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ON CCINSISTENCY AI{I} IDANIISIABI¡,ITr *

Lennart LJung +

ABSIRAC:r

fhe convergence, with probabllity one, of the paraueter estimates ob-
talned fron predictlon êrro¡ ldentlflcation nethcds, such as the naxl-
nun }ikelihood method, is anarysed ln this paper. rt 1c shown that
gnder quite weak assunptions on the actuaL,systemr'.that has generated
the data, the expected vsluo of the tdenttffcation crfterlon'can be

used for tbe asymptottc analysís of the estlnatc¡, In partlcular, does

not tbe true eysten have to belong to tbe set of uoclels over whlch the
search for optinun is nade. The lnpllcattons of thls reEuJ.t f,or consls-
tency anal-vsts and for quëgtlons of identtffabttity, ar welr as for
other ¡elated problens are dlscussed,
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I. INTNODUCTTON

The ide¿tificatlon problem is to dete¡¡aine a dynanic modeL that
(accordfng to some erlterlon) Fs wel"l as possÍbLe describes the input-
output data measured fron sone procoss, Once a certain uethod to sol.ve

this problen has been deviced it fs natural to test its performance in
various $ays. The tests can be numerlcal, like when the method is ap-

pliecl to data sinulated on a co¡nputer. A particularly conmon analytical
test is to study the asyrnptotíc behaviour of the method (snd of the

ostlmates that it produces) as the number of measured data tends to
tnfinity. Stnce the data often atre considered to be randou processeÊ,

suctr aualysÍs h:s to be perf,ornned using probabiS.istic ¡aethods. Tba

concëpts of co¡sistency and Ldenttfiâbility are cloeeLy related to
such enalysis aacl to the Llnlts of the esttnateg (ff they axist), as

Ls further e::plaíned ln Section 3.

The class of identlf,ication nethode to be studled here are defined

as proeecu¡es tbat mlnlnlze the prediction orror of the model, whoa

applied to the recorded data. This class contatns mlu-nax e¡¡tropy

netho<ls, aud unCer certafa assumptlons on the stattstfce, the l{aximum-

Likel.ihood nerbod. These metbods har¡e attracted much lnterest and have

sbown good performânce Ln practi.cal appllcctlons, [1], [?J.

In Sectfon 2 we shall define the class of ldentlflcation uetbods

and the set of nodels forrnally, while in Section 3 the concepts of
fdentifiabllity and conslstoncy are diseussed. Sectlon 4 revfews sone

results on consåstêncy of these methods and 1n $ection õ a general result
ça the asynptotfc behaviour of tben ls proved. Th6 iryltcations of
this result are discussed fn Section 6.
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2. MODELS AI{D IDN.I?ITICATION CAITERTON

Loosely speaking, the ittentification setup ås entiroly deternined
by three entities: the dat-a, the set of modols, gnrl the identfficatlon
criterioq. The identification procedure, then, is to deternrine that
(those) erement ín ths set of modeLs that gives the best fit to thê
mersured date arjcording to the chosen criterlon. In this sectlon we shall
dlscuss some diffeyent set of modeis to be used thfot¡ghor¡t the paper
and aLso define a class of Í.dentification cyiterla.

2.I" üodeLs

We shall generall"y denote a .speciftc model byfi(6) vrbere 0 is same

pararaeter vector belonging to a gf ven set Ðp. As g r¡aries over Dy¡ r

ITf(g) descrlbes a set of models, whlch will be denotad by fi;

]fl e ltn{s) I å: € hl.

Ia thls :eper çs sbal1 only consider linear npdels. Some resul.tÊ val. ld
for nore genergl models are gl.ven 1n [2] anO [S]"

Example 1. - Linear Models in State Space Ëepresentatton.

Tbe.state space representatlon is a common and cour¡enient way of dasc-

ribing linear, tinn-varying systems, The input-output rel.atlon for the
model fn(S) 1s tben defined by

xr(t+l) = Fê(t) xr(

y(t) * IIg{t) xr(t)

where e(.) and v(.)

E e(tle'(s) = QO(t) ðrs

E v(t)v'(s) - RO(t) õt" ..

't) +G 1¡¡ u(t) + e(t)t
g€Dfl¿ (1)

+ v(t)

are random proeesses with ãe¡o ¡Beans and covariances

F.! e( t) v' ( s) * nlCtl ôt*

,
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se shall have reason to be interested fn the linear least gquares esti-
mate of y(t-rt) given y(s), u(s) , s=0r...rt and some inítfal estinate
*qolal with eïror covartance P(oi6), ana gfven that the mortot A(O), (t),
ls a true descriptlon of.the data. This estfmate stlr be tlenoted by

i(t+fle) anc is obtained from standard Kalman fitterlng,

f(t*rl e) = Hr(r-rtl *(t+r lel (2a)

where

î(t+rle) - ro(r) îttlol + Gr(r) u(r) + Ko(t) [y(tl - Hå(r) *ftld)] (2b)

K0(t) ls the Kalnan gain matrix, determi¡red, as

nêtt) = [Fâ(t)p(rlrxfå(t] + nltt]l rxs(r)p(tl€)ïå(r] + Rr(t)J-1 (2c)

p(r+lis) = r-(r)p(tlelr;ttl - Ke{t) lnrtt)rttlelH;ttl + Rr(r)]-1 x;{tl +

+ Q8(t) (2d)

the inírial r¡alues *(o¡Ê) and p(Olê) .*r, er.bher be known ôr perâ,meteri-
zed is an arbitraqf $'åy l¡y 6. Tfe shalL not be much concerned with the
way in wbicb, thê natrÍces !'rorTI¡QrRrBc, *(olg) and p(olo) are determfned
from S, but we sha}l âssuae tha'b the matrix-elements are continuously
differeattable functÍons of 0. Apart from tlrÍs assurnption" the unknovn
elements may e:rter quite arbitrarily in the matrices. Sorne elements
nay be knoc'n f¡om basíc physlcal laws, or a priorf fixed, like fn câno-
nical representations, Other e1emerrts may be related to eech other etc.
The lmportant thing is thet 6 is a finite dimensional, time-invarfant
¡rarameter that ctetermines all the natricee for alL tlO.

I
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e2. - General. Lineilr, Time-Inr¡ariant trlod,eIs

A lÍnear tl¡re-invariant model can be describecl as-

-1y(t+l ) 9r(ø ) u(t) +
.-lfi*(r -) e ( t+l) (3)

where q-l i" the backward shift operator: s-I u(t) = u(t-l) and grtz|
and Ír(a) are uatrlx frrnctions of z (z repl**u" q-1). ttre variab!.es
e(') a¡-e assuned to be fndependent rancl.om variabLes with zsro ¡nean va-
lues and covariance matrices E e(t)e'(t) = fu (wbich actuaLly nay be

time-varying). It rvil.I be assumed that ür(z) anA ilrtø) are matrices
with râtional functions of z as entries and that I{e(O) s I. The latter
assumptÍon implies t¡r*'t e(t) has the same dínension as y(t), but this
is uo loss of geuerality.

1o find tbe linear least squares estimate f(t+fl g) C"o* (S) requires
sÕfle ca:.¡îioã :'sgarding ttre initiaL values. rn general the f ilter
d.eter¡aiy:i::g r}'e estimâ.te îtt+rf g) $iL]- be tfue-raryingr even though
(3) is r{'ne-inç:riant. rn such a ease a state space representatlûn can

be useC. -{ sir:pLer approach is to assune that inf,orrnatlon , egulvalent
to k:rowing all p::evious y(t), u(t)rt(O, is available and that hence

the prediction filter has reached stationarity. It rr/il¡. follow f,rom the
aualysis in the foLl"owfng sections that,thls assumption ts quite rele-
r¡ant for identifi.cation problems

Froun (3) we have

-1 -i.
T (q ) y(t+t) = i{-1a

(q-1) 9u{u-1) ,r{t) + e(t+l)t

and

y(t+L) ) u(t) + e{t+l). (4)

-aSince X-r'tol = Ir the right hand side of (4) con.tains y(s) and u(s) onl-y

up to tlme t" The term e(t+l) ts in¿ependent of these r.'ariables, also

lr - i(;t(q-1)l y(t¡"r) * jr;t(q-1) gr(e*]
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$(t*r lo) = [l * x;rcu*llJ y(r+r) +lr]lta-l) gu{a-r) utt)

in the casa u(t) ls determfned from output fsedback. Ilence, l.f we asEume

that all previous y(s) an¿ u(s) are known, we have

(s)

wblch in thi.s case also equals the conditional mean.

Noru, linear systems are ofton not moclelLed directly tn te¡srs of, the Lm-
purge resl¡rnse function* 9u{.ø) and !1r(z). A frequentry used represen-
tation is the veetor dtfferonce eguatlou (VDE):

-1 -t -1A (c ) y(t+l") = g (q )u(t)+c (q ) e(t.+l). (6)g ê e

Aaotber eorulon representation ts the stats space fornr (in the time-
Lnvariant in¡ror¡atlo[s repreÊentation f,orn),

x^(
ë

t+1) * F

Y(t) = E

gs-(t) + G, u(t) + E, e(t)

, sr(t) + e(t)
(7)

ït is easf.iy sleen that these two representatíone corréspond to

$tz) = .+!1{z) En(z) -¡. (,ullt (s) *A (z) c

grtrl = EÊ[r - zruJ*l o, i{u(ø} = z urlï - utg]-L K, + r (e)

t g 0 a

and

respectively"

Insertiag (8) into (5) it is seon that fCt+fl 0) is found as the so-.
l"ution of

(B)

cu{a-r) î(t+rlo} = ["u{n-t) - er{u-r)l r(t+r¡ + rrte-I) u{t)

s

(10)



for the case of a vÐE-model, Tror the state space nodet (?), f(t+rl o)
is found from

*^(t+r) = F^ f^(t) + Gru(t) + K"fv(t) - HO *6(r)laau

f{t+rle) = u, îu(t'rr)

In tlrese two esamples the predicted value f(t+fl e) fs obtained by

Linear filtering operatlons on y(.) and u(.)r

t
î(t*rls) * åto.r*tê) 

y(s) + rr,"(g) u(s) I,

ïie shal:. also in this case â.ssume that the mat¡rix olements of 9u ancl

fi, (anc Ar(z\, nr(z), cr(z), ît, Gg, Hg and Kr) are continuously
differontiabLe with respect to â, 'þut apart fron that ttre parametor

vector I may enter arbitrarily in the rnatrices. 
¡

4gmarh" I'ron (LO) and (11) lt is seen that eertatn initial i.nfomratlon
is required to start up the al.gorÍthrns, naroely tor (lO) fV(O), .c., y(-Ì{),
u(o)-,-".r u(-h-1, î(olo), , ït*l¡l9)|and for (tt) *g(o), rnuany
cãses lt is not feasible to assume tbat these a?ê k¡ûwn. Therefore
they should be parauetrized by the parameter vec'Lor 0. llowever, nothing
prevents us fron taking trivial parametrizations, rrke âr(o) * 0 f<¡r

aiL â r q". ãtc., since we sball" not J.ntroduce the requlz.ement that
tirere j.s a f ,o ln that corresponds to a "truet' descyiptir:n of the dâta.
lre shall. ofien, for notatíonal couvenience, also Éuppress the inltial
r¡alues irl eqlileit fr:rmulas (j..e. suppÕse that we have the above t'trivÍaLt'

parameterisation) .

(11)

(12)

Since the coeffÍcients of this fiLter are continuously dffferentiable
with respect to the syster¡ matrix'parametere, we have

d
æ f (t+1. I s) =

+
L

)
s=Û

(0) y(s) +
d
ãT

f (â) u(s) l (rr¡t ntd
tdt s

þ

trs



Wo shall be particqlarl-y interested in the caËê rvhere the li¡rear fiLters
(12) as rvell as (13) are exponentiall.y stabte. ?he set of tkrase 6 yiet-
dlng this property r¡¡i.ll be rtenoted by ouffi. r't is easy to see ,that

for models descrÍbed by (6)

Ðs(m) = lg I det cr(z) = o ÈãÞ l"l>r I (14)

and for modeLs descrlbect by (?),

Ds(Ín) = {ü | re -'*€u0 has âlL eigenvatuos in l"l<r } (rõ)

tlo:reover, for tbe general tine-rrarying rnode! (I), the well lrnown sta-
bitity propertåes of the Kal.¡¡an filter, sêð, e.g., JazwLnski[4rrfur 7.4],
inpl Íes that

Ðs{ln} = lg i IFo(-), Qg(.}, }rê(.}J rs coupletely untform^ly
controLLabLe and observable [ .

Furthereo:.e, it folSows that ôver co¡rpact subsets of these Drr the
base of the erponential decay of, the filter coefficleuts, Ls'unlf,Õ:rnly
hou,:d,e¿i by' a constant strictly l"ess than J".

2.2 A Class of fdentiflcatlon Criterta

From *;he J.inear least squares predictions f1t+f lê) an¿ the data we câÌl

forar the fo).lowing matrfx

(16)

(r7)aN(o) = *
N

:
ft=1

[y{t) - 9tt1 t)][yct: * îttlo))'

Thi.s nratrix is â rìeasure of bow weLI the n¡odel ITT(0) is al¡le to descrf.be
the recordrld data,
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Rlm*{4. In some cases there might be ¡eason to study a weighte¿ Çersion

a*tel *$ 
å t'-ln<tt(y(t) * getio))ji+iirtl{y{t) - ittlo))1, rrs¡

where n(') rs a seguence of posltive semidefinite ¡aatrices. Ilowever,
this can aLso be seen ås a vescaling of the cutput, ancl rve sha].L confÍne
o¡¡rselves, for reasons of notational convenience, to tlre eage (l?).

It is reasonable to take as the identlfícati<¡n c¡iterion sonre eontlnuouÊ
fr¡¡ction h(. ) of AN(p) :

v$(9) = tr[\(o) ] (le)

The pars.rr#r esiioste Þased on N measurements, â(N), is thus tâken a,q

the I tLet ai.ni¡¡ized v¡{(a} over D¡¡, and, the corresponding model is
t¡ken as Iíi(S(]í) ) .

3cr th.e:rhåniz¿'cion to uake sense, some sinple properties of l¡(,)
shouLd b* required.. essentfaLÌ.y that h(,) retains an ordering property
anong the naÈrices, see [3].

The identijication criterion (Ig) has ln itself a goocl physical j.nter_
pretation: To ehoose that moctel that has tire, best preulctiou perforrrânce
when applied to the data" Mor€over, cf. [ZS], lf the in:rovations of
the models in Exarrpres I and z are ûaussian with covariances ,Â(.), then
lt is wel.I. knorçn that {:he log likelihood functfon for the problem is

[y(t) -9tt¡ê)]' lr1ç1¡ [y(tl .. î(tjo¡.¡ $ :.os zn -

N

:
t=1

log det Â(t) (20)

This holds evell i.f there fs non-llnear output feedback present in the
system' rf À(') are knorm, then maximizing (zr:) witn respect to 6

I*z ¡i
\L.
t*1

L
Ã

I



1s oquivaLent to rnlnimizing tr õ*tel fn(t) =¡r.
-1" (t) l. If /t does

not <lepend on t, but 1s unknown, then the maximization of (20) $rttb
respoct to ¿l can be performed analytfcall.y, see Ea,ton [õ1, and p ís
found by mininizfng

det Q*(Ð).

rn case the distrÈbutton of ths innovsüLons ls unknown, (21) ls the
9-dependent teru f.n

nax r[y(") - 9(.1€)]

(21)

ç¡here H is the entropy of the prediction ersor and, n¡here the naxfmi-
zation is over all posstble distributlons, n¡Ith the constraint that
tbe cor¡ariance equaLs thé sanple covarl"ance e*(6), see, €.g.J Blssanen [€],

Coasequently, the class of prediction error identiftc¿tlon mothods,
def,ined bf a"iaiuisatlon of, (Ig)r co:rtains the maxi¡nun-Iifrel.ihood
melb.od as weIL a6 min-fi,ax entropy methods, The criterf.on (L9) was
first sug:gested and applied to systea identlfieation problems {n [?j,
a¿d. ä¡.e after that successfully beon appJ.ied to nume¡oue practf.cal
idêntt"f i ca.tlo:r probl ens,

I



4 I NTNTIFTAËILI1Y ANÐ CÖNSI STTNTtr

The concept of identÍfiability has l:een given several" di"fferent

definitions in ttre Iåteraturerand we shall horæ briefly discuss â f€rv

of them.

We rnay dístinguish t\¡/o major approaches, The apparentl"y moSt ctmmon äPp-

roach 1s to relate the ldentifiabí}íty property to consfetency of the

parameter estimate ê*. lVe shall labeL this âpproach as "cottsistency-orien-

tGd identifiabil-ity definitiorls". îhe "tÍue" param,eter gO 1s then said

to b* :i¿_el_!j*¿.e,11_q if the sequenrê of estirnates â* convergÊs to gO

in some sttchaståc seûse. This 1s the path fcLlowed e"g. in åströn-

Bohlån [?] {convorgence with prohabillÈy one), Stal'ey-Yue [S] (con-

vergence in the Êeâr1 square. sense) and fn Tse-Anton [9] {convergence

in p:robabi)-ity). Å souewhat dlfferent deflnitlon 1s used in Ljung

et,al. [iûj a::ct in Liune [s]. tfrere a set

Dîü{rrn) = ln i r rujîi, &5n * å lîtt[¿) - S(tla)l 2 
= o

lfor all touncled inputs u(.) {2,2>

:s ËlefiËeC., irh*:i* i(tl¿) is the tnre predåctiou of thi systend. Then

¡{ is said io be Systen Idantif,iable if, êX * Df(JJtD with probability
oûe as li -+ cc ancl to I¡e Parar¡eter Tdcntifiable 1f, in additlonr Ðf:(órÍ$

consists af only one point, Although this definitùon ¡nakeg no reference

to any I'true"' parameter valuo âOr it shouLd be regarded as t'consistency-

otiented", since tbe requirement that Dr('trÏllÐ is non-enrpty inpl"ies tbat

there is å ttveÍ1r good *odelo' availabS.e among the set of moderls tl{ 
"

Inrleed, it ryn eontains a "tï"ue" par:a.meter ÊOr ttrøn this definltion of
Þaraneter Identlfiabitfty åe equivalent to the one flrst givon.

These definitions rc¡guire that. the true systeft *l-lt¡ws a,n oxact descrlp*

tion within thc¡ model, set. In Fractice thí.s. is usually not a very rêa-

Listis assumption, slnec al¡nost arry real-Iife process is more complex

than we would a}lc¡rr our model to be, Iforvever, even if the set of models

10



does not contai.n the t¡ue.systen, quesLåons of identifiability of tlre

mot1el para,meters are s'till relevant. Otre could think of a st*te space

nadel Li.lce {I} v¡here all the matrices ¡rre fil.ted wíth parauneters. Bven

if the data ar* furnished by an inffniteLy complex system, it urill not

be possihle to identify the parauÉers sf tbe model, simply becauss se-

v"eral models glve exactly the same fit, !.€,¡ the identification cråte*

rion V*(S) doe* not have a unique ninlmrm.

?his leads us to "unåqueßess-orÍentsd fdentifiabùLi{:y defJ-nitfons", like
ín Bellman*Åströnr [11], wheye a rnodel set is saíd to be (globalty] id,enti-

fiable, if the identification criterion used as ft Sglg3lg global ml'nimum.

A complicatio¡t in the present context is that the iclentifåeation crlte-
rion is a raadom function and a bit awkward ta handle. We would be

¡mrch better of,f lf Vì$(6) eonverÉfeñ {with proba.blllty one} to a detes¡-

rrinistic function {or asyrnptotical"ly behaves Like one}. },et us already

he¡e re:nark tbai such convergence nust be uni"fonn fn I , ån order to

eneille us ts relate mfnima of V*(8) to minima af the detevministíc

îunciloa- ife shaiL have occasíon to rotunr to this point Ï¡elow,

I:r additioã .co'the r€fere'ncêÉ mentioned ahove, interestfng results can

also lre fcu¡d ln, e.g. , lzs|, [30] ana ferl,

L1



4. sCIt\.tE ctNsrsrEllcy Rgsrr,Ts

The consfstency problem for thæ ncÌxlnum llkeLihood method has been

quite n,idely stuclied" For independent observatlons the consistency has

been studied by, ê,s.¡ Cramer [fz], Ììrald [13] and KendaLl:Stuart [fa].
The application of tiie maxinurn l.ikelihr¡od nrethod to system identiffcation
(for sfngle input - single output models.on a difference équation fonar)

was introduced in.4,strðn-Bohl.in [t], wtrere lt aLso ls shov¿tr how tbe
ässumptJ"on on independent observatioårs cån be relaxed. Applications {:<¡

other (lirrear) model choices have been eonsidered in, ë.8.t Caines [15j,
Aoki-Yus [16J, Balakrishnan [fu], Spain [fS], Tse-Anton [0] anC taines-
Rlssanen Irs].

Ilorvever, it should be reurarked that several of the proofs on strong
consístency (convergencê with probabil"ity one to the tluê pararoeter

value) are not complete, a fact that can be traced back to a short-
comiug in the proof in [].4]. The fi¡st complete strong consistency proof,s
for appl"ications to system identificatlon sesrtr¡ be glven in [2] and [30J.

Let us cfte, for future dåscussion, the followÌng consj"gtency resuS"t

from [3] (îtreorem 4.2 anC Lemta 5"3.]r

SEgIgg_L_ Consider Èhe set of model.s desc.ribed in Exampl-e L. Assume

that D311, ûver which the search in â ls performed, 1s a compact subset

of nu(Hl) {ef. (16}), ancl is such thãt D'(drÍfü defined by (22} is non-

empty, Assume that the actual system (with posstbJ-e feedback terns) is
exponentiall-y stabLe and that the innovations of its output have bounded

rrariance and are of, fuIl rank, Then, the identlficatlon estimate êO

that rninirnåøes the criterion (19) converges lnto

Ðt "t
I
. lS e û*: l.inn inf' Jtr

E lîctl ¿l - gtt lo)'12
I
fi

l{
\
¿-

t=1
=O

ï.tr*+ oo

foy the actual input to the prrcess

with. probabil-ity ,onê lls N tends to inf ini..ty.

l (?3 )

L2



This result is rather general ancl fs not based on any ergodlcity assump-

tions.

To ensure paralneter consistency, it shoul"d be rquired f irst that {:he

actual lnput durÍng the identification experiment was sufficiently
general so that

Dr Ðr(drÏÌl)

holds (wlrich implies "System Identifiabti.ity")rand secondly' thnt the

nodel. fs suitabl"y par:amterized so that

Dr(drm) = ls"f

ho1ds, It is convénient tÕ study these conditions separately'

?he restricttve assunrption ln the theorem appa.rentLy is that D*(ótffÐ be

non-empty. Tlrls requires the tfl¡ê system to be "not too coßplext' and is

rarely met for reaL life ptlocesses. However, the phii-osophy of consi-

rtency resul.ts.should be viewed as a tBst of the methotl: If the method

iS unable to recognf.ze the true system in a faniLy of.models, thon it

is p¡obabl.y not a good mêthod. ?he sarue phllosophy clearly lies behind

testirrg identlflcation methods on símulated data¡

It shoul"d however be noted, that from such conslstency resultst stTicly

speaking nothlng can be stated ahout the perJornance of tbe method r¡hen

applied to a syste¡rr that. does not have en exact doscrLptlou withLn the

set of model"s.

13



5 A LIIIITT RASULT TOR lHD CRITERION FIJNC:TION

In this section rve shaLl give results for determfnlng the asymptotic

behaviour of the estimates ê* tnat rnÍninlze the critef,ion functlon (19),

V_-(0), å1so in the cage where the true syetem is more soülplex than can
J.t

be described rvithin the set oJ models. We shaLl do that by glvlng con-

ditionÈ under which

T*{el = h[Ea*(g)]

can be userl for the asymptotie analysis. Thereby "the stochastic part

of the probLem" 1s renoved ånd the analys.ls can proceed wtth the deter-

rainisttc loss functlon TN(€).

In order to nake the analysls as general as possible, we would lfke to

impose as çeak conditions å6 possltrle upon the actual syStem. the in*
portant prüpË!.tJi we need Ís a stability propefty, but in order to stste

it, we sh-41.1 a5ã'úãe that the true system with (posslbly adaptive) feed-

bach aC¡r:ts a degcriptfon as follows,

x(t+l) = f It;xit),.u(t) re(t] l
y(t) = git;x(t)re(tlj
u(t) = llt;xtt), ,x(o), u*(t)J

(24)

(25a)

vhere y(.) is the output, u(.) the aetual input to the proceser uU(')

a reference (extra) input, or nûisë in the feedback and e(') !s a se-

quence of independent yandom varfables. The over-all stabfl,lty proper-

ty which ve ehal.l require fs the followlng,

Ðefine y
n"(-)
ë ana u!(') throueh

üx (t+t) = fIr;*o{t)r"!tt>, e(t) ]

= glt;xo(t),e(t) lft)
(r) * h[t; "o(t),

0
Ë

o
s
o
Þ

v

u
o

1<
s
(s) r0, ,0, u*(t) ]

(s) * o (or any value independent of e(r) r r< s )
T4



r ly(t) - r!t.lln* " r*-" , E lu(t) - "!ttlln.. ).*-*

and

Elvttlla<c , E lu(t)la<c

then the proPertY is

guÞ,
9€Ð

=

V(0) = lim
N-+æ

existsr then

or î(e).

; :\< 1, t( Ë (25b)

(25c)

A1L expectâtions are over e(').

The assunptions (24) and (25) are quite weak, in particular as we ehall

not need to specify the descrfption (24).

ITe now have the fo3.lowlng result.

I.enqn. Let the set of uodels be defi.ned by (f) or (3) (whtch íncludes

in partlcuter {6) and (7))¡ and assume that the actusl procêss ts subJect

to (24) and (25), Then

where 5. is a coupaat subset of Ds(m) (cf . (14)-(16)), and q*(g) ls
sp

defined by (1?), îhe expectation 1g over e(') tn (241.

The prooi of the lemma ís gÍven in the appendix.

The lerana ímpl"ies that, if h{.) is continuous, tUen în(0) = h[EA¡r(É]J

wftl be arbitraråly close to V*(0) in the sup-nornr w'p.l'., ànd hence

tbat the l"ocal and g:tobal minlma of v*(0) are arbltrarlly close to

those ot T'n(g). In Baf,tfcular rvill the global"ty mlnlmLzing points of

î*te) and VO(g) be arbitrarlt'y close, and lf

ia,'(S) - E AN(g) I --+ û wlth probabitity one as N -r oo (26)

(27)T*tet

â* w111 tonverge ìÀ,.p,1 to the globai"ty mlnl¡nizing poínt(s)

t5



It is important to notice that these properties follo'v onJ.y since
(26) holds uniformly in g. If, it ls known only tbat QN(0) - U e*(6) -+ 0

w,p.l ag N -+ oo for alL 0€ls (as has been proved by several authors,

although under nrore restrictive assumptions on the system), then the

minimizing points ot \(0) ana î*(6) do not have to be close.

Itforeover, ån the lemma no asgumptions on statlonarlty neithey on the

system nor on the model are tntroduced and E AN(6') does not have to con-

verg€. [Iovrever, if it does converge, then the asynptotlc analysis can

most convenientll¡ be performed on îCgl.

As the following strnple exarnple shou¡É, the lemna does not hold without

some kind of stabf,Lity assunption on the true system.

e 3. Consider the system

y(r+i) * b u(t) + e(t+l) where b( l" and e(t) € N(Orl)

lliih (ai¿;rire) feedbach

J-.u( ti 2
1 + sien y(1) .l y(ti u(O) = O.

Let the :rodel 'oe

y(t+i)=Èu(t)+e(t+l)

and the criterlon ls

Then

vN(Ê) f frct+l) - 6u(t)12I
= N

2
E vN(Ê) {tt"

t+Ê -2bÊ
I

1-b2

16



However, for realiøati.ons such that y(1)>O

Ês-e¡Êl"+vN(Ê) -r

and

v¡{(Ê) -+

for y(1)( 0,

v.F.l as N -å æ

w,p*l ag l{ -¿ æ

2l,-b

l

CI"earJ.y, thls adapttve regulatûr does not yield the over-all stabtLXty

property (ZS¡, since the effect of y(1) 3"lngers fo¡ever, Thls sinple
example could of cortrse easlly be handled by eondttlonlng wfth respect

to y(L), but tt illustrates the dlfficul"tfes that nay arlse wtth adqp:

tlve regulators. For such qpplteations lt ls sometfmes helpf,ul to sr¡oid

taklng: the expectâtlon of the crlterlon function, cf,, LJung [3].
I
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6. SOME APHI,ICATIONS OF THE TU!&[A

We nay consider the Lemma of Section 5 as a basÍc tool- for the con-

vergence änâ1yË1s of tho estinateg â(.), and we shall ln thls section

polnt out sorne potential appllcations of ft.

6.L Propertfes of the asynnptotic egtimates.

For the sake of defintteness, let us take tr['J * tr and assume that

1*
Ií

:
t=1

E lv(tl - îttle)l 2

converges to î(g) as ll tends to lnfinity, It then folows that the estf-
¡aate(s) ên tlat globally mi.nirnizes V*(9), wfl1 w.Þ.1 tend to

(€) =+

Dt, I ; îtal - tnf v(gri),
I

:-r

gr*€Dln

lloreover, let

î(t*rlá) = E[ y(t+r) | vr] ,. where'v*= lr(s), u('s); "<t I

be the tnre prediction (which of course may be non-llnear in Vr). fhen

î(t*r) = î(t*rid ) + u(t+r)

where o(") are the innovations, obeying

El u(t+r) I v.¡ = o

We now have

Dm ulJ s

E ly(t+r) - 9(t+r¡ell2 = E D'(t+r) u(t+l) + E 2ut{t+r)[îtt+ri¡] - î(t+rlef1

+ r lf tt+r¡d ) - f(t+r lellã .

L8



The second te3'1n of the right hand slde obr¡iousl]¡ is aero, and hence the

globa1 nintma of T(6) are atrso the global ninlma of

N-1

1{(6) - lim * : n lîct+rld) - f('c+rls)12 (es¡
N*+ cp t=O

Consequentl-y we have proved that ê* rvi13- tend to the global ninÈm'¿m

of W(0), no matter lf this is unique ûr nbt. In ather words, t\e Lfni-
ting estimate will gå ve a model- that is the best approxi$â tion of the

true system (in the sense of (äS) ) for the particul.ar input used in the

identification experiment. this is by no neaTrs a surprising result,
but it has here been established under quÍte general conditicns.

Tt can be remarked that it is this property that nakes the identifi.ca-

tton method powerduL in appÌ"l"cations, ratber thau the consistency pro*

perties. u

Tuhilc these ï€su:,ts do not$oLlow from consistency analysls, ft fs of "
cÕurse possibie to d.educe consistency propert{es frou the lemman Hencet

if DTtJJfù is norr-empty, then 1Y(6) assumes the ¡¡alue O for some âtÉ,

which hes to be its global" mininnum, and from this the theorem of Sec-

tion 4 fo[oås.

8.2 I dentif iabil ity Pronerties

The 1i¡oit function T{g) or 1f(6) of the previous Êubsection can be uged -

for deteratning the identifiability propertfes of a certaln modet set

(parameterization) v¡ithout refersnee to any true parameter våIues. Hence,

a model parameterizationr'Jll , can be saicl to be Parameter IdentiflabLe

under given experimental conditions (fnput sj.gnal properties), fÛr a

siven system J, if TLÉ) [ .

It is clear that this concept is appropriate andtl¡at the parameterfza.-

tion probLem for multi*output stnrctures is equaLly lroporta.nt even I'f

the tr"r¡e system is "very complext'

3"S



The samê h<¡1ds for the identifiabiffty propertieg under output feedbackt

cf.re.g.,I,Jung et. ål-" [1o] and Södersträm 3-t" e¡. [2r], as is indi-
cated in this simPle examPle.

Example 4. Consider the modeL

y(t+I) + â y(t) * S u(t)'r' e(t+t) (,2s]¡

with output feedback

u(t) = s y{t) (30)

and the criterion

a:rti conEequently î*{Ol cannot have a unique mfninrum. Hence, ths model

s*t {t9} u¿der rbe €Ëpêïlmental conditlon (3O) is never ParamÊter ldentl-

f iable, no aati.er what the true system rnight be 'l

2

It is cl"eer taar, regardless of tbe tnre system,

î;tâ.È: =î;(â + ksr È + k) -æ( k ( æ

6 3 Local ïiinima of the Criterion Function'

If fire nunerical minimizatlon of VN(å) ís performed uslrrg a gradient

method, the "faLse" locaL minima of V¡(t) are potentiaL traps for the

aLgorithrnrand it is a most interesting prob)-em to anal.yse the condi-

tions under which such local. rninima iray or înây not exist, Since VN(6)

converges uniformly ta î(g), itfol]o¡s that a locaL nlnimum o* 1(g)

will, rv.p.l, for sufficiently large N eorrespond to a locãI minimum cf

V (g) and vic:e versa. Therefore the anal"ysis for local. minima can be
N

performed in terms of T(O) instead of V*(0), rvhich of course'ls a great

v.-{â,Ê) = { T tot**rl + â v(t} - Ê u(t)l* -Ë1

2û



sinpllflcation. fn [22] an* fe3] several intevesting sesults of thís

kind are given.

6.4 Certain Difficulties lïith Adapti ve Requlators,

lyhen the truo systeni cannc¡t be ¡nod*l"led exactly, the tdentÍf,Ícation method

wtll stÍlI nake the best prËisit)åe out of the såtuati.on by ninlmi"zlng

(28)¡ as explained in $ecticn 6.1". Horvever, i.t shauld be reallzed that

the mlnimnn o* ?*(6) in general- depends on tlre ¿ctua1 input during the

j"dentfication experiment; If the input is deteflrined as output feedback,

the uinimlzing elenilent ê* w1ì.1 depend on the feedbaclr law. If now the

regulator is adaptivê, and the feedback J.aw ls dete:rmLner{ from the current

eetiraate, cf,. 1243, tire analysis of the loss function T*te) becomes

cumbergorue. Let us ecnsider the followlng slmple exanple.

Example i" let the system be given by

y(t-i) * * y{t} = utt} + e(t+t) + c e(t) (3r)

ç-here e{,} is a sequence of independent yandom variables with unl't varL-
a mn¿la't co* lree.T!ce, airii let tha model set be given by

y(t*l) + â y(t) = u(t) + v(t+l)

where v(.) are assuned to be independent. ?hen the model set doee not

contain a tt:r¡e descríption of the systern (31). Let the identi.f Ícatlon

criterion be'as in Exarnple 3. The input tc¡ the system is doter:mLned

âs

(3u)u(t) = â(r) y(r)

where â(t) is the value that lr¡inimizes Vt(â) " \fith å constant feedback

{:3S} } we çottld have as the asympr-totic o-etf¡nate

c lt * (*-g)21
Aäå-

I*c 2 - 2(a-e)c
gt



Tvhich cleârly depends on the actual feedback coefficient g, ltthen taklng
inio account the a<iaptive feedhack (32), the cietermination of E VN(â)

becomes difficult, and it is even irnpossible to easily docide whether

E VN(â) rvil1 converge or nct as N increases. In fa*t, for adaptive re-
gtilators of this kind, E VN(S) may really fail to converge (rvithout

tending to infinittlr cf. lz4lr
ü

our conclusíon of thls example i.s that although the lemma provfdes tbe

tool far analysing the asymptotic behaviour of, the estirnate (regardless

of convergence of E. VN(e) ) even for the,se more complex prob1erus, it
nay not be so easy to use.

Ån idea that.. for these problems, seems nore appropriate tban to deter-
raine E V.-(g), is to consi¿ler the eondftion¿I change ín the cri.terion

¡l

E [r* __ r:]ja ï¿
v$(e) | v*(.)J

since this qua=tity reflects the slgniffcance of the present control
action fsr i;:r;r* estimates" By lnstead consíderfng the expected ehhnge

ln the nlni::l-=i-r.g pofnt êO of V!f(P)r'given 0*, tt is possible to traek
the estiìiate a:å analyse i.ts asymptotr.c properties. This Ís, essèntiai-lyt
?he âpprÕach that has been taken tu [26j, [¿g] and [2a].

22



,T " CÛNCLIJSIONS

Â, partícu1ar aspect of ttre asynptotic analysis of the estimates ob-

tained by rninimization of the predlction srror fdenttfieâ,tiÕn crfteríon

{19} is the question of ådentifiability. By thÍs can ba meant that the

identification method has the abtlity of recovering the tnre paranetêr

r¡aluos tf they belong to the set over whlch the criterion is mlnlnized,

(or to yield a uodel. that has an equivalent lnput-output mappÍngt

"Systeu ldantiftabålíty", see Sectl.on 3). It can also be meant that the

estimste will converge (w.p.l, say) to a unigue vaLue, which, however,

does not have to be related to any "true systen". lfe have tabeled these

approaches aS "C6nSiStenCy-Or1ented." ånd ttuniqueness-Orlented,", feFpecl

tively, and glven soue g€noral resul"ts for elther approach.

The le¡ma of section ö shoul.d ba regarded as the maln contrf'butlon

of this pêper, It states that, under qulte weak assumptions on the trrre

sJ¡st6Þ, the e-xpected value of the loss function, qrhich ls a dèternlnLstlc

firnctioa, cg:t be used for tlre asymptotic anâlysis" We have also lndlca-

ied hoîr ïâ,is ¡esult can be used for identtfiabitr ity and convêrgence stu-

d,ies, as :reT,l as for analysis of other rel"ated problems.
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AÞPENÐTX: PAOO¡'' TF TIIE LEIÍ¡ûA OF SECTION 5.

The idea of the Proof is to show thât

"N
sup * : Iy(t)-f(tlel3r¡v1t)-9(tle)]¡ - EIv(t]-lttlellrlv(t)i9(tle)1¡

t.. tãr

taken over ã "small" eipen set, ls afbitrayilf, snnll for large N, and then

to extend this result to l* , using the Hoine-Borel theorem. ltie ehall

need sone prùpertles of ir(tle) [ "f" denotas the i:th component], and

let us ståte these reeults as a lemma

Leuma Â. Let B = B(0*rp¡ = { 9l l9-t*l<o } . rn"n

E sup *, irttl arlz <

1..(t,3*.¡) = lup Iv, (t]-i., (tl0)1[rr(t)-frttlelJ
'lJ 9ÊB r' r

'=r"j( r, ;*.,r) = å?Ê 
[rr(t)-Îr(t lt]1tv, (t)-iJ(t [0)J

(Ar)

Let

then

¡
-ì

N
\/-
t=1

lÍ
:t=I

ìrJ(tr.9*rQr(')) - n lrj{tr8*rPrt¡} (42)
atl r¡efì(â'ro), where P[0(ê*)]*1. ]

.',r(trâ",J) - n lrj(trÖ+r,¡)] -+ t ur,p.l as N -+ ø for all tx
:J

and Ê such that B(ê*¡P) C l*

[tU"t is, fo]r å11 g*r p an6 e, there exists a Nr(g*rÞr€rt'J) such that

and sirnllarlY for ( (t,6'tÊrp) .iJ

Proof of l-emrna A: \fe Ëhäll throughout the proof, use C and i for constants,

where I(1 , that clo not need to be the sane. l{e shaLl. also allow ourselves

to supËess arguments and subspr.ipts f ree1y, when there ls no risk of con-

t--!¡

I
N

fusion.
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Let the 1inear filter determining f(tle) ne gfven by (12i. For Ë(o¡t'p)Cõs

we then have

åËËtlrr*,n(Ê)l+lt*,u{ell l<crt-k (o"a)

and

åtEtlå#r,o(t¡l.l*rr,n(d)l l<crt-k (Æb)

Hencet¡ãl"-"-""n 
lS lt.¡o>1 = sup 

i å *o*,o(Ê) v(b) * *'r,¡(e) "(k) I 
5

* å ",,r lSr,*,¡(o)l ly(r)l * "upl*rt,k(Ë)l þtx| < - å 
¡"t-k[þtr.l[ + lu<r<)i]

and t

o,åo
I rt lv(tl +[u(k) lii þt*)l +luts)l] <n sunl$ Scttoll' . . 2t-k-s

<c ç ,2t-k-s t Jn lvl¡¡' * u{*'utr<)z]t ^luivc"Iz * Jr't"ts¡l2i <
trêo

."(å ,'-*)' -

çhich pror,:eÉ (¿f ).

Let rhe r.,ariäbleg ,!r.l ana u!(. ) ue def,lned .ae ln lesa) ¿n¿ let the

pred.tcilcn based on these varlables be denoted by

î!<tlel - å [a",n(e) r!t*l **r,n(el u!<nl]

The conponcnts ot î!<tfe) *rrr be denote* O, fl,s(tlg).Letus also lntro-

duce

nl;."(r,e'É,p) - 
å.¿g 

tv!.utu l gT,"{tla)rtvl."(.) : 9!,rttlall-

Notice that î:(t) ls by deflnitlon lndepenclent of î(r) for

Consider

¡¡Ê(t)=t¡(t)- n!<tl

r< s.

After elementary calcul-ations we fl'hd
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. E þ"(t>2*

g nþ *oþ-#.f r suply-yo4'+n 
".,pli-iolnl * E supl"o-foln.t E suplro-îolu o

+ E ""olî-îolnl] (As¡

As abover(44), we readlly find that

E sup lv-i la < c E suplvo-Soln" cand

and by (zsb) we have t lr{t)-v!tt) la< c }.t-" . consider now,
(for subscrlpt Í or j)

sup lîttls¡ - îl<tlell ,. "* lå [n.,o(g)v(k] + r*,n(8].,{k)r +

, l:
+ -å, [a.,ute)[v(r<¡-rolr]l + rr-k(0)tu<r<)-ultxl¡ 

| 
.

Ilsi¡g (.À3a), we flnd after some straighforward algebre, and use of
Schçarzr ínequality (a detalled account .ls glven fn IZ;pp94-95]),

E sup ,î(t.çl - lltt¡et ln. . ,t-"

bea

(*e ¡

(A?)

(48)

Collecting r"15)r(46), (A?) and (AS) we flnd,

I -l-a

" *"{r}- ( g },"-o (Ag)

Consider noç for tls,

cov ( r¡(t), ri(s) ) ,¡ Cov t nlttl + ps(t), r¡(g)l = cov [u"(t)rï(s)] S.

É (" u.(t)z r r1(s)z)ttz < c rt-" (Ar0)-1 s " | --

where the second equal-ity fortows slnce l!<tl rs independent ot fe(r)rrcslr
and hence of r(s). Boundçdness of n r¡(s)g forlorvs as above, (A4).

In [2?], the f,o!.lowtng conv€rggnce theoren is given : Let f.
sequence of, random variables, rvith zero mean varues and with

ln t, tri .*Ë_t*o aszp<q<r

26
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Then

I l{

:
1=L

f.
T

-+ 0 w.P,l as N -+ oo (At2)

11'e can now apply thie result to
N
ç

rå1
Iq (treFrÊ) - E r¡ (tr g*rP) ]rJ iJ

since (A1O) well inplfes (Å11). Thfs eoncludes the proof of le¡ma A.

P¡oof of &lafn te¡rr¡a: Let

Ilsiug tbe meaa value tb€orem and (41), we read,tl"y obtaln {af. p.85-86 fn [2J),

î

I
F

zr(ttd) = rr(r) - îrtt¡el

a¡rd consider

r(6)=dt"(s) - "dt')(rl.)= *å [ar(t,e)zr(tro) - Ezr(t,otr?i(t,srÊ]JJ

11tt".ts)i # {lsop["r(trg)ør(tre)] - n zr(tt#t]zr(t'€''È]
gEBd--(A1'3)

= * r lr.r(r, 5*rp) - HlrJttra*rp¡l + * I rtnr¡ttrrnrp)- ur(tt0re)zr(tr6*)l

E llrr(toe"t3) - ar(tr0x)zr(trtrÈ)l . p.c(o*)

Siufl.arly-,

E fzr(tr6*)ør(tr6iÊ) - nr(t¡0)zr(1.tÐl< p.c(A¡r) f,or ê€ B(âr+rp),

wh!.ch inIrLies

r fetlil (Ð - n c$i'l) to*ll< p.c(6dF) for 0 €F(årprp).

CoLlectlns (413), (414) and (Al5), we obtaln

ä:Ë 
r{")(e) - ' aÍir)(o)l < * å tnrr(t,#t,p) - EtrJ

N

(A14)

(A15)

(rrÊ*rp)l +2pc(e*)
(al5)
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Now choose an €)0, and take for.every 6* € l" , the radlus Ê= p* = p(&v)

to be the nlnlrnun ot e/4C(êì+) and the distance fram ê* to the boundary
of Dr. Then for N>Nl(gxrpq*r€:/?rbrr, the f,irst term in the night hand

side of (At5) ls less.than €/2 aceo¡ding to (42), and hence

- :ït . l{t') rc) - E dir) (e) J < €

0€B (¿ÞÉ, p*)"
(A16)

lYe shall now extend (20) Èo hotd over Drr by applyfng }Ielne-Borelrg
theoren. CLearJ.y, {¡(e*rp*}, Ê* . l* } is a f¿mÍly of open sets covertng
Ð

s . Select a flaite famlLy of sets {s(gtrp*)rt'rl, 'M
that

also covers D and Let
s

Nr(err,) =-yT__ t{r(01.,P(0f) te/2ru}* 
1< j<]1

sup

ê

t{rit (s) - n e[:ts)(a)] <. f,or N>lrte,ro)
M

lben

foraLLteùta n
t;r.

f¿(0r,) , where P(Or) o* 1.

Siaí1arå19,

",re [r{ri)tol - 4t')(o)] <. for N>NZ(€rt,t)

which concl.udes the proof, of, tha nafu l"emma.

I
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