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TNT ÏZTNG A I(ATMAN rït?[R N TNTT ï¿,L VAIUËS ARE
UNKXof^r{.

P. llaganden

ABSTRACT.

The usual formuras fon Kalman firte's äre not applícable
t'r¡hen the initiar var-ues of the state are totarly unknown.Ïf the system is obsenvabre thene stilt exists a unÍqueestimate witn a finite covanÍance fnom which the Kalnanfilter- could be stärted.

For discrete time s)¡stems it may take 50mê tirneeteps toachíeve comp]-ete absenvability. Duning those steps theneexists no uníque estimate. The projection of the eståmateon the unobse'vable sr¿bspace wourd lack a finÍte secondm*rnento and could in fact be chosen arbit::anily, ê,g,equal to zerÕ. For:rnur-as are deduced for: these estimates.
and their- covaniancê, and in the singJ"e output case ítis shown how they courd be obtained by two necunsive equa-tions. The consequence for: rínear stochastic contror- ísalso explaíned.
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1 " TNTRÛÐUCTTON-

state estinration fo:. iínear stochastic systems is a weilesi:ebl'i"shed field, seê ë,g, t1 l. The Kalman fílter ne_quir:e*o however, a knoç¡n .statistic fo:: the ånÍtíai c.r:å."!:Ê.Fo' an obsenvable system it ís possible to get an esti*:ila'Le of the state frr:m the measune¡rrents of the output s.,"rhat the Kal¡nan fílte' co¡:td. be sta*ted r21, even i-f thâinitial state is 'Eotar'ly unknoi,,¡*. Fo* díse.::ete time Êys-tems the dírnensi.on of the oi:se'vahre snbspac* incr-easeswíth time. A natur-al ques'tåoi: ås, what state estímateschauld be used befone ä. system r¡eco¡r¡es completely obser,v*able,

0f counxe, one should ü.se the avairable i"nfor,rnatian fo'an es'timete, although tire pnojectiçr¡ on the unoi:servablesuhspace would Laek a f'nå'te seco*d mûment " ?his Õömpo*nent could i"n faet r:e eho*en ar,Ï:i.tr-ar"í1y, for- ínståncesuch tha'f the nor"m *f the est{ffiate ås mi*:._mízeú,. A pseu*doinvense cciutd I:e ¡-¡seei.

Ïhe consequences of unJ<r¡oç¡n i.nitiar values foy, l-inean fir_te'i*g a'e ånvestigated ín rzr both fon continuous anddiscnete time. Tn [?] .ttie duali"ry wåth optimal contr:o1t'¡€'s used tCI get fonmulas for: ob*envable systems " Those ::e-sults nu6¡gestecr å. r-estruc.runÌng of the pnoblem by split*ting the estímate i.n twa pants. ït is thus shown in Sec-tåon 2 hor^¡ an e*timate in the discnete time cå.se can beobteineei dir"ectry ar.sc¡'when the system.ís not .o*ptuturyobser.v*rbl-e, i"e, clrrning the finst tíme steps.

R**u¡,såve equafions
luingJ_* ÕuTp1"rt cêse
;: j.ve åeart ,çquår,e.g

for' 'Lhe start up are obtained in the
ån S*ctj-on 3 using nesults from rËcuï1*
i-cientifÍcatÍon [3, 4J ;

'some remarks tn lilrean quadratic stochastic contnol ancì



4

i,.i': c¿i'$es ç¡itli ö:-il.y .*- pant of the
u.r:.Jcrlcç¡¡r cancl.ud*sl th* ï!ei:ört.

ínitial state total-iy
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2, SFLTTTTNG UP TNïO TWO ESïÏMÅTË$"

Rega::d the system !ri.ti1 tertar.)-y *nkncwrr íniti_¿lr" varue xt
x(t+1 )

y(t) Ë

= ó(t+1rt)x{t} + v("r}
o(tlx(t) + e(t)

x(0) ^t

'ï

(1',b

1

(3)

{4}

{s}

(6)

v and e ðre
an<1 R, o (R,

Índependent

" ü), and v

The solution to the
known ínitial va.lues

noise r.r¡åth covaniances R

are ånclependent of xO.

sl;ar.t up of a Kalman fj"lter" with un_
is given in l"Zlz

whi.te
a.nd e

x(t i.r*1) xo(t 
f t-t ) rt(r,o )1"1*1 (o rt) Å(-1 ;t) lzj+

wl:ere

xo{t+t ft} çxn(r f t-r ) + K(r) ty(ti exn(tft-t)I
xo(o f 

*r ) 0

K(r) rt1

o,[(t) sTtun(t) rr Þ?r¿\7 )

{
1

I

n(t+1 ) +R

ü(t) : fi

t{t+1,t) ü(t+1 ,t) K(t)o(t)

ünft)or
I

Ktt) en(t) 6T

+

Ff (ro,11 )
t1 *1

T
4- *ùt- to

,pr(t rto ) rT4R, * *1
011(r ) s or¡it ot' ) (ï )J

t'r-1
)
b

t=tü
(t rt ox¡¡(t lt*r::

À{t0*1 ,*1,} = 1þ
r

U
)e 'r [nz + ürr(tleT]-t lu{*}

(8)



t+.

I'lcrt'e th¿rt (z> i:equÍr.es that the observabirity GnamÍs.n, M,ís nonsínguran, whích åæ not the casê duning the fin*t-f ime steps.

Ïhe formuLa ( ? ) suggests the spJ-åttÍng up of ( I ) into twopants;

x, (t+1 ) ôxr(t) + v(rlr xr(*) ; S

y1 {r} 6x.(t) + e(r)
(s)

xrtt+1 ) +x2(t), xr(t) "0

v2(t)r 6x '¿
(t) (1r)

(11)

(1 2>

xrX,r**?.

Y*Y1*yz

s'ince K and fi used ro* i* arìe the ,Ë,rme ð,.* Ín a K¿lman fil*ten for the systern (g); i.*,

t

x* (r+1 lt¡ ûxr(tft-t) + t((t)fyt(ti - e*rCtlt_r)J

xr(ol-r)

Ït wilr" be seên fnon the foll0wing that the eecond tenm¡:f { 2 ) Ís in fact the estfmate of a quantÍty

u (t) = xr{r} i*ott lt-1 } *, tt ft-r I I (1 3)

Ì:ased on the meaËure¡nente;

rit) * y(r) * e*nftlt*1) (j4)



Ã

Ïn that r¡räy x1 ås estimate¿ ¡v h," The i,xr*estirnate,,, 
áoís conrected by tire syst*matio *ä*,or- of .the 'rx,,*estim*te,r,*fl', sÕ that the sum of the two estímates gírres tire ¡nini_

mum varíaftre state egtimate;

fireor.em 2,12 ihe nå
x(t) of {1 } gíven y

x(t lr*1)

rlimum væ.:"íance estimat* af the state
r -lþ

L- I

xs(r ft-t7 + n{t ir-j )

with o.n *ur:'"ed by {3} and with uttl.r*1} beíng the rnini*
mum var-iance estimate erf z(t) gåven ï(s) up to s É t*1{nt-1}. '2, a¡rd r¡ arle rlefirred by (1g) and (1q)"

l¡SSj: ître linea::i.ry gives

:<(rlr*1) = xt(rlYt_t) . ir(tlYt_1)

wileire *, itrlt.**, ) and *rttlr*-t ) ane ninirnum var:iance es*timates of x, (t) ana xrítl girr*n yt_1

Ït ås easy to show how th* vectÕr.

(15)

tt*1 :
in { 0 ) ìttt¡l"tl:l
In{t-1)J

can be expressed as ä.n irrver.tíbre l.i.n*a:¡: function *fYr*t r so that the knowledge of ï*_.i and yo-_,
lent L* |

å* eqr:iva*
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Eqn" (13) thus gives

n{ti'r*r) å x^(t-lY. "l - ,-¿+.ir-rr¿--t-t*1' "-\r'f L t! tx1 {tit*r}i-/t*"i l

t¿here the rast tern i-s the mi-r':.îï,,uiìl !râ.rian¿:e *i;ti.m;rte gi-
vÊn Yt^t of the mínimlmrJår.,an(:t: estii"n.r.tç of xn {t) given\/ñ-,tlrt-*1' sj'nce g1 (s) a'cl i'2it) ¿¿r-e åndependent* thic termis equal'ta xr(tltr_rr, urrr¿ {1S} fcLl.*i^¡s"fl

ïn or:der' tc get nice fr:.r,nulæ"s fon i, it ca_n be prÕventhat e ancl n äJ.e geive::ned by a dynamic sy$tem:

Theor" srn 2,22 ?; ;¡nd n def i¡^lerj by { 1 g ) and ( 14 ) satisfy

û

the systeãl

f e(t+t) r ,p(t+1,.tlz(t.),I'
1

[ ,r(t] = $z{"t} + e(t }

:¿(t)

À

öx*{tlt*t}J

t17 )

wl¡ere e is white noise wåth the cova.riance (R +0Hil r )4

, Pnoerf ; By dinect u,çe of the clef:'_nj.tíons af n, ¡¡ å-Lñd rjr

z(t+l ) = xz( t+1 ) [x*(t+l ltiit '
"- 

".1 
(t+1lrii

+ixrtti - ;fi{r it-r I .u *. C"r ir-1}l
* K{r}ty(r) -.y1{"1} * *in{rli:*1} +

ózit)*it{t}k*{ti* oxn{ t- It-r: l', /¡,.1".- d1-l'''^'i'"tiL-¡J.Ì it,:: l. t )

z(ü) * xn(r) - ;fi{rl*r¡ , ir{rìl-¡)
ll

r,: 1¡-{tlt*r}6x,',,(-Lft*t) + ox* (t Í*r*t ) + tz{t}



üefine

s(t)

z,{tit*1}

ï. c* it*r )

the Kal..man fil"ter er-:"or" aÍ {,'1 ? }, w}:icil -is r¿hÍte ni:i.l'-;e with
the ccvaråance R^ + iiüei. I]

¿

llao¡ing oi:taj-ned^ihiç; dy::r*mic system (1?) :i.i ir, eas3, -Ler

fincl estimates x(tlt*l ) a.iso ¡,¡her: tþ¿e sys-tefiì -is nût r.:or¡p-
letely obsenva"bJ.e, tha-L j.ç tÕ generaiiz* the for:'irrçl.a t2).

Note tiia b

= ç(t,Clz{0lr-i)

where :z{tlt*1} is t}¡e månimr-¿rn va¡.iã.nce estimate af t}re
iriitial val-ue z,(û1 = .rn. lising the matnix notation

11.
"t:

ô

0v(1r0)
n(û) e(û)

e(t)

(18)

(1e)

n*
L.

C
t-

o{i(trt} n(t)

thr* slrstem (17i could be €xÐ::*..:sed aEj

rit*At*turt

ï-et R^ be th¿e ccvar.iarlce rßr,inix of D*, Acr:*;r"dirìg "t*Ê.1 . T
Theor.em ?..2 R, is bl.ock-diagcnal, .:nd inver-L:i.h,le.L:t

The weil"-lcnoçrn est:Lmatj-on theo::y, as fs;: irrr:tance j.n Is] ,
is' now d.inec"f ly apptic,rbte to (1g j 

"
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colroll?rv 2_. 1 :rirry måniniurn var"íance estimate år o | 
.i::

based cn n* m.ust satisfy

-1

of xgr

ÅT"t T t

Ëâ
R ftrz(olt)

t
:fi R tìt

À{*1 ;f i

(" 2t)t

Ïts component in the *u].lepa*e of A* *ourd be chosen åÌn-Ï:Ítnrrnily and he.s infinite err",.tï1 cova:^íance" The o*thogo_
nal c*mpcnent, in the Ì:*nge space of e[, is unÍque"fJ

tl,*_tirat (?0) arrnrayr has at i.east one sorution, sinceo!*:inl lies in rhe range Êpa.ce or afnlle*. îhe soturj_onwi't'l¡ minimal no*m is obtained usi-ng i*råtp**,rdoinvense.

Hqn. (?û) c*u1d be r,*f*r,mul.atecl as

t'r
lÌ.IL
f.e*0

' *,fRzJ 'n(s)

,¡,T:{*,0 } ** {en(s }er u R2j*1 orp(s rû} z(ûrt)

il,
'r' - ^T(s,0)o* lôIT(s)$- +

oi: uríng the quantities H ar¡d, Å ilefined by (?) and (g)

M(o,r)z(o lt*r t

t
i

s:0
r

(21 )

ïhe gene*a1iea.,tion of (.Zt coulcl ncv¡ }:e stateai,

opoll 2.2 t' The mirr imu.m var"j-ance stat* estj-nate x(tlt*l )
far' (1) is given b3r

^.x(tft-1) = xtr(tlt*tl

., * xr¡(tlt-r:

+.rÞ{t,t}u{oft*1}

+ z{tir*1i



g

r+ir;h xn{rit-t} fnom (g}}
f5.11ing ( ?1).n

rp(trt]) fr.c¡m (6) and ita lt*t I ful.*

Rgm*rb 1: Befone the s\¡stem becornes completery cb,sepvabre
ther:e is anbitna*ínecs in åe a lt*r ¡ for- fui_fi_rring ( 21 ) _ïhe natur:a1 ci:oice ís

Coroll*Try ? ,3 : The minimum va::iance estimate z*(l)lt-t) wirhnrÍninaL nonm ís given by

z*(o ft-t )

t^rith

[M{o,t)]rÀ(-1) lt'**tAt*i l D-tr* 
1 nt*.!

-1/2
*t* 

1

tol-,'* -1
r'r*1

. r* T *"1A*-n J 'A; ,R I

t*,Tr 1.t_.1"Ët*1 n.r*1 =

¿
I

(22>

and using a foy'mula frorn [¡+J fon the last expre'sion.

4e*p+qlç ?; Á,i-r mini.rnum vaniance nstimat-e* *co f t-r ) çan,.,..be wr.it'Len

Dt-1 K

x(tlt-1i = r*(nft*t) + y(Uft-t)

r¡hene v(;lt..t ) is an ar:bitrany vector: Ín the null spåcecf M( t) ,'r ) . a*( t I t* r ) ís arso the mínimum vaníåncê esti-
na'fe af 'bhe onthogonai pnÕjection of xo orr the nanEîe spareof M(ûrt): öf t"{fMxo,



1t,

í{erra::k B: The covaníance of ã*cuft-t) * ¡{txxs - ;*(oii*1}
ås r*"r{ n ,t } .

Sgggåsl: Fo¡. an observable systein the cavanåance c¡f ilre*rlroirs ä(01.r-1) = *0 åe o f t*i: and ä{t¡t*t I = r,(t)ã(t it*1 ) are

cov ä(üit-1) = ¡t-1(ort)

cov äCtlt-f : * ú{trû}M**(O,t}+T{trû} : x(t}

Defíne ä*{t lt*1} and är¡rlt*r } by

ä,oitIt*r t = iri(t*0]Mf(0 rt]].f{0 rt)xn' * v{trt}}i*{r: lt*r i

= rltr,tlm't{ûr,tiM(c *r}xu * Å*(tlt*t :

Remark 5:

then

ccv ä*{tlt-r ) * r¡,(ru0}Hf(t,.t),¡T{trc}

by extencling the definítion of l{t).

¡(t)
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3. RFjCURSTVH ËQUATTüNS .

lhe pseudoinverse :i.n { ? ? i c*i-:-1,..1 !::t r:.;¿.¿ru.-,..f r:ri ïìËcur$i.ve iy ,see e " g. t 41 . The fû:"mur*.s iìl:Êl si:Írii:f i¿:cr f ar ti.¡irc ånva.-
i'i-ant si-ngle or:.tput syst*m* , r,Jhel:e r;n.i-y ç)nä rflee:lu¡É:men¡
is actded a.-t a time. 'i'he rjime::sic;r of -Li-:* l,lr:ÇÌ:seï,vr::.bïe, sur¡.-
space is ther: decr,eased l¡-f c,ne .f,'o::, ,,:acli -tí1¡e*s.l*p ,,_:ntij-
t?re wh.'¡le state $p¿rce i-s cl:ser,rn-able äå.teï= n ¡:teFs, ûnry
the singl.e ou"Lput cåse wirå i:e t:'eated i-n úetaitr-, The era-
bor'e-te e.xpf1essÍane by cline 16l coulcl l:e useci for .the mul-'cioutput caiåê, but they do nat seerfl to have åny coirrput;r.-
tånn¿rl adv¿r¡itages 

"

Theor^em månimum vey.j.ance estÍmate of xO f¡.om ( 1? )
l:y 1¡¿ r'ecursåons: { single output case ) :

J. t: l.\

cari be <.;'btairied

î) (û * t . n)

;:(ü lt)

2) (t ¡ n)

K2(ti

z{ i: i-t i U

K1 {r)

z(t lt*i ) n Kå{t) ln(t}

P1 (r) K1 (tloç{'r,ti}p'(r}

P (t)

ö,¡("r,û)u(0 lr-f ) I (i_ I ô\I cl I

F, (t),¡,rtto0) oî'Icp(t,ü]pf (t]{,r(tn0) *'t j

rf rn
Fz (t ),þ'(t, û i ei I o,J,{-i, û } p. { r: } ,¡,i( t ,0 ) eTn ftii(r ¡ sT*RrJ -1

ï

I 
tr,t+1 )

1

lr'1(0) i

i Po(t+1 )

t -,,,', Ë

4
¿-

1
M {0 rn}

K?tt )oil,(t,ü)P2( t)
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Pnr:of : Cor-o11any 2"3 gives

ztclr) ( ÐtAt ) 
tÐ* n-

and as long as .4* hars full rrrr;, ï,aî.¡Jc

( D*A,- )t = olo*1
t

$0 that

u(01t1 rlt^¡¡l. ï

Rewr"íte

A.Ï

and use the
å t'Õw v¿hile

fr:nnul-a t l+l far the
incr:eas ing the r.ank

[¿.- , I
I L*¡ 

Iít
L* p( r. * t ).i'

"t
[*-,1
L',r , J

pseudoånverse, when adding
{0 < t < n}:

J.

L

f+
: lÁr

L "t*ta

leiaJ

Y

Defåne

P

(T-AT_rAt*r i {r(t -0 ) *if s,}(t, rl )A;*11

I errt*c,û ) {T-Aï_rAt-r J q,rf t, c } sri
.J

T -i.

I 
t i-n{-rAt_r ) ûr(t,{: ) or/

/orl(t,û) fT-Á;_tAt*1I ürf *,nI uTl

1

*
t-1 A

'tt- 1

(t) tr Á )



K1 (t) = pI (t),¡T(tut)ÈT'lr,t(rrû)F1 (r){'1il{tu*}eT

and

then

F1 (1)

Dt

thus

¡ (t)

z{o lt) x(o lt-1) + K1 (-r) init) * r1\{'(t,t}z{û lt-t}J

errd

Fn{t+1} : f * A

i'
L-

t

T
I
I

,J

At-1 * Kî {t)tor¡çr,û}Al-rAt*1-0{,,(t,û)J

I
- K1 (tie¡¡(t,0)P1 (t)

+
s'0I

e{ n I o i n{0) K1(1)
J.

0'
L

It

v¡hich plnoves the finst par"t c¡f the theonem.

Fon the second pår1t use Ðt d.efined ín conoll*ny. ?. B an<1

A,-r

,Àt- 1.',r- 1

ao,p(trs

úl {ou{t}er + ur}-t

use the farmrira f,on adcrír¡g å r:oç¡ witirout inr:r.ea*ing the
nank (t ¡ n) and dnop .the indj.ce.ç t*l:



14.

ã(olt) (DtAr)fD*n* i

(DA)tDn +
af cna ) t (n¿ ) *r+Te t, o ) or

1 â{,(to0)(ÐA)f ¿m
( DA), 

, ,l,T(tnû)eT

ln(t) - sú(t,û)(DA)tnnl

+d?t
a

z(0 f t*1) + (nrn2a)-1
d + Êv(tr0)(At

In(t) * oü(toû)z(of t-1 )l

T t 0
T

Ð A)- t (t,û) g

ó

¡+íth

Fr(t) * (ATp 2 -1A) ' M(0rt)

the nest of the pnoof Ís an applicatÍon of the ç¡elL-knowninvensÍon Lemrna.ü

RernankJ: Note that thís miniiun var:iance estimate isequal to the mean squane estimate fon CI s t < ¡1.

lç.m+qt e¡ Note that rr(t) Í,s the enr.or: covar:íance fon
z(0 f 

't-1)r t à rr¡. cf . Remank ¡+ of SectÍon z,

ta, 
1* ::y - 

*:"y to obtaín fonmutas for" ã* ¡t-.1 ) o :
= û(t,o)z(0f t-t ).
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Corollaï',y 3.1 : A minÍmum vaníance estimate z{tlt-t} fon
(1?) can be obtained by the necrrrsÍons.

z(t+1 ltl ü(t+1 ,t)a(t lt*1) + Kj (t) tn(t) -
(i i

ez(t lt-1 ) I
3r4)

z(ol-r) û

1) (t ç t < n)

t( (t)

tr (t+t )3

F3(0) ï

?.\ (t ¡ n)

v (r)
4

p (t+1 )4

Pnoof: Use

3 {,,( t r0 )P1 tt ) q,f {t, ü )
p (r)

and

{¡(r+1 ,t)P3(tl eT ¡errct¡eT)-1

r¡,(t+1 rt)Pg tt I r¡T(t+1 rt)

- K3(t )0Pg(t ),¡,T(t+1 rt)

; rfr(t+1,t)F4(tlrr(op4(t)sT + sn(t)o + Rz)

(23)

(24)

(2õ)

(26l.

-1r

ú(r+1 rt)pq(.t),¡Tit+t ut) K4(t)oru(t),¡T(r+1 rt)

Pu(n) : r¡(nro)M-1 (o,n),¡l{noo)

4
P (r) " {r(t rt)p?(r),¡T(t,o) n



Remank 3: The ter.m fef r(t]oT) ís nÕnuero fsr. t < n, but

16.

I

P3(n) = S.

Remank l+: Note that

p (r) ¿(t) co (t ; n)4

Fon t à ñr x{t+1 ft) should be eomputed by the usuar Kal-
mån filten whene

P(t) : tr{t) + ¡(r)

v ã(rlr-1)

but fon 0 -< t
and one for. z.

< n two x"ecu¡.sions ane needed, one fo:r x
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4. RËMARK,S tN TTNEAR QUADRATTC STCICHASTÏC CoNTROL.

The loss function

N-1
ü:Ët, 1l

* *T(N)Qox(N)

should be minimized withnespec*to u(0)r ..., u(N) sub-
ject to the constraint

x(t+1) : rpx(t) + ru(t) + v(t) x(0) = x0

y(t) = ex(t) + e(t)

where v and e is.independent zegô mëðn GaussÍan white
noise wíth covar:iance R1 and ftr. The rnean value in (2?).

should be taken wíth nespect to the introduced statís-
tics (v and e) " The ínitíal state ås årr unknown constant
as bef,or,e. The choice of u(t) ís rest::ícted to a linear
nåÞ of Y- 4.- u- |

Rewrite J u,çing an identítv i"n [1]:

¿

T
V (t)S(t+1 )v(t) +

r ?[u(t) + L(t)x(t]) tQz + r s(t+1)r1

Iô
U

(*Ttt)Q,'x(t) * rT{tlQrutt)J

(27 )

(28)

f-!lU-J)

+

"[sc 
o ]xo

t

N*1
Ì?

L
u

+

N-1
r
L
(J

I

. [u{t} + t(t)x(t})

Tx s(û)x t tnR (r )$(t+1 ) +
I

N-1+l
tJ

4N-ET
0

+

0

{ u+Lx)T [QrtrTs ('t+t i r) { u+l,x)
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where

r(r)

ånd

[a, * ,Ts(t+t)ri s(r+1 ) Õ

-1 Tr { 2s }

(30)r TS(t+t)ö + Q1 ô s(t+1 i rL(t)

Then the mínímun of ,Í say V(xO) coulcl l:e wnitten

ï N-1

s(r) a q

s(N) QÛ

X S(0)x +vix ) tnR (t )s(t+1 l +
0

+ mín
u( 0 ) ¡, . . 1r.,r(** I )

TL
0

0 0 I

m-1
Ë ( u+Lx)

1TÌ 'r
S r) (u+Lx) +

is ob*
L(t).

T
0

{Qr*r

+min Ë
u(n)r...ru(N-1)

rì
(u+Lx)t(Qr* rTs r) (u+t") 

I IIJ

l¡¡- tlr.t)

Im

F(r)r.TcQa* fs r)L

whe:re m-1 is the
servable. But aË

. x(t lt-1), m ( t

nín g
u(nr)¡...¡ìr(N-1)

fj-rst time the whole state space

in [1 ] with the control ii(t] = -
I N-1t

[m-tlçIL
im

(u+LxrTt Qz+ rTs f ) (u+Lx)
I

I
I¡
IJ

'rr

wher"e "tt 1t*1) is the linean minimum vaníance estimate
and P(t) its covar-iance. Ðuning the fínst m steps, how-

ever, it is n*t possible to estimate the state, only its
component in the obçer"v.*}:le sub*pace. Hoet:of the stati-s-
tics is thus eliminated.

i
rn

N
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N*1
V{x )

I S(ü)x
0 0

+ tt: R (t)s(t+1) +ï
0

1fi

N*1+l
tìt

rn P(t)tT(t) iq, + rTs(t+1) rlrt('t) +

r** ''l

i iu{t}
û

r
+min f,

u(0)e...¡tt(nt-1)
+ L{t}x(t) )

fntnoduce

r(t) = {,(tro) tT t'tf{ort)M(t,t}l

fhus

rnin i
"itil 1" . . 2u(m-1 )

rTs(t+1)r) [u(t) + L(t)x(t]i

+ LFxo t l Tqa+rrsr) i: ='

mín
u(û)r¿ù.ru(m-1)

+(q,

Only the last terom nemaíns. Tn order to elimÍnate the
::emaíníng stati.stics newni'he x{t) using the results in
Section 2.

x(t) = x.r (t) + xr{t} = "nCt lt-l ) + l,1 tt it*f I +

+ å*trlt-r) + ä*{tl'r*1} + tl,('trû)(I*i'f M)x
U

f

( 31 )

m-1
I
0

Ëtllu + tin + ll, + lz* + Lä* +

4tm-Ël
r)

l[,, + nin + r],* + LFxoliTa2*rrsr) +
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n-1.þl
CI

t*[[n rtl + r (tl) {az * rrstt+t lr)]

rn- I

u(o)1,,o1f(m-1)

m-1
+ "'[ ' ."{ (n (t) + I (t)) {Q2 + rrsct+,r lr)}

t\-J
The fir"st equality folrows after some marrípulations fron
ujir(tlt-,]lt*-tl = ro ntäür(tlt*1)[yt-1] ¡ 0r Ëäm(tlt-.r) = rJ,

Eär(tlt*1)ii(tlt-t) : Q and the Remank 5 of Secrion t, The
second equalíty is a r:efonmulation using the definj.tions

Iutt) = u(t) + t(t]t\erlt-t¡ * "*Ctlt*t)) (s2)
{ 

'rr

| ,',*, = L(t)rtt) ( ss)

It nols remains the mjnímiza."híon of

m-1
T
Ln

with respect to u (t), 0 "< t { m-1"

Ëver:y u (t) could be ranitien

r: (t) = Lr(t )a(t) + b(t )

I
û

I lrr (tl + L' (rlxsl l?Or*rrs, ) += ml-n

llu(tl * L'(rlxsl lïOr*rrsct+rlr)

where b(t) is perpendíeulan to the range space of Lf(t)
ån the scalar" pnoduct ånducecl by [a, + rTS(t+t)r) . Thus
fon each ter,m

I ll'e r)ð.(t) 4. b(r) + L' {tlxsl I lOr*rrs(t+1 )rJ

= | f a(t) * *ûl li,trlrfqr*rrs(**1 1r:j l,{t) * I lb(t)l l?or**rsr )
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ånd t¡re choíce a(t) = 0r b(t) ; S or u('L) I ¡.1 nteðns ¿r

mín max choice. Any other ckrc¡ice trould nrak'* the sum lat'ger
fon some x^.

U

$umma:-ize ¡

Theonem l+.1; The loss functí,on ,T, t,277 ¡ is mínimized fon
the system (?8) by

- r(tlt;rttit*rl n å*{tIt-r)]
u(t)

L(r)x(tl t*r ) tln

with t{t} fr:om (29i, *nttlt*f l fnom (3) anA å*(tlt-1) ft'om
(22) | giving the loss

{

"j
t

ûst<m

T
m*1

I
0

*lt'Tctt(q, + rTs(t+1)r)t!(t)xo +

N-1+ I rn P(r) (Qz + trs(t+1 )r]
0

V(x ):x S(0)x +
0û t

tn R,| (t )S(t+t )

with S(t) fnom (3CI)' Lt(t) fnom (31) and (33) and P(t)
= n(t) + ¡(t). Mininiaation is d,one for^ ttre r^rCIrst possible
*o' Ü

N-1
T
0

+



,t)

5. ONLY SOMË PART OT THE TNITTÂI VAI,,Uf, TTTALLY IJNKNTWN.

It is possible to prove analagous theo::ems fc;.s "the gene-

r"alisation that the ånítíal state has a known statistic
in a subspace, whíle Ít is tot¿llV unknown ån the rest
of the state spacé

X
2
û

X+
1*û

û

4-12
wher"e xj fras meän value ù ancl covariance Ró ancl wher.e x[
ís restrícted to a subapace V but other:wise totally un-

known. Let V be *panned by the ::öw vectors of N.

Split up the eyåtem (1 ) bY

1

1

t

x, (t+1 ) = 6x, (t) + v(t)

v1(t) = oxr(t) + e(t)

xr{t+1 ) 4xr(t)

x1 (ü) = x0

xr(0) 2=*o

( 9ai

( 10a)

:0X (t)
2

y2(t)

xo( o l*t )

Let the stantíng values of xn and iI be

¡¡r g

=m

IT( T ) R
1

and thus fop z

z(0)

Then the minimum variä.nce estimate of z(tl, rorith minimal

nor4m, is given by

û

2xo



zcol t-r I = NT [riiuto,r]NTj 
t¡¡r(-1,r] (22a\

and

"ttlt*rl - ;,(tlt-t) + r¡(r,r-rlzColt*r)'it { 16a}

When V is observable

"o,r 
ä(tlt-1) x(t)

rrì - ,1.. - 'l tn

= r!(tro)Nr [rur+enot)N') ¡¡,1,'(t,CI)

The recunsíve equations for this case suffer' fnorn the
sãme complicatíon as in the nrul.tioutput cåse. Ït must

be decj.dedn whether a cer""baÍn measurement decneases the
dímençion of the intensectåon between V and the unobserv-
able subspace r or: nùt, ån clr"cierto cal-culate the conr:ect
filter gain, Tt is ther.efor.e easie:r to solve {??a) ín
each ti¡ne-step until the who1e V becomes oÌ:s.er:vable. then
the usual Kalman filten shouid be started with P(t) =

; fi(t) + r(t).
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6. CONCIUSIoNS.

To stant a Kalman fílt*:: the inítial state is usual}-y ã.s-

sumed to have a known statåstic. This ås, howeven, nften
unrealistic. It w¿s hene shown how the discnete time fål*
ter: should be stanteci, when the ínitial *tate¡ tr part of
it, is totally unknown

Tv¡o fÍltens are needed fcn t < n

i(t*1 | ti " xÍîtt+1 lt) + z(t+1 lt)

xn(t+'1 lt) * *xn(t lt-1) + K(t) t:¡(t) : exn(rlt-l)l

ü(t+'l ,t)xn(tlt-l) + K(t)y(t)

(15)

{3)

(?3)

(6)

(4)

0xn(ol-1)

z{u[*t)

wher e

rr( t+1 ,t ) 4(t+1 ,r) - K(r ) o

r TK(t) 0ir(r ) s lrs(t)o +. R 1
I

¿

z(t+t f t) = {,(t+1 lt)z(t'f t-t ) + KB(t) ty(t) - ðxn(t I t*t )

ez(r lt-t ) I

t

and the gaíns K and Kr"ar"e obtainerl ftrom twa differ"ent
Riccati equations:

"1

jK3(t) : rlP*(t)oT Ior
3
(t)o r {24}
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T T
fr (t+1 ) +r(rls + 1)t\ K{t}8iT(r}4

1

/Ê\

(25)

n(0) û

Y (t+'t )
3

rpFU(t)r¡r K3{r}01""(t),J,7T

â
(0) ï

white a usual Kabaa¡i filter coukl be started fnr:m t : ¡x

with

F

x(nl n*1 )

r¿here

r (n) 4,(nr0)

F( n) n(n) + [(n)

xn(nln-1) + z(nln-1)

{,T(rro)o?[n, + Ên(s)s ?In

L

-1*1

Iñ
-1 T) q,(s,û) it (nr0)

Note also that P (n) 0.

In the multioutppt case and ín the ca,ee with the i-nitía}
value nestr-icted to a subspace iof the state 6pace o the
raecursions (23) and (25) arê mcre conpJ-icated and Ít is
betten to solve åCt*f ltl rlirectåy from

z(t+1lt) V(t+1 utlz{tlt)

and
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