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ON THE UNIOUEI\I ESS OT LÏKEIÏHOOÐ TÐENT ÏTICATTON
rOR ÐTTFËRENT STRUCTURES.

T. Söderçtr,ðm

ABSTRAC?.

Maxímum likelihood identification of a lÍnear: dynamic sys-
tem is penfonmed as a r¡¿inimizatÍon of a loss function. The
concept of uniquêness of the panameter estíynates is elose-
1y related to the number" of local månimu¡n poi.nts of thie
loss fufictÍon, The numben of locaI minirnum points is exa-
nined for some diffe¡.ent models. Asymptotic expressíons
for^ the J.oss function are used. condítione år'e given which
inpLy a unique local minimum poínt.
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I

Ï. I}IÏ'RÛAUCïTON.

The maxÍmurn l-iketi"hoocl (ML) msthc¡d i.s a u*efui -Loor fan
eutimatíon ,¡f panatneter"s in system equa1:ions " Tire l,ll es-
timate e¡,ti. is the gå?þql rna.xiriur,r point of the likerj.honci
function L( Ë) ¡ i. e,

L( o*, ) ": t(ti all o

ïn most cå.ses there is no anarytical- expression for the
maxj-mum poínt â*r. The rnaximization of i,€jâl has to be
rJone camputatíonally using some, seanch noutine, $uch a
search routine Inäy convenge tÕ a local maximum point gri

of L(t), i.e.

L(ott, , T.,(0) all Ê close to 0|l

ha,:; a
then veiuab.Te tc know if the likelihood functíon
unique local. maxåmurn point on not.

Thís issue ís close3-y related to the concept of identi-
fiabil-íty, see Bellman-Åström (19?0). The purpose of this
neport is to analyze 'îhe l.ocal maxi-mu¡r points of the lij<e-
I íhood function for same different structu::es. Bohlín
(1971, has given selme te.sts. r^¡hich can be used for" rle-
tecting if a Ic'cal maximum r'lr generaLiy å^n arbitnary point
is a global maxirnum point or.' not.

Ï.he nepont ís onganizerå as farLcr¿s: Tn thås chapte:: siom€

basic assumptions ðr,e given. Tn the r:ex't crrapter, the rûa-
thenatical tools of the analynås årÊ pen*:tre.ted, chapten
ïïr contains an examånatiE:n of the giabar niaximun points
for the differ-ent structures - l-t is ciesiraÌ:le that the
tr:ue value 0 is a global maximura pcínt ancl pre*fenah:l*y a
unique one.



ôL¿

Mo::eove:r, this exä.minåtion simplifies the analysis of
the local" aåximum points, ßince it describes all lrde-
¡;inabie* poi;rts. The last thnee chaptens deal with the
exami-nation of the locat maximum points fon some specå-
fic li-lcelihood functi.ons .

Consider å sy$tem gíven by

y(r) = G(û;q-1)u(t) + lî(o;q-1)e(t)

wher"e

4

G( t;q
öo):i
U

ei(o)q*t

-1H(ûrq hj(6)q
w
r
)
Lt

*a
)

u(t) is the i.nput, y(t) the o',rtput and e(t) gaussian white noise
vrith zærÐ mean and stanqla.rd rJevj-aticn ¡., q*1 ís the back-
-**ard shíft ope::atcn. Tt i.s asÉiurned that ho(6) = 1. llhe
system can be íllust.¡ated iry the figure below.

e{t}

u{t} rl

ll{6;Q-1'}

G{ð;q-t I

Físure 1 Bloek diagnan of the system,
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The purapüse of an identifícation ie to estÍmate the
value of the vecton t bå.sêd on an input-output necond.
The trr.re value r^¡ill be denoted by g.

ln this rÊport sÕme diffenent transfer" functíons G and
H t"¡i1l ï¡e consÍdered, It is assumed that G and H are
rational functions in q-1 " The cc¡efficients ðne func-
tíons of t.

Unden these assunÞtions the maximizatíon of the likelå-
hood functåon is equívalent ta the mÍnj.¡niaation of the
loss functíon, see Åstnðm*Fohlj.n (1966).

2 (1.1)(t)

çrhere the nesiduals e(t) arae defined by

^¡Nv(o,o) = * I+;,1L- |

y(t) : G(0ïe )u(t) + H(É;q )e{t}

whíIe the ou.tput is given fr'om

-1y(t) = G(0ie )u(t) + H(siq )e(t)

The ML estimate 0*, of e is thus given by

V(6MLrt) = *tn V(s,o)

assuming lhat a global mínínurn exísts.

The r"esåduals can be wnitten as

(1.2)

(1.3)

-1H(eiq )

)
¿(t) eçs;slþ .#g¡# I u(r) +

H(0;q ') H( 0;q
;1 e(t) (1.4)
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ïn the analysis of the loss funct:ion (1.1) engadíc thea-
ny will be used,

The genenaliøed Least squärres me'Lhûc1 hâ.s been treated
elsewhene by the authon in Sðder.*tr-ö*i {19?2}, wher*e ít.
is shown that the loss funetion in this case hs.ç a uniQue
loeal rnin.ímum poÍrrt when the aignel to noise patåe¡ is
high . enough " Fan ,çnall values of this r'åi:íô .thene may
exÍet several local minj.mum poånts.

For the othen cå$eÊ ineated here it is shor¡n (unden suit-
able assumptians) that a}l. local" minimun points are glo*
bal mÍnimum points . Ther.e r^rill be a unique grobal ( and
local ) rni.ni¡num poÍnt if the' corìr'ect or.der" of the trang*
fe:: functions ís used.
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ÏT. I.{ATI{HMATTCAI PRELTMTNARTES.

ln thís chapten the basic mathematical tools fon the å.ná*
lysis r:f 'fhe i.oss functÍons are given.

FÍr"st sÕme csr:ventíons used in the report ar-e presented.
Then sûme poiynorniaJ- equatåons are *tudied, A lemma giving
suffi.*ier:t condi-tionE f*r' the existence of

lim v(å,0)
N-r*

j-s con$ídered. Fina.Lry the c<"rncept of penså,etentty *xcitÍng
signals is tneatect and Ëüme app3.icaticr:s *.r'e made. some clf
the lemmas äre given in $ðcle:'srrsn t'iû721 , 'rhey ¿ïre stated
here too i.n or^der to clarify th*ín use in tlie analysis"

Ïn onCe:: to si..rnpîåfy the ncta.tions the fcl.l.olcånË convên*
tions wiål. be used th:"oughou"t the r:epcrr"t

Canventi"on 2,7 , Folyn$mi.rl Õper:,ðrtors will be <leno.red try ca*
Á(q-t ). The yiu:nbe¡. of c*effi.cientspital letter.sr ê"g"

wi.ll Ï;e cienoted l:y n ür n witir a cûrrespÕnding lowe:: cå,se
letten ås a subsc::Ír¡t

Ëxamples:

¡A(q ) -1"
lf

;
å.{. -1+ ¿ arQ

'1 *

It

fl

L
1

n.
Df " -l-å Þ+{

1*

fIr

ai{ Â(q ): 1

B(q ') cr*L
1

b.<r
*i

F(q )



b.

nå
I *., q*t
1t

The expnession

is intenpneterl as z,ê:,..a íf n

Convention 2.2 Given two po}-ynomials

ü

A(a)

the notation A(z) : B(z) means

ai * bi. 0såsmin(nrrn')

and

rfn

i
-i -ñ

ttban

Ii:û
Ia.7.-

1 B(z) : .1
Dåz

a nb

>n
å

åí:$

bi=$

nb<i<na

n*<lln_
a" ct

Íf nO

Convention 2.3. Gíven the polynornials A(z) and B(z) (and
C{z)}. They ane said to be:r,elatively pnime if ther:e is
no coüunÕn facton to all the polynomåa1a. The physical in-
tenpnetation. is that the system

A(q -1 )y(t) = B(q )u(t )

(acq*1)y(*) = B(q 1),r(t) + c(q*1lu{*>;

ís iontnollable and obsenvable.
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C.onvenlÍon, r?,.1. {u<( t ) denotes

lirn
N+*

A(z) 1 *

4N¡ñ
N r*r

x(t )

rf x(t) is å.n er:godic stochastic pnocess gx(t) r Ex(t).
A1t stochastic pnocesses in this neport are engodic. The
notatÍon :l"s used fon detenministic sígnals as well-.

The following elementany two lemmas fr"om the theony of
equations wilL be useful. The proofs are not verìy diffi-
cult and they ane given hene,

The f inst lemma deais with an equation, ç¡hÍch ç¡i}l occul:
several times Ín the forthcoming analysÍs,

Lemma 2,1 
"

Given the polynomials

"it t'
*å
)

#t

¡.. r trr¡) r¡ith os " mÍn(Â*-n", åo-no)

'l-
ãtZ

I

and

nb

B(s)

considev the folleiwíng equation ín the unknowns (å
slì- t 1t

I
; *'tl-l

b. zLl-

1t ...t
1r

AtzlB(z)*A(alB(a)aû

Assume tlrat A(z) and ß{z} ar"e ne}atively pr^ime.

aû

l?.1')



I

í) If n

l-].J Iï n

!.

fi{z} :, .A(z}

B(z) r B(z)

:: fi the only solution ís given bY

> û al-1 solutions åre given bY

(2 .2)

(2"3)

t

A(z) * A(zlL{z}

rt"l r B(z)t(z)

whene

L(21 : 'l +

n
ïL:1

.e.

1

't_Ljz

The coefficíent'ç t *r : f 
¿ &Tæ ari: itrarY "

Pnaof" $ince A(z) * ü, ,4,(a) å O the equation *a.n Ï.re writ-
ten

B(z) - B('¿) -.,., -_ .ìt-- cL -¡. .L ¿)

A( z ) A(z)

Notíng that the rigþt hand side must have the same zerÕs

and poles aË tkre left hand sÍde the assentions åne Õbvious"

Q.Ë-Ð.

Conr. If B(z) is of the fonm

B(z)
nb

= 1 + I b.zl
i1-

and B( z ) of the for"m



I

":rnt
I

Oo
dr

=1+L
1

B(zj

the lemrna r"emaíns tr.us l+ithout change*.

Lemma ?..2. Cûneider the following matrix of order'

max(na+nb, n*+nO) X

U

t

n colunns
13

( n*+n' )

1

b 0
1

1

Pz, trrb

= Ã(z)L(a)

: Ë( zJL(z)

nO columns

(2.4)ån*ta
?.

4

btb

0

(At leasi one of the figu::es brrb, *n* is on the last rsw' )

Let A(z) and B(z) have m common ueros; Assume that n* >,

ã **, nb 4. ftb

then pank P = maX(&u.*h.fr, ra*nb) - m.

Pr,oof. Consider the equation

A(zlB(z)-A(zlB(z)=t

Ër'om lemma 2,1 it i.s knowrr that the gener'al solution i.s

of the fonm

A(z)

B(z)
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T^rhêre

Ãtz) an¿ 6(z) ar:e r:el-atively pnime

L(z) ; 1 + s. . zi'I

d*â*Tntnoduce nelÀt vaniablcs c

,.
r
1
I

n. = ¡nYn(n*-11- ry. d. ct
nb-ol, ) + ül

I
dâ¡ bY

1

Ciz) = Àtr) - Ã{z)

D(ai

The equation Ís tiren

C(z'jB(zi-A(alD(z)*t

with the genenal solutir:n

Þ(z) " 
-B(a)[t(z) l

Howeve::r thiË equation can'be wnitten as

C(z) ='¡t(zl(t(a: - 1)
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1

P "n*
-d

rQ

1

-¿"¡

The expnession of the genenal solutíon ÍmpLíes that
din N(P) - ns,
Thus nank P is given bY

r
= dÍrn R(P ) - dim N(P)na

+ *b,

= ,ì* * "b - 
min(å****, å¡-t¡) - rr

; max(t"ntbr na+nb) - m

Q. H. D.

A

Reinan*. In the case na = f,a, lb = flb (F ls squane) P is
nonsingulan if and only if n = Û, This fact Ís a.lneady

shown by ê.g. ÐÍckson (1922). Tn this nepont, howeveno

the genenal case will be needed.

In the analy*is of the loss functione engodic expressíons

will- be u,sed. The loss functions ane all of the forn

N:.T
2¡ t:1

2
€ (r)

wíth e(t) gíven by (1.4). The following lemrna gives suf-
ficient condítions fon convelrgence of such expnessions '
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Ilqrymg ?.9. Consider" the sYstem

1 -1y(t ) * G(q )u(t) + r{(q )e(t )

-tl - I
whene e(q-r) and H(q-') are asymptÕtieally stðb1e fil-
tens of finite or:dene, and e(t) is white noise with fi-
nite founth moment, independent of u("t),

The ínput u(t) is the sum of t"v,/o têrmsru1(t) and ur(t)t
of .which one nay vanieh. The tenm u,'(t) j.s detenmínistic
such that to every e > Û there is a peniodíc function
ui (t) fulfillÍng

lur(t) - ui{t)l <Ë allt

'Ihe second tenm is gíven bY

ur(t) = Ï'(q )v(t )

-4where f (q-r) is an aeyrnptoti'cal.ly stable filter of fj.nite
onden and v(t) white noise with finite founth moment.

-¿l -4Let Dr(q-') and Ðr(q-') be thrö ar"bítnany asymptotically
stable fålters of finíte onden. Then

1ínr
N+-

stDt (q-1)y(t) * Dz(q-1 ),rr-r, 
[]:;]]

* ,i. to, (q- 1 )v(' ) + Ðe (q-1 )*'(t ) I;l
y(t)
u(t )

(2.5)
I

exists with pr"obability one and. in meån square.

If u(t) and y(t) ane stochastic proce$ses the lÍnit Ís

Pnoof" See Südenstnðn (1972l".
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The riotj.on of ,perlsistent excitatÍon intnoduced in Âstnöm-
*Bohlin (1E66) is veny useful in the analysis of the l.oss
funct i"on.

Definition 2,1. u{t) ís said 'to be persístentty exciting
of order n if

i) u(t) ü anrl
-Nm$ I

.o"t=1
Il_
N+

,N
# 

"1, 
tu(t)1Ím

N'Þ.d
ül tut't+t ) u a

J n (t)
LI

exist and

ii) the n by n symrnetiic ma'Lr'íx

u
(0) (1) Y (n-1 )u u

Ru

tt
(CI)

ís positíve defÍnite.

Same simple pr.oper"tier of persistently exciting signals
and a chanacterízati*n, of this concep't in the fnequency
domair: j"s given ín Ljung (19?1 ). In this nepont the fol*
lowing pnopentíes wíll be used [pnoved in Ljung (19?1 )).

Lemrna 2.4, u(t) is pensi,stently excitíng of onder. n if
and only if the epectnal derrsity cönrespondfng to the
sample covaníance functíon is nÕn ?,era (in distr"ibutive
Êense ) in at least n diffe'nent points,

I)r

r
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If u(t) is peniodic, the spectral density will be disc-
r-ete and cansist of a number' of 6-functíons. The distrÍ*
b,utíon é(x) is here conËider:ed as nÕn z'e?a in x; Q'

*.1

{qqf. Let y(t) = H(q ')u(t). Tf u(t) is pensistently ex-
-4citíng of onden n and I{(q '} is stable and has nÕ zeros

on the unit cir.cle, t-hren y(t) ís persistently exciting
of onder n.

A simple application is nade i.n

Lemma 2,5, Let

y(t) = H(q. )u(t )

i) If y(t) s 0 wíth probability one and u(t) is per*

nistentty excíting of order n, then h, = 0r i ¡ 0r""en-1"

Tf ¡r('t) i.s not pensi.stently exciting of orden n'
then ther-e exiçts u(q-1 ) f o such that y(t) : Û

with probabílity one.

ii)

Pr.oof. See Söde::st:röm (197?).

Å comb.ina"tion of Lemma 2.1 and.Lemma 2.5 gives a funther'

¡:esult

n.c
n-1-r*L
l_: u

H(q ')
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(2 ,6',t

(2,7 )

Lemma 2,6. Given A( q ) B(q ) and u(t). Assume that)

A(q ') and B

* mín(å*-**,

i)

B(q ) ; B(q )L(q

(q-11 are :relatåvefy pnime and that no =

nO-nO ) z 0,
Considen the equation:

4 -4tA(q ')B(q ') - A(q
à -1 )lu(t) = 0 a.s.)8(q

Let m = max(nr*rr', n*+n').

If u(t) is pensistently exeíting of order vn the
genenal solutíon is given by

)L( )A(q ¡ =A(e

-1 *1

-1q

)

whene

t(q -1

-1 -1

L 
i.Q

-1 -1)B(q

åfn tt

n¿

I
1

*1
r,

I ifno=0

lhe numbens ¿Í are anbitnany.

r-11 If u(t) ís not persistently excíting of onder" m

ther.e ís at l.eest one möre soLutíon of ( 2. 6 ) than
(2.7 ) ,

Pfpo€. If u(t) ís pêräsistentl.y exeitÍng of onden ¡n it
follows fnom l,emma 2.5 that ,

) 1 +

A(q )B(q ) - A(q ) 0

The genenaï solutíon is then obtained fr"om Lemma 2.1.



Tf u(t) is not pensistently exciting of o::dev' mrLemma

?.5 irnplies the existence of

-1

-r (0)yu . Ò -11 ( 1-m ¡1a 1â (0)
u

16.

nrr(mO-1)

H(q )
m

T
1

hie-t f o

such that

H(q-1),r(*) 0

l,rfniting the equatíon

-1 -1 -1 ¡1
A(q )B(q )-A(q ):H(q)B(q

v
(0) ï1 (m"-1 ) -n (0) -nrrr(5-1)yu

-our.(1-*u) - . -ryu(mo-m*)

)

a.nd invoking Lenma 2"2 the assertion ii) follows.

Q. E. D.

The concept of pensistent excitation is now appJ-ied to
a matt:íx consj-sting of covar'íances of the input and the
ÕutPut.

Definition 2.1. Let y(t) = G(q 1),"r(t). The following mat-

ríx of orden (m*+m') * (rn*+m') will be called the system

covaniance matrix of type (m*r *b).

tt
v

:'
rr(0)Im-

d.
11

v
( )

R

yu

n,r{m'-t I . n-nyu(mb'1 ), . -nyu(no-m* ) u
(0)
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Lemma 2".7, Let

y(t )

wher^e n(q-1 ) anrl n(q*1) åre relatively pr"ime. Considel:

the system covar:íance nat::ix R of type (m*r *b). Assume

that u(t) is persistently exciting of onden max(m**n5r

*r**b) and let n* = min(m**n".r mO-nO).

å) Then R is positåve defínite if and only if no ( 0,

1-t-/ If no > 0 the null space of R has dimensÍoil tg and

ir spanned by veetons of the following form:

lc
1

***o d1

B(q. ')_

A(q ')
( tu )

Tdm¡ l with

c(q I
*l_

-1"

)

m
cL

=l
1

m.
D

6 
-I: I d;g

1*

T.
n

I
1

c.o -1 -1: A(q )t(q

*1
= 8(q )L( q

)

)Ð(q )

t(q ') C.a

The numbers g"r arte anbitnary.
t-

Pnqqf" In onden to investigate the nuIl'epace of R con-

siden the equation

*TR* : fl (2.8)



mIrLet x = [.1 "** d1

responding oper'åtors

1t.

d*U J end intnoduce the cotl-

m.â
c(q-r) = I

1

Then

-1 )B(q -1

Èa
m-

- t.J

D(q-r) = I -1-
''i'a d.oa"?

I

= El*c(q-1 )y(t) + o(.r.*1 )u(t { 2

lhe equatíon (2,8) Ís thus equívalent to

2

iáâà

C(q ')B(q ') - Ð(q ')A(q ' )

¿(q-1 )
u(t) : Q a.s,

Firom Lemna 2.4 Cor.n and Lemma 2,6 it follows that thís
equatÍon can be replaced by

¡) * tt(q )A(q ) r0Ic(q

Usíng new variables given by

A(q
*1

Ërn-t * B(q.-1) + Ð{ q"*1 ,; Åu = max(morno}

the equation is wrÍtten ås

ñ¡¡
.;):1+) r

I

D

B(q )sI
1

AaÀ4^4

A(q_ ')B(q ') * A(q ')B(q. '|
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F:,-r:m Lemna 2.1 itthus fc,llows that;

j-) íf n* I Û x : fl is the onLY solution,

ii) if nu > 0 the gene::al solutíon is given by

îl n*rr{ ):A(q

D({å -1 )*B(q )t{q )

)t(q )

L(q ') -il.c r'
l-*

1,r

L
T

.t
t

Wher^e the nuniber"s Ê.,. ar.e ar'ì:itrar-y.
As a conseqLtence N(R) has ciimension n¿.

Q. n,D.

The follt¡wing two lemmas Írere or.iginally used in th*
authonls pnevious wonk, Söderstnðm (1972)r wherre also
pnoofs can be found.

Lemma 2"8" Consíder the equation

F(x): f(x) + eg(x) n (2.9)

wher.e dím f : dim B = d.Ím x. Let CI denote a set with the

fcllowíng pr'openties ¡

f and g åre twice di-ff'erentiable,
f(x) ; S impliea x = xOt
ft(xO) ís nön síngular.

Then there ís å Ê > Û such that 0 < e (' 11 imPlies that
X TUTÏ ].IS

1

(2.g) has a unåque solutíon i in n.

x-*o = 0(e )r Ë + 0
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l,emnê. 2",9, Considen the function

V(xryrr-) ch(xry)

r,+here {xry} beJ-ongs to a set fl, fon which P(y) is a po-
såt::"ve definite mat::ix fon all y, twice diffenentíable
with r.espect tc y and h(xry) a twice díffenentiable fune-
tion. a ås cÕnsider-ecl as å fåx pa::ameter..

The follov,ring necessary and sufficåent conditions fon
Iocal minimum points ín 0 åre true.

* "'o(y)x +

?her.e ís a constant c

f ol-lo\^/tng t"s tTtì.¡e.

ii\

>ûsuchthetift <â $ *o the
0

i) Hvery stationany poi-nt of V{xry, ei in n fr:.lfils

(xry) (t,yo) + {of .>,o(1) j,

(xry) (0'Yg) T
[o c ' I , ü { e ) J ,

s+û (2.1r)

whene yO ís a solution of

h|(ü,v) U (? .11)

If (xry) Íc ä. J-oeaL n:iinimum poin't it i-s neceËsåny
that }:fU(trVO) is positive defínite ÕÍ' posj-tive
s emide finit e 

"

If yû ie a sÕlution of (2.11i and ni'(0,yCI) is pÕ-

si"tive definite then thene existã a r¿$lqgq local
minimum of the fonrn (2,1ß), and the point will in
fact satisfy

s+û

I'l.re matnix of second onde:: denivatåves ås positíve
clefinåte in the minímum rrc¡ini:.
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ITT. GLOÊAL MTNÏMUM POTNTS }'OR i}TTF'ËRäNT STRUCTURËS.

In this chaptei: the global minimum points of. loss func-
tions of the type

N
T
Lt:1

1

rffi
2v(0,ô)

e(t)

e {t)

-{3.1}
á^,â

G(0;q ') - G(0;q ') -4H(s;q ')u(t) + e(t)
H(0ìq ) I-r( 0;q

à

)

o

å.re analyzed 
"

For finite N the analysis has to be dr:ne in a pr.obabilís-
tic settj-ng. In orden to dr¡ the analysis r"easonable ergÕ*
dic thecry raíll be used.

The foLlor¿íng assumptions are made:

Let l? = {01 such that tire poles c¡f G( g;z} r the poles
uf H( àizl and the u€TrÕß of H(0;z) are or:tsíde the
cÍncle l"l = I * Ê: wh,¡*re 6 > 0 is some small "y**benÌ. It is assumed that t {: fì and only points s

in the set l? ane considered" This límitation is mo-

tivatecl fnom the repre,gentation theonem, Âstr$n
(1970) 

' and the demand clf a finite var:iance of the
output. r

The Ínput is assumed to be a per:í-adíc signal ö:t fil*
tened white noise (o¡. a sum of th€Ëe tç¡o types)"

The input signal and the noíse e(t) åre åndepenclent.

0

Õ

Under these assr:mptåon* it follows fnom Lemma 2.3 that
V( s r Ê ) has ä. lírnít W( ö r0 ) (',¿í'fh pnobabi.lity Õne and in
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mean squôT.e) as N tends to infÍnity. The functÍon Tl( ä, o )
ås given by

2

W{ 0, ü}

Let

ftcn-'l

G(r
F{{ 0 ¡q- \

-1

u(t ) +

L

2t-
G( I

2

1

II
) )

1

T* H( 0¡q ) e(t) (3"2)(o;q')

-1H( 0;q
H( 0;q

::]+ tu *i
h.a

öo

r
Li'1)

Then

r
t

r!û(6i0)"¡ (t) +

¡. +

]'h
ir6

Fìb
.: -4l,- l

$n

2.

'ä
tr+ -'l

xhÍ I
i-J

e(t-i l
)t

IJ

1

, '1,
4L

å

But W(6 js ) = + ¡,2 ¡¡hich implies
global mínåmum point of W(orü).
cessa:rily a unique *olution of

(3.3)

that0:âalwaYsåsð.
Howeven, ô : g is not ne-

(3.4)W(8ìü) " ånf
lJ ,r

tç6xro)

Tiris equation earr ín view of ( g. g ) be wnitten as

-1 € -1 )e )

lI( 0;q*
V

)

^âH(CI;q'))H(0;q t

u(t) t
(3.5)
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The equations ( 3. 5 i wi3l nori hre .Ji.scr;.ssc,l fr:r' cj-j"f fenent

rtr:uctures of -Lhe liy$îem¡ îhe input si"6ina.i v¡ili. -be ås*

sumed to -þe pelrsistent)-5r exciti-ng of a sr:fficieritl3r hi'gh

orcler. The fj.rst part cf ( 3.5) rçj-l} then j.n fact be TtÉ-

pl.rce<1 by

I

G( o;ci G( e ;q.) i

l,lost of the matet'ial is !,]el}-k¡ioç+n and pa'::ts Õf í't li*ve

been treated 'iry th* ¿utlior befope |n S6de::str'öÌTr {19?2) t

A.stïröm-Säd.erström {1S?3). lÍhese pårts äre inch¡de¿'1 }-rere

tü get a rûore comPlete $ui:vey

As ã genenal resul'l it ca¡r tre said that the loss functions
far the di,ffer.ent cesês haçe a unique global minimum if
a mçdei- af csrrect arder i-s applied, Tf the mo<leI orcle::

is too high thene is in mcst cases no uniqlre global må*

n:irrum poi ni:

To simpii.fy the nÕtåtions the second ârgurnent in !rÏ l'¡Íl-l i:e

droppecl in 'lÌ:e rest of the r:eport.

Stnucture 1: the Least Squar:es (LS) Method"

The system is in this case given bY

-1 4 (3.6)
,q( q. )y(t ) B(q )u(tù + e(t)

so

-4G(e;q') Ilf n ')
&

-'lA(q ',
1-*-::i*,q(q ')

The equatÌ-ors ( 3. 5 ) become

H(stq
4

3l
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^ *¿t -4 -,1 ^ -4A(q . ')B(q ') - _4Lq _')Blg '). u(.r)
¿,(q-1)

û

-l -1
¡1 q )ËA(q )

or simplified

^ -4 -4iB(q ') - B(q ').lu(t)

(

u

^ -4A(q ')
(3"?)

The cÕnsistency p::openties of this method are well-known o

A,str"öm (1968).

Lemma. 3, 1 " Assume th¿at n L= nin(h*-t*r nU-^UJ 2 0 and

that u(t) is persistently exciting of onder" nO. Then there
is alunlque global minimum point given by A(q-')ç(A(q*'),
'^4à

B(q ')=B(e '). The::e are nci other loeaJ- mj-nÍmun points.

Prcg{. The fins't statement follows immediately fnom Lemma

2"5 anrl (3,?), l.'lre second sta^tement is tnue since V is
convex.

Q,E.D.

Stnucture 2: The Genena-l L,east Squa:res (GLS) Model.

The structure is gi-ven'by Cl-ai:ke (1g\'i j 
' Söderstrðrn (972)

-1 -l )u(t) +
4
¡

--,"*
f,î *r-\q t

e(t) (3"8)A(q )y(t) = B(q.

: 
^1.^ 

r\
fl\t{ }

Thue



*1
Á

BJ s-*-¿,
A(q ')

1
t4

A(q ')C(rtr ')

li) 
^

{3.s)

(3.10)

$(r;q > H( CI;q )

The equations (3.5) become

-1
) B(q )*A(q )Biq ) lu(t ) 0

A(q )c( q-l ^1 -1)ãA{q )c(q 3

The se¡l.ution of these equati-ons i,$ treated in Söder'ström
(19?2).

Lemma 3.2. Assune that no " nin(å*-n*, io-n') a 0'
-.--ï-'_*_.!

{ no-no } z Û ,^u( t ) is per$isten'tly excåting. t f onden

mex(tt*+,-,Orn*+rìO), and tha.t a(q-') and B(q-') år'e relatíve-
ly prirne" Then the solutions of (3,S) fulfíf

A( q.

B(q

L(q

-l

*1

Àa

) :i A(q ')L(q ')
-4 *l

) : B(q ')t(ci ')
^ -4 -'t)C(q ') = C(Q ')

wher"e

¿iQ

*g
):1+ I

1

-Lt{q

ifn t
o

gqjggg". The assumptåons of the theonem inply that the fírst
equationín (3.9) can be neplaced by

4
¡

íf nu r, 1

{JÅeq-1)s(q-1 ) - A(q-1>s(q )



t
1A

Q"Ë.D.
Lcmma 2.n, gj-ves the nest of the pnoof .

Remank 1. ïf n U g ís the uníque solut:ion"0
!"

Renrark 2. Note that t¡hen n g" à 1 thene ane onlY a finite
nutnben of **lutio¡rs of ( 3 " 

g ) . This is panticular for" the
ffLS cð,se" The rêåson for thi.e pnoperty ís the special
structure of the system equation'

Remark 3- If u(t) is rrot persåster:tly excíting of or"der."*---.T**
max(i**rb, **nñb) there may exíst gl"ob.al- nrÍnimum points
whieh do not futfil ( 3 . 1û ) . .,An exannple ís given in Sðder-

*tr'öm {1972}.

Tt is well-known, S*derst::ö::r t1972ll,, tþ,Et the nuinbey of
local mínårnum pÕints depesds r:r: tire si-gnal ta nÐj.se ¡ra*

tio.

Structure 3: Time $eríes 
"

In this case *tochastic pi:";:ce$seË of the fcr"m

i3"11)

are considened. Then

d

G( o;q U

*1
Ì{( t;q )

C(q ')
A(q '))

The equa.tione fcln the globa1 r¡rini.mum point ( 3.5 ) ane

l) q
.l
I

) n).A( q.
*1

)c(q )C( q (3.12)



Lenma 3.3" Acsume that

i) A(q*1) anci c(q-1) *o* relatívety prirne

at

The solutions of (3.12) ane

*1

ii ) *Í, * min( tr*-ñ* rn.*n* )

27.

(3.13)A(q

c(q-¡
) : il(q

):C(q

)L(q

)t(q-1

)

)

wher:e

L(q
n^

i )1.-t) :1 .i.T
1

rÍQ ifn >.tr
L

-4 1'rn :s
t"

The panarnetens gi år,ê arrbitr*ry. These pelints are the on-

ty stationery Point'* as well".

P:roof . See Åstr"ömtSödenstnörn (1973)'

Remark. If n^ : fi
L

cat rninimum Point.
o is the onlY åf9Þål as well as lo-

Q+" ìlre 4.

The $yßtê,m i$ as,çumed to he governed by

A(q-** )y{*} = s(q-1 }u(t) + A(q-1 )e(t)

6

ii L,

(3.14)



G(e iq B(q ')
A(q ')

H(s iq ):1

28,

(3.15)

Then the Éo-

(3.1S)

)

The equations ( 3,5 ) are 'thus 'r eplaced by

A(
â -1 -A( -1 4

)F u(t) z fi å.s.B )

A(q* )Â(q* )

Lemrna 3,4. Assume that n

and utq-1) aïîe nelativel
tently excitíng of orden max(****bu n*+n')'

lutions of (3.1 5 ) ane

-1 -1 -1

& " rnin(i*.***, io-no) > tr RCq*1)

y primee and that u(t) is Pensis-

A ( q

B(q-1
)xA{q
)=B(q

) t(q

) t(q )-1 -1

whene

L(q-1 9".a >. I

tn
ç'
L
1

-1):1+ ô
IJ

1 n
fl

The numbers g,, : ¿rre arbitr"anY "L

P::oof . Lemmð 3.,q and. Lem¡na 2.1 give the nesult'
Q. Ë, Ð,

0
L

Rernark. If n :s g is the onlY global minimum Point'
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Structu:.e 5.

Thi* structure is díscussed e.g" in A,stnðm-Bohlin (1966).

Tt ís given by

Âtq*t)y(r) ' B(q-1),.,(t) * c{q-1 i*{*) {3.17}

This meåns that

G( 0;q )
ãl^ t \LJ\q ¿.& *4A(q ')

1H{ o;q )
c(q ')

4

A(q ')

and ( S. S ) can be replaceC bY

u(t) : s

-1 I -lA(q )C(q )-A(q )C(q );0

Then the gener:al salutíon of ( 3.1 I ) is given by

Lemm¿ 3.5. Assurne that n

u(t) ås persistently exc

and rhat ¿(q*1 ), n{q-1 )

lL = mÍn(å"-t*,
itíng of ar"der

*4
and c(q ') a,re

if r¡ ,r1
9"

åo-*o, i*-r,") a û'
max( ñ*u*b r na+Íìb ) t

nelat j"vely prime '

(3"1ü)

(3"1s)

^4A(q ') = A(e

: B(q

: ü(q

) ttq
) t(q
)t(q

Btq )
*1

-,1I

-1
i

)

)c(q )

r^thÊT'e

on

I
1

)=1+

I "'l

ååQLi c¡
-1

ffn r) =fi
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'Íhe coefficients lt'í are arbÍ'trary'

P:rogf . þefine Â(q*1) , B(ti-1 ) and rtq*1 )

¿(q-1) = A(q-1)otE*1 )

B(q-1 ) = ätq*1 )n(q."1 )

A(q-1 ), ãfq-1 1 ane reratåvety pnime

f:rom

nd

I
1

+D(q ')

n
m

) : 1 + I *rq
1L

-a
1 d.c

t_^
(n ) 0ial

:0

The fir:st equation of ( 3 ' 1 I ) can be neplaced by ( Lemma

Åcq-1¡ãqq*1) - Ärq-1)Êto-t )

The solutiorr is (Lemma 2'1)

2 ,4)

A(q

B(q

-1 i u ft(q"-1 )lr(q*1 i
-1 t = Bcq*1 )l¿(q*1 )

M(q
â

rm=nd*h¿
ilm
j-:'i(m, ) are

( 3.2Û )

detenmí.ned onl-y by thc second equation in (3'18)

The last equa.tion of (3'II) gives

u(q-1 tc(q-1) - D(.r-1¡ô(q-1) ' t 3'21)

According to the assumpti'ons of the lemma C(q*1 ) and

o(q-1 ) have no cömüon factcrs '



-1 -1Tl¡e soiution of (A,21> t,r.r.t. M(q ) and C(q )is

ðt.

(3.22l.

(3.?3)

(3.24)

ôcq

M(q

1 ,\

*1
) : C{q

)rÐ(q

)t(q

)t( q )

t(q -:-Li4

l¡

{f,
J-

)
1

*, ar"bitna:r:y

The combínation of (3.?û) and t3,22) gives the desired
solution (3.19).

Q. f;.D.

Remank. If n- = 0
v-

s i* the only gl*bat rninímum point.

Structune 6.

fn this sectíon the str^ucture used bv Bohlin (197ü) is
considened

n
n
L

):1+ )
t4
1

t

y(t )
rro-]¿ u(t) * Çcq-]) e(t)
n(q- r) n(q-r)

lhe equations ( 3. 5 ) turn out to be

Ð(q ')_

t(q ')
n{q -1 -1

) B(q
*1

) * A(q ) B(q ) u(t) : g å..s.;4 ^ -4A(q ')A(q ')

U ( q
. -4 ^ -4) = c(q ')Ð(q ')1 )Ð(q -1



Lemma 3.6. Assume that

ng = min(qa-n*, nb-nb) a û

n* = nin(i*-o*, åu-nu) z û

-4 *4A(q ') and B(q ') ane relativefy pnirne

c{q.*1} and' Ð(q-1} aïae nelatívely pnime

u(t) p€rsistently exciting of onder- max(iu*tb, n"+åO)

Then the genenal solution of (3.24) is

A4A¿

A(q ') = A(q ')t(q 'rì
A

7r)

(3.25)

B(q
'Aj = B(q ')L(q ')

) = C(q ')M(q ')

) ; D(q ' )M(q ')

¿

c(q

D(q

-1

-1

v¡her:e

*1t(q

M(q -1 m"0

n
fn

rI
m

r,
n
ï
L

1

+

):1+I u
1

1

no
{ l,r }'., -, (m )t-

ar:bitnany
I

Pr:oof .

Sgrneqk. Tf n

poent.

lhe nesult follows fnom Lemma 2.1 and Lemma ?.4.

Q.Ë"Ð.

.¿

- nm = 0¡ 0 : $ is the only global minimum
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TV. LOTAL MTNI},lUI.{ FCITNTS T:TR $TRLICÏ'T¡RT 4.

In this chapten the local minimum points for" the case

wíth white measureffient$ noísc* åre treated, Ït wilL be

shown that n_ - 4 r::Ì:itr.ary vrill impty a unic¿ue l-o-a - t.a - t, ,.b.

cal minimurn paint. The loss functiorr can in cer:tain ca*
ses have "singulantt sadille ï:oinj:g öorrespÕnding to
^ *4B(q ') = 0" The analy*í.s can unfontunately not be exten*
ded to the case nå > 1.

Fo¡' the structur:e r*ith white rneasureme.nt noise the sys-
tem is descr:ibed by

B(qA(q )y(t) )u(t) + A(q )e(t)

The l-oss func'Lion for, this structure is given by

¿

* À (4.1)

Assume that lr* ) *a, in a rrb, n{q*1 ) +^0 and that u('c)
is peT:si.stently exci'ting of o:'der max(*-.oob, n*+n'),

The stationany pcints af the function ane the soluti.orrs
of 

",rlî 

( 0 ) = 0. which i-s written asti.

4
-l

*1
A(q ) B( r"l

*1
)-A(q B q ) ú(t B(o ')&na-4r)Y

A(q ' )'
u(t)) ,iI

1

-l-ä
A(q iA(q"1

)

rÍrn^ ct

-1

lsiså¡

*1
)

ir _.tu(t)l 
LilfT 

q
1A(q )A( q )

Þ
q u(t ) û

t4 "2'l
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Tt is not pössible to find all sol"utions of {4"2} in án

easy wðy" The follar"rínä d.ttempt of analysi.s will be m.ade.

Let

m
1

r
H(q ') h.c -a

¡! *1 ) B(q )-A(q4
I

4

((
*1

qB )

r¿ith m = max(å**nb, n*+io). T'he equatíorrs (4.2) will be
neç¡r.i-tten as

Q(s) :Q

where qtôI is a matnix of order Cr,**rr,) " rrr. If rank qtol
a^is m for ali ö it can Ï:e concluded thåt hí : fl fon i ;

1 t *. . , m. .This gives the equatåon fon the SlgÞg} rninirnunr

points, Lemma 3.4"

Put

v(t )

*s( q

A(q

1***.-r-.-Î_.-?.-,t'
A(q-')A(q*'i'

u(t i

lhen (4,2) is equivalent to

-1-B(q )A( q )v(t-1 )

')A(q

')A(q
)v(t-å*
)v{t*1)

lA(o-'L" l
J

1

h

I

^¿aA(q ')A(q I )v(t*no )

lv(t*1) ..¿ ¡r{q *I
)v(t-nr)

m

:I



CI-b

1

0-b

_¡à¡

a

t

¿l
I

n t

"nb

which can be wri'fterr â$

3$.

F
U

û {¡¡.3)

h
m

*1
)v(t-t) .,c A(q )v( t-n¡)

(4.4)

1

1t

û

a

afi4
¡

v¿her"e PO is the following matr"ix of onder" (n*+n¡) X fI}.

-1A(q )v( t-1 )

a

f ^ -4lA(q '
L

Po s
IA(q )v(t*n*-no)

To continue the analyeís it ås nêce,$såry tÕ examine the
rank of the two natr.iees in (4.3), It witl- be necessarry
to sepanate three dåffenent cåses.

Case 1.

tonsÍden points such tfrat Å(q
*1 -1) and B(q ) ar*e nelative-

}y pnime. Then the fir:st matnix of ( 4.3 ) 'is non síngulan
{Lernma 2.2}. Define a square matríx P of orden m x I!r"

f|\q )v(t-1)

lA(q ')v(t-1)
L

1
I
I
I

-]
çL )v(t-m)

1

P(A,Arv )

A( I )v(t-*)

r.. A(q -1

(4,5)



ïf P is nÕn sångulan fon alt po,e$ibl-e tårlii,, then i"r is
possible to conclude that h, ; fl ís the only soLutíon of
(4.3).

whíeh cÕnsí*ts c¡f the upperl squê"re pant of PO.

The pr.oper:tíen of P(ArArrT¡ åre descnibed in

Lemma 4.1.

36.

i) Assume that n Then P (A ,Â , v) is nonå
singulan fo:: all" A, all A arrd all v(ti:
ås per'sistently exciting of orcier. rn.

r-r- j lhene ane A, Â, and. v(t) such that n* = 1 t
n = 3r v(t) per4sístently exciti.ng of order
P(.{rArv) singulan.

Pnoof.

i) :r

nI Iå
such as v(t)

fra - 2t
rn and

Letx" [x
ï Lne

X(q '' )

1
**J be an a:rbitrary vecton and de-

x.c

Then

rT* -1 -1Fx *f tA(q )X(q )v(t)ItA(q )X(q )v(t) l

f

zx ,f _ n*[A(eåo)Â(e-i*lI ¡x<*it) l2o,utr¡)dr,r.n

The function *rr(u) i* the spectnal density assÕciated

with the asymptotic saraple eovariance functÍon

m

r



But

RetA(*i'lÁ(*-i*) l

5n

I

a

1-2a

is ¿r continuous func-
antC det[P(a=1 ]l = *!
such that det P : fl.

+ åa + (a+alcos ü) >, 1 + aa * I a+ål1

> (1*lul l(1-l;l) > û

Thus *TPr, u û and *quality irupliee lx(eio)l 2ô"(*) 
=. t, From Lemrna 2,4 it ís concLuded that this ixr-

plíesX(ei');ûonx;0.

Let v(t) be ç¡hite n*:íse with uni"t vaniance, Take
-4 -4 4 -4 aA(q ') = I + åq ' and A(q ') " (1-aÇ 'r^, Then

t-ll

Define

P(F,rArv)

:'l +

r)

1-2a"
e

- 2a+a"
J

ct

å

1*2a2

- za+a3

I
I

<1

1
I

I

I

4

0I
=L

detP:,J \aZ +3a4
tion of a, DetlP(a*û)l 5

imply that thene is I " I

Case 2.

a
Considen points such that A(r{

4tively pni-nie, but Btq ') + 0"

Q"Ë. D.

4

) and B(q ) are not neLa-

4a6

*1

ãi
ll.
r¡
L
4
I

):1+f
A
t

iI¡L
D

s - 
*1

I b.ia *;
1*

[(qA(q ') q-t_
t fi



by

1 * *. 1 ^ *'1A(.t ') = A(q ')t(q ')
I - -4 * -{B(q ') = B(q ')t(q ')

-,1 -4A(q ') and B(q ') are nelatj.vely pr'íme
;_

**-na**¿lftb=sb nL

"1Change the defínition of H(q ), m and v(t) tÕ

0*b . u1'1,

38.

0 (4,6)

H(q ):

m : rnax(*r*tb, n"+nb)

v(t) 1 u(t)-1 - -'î ^ *4A(q ')A(q ')A(q ')

Then tl¡e equation Vi( 0) 0 can be r^rnitten åü

.-b nb
rìbû{

n-t
4

4

ü

1

¡ b
Qo t

¡ ¡r
Ð

*1 ¡ ¡¿l
0

h
m

nå+nb-n& corr¡mne

û
e11

whe:ne Qû is the followÍng rnatníx of or.den (n"*n'*ñu) xm
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-l(q )v(t-1)

a t¡ t.
r^ _4

P,o 
')v(t-t )

û 1-<is

A(q )v(t-m.)

(4. B)

1 T
II

(4.7)A(q )v( t-rr *b +n
a

According to Lemma 2.2 the finst natníx of (4.6) has nank

** * nb - n[, Thus hi ; Q is the only solutiorl if nank Q0

= m. Thís conelition, however, i-s alieady analyzed in the
pr.evious cas e .

Case 3 "

Canrsider- points such that gtq-11 
= 0. Such ringulan points

may look unintenesting fnom a theoretical point of view.
Fo:: tr+o neascng they are studied here, besides the pullpose

to gi.ve general- info:rmation of the loss function !'1. The

fir"st reason Ís that in a practical case ít ís not trivial
to determine åf bi = 0, The other neason is that the ne-
sult of this chap'fer will be used later. on ín Chapte:r 6.

For this case the equa'tiong (4"2) turn out to be

)
,,

I -¡
-lB(q ')
L l---tz-

LA(q ')
u(t)

Ìr
ll-s-l
J LÂcq-1)

u(t)
I

I

J

nb

If n" , nb this system is ovencletenmined ancl may have an

infånite number of sol-utions such that Atr> has ãeÍ'os out-
síde the unit cir:cle. In Appendíx Å this ca.ee is further
consider:ed. Tt is a.lso shown that the sta.tionany points

^ _4
satisfying B(q ' ) = û always ,ane sacidle poi"nt* r

The equa'tion (4.8) implies

fI
0,Pfs-þ

" L¿tq- ' )
u(t-1)I r-EIs bj L¡,q-1)

u( t-I ) ('+.9)
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Put

v(t) :

t

A

l3(q ')---:::î-î--3*
A(q ')A(q ')

u("t)

If n- ã n- ; I it fotlows from Lerama 4'1
dc1

cannÕt Ï:e rratísf i ecl.

that (4. g)

In Appendix B the speciai- case of u(t) as whíte noi.se
j,s 'treated. It j.s shown that the mild conditi.on *.=ilbÞ

¡ *rax(n*rn') -irnplies tirat 1fhe global minimum points are

the oni.y stationary points.

Summing up, the anaiysis Ïras^given the following infor"ma-

tion of the l-Õss functj-on !¡(0). Assume that u(t) is pen-

sistentïy exciti-rrg of orde:: max(t**tb, n"+n5)

1 Tfn
ä.

* ** = 1r ;b ì n¡r n6 arbit:rany then W(A) lras

a un5.qu.e statianary point, namely the loeal (and

globa1) mínimum point 0 : ð.

.t
L If n- > n- ani-l n- > nl. there is no unique global

d" ct lJ t)

minimum poínt.

The analysis gives no infarmation of the numben of
local minimum points if n*. >, 2.

Ther.e åne system's such that ñ*'ila :2r tb^= iç = J

and with a set of saddle .po-í"nts satisfvÍng B(q. r) = 0.

An ímrned,íate irnplín;rti-ån is tirat i'û i-* nc¡t nufficient
to consíden onl-y Þüt(ô) = fl in the genenal a.naS.ysis

of the number: of local rninimum poínts.

ïf u(t) is whit'e noise and å.-"n-* max{I1-r11r) therr--å -b- å' j)

the global m.inimum poi-nts ¿lre the only stationary
points.

4

r
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V. LOC"{L MTNTMUT.,I PCIT}'IT TOR STRUCÎURE 5.

In this pant str.uctur-e 5 ås consídened. Partial results
on the numbep cf loca} minårnum pai¡ts v¡ill be given. 0n-

1y cases u¡íth very h|gh or" veny low nignal to nç¡íse rê-
-tios åï1e tneateqi. The m¿rthematícal tools årê Lemma ?.8

and Lemma 2.9. These two lemmas deal v¡ith the effec:ts of
a distuï"banee term e g(x) nesp. Ëhixry) " The applica'tion
of them will be macle on the loss func'tion. Ë T"till be in-
versê prÕpoï'tírnål Õr prÕpo::t:l-onaL to the sígnal to nOíse

ratio 
"

Theonem 5.1. Consíder the sYstent

*1t4

A(q. ')y(t) = Il(q )u(t ) +, C(q )e(t)

and the lose function

{,ô
:'

.¿l

{s
? )' a .

"1j

-1 *1 -"1*A( )8{
I

I

J

,
L

utt ) +A )B(
21¡t( ô.) = Ë

Â(q )C(q"

-1
A q )C( q

)

1

I
{ ) (s.2)*

^t11r I å\q

r- e{ti-1 -1(q )c(q )

Assume that

i) ng = mín(fia*ñr, nb-nb, n"-n") û

íi) u(t) is parsietently excíting of onden max(tu*tb,

-1B(q ) and C(q. ) ar.e relatively pnime.

n+n,)ð.Ð

-1 ) Ì

Denote the signal ta noise nå.tíÕ by $. ther-e is a number

SO (i^¡hich may depend on i?)¡ such'that if SO ( $ < - then



I^/(ô) has a unique local minímum in flr namely ä = g.

*1-å1

42.

P-tq?{. This pnoof is a modification of "{ppendåx E in Sö-

denst]:öm (1972> " Penfonm a change of vanåables by

*nr *tt

c1

ü

*t*

1

v (5"3)

{5"4)

"b
I

àF¡ñ

A(q ')y"(t) = B(q ')u'(t),
r

where u'(t) is the itrpu't and

cî¿

r' 1

C(q ')
L¡. (r)

b*¡t

L
IJ

b
h-nb

Assume that ¿(q*1 ) = Àtql1 )n{q-1 ), stq-1 ) = fr(q-1 )u(q-1 )

^, -a A, -4wher.e A(q ') and Ë(q ') dre relatively pníme and

-1 (n ä 0)D(q ) /:{

The Losç functíon cån be wr"i-tten

nb

ï'l( x ,y )
'1 lTd

= * x'P(y)x + eh(xry)¿'

with Pty) as the system cÕval?j-ance matrj.x of

I

fìr
LI

ã ¡f,4+ ) d.o ''
u'tI1-

yF(t) the Õutput.

u{t)
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F(y) may be sÍngulan, but the null- space of P(y) is in-
dependent of y. fhís ås obviÕusr since from Lemm.a 2.7
the null space is spanned by vector.s pf the form

,

+¿ñ

&1

g"¡

wíth

; a
I f' q-t
1-

r(q ')

n.
DF -l-L SiQ

1*

v
J\

i
1

a"(

*1
G(q ) ^. -4 -4= Ë(q ')Lr(q ')

rlt) I
)

þ
I

I

l"

L -t-
1A is ar.bi"tnary

The simplest case k * S ie not tneated explicitly Ín the
fol"loç^ríng. In this case P(y) is non sing,-iLan. It is easy
tô see h*v¡ the pr.oof can be simplåfied for this case.

Intr"oduce nor^r the nev'l vaniables

rl
1t

Itt
ll

XI



4¡+.

where xì is of dimensinn k and x!, nf dímensi.on (n*+n'*k}.
The vecton xr is defined by

>< r Qxt

whene

n

å
1

f"ì l
rQ1 I qrl l- - |

þ¿J

a.ji¡a 1

n äfi*

Cl

Q1
û û

ü

Q1 :i* : (nun"O) x k matr^ix and Q, an ar'bitråry (n*+n') *

* (n*+no*k) matr-ix with the pnope:rties Aiaz : [¡ and q

nôn singulan. Q2 can fon instance Ì:e coRst:ructecl by Gr"ann

Schmidt onthog*nalizatíon.

1

I

.tu
Ðtft¡

tft¡
r)

0

Fnom the diçcussion ít foLlot'¡s that
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Qr*i Ís a rypicat. etemenr ín the null space n[rcv))

Qrxl i* a typical el-eme.nt in the spaee iV(f CV))r

Fnorn these facts it i,s concluded that

P (y )Q1

and that the natrix

R{y } = qlu(y)Qa

of or:der: (n*+nr-k) x (n"+n'-ki is :ron sín5çular: fon aLl Y.

The losa function is now wr-itterr aç

0

iif (xlrz) x) R(alxl ah.(xl ,z)+

whene z denotes the vâctÕr

Write the vecton x{ ä.s

I

Then x = Qt*{ is equivalently expr'essed as

¡̂r r (5.5)

r
þ

{l
I

I

9,

x I
1

'lA(q irA(q -1 )L(q t ntq-1 I ; B(q-1 >it,e-1 )



Ì"rith

qÕ.

(5"6)

-1
Adt

ItQ
*k

L( q^

n(0rz)

yr(t)

);1+ {, sr.Q+

The function h(Ûrz) is written ç+ith operatorr ¿is

*'r. liro-1)c(o*1)l*-::t-..rîf"
lprq ' )c(q ')

e(t )

Fr.om asrumption iii) and the ctiscucsion ab'ovl it" follow*

that k 7 nd, min(k-td, n"*n*) " CI and that C(q ') ancl

-4D(q ') are r"elati'vely pnime' F::orr Lemma 3'3 it follows

thatrr(,a,2}hasaunique}ocalmj'nirnurnpointgivenby

L(q ') *1; D(q )

* 4 -4c(q-') : c(q ')

The natnix of second ordef' rlenivatives Öf h in this paint

tu,rnsÕuttÕbethesystemcova::ianceraatníxofthesys*
tein

â? ^ 
t \u\qtr _r ur(t)i

-lrD(q )

ur(t) 1

--*3-c(q ')
e(t )

1t ís pasitive defÍnite accordíng to Lernma 2'7 '

;-
FromLemma2.gitfollowsthatVhasauníquelocalmini*
mum Point in fl. It fulfils

Cün
t,$;0 + ö(1/S)

(5.7)

Since ; = 0 is a mirrímum point it is concluclect that ít

ís the only local minimum poínt ín ll' 
A.Ë"Ð.

S S*oð
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The othe:- theonem of thi-s chapter deals with the case of
å low signal to noise ï.atiÕ and utíl-i zes temma 2 " S 

"

Theo rem 5. 2. Cansiden the Sys',lem ( 5, 1 ) and tfie l-ass func-

tion ( õ.2).

Assume that

);ûn-ncc-*fl- r
dc1

i) ¡niri(n

ii) u(t) is pensi*tently of order nO

t-t- 1 I n(q-1 ) and C(q-1 ) are relatively pníme'

Ðenote the eígnal te noíse natio by Ë'

flhere ís a numben s1 such that Û { s s $,t ímplies tha"l

i^¡e ãl has a unique local minimum in f¿: namel'y 0 : ø'

Proof. Ënom the equation

â ï¡¡

âþr-
u 1<íri- t)

tUUi can b¡e solved as functíons of {a¿oc,i accr:nding-tCI

a*ãumptíon íí ) " ^Cf 
. the r:epnesentatiorr t 5. '+ ) of the loss

functian. Theseüi" functíons a''e put into .the nemaining

equations. The' rãmaining equatiÕns cå.n be wr'itten ( aften
.21crvr$aon Þy À

f(x)+eg(x):$ (5"8)

rx is the vectÕl:
gnadient of

aå*' l
1lat nc f{x) ís the



4B.

Á )c(
A (cI lôt q*

e(t )

2

)

and g(x) is the gradíent of

4

{ B( )n)-A( 1r ( i- ¡
i

I

i
I
I

IJ

I

c A(q )C (q )

Â
ç¡herç the exp::essíons fox' b-" ä're used'

.t
rJ

The quantity 6 s 1 / L/' is proportional to S '

Sír¡ce {a.cconding to assumptionu i) ancl íi'i)i f(x) ; S

has a uni.que salutían giverr bY

-1 *1 c(qA(q ¡;A(a

and f I is nön síngular: in thÍs point it follows fr.or¿.Lem-

må 2.B"thåt (5.8) has a unique solutíon in fl. sínce $ r

: 0 is a. local rnånimum point i"t fr:llor,cs that it is the

onty locat minimum poi-nt of V in f,)"

a.Ë"r.

Ðiscussíon of Ass umptions and Resr:1ts '

The assúmptíons i) * iii) of Theonem 5.1 'are sufficj-ent
(and aimost necesnary) conditions for' a unique global

minímum, Lemma 3. S.

The assumptåons i) * iií} of Theorem 5"? äre st:ightly
stnongen than the cond,ítians use<1 in Lemma 3 " 5 '

)
-4C(q ')

If assumption ii ín Theonem 5'1 ís changed.to nu > 0 the
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fr,âtheniat:Leal machine¡:y of södenstnö¡n (19?2) r^ril1 give

that ëv€:ry local minimum points are close to some global

min.inrurn point " Tt ís harder tCI examíne if thene are 1o*

cal riini:num points which ane not global mínimulr points "

$ínce the cåse n.å Þ 0 ås :rathen degenerated it ís the

authcrls point of view that & car:eful analysis ís of

1åttle intet'est 
"

?'he very strûng assumptions in the theonems are the nest-

E"ictÍonc of the sígnal to noíse r'åtiÕ, It is shown that
a sufficiently high and a suffíciently sniall signal to

n*ise r.atio wilt ímplv exíster:.ce of a unique local níní-

mum poínt. However, ii is unfax'tun'ntely nct p:ractåca}ly

possåble to give åny esti'ma"fes of the bounds S0 and 51 '



vt , ï,ücÄi. Hlï.rii'{uM p0rÏ'{Ts ËÛR SilR'''ÍtTuRE 6.

Ili:a s"tructure i.ç gåven bY

C. r'l

(ß"1)

(6"2)

1¡tri

¿nct the loss functicn fc¡r' thås structure cen l:e wrj"tten

+ \¡l

/t
Ir

u(.r) + 9l-g-1" e(-t)
D(q )

. kô¡s-:) - åLsjI1 tcq,l¡ ,,(tiluilÂ(,r*1 ) e(,r*1)J êtq-'; j

-4E-LqJ
¡ìl\tq ]

lol
z',-'.zt'f(e) = i^j1 (e)

f" r::. *'
ro,^. . ilF3{a ')
wt"ç.s) 5t l[;--':a;

L'Atq i

1n¡,(o)
!

I¡l^(o)
¿

Á-tD( )c e(t )

4
I

r¡
L

1* ï.- )

)c(q iD( e

^ -4 ^ *1
ïf the *perator ôf q-'t >li(q.*'i has; lo inf tuence on the:

r¡umber of statíonar.y point s {}f I¡t4 { t ) the pnope:rties r:f

tl:is fr:nction is already kncwn f::+m ChaÐt*n 4 ' The func*

-*ion tw^(o) ís exactly the lo$s funr:tion foT- struetul'e 3'
'¿'-'

în r:r.de:^ to uti.lize tirese facts the foitowing conditiCIn

ic intraduced.

Ðefi-nítion 6"1" The function

qls þlu3 )
ê.{q* I 

¡ J

2

i-ü saici. tc J:ulfii" the uniqueness condition (abbr:evia'ted

if fo:: u{t} per'*ístently excíting of order: max(R**n¡:

*bl .1.r ïÕrlúws tha.r al-l lccal minimum points satísfyn+



r,l

)=0 (6.3)

F:.r:rn Chapter 4 ít í"ç known that uc hords at least in the

¿lcír$e n 5

+Il

¡\ssume that

í)

LL J

I å 
-'l - 

Iln(a ',ìc(q ')
lî-ffi
Lc(q')Ð(q')

4
I

TheûÏ:em 6. 1 . Consider 'th* loss function

z,,(ô: "{ [tm+ ffi ]åË .-,*,1' +

e(t)
1

;,* ? na, åo, *o, Å* ä Rc, i* ¿ nd

e(q.*l ) and n(q-1) &s vrell a$ ctq-1 ) and þ{q'-1 ) are

relativel"Y Pninre

J. J".L I u(t) ís persåstently exciting of orden max(n**ri5r

¡_*n* )
?a L)

ivi The Url ís fulfíl"led'

Then all tqgåL' minimum points of lü( ô ) ar"e globgl minimum

pointsx i.€" theY fulfil

A(q

ciq

)B(q

in(q

)B(q

)Ð(q

-.t)-A(q
Á

) - c{q" '

') = 0

') = 0
*1 *1
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E;pgå. Let tn be a local minåmum^Y:i"* of W(0)' Then

there ís a ð > t ruch trrat 1¡err*ô1¡ < ô inrpries id(o;c) {

6t,l{0),Letespeciat}ytcoåncådewithÔ}gintheci-and
å.-*o*oonents" Then I,l{(0}i} g wntô). Thus 0:t is atso a lo-

:L - -l'^ 
I

cal ninirnum poínt of W, ( ã ) ' Fram tJC it follows that

4 -1 *1 à

.å(q )B(q I - A(q. qF) ){ ü

When this *xpreosåon is used in^W[ : û it fc¡Ilows that
ci.^ ..'d: ) is å't' rrdåt is necessårY tlrat (c1 :

stationary Point of !ì12(ô)

. s . , ç*
t!

t J4ç.

4 -1 -t )D(q )æoc(q )n(q.
Q"Ë.D.

Çoçn. ïf especially mín{i*-n*' iìO-no). = 0 and min(n*-Il*:

ffiul = 0 an* loss function bras a unique local minimum

poånt t ã 0,

Theconditionsinthetheox,enfor"aunj.quet*.q*}minimu.ut
pointarepar:tlythe$ameconclitions¿l$usedinLemma2'6
fo:: a unique g4gÞq.t minimum point n partly the uniqueness

condition (UC). ln contrast to the theor-ems for structìlre

5 na assumptions on the signal to noise natio bave been

done.

1) - c(q
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APPËNÐÏX A.

This åppe:1i-líx rJeals with the degene:'atecl sniuti.ons af
^ , 4 l. ^

(4"2). If ;(q"r) " 0 the conditio'r i'l¡(0) ; Û gives

nleru-J¿ ,,rt)l kr*- u(t)"'lê(q*') J l¡tq-'i '

'¡
¡
I
I
¡
f

I

-t

t) 'l 6 í ç;b {4.s}

consíder í;on a while the foll-owing exarnple. Let B(q
û

*bq * CI" n, * n^ ã
ci et

2" Fr:.¡:ther the input utt) is ås-

= A(q ')(r*o1e 
1+c2e*2)*(t) whenesurneci tc fulfíl u(t)

w(t) ís white nCIiçe"

Tire equs,-Lion (4.S) gives after a e imple calculation

+ (*ar.z-"1-c1cz)åt *

)

( 1 + a.,o*., nrr{ *o1 c.l ü2 +å?ct+cã )

* "t*L
î\ -lv/]r.L4 2-u

(A.1)

For cn * n (A-1) cl.e.scribes a På.ï1åbola in the (a, ra2)*¿'
plane, i,Ê.t S be the subset of the (ar ra2)-plane *Y*nrthat
(a. "anj 4. S ,irnplies ihat the zerös of 

":;1 
+ ã.tz + a'rz-' : t

l¿¡ål¿':
are, outsåele the unít cí:ncle" Depencling on the values of
a1, u?, c1 ancl "Zthe 

parabol-a rnav i'ntersect the set S"

Irr Fågure 4.1 the par.abola ar¡cl the set s are dnawn for
the special- case å1 : -1 .B* *Z = Û.fi1r e1 = 1.8r c? * t'81 

"

The foltowing discussion øi}l show -Lh;l'î at1 statåcnany
points, which satisfy (4. [r], 'are sad.'i.]e PolntE; "

Le't Ot satisfy f Cq-1 I : t *-nd {r¡., t}. 'îiie *etrix fi:::r:red 'by

1

þl¡ib j
i ,' J[- ,

= F. l;*:r- ü*-." i I î--î.f"-
[."n(q ') - il LA(q ')



t

ô?

1.ü

1.û

figur:e A" 1 Il-lustnation of ãq - (ê'" i ).

is po.*itive definit-e
^l¿
b " - cornnonents of tÌ*

i_'
oniy the ii*canrpÕnen"'cs

the #ame .¡alue " Therr.:

fcr al-l ar"qume rrts ê '
á.re changed túI(ü) v¡i-i1..

l¿
of 0ð- al.je,rh;?nged

.i¿"la

exists el pcÍn'L 0" "

-14

G1

Tf oniy the
incnease " Tf

i''Jf.É}} i¡i.11 }rar¡e

whi.ch

"åe21 rliff'ells froni {¡ anly in the ai-ccmPonents

1) is ;nbitrar.y clcse t* t

3 ) d.o¡,,,s ¡rot r:a.tisfy { 4. {ì } "

Cleayly fr:ar* 2j lr¡ig#t*) = 1,J(û*{'')" Gíven 0** a new poi-nt
"¡r-.¡à "ì¿ .rJ,'.".' j_s consrlauctecl. lll{s ) is rninimized wj-th respect tÕ

the å;-Far"lmet€rs and. -n¡ith the åi-p*""*eters given hty

ûåF#'. Since t¡nin: is positive definite the optimizatíon
prnbtem has * *ått defined soiution. CalI ít 0åË*l+. Ac-

ccr,ding to 3 i ¡*t g'ç'¡F**i < 14( o*rê¡ = 14( o#) . Final.ly it is
r.rbs*:::veri the.t i iu**o-rJ**åÊl I depends continuÕusly ûn

I le*#*r{ê ! I . To summari-ze this aeans that thene exists a

arbii::ary close 'to 0*, such that Id(oj'r+cf) <po:i.nt elffi

" hr(e*). îh:i^s rliscr-rss'ion pnoves that 0* must be a saddle

poínt 
"



Â"3

The followång schematic fi.gr:n*s ¿11:'e åntended ås an expla-

nation of the behaviour of ftr(6i'

¿{t¡t*t

s'

ri Sche¡natic fígur:e of 0
{å r0 {tlT 0*{e.re.

Ê1

az

ô1

The cur
plä.ne.
to e*b
Ëígune
hy o*, odÉls aås{tlÉvtvr

ve S'is given by (4'.t) and 1Íes in the tår'årl*
s* lies o1 s'" gffi lj-es in the úr rlr)-pT'ane ' clcse

ut not Õn s,. e*t6$ tj-es below the (;i ,år)-pl*tt*. rn

Á,. 3 it is sheiwn f¡ow W( ô ) may valry in the plane Bpann€

61

^*tJ tJ

lncrøðs.itìS
vclueg of
wtå¡

Fieure 4* 3 Schematic curves of Wt ü ) : con,$tant.



8.1

APPENDÏ)ï B

Ïnthisappendixthestructure4willbeconsidenedinthe
special ca$e when the input signal is white noise. Ëirst

the nank of the mat::'* Qo defíned ín (4.?) will b¡e examj'ned'

Tiren the equation (tl.I) will be cliscussed'

nb' (8"1)
c7-

This i-s a mild conditiq¡n. l'u::ther let u(t) be white noíse

cf unit variance. Ðenrte ñ* and ño Uy ñ, whj-ch panticularly

mean$m:fl*tr"Define

A*{")= "* A(,'1) n*1

ïn ov:der to simpLi.fy the analysis ít is assumed that

II
IT io, n:n= ¡t

a

n
,'t + ã

f.= I

Then the ijlth elernent of Qö can be q¿ritten as

á".¿J

l

I ã.,ñ-i
: *4 l-
L- |

,.n +

=rk{ ,í ,-3rn+."n 
'

-T-F--
Ãrz)Ãtz) Â'(z)A (z)

dz
i = 1r,.. n+n
j :1¡... ñ+n

(8.?)
aorií j 7

The matn'-* Qo will be factonize<l ueiing ideas fnom 'Aetnöm-

-Södenstnöm (1 973 ) .

,Ihe polee inside the unit cÍnc1e of (8.2) ane exactly the

u ero$ of A* ( z )ã* ( z ) . They are ::el-abelied by

p
fÌ¡t

k=1

¡L -*A (z)À (z) ( z-uo )
t k (8"3)



ß"2

p
Tt

k:1
:n+nËm

hlith the use ctf (8"3) a ís evaluated as f ollc'vrs.
ÕrrJ

whene tt I 1r uk É ,n if k * I' and

Qo,íj =#tfu#

k

1 ðz
p
n (z-

k=1

+
k

u.
K

)

p
-ç

9"x1
Res
à-r)

m+i-j -1
1

e(z)Ã(z)
9.

Dt.
it (z-u,-) K

k;1 rt

1 *(k) tui-1 lgç6o11¡.¡¡¡.ru

p
E

L

1

1 r{=õ"I
(rs-1 )

trrn+í-:-tru(z) rz=u¿D

p
T

9,

f
t 1

O(to-1:k) [ um*j F u(2, ,"*U]

(8"4)
9"21 ks0

z=*g



wher-e D denotes diffeï'èntiation with respect to z ancl

the functions F u(z) ane def ined by

8.3

(8.5)1ãff
A(z)Ã(z)

1
F (zJ

9" p
n (z-u. )

k:1 K

kÉ¿

e

IpV

k

Thus 1

2

äe

2"'tv V
(8.6)

(8.8)

(8.7)

1

whene V^ (1 < r :p) is the (n+n)*tg matrix

.a
I

z
û
1

0
CI

D

vr,

n+ñ-t n+n*''lDlz I
(t*-t ) 

r"Å*ñ-r,

is tS** and íe given bY

z=v r

The matnix Qs(1:r:P)

õ
1 D(ts-i' ç r*-, r r(z) I z=urÊ'ij (i-1)i(t[- i)j

The rnatnix V ís a generalization of -the van den Monde natr'íx'

Tt follows fr.om Kaufamn (1969) þhat the l:ank. of v is m.



The matnix ë also can be factoriøed' In fact

ü - a.v

whene X is an mxm nratri.x whích can be wnitten as

x
1

ï:

The rnatnix XE ( 1 < Í,ÍP ) ist xm and holds

2

X*
\)

8.4

(ts.9)

(8.10)

p,

n-1

Ð[zm-'l l
X

L

z =ür

Accor-ding to Kaufman (1969) X is nonsingulan, The Êquðre

matnix S can be wnítten as

S
2

1

0

t'(tu-t, 
["*-, ]

S
-l

I0l
I
!

i
i
I

i

Sinl
J

:

1

IS

0



8.5

vJhene S 1r'.. t pS aï1e square block matnices of the orders

. They ane gi.ven bY
pt1 *t1 t... t L xt

p

0if k>t
L

!'rik =
( r s-i+1 -k )

1 f) tr Q)l
9. z=ú L

al

This means that S has the followíng, structure
L

s
9" r11

k q t. + 1 i
x"

-;

i

u*r,

quL
i
I

t

I
IJ

0e f,,tg'l

The elements of the cï1oss diagonal are gíven by

'u,í I¿*1-í 
'3 îî:îï!-lt-::aï.r Fu (uU ) 1 1 i 5 ts

ånd they ane nÕnzero according to the defínítion (8.5) of
Fo(z). Thris means tha,t S is nonsíngulâr.



Thus it has been plrÕven that the ¡.ank of 0o is m'

ßïow the degenerated case of åco-1 I = 0 will be tneated.

Consides' the equation (4.8)' Factonize A*(z) as

8.6

(8.11 )

(8.12)

whe::e s

*
A (zj

)t

( z-ui )
I l

I7, s-

1

q
fi

Å

and.Þ1l-

c'

l1

q
5_

'1

:n

Using (8.11) tne equation it+.8) j.s w:"itten as

01

2iri
B(z ) Ct5i:n-1ó q

n (z-u. )
¡ -.r l
..1-r

*j A(z)

st::ai-ght-fo-rwar.d calculatíons analog'ou$ tt (B.U) give

le 1

U.g - [Ut UZ
ta2...tJq

0

0 (8,13)

6q

The matnix Uu(15ø<q) is nx6r and hol-ds

n 
(" !,-t 

' , "i-, ,"-f

1

z

z

0

1

U
L

Dlzn-1
z=u

t,

( B. 1 ti,:).



The veetÕr gg is given bY

8.7

(8.15)

(8.17)

1
(s ^-i)D * [tu(ùï,Hori rfirtr.G.;:Tï.r

9,

The functions f (z) are given bY
9,

(z)
*B (z) (8.16)

îl
^ 

t,Q

A(z) II (z-u
j =1
jlr.

it j
l

Since the nank of IJ íç nr see Kaufman (1969), it follot^rs that

Ft:s
Then it fotLows fnom Âstnöm-söderrstñöm (1973) that

f
)

1 Ít,: q

D(k)[.e+(z)l 0 û < k < Br*1,
J

1<i<o
l

Thus

B*(z) 'Bc"l

where Btzl j"s some polynomial. B*(z) is, howeven, a pö1-y-

nomial of degnee n-1 , while the p:roduct'
q s.i
ïi (z-u* )-l is a pblynonial of degne€ fI. This implies

-r:'l
if.,*t BC*l = 0 and the contnadietion B(z):0 is establíshed.

qs{
n (z-ü-.) r

j=1 ' J



To summal"ize it has been shov¡n that if the input i-s white

noíse and the assumptions (8.1) hcl-clo then the ioss functíon

has no other sta.tionayy poÍnts than the global minimum points'

ïs j.t possible to extenc the cal."cuLations? One ev.tens:ion

would Ï¡e to gubstitu'"e (F.1) r¿ith the rnore genenal r::

B. B

ånq since
i.ntelrest

mj.n(rt--rr* rd"(a
v¡hi-ch are f
ta allow th
than nO the
n -n.

,^ D anrl

nO-nO) , Cl and another to penrnit inpttt sågna)"*

iiteie¿ whj re noise. titote that it is tniv 1al

e case n ¡ pax(n"rno). Tf Ê.8. t* is larper
polynornial- .P,* (2,) can ire multiplie'l }:y

the ne!^t polynomial r^rill have n* coeff íc j en'ts '

Hcweven, the ex¡ensions ries-i:rerl a:re nOt poSsible ín genet.al'

îlie reås,ün is that the ni:mben of poles inside the unj-t:

ci.r,cle may be la'r,gen thanthe numbeno of rows in Qo resp.

the numben of eqlrations in (8"1?). This means that the ma-

tr.icesVancil,lwi^r-lhaveåsmallennurnbe::ofnowstharr'
columns v¡hich causes the idea of the caJ"cul"atlon* to br.eak '.

do\dn.

lîoweve:1, there are Qases t¡lrere the r"esults.cäfl be extended fr"n'thæ'

For" instance, the analysis of (4.8) can be extende<J in a

stpaight-fo¡-wand Ì^tay to the cã$e

max(na)nb): nbt arb j-tranyna

Sínce the extensi"ons cå.n not be done ån'general

the assunþtåons (8.1) are nildo it is of minor

to extend the calculati"erns fürther'



coRRECnrO[\ls* _ t- r¡

The abbnevÍation pa..b derctes påg* a ljne ï:'

p6.1û

Þ9.6

Read t'n*. i:nb:t
Reacl ttthe coefficåents b-

,rb
.ö. 1l,n

ê
p11.4 Read t'g¡iven bY dim R(P)f'

p20.4 rþ2ú,5 Read I't}uree tfune* cliffe:lentÍablerl

p20,6 Read ttfíxed lxrametex'r'
p22.i5o p24.1, p24,4, p25.3. p29'B Reåd "t Û å's'rt

p24.1t Read "ncq-l ) = Â{d1)"
p24.13 Read ,,sínce triví.al calcul-ati.ons show that v ís st?ictly convex"

p26.3, p27,13, p28.16, p31,9, p32.18, p40"1tt, p4201 ' 
p46"18' pt+6'19t

p47.11rPBB.1Û'p52'11+.lfheequalityt:0i'snotconsj'stentif
the vectcr^s åre c¡f ctjffeneilt cf[.dens. The meaning ís fon p26.3

Â¿-'i = o,o-t), â(q-11 = s(d11, ôtq-l) : c(q-1)

Fo:r the çth.æ cases the mcdj-fications a::e ar¡alogous.

p27,8 Replace rt*!i Tdíth rr=r'

¡r28.1l+, p30.8 Read I'Lenrna ?.4 Ccru and Lenma 2"6tf

Replace the line ü?íth t'vrhich givesrt

Read ItLenrna 2.1, I-errna 2.4 Ca'rr ard ï-erruna 2'6rt

Read ttnea8urêtrentlt

Re¿d t'S(d1)"t'

neaa ,,Å(q-11 , fttq-1 litd1 ), rtq.-t ¡ * Bcdl )iri1tr"
Read "a unique stationary poi.nlrr

Add itancl 11- ã n-"D- Ð

Read "rnínímun poirrt with r:espect to (åt "'*L
Read trCanonical-rn

Reacl itl(auflrnntt

F.ead flnumbsrl

p3.ü 
" 
"i6

p32,1t,

p33"3

p37 .1 I
p45.1 6

p4Ê"8

p47.6

p52"5

p55. I
p8.3.1 1

pË.8,1 3

b1.. .bfu)"


