��������
��
1 
����� �	 �&�

�� ��������� 	�� � ������
 &����&���� ��

��
��7��
��� 2� ���������� ��

�� � ����4�� 9*;

�&� �����
�� �
 �&� �&�

�� ���������
 ������ � �
� �&� �����������
 ������
���4 ��� �������
�� 2� �&� ��������
 ���&��- �&��� ��� ������2�� 2���$-

6	 ���2��!2�!���2�� ��������
 �� ���� �&�
 �&� ������ �
�����
� 9+; �� ����
	�� �&� �������
� �
� �	 ��7��
�� ��������
 �� ���� �&�
 � ��� �	 �&��� �� ����
�
�����- ����
1 �&� ������ �
�����
�� �
� ��2�������
1 �&� �&�

�� ���������
2� 9*; ����� �� �&� ��������
� ������

�	 � �K��� ������4�K��� �����
�4

��� 9D;

����$ $� �&����� ������2� �&� �
���5�� ��������
 ���&��� �
� 1�
� �&��� ��!
������
� �&�

�� ���������
 �������� �
� &����&���� ��������-



� ���������	
 ����
��� C

!"� #	
�� �����
 ���	���� $�� 
��	��

/&�
 ���
1 % �< $� ���
���� �
�$
 ����� ���2��� �� ������
 ���� ����� �
�
�
�� �&��� ���2��� ��� ���� �� ��������� �&� �&�

�� ���������- �&� �&�

��
���������
 ������ &�� �&� 4���� ���H���
��� �n>So � �� �������
� $&��� �&� �����
���2��� ��� �������� ��� ��&�� �����
�� ��� 5���� �-�-

�SVDP �

�
����

�4>S3 
 � � � 
 �4>S5 
 � � �
�5>S3 
 � � � 
 �5>S5 
 � � �
---

---
�Q>S3 
 � � � 
 �Q>S5 
 � � �

�
���� �

�&� &����&���� ������ �� ���1�
�� �
� &�� �&� �
�$
 ����� ���2�� 
����� ��
�&��� ��������
��
1 �������
� �
� �&� 
����� 	�� �&� ���� &����&���� �� 2� ������
�� �&� ��&�� �������
�� �-�-

��SVDP � ������4� ��5� � � � � ��n�4� �n� ��n.4� � � � ��

!"! � �������� #	
�� �����
 ������	��

/&�
 ���
1 ���������� ����� ���2��� �&� �
�$
 ����� ��7��
�� �� ����������
�
 �&� �
�
�$
 ���� ��7��
��- �&� &����&���� ��� �&���	��� � ���2�
����
 �	
2��& �
�$
 �
� �
�
�$
 
����� �
� �&� &����&���� ������ &�
� �&� 	���

��VSS � ����
�	

�� ����4� � � � � ��Q � �
�
���4� � � � � �Q �




$&����� �&� �&�

�� ���������
 ������ &�
� �&� 	���

�VSS �

�
����

�4>3 
 
 � � � 

�5>4 �5>3 
 � � � 

---

---

 
 �Q>O�4 � � � �Q>3

�
���� �

!"% $ 
�	�
�������
 �	������	�
 ������	��

6
 ��������!���2�� ��0���
���� ��������
 ��
���� ��0���
������ �
����� ���2���
��� �������� �� �&� ���� ����- �&� �������
 �� ����
 �
�� � ���2��� �
� �&�
�����
�� ���� �� 4
� � ���� ��7��
�� �&�� ���1
� �&� �����
�� �&���� 
�� �
��
2��$��
 ��
������
� ���2���� 2�� ���� 2��$��
 
�
!
��1&2���
1 �
��- �&�
��	���
��� ��� ���������� ���
1 &����&���� �
 �&� ���� $�� �� 	�� ����������
����� ���2���� ���PVGG � �VSS � �&��� �� 
� �
�$
 �
	�������
 ���
�������
�� �&���	��� �&� &����&���� ������ ��
����� �	 �&� �
�
�$
 ���� ���2��� �
���
��PVGG � �������4� � � � � ��Q ��



* � ���������	
 ����
���

!"& '���	� ������	��

�&� &�2��� �������� ���� 2��& ����� ���2��� �
� &����&���� �� 	��� �&� �&�

��
���������- �&� ����� ���2��� �
���� �&�� �&��� �� ���� �&��� ��2�1���� �
�
�&� &����&���� &���� �&� �&�

�� ��������� �� ����� �&� �&�

�� 
�������
�
2��$��
 ����� ���2���- 6
 �&�� $�� �� �� �����2�� ��� �-1-� ��
�1� ���1� �������
	��7��
���� $��&��� &�
�
1 ��� ���& �
��&��� ��� �� ����� ���2���- =���
�1��
� �&� �&�

�� ���������
 ������ &�� �&� ���� 	��� �� 	�� ���������� �����
���2���� �K|eu � �VSS � 2�� �&� &����&���� ������ �� �&� ���� �� 	�� % �<�
�-�-� ��K|eu � ��SVDP �

!"( �	������	�
 ������	��

6
 ��

�
���
�� ��0���
���� ��������
 �&� �������
� ��� ���� ���2��!2�!���2��-
�&� ���2�2����� �	 ������� �������
� ��
 2� ���������� �
 �&� �
�4�� 	����$���
2� �&� �&�

�� ���������
 ������ �GG �

�
� 


�
�
� �&� &����&���� ������

��GG �



��n�4 


 ��n

�
�

�� ������� �� �&� ��&�� ���&���� �&� �������
� ��� ���� ���2�� 2� ���2��
$&�
 ���
1 ��

�
���
�� ��0���
���� ��������
- �&���	���� �&� �
������ ���!
��
��� �
 
��� ������
 �� ���� �� ����� �
�� ��
1��!����� �
�
�� 	�� �&�� ��&���-

% �������� #����������

6
 �&�� ������
 $� ����
� �
�������� ���������
� 	�� �&� ���2�2����� �	 ����$���
����� �
�
��- �&� �
������ �� �� ���� ����
� ������� �� �&� �
� �
 @+A� 2�� $� ����
���
��� ������ 	��� ���������
� 	�� �&� ������2����
 �	 �&� �������
 
����2��-

�&� �����
�� ����� � ������� �������
 �	 �&� ������ 	�� �&� ������� ���& ��
������� �&�
 ��� ��&�� ���& �������- ��4
� �&� �������
 
����2�� �	 � �	 �
	�$&��� �	 �
� 	 ��� �&� ��������
� ������� �	 �&� &����&���� �
� �������
���&� ��������
���- 6	 �	 � 
 	�� ��� &����&���� �&�
 �&� ������� ���& $��� 2�
�&���
- �� ��$����
1 �&� �����
�� ������� �� � � 	
 $��& 	 �

�
� �

�
�
�


 �
�
� �

�W
� �&� �������
 
����2�� ��
 2� ���������

�	 � �K ���� ������4�K��� ������4� 9�;

��������4�K�������4���

� 
K ��
�

�&� ��
����
�� ������ �	 �&� 5���!���
 >������
 
����2��� �
 
 ��

�j �



�i 


 �5q � �

�
� 9,;



� ���������	
 ����
��� D

$&��� �i �� �&� ��
����
�� ������ �	 �&� 	���
1 �������- ��� "!� ���������
��������
1 �i &�� �����
�� �l>m � �3���	Gpd{�v � �� � ���� $&��� �3��� �� �&�
5����& ����� ������ 	�
����
� 	Gpd{ �� �&� ������� ������� 	��7��
�� �
�
�v �� �&� ���2�� ����-

%"� #�	��	�� )���� #�����	
	��

<�
� ���&��� &�
� ������� �&� ����$��� ����� ���2�2����� �������
1 	��� 7��������
	���� ���� 9�;� �-1- �
 @�"A@�+A- �����$�
1 �&�� $� ��4
� 
�$ >������
 
����2���

3 � �
� $&��� � �� � ������ �	 ��5� �� � � 	��4���
1 �j � ��K �
� ��� �� 
�
$&��� � �� �&� ��
� �	 �j� 6
 @�"A �� �� �&�$
 �&�� �&� �������
 
����2�� ��
 2�
��1����� �� � ��� �	 � �
����
��
� $��1&��� �5!
����2���� $&��� �&� $��1&��
��� �&� ��1�

����� �	 �K ���� �&� 
����� �	 >������
 ������� �� ������� �
�
�&� �5!
����2��� �&���2� &�
� " ��1���� �	 	������-

�� �����
1 �&� $��1&�� �� �&�� �&� 4��� � ��1�

����� ��� ������
� �
� �&�
���� �v �� ��1�

����� ��� 
�1���
� �&� �������
 
����2�� ��
 2� ��������� ��

�	 �
p�
q@4

�q�
5
5>q �

Qv�
q@p.4

��q�
5
5>q= 9�#;

������
1 �&�� ��� ��1�

����� ��� �����
��� �&� ���2�2����� ��
���� 	�
����
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������ ����� ���
���� �
 �&� ���
���� ������
 ��
 2� ���� �� �������
� ��!
��������� 2��! �
� 	����!����� ����� 	�� �&� 
������ ��������
� ���&���- =�$!
�
��� &��� $� �
�� ����� �&� ����$��� ����� ���2�2������� 9�"; 	�� ���� ��������
����� �
�
��- �&�� $��� ��
��� ���� �	 �&� �
&���
� ����
1�&� �
� $���
����� �	
�&� ��0���
� ��������
 ���&���-



� � ���������	
 ����
���

����� $� �������	� �&� ���2�2����� �	 ����� �
�
�� �	 ��0���
� ��
1�&� �
 �
2����!	���
1 3�����1& �&�

�� �	G�v � 
�- �&�� �&�$� �&� ��2�1���� �	 �
!
������� ��7��
��� 	�� ���������� ������ �
 ��&���
� ������� �
� �&� �
E��
��
�	 � ������ �
 �&� �������� 	�� ��0���
���� �������-  ���
���� $� �������	�
�&� ��2���
��� �	 �&��� ���&��� �1��
�� 
�������
� �
 �
���1�  ?3 �
� �������
�0����- �&�� ��
1��� ��� �&� ���� ���	����
�� �	 % �< �
� ��0���
���� ��!
������
 �� ���1� ������� ������� �
� &�1&  ?3�� $&�
 �������� �� �&� ��&��
���&���-

/� �

����1��� ����$��� ����� ���2�2������� 	�� ��
� �	 � ��
������
� �������
���1�� ���
1 �% :- �&� 2����� ��� �	 ��
1�& � � ��� $&��& �� ������� ��
2� ��
1 �
��1& �� ����������� �&� ������ ����� 2�&�
���� �
� �&� �&�

��
���������
 4���� ��
1�&� ��� 
 � �- �&� � ���1�� �	 ��
�����
 	��� �&� 5���!
���& �	 �&� ������� ��� ������ �
 �&� ������ �	 �&� 2���� �
� $� &�
� �$� ��
�� �	
�
�������
1 ����� �
�
��' ����� ��7��
��� $&��� � �� ����� �� �&�� �&� ����
����
��7��
�� ���1�� $��& �&� ������� ��7��
�� �	��� � ���2��� �
� ����� ��7��
���
$&��� �&� ���� 9&��	; ���� �� ����
����- �&� ������ �������
�� � ��
1�� ���2��
����� �	��� ��0���
���� ��������
- /� �������� �&� ��&���
� �
� ��0���
����
��&���� �
 �&� ��������- ��� �&� ��&���
� ���&��� �
��� ��
�����
 	��� �&�
���� ��7��
�� $��� ������ �
 � ���2�� �����- ��� �&� ��0���
���� ���&��� �
��
�&� ���
�����
� 2��$��
 �&� ������� �
� ����
���� ��7��
�� ����� ���2�� ������
�	��� ��0���
���� ������
1- �&�� ���
� �&�� �
 ����� �
�
� �	 � ��
������
�
������ �
�� �������� �$� 4
�� ���2�� ������-

6
 ��1- " $� ���������� �&� ����$��� ����� ���2�2����� 	�� ����� �
�
�� �	
��
1�& �� "� +� )� �
� "* 9��
1; �
 � 2����!	���
1 3�����1& �&�

�� �
� �

�e��3 �	 �# ��4- /� &�
� CI ����� �
��1� 	�� �&� ���������� ����� ��&���
�
� �
��� �#�& ���2�� �� � ����� ���2�� �
 �&� ��&�� �$� ��&���
� ��&����-
�&� ��&���� �&�$ ���&�� ������� 2�&�
��� 	�� �&��� �
�
��� 2�� �������� 	��
��
1 �
�
��- �&� ������ ���	����
�� �	 �&�  %% �
� &�2��� ��&���� 	�� ��
1
����� �
�
�� �� ������
�� 2� �&� �
&���
� ��2�1���� �	 �
������� ��7��
��� ��
��
�&��� �� � �����2����� �&�� �&� $��
1 &����&���� �� ���� 	�� �&�

�� ���������
-

��� �&� < �� ��&���� �&��� ��� �
�� �$� ���2�� ������ 	�� �&��� �����
�
�
�� �
� �
� ���2�� ����� 	�� �&� ��
1 �
�
�- �
 �
�������
1 2�&�
��� 	�� �&��
��&��� �� �&�� �$� ���2�� ������ ����� �� ���& ��&�� &�
� � &�1&�� ���2�2�����
�&�
 �$� 2�� ������ ��������� 	��� ���& ��&��- �&�� �� ��� �� �&� ������ �	
�&� < ��� $&��� �&� 
�1���
� �
E��
�� �	 ������� ���2�� ������ ��������� $��&
����-

6
 ��1- + $� �����
� �&� ����$��� ����� ���2�2����� �	 �
�
�� �����
1 � ��
1��
2�� ����� �
 �&� ���
�������
 2����- ��� �&� ��&���
� ���&��� �&�� ��������
��
�� �
 ����� �
�
� �	 ��
1�& �
�� $&��� 	�� �&� ��0���
���� ��&���� �� �� �&� �7��
!
���
� �	 � ��
1 ����� �
�
�- ���
1 �&� ��&���
� ��&���� �
 ��1- + 9���;� �&�
��0���
�� �� ������
��� ����� 	�� �&� 2���� 	���
1 �&�

�� 9	g�v � 
;- =�$�
���
$&�
 �&� ������� 	��7��
�� �
������� 9	g�v � 
�
�;� �&� ���������
 �	 % �<

4 Lq wkh ruljlqdo sxeolfdwlrq d fxuyh iru frqyhqwlrqdo gl�huhqwldo ghwhfwlrq zdv dovr suh0

vhqwhg1 Lq wklv uhylvhg yhuvlrq wkh fxuyh lv rplwwhg dqg wkh wh{w kdv ehhq fkdqjhg dffruglqjo|1
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�# � ���������	
 ����
���

2������ ������
�- ��� �� �&� ���������
� �
E����� 2� �&� ������
1 �&������
�&� �&�

�� ���������
 �
 % �< 2������ ���� 9�
�� �
� �	 �# ���2��� �� �
�����; �
� �&� �������
1 ����� E��� �� 7���� ��
���- /��& ���������� ������ $�
��� 
�� ����� �� �&� ����� �	 �&� ������
1 �&����� �� �&� &�1&�� ������� 	��!
7��
����� �
� �&� ����$��� ����� ���2�2����� �� &����� �0�����- �&�� �������
�&�$� �&� ����
1�& �	 ���������� ������ �� &�1& ������� 	��7��
����� �����
1
�
 ��
� �&�� �&� ����
� �	 �
��1� ���
� �
 ����� �
	�������
 �� �
�
 ���� �

�&�� ���� �������� �� % �<-

��� �&� ��0���
���� ��&���� �
 ��1- + 92�����; $� �2���
� �&� �
�������
���	����
�� 2� �
�������
1 � ������ �
 �&� ��0���
���� ��������
- �&�� �� ����
	�� 2��& �&� 2����!	���
1 �&�

�� 9	g�v � 
; �
� $&�
 �&� �&�

�� �� 	���
1
$��&�
 �&� 2���� 9	g�v � 
�
�;- �� &�1& ������� 	��7��
�� �
� ��$  ?3��
�&� ����� ���2�2����� �� ����
���� 2� �&� ������
� 
���� �
� �&� �$� ��������

���&��� &�
� ���&�� ������� ���	����
��- =�$�
��� $&�
 �&�  ?3 �
��������
�&� ���$2��� �	 ��

�
���
�� ��0���
���� ��������
 2������ ������
�- ��� ��
�&��� �&�
1�� �
 �&� �&�

�� 2��$��
 �$� ��
������
� ���2���� �&� ��0���
����
�������� �������
�� � 7���� ��
��� ����� E���� $&����� �&� ��������!���2��
��0���
���� �������� $��& ��� ������ ��
 �����
���� 	�� �&���-

���
1 � ��
1�� �
�������� ���������
 	�� ����$��� ����� �
�
��� $� &�
� ��
!
�1�� �� ������� ��
� �	 �&� �
&���
� �&������������� �	 � $&��� ����� �	 ���
�!
������
8��������
 ��&����- �� ���
��	��
1 ��1
�4��
� ����� �
�
�� �� �� �����2��
�� ����
� � 9���
�����; �
��
 2��
� 	�� �&� ����� ������ �
� �&���2� ��������
1
�&� �
����� ���	����
��- �&�� ��� &�$�
��� ��� �	 ����� 	�� �&� �����
� �����
�
� ��	� 	�� 	���&�� �������&-

( ����
 �	���

/� &�
� �
���5�� �&� ���	����
�� �
� 2�&�
��� �	 ��0���
� ��������
 ��&����
�
 3�����1& 	���
1 �&�

���- ����� �
 � �
�4�� �
�������� 	����$��� $� &�
�
���������� �&� ����$��� ����� ���2�2����� 	�� ������
 ��&���
� �
� 
�
!��&���
�
��������
 ���&���- �� ������
1 �&� 
�������
 �	 �&� ����$��� ����� ���2�2�������
$� &�
� �������� �&� ��2���
��� �	 �&��� ���&��� �1��
�� 
�������
� �
 �
���1�
 ?3 �
� ������� �0����- �� ��������� �&� ��&���� ���
1 � 1���� �	 ���2���
����� �� �&� ���2�� �� 2� �������� �� ����
� � F�&�

�� ��������F ��� �&�$
 ��
2� 
��� ��2��� �
 	��� 	���
1 �

���
��
�� �
� �&�$ 
� ����� E���- G�

�
!
���
�� ��0���
���� ��������
� �
 �&� ��&�� &�
�� ��0��� 	��� � 
���� F�&�

��
��������F $&����� % �< ��� ��0�� 	��� �
 �2������ �&�

�� �������� �
 	���
	���
1 �&�

���- �&� ������ ��
 2� �
����� 2� �
������
1 �&� 
��2�� �	 �����
���2���� 2�� �&�
 �&� �
��&��� �
�������- 6
 �&�� ����� $� &�
� ���� �
��������
� 
�$ ��������
 ��&��� �&�� ���2�
�� �&� ����
1�&� �	 ���
1 �����! �	
 ����
���2��� �� ����
� �&�

�� ���������- �&� ����� ���2��� �
����� �&�� �&��� ��
���� �&��� ��2�1���� $&��� �&� ��� �	 �
�
�$
 ���� ���2��� ����� �� �����2��
�� ����� �&�

�� 
�������
� 2��$��
 �&� ����� ���2���-



� ���������	
 ����
��� ��

�&� �����
��� �
������ �� 1�
���� �
� ��
 ������ 2� ������� �� ��&�� ��������

��&����- ��� � 	���&�� �
������� �&� ���������
� �	 �&� ����$��� ����� ���2�2�����
��
 2� ���� �� 1�� �����������
� ���������
� �	 �&� �������
1 2�� �
� 	���� �����
����� 2� ���
1 �
��
 2��
� ���&
�7���-

��*���
��������

�&� ���&��� $���� ���� �� �&�
� %��	- %���� =��&�� �� �
�
������ �	 :����
>����
�� 	�� �
�����
1 �&�� $���-

����������

@�A ������& ��
����� �
� <��
�
 :-  ���
- <�������!���2�� ��0���
���� ��!
������
 �	 <% :- ���� 
��	�� �����	�� +�9+;'+##J+#�� <���& �,,#-

@"A ������& ��
����� �
� <��
�
 :-  ���
- <������!������&��� ��0���
����
��������
 �	 �
����� �
� �������!����� ��������� �&��� ���������
 �
��
�/>? �
� 	���
1 �&�

��� J <������ �
� ���	����
��- ���� 
��	��
�����	�� )"9�;'D*J�,� K�
���� �,,)-

@+A %��� =� �
� ����
�� ��
1- ����� ���	����
�� �	 ��������!���2�� ��0��!
�
���� ��������
 �	 % : ��1
��� ���
������� �
�� ���������� 3�����1& 	���
1
�&�

���- ���� 
��	�� �����	�� )#9�#;'�C**J�C*,� ����2�� �,,"-

@)A >���1�� <- B������ �
� �����
� %- ������- B����2� ������
1 �	 ��0���
!
������ �
����� % : ��1
��� ���
������� �
�� 3�����1& 	��7��
��!E�� 	���
1
�&�

���- ���� 
��	�� �����	�� )+9"8+8);'�"C*J�"C,� �,,C-

@CA ��
�  
�
���
- G�&���
� �������� 2���� �
 ��
��� ���������
 �
� �������

	���2��� 	�� �L% :- �������	� ������ +#9"#;'�*)"J�*)+�  �����2�� �,,)-

@*A <��&��� �- <�&�� �
� K�&
 =- ���1�- �G<% J � ���������
 �
� ���!
�
1 ������1� 	�� 3����
!	���
1 �&�

���- ���� �� ������� ����� �����	��
D9,;'�+)DJ�+CC� �����2�� �,�,-

@DA K���� :- G�
���- �
 �
������ �	 �����!���2�� �������� ���������
 	��
3�����1&!	���
1 �&�

���- ���� 
��	�� ������ 
���	���� )#9);'*�*J*,+�
?�
��2�� �,,�-

@�A �-%- =����
 �
� :- ��&��- � ������ �������� 2���� ������ ���&
�7�� 	��
��
�&��
�5����
 �	 ��1���� ��2��� �����
������
 �������- ���� 
��	��
����
��� ��1�� ��CJ�,)�  �����2�� �,,#-

@,A %���� =��&�� �
� ������� ��	
����
- G&�

�� ���������
 $��& �������!
����� ����� ��7��
��- 6
 ����� ��������� ��1�� "�*"J"�**� 3�� �� K�
�����
���5��� �����2�� �,,,-



�" � ���������	
 ����
���

@�#A >������ �- 6�
�
� �
� %���� K- <���
�-  ��2��!����� ���� �������
!
�������� ��������
 	�� % :8�G<���������
 �
 �&���$�� ��2��� ���������
	���
1 �&�

���- �#9�;'�"�,J�",,� ����2�� �,,"-

@��A K-=- ���1� �
� <-�- <�&��- <������ ������&��� ��7��
�� ���������
 �	
G%< ��1
��� ���
������� �
�� 3�����1& E��!	���
1 �&�

���- ���� 
��	��
�����	�� +�9*;'D�DJD,)� K�
� �,,#-

@�"A �-<- <��&�� �
�  ��1� �- %��
���- ���
�����  ���� �	 ��	
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