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ABgTRACT

The determinat,l.on of efficrent, tenperä,ture and pres'r¡re
control strategfes for a sulflte cookfng process r"s for-
mrlated as an opttmal ccntrol probrem. Different cost
fu.nctlonale and conåtrðtnts årê cöngideredr and ft fs
shown that a reai.istrc formuJ.atr.on of the proÞrern resurts
l"n a s.Lngular probrem wrth böth control and state varf"-
ahre constraLnts, Numerfcal sor.utions are presented and
the computatronat aspects are thoroughly dlscussed.
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L rNrnoÐucrr0N "

Optimal control of clynamic syster*s has become a well es*
tabllshed field Ln seintrol theory, and theoretlcal results
are avallable for a larEe class crf problems. Hcwever, very
few appllcat,fons to cornpJ"ex åndustrlal or other real*l"i-fe
pröcesses are reported. One c*nlråbuting facÈor to this is
the dlfficult,ies thät generally ar€ associated. wit,h the nu*
merical solutíon. Although varåous algorithrns have been
suggested, ê.9i. [t], [3] n [4], there ls no universally ef-
f,lcient, mëthod, and ån general each problem has Lts ôwn

inherent diffÍcultåes .

The opt.imal cönt,rol probåem consÍdered here is based ön å
mathematlcal model developed by *t.*t{. $chöön and F. ÍIagberg
for the ac{d sulfite cocking prÕcess T7 1. The model J"s

bas*d on known cheml"cal proE:erties as ¡¡ell as on experi*
mental data, and very good ågreement has been reported f.or
å lab¿:ralory pitot proÕËËs

fhe opt,inieatfon ¡rroblems that, v¡e formulat* and soive f.ar
this Elrûcêss turn or¡t ëo be very complex when all the dff*
ferent technoLogical constrafnts for tire process äre con*
sldered. ïhus, the cooki.ng process j.s descrj.bed by five
state *¡arlables and two *ontrÕi variables tchange råtes ctf.

t*mperatur* and partåal pressqre of, sr-rlphur dioxJ-de), anrj

there are csnstraiiàts àn thg: ccntrol as well as on È,he state
variables. Besides" 'the problem i-s .çinqular and the diffe-
rentj-al equati-onx fu * f {xru} describj-ng the process have

discontinuous right-hand sLdes.

fhe num*rical algonåthm that we Ìtse å,s based on the rlåffe*
rent.åal dynamlc progråmmJ"ng technigue i3l. The state vari*
able cr:nstraints are handled wlth the constralninq hyper*
plane technique T,41 , and ,the singul"artty is removed wi-th
a morlíf.ied form of the só c¿rlLed "6-s{.) al"gorithmoo, !{itil



¿,.

these tool"e it provee possLbLe to compute the opt'lmêl
control stråtegLeð.

The reptrt is organf.zed as foll"ows. In $ection 2 a brlef
descrJ.pt,ion of the acld sulfl"te cooklng prtcess ls gfven,
and a mathematical model is present€d. In SectÍon 3 the
optlmat control problem ls formulated,. Sectfon 4 deale
wlth the optJ.mizatlon of a slmpttfied problem¡ where the

ooäût8aints on control change ratee are neglected. In
Sàctlon 5 the.complete set of constrafnt,s ,ls,' collsidered'
and'finally in Section 6 the same problem fs formulat.ed
and sol-ved for a rnodíf ied model of the process.
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2" lttE AcrD $uT,rITH COOKTNG PRTCA$S.

fhe dlfferent cellulose cookl-ng prÕÇeEise"q constftute a

class of very comgllex chernlcal prÕc€sses, ?he compl€te
mechanisms of th.ese prücâsses are rather poorly under-
stotd,. and thus matl¡ematfcal" mod.els based tn pur€ cheml*
cal reactlon laws have no'B yet been possible to deveJ"op.
An aLternative approach ào the madelling preiþlem 1* d.e-

scrlbed by N,*l{" $chtiðn and B" Hagberg ln [7J where they
comblne meâsurernents from an acid sulfåte cooklng proceäs
with known chemical" proS:erties to descrlbe the quant,íta-
Èive behavåour of the fficJct. ímporbant reâctänts. These re*
sults have *erved as a basLs for the mathenratica.I model
used l"r: thj"s st,udy, ånd we thus refer tCI 1,71 for a cóm*
prel'rensåve âccÕunt fcr dtfferent problems connected t,o

the rnodell"ing. In thj"s section we will" jtist summaråze the
necÊssåry fundamental relations, and glve a \¡ery brfef
account of, Èhe acld eulfite cooking prÕcess.

Roughly, the óutcómê of Èhe ¡rrocess depends ön ä f'ew corn-

ponents, narnely the cellulc¡sen fhe lignfn.; and lhe heml-
cellulose concentrat.lon, The eell-uloee ls obt.ained through
dlesol"ut,lorr of the lignin whåch acbs i-ike sone klnd. of
glue i-n the wooå-chips, and the dissolutf,on of ttre llgni-n
can be obtained by ciiemicals that do nq:t react with thê
cellt¡Loee. lhus the probl"em to get a certain amount of
free cellulose fLbres is equivalent tÕ reductLon of the
llgnln confent below a certai-n level. $tnce the ceLlulose
does not take part J"n any chemlcal reaction, the cellulose
concent^rat.l-ôn ean then be excluded from the ma'b.hemat,tcal

m.odel. Hohrever, the ç¡oerd**hlpn also contain dlffererrt.
ki"nds of celluloses that do react with tlre cheml-cals.
lheee are lurnpeð t,cEethen ln whaL l"s called the ÏrernfcèI-
J-ulose çüntênt, of the chlps " The henricellutrose content
decreases .as the llgnån dissolutåon proceed.s, artd this
1s håghly unsatisfactory since the hemåcell"ulose as weJ-l
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äs the cellulose nay be ut.ilizeú. Ln the paper producüj-Õn,
å deslrable qualfty of the control st.râtêgies for the ¡lro-
cess is thus to reduce the llgnln cont,ent below a prede-
termined leveL in such å wêy that the hemicellulose reduc-
tåon l.s rnlnimj*zed. Flütùever, as r¿íi1 be shown below, the
lignån änd. the hemlcel"lulose reduction depenct approxirnat.e-
ly in the sâmë way Õ$ the control variables {temperat,ure
and pressure). The problem eould thus be expected to be
well sult,ed f,or a refi.ned mathernatical technlque like op-
t,lmal rontröl àheory.

As â flrst at.t,empt tr¡ descri"be the lignin d.lssolution, the
follc'wing structure of the rletígniffcation rate equation
wås aeslgned.

*tt"lÕ-ttl) = rL * kr(rltllmt*soJlût'+lF
ctt,

(2"1)

kL(f) 1s â, temperature dependent pârâmeter r¿hich fs ås-
sumed to be of the fornr kt(T) - ki exp(-ELlT). ttl ls the
llgntn concentration ln the wood*chlps calculated wfth
respect tq the undÕôked wood. Illo ls the lnitfal value.
tnSolJ and ix+J are the concentrat.Lons of hydrogen sul*
fite ions and hydrÕgen ions at the cookJ.ng temperaturê.
ttt, a and Ê are exponents (the orders of the reactiorr)
whlch are assumed to be constånt.

fhe beet fit. of equatíon (2.f) to the experiment,s was found
lf {2.1} h¡ås replaced. hy two símilar eguåt,l"ons, one valld
above the llgntn cÕRtenà 'ï,2.42* and the other one valld be*
l"ow 12,42*, fhe fol"lowlng rate equatfons hrerê then found.
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tll * L2.42*t

t.6463 0.8186 + 0.7053rT,*kt{r}ftl [¡1S0 I IH I3

16k-{T} æ S"4845
¡J

10 exp (*12495/Tl

ttl < lz.az*t

f,L = kL (r) tr,I I '62L2 t$$o; jt '7647 Ln* f '7794

(2.2,

16kt(T) = 0o1,464 1r . e*p {-1.25t6/T )

The t.em¡rerature T ie 1n degrees Kelvln and t,ime t l_s ln
hours. It can be $èen from (2.21 that the react,ion order
with reøpect to the lJ-gnån cont.ent as well ðs the parame-
ter kf; change conslderabty. The chemlcal aspects on this
phenomenon are dlscussecl in t7I, and an explanatfon based
on topochemf-stry is gíven. Hördêver, from the optlmizatLon
poÍnt of vlew the spltt, of the rate equatfon is rather un-
satiËfactory slnce it wil"l lmpj"y dlscontinult.ies ln the
adjoånt varlables. Different ways to appro)rimate 12.Z't
with one smooth equatåon wfLl" thus be discussed l"n Sec*
t.lon &, nisr¡ notåce that the rate equations depend. on the
concentration of hyd,rogen sulflte ions, [HSO]1, as weII
aB the concentration of hydrogen ions, [H*J. These quan-
tit,f es are relaËed to the forrnatåon of dif ferent acl"ds,
and the necessary equat,ions are given below.

The hemlcellulose content fs ån practice a composite <¡f

many hemicelluloses wåth verl¡ different propertlee. When

modellíng the prCIcess, these ti¡ere lumped toEether into
one quåntlty tCl " The best fít to the measured reduction
of the hernicellul*se content wås then obtained wl"th the
rätê equatJ.on

- "ått:
dr

= rc = k*(r) tc12'342'$tHnJü'?069 {2.3a)



hrhere

ck

6.

(2,3b)

(2.4a1

(2.4b)

The unit of tCl 1s gram hemlcellulose per 100 g uncooked
wood.

The paper pulp yietd and the tlgnln content of the pulp
are not poe slble to calculate from egs. (2.2't and (2.3),
since these depend on the hydrogen ion concentratl.on and
the hydrogên sulfft,e ion concentratio¡r of the dfgestlng
lfquor. fhese concentratlons depend ln íts own turn on
the formatlon of several dlfferent acÍds durlng the cook
t71, and, it ts very dffficult to mathematÍcal}y describe
these dlfferent forrnatíons. It was thus proposed I.n [7] and tg j
thet the concent,ration of the dtfferent strong acfds should
be lurnped together ånto the quanttty [S¡l*1, and as å first
att,empt the followlng rei.atLon (¡aodet T) between t SA- I and
the llgnfn dlssolutl"on was coneidered, l8l.

lsa*\v/(tljo-tl:] = e + h(trlo-ti,iJ' +

L5(r) !' 0.4541 10 exp (-14031/Tl

The parameter k*O 1s gfven try

kSA * kloexp {-rSA,/T}

LL

* 
;i o*oi tr,l,r- tri ) 

s 
f HsÕ;t 6 trt* J 

edr

and l"s thus a funetlon of tlme when the temperature f va-
rfes during the cook, The left*hand eide of (2.4a1 gfves
the concentratlon of strong acids per amCIr¡nt of lfgntn
dissolved, and a correctlon v fs introduced for the llquor
to wood. ratlq, fhe flrst two terms on the ríght-hand sfde
gJ"ve the degree of sulfonation of the dissolved lJ-gnln,
and the thtrd, term gfves the formatlon of sulfonlc aclds
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due to further eulfonati.on in the digestlng llquor. The
parameters g¡ h, n!o, ESA, s¡ ó and ê r,rerê determlned by
fltting (2.4a) to the measurernents, and the fol"lowing nu*
merlcal values ï¡ere obtained?

g a 0,09703

h = -S.002S84

k3a= a'2824 '1016
ESå, = 15?15

s != I.3ggI

ô ä 1,. 5287

Ë s 0.6903

v ¡Ë 4.s

(2.5)

Nottce that these numerical values are of very little ln-
terest from a wood chemist,'s point. <¡f view, since tnany
dlfferent phenomena are lunrped together in (2.4r.

To get, a dffferentlaL equation for the formation of strong
acl"ds, (1,4J ie rewritten as

)
tse-l - *[tr]o-tr]) . $(trtu-trtJ +

t.1
It {tr)o- trl ) Í kre ( t r,1 o* r i,i J 

t tHsol I 
ó 

t u* I 8d.
a)

Then



I

d
dr,

tsn-1 * I',. ï{ttto-trr)*r *

* 
* r" oi 

oro ( tr,to- rr,tj* ¡nsol löt"* ¡¿dt +

{r*o- ll ttr"jo- rr.l ) + t,^/v} ( tr to- rr I } }r" *

3 '" . ry[rrio-trl)srxso]]6[s+r,vv

tr, ) t=t,
h.!Ê;t

0v

* å ( tr lo- tr,lJu*lLso tuso] l6 [lr* I t

and Èhus the rate equation for the formation of Êtrong
acids (rnodel I) may be r,srftten a.s

[r.1 = [r, lo:

ts¿ * {g/vl rn

rse

(2.6)

(2 ,7 al

{2.7bl,

(kuo,/v) (tr; lo- tr I ) "+1 tnsol l 
ô [n+ 1 

t

Alternattvelyr \d€ may conslder the quantJ.ty t$e- ll (f.Uo-tf,lj .
A straight,forward dlfferentl-atlon of (2.4a) then yields

d
dt {r*o- i/ tr'ro- rrr l }

+

and the boundary condition is

{ rro- t ¡ tr.r,to* rrt )fo*.
0

rhls reforrnulatLon of the problem wftr Låter provê to be
nec€ssäry to db to get a well condl,tloned optÍmlzation
probJ"em
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An al"t,ernative model (modet rr¡ af the formatír¡n of strong
acåds le presenterl l"n [6] ancj. 1.7] . The raté êquq.t.lon

rsR ðìIs{-
t to (r),/v Isa- IHSC]j lb rx* l' {2.8a)

(2.e)

wlth

ksa (r) = kloexn t-Ë8ålr) (2 
" 8b)

l¡/ås f J.tted to the meåsurêment,s, and it proved. to be slight-
ly more accuratë than the relatlon (2.4'1. The best ftt was
obt,ained wlth the fol"lowlng values of the parameters.

kla * t.eBBz

ESÂ * 10484

ã = -9.4296

b sa 0.6248

c æ t.5S37

t0rg

Both models are fnvestlgated ln the optlmizatiön study pre-
sented below. The maån effort was concentrated to {:he rera-
t,Lon (2.4') (raodel- I) sfnce {2.8} {model II} r¡/as not avail-
abre when the study was init.iated. However, the modeL (z.g)
fs lnvestigated ån section 6, and it is shown that the
change of the modet has very litt,te fnfluence on the opti-
mal control st,rategies. Besldes, lz.4l results in â some-
what more dffffcurt optlmtzation problem, and lz,4'l wil-l
thus better i]-lustrat,e the possibrlities of optlmal control
theory.

since the rate equatf"ons {Z.Z) | (2,3} r e.6) t lZ.7} and {z.g}
depend on the conc€ntration of hydrogen suLflte ùons, [H+J,
it remalns tcj deterrnine these ín terms of the'known quanti-
t'ies. ÀccÕrding to 171, these concentrations are related. to



the formatíon of st,rong aclds throuEh the erectroneut,ralt-
ty condlÈion

lNa+l + tn+l :Ë [xso3 I + tsA-l (2.r0)

t¿here [Nå+] {=0.375} ls the concentration of sodium J.ons
from the ionic medfum (sodlum chlorlde) . îhls quant,ity fs
measurabre ¡ and l,s kep{: constant durf ng the cooking through
a contfnuouË provlsfon of lonlc medl"um. Finall"y, the partl"-
tlon of the sutphur díoxfde between the tlquor and the gas
phase ls governed by t,he relatlon

L0.

(2.11)

12.Lz',)

tn+l tHso ,1/vsç nu**- u*'
2

where psoa l,s tfe partial pressure of the oulphur dioxfde
in the steam and K¡¡gar.{f) ls an equllLbrLr,¡r conetant gi-
ven by

10 log (T) *26651r* 10.208K
Peo

4

rf the coåtrot vari.ak¡les åre chosen as the partial pres-
sure pSOA and the temperat,urë g, ft fs clear from {2.10)
and {2.}i) trrat [Ir+] and tHsolJ may be expressed in r,erms
of the contról varlables and the strong acid concentration
tsa-1. .å,lternativery t wê may consLder the temperature and
the total pressure

P=PsO?*P*ro (2.L3)

as control varíables. fhe vapor pressure of water is given
by

10",og ÞH2O = 5.882 2L98/,I (2.14)
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and then ttt+l and trrsoll may agaln be expreesed ln rerms
of [sA-] and of the control" varLabLes. rn both cases, the
derlgnlfLcatLonr the hemlcellulose dissolut,ion and the
formatlon of strong aclde are then uniquely determfned by
the control çarlables and by the inltiar stête of the pro-
cegs.



3. MATHEMATTCAL FRAMEIíORK FoR TltE oprrMfu;trroN pRoBLË},Í,

rn this section we wfll brlefty account for the mathema*
ticar concepts invoLved in the optLmlzatlon probrem. t{e
wtll thus consid.er the acfd su.lfíte coolcf"ng procëss as a
d.ynamic eyst.em descrlbed by the forlowing set of ordina*
ry nonJ.lnear differential eguatfons.

d{ = f (xru;t)
dr

x{t'i = *t

1?

{3.r)

where x (t) is the n-dimensLonal stat,e vector and u {t} is
the m-dí¡nensional control vecÈor. x(t0) is the tnltíal
state of the systern. For the basic model glven in sectia¡:
2, we then obviousl"y have n = 3 (Lignin, hemÍcellulose
and strong aclds) and m * 2 {t,emperature and pressure) .

However, it wtl"l lat,er (section S) provê to be necessary
to introduce further state variables, and thus the order
of the systêm w111 increase.

Given the syst,em (3.1) r erê then defl"ne the cost functional

f
J = F(x(tr) it¡) + L{xruit}dt (3,2)

where F fs a function of the terminal- state, that fs the
stat'e at tlme tf. The termfnal tlme t, fs a priori fixed,

t
I
r0

and. the time Lnterval
of the cooklng time.

ItOrtrJ thus represents the length

rn general-, it is necessary to put dL'fferent klnds of re*
strÉ"ctions on the class of control strategies that hre con-
sLder. For example, for technoroglcal reasons the tempera*
ture and the pressure of the cook cánnot be arbitrarll"y
chosen. rhugr \¡rê also specify that the optimal solution



must' satr-sfy the foll0wing set of constraÍntÊ¡

,¡,(x(t,r) ¡tr) :æ g

$ (xit) * 0

g (xruit) .< û

vr€ [r
vrc lt:

Ll
¡rLçJ

L1

0o"fJ

ï3.

{3.s)

(3"4)

ü Ls an e-dimenstonaå {s $ n) nonlinear vectcr functlon
of t'he termi-naL st,aten and v¡i*h thLs kfnd of const.raints
ft' wllL be possr-bre to handle th.e condition that the de-
slred termlnal rignln concentration is zt. The mixeå
state-contror variable const^rar-nt g is a p-dirnenslonal
nonlÍnear vêctor functr*n. rhe cÕfnpônents of g årê exprr--cit functl"ons of at, least, one *ntrol varÍable u1r but
the expllclt dependence oä x r"s arbftrary. ïn the folrow-ing, constraLnts of this type aire Lnclud,ed to handle dif-
ferent' kinds of constrafnt"s; on the têmperâture and the
pressure. FÕr exampl.e ¡ wë r¿¡Lll consider the cåsê where
thê contror varl.abl"es are boundecl by maxS-mum available
temperature and pressur€, that .ts,

9i=Ui u s0i
¡na¡(

The dlmensl"on p of s ts arbJ-trar1,', but to guarantee cÕrû-pattbtlity of the constraint,s, it r.s generalry necessãry
t'o restrlct, the number of actir¡e constralnts, rhis prob-
lem is further dLscussed ån [ 4J, where also other kinds
of regularity condítior¡s *r€ E,irren. Finar-ry, we mä.y spe-
clfy that the optåmal state varåables lj.e within some
prescribed boundarfes, and thås fs formurated as s(x¡t) <s 0r where s nay be a nonllnear veÕtor functlon. The dif-
ference between the constral-nts g anci $ is that s cloes
not depend explicítr"y on the cont::or varrables, whfJ-e g
does. the separation of *,hese types cf constraints may
sëem to be nÕnessential. frowever, from a mathematica.l
point of våewr constraints of the type $ (x;t) ( 0 arê
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much more drfflcurt to hand-,}e, and. they ace arsÕ mucil har*der to sor-ve numerr.calr-y. 
't, 

turns aut, to be necessäry tÕi'ncl"ude this kind of constraå¡rts when we consfder crn*
straj"ned bernperature ancT ¡]ressu_r:e change rates {sectlon S} _

?{e then introduce dr,/dt and tgFlrit as nev¡ controi varlabr_es
and f and tr as new st.ate varrabl*s, and the upper boundson the temperature and the pressure then have to be formu*lat,ed as constraints of the type Ë{xtt} s 0"

u*e may now finally formulate the o¡ltrmal co:ttrol problem
aG follows¡ GÍven the dynamic system (3.rr and the cost,funetlqrnar (J.zj ¡ determå¿e the aptimar contror strategfesu(t) subject to the cón$tcalnts i3.3)r sö that. the cost.funcèional ls rr¡lntmlzed.

The numerical sorutåon of opt.imaå cçn.tror prelbrems å¡; ge*nerally far frorn easy, and må.ny dffferenf alg*rrLh:ns havebeen proposed (see e.g. t4r fos references) . The h¡estcholce between the d.åfferent rnethods ís probab]_y net uniqu**3y deteirnrlned, but sårrce we had prevJ-ous computat¿ona.l e¡i*.perfences from methcds basecl 0n the Differen.bial nynamåc
Programmf ng technique, thrls appr*ach r,¿as used t.o developå c.rr!:';Lrtef program. ?he ûsp technique Ís thoroughiy de-scrlbed in l3I , and the argorJ"thrn for trre probrem stated
above is glven ån [4J, where also rf,ifferent computatL*na.l
aspecte are, discussed. .
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4 CIpïrMÀL COÏ{T*OL 0r MtÐgL I.
{JNCONSîRÀTNEN CÛ]lIrRÕL CHÀNCE RATË$.

Tùe wirl consr-der the case when the formation cf strongacL¿ls i* gåven 
'y 

(2.6) and when the cont,rol change ratesa::ë unconstrar"ned. rn 4"L the necessêry nathematical pre*parations are glven, i.ê. õ{ crñpact måthe$atical model øf,the for:n {3"1}, rhe cost functåona.}- and the specrflca-Èion* of the constral.nts. þIe aSso íllustrate the proper-tles of the model, and accouErt, for dlfferent probrems con_nected to the applicabilfty of the computer proEraffì, Ður*ång the c*rnput'ati*ns, further proirlems appeared, ancr theseärë dåscu'$s*d in 4.?,' 
'n 

par*åeu'ar, ft is sho-"¡n that itåe necêssery ta r"ntroducs r¡ew state varrabres, and thatthe cast functional has tÕ bÊ modifåed, ïn 4.3 the optåmalsoLu*åons for various terminal ti.nes t* are thén EåVen,and t'he effect of ilre drfferent approxímatrons that havebeer¡ r*ade fs dåscus*ed.

4.J,, Pre €tratl"o ¡1Ë *

É 
" 

å* Å" *S* ssspggË_$åShe$egåsgå*ggÈg I .

ro get â cclmpäct mathematícat model *f, the pröeess r wêLntroduce the following stð.t"ë varåables I

xl * lignln content [r,J (gram per lû0 g ûf uncooked wo*di
xZ * heml"cellulose ëontênt, tC] (gram per I00 g of un*

cooked wood)
*3 æ ëçncentration of strong aclde tSe-J (rnoles per

l"ttre)

rn pråncipler the contror variabres can be chosen as thetemperat'ure of åhe liquor and èhe total pressure in the
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dlgester* However, from a numerrcal poÍnt of vreul, rt
turned out to be favourable t.o choose

ut * ê$p(-flî)

lnEtead, of r (where f is measured 1n degrees Kelvln) as
Õne of the controå varrabr-es. thls wirt arso sfrnplify the
rnathematrcal moder" The second õonÈrol varrabre is chosen
as

r12 = total pressure P {bar} ,

but' lt shoul'd he pofnted out that thfs control var'ab'awill l"ater also be changed ($ection S) . To slrnplf fy the
notat'Lons, we arso rntroduce 6ome addítronar. (or srack)
variabLes. Thus, üZ l"s deflned as Èhe partial pressure
of the sulphur dfoxlde J"n the gas phase (p5Õz) . F,rorn
{2.13} then follows that,

¡ì/
u2 = ü2 - P¡rzo (4,1)

i1":: PgZOr the parråat prêssure of warer, is gtven by(2.I4) '

I0.,t9 FuA* = 5.882 ZLgg/f

fliu*,

*z
ê4* rz caul{u}

where

*l 10 5,88ä
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we also rntroduce';rþ,,ae the concentratfon tnsolJ cf.hyd*
rogen eulflte ions. FrÕm (Z,Lt) and (2.11) follows that

trsoll * {inu*+¡*tsÀ*lyÆ + (ti'ia+l-tsÀ-lJ /4 + oþ*u nro,

L7,

(4.2|

(4.3)

and thus

r:. ã (tr.ra+1-x3)/a + ( tma+ I -x3) ' /n * ü, rut xp
8tz

To further abbreviate the notatiÕnÉ t wê aLso set t,1, equal
to the equlllbrJ.um const,ant Kpt*Ar, l.e.

toton rr, (u) = - .l *1og r,r, 
"z

where

cI ã 2665

c2 Ë 10.208

sfnce the conçentratlon of godLul Lons from the {onlc me-
dium is kept conet,antr ïrê also defl.ne

tif * [¡fa+J

(unless otherwise expl"fcltly Ët,eted, the num erlcal value
of N ís equal to 0.3?S.) Subst,ltutJ.ng LLZ and N into (,A.2)
hre get

I (xru) = {N-xr},/2 + 1w**3 ) 
2/4 * Uz (u) cr, {u). {4.4'
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ånd, the ratê equatlonË lZ,Zj,
Ly becorne:

(2,3) and (2.6') then ffnal-

dx

dr

dx
3

dr

I !, (x) L (x)f, (x,u) * * k, (xlu t 4
I

2 9,

î, (xl -s {x}5I r {xru} J
6

+

I r (x,u] 
J

¿ro-4r.1

x1

^. eU (x)
[ ü, (u] s12 (u) J

*z 7 t n(x,o) i 
tttür(ul 

nrr(,r) Ïß8 (4.5)

d*rl x3 ì

ftr""* n k4(rrlo-"rll

* nr,rl, It"io-*r)
L

9

ft {x¡u) a

¡fr, tu) rlz (u) J 

olt 
if x, * [Llç

dxI*k
3 dr,

The j.nf tf al cond,ttlong are r

x1 (ü) - [t]o = Zå

x2 (0) * [CJo = 32

if x, ã t¡,lo

(4.6)
x3{CI)=[Se-lo*CI.0

fhe parameters k1r LL, hA, 9,5 and ¿6 ,are funct.lons of x1,
and the numerLcal values are¡



IO

H
l"k Ë 0.4845 L0 xl"xlâ12.4

*r*"1

16

k, (x)

* 1403I

= 15715

x /.542A

= 0.7t69
* 2.3991

L
tk = 0. L464 t0

0(-k )

.e,

r,

L æ fl,8186

B*r>x I

x

xr. I

X

¡t s

x

x I

o
ð

L

(* Er)

(* m) (4.7')

(= a)

þeJ

and

(4.8)

16

r, * 12495
ø, (x)

L
I,, ä 12506

H

s,4 (x)

L

r,
4

a $.6463

L :Ë L,62Lz4

H
5

n,5 (x)
* S.7646

s 0.7ü53
f,6 {år}

the numerJ"cal values are ¡

kz * $. 454L . Lo15

kl * g.2824 - LoL6¡a.ä

k4 ã: - 0.00 ZSSA/A.s

kS * g" A97tZ/4.s

!"2

1,3

L1

I
E

H
I

xr" . 
"T

L
Bxr.

Bxl

Bx1

Bxt

B*t

B*r.

e

L
5

H
6

L

I

I

tuå * û ''7vg4

ALr other påramèters arê cclnstant d.urJ-ng the cook,

k

{= t<$o,/v)

(* h,/v)

(* g,/v)

(* E*)

(* Ero)

(* h)

{*,v)
(= s+L)

Ò

(Contd, p" ztt



¿lû * 1.5287

sll = 0r6903

N * û"3730 (= tna+l)

3 
"å,.3. -lþg-sss g* fuacSåsscå- en*- rbe* sgrg gg*¿!Ës .

Given the dynamlcal system (4.5) wlth fnftial condftåons
{4'6} r wê ûìå} now formurate the fa,tror¡rng opt,imat control
problernl

tetermine u{t), 0 r t * tf, such that,

S * *x2 itE,)

(= ô)

(- s)

20,

{4,9}
(Cont,d. ¡

{4.9¡

(4.1CI)

1s minimieedr r.e. such thät, xr(t¡) (frnal hemicer"lurose
concentration) r-s rdaxrnLaed. (fhe t.ermlnal ti.me tf re
fåxed, but we r"¡r-ri- berow investígate the rore of l* o,
computlng the optfmar serâtegfes for some diff,erenÈ t,er*
mf nal t,imes. ) The optimal control strategles mus*. also
sa.tfsfy the following constraints:

x, {tg} * 2.A
Êrtxr rN

MTNul -< u, (t) * ,rTo*
vt€ [0,t Is

"lt* s u, {t) * olu*

rhe terminaL canstrar',t fxl (tr) = z.ti) is due to the de*sired f,ínal J"lgnin concentration, rrrhiJ-e the control varf*
able constralnts are due to technologieal constralnts onthe digester" The nurnerrcal values of the upper and rower
conÈrol variaþle bounds arë:
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I\4TNut-- = exp (*L1293,

i{Ax
Iu = exp ç11423')

,.MÎNuz = 0.0 {bar)

"lo* * 1û.0 {bar}

that fs, the
t,emperature)

.tenpërå,t.ure t ls bounded between ZggoK (room
and 4Z3oK.

4 * å¿ 3' -PrgBergåes- es- $e-s gtståesg *9g- rþg- grg gÊgr_ ggsggÅ 9*g .

Inspectlon of the syËt,êm eguatfons (d.S) shoîrs thaÈ x, andx2 are decreasÍng for all t, ul. and u2, r*hi1e xr.te gêne_rally lncreaerng. A typlcal control etrategy is shown 
'n 

':.

Fig' 4'l together wlth t^he correapondJ.ng traJectorr.es. gf-
mulatlons wlth dffferent control strateglea arso ehow thetur and ut prlrnarrry affect the decreasing rates of x]. and*2, and that the decreasrng rates arê morê seneitrve wfthrespect to öhanges Ln un than in ur.
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3 * å".S,-$egrs-Ëgss esssÐçsË*qf _lþe*dissgalåBgåËles*ef_$e
sYsgs$-egsetåeps .

The system equations (4.5) have severaþ non-desårable pro-
pertl"es, such as complexity and discontinuous ::ight-hand
sides. ln thts section trre wåll dlscuss the conseguencês
of t'he dlscont,ånultl-es, and sh.ow that åt is necessäry tr
approximate them wlth smoath f*nctions.

rt' can be shorrn [*J, that disconùånuit.ies of the type (4"5)
will produee discont.inul-ties in f,he adjoint variables ). (t) ,
and the magniturlê elf these jurnps årè not a prlori known.
ro sÕk'e the optimal" c<¡ntrol problernr wê r,¿ouLd thus have
tô lnclude these Jumps, ånd t,o handte them in the sarne way
as the boundary conditione of the adjcllnt, verj-ables, i.e.
to successively update thre i.nltl-aL guess. HÕwever, this
would considerably rncrease the canplexity of the computer
progråm¡ and it was thus decided to try to approxLmate tire
discontinuiti"es r,rith smoeth functions. fhese funct.l-ons
should, thet have the propertåee chat, ùhey generate ä,$ ap-
proxLmatlon of the discontl-nuåt,ies of t{t}. Besldes, the
ÐDF algorithm requires that f j,s twlce cont,inuousty dfffe*
rentLable with reËpêët tr böth x and uo and. a naturaL åp*
proximation then turns out to beI

k
L

x*+¡<l kT-kl(x) =-- --'+ *-, *]ärc¡an[f(x
2n

*"fr it (4.11")

and analogously for [], fr4, ¿g and, ¿6 (A.7]. We wLll re-
fer to K as the smoothlng parêïlet€r, and. ft ís easily vo*
rtfled. that, the larEer K is, the better is the approxfma*
tÍon. The d.Lscontfnuity obviously corresponds to K - + Õ.

rn Pfgs ' 4.2 and 4.3 the soLutLons of the system equatiûns
are shown for K * + ¿D {dlscontinuous rlght-hand sides},
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K - 10 and K e'?^-.&tthough fr chang€s cÕnsiderabry, it can
be sêen that the epproximat.j.ons have very lit,t.le ånfluence
on the solutions. Tt was thus concluded that K = lt yiel.ls
a suf ficiently good. a;;proximation and that K = ? rnay aJ. sr:
be used tf K = 10 shoui-i create numerical d.*fficultie,c in
the integratíon of the actjol"nt variabi-es n thet ís, in the
simulation of the jump in À (t) .

f*J*!:-ÇbgågC-g$-4g$Êflg*i-iplcgs4tion merhod and of inre*
säsËis8_sgep_¿sgsgb .

From Fig" 4.1 it can be concluded Lhat the system equatfons
{4.5} are not ståff , i.e. they do not cÕnt.aín both vêry fast.
and very srow time constants. Ëfence o a st,raÍghtforwarc inte*
gratlon scheme can be used, and. ln the forlowfng a fourth or-
der Runge-Kutta scheme with fixed steg:-s Lze hae been used
for the slmulat.tons as r¡retl as in the computation of the op-
LLmal control strategies.

Since the lntêgrâtion step length vritl dj-rectly influence
the executåon tlme of the cornputer program, it shoul"d. be fa*
vcunable to choose as l"arge a stêp length as possl\>Le.

rhus, the system equations wer:ê solr¡ed with bot,h the step
length h * t.Lz hourg and with h s t.04. The reratÍve dtffe*
rences between the two simulatiÕns were always J-ess than 0.6t
and hence tire Ëtep sise h = û,lZ (correspond{ng t,Õ l0û steps
for a typJ.ca.l slmulat,åon! proved to be sufffclentJ"y small for
the f ntegrat,åon üf the system equatlons.

Ìfowever' the optånrieation algcirithin also fncludes the back*
warde integration of the adjoint varl"abi.es v:r(tl and of the
matråx vxx{t) '143, and it can be seen fram [4], "that. these
equati.ons wii"l become stiff lf the smoothing päréir¿lÊter K is
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T IOK}

r- txl

f¡{x,u¡

5

K;2

Krt0

K= os

K; eo

5 r&tr}

I,he paramêter *n.xt and fr(xru) for the smoothJ.ng
parameters K = * -r t( a l0 and K =-2. fhe samê
controL strêtegy as in Ftg. 4.1 was used,.

?,

Kx2

Fiq. 4.2
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Fig. 4,3 - Correspondlng soLutlons of the system equatJ.ons.
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large, Thus, Lf K is large and h is too large' t'he back*

wardg J,nh,égration witl "explode" *"onrrd *, - "T- fhis i*
illustrated in Fig. 4.4. îhe fuI"l llne.s rÕpresênt the op-
f.im¡l multÍptlers V*(t) for K = I0r computed wíth 50Û in*
tegration steps. The dashed linep show the resul"t when on*
ly 5rJ steps where used in the integrat,fon <lf Vx (t) . Ûb-

vlouslyo there ls a trade-off between the accurðcy ln the
approximation of the discontinultles aud the number of in-
tegratlon steps. Thus, 5ü0 stepø s¡ere require<l to avoid
"expl"osiön" for K = trO, whlLe Lst Fteps !üaÊ sufficlent fot
(:t 2. In the following, K = 2 and 1ûÛ steps has thus been

used unLess otherwiee expl,tcltly rtated.

4,1.6. MinimÍzation Õf the Hamíltonla4.
------;-¿ó---* 

Ir-

In the DDP atgorfthm lt l"s requlred that the Hamiltonian
of the problem fs minÍmized roith rÊspect to control vari- 

.

ables. For the cÕst functlonal and the constraints glven
fn Sect,lon 4.L"2, we thus have to ml"nimize

H=V f +V f
2

+V (4 . L?J
X I x

subject to

2I
Êx^J

J

u1

*l

MAX
I
MTul N

MÃ,X
2

(4.r3)I tu; t) (0
u lf

2

-u2 uMIN
¿

for each t, t. € [ûrtf J. ]Iowever, substituting the system

equat.fons (4.5) into {4.12), lt is easily seen that an

analytlc nl"nfmlzatlon of H subject to t'he cönstrâints
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0

-f
ã t0

t0

r0

t

0

t5

I

0

5 t

Fig. 4.4 Cornputed optimal multf.pliers Vx (t) for K = 10.

FulI li.nes correspond to 500 lntegration steps,
dashed lines éorrespond to 50 steps. (the dlffe-
rent step sizes glve stightly dlfferent values

of xr(tf), which via the termxnal constraint mul-

tlpller b af,fects the start' val.ue V* (tf).)
^1



29.

(4.13) is very dilftcult or even imposslble, It' was thus

necessary to carry out the minimLzation numerlcally, and

a very sLmple search scheme was developed, Flrst of all,
the adnlsslbLa reglon g 5 0 was divtded into a number of

equal-J"y spaced polnts, and the numerlcal value of H for
these poXnts was det,ermfned. Then, the polnt r^rhere H at'-

taLned lts smalleSt value was chosent and a new smaller

search regfon wê.s const,ruct,ed aroundttrls polnt. Thls pro-

cedure was repeated untll no further slgnlflcant reduc-

tlon of H coul.d be Obtained. In general¡ a search regJ"on

consist,ing of 100 equall,y spaced polnts ga\¡e sufflclent
åccuracy when repeated three times.

A dÍstlnct dlsadväntage of the method is that lt is very

ttme consumlng. However, the method gave a very det'â'lled

lnsight, into the structure of the Hamlltonfan, and thls
proved to be very valuable. For example, fn several cä-

ses lt was possJ.ble to flx u, to lts upper bound and' then

mLnlmLze onJ.y ¡¡lth respect to u1

rated below.
. This ls further ll"lust*

3.1,3: -$egåÉåçsgless-ef -lbe-seet- f sggglglel'

The cost functlonal as posed ln Section 4'1'2 ls

J - - xt(t¡)

and the terminal constral"nt 1s

ú=xr(tr) 2,0 aS {4'14}

However , Lt turned out to be favourable t0 slfghtLy modf-

fy J, and instead consJ-der the cost functlonal



g = - x2(tf) * e(xr(tg) 2.$j?'

ltt

t4 " r5l

wlth the constraint {4"f4}, Thris m;1y seeln tc-r be a rneaning*

less mÕdificatlon, since Lhe :*j-nim;,¡1" l¡aiues (and lhe o¡rti-*

må1 contrÕl st.raÈegíesi ã-re th-e samc for the Ûrígånål ¿:ost

functlonat as for (4.15), Fïowever, thie ::e¿?sctl for this mÕ-

difícat,ion Ls due to the wiry th* *.igcrithm !s constructed,"

The *lgorithm works þtith ti':.* ad.jcined cg-qt functional

f.
3 = F{x(tr) itr) L(xottpt)d.* + irr,¡,[*{t+} itr} '! rå ô "LC J

Irrhere the multlpllers b have t.o he de*.ermined so lha.'c 'Lhe

Õpt,lmal soluÈLon of (4.16) sati*fåes the cÕnditlCIn ü = ü"

The algorithm cän thus be separated ånto tv¡<¡ dlfferent
phasês. First the a<tjoíned cÕst functlonal i* mLnfmized

for a fixed vålue öf the multipS.iers kr. If the cptlmal sÕ*

lution Õf 3 does nÕ1r satlsfy lt * Û t b is changed bY a- small"

quantity öb, sÕ t,hât ttre optimai. solutåÕn of 5tb+ðbl redu*

ces the norm of 4r. !äowever, tÐ st.art up the algorithm' it"
ls neceasã.ry to guese a val-ue of the termlnaL multlpJ"iers
b, and, generall}t 'i;ire only natural rJÏ.¡ess j"s b * ü. tr¡or the

cost, functional 3 æ 4 x, (tE) it is then clear thât the op-

t.lmal solutfon l"s tÕ choose uU and u, ßÕ small that no re-
action takes place in the dígr:ster. From these nominal

straeegies (which are far êwåy from the optimal ones) it
turned out to be itnpossåble t,o ge¡ successful changes l-n

b, and the algOrithm fatled to cc¡nverge. Hcwever, the mo.-

dtfieó cost, functfonal (4"15) forces the contrÔl variables
to act, slnce the ad<litlonal term Õtherwise would contrl*
bute too much to the cost. fheoretically, the optimal sÕ*

lutlon of (4.15) can be forced to sãtisfy {,, = 0 by }.etttng
c tend to tnflntty. Höraiever, this would Ëreåte new nurneri*

câ1, probl"ems, and thus c = l" vras chosen slnce this prorrecl

to be suffj-cient to make the algoriLhm cÛnverge.

t
J

+
+
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3*å"9'-Çelgeå ê. al d,erlvatives.

Sinee the algorithnr is based on a second order Taylor se*

rl.es expansJ.on of the liamilton - Jacobl - Bellman equation
141, 1t is necessary to have analytÍc expressfons for the
first and second order pârtiäl derivatives of fi {4.5} with
respect, to bOth x anå u" Tt turned Õut tÕ be necessaliy to
provide 53 non-zëro differenl analytic expreseions for the
derJ"vatives involved, ã,nd since many of them åre very com-

pl.ex lt was mÕre oË less a principal problem to avoÍd er-
rors, This problem haå to be so.lved by checklng the analy-
tic expresslons agalnst. numerical dtfferentiatlon, which
was lncluded ín åhe ÐDF prÕgram so that al"so pltnchLng er-
rors could be detected and eliminated. In facl, some er-
rÕrs with a crj.ùtcal influênge Õn the performance of the
algorlthm were dl"scovered ln thf s v¡ay.

4,2" Chanqe of State Variablês and Further Modifl.eatlons

of

of the Cost Functional.

4 
" 
ä*å, *Çbesse-gÍ-slegs-ye{I gþ Ie g .

^& straight.fór\dård application of the DDP algorfthm to the
problem stated in the prevLous section proved for various
reasÕns to be unauccêssfu}'. One major problem was that the
adjolnt varLables V*{t} had a tendency to explode as t ap-

proached zerÕ, Thls prÕblem could not be overctme by any

of the rnodlficattrons given above, but is in fact lnherent
ån tbe problemr ãs ean be seen from equation i2.6). Thrrs

it was natural to conslder (2.71 fnstead, that ls

ïL *'tså{trlÕ-tr: J 
stnso,iðtH+l ehã*

v*i tsA- I / {rr"r"- rr,r}i
ctË . v

(4.17)



{r*o- I/ (trto- trl )}**ro * *trL}r=r0

wlth the boundarY condition

Tle thus deflne the nev¡ state variables

32.

(4"r8)

zI xl
zz*&2
z3 * looox3 / (l.r"lÕ-xl)

(the factor 1Û00 was fntroduced to get the state varj"ables

of approxlmate}y the same magnltude.) substltutlng xt = zL,

xz o zz and x, = zr[tr,io*21) /ßa0 lnto fr(xru) r fr(xru),
(4"4) and (4,1?), we then get

dz,¡øít r
dr

du¿̂-
-L

dr,

, (z 
'u)

2lz,v)

dz" ^ [^
,:1. * * 1000 kni, (z,u) + 1000 k3ot" Itr,lo-21)dr ..

t r (z,u) r 
rtCI ottrt, 

to) ør, (u) I 
u11

The inltlat condltions for z, and t2 ârê obviously the säme

as for x, and x' and to deÈermine the boundary condl"tl"on

for 23, we notl"ce that

z, {F,l'*xl J

oi;-t
{-

(4,t9)x3
1û0r
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ÐÍf ferenttatinE t4.tg) for t' = 0r ble get

dx dz {tn to-x1) dx, ,," 4, d*I ,J
3 5

dr dr.

since x, (0 i

and thus

100û dr,1000 dr lCI00

[t]o, But for f, æ 0, dx3r/dt = - k4fl(x'u) r

a, (0)
*k

5
f I (xr u) f , (xru)

ttCIû

whlch, slnce f + 0 for t * 0, imPlles that
1

z3 i0) = kf " 100û

fhis redefinitlon of the state varlaþles proved tq¡ be suc-

cessful, and. at, least, close tÕ the aptimal solution the

explosion tend"ency of the adjoint, variables wås ell"mina-

ted. llowever, it turned out. that for other rêãsons t'here

eould be explosiong in V*{t). 1thls is il"lustrated belot¡r'

A'Í.'2 " -b- Ë, gssense- så- Ëas l- f uss!ågså¿ g'

å,tthough the red.eflnÍtlon'of the state variables htghly
improved the situatlon around the optlmal solut'ionr åfl*

other difficult problern remalneË,, namely to get the algo-

rithm to converge. This proved to be almost fmpossible,

even after all the modl-flcatlons given above. The reason

for this obviously ls the strong nonlinearfty of the prob-

lemr that is thê second, orrler Taylor expanslons t4l are

valid only in a very smaltr nelghbourhood. of the optimal
solution
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^A posslbÍltty to handle this difflculty proved to be tÔ
successívely modify the cost functionaL and to so}ve a

sëquence of opt.fnrlu ation problerns " We thus fntroduce the

new cost functfonal

.r = * xr(tg) +

+-

(xr(t¡) -2.t)z . it
0

I e, tut*a1) +2

+ e, (ur-a2 ) ldr {4.2û}

where a, t I 0 ) and a, are constants that have t'Ð he speeÍ-
fled. CIbviously, the origínal problem corresponds to 6Í = Û,

Now sup¡:ose that. l,re rninimlze (4.20) for sÕme parameters äi
and for a large val"ue of the paranêters el. Then the o¡:tl*
mal cÕntroL variab]-es !üi11 gënerålly nÕt díffer sÔ very
much from a, and arr and thus ul(t) = âl and u,{t} - ãz

should be a good initial guess when the sI:s are large.
When the optlmal sôl-utiÕn j-s found, the sf :s are decreased

and tl¡e latest Õpt,imâl Ëotr-ttion iã used as the tnltial guess

for the netr ¡rroblêTn. Repeating thf S procedure, the Ëucces*

sive optlmal solutfrns wíll approach the optimal solution
of the original problêmn and fîlna}}y the t. is can be set
equal to zero. HÕwever, ft, turned out, t(} be important, not
to reduce the tíls toÕ fast, sfncé the d.ifferences between

the lniàiat guesses and the optimal solution otherwise could
become too large.

2

It was found that when 62. dectreased, uZ approached the up-
MÀ')iper bouna uä*^. Ta simpllfy the conrputatlonsr u2 wäs then

fixed ào íts upper bound whfl"e ¿l \'ras successívely reduceå'

trlaving computed the optlmal control uf (t) for t'hls problem'

u, {r} * uî {t} and u, {t} * 
"To* 

w€re uJ*d as the tnltial
guess for the clrfgínal problem, and ft was found t'hðt it
in f act was the opt,lmal solutíon.



fhe fmport.âncê of having sufficiently close inltÍal guês*

Ëes is tllustrated ín Figs. 4.5 and 4.6. u2 is fíxed to
it.s upper bound and the parameters âre! €l = Û.5, *1 =

= Û.95, The full llnes show the optimat soluti<¡n of (4.20) '
The dashed llnes tn Fíg. 4.5 correspond to the inltial
guess ur(t) È t.98 and to the adjoinb variables V"r(Ë) in
the flrst iieratLon, The dotted llnes cÕrrespond t'o ut(tl
afber one l,teratÍon and to the adjoint, variables in t'he

second it.eration. "å,s can ï:e seen, Vzt(t) explocle as t ap*

proaches zerÕ, and thus ft. was imposslble to reach the op-

timal solutíon wíth thfs partici¡]ar tnit.lal gt¡ess. In Ëlig.

4.6 the optåmal control for s s ?.() (dotêed I1ne) ås used

as the init.ial guêss for e * ç.7 . The optlmal- solutfon
then carresponds to the dashed l1ne. Wfth thls as the inl-
tial guess for r ã 0.5, the optlmal solut,Íon tfull" líne)
l,rås found wf thout any cÕnvergence problems.

Thè convergence problems arê due to many facts. In parti"*
cular, l,t was found thab J wae ã very flat functlonal in
the nelghbourhood, of the optlmal sol-utlon. Thls is iltrust*
rated ln Flg . 4,7. The fult llne is the optfmal sol"ution
for t"f * L2,0, ancl, the corrêspondlng cost is J æ - 11.36"

The d.ashed Ij-ne, al"thcugh öonsiderably dlf ferent f rom the

optimal coLuLfon, yÍelds J = - 11.35.
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Fig, 4.6 Successive optímal soJ.utlons for â = 2.0 (dot-
ted, lÍnelr ¿ = A.7 (dashed lines), and t = 0.5
(ful1 lines).
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t.6
U¡

t.¿

t.2

t.û

0.8
r0

Fig. 4.7 - Illustrat,ion of the lnsensitlvity of J around

the optlmal" solution. FulI l-ine (optimaL con-

trol") ylelds J = -1I.36 whfle dashed line
yieJ,d,s J = -11.35.

t5



39.

4.3. ûPt imal Solutlons.

É . 3 -.- 1, - Qpt å s's I - Ë s ¿e g I s * e * f s s - 
y es å e gg 

- 9e sså ge I * ! Ise s'

Applyång the modåficatlons and the technigues descrlbed

in the previous sections, ghe optimal solut'ions for the

problem could finally be d.etermined. It t'hen turned Out that

rhe optlmal coRtrol u, it) attained lts upper bound "To*
(* Iû bars) over bhe whole tl-me åntervaL [t'tt) ' The coÍn*

puted, optlrnal temperatur€ strat'egy is shown in Figs' 4'8

and 4.9 for the terminaL t'ímes tf = L2, 10, I and 6 hours '
NotÍce, that f is determínecl by u, (ei = exP t-l/r) ' The

ëoËresponding optlmal- trajectories zt (t) tligntn) and

zr(t) (hemicellulose) åre also shÕwn'

In Fig. 4.10, the maximum henriceLlulose yields zt(tg) ls
given aS a functlon of the cooking tirne tf. Ti:is function
should allow for a ratJ.onal trade-aff beàween the cookíng

tí¡ne and the outcome of the procesË. 'fhe pçint Â' rêpre-

sents the henicellulose eontent wi:en the contr*l strate*
gy in Ftg. 4.1 l-s applied to the process'

É 
" 
! * l,c - Iþe- å nÉ I sc ssÊ - s É * gbe 

- É å s sc s t å ss å Ëv- sse Ësslse!å g s'

The opt,lmal solutf ons shown in Flgs . 4 .8 and' 4.9 Were com-

puted r¡rith the smoothlng parämet"et K * 2 (4'11) " It Ís ?'hus

nôtural to ask tf this approximatlon had a cruclal infl-u-
ênce on the cöúput.ed eolut,ions, and lf for example K * tCI

would result in a considerably different optirnal solution'

To invest,lgate the influence of K, we have thus computed

the optimal solutlon for K = 10 (uslng 500 fntegration
steps) r and t'he solut.åons for !( = 10 and K = 2 are shor'ln

in F1g. 4.11. the full lines represent the optirnaL control
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for K = l0 and the corregponding llgnln and hemlcelluloçe
traJectories. fhe dashed llne represents the optlmal tem-

perature strategy for K n 2t and !t can be seen that tt
ls very closê to the s6luti.on for K = 10' In factr ño cqn-

siderable dlfference ëan. be notÍced ln the correspondl"ng

lfgnln and hemLceLlutose traJectorfes, and Lt was thus ëon-

cLuded, that K * 2 was ðccurate enough¡ .
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correspÕndlng lignin and hemicel"lulose trajec*
t'ories for t, * L2 and tg = 10 hours ' The op-

timal pressure strategy ir u, (t) = const' = 10
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Fig. 4.9 Optimal s<¡l-utions for tf = I and tt * 6 lrours-
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t
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Fla- 1.10. - Õptlmal heml"cetlulose yleJ.d as a functfon of
the cookfng time tf, The pofnt A represents
the yield for the strategy gÍven fn Flg. 4.1.
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5 " TTITTMÀL CCINTRÕL OF' MTDNL Ï.
CONSTRÂTNED CONTROL CHÀNGE R TäS"

In the previous secticn r^¡e t.acit,ty neglected the fact that
there in practice are further cclnstraints on the cilntrç1"

variables" fhus, it is not likety that the temperature and

the pressure ëan be changed inetant.aneousiy frOm rÕom tem-

perature and room pressuËe to the optimal temperät'ure and

prêssure at t æ S, Tn thís sectiön we wil} incLude these
constra1nts in the prÕblem. We wtll also consider the pos-

sibtlity t0 decrease t?ìe temperature of Ehe process at the

terrafnal t.åme tf , since thfs in practlce is consÍdered as

a posslbillty Lc improv* the quality of the pulp.

The lnt.roduct,lon of the nëw ËÕnctraLnts nakes lt necessêry
t0 redeflne the state and the cÕntrÕl variêblès of the prc;-

cess, Thus, ln Sect,lon 5.1 we reformulate the prÕbl"em, de-

fine the state and thé ÕontrÕ} varLablês, glve the nev¡ ma-

thematlcal model and specify the c6nst,rälnts arrd the cÔst

functlonal. It then turns öut thät our ner¡/ prgbleril is â.

sångular probJ,em btlth stãte vartabLe constraLnts r and wè

briefly discuss the avaílable sol.ution methÕds for t'hls
class of probiems. In Section 5"â the computed Õptimal ÉÕ*

lut.ions are Eiven;

5.1. PreparatiÕns'

5,I'å'*å-Ðeg-ssÈbese3å s*å-sgéså'

Sir¡ce the temperature and pressur€ changê rates now will-
be constrai-ned, lt is necessäry tÐ redefine the st'ate änd

the controL variables tÕ b€ able to apply the opt.tmal co1t*

trol theory outllned in Secticn 3. lte thus introdr:ce

u, (e) d

ðr
(r)



ã.nd

u2 {t} d=än*o
?
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t5.1)

Notlce that. u, is chosen as the bíme ðerivative of Lhe pår-

tíal pressure Fso2 and not as the ti"me derivatlve of the

toLåI preÊsure P. Íhe reåscln fOr thíS is that the total
pressure l-s 5.n practlce contrÕIled by the partfal pressurê

of the sulptrur díoxíde, and the change rate of pg6,.is for
technological. rêasôns constrained.

The st.ête varlables âre deflned as follows {compare $ec*

t.ion 4.1):

JL

tsA* I / {tn1.,* [t 3 ) *i.0t0
4

^4 1t . exp {-35CI0/r}

Kpso
2

r , (x) s [Hso3 ] ( t¡¡"* i- t $A- 1) /z +

(t¡1"*l-tsA-lj /& + K'p

(*)

(r)

{isa-I ín moLes/tftre)

{T tn ox)

(bar)

ll¡ J

lcl
t

*s = PsCI
2

fo abbrevlaLe the notations, we also define

Í. (x) (r)
L2

Pso+
$Õ 2

2

[- - *r{r":o-*r} jre +

+ l- - o.ûols3{r":o-*r}J
2

/4 * *Sn,rlx)



x,Zlx].
.¡-

IH' ] Kp
sCI

nrrrl ¡ltso,1 * xSl,r, {x) / ry{xl
2

the system eguatfons then are

{x} l, (x)
4xl

øu tx)

47.

(5.2)

{5.3}

dx

dr
I Í"

f, (xru) I 4k (x) x

I 12(x)l
tt (xl

L 9,7

I
.t" I 11(x) ]

d*a "' eg
f, {xru) kz* 

A 2
I r,, (x] IX

dr

dx

dt,

,ilx

3

4

fr{xru} * nr*ft (tr,lo-xr)
t9-1

k f (x ru)4 t

L t0 9.
1TI rrtx) I I rr(x)l

2

dr
fn (xru) xn [elog tro4/xo] l unl3500

fu (xru) = üz

The lnttf¡rl condLt,ions are !

dx

dr
5

xt(0)

xr(0)

x, (0)

xo (0)

xU(0)

Ë 28-

* 32.

* ks

- 104exp t-3500/293)

{= [t]o)

irrc) zs rÕxJ



As before, the parameters k1r ß1, L4, ¿g and t* are func-
t,ions of x' but some of the numerical values díffer from
those ån SecË1on 4. Thus

t16-4. L2495/350û)

48"

* L2.42H
l.

T.

1

h

k

= t.4845 " I0 Bxr ' xl"

Bxl6xl

Ëxr>x I

Bxlr*I

Bxr'xi
Ëx.L s xl

Bxr'xi

*r" B
1

Bt*l

B(xl

k (x) Ë,t

(16-4. 12506,/3500)a $. L464 . 1"0

*T * Lzrtss/3sw
r" (x) Ët

t, (x) É¿

4

*3 (x)

k
2

k{ Ë - 2'584/v

ks Ë 97 't3/v

L
t

H
4

L
4

fx

* 0,81t6¿l
5

o!
5

{

='J
I

I

f-ä:Ël'l

I = L25A6/3500

0

L

* 0.6463

!Ë L.62L2

* 0.7053 *r"

cU (x)

= û.7794 x1

The numerlcal" values of the other parameters are {compare
4"8) ¡

* 0.7646

= t " 4S4l . Iû {l'5-4 'L40 3fl3500 }

€ (0.2824/v) t0 (19-4' 15715'/3500)k 3

(s.5)
(Contd. p.49 )



2 - 14031/3500

3 = 15715/3500

7 !¿s ?.542Q

g = ü'7069

g = 2'3991

10 = f". 5287

1,1 
Ë 0.6903

= û.3?50

9,

!,

!,

,,

ö

r,

r"

N

v

49.

(5.5)
(Contd. )

(5.6)

-"*..4,5

the equllibrlum constånt. K'SO, (f ) J.s glven by

1t

IO

log K
P

(r) 2665/v 10 " 208
st

2

and thus

log ør, (x) c cze+ log xn

c1 (4.2665,/3500) erog 1o 10.208

and

c2 2665/350A

I

where
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lhe coct functlonal ås the s&më äs ín Section 4'L, i.ê.

J = * xr(t¡)

where tf is the å priori flxed terrninal time. The ùermi-
nð-L constraint

rll {x (t¡} ) * xr {ts} 2.Q=0

ås aLsÕ unchrangedo and for the reasons gÍven abover wê

wilt thus cÕnslder the modified cost, functional

50.

(s"7)

(5.8)

(5.e)

2
J = * k*x, (tg) o k¡ ix, {tg} l

where 'L.he parameters k* and kO have heen introduced t'o

increase the flexibltit.y of J. HöI,vever, the controL vå*
riables are not the sãme âs ln Sectlon 4, and thus wê get
a new set of cant.rol variable constrafnts. Formally, they
ä.rê the sãme ã.s {4.10}' i.e"

"Tt* s u, (t) s u¡'ü\X
1

v t. €[ûfrfJ
MTN MAX*2 I u2 (cJ ( 1¡2

but the numerlcal values or ,rfrN and "ïo*, i.e. the upper

and lower bound.s of the possfbte temperature and pressure
change rates, ärê not tLre game . We thus åssllme that.

*1

MÏNul
MAX

"ät*

Ë - 40.0

- 4û,t
Ë - 100.0

:ä ?.û

(degrees Kelvinrli:or"rr )

(deErees Ketvin/hour)

{bars/hour)

(bars,/hour),,MAX-2

(5 .10 )



Ffnallyr wê must a15o cônslder tåê fact that tire tëmpera-

ture and the pressure are bÕunded. Ë'rÕm the deffnítfon
(5.1) of the stã.te varlables tiren fol-Ie¡ws that' we wll]"
norà/ ãl"BÕ have cÕnstraínts ûf the type $(x¡t) *< Û" Thus

PMTN n*r6 + xt {t} I pMAX

and

c.Ï

(s. r1)

(5.1?)

îMrN { * 3500[e],og(10*4xn]l 
I 

r *MAX

v¡here F¡{rl{, Þffix, TMrl{ and. rßx are glven ln 4.:-.2. HövJ-

ever, it turns out that the temperature constraLnts wtLl
never be actlvê {ca¡npare Section 4) and also t'hat the
pressure ner¿er tend,s to decrease below PMIN " Thus, the
only constralnt we have to conslder l"s

MA'(n*ro + xu {t) *<p

where pH2O, the partial. prêssure of waterris glven by

tuto, nnro * 5'882 2Lg8/r

ExpressJ,ng T as a functlon of xn r wë then ftnal-ly get the

state varl"abLe constralnt

d
2 PMAX { oS (x;t) x5 + drx4

where

dr*10
{5 " 882-4d2}
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and

d * 2198 . *loE Iû/35tû
2
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Slnce the sy*têm equatl.ons (5.?) arË linear in the control
varl-ables, the aptlrnal sol"ution either has singular sub-

arcs or is of bang-bang character. ÍIowever, f.or physical
reasons the bang-bang character Ís very unlíkely {compare

Sectlon 4), and to compltte the numerlcal solution lt ís
thus necessary to be abie to handle the sfngular subarcs.

fhe charact,eristÍc property af slnEular problems ís that
the cond,ltion Ílo = Û does not determine the optimal cÖn-

trol variables , Besldes, lri thls case ¡¡e have Huu = ü, and

thus the second order ÐDF algorithm referred to in $ection
3 is not directly appllcable' Dlfferent method.s to over*
cûme these d.ifficultles by limj"t. methods have been sugges-

ted t2]. The baslc idea of these methods fs to solve ä se-
quenee of regular probJ"ems whose solut,ions tend. to the so*

lution of the singular probtem. Tn this section we wi'll
brlefty outline a met,hod gÍven in I ZJ , and it f s a]-so

shown how thls method was modified. to improve the conver-
gence rate close to the optímal sol-ution.

A" €-ü(") algorlthm.

In the å*ü (. ) algorlthm, the cosL functíanal of the ori-
gtnal problem is fßodlfled through addltåon of the quad-

rat.ic term

&
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,l-

(
)
0

f, 2

rc, [ui (t] - ar (t] ] dt

r,shere the functlons artt) and the parameters e1 have

to be chosen as fol,lows;

setr!=rf>
lution ür{t), t Ë [0rtrin ! e l¡...¡r11. set ut(t]
= ür{t}, i = 1¡... ¡m.

:{1)

(ii) Minlmize J(ðk) and let. uTtt), f - L,...¡IYr, be

the mlnfmJ"zing controL strategy.

{11å} Choc¡se ê

ü. (t) =t-'(ri).

and set,
Return to

Generally, numericaÏ lnstabitlt'y occurs when the €l3s

tend to zerÕ, that ås. when t'he optimal solutLon of
J(ek) tonds tÕ the optlmal soLutlon of the singular
problem. However, !t was proved ln tzl thåt the algo-
rithm under suítable assumpt,ions about, the problem con-

vergês to the optimal solution evêR for fl"xed values
of the parameters ôf. In that caser the rnagnltude of
the 6í:s wlll determlne t'he convergence rate, and the

smaller the tf :s are, the faster will- t'he ålgorl"thm
converge.

B. Modffted t-d (') algorlthru"

The modlficatlon of the cost functíonal and the tnltial
choice of the functlons au(t) are tþre saa.e ås above.

Howeverr þrê now keep Éi flxed and minlmize J(sl wLth

the secOnd order DÐP algorlthm. AfXer each successfr:l
Lteratlon $Ie then change the funct,ians uO (L) r s0 that'
ct(t) = u1 {t), i = 1r.,.,t1, where ut(t} ls the new no-



mÍnal control variables. This modíficat,ion proved to
increa.se the convergence rate close to the optimal
singula.r solution, and was thus used when an approxi-
mative solution had been obtained with t,he e -u (' ) al-
gorithm,

5,, J 
" 

3 
" - 

Çes¡P s!ê g I ese l-sc 3þ eÊ - f e s - 
gb e- Eg gle - gcs å eÞl e

s93e!sê¡3!.

The state variable constraint

d

ds (x,u;t) + A
dr Is (x¡t) s o A 01

Differentlatlng S with respect to t, we get

ds dxo
--= :+d
dr dt

I dxn

-=udr

54.

(5. 13 )

(5.14)

S(x;t) =x5*dl*4 2
PMAX (0

was handled wLth the constrafning hyperplane technique
[4 ]. Since S is of fÍrst orderr vrê thus replaced I wíth
the mixed state-cont,ro1 variable congtraint'

d
d

2x4

1d

4
2 2

I , + ð'rð'rx ç (x ru)4

and thus the mlxed state-cor¡trol varÍable constraint (5.13)

becomes

dr- I
u2 + drdrxn- f4(xru) 50

The parameter A, was set equal to 10, which proved to give
a sufflciently accurate approxfmation of S(x;t) s 0.

d^
* Ar [xu+arx]2-PMAx)
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5*å* 5,-Hl aÅsìt gelåel-e$-!he-Hesllleglgs'

By eonverting the problem Ínto a slrrgular problem¡ the

mlnLmlzatlon of the Hamlltonlan ls conslderably simpll-
fled cornpared to Sectlon 4. tütth the 0-q (. ) algorlthm vle

have

2 2

H (xrurv*it) = 0t (u1(t) - c, (t) ) + a2 (u2 (t) - a2 (t) ) +

5+[v
l*l ot f, (xru)

Thusr It !s strLctly convex Ln u, and the mlnlmizatlon
can be dóne analstLcally. fn particular

tul

"fttl =a2(t) - u*rrrr,

when none of the controi varl.able constrafntg are active.
When any of the constralnts (5.9) or (5.14) ls actfve,
the quadratLc form of H lmplles that lt ls st1lI posslble
to glve an expllclt expresslon for the mfnlmlzfng control
variables. Thusr the executlon tlme for the mlnlmfzatlon
of H ls consÍderably reduóed, and the errors due to the
dlscretLzatfon of thc admlsslble control reglon are el'lml-
nated.
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5,2. lma1 SoLutÍons 
"

5 r2, ],. * Qp!1e¡s l - Ë e å gËåq g fcr

Wlth the techníqr:es out,tined above, the optirnal soLut.ion
$tas computed for the terminal t.irae tf = 10.0, The followíng
parameters v¡ere used¡

tI = 0"t01

¿Z = 0.û1

k" = 1û.0

kU æ 10.0

îhe computed optlroal trajectorles are shown in Fig. g.I,
and the opt,imal cont,rol strategles together wlth the opt,i*
nal t^ermperature and pres$ure st.rategies are sl¡ôwn in Figs.
5.? and 5.3, fhe optimal hemlcellulose yield. was xr{tg} =
= 6 " 97*, and comparing with FÍg. 4.10 it can be seen that
this is only sllghtly less than the optimat yierd for the
caÊe when the contror change rates are unconst,rained. Tt
should also be notlced Lhat the pressure control strategy
is similar ln both cases, Further computational aspects
are dlscussed in I s], where arso other cost functiona]s âre
considered.
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Hl"q. 5.1 Computed opttmal trajectorles for: tf = It.0.
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l0t
(hoursl
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300

10r
{hours}

Computed optimal cÕntrol variabLe ut (t) (=dTldt)
and computed optimal temperature strat'egy for

dï
dt

q,

40

30
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IO

0
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T

¿00

5
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t f = 10.0 "
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6

t,

2

CI

5 t0t
{hours}

P

-2

P, Psoa

1

I,

2

0

ftI so2

t
thours)

(* dpSO2/dt) and computed optlmal pressure

strategy for tf s 10.0.

ct 5 t0

Fig. 5. 3 Computed optJ"mat control varlabl"e u
2
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5 * 3.3*-Bedss3å s$-sg*lhe*þe$pereËsåe*eg-gþc-cnå- eÍ- lþe

Ëçab.

Most of the different gualfty aspects â^re very difflcult'
to include in a maÈhematical formulation of t'he problem'

llowever, Ít is known by experience that a reduction of
the temperature at the end of the cook has a favourabJ"e

ånfluence on the quatft,y of the putp" Thís å'spect can be

included ln the probtem by adding ti:e guadratic berm
1

n*xf ttr) tö the cost functíonaL' By choosfng a large
value of the parameter k., t"he termlnal optimal tempera*

ture will thus be reduced. Ëtowever, thls also implies
that. the optirnat yfelcl xr(tg) is reduced, ånd thus in
practice the best, chofce of k* Ís determlned by a tra<le-

off between qualÍty and, yiel.d'

In Flg. 5,4 the optimal temperature strategfes and the

optimal ylelds ar* shown for different. values of k". Be-

sides, the optimal yield is shown as a function of the

lemperature at the and of t¡e cook. Tlte ÖÔrr€spçndlng op-

timar trajectories for k* = 50 are shown in Fig' 5'5'
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6. TPTTMAL CÕl'ttRCIL, CIF MÕÞ*L Tf .

We v¡iLl ån this secLicn use a slightl.y dlfferent moåel

for the sulff te ctokÍnç proÒËss. fhe fc¡rxration of strÔng

aeLds will be descrtbed by {2.S) n which 1s somewhat füÖrê

accurate in accountång feir expenimental dat'¿l t'han {2,tt} '
Tt turns eut, hoþ¡ever, that the Õptimal contrÕ1" sèråte*
gåes and cÕrresponding trejectorles (apart from the cÕn-

cent,rat.Lon öf strong acidsi are affected. only to & small

êHtênt by the õhångê of model.

fhe constrafnt,s Õn cÕntr6L changê råtês and the terml-nal

ernstyâånts are in thås seÕtiçn changed to values that
are tÕrnmonly used In practlce. Furthermore, t'he optlmal
control Étrå{:egåes artd Õptåmal vaLuê5 of t'he cost func*
*lonaL are studi"ed as func'bionË of varlous pärafitefêrs "

îhe opt,ímLzatl"on problêm poseé ln thls secgion is very

slmåIar: tö that, of Section 5' Thusn it, is slnEuJ-ar and

ii: has etate variåb1e cónsfraÍnt.s as well as control va*

rfable and terminal cónstrâånts. In fact.r lt turns out
that the posed probtems are qulte st,ralghtforwardly
sÕ¡ved applying the techni"que Õf the previous sectiÖns'

Therefore we wltl here just gåve â mâthematlcal forrnul"a-

i;fon of thê ner¡r optÍmization problêm (Sectl"on 6'1) and

show the opt,imal cÖnt.rGl stfatêgi-es and cq:rreËpÖndl"ng

tr:aJectorl"es (section 6.2j "
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6. f . Preparatl.o4s.

9']*1*-rbe-gagbegtegl gêI *ugds l .

The formation of strong acidsr [sn-] ís described by (2.8):

{*$^ 
exp (*B*n ln nlrce I tHso3 l

a bc .{-

tH' lå[sA ] -
dt.

The values of the constant,s are given ín (2.9). The olher
er¡uat.ions rernain unalt,ered from Section 5.l.

Introcluce the state varlables

X"
J' Ir:

tcl
tsa* I tot
104 . exp (-350û/T)

(S) cf. Section 4.L*I
(*)

( iSA I tn moles,/Il"t,. )

(r ln ox)

(bar)

J(

ì.1

x

4&

J

4

xs o PgCI
2

fhe coefflcfents Ín the definit,ton of x, and xn have been

chosen to make all st,ate varlables vary l.n the sâme rangfe.

J\s control varlabLes âre chosen

u1 d

dr
T

and

u2 =Åp
dt,

(Notlce that u ls the. derlvatíve of the total pressurê
2

and not as 1n Sectlon 5 of Lhe part'lal pressurë pSO2. Thls



ís sfnce it ls more natural to have Llmits on the change

råte of Èhe ççqE.L pressure, when the pressure J"s decreased.

fir tnls sectLon we wltl have terminal constralnts for the

pregsure. )

The system equatLons then are

L (x) L (x)¿t (x)
- - kt(xlx¿ 4 I r 1(x]ll

dx 5

65.

(6.1)

L
f. (xru)t

I j(xll
*a (x)

L !"
2 7

t.(xru) o * k2x4 x2

dr

dxt
A,_€=r

dr,

.xl

[.r (x) 1

r8
,2

dx"¿_-É1
dr

d*¿
E-: :Ë f,
dr,

d*5

3 
(x,n) = n.*ltt*;tn I r,r (*] t 

s15 
t , z(*) I 

sr6

* x4[elog ('Lt"A/x4)] uf/3500
4

(x'u)

k -1I:G fU (xru) * uZ - ktktxn I (xru)
4

The inlttal condltfons åre

dr

x1(0)

x, (0)

xr (0)

x* (0)

xu (0)

* 28'i

* 32,

* 0.000L

o 104exp (-3500,/333)

- 1,80883

(r tot = 333oK)

[ntot * z bar)



fhe varlabLes
5.1.1.

k
7

t4

= 105.882-4k6

r1(x) and r2{x) are defined in Sectfon

66.

(6.2)

the nu¡nerlcal values of the constants are glven Ln 15 .4'l ,
{5.5} and (5.6}.

In ad.dltion

4 ,,
k6 ã, [0.98815 10 / (v-Lt llI . rool'4296L2

kB = 2198 ulog(10)/350û

gtg :a L0484r/3500

L = *û.4296

LtS Ë 0.6298

L = Q.553716

6 *å*3, -Sþe-sss g- {ssglåenet-enÉ*Sbe-sgsp![31sgs'

the csst functional ls the säme as before, i.e'

-r * * xz(tf)

where tf is the a prlorl flxed termlnal tlme.

The ternrlnal cónËtrê,lnts åre
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as befôre. Tt ¡¡itl now aLso be aeidecl

k

92 [x(tf ) ] o kt, [*u {"*l + krxn {t.)

$4ïlüur.

MTI(sz

* u, (t) .< rr

I =S

for all" t. Ë [0't

?.5)

r¿hlch corresponds tÕ P (tf l * 2 .5 har.

Al"go the terminal temparature must, satLsfy f {t¡} < 373ÕK.

Therefore a const,raint,

t3 (x (tf ) ] * k{,u Ix4 (tg] 104 exP (-35tÛ1373) I r* $

ls introduced j.n case the unconstrained optinal solutÍon
gives a termtnal tempêråture greãter than 3?3oK.

fhe coefflelents krpn and kü3 êre shosen as

k = 0,25ìt
2

s u.5

tÕ attain proper accuracies ån the test i lül I
< rl.

?he control varlabLes have to satisfy

ot,

MJIX
t

MAXuz

J
t,

çt¡ (r) s
2

w1th, unless otherwlse stated,

'rTt*

I4TN
u3

å3Þ30
"f* * 3o tdegrees Ke1vtn/hour)

*-8 MAXoz x $ (barlhour)
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Fåna3-ly¡ ås in $ect,fon 5.1.? l,üe have thë foLlowlng state
vasi.åbi"e constrafnts

LrP{pMAx

rMrN s * 3soËfiurorçro-u*n]J ,. rßx

I

J
+ er{ug(t} or(t}} dt+

It turns out that the second conetral"nt ie nêver actlve
and can be omLtted, The flrst, one glves

k IS (x,t) * aS + krxn pMÂ,1{ <û

unless other'wlse staterl P¡4Ax t¡till be ? bar.

.å,s l-n $ectl"on 5.1 the cost funct.lon¿l v¡ilå in vLew of the
singu)"arlty of th* pr*b3em, and because of the termfnal
const,ralnås b* ¡nodi.fied to

¿.

J = - kuxr(tg) - ortt)) +

2

t-
. 

J iIe ,['urtt)

¿

where kU ls nonuêro only in case û3 ls actlve,

+

+k x5 (tr) + lctxU (tg) 2.6 +
k I 2

4x* tt¡) 10 exp {*ïsaa/3731

I

t

I

L

c

*k
2

d
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6 "2, Õptimaå $olut,f ons.

f'Iith the lechnique Õut,ILfled l"n SectLons 4 and 5 optimaï
control strategies h¡ere computed fOr a number Of cases.

fhe opt.imal sÕlutlön for the values of the parameters gi"-

ven above anð t'ermlnal t'J^me Èf * 7 hotlrs fs shown in Ftg'
6.1". Here also å simulation of a cgntrol strategy usuâ}ly
applied fn practåce fs shown"

fhe decrease of the cost funct.l"onal o'þtalned lphen us.l"ng

the opt.lnaL egntrÕ} is lndeed very smaLl. lhis ob'riousl-y

is due t.o the fact that the cçnstraint.s âre actlve mÕËt

of, the tl"me.

From this stâ.ndård corlk of PiE " 6 " I then a number Of pe-

ram€ters have been v*rled, Õnê a* a tlne. Tliese pãramê*

ters are N tbhe eoncêRtrat.Lon of lìa+ Lonsl ¡ V {l.icìuor to
wood ratfo), Fffix, xl (t.g) r t* anct "y"'$illN.

Tn Ftg. 6.2 is Éh6wn ç¡ptåmal sol,ut,fcns f*r various values
Õf PHAX.

Flnalty, J-n Flg. 6.3 the aptlmal, vaLuË Õf the cÕst func-
tíonal (f .u. x2itr)] ís shown as å. funcLJ"on of the afore*
mentloned parameter:$,
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