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COMPUTER CONTROL OF SUCROSE CONCENTRATION IN A& FERMENTOR WTIH CONTINUCUS FLOW
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Department of Automatiec Controls Lund Institute of Technologys

Lunds Sweden.

C.F. Mandeniusy H. Mattiasson

Department of Pure and Applied Biochemistry,

Lunds Sweden.

Abstract. Fermentation ina 5 2 continuous

Lund Institute of Technologys

flow reactor with immobilized yeast

cells is controlled. Substrate concentration (sucraose) is continuously measured

with an enzyme thermistor. The control

The performance limiting factor of

PASCAL extended with a realtime

conventional PID-regulator. The regulators
experiments are done on the real process.,

variable is flowrate through the reactor.
the system is a timedelay in the measurement
signal. A bilinear process model is formulated
The regulator consists of a Kalman filter
feedback. Implementation is done on a

and used for design of a regulator,

with the bilinear model and linear state
PDP11/03 computer. Programs are written in
This vregulator is compared with a

are tested wusing simulation and

It is shown that the enzyme thermistor

signal permits a proper computer control of the fermentation.

Keywords. Continuous flow reactor;

1. INTRODUCTIDN

The control of fermentation processes is
becoming more and more important, as
eontinuous processes are developed. A high
production rate and good utilization of the
raw material requiress that substrate and
product concentrations are maintained at
specific levels despite disturbances in for
instance substrate composition or cell
condition.

This paper describes how a sucrose sensor is
used to regulate the substrate concentration
in the fermentation of sucrose to ethanol. A
mathematical process model is determined and
used in a Kalman filter to compensate for a
measurement delaytime. The regulator is im-—
plemented on a digital computer. The modeling
work facilitates the regulator design as
compared with tuning of a PID-regulator at
the process (Mandenius, Danielssons
Mattiassons 1981).

2. THE PROCESS
In this section the process is describeds

modelled and analysed. Focus is on the
limitations of control aof the process.

E Product

Feed

Computer

Fig. 2Z.1. The experimental set up.

immobilized yeast cellsj enzyme thermistor}
timedelayi bilinear model; Kalman filter.

The set up useds Fig. 2.1. consists of a
continuous stirred tank reactor with alginate
beads containing yeast cells and pumps for
inflow and outflow. The inflow pump is
computer controlled using the signal from an
enzyme thermistor sensor measuring the
sucrose concentration.

Yeast. The yeast species used in the process

is baker’s yeasts Saccharomyces cerevisiaes
obtained from Jistbolagets Sweden.

Kineties. The hydrolysis of sucrose (S) is
believed to be an extracellular process. The
transport time is short to the sites of
glycolysis in the cells. The rate of
hydrolysis is often faster than the
glycolysiss so there is a considerable amount
of glucose (G) and fructose (F) in the
reactor.

The enzyme capacity in the reactar is in
excessy so  that first order kinetics can be
applied.
k
+
S+HD - G+ F
2 :—

The dynamics is given by
==== =k [GJ-LF]1 - k [51-[H D] (2.1)
= + 2

Excess of sucrose and water simplifies the
dynamics to

-=—= = - k _[S1 where k = k «[H 01 (2.2
S S + 2



In stationarity the rate of ethanol formation
is proportional to the sucrose concentration
over a wide range. At high ethanol concen-
trations, inhibition of cell activity occurs.
Howevers the extracellular hydrolysis of
sucrose is less influenced. This results in
an increase in concentration of the inter—
mediates fructose and glucose. Under such
conditions a measurement of sucrose concent-
ration is of less value for process control.

Immobilization of the_yeast. The yeast cells
are immobilized by entrapment in Ca-alginate

beads with a diameter af 2-3 mm. The
productivity of the immobilized yeast cells
is preserved but growth ig inhibited.

Diffusion through the bead is fast (Cheethams
Blunts Buckes 1977).

The_reactor. The reactors Fig.2.2.s with one
inlet and two outlets has a volume of = 2.
The inlet is 10 cm below the liquid surfaces
and the main outlet is at +the surface. A
minor outlet supplying the sensor is in the
middle of the tank at 7 cm depth. In the
reactor there is a stirrer rotating at about
180 rev/min. Mixing could be considered as
immediate.

Fig. 2.2. The reactor filled with alginate
beads with and without stirring.

The__enzyme_thermistor. The sucrose concen-
tration is continuously measured with an
enzyme thermistor. This is a flow micro—
calorimeter containing an immobilized enzymes
in this rase invertases R-D-fructofurano-
sidase [EC.3.2.1.26]1y which catalyses the
exothermic hydrolysis of sucrase. The
produced heat is measured with thermistors
placed in close proximity to the enzyme. The
thermistors are caonnected to a Wheatstone
bridge. The calorimeter is carefully thermo-
stateds and temperature changes 1less than
0.0001°C are possible to detect. The tempe-
rature difference normally measured in these
experiments is of the magnitude of ©0.01°C.
The technique is developed by Danielssons
Mattiassons Mosbach (1981).

Reference =
probe ¥

Sample probe
Heat sink & -

3 Thermistor
Column with
immobilized
invertase

Fig. Z.3. The enzyme thermistor without its
insulation.

The sensar is linear in the working ranges
which is expanded through dilution 1210 to
the range 0.01-0.035 mol/ft. The dynamics is
characterized by a short rise times about 1
min and a longer fall times about 4 min.
There is also a timedelay of &¢.5 min due to
the transport in the dilution system and in a
heat exchanger in the calorimeter. There is a
small drifts less than 0.00023 mol/f-h.
Normally the signal to noise ratio is about
30. A degasser is used to eliminate distur—
bances from bubbles in the flow. Another
source of disturbances is the dilution

system.

The sensor is well described by

. 1 T
yCt) = —(5(t—-t 1-y(td) T = { up (Z.4)
T d T
down

Pumps. Three pumps are used. They are all
peristaltic. A multichannel precisian pump is
used for the sensor and the dilution
arrangement. The outlet pump is used in a
special arrangement to give a constant tank
level. The inflow is controlled with a
voltage controlled pump. The capacity is in
the range 0-150 wmt/min. There is a severe
nonlinearity in the pump characteristics
around 10-40 m&/mins Fig 2.4. After calib-
ration the pump is stable for weeks. Pump and
tubing dynamics can be neglected.

{/min ﬂu
0.150
0.100 A
0.050
v
0 T
0 5 volt

Fig. 2.4. Characteristics of the puUnp .



Assumptions. Time constants less than 4 min

are neglected. This implies the following
simplifications:

Breakdown of sucrose is of first order.
Instantanous mixing.

Homogeneous reactor.

Perfect level control.

The flow could be changed immediately.
The sensor is characterized by its
deadtime only.

0OooboooO

The sensor falltime is the largest time-
constant neglected.

Model. The assumptions made lead to the

following model:

ds = -k -8 - 1-S-u + 1-S -y (2.5
dt S v V in
y(t) = S¢t-1 ) (2.6
d
where

S = Reactor sucrose concentration (mol/L).
= Flow through the reactor (L/min).

s Reaction rate coefficient (0.020 1/min) .

u

k

V = Working volume of the reactor (5.0 £ .
S

= Feed sucrose concentration (0.50 mol/gd.

in
y(t) = Measurement signal.
td = Delay time for the sensor (4.5 min?.

Typical process parameters are given abave in
parentheses and will be referred to as (#) .,
Working point is denoted (¢S5°s;u°®) and typical
values are:

S5° = 0.15 mol/t
u® = 0.043 &/min

Verification. The process model 1is verified
in different ways and seems to describe the
reactor well. Parameters are estimated with
simple experiments. The main problem is the
reactor volume (V)3 chosen to be the total
reactor volumes i.e. the volume of liquid and
beads. The accuracy of the dynamics of the
model (2.5)-(2.6) is tested by having the
system oscillate using high gain proportional
controls Fig. 2.%. Another check of the model
is given when using a regulator based on
Smith prediction. Here the prediction error
gives a good idea of the validity of the
models Fig, 2.6.
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Fig. 2.5. Oscillations with high gain propor-
tional feedbacks measurements and
simulations. Parameters (#) but
k =0.014 1/min and td=7.2 min,
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Fig. Z.6. Measured signal and model predic-
tion using an Otto-Smith regulator,.

Analysis_of_the_Model

Different aspects of the ' process model
(2.5)—-(2.6) are now discussed.

S
k_V in

Linearisation_around (S°,u®).

X = ax + bu z.&
where

X &= § — §°, u i= u - u°

S - 8°
= u® b in

=K v’ - v

Typical_timeconstants with parameters_ (%3},
Y
space time in the reactor <t = —,= 120 min
r u
time constant with T = —*1——— = 35 min
yeast in the reactor B u°
+ -
S v
control authority
u=0 2/min =) X = = 0.003 mol/k-min
min
u=0.15 t/min = x = 0.007 mol/t-min
max

Bilinearisation_around (S°,u®).

H = ax + bu + exu 2.9

where
Xsusasb are the same as in the linear case
c=-(1/"

Aspects__of __the _bilinearity. The bilinear
structure of equation (2.5 is preserved
under change of the stationary point. The
cross term can be viewed as a pole moving
with the input u:

u 0 &/min =) a = -0.020 1/min

u 0.153 &/min =) a = -0.050 1/min

It could also be considered as a gains that
varies with the sucrose concentration. It is
easy to compensate for this by gain
schedulings cf sectian 4.



The_effect of the__timedelay. The limitations
that the timedelay imposes can be studied in
the frequency domain. Laplace transformation
of the linearised system (2.9) gives

Y(s) = G (s)-U(s)
o

where g
Gn(s) e e d (2.10)
The timedelay results in a loss of phase

marginy which will be a major difficulty in
the control of the process.

The closed loop with feedback gain K is
stable for

Re(G (iw )) = - = cos(w © ) ) = e
o o a od K
and the critical gain is
=2 o
crit b cos(w t 2 ‘2. )
o
where w is the smallest solution to
o
tantw T ) = w rt - e (2.12)
od od ar
The parameters (%) give K = 3.7.
crit
For practical stability K is reduced

considerably. For K=1.5s there is a phase
margin of 68°+« This corresponds to an
overshoot of about 10%.

The_effect _of the _severe nonlinearity of the
pump. The characteristics of the pumps
Fig. 2.4., gives for the operating point at
u=0.035 £/minsy that small changes in u would
result in an 18 fold change in gain. This
gives drastic stability limitations on the
feedback gain. Bounds on K are obtained from
Off-Axis circle criterion e.g. Narendra and
Taylor (1?73). Practical stability requires
further restrictions on K as determined by
simulatian.

u® = 0.043 3 K R 2.2 K % 0.7
crit pract

u® = 0.035 % K 8 1.2 K % 0.4
crit pract

After heavy disturbances or when a change of
operating point is wanteds the pump will
saturates which should be considéred in the
design of regulators.

I/min u
0.100 -
k=17
0.050 -
v

\
N

,1
T

Fig. 2.7. Bounds on K obtained from the
Off-Axis Circle criterian.
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Sampling_of_the_System

It is natural to study the sampled wodel of
the process as a computer will be used to
implement the regulator. Here the process
model (2.5)-(2.6) is sampled with period h
for both measurement and control signals. The
control variable uses a zero order hold.

The sampled model is easier in two respects:
the timedelay can be represented in state
space form and the system becomes linear
between sampling instants.

Let one state represent S in the reactor and
let d states represent the delayed measure-
ment signals.

KCE+h) = (W) -x(t) + [Cu)-uctd (2.13)
y(t) = 8Cu)«x(t)
where
e(u) 0 « .+ . [o] y(ud
1 0 0 ]
¢ = 1 r =
"1 o0 0
8 =100 .., .08 (u 6 w1l
d-1 d
~k + DHon Sin B ks ¥y.g
plu) = e s Vv y(u) = ~G— J e g v ds
0
T h
1 alu)s 1 alu)s
@ (u) = ———= J a b(u)ds 8 (U) = ——== j e blulds
d-1 yu d y (u)
T
where 1t = h-(d-1) + «

Choice_of_ _sample_interval. It is convenient
to have td=d-h. However, sometimes the
sampling must be synchronized to other
signals and the choice of h is restricted.
Therefore the general case is treated.

Sampling introduces a zero on the negative
real axess inside or outside the unit cirecle.
If h is chosen so that td=d-hs then the zero
vanishes and there is a pure timedelay.

For the choice of hs rules of thumb give 4-17
samples per solution time of the closed loop
systems i.e. 15-20 min. In our case the
performance of the system is determined by
how well the prediction of the wmeasurement
signal is done. A less accurate model needs a
shorter sampling interval. A shorter sampling
interval is also to prefers if abrupt
disturbances are likely.

Here a sample interval between 1 and 3
minutes is used.

Prefiltering. To avoid aliasings an analogue
lowpass filter is used at the input to the
computer. The bandwidth must be chosen to
maximum half of the sample frequency. Lowpass
filters with bandwidth less than 0.1 Hz are
difficult to implement in analogue technigues
so the filter is divided in one analogue and
one digital part. The analogue filter is of
first order and has a bandwitdth of 0.1 Hz.
The digital filter is a second order
Butterworth filter with the sample interval
S s. The bandwidth of the digital filter can
easily be chosen according to the sample
interval of the regulator.



3. AIM WITH CONTROL

In this section is discussed the possibility
with control to make the system less
sensitive to parameter variations at steady
state. The tank reactor could also be thought
of as part of a larger system. Then a rapid
response to setpoint changes from outer loops
has to be considered. Possibilities and
limitations are discussed.

Sensitivity to Changes in Praocess Parameters

The different parameters have the following
characteristics:

k - The rate constant varies slowly due to
S several factors. A decrease of the
constant by a factor 3-4 within a few
days is normals when nutrients are
lacking.
V = The working valume of the reactor is
fixed.
u - The flow through the reactor changes

slowly due to drift in the pumps
especially near the edge of the
characteristiess Fig. 2.4.

8§ = Abrupt changes are likely in the sucrose
in concentration of the incoming feeds when
a new batch of substrate enters.

Sensitivity to paramater changes is
calculated for the stationary points with and
without proportiomnal vegulation.

d log G(O)

k = —m————
whare G(s) STa7KE

K = the gain in the feedback.

TABLE 3.1. Sensitivity to_parameter_changes
around_parameters (%)
k u S
p S in
sP K=0 -0.70 0.70 1.40
= -0.20 0.20 0.41
=4 -0.065 0.065 0.13

Often a rapid change of operating point is
wanted. Ideallys far this type of systems
maximal flowrate <(or no flow) is used until
the desired concentration is abtained and
then the flowrate is set to a corresponding
stationary value. Such a strategy is called
bang—-bang control.

From the sampled model ¢2.13%s the shortest
time for change of operating point can be
calculated. Consider a change *AS from S°.

(3.1

A
I
|

1 S°® + A5 - (b/a)-u
ln [ ]

up a §® = (b/a)-u

TABLE 3.2. Shortest _time for change
of _operatin o0int _around

parameters i?T‘ESEUTGS_EDI/k

[Sh T T
up down
0.10 wmol/2% S.7 min 35 min
Q.15 &.1 20
0.20 14 14

These times should be compared with the
timedelay of the measurement signal. A fairly
good process model should be useds if fast
performance is wanted. Certain changes of
operating point take a long time due to
limited control authority. In these cases the
accuracy of the model is not so critical.

Fast changes of the environment is not always
wanteds beacause the microorganisms may come
in a chock state. Here no such phenomena were
observed. Another aspect is how the
surrounding system reacts to large changes in
flowrate. This has to be considered in an
overall design.

4. DESIGN OF DIFFERENT REGULATORS

In this sgection different regulators are
designed, analysed and tested. Tests are made
using simulation and experiments on the real
process.

Analogue__PID__regulatpor. The possibilities
with a straight forward analague PID
regulator is clearly limited due to
nonlinearities of the pump and timedelay in
the measurement signals as seen in section 2.
This was clear in earlier work on the
processs Mandenius and co-workers (19815,
Howevers if only slow disturbances e.g in the
rate constant are considered and if there is
no need for rapid response to setpoint
changess then the gain can be kept low and a
reasonable performance is obtained with an
analogue PI-regulator.

Computerised PID__requlator. With a computer
it is easy to implement a calibration curve
for the pump and thus eliminate the gain
variation. It is also easy to implement
integrator anti reset  windups which is
importants since the pump wWwill be used over
its whole range and is likely +to saturate.
The feedback gain can be increased and is now
limitted by the timedelay onlys and the
performance of the simple PI=-regulator is
improved.

Use_of D-part. The use of the derivative part
of a PID-regulator is often of limited value
and it needs careful tuning. Here the
derivative time should be in the order of
minutess which motivates computer
implementation. The timedelay limits +the
value of the D-part, but a certain
improvement is obtained.

Resultss see Fig. 4.1. and Fig. 4.2.
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Fig. 4.1. PI-regulator aon the real process.
K=1.0 and Ti=15. Process para-
meters (#) but kS=O.050 1/min.
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Fig. 4.2. Two differant PID-regulators tes-
ted in simulation on the process
in Fig. 4.1. Regulator parameters
K=1.0 and Ti=i15 as above and
K=1.4, Ti=20 and Td=5. The
performance is slightly improved
by the D-part. -

State_feedback_from a_Kalman filter

Reconstruction of states of the process from
measuvenent signals is usually done with a
Kalman filter. This method cany in  the
discrete time cases also be applied to
reconstruct actual states From timedelayed
measurement signals.

Here the process model (2.13) is used for the
Kalman filter. Performance is designed for a
linear process. This process is slightly
nonlinear. To be able to handle large
setpoint changes, the nonlinearity should be
accounted for in the filter. This is done by
letting v+ I' and B vary with us according to
(2.13). The coefficients K and L can be kept
constant or may also vary with us to keep the
closed loop performance unaltered as the
operating point changes.

The_requlator__structure. Linear ctata feed-
back is done from a Kalman filterp estimate.

The Kalman filter is
A A A
KCE+h) =@ x (£)4+TUCt I +KIy (£)—B-x(t) ] (4.1)

The control signal is

A 1
ult) = = Lax(t) + =y 4a.2)
G " ref

The closed loop system on state space form is

x(t+h) ®-IL 'L w(t)D rii
~ = ~ + =y (4.3
xCt+h) 0 $-KO] Lxct) 0] G ~ ref
~ A
whare x(t) = x(t)=xct)
G = Gain in the closed loop

Choice of _poles. The poles for the process
and faor the Kalman filter are chosen
independently. For +he Kalman filter a trade
off is dane between sensitivity to noise and
fast convergence. It is a good idea to have
the Kalman filter to convarge a little faster
than the process. The poleconfiguration
chosens for both the Kalman filter and the
process, is two control poles and the rest of
the poles are left at the arigin. The control
poles are placed corresponding to £ = O.707
in continuous time terms.

Experiments show that it is possible ta speed
up the closed loop system a factor of four.

Calculation of the coefficients for the
Kalman filter and far the lineav state
feedback is done in appendix 1. Note that the
regulator is easy to tune.

Integrator. If the Kalwan filter is well
tuneds then the gain in the closed loop can
be considerably increased and the stationary
error reduced. The demand for an integrator
to compensate for the stationary evror is
then reduced. All the samey it’s a gond idea

to include an integrator.

The difference between measured yi(t) and yref
is integrated. The timedalay in the
measurement signal way cause some trouble.
Therefore the integratar time should be long
compared with the timedelay. If the model in
the Kalman filter were absolutely accurate,
the difference between estimated y(t) and
yrefs should be integrated. It is likely to
be a stationary error in the Kalman filter
and therefore it is better to use the
measured yit).

The choice of intagrator time is analysed in
appendix 2.

Results_on_the_real Brocess. The regulator is
tested in two ways. First a seversa
disturbance is given to the reactor and
secaondly change of operating point is tested.
The disturbance is introduced by quickly
pPouring water into the reactar. This is not a
very likely disturbance in an industrial
process  but it gives a good idea of the
behavior of the system. Especially the Kalman
filter can be studied. See Fig. 4.3. Changes
of operating point are shown in Fig. 4.4.

Paramweters of the regulator is specified by:

h = 3.25 nin d =2

3 2
« = 0.4z + 0.25z2
Pé—KB 2) = 2z 0.4z 0.25z

Na integrator was used and K and L were fix,

tmin ju

0.10 |

0.05 4

5 £0min

A L

F\¥ral

5 60min

0.10 disturbance

T

60min

Fig. 4.3. Response tao a heavy disturbance
: Wwith regulator on and regulator
off. Convergence of the Kalman
filter is studied in the bottowm
diagram. Process parameters (%) but
kS=0.015 1/min.
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Fig. 4.4. Change of operating point. The same
process paramweters as in Fig. 4.3.
Note that wmaost of the control is
perfarmed befare any change in
mneasuremant sighal is wrecoardad.

Compensation_for ERilinearity

Another way to handle the bilinearity is
evidert from (2.5), Gainscaling of u(t) from
v(t) gives a 1linear system that could be
analysed in standard ways (Gutmans 1981).
Consider the scaling

v
£y et Y 4.11
HIEE §, ~s v ’
gives n
S(ty = kTSR + vt

This design is convenient. but has a weak
point. The performance of the regulator might
be sensitive to errors in gainscaling. Note
that even for 1low cell activity S(t) is
considerably lower than S .

in

Compensation_for Sensor Dynamics

The Kalman filter can bhe expanded to ineclude
a8 state for 'sensor dynamics. This will be
important if the rate constant of the

procsess is increased. The system matrices
will then be

(7] (o]
11 Y1
P (o]
21 w22 Yz
$ = r=|-—— a.12>
I o] 0

where sensor dynamics can be approximated by

Pp s 21 d 2 0
LA 1
21 T ¢22 T ’ Y2

to allow easy changes of <

To account for the difference in rise and
falltime of the sensorys  the corresponding
elements should be changed in &, It is
important that the these changes are done at
the right moment. This is easily done when a
change of operating point is commanded and
the slope is known. With this aid avershoots

when going to a lower operating point can be
eliminated.

M s
0.18
i E——_With
Yref ‘ \< without
0.12 ““sensor dynamics
0,08
a. 40min 60 120 180 |
0.15] u
L /min
with
Oal without
J;’/"/s.fer:sn:»r dynamics
’fii::mh__
0.0S / g
f;ff; —
0. 40 min 80 120 160 |

Fig. 4.5. Simulation of the process in Fig.
4.1. using the same Pl-regulator.

Here is seen what would have
happened if the sensor had no
dyhamics. Notice the difference

when going to the lower set-point.
The regulator based on the Kalmah
filter 1is mnot that sensitive to
sensor dyhamics: although it could
be a good idea to include it.

S. IMPLEMENTATION

The regulators are implemented on a computer
PDP11/03. Programs are written in PASCAL
extended with a realtime kernel. The kernel
incoperates facilities for mutual exclusion
and synchronizings which is necessary when
concurrent activities are handled. See
Elmgvist and Mattson (1982),

The computer is used hnot only for requlation
but also for logging and testsignal
generation. Aids for tuning the regulator is
also included. Here is a list of facilities
included:

o Digital filtering of measurement sig-
nal. A second order Butterworth filter
is used. See prefiltering section 2.

o Calibration of input and output signal.
Linear interpolation is used between
arbitrarily spaced calibration points.

o Identification of the time constant for
the process. Least square method is
used.

o Computation of various regulator para-

meters from given process parameters

and specification of the closed 1loop
system.

Regulation.

Logging of data.

Testsignal generation.

Extensive operator comunication.

oooeo

The program is divided in five concurrent
activities:

o Filtering and calibration of measure-
ment signal. Sampletime S s.

0 Process controls sampletime 1 to 3 wmin.

o Logging of data. Arbitrary sampletime.
Often synchronized with the regulator.

o Testsignal generator. Arbitrary sample-—
time.

o Operator communication. Waiting oh
interrrupt from operator console.

At last but not least important., all
parameters are read from a number of diffe—
rent files at start up of the program.



4. CONCLUSIONS

This case study shows that computer control
gives substantial advantages compared to
analogue PID-control for a typical continuous
fermentation process. A simple mathematical
model of the process dynamics is of great
helpr when compensating for a timedelay in
the measurement signal. The computer require-
ments are small if the computer is used only
for regulation. A more sophisticated program
system is necessary for efficient operator
communication during start up: tuning and
experiment documentatian.
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APPENDIX 1

Calculations of the coefficients in the Kalman filter
and in the linear state feedback are done. Note that
the calculations are recursive and can easily be
implemented for online tuning.

Kalman_filter. The coefficints are given by

(I -¢-DI I 1K=C (A1.1)
e O n
where T
K = [1 k" e kl] filter coefficients
C=C01l¢c, ... ¢ ]T coefficients of observer
1 n i :
characteristic polyhomial
@ = eah time constant of the process
[ O V]
1 .
D= - . backwards shiftwmatrix
o "1 o0
( 1 o0 (o]
9 o
d d-1
IB= P = representation of
) T8 the timedelay
. d-1
] (-]
d
I = a diagonal matrix of dimension n+1 with elements 1

except for the bottom position which is ©O.

Note that if Td = h«d then Ia =1 and (Al.1) is
easily solved?
k=c+g» k =¢ + p-k v L= n-1v..s1 (A1.2)
n 1 i

n+1-i i+1

Linear_state_feedback. The coefficients are given by
a + ¢ a,

i
lla —7-— ' li = —;—— v 1 = 2+v..4n Aa1.3
where
L= Ell Sy ln] statefeedback coefficients
A= [1 ay e anl caefficients of desired

process characteristic palyrnomial

APPENDIX 2
The choice of integrator time is analysed.
Introduce a new state x lfor tha integrator.
n+

X (t+h) = x (t) + [y - y(t)1 (A2.1>
n+1 n+1 ref

State feedback fraom xl... X g gives the system matrix &°

n+
- n+1
$ = +-I'L o} (A2.2)
o -1 r
Characteristic polynomial P from P
+’ $-TL )
P X)) = (A-1)-P (A) + yl (A2.3)
LM -re n+1

The state feedback coefficients are now given by

1
1= 1-Ea + @+ 11 » 1 = ~cla_+ yl -gy]
1 v 1 2 Y 2 1

(A2.4)

1= l-Ea + yl 1+ i
iy i J-1

Srearn+t

h
Nate that- 1 can be interpreted as —--- .
n+l Ti



