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0N THE CSN\IERGE¡{CE 0F CERTAIN RECURSI\IrE ALG0RII}II.{S

Lennart tjûg
Depar{nrent of Arrtcrnatic Control

Lr¡rd Institute cf Technology

P.O.Box 725, 220 07 lÀurdr Sweden

ABSTRACT

C,onvengence with¡ probability one of a necr.¡nsive al"gonithn of stod¡astíc apprlo-

xi¡natíon t1pe is cørsidered. Sorc extensions of pneviors nesults fon the Rob-

bins-Monrrc ar¡d the Kiefe¡r-!,lolfor^rÍtz pnocedrr:res are given. An iÍPotrtant featr¡ne

of the appnoacTr taken hene, is that ttre convergence analysis can be dinectly
extended to rcre conplex algonitluns.

A16 ClassÍficatíon No. 62L20

Keyrords : Recr¡rs ive stochastic algonithms, stochastic appnoxirnation .
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1. ï¡lTROUJCffO,l

Stochastic apprrrxirnatåcnr algor"íthnu of differ,ent vaniarrts have now long been
studied in nnny contexfs. In this paper the follor¿ing panticula:r recu¡'sive aI-
gonithn will be studíed

x(n) " x(n-1) + y(n)[f (x(n-t)J f e(n) + ß(n)] (1)

wt¡ere f(x) is tl"re negative gnadient of a real valued function V(x)¡ {e(n)i is
a sequence of ¡andom vestots and {S(n)} ís a nulL sequence. Algorithm (1 ) co-
incídes with the one recently analysed by Kushner [1i.

Tluls algoniflrr¡ has obvious .nelations tÕ the Robbins-MonïÐ pn<lcedure [2] whictr,
perhaps is ttre beet kn$,m one of the stocl:ia.stie apprrrxirnation aþorithrns, fhe
Robt¡ins-¡4cnro procedur^e is a r^ray of stochastíca1ty solving the equation

f(x) = 0

where to each value x thene corresponds a nandøn var"iable Y = Y(x) with distni-
bution P{X(x) .* y) = H(ylx) such that

ôo

f(x) " J ydH(ylx)

is the expectation of Y for given x. The Robbins-Monr'''o pnrcedure fon findÍng
the noot of f(x) then is

x(n) = x(n-1) + y(n)y(n) Q)

vÈtene y(n) is a nandom veston whose distributi-on function fon given x(1), . .. ,
x(n*1), y(1), ."., y(n-1) is Hþ[x(n-1)J. rhe asynptotic pnopertiee of (2) have
been studied by rnany authonsr e.g. Í21, t3l , t4J etc.

If g(n) ; 0 all no and

E[e(n) le(n-1), ... , e(1]] : g (3)

the algoníthrn (1) íe a speeial case of (2), Howeven, in nerry applicatíons whe-re
(1) is used, the distur^bances {e(n)} are correlated, r,ür:ich violates (B) and ti¡en
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(1) no longen can be descni-bed in terns of (2).

The Kiefen-!'lolfcn¡itz pnocedr.me [5J for: rainímization of a functíon has a sírfi:ilür
nelationshíp to (1), ar¡d as is fi¡rther descr:i-bed jr¡ [f ] and in $eetion 5 belcr,i,

the inclusion of the terrns {g (n)i then is essential.

AJ"gonithrm of the fonn (1) are also widely used in nrarry applied fíelds, Iíke
contrpl theory, par.ameten eetjmatíon nethods¡ êtc. Mone genenal va::iants of (1)

have been analysed by the pr"esent authon [6], [7], [8J with parrticulan errphasis

on contr"ol theory applications. The appnoachr in these neferences is to asssoci*
ate (1) with a deternrinistic differential equation, in terr¡s of whidr strong
cÕnvergence of (1) cæ be studied.

In the study by Kushner' [1i a simíIa¡" ídea is persued, thcugþ wit]r an entirely
diffenent technique and fon convergence in prababilíty.

The conditions that have to be irposed on the algorithn (1 ) ar"e desci:ibed jn
Section 2, wh'ile Section 3 contains tlre basíc lemnns of the analysis. Ihe rnaín

nesults about strrrrlg convergence of (1) are given jn Sectíon 4. Applications
of the r¡esults to the Robbins*Morrrc and to the Kiefer*trIolfcn¡itz prnocedureË åre

tneated in Section 5, As remarked aboveo algonitlun (1) as just a sírçle special
case of üre algoníth¡re studied ín I I ]. Tn Sectíon 6 extensions of the conver:-

gence nesults to these Íxrre general algonitl¡¡rç are described

2. GT}IERAL ASSUMFTIO$S

A rrnj.:n coneern of this paper is to prove eonvergenee witJr p:nobrabrilitw one (w.

p.1) of (1) into the set

Dr={xlftx)=O} (4)

To do'this, cer-tain assumptiorr.heveb beínposed en (1) and these condj-tíons

will nCI¿ be stated

Tl:e follcn¡irrg genenal assr-nptions wíll Lre used tirrougþout the pape::"
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A'!:

at.

,{3:

A4:

A5

V(x) is a twice contÍ-nuously differentiable fr:nction on Rn *rd * V(x) =

= - f(xÌ (colunrr vecton)

{xlv(x} < Ci ís corpact fon a}I C < sup V(x}

T.he set D* coneists of isolated csmected sets.

{v(n}} is a (poseibly ::andom) sequence of positive scalarsn *uch that
r(n) -¡ û and f vtn) * * (w.p,1)

tÊ(n)] is a sequence of f valued ¡.andom va:ríables, such that ß(n) -¡ 0

w"P.1 as n -Þ m.

By A3 is nearrt that Ð* ca¡r be written as a unio'n of cor¡nected sets, such that
eacfi of these eetç ha,s a stnictly ponitive dist¿rnce to the udon of the othen

sets. The assr:nption A3 can be replaced hy

A3r: Ttre fi¡nction V(x) ís n tines æntinuously differentiable, whene n is
dim x,

as is explained aften ler¡¡rna 1.

In the n'aj-n ienrna tire following two assuçtions al:out the behaviou¡- cf (1) and

about the prcpertÍes of the sequences {e(n)} and {y(n)} erc intrçduced"

81: Let z(n) be defined by

z(n) " z(n*1) + y(n) (e(n) * z{n-1}}; z(0} * 0

T?ren z(n) -+ 0 w.p.1 as n -+ *.

82: tdith prcbability one, lx(n)l Ccies not tend to infinity ac Fr * æ.

Notiee that assunçtion 82 as such does r¡ot pneclude thaf a sr:bsequence of
ix(k) ] ntay tend to infinity.

These conditions are feiínly inplicit, ffid nrore easily checÏ<ed cnes are desinable.

Sever"al ways of venífying E1 and 82 ane possÍ-bleo trrd in two lenunas ít wíll be

shü,rn that e"g. the folloving conditíons ensure 81 , rB2.

C1¡ e(n) l"ias an ånnovations r"epr"esentation

n
e(n) = I h(n,k)v(k)

k:0
r^rhere {u(k)i aru independent r:andom vector:s with zero npar¡ valuee ånd unit
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covariance natríces, &d such that E[v(k)[ 2p. c for sor.p integen p.

Ër-¡rtherrnane lnCnrf)l * oJt-k where {crr} is non-decreasing and À < 1'

c2t {y (n)} is a deternr:i¡istic, non-increasing sequence such' tirat

1 1
1i.rn
rrþoâ

læ

y (n) v (n-1)

p

Moreover

hI <æ

t^¡hene s* arrd p ålîe defined in C1'
n

c3: *,ro[9 r(x)l < oo

" lcx I

c4: Dõ = {x¡ lr(x)l s 8l is ccrapact for sone õ" > Û'

îhe reason for íncluding a sequence {urr} in C1 t}at nray tend to i¡finity is to

allcr^r treatnrent of schen"es }füe the Kiefen-Ì¡iolfor¿ítz pr''oeedtrne' whene the vav'i*

a¡rce of the distul:bãnceË íncreases to ínfinity"

Fi.na1}y, ít hríIl be shcnnnr that the set Ds defined by (a) ÍntÕ which the esti*

mates cÕnvenge may be replaced by the srnlLer set

h = ixlf(x) = û a¡rd the nntr'å* $ ftft is negative ser¿i-definite] (5)

lhis requines the frrllowÍng addítional assumptÍons '

The sequence {ß(n)} is a detenninistic sequence. furr*re-r¡:rone¡ the sequence

ie(n)) can be decomposed as e(n) = e(n) + v(n) rn¡Trere e(n) is independent

of v(n) and e(k) k * n such that E c(n) = 0 and E e(n)e(n)T > eT for sonre

c>0andall n.

DZt ïhe set Ð, consists of isolated Points'

Assumption Ð1 inplíes that e(n) is not e)tactly predictable fron the other^ va-

r:iablee e(k) k + n" ït should not be r^egarded ås a very restrictive conciítion.

(
cô

T
4
I

(n)CI.Y

D1
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3. BASIC TEMMAË

Conve:rgence of ('1) w.p.1 folictrs frr:m the follcæírrg main lenr¡n.

I"enriìå 1 . Assurûe A1 to A5 and 81 to 82. Then

x(n) * ÐS * ixif(x) * 0l w.p"1 as fr -¡ oq

fu¡qf: Let tr¿* be a subspace of the saraple space such that

n* : {81 holds} n {82 holds} fl iAq holds} n {AS holdsi

Clear'ly P(n*i : 1. Consider from now on a fixed realieation o* € CI* and let us

stttrfy the sequence tx(k)] = {x(krt^r*)}. lrle shall t}rnougþout suppress the argu-
¡rrent oü r on which most of the va:riables (including eubsequences) belcr^¡ depend.

In view af B2 there exists a cluster poÍnt *¡ to {x(k)}. lêt nn be a subse-

quence such that x(nn) + Xr. Suppose that lf(rct)[ : 5{t > û. I'fün (1) we oþtain
d:irectly

x(j) = x(ç) + v(k)e(k) + v(k) Ê(k) + v(k)f þCt<-t >¡ '
l
i

rk+1

t
L

"k-

j
T

I1+
K I1

y(k) + R(rgrS rx*)= x(nO) + Sr(n¡rj) + Íir(nnrj) + f(x*)
j
I

rk+1
(6)

tn¡here

S.,(n,-,j) = 1 y(k)e(k)I r(-" 
nu.i1

sr(n*,: ) = t Y(k)ß(k)
n+1K

R(Ih,j rrÈ) =
i
) f{x(k-1)J * f(rd) ì

I

)
Y(k)

tol
l'lm,.r sttppase that no ( j < nr(nnrr) r^fuere rn(nOrr) is suclì that
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rn(nO

I
r t)

y(k)tr<ôoasnn** (7)

rt+1
K

Tl:e nr¡nbe:: m(n¡rr) is finite fon any k and any 1 < * d,ue to 44. Tlren we c1aím

that

$i(rìkrj) * 0 uniformly ín nO s 3 5 m(n¡rt) fon fixed t a^e \ -r oo (8)

FrÐÕf of clairn:

L,zt IS,(rk,jll,{ ffiilg(i)l 
. t -¡ 0 as rh * * according toA5

K-

å='l; Fronr the definition of z(n) in 81 we have

z(j) : z(nO) + Sr(n¡,j) - y(k)z(k-1)
nk*1

lsrCno,:)i e la(j)l + lz(nn)l n t nøc-l
rksl

accordirrg to 81.

Let B(x*¡p) ¡ ixilx-x*l " o1 and C* : rax

or

(z 0)l_ -l åÉ tL**

l*tc,.rl,,'){*un
b€B(xf stl

ckroose frçm ncx^¡ on a fixed sphere B* ' B(x*¡p*) roith

t * p* < rnirr(1 oô*/BCt)

i¡üe recal1 t¡at ð* = lf{x*)i" tþe ï€å,srn fan this panticuSar choj.ce of p* wiil
be clean belen^¡. Clear'Iyt

lR(nk,j,xf )l s ¡nãx lr(x{i-t)) - f(x*)i . r,\ q_+16i6j

fi:oose fncrn now on
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I : r* : p*/ô'1. (S 1/8C*)

and d,enote n(r!er*) = 4. From (6) üre have that fo¡' j { 4t

lx(j) - xIl s lx(nn) - xnl + fercno,ill + lsr(nn,i)l + lrtx*l¡
j
T y(k) +

nk

* t* max
n*+1 6i6j

Ct¡oose k " K1 so 3"ange that

l r (x{i-r )J - r(x* } l

¡stCn*ri)l <p*/8 i=1t2 %sjrq

end

lx(nn) - ld I < {lz þen in particula:r x(ry) € e*j

If x(i) € B* fon i = r}.r. .. ,j-1 , then

[r(x(i-t]- rc*:l . cf p*

1+

ïÌÐ(

(s)

rh+1(í..j

and

lx(j) - ¡Il < f tz + p*/8 + e*18 + dr* + Cfp*f < p*/2 + p*14 + p*/8 + p*/8 < p*

Hence also x(j) € B*.

$ induction ít follqws that

x(j) € n* n¡<sj*4i k'K1

In parbicular we have

x{{) - x* = r*f(x*) + Rr(nn) (10a)

wllere

Inntn*)[ -< lx(no) - #l * ls,'{nn,{il + [sr{nu,ri{)[ +

nx*K

i+ c*Ë,*r* + ô* T*

tk*1
v(j ) (10b)
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Novl

v[x{{)} = v(x*) + {xi:r{) - **Jv*(x*) + (xtrfli.- **iv)u,(ç)(x{nf,} - **J =

= V(x*) - t*f(x*)V*(x*) + [xtn$) - x*)Vror(e)(xtn$) - x*) *

+ Rr(:ç)V*(x*)

Nor^r V*(x*) : * f(x*) and V**(ã) = - fx(gli g € B*.

Hence

lnrtl)rtx*) + &roçl - x*)r*( il k(q) - >#ll *

6 ô"{lx(nn) - **ln lst{n*,n{)l+ lsz(k,{)l*

+c*p*1,r. + ô*lr*-f 
"t:)llnc*p*Znr-

JI

ehoose k > K* so that

lxtn*) - **l < ð*r*/16 * p*/8

lsrtnn'nf,ll+ lsrtnn,r,rfll < ð*t*116. p*/B

r* r(j ) . r+116 = p*/Bo*

Then the lìIlS of (12) is less thã¡n

(recall that pt * ô*rf)

( g*)1 ¡¡n* *

t* + tr + L9j:3_ t* + ,*

(11 )

(1 2)

m*
K

i
+1rt

+ C*p*t*ô* (
16 ö*

* {ôI).2 (3t*+zr*} + c*/Bc*r*(ô*)2 s (o*)Zt*l?
16

where the first inequality follor.¡s frum r* < 11SC* and the secÕnd one fnom

the defini'eian of p*.
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Hence,

v[x{r,f,)} < v(x*) *.*lr(x*}I2 * qd* r2r*lz < v(f ) - t*lrcrf ¡|2¡z (13)

fon k > Kr.

This holds fo:: all clusten points ¡ir such that

lrex*ll > o

Therefore, if x* is any clucter point with V(>ü) = V*'and lf(xl)l : t5s > t
then (13) inplies that x(j) belongs infinítely often (nanely fo:: j = d) to

r* = {xlV(x) s Vfr - r* $*>?/Z}

v¡hicli ís conpact accordíng to assurptÍon 42. Hence there is at least one clus-
tæ point in Dlr ãfld íf this does not belong to DU we fiEy r:epeat the argument-

t€t V = inf V(x) whene ttre ínfinum is tåken oven the clusten points of {x(k}}.
Since the set of clusten points is closed, it follor^rs that there is a clusten
point i wit¡, V(i) = V" 0bviousfy i e Dg; otherriríse h¡e could use (13) to infen
the existence of a cluster point with stÍll lower value of V. Similarly, all
clusten poínts i wittr V(i) = Ç must beiong to D.

t¡le shall nctü pr:Õceed to show that there can be no cluçten point outsåde Dr.

Such a poÍnt xCI t¿oul.J obviously yíe1d V(xo) = \P , i. lher, V (x(j{)} " i + d in-
finitely often fos'sore sufficiently srnall d. Since V ic continuous we ean ac-
cordíng to A3 choose this d so srnåll that the conpaet area

f' . 
{"1ü 

+ r{ s I/(x} u v * c} {14)

ha"s no poi-nt in conuror' wj"th ÞS.

Since the'rstep siue" lx(n+1) - x(n)l tends to uerö when x(n) Ë {xiV(x) g i + d},
it fot:.crus that x(ki would be j.nside õ a¡rd cïÐsË it infinitel-y cften 'tuphill?'
and Itdcir,nihill"tt.. Consider ncx/ü a special convergent subsequence of ttupcrÐss5,ngs"

or lJ:

tet {x(nf)} ne defineci as fol}oürs:
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v(x{n[-1)] " t*åt v[x{n[)J aü*f ;

v[xtni*so)]>f+d

where sr. is the finst s for^ which x(r{ + s} t ñ. let x(nf} -n i as k ^r *. C}ear"-
-Ã - 11 ¡d | rury V(î) = ? + i *¿ l'ãtxll = t'¡. 0. Nc{^r define i", î as above and }et ?" ¡e ço

snrêll thåt n(îåã) has no point in consrxf,n with {xlv{x: ". V + d}. Then, ftum (13}

v[*t*e,4^,)J . v - * -i'tz¡z

and x(j) € B(ir;')l 
"¡! 

( j { rn(nf,rî}. 'Ilrås contradícts the clefiniticn of nf as

a sequence <;f upcro*sings, Therefore ñ will not be crrrsse.d upwards ínfånítely
many ti:nes, anci since therç is a cluster: paint fo ÐSr the sequ*nce tx(k)] will
rcmain in a:ry neigirl:ou.'r'hoo<1 r:f Do. This concludes 'the p:rucf cf Theçrem 1 " t

Note that in tire pnoof a fixed rrealization is considered thnougþout. Therefore

the eonclusíon oJ: the theorem holds fon gg sequences {e(n}}, {v{n}} r i6(n)}
ñeqarded as rea;i,zaticrr¡s of çtoehastic pnocessec on not) such that B1 ' B':9 ,q4

ancl A5 hold"

&Wß. itlatice thac assumptir:n A3 j"s used only tc ínfen tiie existence of the set
ñ in (tl+) disjoint i'rr:m IJ*, Far a general set DS 

-t¡ut under the aci¿1åtíonal âs$unp*

tion A3t it follot¡s frrcfir thei Morçe ærd Sar'<J theorrern that the eet $ = {älV(x} = a:
x € Do a¡rd r¿ ç Vo) i; a cory:act set of neasur€ "&erc), Thís also implíes that a)
ßet ñ can be chr:sen disjoint frrcm Do.

Notice alsa r[hat it follcr'¡s frt¡m the pnrof t]rat {x(n} i cannot oscillate between

the isolated aneas ån Ð*.

In order to venify assunption 81 cerla:i-n conditions cm the sequences ty(n) ) and

{e(n) } have to ba j-ntrscluced. Trre necursion in 81 can be solvecl wtrí*¡ gives

z(n) = y(k)r(n,k)e(k) (1 5)

n
lÏ

í=k+1

ç
L

k:1

v¡he::e

f(nrk) * {t-vEi>) k<n; r(n,n)*1
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If {e(n)} is a sequence of inciependent random va:riab1es, rÍan}¡ appruache* to
prove ccüÌvergerree of z(n) are available, but v¡e shr,ãLl not pr.rsue that he::e
(cf [g]). fhe faír"iy æ]üac]r¡ chc¡iee y(n) = 1/n gÍves l(nrk) = f, and then va-
rious 'flann¡s of lange ntÍrberËrt can be applied to (15). A, for the presênt eon-

text sui"table variant is given by ünanr6n ar:d tæadbetter" [9J, p. 94-96(where it
ie gÍven fon cantinuaus tirne stochastic proeesseso but the pnoof ís also valid
fon dÍscrete ti¡¡æ pnocesses):

l,et y{n} = 'iln a¡¡d ðsslrne Ë e(n) = 0,

lr e{n}etm)l - *m o e 2p. q. .r

then u (n) + 0 Tnr.p.1 ð.s n -¡" *.

Eiz(n)io. C*"(o,",)o[,h>]olzi 1< r ç2p

(16)

Arrothen nesult that appear-s to be useful in applications is the foltcwíng.

têffiÌa 2" Assume C1 and C2. Then 81 holds.

Proof¡ Let

1 4
¡sup

'y(ni y(n-1)

Claim:IfLslthen

I
IJ liin

n*'qo

lhe ¡nrr¡lents of z(n) ane estjruted in the follon^ring claim.

The claim is *hc¡trn by stnaigþitforwa:rd caleul¿tåon cf the nnflþnts of swns like

11"k+1
rfl-tJ". - t

|¿9
1ãn

K

v(í) r(no*, ri)e(i) q^il:ene
kot

Tlint v(i)"t>t
k-r* i=n"

K

and then linking such estimates together using Mirt}<o*¡skirs ínequal.ity, The

fornral pr"oef ia given i-n [6].

l,r¡ith tlds claim, chebyårevts ínequaråty can be appl.ied to yierd



n{lz{n)[ n u) - :l:H-t3 -
.éll

t¿¿

c.gp{n}

c2p

-"*,1ðlu

6'

T Pfi a{n}l " ÊJ $ nrrrl

The ñor:eÏ eani;el}í len¡'.na rìcñ^¡ ã"ç,sl¡TuË

n{ri} .* û aç n "¡ * w.p"'¡"

If L, > 1 v¡e take

úoes" Eut -rhi.q iett*r.,*-lgor::ì-ttim <:$nverg*s w.p.1 accordi.ng'co the fi::st perr tf
thi-n prrcclf" Ú

'Ihe r.eascn for'*,**r:rryticn B2 is that i.t very well r.nay fiappen ttrat t?te fiequence

qx{n)} tends 'fo i.rr*lnity erren 'a*i:en assumpticnc'A ar:c1 B'i are ¡¡atisfied. Fr¿v'tkrer
,4

conditions cn the fi.inetíons V(x) a::rd f(x) = - fr V{x} have tci be intvuducec to
ensu,';e Tl2.

jffi 3. ÅsftunÞ A1 to A5e 81 ¿md C3 to Crt" then 82 hol.ds"

ffigå, Cönsider as j.n tfte prcof of i-ëturËl I a fixed real"izatiorr u* € $ì*,

I"yh õ " *uplfxl "

f,€t fi alct i replace C* and s* ín tþe praof of T¡:nnra '1. Then Ã' *¿ i ** T:e e}:c-

r;exr grcÍ:a}ly outiråde k.fr*
Ï'ur'[hsr: take x* ' x{k} whi"eh gives wícr ñç = m(kri) foy",(13i

v{x:{\-}} < v{x(k}J - îã2¡t

s 2ç

U1\
*-E-

"2p
JP. *I

n:1

f^r

Y-(n)

LJ

r,(nj * n{.t',-1 } + tr(tr}i* e(n} * f aen-rlf

,*r.hi*Ì:l*a*enrcfu'-qg tc¡ L,en¡ru¡."l arrcl. tenrna l? [Vez] - * **J eori'rer'ÉTesi l{"p.f te zero åf

ntn¡ * z{î\:-n¡} + t¡,t"rif; e(:'r) * z{n-r}!
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for. ¿ill k þ K and sud:i that x(k) ç Ð.-.
0

'iherefarr*, if lx(kli -r *, x(k) worrl.d re;najn outej"de tJ:e ecrmpact ar¡ea D; f::oni

a ceytaj¡i K,, cn" l,fitir i(U = rna¡l(Ë1rR) alrd r!å Ë ni-., + m(nr-nri); nO * xO we

"[hen r+c¡uld have

v(:x(nalj < v[x(ft^;] - iî $2le

wiriq*¡ wtluJ-cl írçly thaf Vix) -r -'q thís íÊr inpossiJlle çínce V ås bor"inde.d f¡'om

i:elow, *"ccording t* A?. Ë

fre set l)r, c,<x$åËt,* i:oth of lccai. nrird,r.ß, local uur:i.:na and sacldle points of V.

Ïn facto ax mipjrt be expeexeci cnly the lccal mini:n¡¡ are possi"i:le ccrnvergence

pc:';rts as fiho$ün ån the foll"olring l"enne.

å..e.ggg_j.. Ass'ur'¡l ,{1 tq: A5, Ci , t2 anel S1 and that x(n) -r x* on å set of i:oeitÍ.ve
lTËågure ås fi "r- cç.

'ihen f(x*) " t .rr.l eiL eå.g;errvæ1r.¡es of the ¡natrix

$re"rl
,
xrx*

have non positive rrai p*u*t"

;þg¡gg; sínce f(x) * * $ Vt*:, the ;natr.ix - $ ft"l t

l-"-..* i,s the seconcl deniva-

is that thís should be posi-tive ma'trix (tì"re i{esni"ðr:} r¡f V ín x*" 'Ihe eondítion
"tive sem:i"défi,ni,'re "

ffgff.; læi x(it) * x* Õ1r n*u with P(c¿*) > ü. lienate f*{x*} ; ê.. Then

f(x) * f(x*) + Atx-x*] .+. g(x*x*) {1? }

t'h*:e

g(x)/l*i * fJ ¿i"s x+ ú (1 8)

T'¿ foll.Exrs clirectiy frtxn.-hhe prucf of Lr*x¡¿. 1 tl'ra'r f(x*) * fi. SuË,i:*se'that the
ascev¡hi.an çf' r.he 1*l*ou'em is ¡:st .t:ruee å"e, that' ¿t -Le,*st cne eÈgerwal-ue of ¡\
ï.s po*iiåvr.:.
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l€t L be a left eigenvectot'for this eígenvalue:

ïntraduce ti:e falløoing notation

t,[x(n)***J =yn, Lß(n) * ß ts{x(n)-*n}=Ë,,

l"å,*yll u>t

j

n'

e(k) = te (k) (cf 1]1)

k
r'
Li{krn) = L h(k,ilv(j) - ãttt (cf c1)

?{i.rn} * L i
-u

h(k,j )u(:l )

IJ :n

iI- ¡

T¡en Le{k} = Ë{t) + F{ern) + f(trni ar¡ct these terrns e¡-e mutua}ly inrSependent
sår"¡ce h(k,k)u(k) * e(k) = vtk.) - E[e(k)le(k-'i), ".., e{0}] iu índependent of
e (k).

1'[u1"cip3y1r:ig {1} hy L frt:m the l*ft gj.ver, using (1?)

Yk = Yk*1 + v(k)[uyk*t + ä{:<}.¡"f(lcrnþ F{nrn) o É:. * g¡.J (18)

$olvång (1!)) frcrn k .s r¡ to k r m gives

Tm.' r{mrn){ffikr, * Fu(munÞF(mnn}+ i{m,n} + Ê(mrn} + ä(mrn)J (?û)

l¿he:.e

li v{k)
m
F

¿

F(mrn) *

I n
I

,-Jnt I \ ¿¡vY[nl

1ll

r {1 + ry{k).J * e
n+1

1n+

"t_.,
4ffi

F (ln"n) 
=

**4
I v(l<)r(k,n) 'Ë(ic)

n+'1
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and F, ?, ã a¡rc1 ê defÍned sírrrilanly rnxn ãftrn)r ltkrn), Fr *d Ek r"espectively.

Since u > 0 Ít is possible to for each n taice m = n(n) such that

r (ñ{rr),n} z 1

Ncx¿ v¡e have

u[r, ¡*c"l,r,¡ ]
rn{¡) 4 -D - c
I v(t)'r1¡,¡)*¿El (k)' z *1 to

2 ,l
I

y(n) k*n
.,9 .

v(n)

wher"e c, i* independent of n. Here the J"ast inequality folla^rs neadily fnom the
defå¡rition of ñ(n) and the praper:ties of {y(n}}, cf lal p. 86. $ånce Fr{m(nr)rt)
is ånrlepend,ent of F.(m(nrrrnz] fon n, > m(nr) it fÕIlm¿s fr.om the second Bo¡el-
Cante}li lemm. that

lË"(m(n),nJi b ez t 0 for infinitely måny n w.p.1n i.e. in particulan ä.e. ryt $2*.

n

Moreoven, since Ë* and É al¡e indepe-ndent, alsÕ

lï*þcnl,nJ + Fþcnl,n] ¡ z ez j..o. a.e. on #+

Fr.irthennore

(?1a)

Ë(m(n),nJ =å Ï p(n,k)u(k)
/Y(n) k=0

wher.e

rn(n)
n(n,k) = .I r(j)r(j,n)

J:n
i.h(j,k)

and

lr(n,k)l s v(n)c,;r.rif 
^i-k 

* cav(n)a;1*)^t-o < cuv(ñ(n))oñr*l^***

wher"e the first ÍrrequalÍ.ty follcxar¡ fn¡n C1 and the last one frrun C? (cf [S]
p. 54) " Ncy'¡
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e ir[m(n),"jfP *< e'y (m{n)}P+fl|r,, I
¿L)nÀ

-n :-4

n n-k.
1 2v

iî lv(ka)l <
.: -4 

¿
J.-¡

Ë

,k1 r. . ."rk2p

{ c6y þe"l}P*ffr,¡

Fnim. Chebyshevtr inequality encl the Boxel-Cantelli lenrna togethen with CZ Ít
ncx¡¡ folicx^¡s that

F[m(n),n) *0w.p.1 ãsn+* (Z1b)

Tt is easy to verify that ,-L v(k)f (kon)*1 = 1. Ther:efore Ç wíll domina'te oven
õ(ñtn:,n) fon ta::gen and ä;i, € r¿r according to (18) sínce x(k) -¡ x* on e*.

[nqnq*: It uright hrypen that x(n) - x* wcnrld be t'very close" to the null space
of L so that y* would be an otder of rnagnitude srnallen than lx(n) - x+f . Hoivr-

êver' this cännot happen fon all n lar"ger: thær sffi€ No, sínce according to as-
sumption Ð1 a full rark random veetor', independent of previous data is ë.dded

to x(n) fo:r each n. Ther''efore, in a suffíciently srnall neigþor.urhood of x* the
distl.i"bution of x(n) wíll be non*degenei:ate" J

llu¡rr (20) fai-lo^¡s that since Tñ(rr) -* 0 on lì* we must har¡a

n{ñtn),nJ { Fu(ñent,nJ + F(ñ(n),n) + l[il,rn),nJ + Ë[ñ(n),n) +

+ Yn + ð{ñCn>rnJ * t on f¿* as n + oo Q2>

But fu + F Ís independent of all terrns in H except õ" Ther.efore {22) would
i¡ply that F + Fu + ttper-f of" G tends to ze'¡,o on fl , which ín particula:: neans
that õ does not tend to zerç due to (21a).. Si-nce ë is Oeminated by y on fl*, the
term Y,", would then tend to ínfiníty, n¡t ff tendc to uern accordíng to (21b) and
Ë is deterministic. The.r,efore Y*would dornínate H, whidt víolates Q?>, and we

have arrived at a con'Fr.adiction to the asswption that f*(x*) has a positive
eÍgenvalue¡ s
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4- I{ATN RE$UITS

lhe lenrnas of the p*r'evior:s secfion can be combined into sever:al nesults. It
shoutd be noticed that in addition, terûlðs 1 and 2 ar.e nesults of indeperdent

inte::est. TT,¡o theorers will norn¡ be given concertrirrg convengence of (1).

l"rqqfprn jL, '{esuñE A1 to ¡15 and C1 to C4. Then x(n) * ÐS *.p.1 as xl+ *

Prcof¡ Follcn¡¡s frçm i¿mnes 1 to 3.

Ilreonem 2. Asswne A1 to A5 , Ç1 ta C4 and D1 to D?. Then x(n) tends to a pÕi:nt

i" \,t w.p.1 as rr-à * [Du defined by {5)) .

l¡q*å; It fcliows from Theorem 1 that x(n) convenges ínto ÐS w.p.1 and aË re-
¡navked aften têÍrna 1 {x(n) l' carrnot oscill.ate between ísolated poÍnts ín Dr.
Therefcrce except on a set *f neasure aerc,, x(n) will con\¡eï€e to a point ín
n$. CIbvicusly Ð* consists cf at üx¡st a denunrer"abl-e numben of points. Any such

poÍnt to vrhichr x{n) convergês CIn a *et of posåtíï'e reasu:re must satisfy t}re eon-

dítiCIns of lernn 4" This coricludes "the proof of Theorem 2.

Nøna' if V(x) íe sucT: that CÍ cr^ C4 do not hald it aight happen that x(n) tends
to i.nfir¡-ity. '1""hir c¿n be seen fr'om the follor^ring sinçle example.

t+s4ffi¿gj. Lêt V(x) = r:K$
a¡d e(n) = 0 n ¿ 2, f(n) = 1/n, ß(n) = û all n.

Then if y-(û) . Ci, x(n) = x(¡r*1) + f,{- "en-r)tir ,, > 2', x(1) = e('tr). clearly,
x(ni will ter¡.d tc¡ ínf5nity if le(1) i " 2. tr

Hon.rever, in æny applåcation of the algonithnr (1) this ruili cerrtainly be preven*

teci ecÍrehcn^r" A veqy sträigjrtfontar.cr idea is tcl project the estimate x(n) into a

corrpaci area Dr. then (1) take.t the nndifåed fonn

r
x(n) " fx{n-r) + v(n}[r{*t*r,] - .,rr,J1:i (23)

t^¡hene

1

t
-De {z ir 7' € Ðz

ZI^t , 4u1 
fscone vatue ån D* , íf n 4 nz
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arrd wlrse Dl , DZ are corçact areas such that D,, c Dr.

Fon the mcdífied algonithm (23) obviously 82 irolds. Hc¡¿ever', lênrna 1 car¡rot be
directly applied because of the rnoclificatis¡i of (1). fhe follorøing nesult holds
though.

Theo.fg]n,$. consider the modified algonithm (23). Assuine A1 to As, r3z, and

ttrat

V(x) < inf V(x)
dÐe

(ii) D, c D,' {o* aerinect oy {+)l

Then x(n) -" DS *.p.1 aÉ n -¡ *.

Proof: tÆt sup V(x) = V and inf V(x) = V and intrcdr.rce
x€D, 1

úDz 2

V -V

(i) sup
)úD

L'4

{"

I

lv{x) s v, 1 V(x)>,ur-l{j3j,
l¡
T

Then supff..i * õ j-s less than infinity since il is bcunded arrd
x€ñ' x 'i --*--

ínflf(x)l = ã'
xD

ís greaten than zero due to (ii).

As ín the pnrof of l,enrna 3 i and i c"n be cirosen f¡um ð and ä globally io ñ,
and fon a fixed realization in r¿*

v[*{*tr.,-}JJ < v{x(k}} - î{tz

for all k t ñ a¡rd x(k) c ñ. r¡¡enefore v(xf:<}} ic stnictly decreasing in fi from
a cer^taj-n k on. Since, as before, the step si"re x(n) - x(n-1) tends to zer,'*o in
DZ it follows that x(k) cãflnot pass fnom Ð, to a value outsåde Ð, aften a een-
tain vahre of k" FTence frcm this value sn the aigonåthm (23) coincides with (1 )

ar¡d lheore¡n 1 ncr¡ eompletes the p:oof of lheonsm 3. c!

Clea:'ly' thj.s theorem ean be canrbined wíth l,engnå.s 2 a¡rd t+ to yield obvious var.ients.
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5, Trfi RCIBTln'iS-MüüRO A¡.lD KTEFER*W0IFO!'ITTZ PROCEÐLjRES"

Ti:e a:ralysis gåves sone erteneions of the itelaçsical" cônve:lgence }:esultc on

the Rcbbins-Monrö pn:cedune¡ ê"Ë. [?], even thoUgþ the results given sÛ fðJf

cieal. with a fair:ly r,pecial stnuctule. In the first plaee ít is possible to

tr-eat the case wåth <lependent distr:rbances {e(n}} in (1}. Moteoven, the fne-

quently citeci ænclíti';'n

( ?¡+)i vc'12
1

<s

has been shornr to be unnÊce$sary. l,&ìen the dístirr.bar¡ces {e(n} } satisfy C1 (¡^rittr

ok = ccnstant) o ffid viher: {y{n) } satisfies C? it is sufficient that

(?5 )Ï v(,r)P ' *
Å
I

Tlris conåitíon toge&et- with C2 ¿rne satisfíd e.g. fon V(n) = Ltn-* Up < c 6 1'

They,e eoneequently ås a tr"acle-of:f befi¡çeen condítíOns Õn tV(n)] and on the rrc*

nents of te(n)]. 'l?re foll-cnving eaenple slicrnrs that (?4) can be neJ.a¡ced only if
híghen ¡rntrente of ie(n) ] exist"

Ëxar¡ple 1" tet {e(n) } be a sequence of índepørdent random valriables wherç e(n)

has the distt'åbution

e(n) =

ð

-i I- f

1lv(n) witJ"r probebílåW Y(nlr

t with probability 1 - y(n)n

m---- ñ(l-.¡^\^/*\l * r1 - ^.r^rFrIlell rLIT\¡r.rc\¡¡rl ¡ !) - f \¡¡r' .

lhe ¡¡nr¡e-nts Ële(¡)[" *.* uniforrn]y bc,irrded only fon s .( 11.

Asswe that

I v(n)r = *
æ

'L
n:1

?hen

anel
, ,r+Éytn)*'" < * fon Ëome e > 0
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I
n:1

P(lv(n)e(n)l > 1) = Y(n)F = .

ly(n)e(n)l z t i.o. rd.p.'l

fn¡m the Boret-Cmtelli lenma. i,lí.th z(n) defi¡ed by the algorithm in 81

z(n) = (l - v<n)) z(n'1) + y(nle(n)

z(n) will consquently w.p,1 not c€nverge to any líÍút. To be able to apply lerr
nø" 2

Ele(n) ¡ 
z(r+e)

would have to be unifonnJ-y bor-¡nded. Thus the rrnent eonditions on e(n) carr¡ot

be dispensed wåth. tr

Tt cer¡ also be rersrked that ín nrarry applications t

"r(¡¡) = ¡(n)/n

¿ryIrears to be a suitable choice of gain s,equencel whene r(n) is a possibly nan-

clom sequence tending å.e" tô a positive constant Ï. Then (1 ) can be wnitten

x(n) = x(n-1¡ * * [ir¡*C"-rl¡ 
+ {r (n) - i,¡ r(xtn-r l) + À(n)e(n) + r{n)CI{n) ]

m- - À--^.- lr /^\ iìrf--r- ,t \1 år^^* ^*- L^ ."'¡^*nsr+.^'i .i* a lt*\ rÌÌra øarrl{. nrr¡*a¡lII¡(* LçIIII l^\ll' 
*. L)L tJç\l¡- | lJ Lr¡g¡¡ çc*¡¡ ¡/s rrrw¿'yv¡'sLçu &¡ p \r¡l 3 ¡¡¡! ¡çeuåÇ \1uvLsu

in Seetíon 3 fon the choice y(n) = 1/n then can be applied to infer B1 frron mild

conditions on te(n)) and {r(n)}.

A fi'equerrtly encoi:nter.ed prrrblem ín applicaticns is to find the mini-rnrnr of a
function V(x) frcnr noise conn:pted neasurenents

yi(x)=V(x)+w(i)

i
n=1

and sínce the variables te(n)] are independent

where tw(i)] is a sequence of nandom vaniables with zer.o nean values.

(26)
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In the Kiefen-!'tolfor¿ítz prnocedr.re [5] it is suggested to form an estinn.te of
the negative grad:ient at x . x*

d(x*rci

based on (lírrean operations of) at lea,st n+1 
'neasr¡nenærrts of V(x) in tT¡e sphene

anrund x* with r"adius c. Then

d(x*,c) =-*u,*, 
l*=**+ 

s+e

where

lsl s c lv"{ç)[

00

6 betonge to B(xrc)

and e is formed fncnn the va.r.iables w(i)'and has a variance

rlul2 * ft,t(i)zlc?

The Kiefs:-lrlolfcç¡it¿ pnocedwe arounts to ctroosÍng a decr:easing squence cr, + 0

and ther¡ take

x(n) " x(n-1) + y(n){d(x(n-1),cnJ}

Suppose that the function V(x) satisfies A1' 42,43, C3r C4 ar¡d {v(n)} satis-
fies C2, A4 and w(i) satisfies C1 witl¡ a* consüant .(wf¡"icùr irpLíes that the

correspørdÍng sequence {e(n)i satisfies C1 wíth a* = 1/\<.}. Then Theorem 1

ínçlies that x(n) tends to D, w.p.1 as n + - if

i (v(,,vd)P . *

which is less restrictir¡e a condition on iV(n) l and tcrrl tlran the one given by

nrum Is]:

ao

andI c-y(n) < *
1" I (v(n)/c-)

1"
2

<co
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6. EKTEI'ISÏCIIS

In this seetion Ít will be discussed how the nesults of Sections 3 and 4 can

be exEended. to rmre genenal algonitTus than (1).

1) fir^st jt is not necessary that f(x) is the negatåve gradíent of V. It is
clear fnNn the proofs that what matters ís only tÏ¡at V is a twice contÍnuor.r,sly

diffenentiable ftinction, subject to 42, such that the scalan pr.oôr* ¡$Ve"¡ff(*).
< 0 outsÍde a compast set D*. Then r¡lden the appropníate additional aesumption

ctrlvergence of x(n) to ÐU follows. Therefor-''e we i&ey dispense with the åesurrp-
11

tion fr V(x) = - f(x) and irrstead postulate the existence of such a funetion V.

In tåe theory of differentiaL equations, see e.g. [t0l o¡- [1t¡, such a fi¡rction
is kncrn¡n as a Lyapr.nov fi¡rrctíon , ðrd it guarantees that the solution of the dif-
fenential equation

* t, r) = r(x(r )J ert

fon any initial condition f e nn at r : CI tends to the set D* as r tends to in-
fínity. Converselyo the exlstence of an invariant set Ð* to the differential
equation (d,e., Q7 ) such that fon all initíal ccxrditions, the solution tends

to D* irçlies ttre existence of a function V(x) v¡ith the afonernentioned pnoper*

ties. (An invariant set DU of a d,e. .is a set such that a sotrution that belongs

to Da for- a certain to also belongs tc Ð, fo¡. al-I othen rr - F < r < *. The set
of *if values x0 such that solutíons står"tíng at x0 tend to D, is knou¡r'l as the
domain of attnaction of D^. )

ö

'Iherefore A1 and A2 can be neplaced by

A1t

Al ft

Hl

The d.e. (27) has an invariant set DS T,råth gtoba-l dm¡ain of attractíon.

Actuallyo if an inva:riant set does not have a global düTeífi of atfiraction 41,

A2 and 81 may 'oe neplaced by

The d,e. (27) has an invaríant set ÐU wi.th domain of attnaction ÐO

x(n)€ñi.o.w.p.1
where ñ is a conçact subset of ÐO.

To.make the d,e. (27) r¡eaningful, we here ässuirre that f is an everywheire defined
locally Lipschåtz-continuous funsLion.



¿ó.

Actually, in the pnoof of te¡r¡na 1, åt was shern¡n that the sequence ¡x(n)} locally
and asynptoti.cally fol}ci,,rs the tr^ajectonies of (27), Tn fact, r-mder. adúitional
conditions the tnajectonies çf (27 ) can be assocíated with the asymptotic beha-

vior::: of (1) Ín a nÐre stnict senseo cf [6] * t8]"

Tt nmy also be rerra:rked that the derívative of f in lenuriå t+ can be ín'terpneted

as the systen matri.x fon the lineanízed d.e. arcund a statís'rary poi:rt x*" lenn-

m¿ 4 then (essentíatly) states that x(n) nny conve:rge only tc stable" statiünåry
pÕints of the d"e. Q7).

2, The analysis eãrr be applíøJ not only to the str-ucture {1} with additåve dís*
tLi¡rbances but a].so to the case

x(n) = x(n-1) + y(n)Q(n;x(n-l)re(n)) (28)

A fi-:nctic{'¡ f ie defirred åß

f(x) = limÊ Qþox,e(nlJ (2e)
n-t'cô

wherre the erçeclatÍor ie oven the dist:ri*bution of e(n), wi'rh x negardeci as a
fixed pa¡aneter. It Ís assured that the fiurit erints. lÁtith f thus defined we

may study tåe d.e. (27) and relate cÕnver€ence of (28) to stêbility prrrpertåes

of (27 ) as above, Sone further. teelurícalities ín the pnoof of the theo:rem are

rrequir.ed in thie case, but the basic paths of the proofs r¡ernain the same. The

etrustr¡re (28) is studied in detail in [61.

3) As a final j:rcrease of cornplexity, ít may be assumed that the distwbance
term e(n) in (28) depends cu: previous estirnates x(k) o k < n. In parrlículan a

strustune lfüe

Ç(n) = g (nrtp(n*t ) ¡x(n-'ti rv(nl j

e(n) = h(nnç(n) rx(n-1)J

cn a. lÍnean, våriant

ç(n) = A(x(n-1 )JCI(n-r) + B(x(n-1)iv(n)

e(n) * C(x(n-1)Je(nl

(30)

(31)
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can be pCIstulated, where {v(n)i is assurecf to be a sequence of independent r:an*

dom vectons" These st¡-uctur,es are of parrticular ínterest in contrr}l theory and

in certain sequential pananetens estimation applications, cf e.g. H'annan [12]"

They are tr.eated at length in [81; the t]¡eorems ar^e also quoted in [7]. The ana-

lysís again follows that ofthe símplervariant (1). Avar"iable ã(nrx) is defined

fc:: eacli x by

ö(nrx) = g [nrün*1 ,x) ,xrv(n)Ji ç(o,x] : o

ä(nrx) = h(nrõ(nrx) rx)

arrcl it is a.ssulsd tÏrat the }ímit

f(x) = lím Ë Q [nrxrË(nrx)]
n->cû

exists with exçectation over {v(n)}. 'Ihe cor:respondÍng d.e. (2?) is then analysed

far stabj-låty propertíes, år'rd these sc related to stnong convergence of (28),

(3û) as above.

.Ihe pr*cfs fon the ease (2S) ¿u:d (30) ov. (2S) and (31) are consÍclenäbly mone

tecÍrnical tha¡ thase given ín Section 3, but &íffel" fi:om them essentially only

hy an íncreaseci amcunt of i:ool<-keepii":g over smal-l ter"ns.

7. CONCI|SïOÏ{S

Strr:ng convergence of a certain reci¡r"sive atgor^ithm (1), has been tl¡e main topic

^# +?.i ñr ñãrcñ T,t'ra nr.,nw.r;¡nh clf the *onver.Eence results has hegn to study tfie be-
v¿ Lr ¿,¿* I/ul-tuÀ .

havÍor¡n of the algonitfun reati.zation-wise outside a given nullset of nealiza*

tions" T'¡e cÕnvergence nesults (Theörems 1 and 3) inply cet-tain extensions cffn-

pa:er1 to the cle,ssicå1 r'eçults on stnang converag€nce of stochastic approxirnation

algorithnn" Also the classificatj-on of possible convex'gence pointr, Theorem 2t

s€ems to be new.

It í$ believed¡ thougþ, tha'c the inq:ortarrt nn:rít af the prêËent apprcach is.thet

the mefhod af pu:oof extends directly to nprs conç:lex algaríthnrs as descr'íbed in

Section 6,, whiie it does nçt seenn t* be *leaf' ?:mo the c,*nventíona1 techn-ique

wcruid be applåec1 to, sayr ('J8) arrcl (30).
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