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ON TITE CONSTSTM{CY OF PRE'DTCTTON EERON IDENÎIFICATION !'TSTI{ODS
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Lennart LJung

ABSTRACT

The consí-stency propert'ies for a class of ident'ifica-
tionmethodsrthatincludesthemaxirnum]"Íkelihood
nrethod are invest,igated' A gel:eral way of provlng con-

slstency is suggested and sets into which the parame-

ters converge. rv-p. I are.deternrined' Vector difference

equat,Íons and state space mo<lels åre used as specific

exampLesrbuttheresul-tsarevalid'forEeneralsystems'
Noassumptfonsaboutergodicityoftheinputanð.output,
processes are introduced and the systems ma5'be governed

by general feedback regul"ators '
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1. INTRODUCTICIN

The probìem of identjfication is to determine a model thát

describes input-output data obtained from a certaìn system'

The choÍce of model is as a rule made usìng some criterion

of cl oseness to the data, see e. g. fistr$m-tykhoff ( t 97t ) ,

Soudack et al (1971)' In o!¡tpu! grror qethods the discre-

püncybetweenthemodejoutputandt,hemeasuredoutputis
minimized. The com¡n0n model-reference methods are of this

type, see e.g. tüders-Narendra (1974)" Equaticn erTor-mgt:

hodsminimizethediscrepancyintheÍnput-outputequêtion
describing the ¡nodel. Mendel (1973) has given a quite detai-

l ed treat,ment of these methods '

l

0utput-
for noi
appl i ed

biased
ei ther

andequationerrormethodsareoriginallydeslgned.
seless data and detrministic systems. If they are

to noisy data or stochastic systems they will give

parameter estimates, unless the noise characteristics

are known or are of a very special kin{'

A natural extension o

characteristics into
put of the model with
system. 1-Ti ními zati on

leads to the class of
Thi s cJ ass contai ns u

1 i kel i hood method.

f these methods is to take the noise

account and compare the predicted out

the outPut signal of the

of criteria based on this discrepancy

red i cti on err r id nti fi cati on me ods.

nder suitable conditions the maxinum

The marcimum likelihood methocl (¡IL method) s¡as first' ln-
troduced by Fisher (1912) as a gêneral method for statis*
tícal pararneter estimation, The problem of consJ-sÈency

for this method þas been investigated by e'g' t¡lald (1949)

and Cramér (1946) under the assumption that t'he obtained

observat,ions are independent.' The first applicatj-on of
the ${L method to system.identifícation is due to }'strönr-

-Bohlin (1965), who considered single input sÍngle out'-

put systens of difference equation form' In this case the

mentÍonecl consist.ency results are not appllcable. Åström-

-gchlin (1965) shoiced one possÍbility to relax the assurûp-

tion on independent observat'ions
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ML identífication using state space models have been

considered by e.g. Caines {1970) ' I^IoCI (1970) , Aokl-Yue
(19?û), and Spaín (19?1)." Caines-Rissanen (19?4) have

discussed, vector dif ference ec¡uations. All these autt¡ors
consider consistency with probabllíty one (strong con-
Ê;istency). Tse-Anton 119721 have proved consistency in
probabllity for more general models. Balakríshnan has

treated ÞtI¡ identification ån a number of papers, see e-g'
Bal"akrishnan (1968) .

In the papers dealing with strong consist'etrcYr one'nain
tool usually is.an ergoCic theorem" To be abi-e to apply
such a result, significant idealization of the identifJ.-
catlon ex¡reriment conditíons must be introåuced, The

possibilities to treat input signaLs that are partly
determÍned as feedback are limited, and an indispensable
cond,itíon is ttrat the likelihood function must converge

w,p.1, To achleve thts usually strict statj-onarlÈy of
the output is .assumed. These conditions exclude many

practical identification sit,uations. For example, to
identÍfy unstable syst,erns some kind of stabilizing .fecd*
back must, l:e used. Other examples are plocesses that in-
herently are under tirne-varyi-ng feedback, like many eco-

nomic systems.

fn this paper strong consi-slency for general" prediction
error methotls, includ,ing the lfI; method is considered.
The results are valirl. for general Process mOdels, linear
as r¡elL as non linear. AIso. quite general feedback, Ís
allowed ,

A generaL model for stochastic dynarnic systems is d'is-
cussed in Secti"on 2. There also the identifica'tion method

is described.
Different idenbifiability concepts are introduced in Sec*

tl<¡n3, rqhere a procer}ure to prove co¡rsistency ls <¡utlinecl.



Tn Sectj.on )+ cc,nsistency is shot'n for a gene:'a)- systern

åß'!¡elläsforlinearsystems"Iheapplicat'ion<¡fthe
lineai:'bÍme-invai"ianl' sy*tems is tliscussed in Sectíon

structu¡le
results to
5.
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2 " SYSTEÞlS, þICDSLS ÀÌ,iD .PREDICTIÖì.T ERROR IDENIÍ FICÀTTON

I"lETHODS

2.1 " Systen DescrÍption.

Ã causal d,i-scret.e àime, cleterrninistic system, denoted

by S, can be describe¿1 by a rule to compute future out-
puts of the sysè.*rns f rom f nputs and previous outputs I

y (t+1) ä t, {t;V (r} ,}i{t-t ¡ o - r, ry(l} ¡u (t} r.. . ¡\r (1) ; yO) (2,f)

where V0, "the lnitiat c<¡nditionsr" represenfs the ne-

cessary LnformatiÕn tÕ cornpute y(1)

oft,en y(t+1) fs not expressed as an explicÈt funitíon
of old variables, buÈ some recursive way to calculate
y (t+1) is prieferred. tinear díf ference equatåons and

state space models are r.¡e}l*known exampies. The advan-

tage with such a d.escript,ion is that only ã finit.e and

ffxed number of old values are Ínvolveð in each sbep.

Ëor a stochasti c system f*ture outputs cannot be exactly
determined by prev'ious data ðs in {Z.t}' Instead i'he condi-

tjonal probabi'l ity distrjbution tf y(t+t) given a.l I previous

rlata should be considered. It turns out to be convenient to

subtract rut the contifional mean and consider an innovatÍons
representation of the form

y {t+1} = E[y (t+1 i lfr,S] + ¿ (t+1 , yr,s, t2.2t

v¡here nlytt.+'ti I/*'5)] is the conditional mean given all
previous or:.tputs and inPuts t

H[y {r¡"'1 } lyb,s] = gs [e,y{t} ,.,.,T {1) ,u(t} ,. -.,u(1} l}loJ

Hêre V ¡-u
denoles the o*al"gebra generated by

(2,3)
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{y (t) t..3 ,y (1} ;u {t} r { .. ,u{1} t fo i, and. !'0,, 'othe initial
condition" r. represents the i nformaLion avaílabl e -at 'time

t ã ü about the p::evious beìraviour of the system,

Th,e sequence i¿(t+t¡}/-rS) ] is ä seguente of ::ar:dom va-.E
riables for which holds

B[e tt+1,V t,5] l YLãSi = 0

It consists of thb innovations, see Ë,ailath (19?Û).

fhe conditional mean n[Vtt+1) lyt,S] wíll also be called
ti:e pqçi{Íct,ign of y{t+1} based on yt. Since it wålI fre-
quently occur in this report a simpler notation

y {t+1 lS} = Ë[y {t+'i} l Yil S]

will be usecl.

Remark. It shouid be remarked that the description {2.2} to
soffie extent depends 0n y0. Two cases of choíce of yt wilI be

djscussed here. The most natural choice is of course y0 ã the
actual ã priori information about previous behaviour known

to the "rnode"l-builder". A disadvantage wfth this choice is
that in genera'l e (vtt+'t )lfraìSJ wil'I be tïme vanying even
'if the system al'l ows a t'ime-invariant descript'ion. This point
is further clarified belor,¡. A second choice is /6 = 90 É

the'information equivalent {from the vievrpoÍnt of prediction}
Èo knowing e.l.l previous -y{t}, uit}, t <û. This choice g'ives

simpler representations E[l(t+tilyt,Sj, but has the disad-
vantage that Yt is often not not by the person performing
the identification procedure. Both choices wilì be discussed
i n m0re detai I for 1 i near systems bel ow "
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General stochastic systems can be described by !2,2),
just as {2"1} i-s a general descrlption of deterrninistic
systems. The ¡nain results of this P'åpe.r .: will be forrnu-

lated for this general systen description (2.2\

For practical reasÕns, in the usual system descrlptions
the output is not gj'ven explicitt$r' as in l2'zl ' varÍous
recursive t¡ays to calcutate y 1t-+1) are used' instead'.

Exarnples are Eiven below.

fxamp'le 2.1 * Linear systems in state space representation.

State space represËntations are a ctmÍÌon and convenient way

of descri bi ng I i near, time-varyi ng systems. The Í nput output
relatfon for the system S is then defined by

x(t+1 ) =Arx(t) +eru(t) +'e(t)

{2.41
y(t) =CSxtt) +v(-')

wherete(t}}and{v(t)}areseq[uencesofind'ependent.gaussian
ranclom vectors rv.lth ze7;o nleân vatrues . and Ëe (t) *T (t) =

Rs(t) , E e(t)v(tlT = nfet) and E v(t)v(tlT = Qs{t}. The

system matrjces may very well be time-varying but the time

argument i s suppressed.

rhe function

E[y,{{:+i} IYLTSJ = y(t.+1 lS)

where. Ía is the o*algebra generät'eâ by {ytt} r" ' ry(1),
u(t-) ,...¡u{1}rfO} is obtaine<ì- as foi}ol¡s:

ü(t+r tsl c Ê tr+t ts )5

v¿here the sLate esiimate x i.s o]:tained f::om stand'ard

Ralma¡r f,ilteri-nçJ:

(2,5;



i{t.+1 ls) = Asi(tls¡ + nru{t) + Ks{t} {v{t) * cs*(uls} } (2. 6 a)

(t) is the Kalman gain matríx, determined from å5r
K

B

s

s' cs' Rs' c and QgasRs'

Ks(r) =(AsPs{t)c! * RËJ {ts"s{t)c[ + qrJ-t

Fs(t+r) = ,ssrstt:a! - rr(t) [csPstt)cl +

{2.6t)
qsj *1 r[ttt +R s

The i nf ormation v o i s trans'lated i nto an estimate of t'he

initiaï vaJue îtötS ) wÌth corresponding covariance PS {0}'

Then {2.6} can be solved recursively from t=0. The reprê-

sentation {2.6} then holds for anY VO" and in this case it

í s cûnven i ent t,o i et V U be the actual a pri orÍ knowl edge

atrout the previous behãviour of the system. Nstice that if

the system matrices and covariance rnatrices a1l ¿¡s time

ivariant and 90 = T0' then also k will be t'ime invariant'

Acontinuoustimestaterepresentationcanbechosenin-
stead of (2.li). ln e.g, Åström-Kåtllström (19?3) and Mehra-

TyLer (19?3) it ís shor,rn how E[ytt+1) lYarSl, where,lt i"

asbefore,canbecalculated'Theprocedureisanalogous
to Lhe cne describecl above for sampled' mod'e'ls '

E¡

i

I

ll

i
.{



Exarnple 2 .2 General Linear, tine-invariant systems '

A linear time-invariant system cå.n be described as

B.

(z.t)

u(t) ã u(t-r) and'
-1.replaces q -). The

random variables
e(t)e(t)r À

s

y{t+r} = cr(e-l) u(t) + ur(r-1) e(tlr)

vhere q-l is the baekward. shift operator: q-I

G*(z) ancl iI*(z) are matrix functÍons of z ( z

variabl"es { e(t)1form a seguence of independent

r¿ith z,ëra mean values and covariance ¡natrices E

{uhich actuatly may be time-varyine). It rri11 be assumed t}rat

G* { z, ) and ttU (z ) are matrices with rational functions of 2' as

entriesandthatrrjo)=I,The}atterassumptionÍmpliesthat
e {t } has the sa.me d,imeneÍon as y( t } , but this is no loss of gene-

relity. Furthermore, &ssune that det Hr(u) tras no seroes on

ínsid.e the unit circle. [his is no serious restriction, cf the

spectral factorízation theorem. Then n;t(q.-1) is'a lrel-Ì d'efinetL

exponential j-y stable 1Ínear f ilter, which is straightf orward.ly

obtained by Ínvertíng ff, ( z ) .

To revrit e (Z.f j on t,he form (g,Z ) requÍres so&ie caution regard-

fng the ínítíaL values. 1f vt ðoes not eontain .enough informe*

tion the repïesentatÍon (Z,Z) vil] be time varyÍng' even though

(Z.f) is time-invariant. Tn such a case a state spå'ce rêpresen-

tatÍon can be used. A sirupler approach is to assume that 9O =

yO = the ínformation equivalent to knowing all previous y(t)t

,rit ), t <0. It vitl follow from the ana1ysis in the following

sections that this assumption ís quite relevant for ld.entification

problems

From (2.7 ) we have

Tf ( q-1 ¡ y {.u+r )-l-
c

and

y(t+r )

-1
s

-1H (q. )c {q.-1} u{t) + e(t+r)
s

*;t(s-l) ÌiI nql+t) + n;t{q-t)cr(o-1) u(t) +:e(t+r) {2.8)



since u;r{o) = T, the

u(s) onlY uP to time t
variables, also in the

Ilence, if !i o = TO,

u(v(t+1)lY.,s) iï

Now, linear sYstems

the impulse resPonse

presentatÍon is the

si.J.e of tz-B) contains
e(t+l) is indePenclent

d.eterrained from outPut

9.

y(s) and.rÍ ght
. The

c ase

haud.

t evrt

rÌ is
of these

f eed.back,

r;t{q-r)} y(t+t) + tl (q-l) Gs(q-I) u(t) (a-g)-L
s

are often not mod.ellecl d"irectly in

functions GS and HS' A frequentLY

vector d.ifferenee equation (VUn):

terms of
used re-

( q-1) v(t ) B (q.-i) u(t) e(t)
s

ïepresentation is the state space form (in the

innovatÍons form):

* õs ( q.-1) (a,ro)

(a.rr)

(e.r¿)

e

Ánother conraon

t ime-ånvari ant

x{t+r )

y(t) ã

s

and

G {a)s

A

c

x(t) + Bs u(t)

x(t) + e(t)

(r zA.s
-1

+ K "(t )
s s

s

ït is easily seên that these two representatíons corTesponcl to

G (") rJl{") Ë'.(z) (z) ã;t{") T*(")H s

B s
H (z) zC s

¡tT¡ zl5)-t** + T (a-r:
ss

respect iveJ-y. Tn these tvo cases GU( z ) and H

çåth rational functions ås entríes'
{z) ui1l be matrÍces

u[v(t+1il Yr's].L2]. into (¿.9) Ít Ís seen that

found a.s the solution of

¡i1t+r ls) 1c*(o-l)

s

Insert!.ng t2
f 1t+r Is) is

cr{o-1)

for the ea.se of ã VDE nod'el' Solving (e'fb)

v(o) ¡.. .tT(-n),,r(0) '.. ' 'u(-n),v(o ls) "'''"(

( q-l) ] y(t+r ) + nr{0.-1} u(t) {2.11+i

requires knowledge of

A
s

-nls).
tion is containerl Ín the information 7ot

This informa-
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For the state s¡:ace model- (e.rr) y(t+f lS) is found from

i(t+r) = ASi(t) + nru(t) + 15{r(t) r(t)Ìs (z.tl{ b}

ilt+rls) tSî{t+1 )

where the initial condition Î({O) is obtalned from YA

lrlotice that there is a parameter red.und.ancy Ín the rèpresen*
tations ( z. ro ) ana (e.4r ) . All madrix po,lynomial* ãS , ãS , ana \
and. all matrices AS, BS, CS, t that satisfy (Z.J-Z) and (a' f ¡)
respectively, coï'ï'€spond. to the sã.me systen ( 2.7) -

I

These examples cover linear, possibly tirne varying sys-
tems" CIearIy, 'ãIso non-l1near systems can be represen-
ted. by (2.3) . J\ simple exaniple is

y (t+1) = f [V (tl ,u (t) ) o {v (t) )e {t+1}+

'It. should, however, be remarkecl that. it is i-n gcneral
no easy problem to tra¡¡sform a non linear system lc the

forn (2,2'¡, This is, ín fact, equivalent to solving the

non-linear filter problem, It is therefore' ad'r¡antageous

to directly model the non-linear syste:n on the form (2.21 ,

if possible,

2 .2, I'icldels,

In man¡¡ Cases the system characteristícs, i.e. tlte func-
tion g^ in (z.z) and the p::operties of { e (t+f , l/- ,S ) }are not\t
knov¡¡'r .i priorr. Une Fossrbility tç1 obtain a ¡nodel of
the systern is to use inpr;L output data to determi¡re the
Characterj-stics. In t'.his report v,'e rvill concentrate on

tl¡e problein hor* the func{:Íon g, can be found
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Naturally, it is impossfble to find a general functlon

Sr[tty(t) ¡... ¡!(1) ;u(t) r... ¡ìrtt) ;yOJ . Therefore the class

of functions among whS.ch g is sought must be restríct'ed''
lfe wilt cäLl this set of functions the ryodçl-sqt' or'the
model s bructure. Lêt lt be denoted by lii and let the ele-
ments of the model se| be indexed by a parameter t'ector
S. the set Over H¡hich 0 varies v¡iIl be denoted by Dg- Jl

certain element of L{ vçi1t be called a nro$el and be de-

noted by t{(0} or t¡ritten as

E[y {t+t } I YL, f,{(e) ] =

[t.;.r(t),...,y(1 ); u(t] ' ". - 'u(1 ); 
yo)

Hence

!.{ = t,t{ {s} lsEo 1
jt.Í

A complete model of the systern also model.ç the sequence

{¿{È+1,fgrS) } so that it Ls descrÍbed by

y (t+1) * E[y (t+1) ¡ yL, tv{(o) ] + ¿ [t+1 , i/sr ¡t{( 0} J

rvhere {e {t+1 ,yþrl,{t0}}} is a sequence of rand.om variables
ioitl, ionditions,l ilis'trÍbutÍon' :that -ûepend's on M(0 )

For brevity, the notation

!1t+1 le) = E[y(t+1] l/¡rtJ(o]l

is also used for the prediction,
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The m.odel structures can be chosen in a complef"ely ar-
bitrary !Jey. For exam¡:J-e, g can be expandêd. ínto ortho*
gonal funcLion systems:

9l¡ (s )

n
f
L

i='l
oifi

Such chcices are cliscussed by e,g. Lampard {1955}. If
there is no naÈural parametrization of the model, such
atl ext:ansion rnal' be advantageous" ?sypkin (1973) has
discusséd r¡.odels cf this type in connection with iden-
tifícati"on of no¡:-Iir:ear systems. However, the usual
choice ís to take one of the nodels Ín Exanrple 2.1 or
2.2 and introduce unkno'¡¡n elements 0* into the systemI
rnaLrices .

l, vector dj.fference equation model. e.g', is then
described by

Aü¿o) {n-1}y{t} = B¡.i(u) (q t}..r(*) * c,.i(el {q-1)*[til{(e))

where

Al.{1*¡ tt} x f n A1,r,{6e¡ z "F''" * Àrr(o} 
rÅl(g} "n(e)

etc.

i e (t; ff(0) ) ) is a sequence of i..ndependent random variables
with zero nean values and Ec(t,l'l{o}J¿{t,tJ{o)iT = AUta}.

The unknown elements may enter quite arbit::aríLy in the
mat::ice" .Airili(0). Sorne elenents may be kno"¡n frorn basic
physical lawsr Õr a priorÍ fixeð, Other eleiments may be

related to each other etc. Generatly speakitg, l"[ can be

described by the way the parametër Vector 0 en|ers in
the matrices: the model paranete::izatÍon.
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I

Thusn for time-i¡variant linear systems the choice of rnodel type'

(vector dif ference equati.on, state slpace representation etc )

anrl parameters can be understooð as a wåy of parametrizing G

ancl H in (e. B): cU 
ço ¡ and futst via (¿,tz) o" (z.r:).

Remark. Lihe for the system descrÍptiono also the nodel deserÍp-

tÍon depend.s on the initåaI cond.itions v o. It would. be most

sensible to choose y, as the actual a priori knowled'ge' bt'lt a8

remarked. previousJ-y, this 6ives more complex algorÍthms f or cÕ¡11-

puting the prerlietion. For tirue-inïariant systems it r¡i11 there-

fcre be aesumed in the seqìrel that f O 
* 7O á knovleðge of all.

previous history, $inc._ % is in general not'known it has to be

incluiled in the nod'elt lO = y0(6 )' Often it is suff icient to

takey0(0) = 0 a1L0 , i,e. u{t)=y(tÞÛtt<t' correspond"íng to

zeïo inítiat conditiorrs in (z.ti+') an¿ (2. rl+u)

2.3. rdent.ificat.ion Criteria.

The purpose of the iclentificatiÕn is to ffnd a model

i{(0} that, in some sense suÍtably d.escrÍbes the rneasured

input and outPut data

The prediction of y(t+1) plays an important role for
control. Ïn ¡ Q,g. ¡ linear quadrat,ic control theory, the

.optimal input shall be chosen so that E[y(t+t) lytrs] has

desired behaviour. This is the separat'ion theorem, see

e.g. .A,ström (1970).

Therefore, 1t iS veïy natural to choose a model that
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gj"ves the best possible preåictíon..That' is, Êome func-

tion of the Prediction errÕr

y{t+1 } .. E{vtt+1 } iYr,l'J(e)}

sÏ¡outd be minimieed with respect to 0 '

WelgÍliconsÍd.erthefollowingclassofcriterl.å.
Lrod,uce the matrix

ïn-

cro[ute)]
N

i"rfn(v(tl.- "rtlelit*1
{ /ãïil ivtt I - v tt I e )J ir'{z '

Its dirnension Ís. nrxnr, where nn is the.number of out'-

puts. {ntti } ls a seguence of nôsiti;øe definite ma.bri_

c€)s. ït is assumeå that" { lntt.} li ls bounded' the selec-

t'ion of the matrices naturalll' effects the re]-'at'lve 1m-

portance gÍven to the components of ti:e prediction' À

speci-al choice of weightÈng m4trJ'cès Ls discussed in

Section ?.4.

A scalar function, h[Qr¡[ir{{e)JJ, or the nat'rix of predic-

tion errors wÍtr be minimized v¡ith respect to g. For the

mlnÍmization to make seRset some simple properties of

the function h must be int'roduced'

Pr op erties of h. Let h. be â. continuous functÌon vith n
1r

symmet:'ic rnatrices as domain ' Assume that

h{re} = g{r}h{A}E.},9.{l} scalars and g.(l)

LetðÏ<fldx,6TheasymrnetrÍcpositivedefinitemaË-
rix,angllt*tBbesymmÈtrj.c'positivese[iidefiniteanô
non, ?,ero, Àssume that then

xnv
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h(A+s+c¿) : h(Ai + p(6)ti s rçhere p(ô) >

¡n

for tr crc] <
B

If h satisfles l2'16l¡ '
fi.catton criterlon bY

it, defines a v¡eII Posed' ldentl-

ir*to) = h[a¡¡[i,{ (s} J ]

(2.1 6b

(2. î 7)
or

vNrc) = hlt aN(,ï{(r})J

ïn partiôula-r, tx{A} wiLl be Laken as tr. A' whlch clear-

tysat'isfles{2.16}'Thiscriterl.onisprobabS"ytlre
ea*iesb q¡ne tÕ handler theoretically as weJ'I as compU-

tationallY' Then

rr Q6[r"f{o}J =i lv{u rttrulI 2
R(r)

'' = *TR(t) x.where l"lñt*l

Ànother possible choice is h (A) = det (A) I which ís of

tnterest because of its rel"atíon to the likelihooå

funct,íon, cf. Section 2'4'

Lernmil2...1. h{}-} = deÈ(A} satisfies t2'16} '
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P::oof . Con..liti<¡n t2.1 6a.) i-s trlvially satisfied.

oer(n+s*cr) * det allza*t(r * ;1/z(B+c¿)A-1 /27aet a'1/2 =

rnrhere da

Let L be the largest. eigenvalue of B. Then I : Lr B/n".
Also, o*1/?gg*ll? hu" Õne.eigenvalue.that is 3-arger or
egual to trõ' {consider a-1/2ax*1/2x, where pi1/2* in an

eigenvector to B with eigenvalue l") IrÏow. adding !.u*o
S can distort the eigenvalue.s at mosL. ¿/õ wh?:e t=-¡1C"ll '
tbe operator norm of t., anel

are Èhe eiqenvalues or n-1 /'t *"r\a'1/2.

R
v

= det L ï1 it+¿
i=1 i

(1+¿r*e,/õ) z
n
v

n
r=¡

{ 1 +dí}
[-n -1lv>l T1

-l l- i=1

zt,

{t-elå

.T

I

I

-Hr r
ð Jt

1 + õtq-q
n
v

ôtrB

'l +*9-trB
2n

v

dt"' -()

e/ô

forÊ<
2n

v

¡1v +t.rB
6

(

t
¡

wlrlch conclucles the Proof .
(¡

Ïn"bhås cha.pter !¡Ê wifl rûnsider tl¡e limítíng propertÍes of tl
estimate 0 that mÍn-imízes (e,ff] as lI tends to infinity. CIf

3:articular j-nte:'est, is of course vhetlrer the limitÍng val-ues c

ü giveF m,3åels ¡'{( S ) that properly describe S, ThÍs is the prö*
blern of coRsÍstency of predietion errcr id.entífication rnethod.s
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So far v¡.a have only cliscussed how the funct,ion nly (t¡i1) |

iyà,Sl can be estimated. The properties of {0(t,+1 ryt'S}.}
can then be esti¡¡rateå from the residuals

y{t+1 ¡ * u[v{*+1 ¡ lY*fo{{o*i] = e[t+1 ;1.,,I{(e:})

v¡here Ð* is the minimåaíng value. In parlicuS"aro if
{ett+1,yt,S}} ä {e{t+1}} Ís å statÍonary seguence of
ånciependent rando¡n varåables with zerÕ mean val"ues and'

v¡e are oniy interested. ín the secsnd ord.er moment pro-
perties tr¡en ¡\ x EettleT{t} can be estimated. as * O*(,t'f te*lJ
v¡here Q* is defined by (2.15) wit.h R(e) = I"

2.4, Connectíon wit^h Maximum LikelÍhc:ocl ästimat,ion"

It is wei-l knov¡n fhat" p::edi*Lion error crilerj"a are ån-

timately connected. wittr maximum f.ikelåTro<¡C estimates.
?his section contains a brÍef dåscussiarr of hov¡ the
formal reLatio¡ts can be estahlishecl.

Consj,der bhe model

y(r+'l) = B[y(t+1]ti/r,rf {e}J + e{t+til.{{o}} (e.l{
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re {t;I,{(s} } u* [.r${{s} } *,r(t}

Let, the innovatLüns ie[ertl{e))l Ue assumed to be l-nde-

pend,ent and ncrrnally distributed. The probability den-
síty rf y(t+11 given F, and gtven that (2'1$) is true
then i.s

wtth

f (x**, I í*) I
t 

-- 
-r 

*- -- 
-' 

a

ffi
1i

-ä [xr+r * yr't*r le¡ ]tfr-1 (t+1) [*.*, - ;(t+1 le¡ J
'e

Here f (xl!/¡)'= Fr(xlYr) r.¡here r{xlvr} * P[v(t+1¡ S xlyJ.

Llsing Bayes' rule the joint probabllity density of y(t+1)
and y(t) gÍven fO-t ca¡r he expressed as

f {*r*1 ,x* t f*-î } = f [***.t ly (è] * xr ,vb*1Jr {x* ! ft-1} =

= f (xr+l I fr! f {xa t 9**, }

*1/?

v¡here ytt) i" i{t+tlÊ} shoukl be replaeed by xt. In

= [zn aer A(t+1]det" Â{t} l

J 1 Coe" nat depenct linearly. 9n Y(t) r

(y {t+t } ,y {t) J i* not jolntly norftal.
iase n ty {t+t I Y* i,f ( 6 }

the d"istråbution clf
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Iteration directty gives the joi"nt probabålity densi-ty
of y(t+1)ry(t) ¿.ô.'y{1). given Vn" lfhe logarithtn of tlre

likelihood functíon, given Í6r bhe¡r ís obt,aíned as

tog f {y(t+t}0"..,yt1} f Yü}

Iog d.et ¿ {s+'i }

The maxlmum S.iketihoocl esLimat.e {MtH} of 0 therefore is
ahtai.ned ac ti:e el-emànt lhal minimi-zes

f çs+t lû) JrÀ*1 (**t ) [y ts+x i * ; (s+1 l8]l -
t,

'k ï" [y {s+1 }
s=0

+"L
.-åt"*2n-å I,

s="1

* i {unl ¡ r} Jr;-f (*ur} [v {s+1} - í ts+1 [ ô] J +
1-
L

I tv {s+1¡
c=4

+
F
L

s=1
+ Iag det, ¡{s+1}

ïf the mabrices ittl åre known, the MLE is tonsequenbly
obtaÍ¡red as the mÍnimizing point of !h: loss function
{?.1?} with h(A} = tr{A} and R(t} = ¡tl'(t}. I

When fï{L} are unkno\^ÌÌlr the minírnizatj'on shouJ-d. be per-
fc¡rmed also r'¡íth respect to {nts} }. In case Ä(t} does

not depend on t, tire minåmizatÍon wittr resEect to. À can

be performed analytícallyo Hat<ln {19.6?} ¡ y5-elding the
problera to ¡ninimize aet[Q* (rf i e: J 1 givinE t tNi fwhere
R(t) æ I in Ç¡{rtttot Jì and then take

:1A=ñ QN fi[e(w]l
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Summlng up, the loss functlon tident'ification crlterion)

12.17 ) v¡hich per se has good physical int'erpretation '

also coxresponds tÕ the 1og tikelihood funct'ion in the

caseofindepenðentandnormallydistrlbutedinnovations.
In the analys5-s, hor+ever' this wilt not be exploited'

[he resultc are therefore va]'id for general distrlbu-

tlons of the innovatlons'
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3. CONSTSTENCY AND IDETITIFTÀBILÏTY.

The question of identifiai:i1-åty cûncerrrs the possibili-
ty to determine the characteristics r:f a .systern using
input output data. This questicn is obrriously closely
reLated to the prol:Iem of consistency af the par:ameter
estimate CI. À way to connecb the tvo concepts Ís introduced. in
this section. The defÍnitíons given here are consistent vith
tho se of Lj ung*Gust avssûn* SäOer.str'd¡r (f gf L ) .

The consisLency of the parameter estimate 0 öepend.s on

a varíety of condÍtions, such äs noise structure, choíce
of input signal, nodel parametrizatíon etc. One specific
problem is that there usuallv is parameter reclundancy
in the models, Tt was dernonsLrated ín Exarnples 2.1 and

2.2 that several sets of matrices give the same lnput
output relaLionships, and hence cannot be dístinguished.
from each oth*r f rom meãsurements of input,si and ôutputs '

Iritrortuce Lhe set

Ð (s, Å,1)
T

For the
se€ that

U

{e lo'n0,, 1ím
N-+*

1rFl {E (y { t+r )1y., f o,s)* e [r( t+r I 
y t,v t( e ] ,,i,t( e ) ] 

1

. { E {y{ t+r ) lyt, v0,sJ- r [vit+1lyt, y0{ s ) ,¡l (e )) } 5=Ûal.l y iLj

(:.r)

The set nT{SrÅ{ ) cÕrrsists of al-} parameters in Ðn,n vhich give
mcdeis that d.escribe the systen vithout error ín the mean squã.re

sense. There rnight be ûif f erenceÊj between S and M( O ) , ÊrDry(S,M )
due to initiai condÌtions and discreparlces at certain time in*
stances, but on the vhole they are indistinguishable ftorn in*
put output data only.

ca-q e of linear,
c,an beDr (s ,Â{ )

time*in¡¡ariant sys-tems it is easy to
d"escribecl as

{olr.o,d, G
T

(s,¡,t) Lt
rU(s)

(a,}
s \Ll n¡l(r)(') H (|

J
iz) â.e.sl (3.2)



Clear1y, it, is noL rneaningful to consider ccns.istency
i.f Df (Srt{} is emnLy. thereforc, unless otherrE.ise stated
it. r.¡itl be assurned that ¡11 is sr¡ch thaL Dr{S'il} is ntn
em.oty" Naturally, this is a very strong assumpL'ion in
praclice,, since it implies that t'he actual process ca1

be modelled exactly, However, {:h* theory of ccnsisten-
cy does not õÕncern ãpproximaLion. of systems, but' cÕn-

vê"rgence to "tru€" values

The estimate based on N data., 0(Nl ' naLurall"y depends

an S and l{ and on the identification methad used, T. It
nlsc d.epend.s on the experi"mental conditlons, lÍke the
choice of input signals, possible feed.back structures
etc" TLre ex¡:erj-mental conditions wiII be denoted by X.

lrlhen neeråed, these clependences v¡ilI be given as argu*
ments

Suppose not'¡ that

ö{N} * Dr{S,ti} ld'P.1 as N'+ dó

Remark" By this is meant that

22.

(3,2)

inf
gr€Dt

I 0 (¡T) ðt l. + 0 with probability one as N -¡ oo

IL r3,oes not imply that the eetimate conve.rges -

p

Then the mod,els that are o}:'Lained fro:n t.he identifica*
tian aì-l give the -çan:.il input c.uLpuL characterjst.j.cs asi

the Lrr.re systen. lf ia'e unilerstand ä sysLern basical,ly aq
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an Ínpu'b output relatÍnn, it is natural to say that we

har.'e identified the systenr if {3.2) holds:

Definition 3.1. S'

f iabl.e ST ¡l¡.t t

tifiable
$I { rl,f ,7 ,1,'}

pï }I X

S is said to be SYstern Ident5-*
given ll, I¡ and X, if ô(N) -'

systern
uncler

* DT(Srti) w.P.1 as N *r co"

If the objectir,'e of the identification is tcl obtafn a

model that can be useð to clesign control lav¡s, the con*

cept of sT is qulte adûquate. since all elements in
DT(S.l{} give the säme fnpui: output relation' they also
give equivalent feedback laws '

tr{henminimizingthecriterionfunction,Ítmayhoweverleacl
tonumericald-ífficu}tiesifthereisanon-uníquemínimum.
If the ÕbJective is to rlebrmine some parameters that bave phy-

sical signifícanee another concept is more natural :

Definition 3"?. It system S ís said to be Paraneter Iden'
asI unåer given f"{r l¡ and X, if Ít

consisLs of onIY one Point.ar:d Ð*{5'f'{}

&EgE, Pararneter ådentif iability is the normal identi*
fiabllity concept, and it has heen used by several au*

thors¡ see e.g" Aström*Bohl-in t1965), Balakrishnan (1968),

Bellrnan-Á.ström (19?t), 1se-.ã'nton (lglZl and tlover-l'Iil-
lenis (19?3). Usualiy the system matrices ar:e assumed to
erlrreËElond to a certaj-n parameter value tÛ for the given

mod.el parametrizaiÍon. In such a casã the parameter Ê0

is said to be id.e¡tifiab¡le r¡,p.1 {e:r in probabílity) if
there exists ä. Seguence of estimates that J:ends to 00

w,p"1 (or in p::obability). NÕtrf , the sectuence af esti*
mates cönverges to eÛ vr"p'1 if and *nlv it lt 

is PI{[{'
1, X) according to Ðef . 3,2 ancl Ð* {5, ¡{} Ë i 0" } " Thererf*re
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Lhe definition just cited is a special case of the De-

finition 3.2 above.

CLbarly, a system S can be PT{l'J,T,X} only if n*{Sr¡t¡} =

='{g0}, This means that there exists å Õne to one cÖr-

respondence between the transfer function and the parâ-

meter vector ð0, Thls öne to öne cûrrËspÕndence can

hotd. globalty or locally arcund a given value. The terms

global and lacal- identifiability have been used for the

two cases, see e,g', Ëe llman and, Åström (1970). DefinÈ-
tion 3.2 clearly corresponds to global parameter iden-
t.Íf iability

The problem to obiain such a one to one corrëÉpgndence

fpr linear systems .. iS rel-pte"d tq canonicaL repre-
sentati.an of transfer functio¡rs. Thís Is a fielcl that
has receivecl much attention. The special questions re*
laLed tei canonical Ëorlns for identification have been

treaterl L,y e.g. frström-Eykhoff t19?1), Caines (19?'l) t
ivtayne 11g72) and Rissanen (197L ) ,

From the above díscussiÕrr wÊ conclude that the.problem
of cÕnsistency and identifiability can be treated as

three different problcms:

T. First determine a set, Dï (5 r lJ ' 
T , X) such that.

o (N) .* Ðï(srlul ,i,'XI w-P.1 as N *' æ

This is a staLis-bical prob-Iem, To f ind such'a set'
certaln condi.Líons, rna_i¡}y on the noise sLructure
of the systeÍn¡ must, be imPosed

If. ïhen demand that

DT{Srl.Í} = DI{S't'f ,I,X)
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i.ê. that S is Sf (ilï ,I ;X.j. Thís introduces require-
rnents on the experinrental conclitions, x, choice

of ínput signal, feeclback structures eLc'

TTL. Lf so desired¡ require that

ÞT tS ,1t{) * { 0
0 ]

This is a.cond,i.birn,cn the model structure only,
and for linear sysLems it Ís of algebraic naLure.

ïn, Lemma ì+, f and in Theorems h " 1- a.nd t+ 
" 2 cf the f ollouing section

thesetxlisd.etermin,ed.forgeneralmod.e]structureste.rB}'
and J-inear systerns respective)-y'

Frat¡lem 1I i s discusseil 1n Seetion $ for ]'inear ti¡re-Ínvarlant
systemB. In Gustav.sson-T,Jung-Í;äd.erstyön (rgrh) probl-en II is
extengívelytreatedforvectordiffereneeequattons.

Problem lII is, as mentionedr the probLem of canonical

representation and can be treated separately from the

identLfícation problem..]t will not be discussed irr this
pe"per-

Remqrk. In the followíng, the arguments Sr ¡tr{r 1, X in
Dï, DT, SI and PI wiLl be s!1ppre56ed v¡hen there is no

risk of arcrbiguitY. '
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Il. coNsrsrE$cY F0R GElr¡nn¿t l¿oDEL srRUcrunEs '

The problern to d"eternine a. s*t Dt is " e.s merlticned above' a

statistical problem. The approach used in rnost vorks is to app-

ly an ergodicity result to the criterion function {¿'ll) ancl

then show that Dl is the set of global mÍnina of the finÍt of

the criterion function. $ovever, to ässume ergodicity of the

invol.ved. processes introduces rather liniting cond'itions on

the system, p()õsible feed.back structure and on the input sig-

na1. Furthernore, uniform (in g ) inequalities for the loss

functions must be established" This is a fairly ilifficult prob-

lec., vhích ín fact has been qverlookeû in many of the prevÍous

works

The set
to 'be

ínto which the estimates converge wfll here be shown

N,.r#lID teleern¡ lf(t*rls) * t(r+r.lt) låt*,1 o] ( l+.1)

The ïeasûn f oy usÍng |i¡eit inferíor is that, 'uniler so11ê cir-

kumstances' the limit nay fail to exist'

l irn
ff-r*

Tt shoulð also be noted
n, ( at i , although Ín most

Section 5. tr'or ad.aPtive

useful to eotlsider D, as

that, D, nat depend on the realizatlon
applieatíons åt daes not (t.e), seê

regulators it Ísn however, sometimes

å function of f¡),

ll) t

If convergence inlo a set, that does nÕt depend on û) is
desired, this tan be achÍeved by shovring that

D ' (c¿l D w. p.1 ör DT ' (t¡) c DÏ w"p.1
ï

Then 6 {N} lï w'p.1 ¿s N + oo"

(hrz)
T

-t



)+.1 Main result,.

Lemma h.f. tonsider the sYst,em

mod el s , lU , such that Ð[ (S ,¡ll )

the id.entifÍcation crit'erion
't

)ji , where Ìr satisies (e.r6),
be rlef ined by ( b,1) . Su¡rpose

tl.

ie oon-enpty.
(e.rT),
over & compact

that

yit+1) = n(r(t+1)lf*,s) e(t+r,V*

where E{1"(t+r"y*st¡\¡rr*) < t.

max
1< i<

,s)

Å,f '

{{i)

Consåclef,

Let 6 (N)

vN( o )

set D
[f

z(t)

â set of
rnin imi z e

i.f'fr e* [r'r te
Let or(u)

sup
Êelo|

vhere Ðú is an oþen set containíng D

lng conðition

,,lk;(r)(tlsll
v

d.enotes i: th rcvJ

satisfies the fo].J.ow-

(h.3)1.1m Êup
N+"o

Åssume further that

Iln sup tr
IrI+o

and. that

¿z(t) <oô ï. p.11$Nt

#n*{ ¡tts}J** w.p"1 roranvfixed oennn (h.l+)

u[e (r+t ;'Yt,s )e (¡+1, Yr,s ir I Yt] r¡r {lt.5)a].l t

{for h * tr this assumption (l+-.5) is not necessary).

Then the estimate

o(q,u) * Dr (t) a.,e. as I{-}"o

The p::oof cf the le¡rma is 6iven in the appenöix'
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To aPPIY Lsï¡ma h. f
fhis requires some

conditions (h.3) anil (l+.h) have to be checked"

analysis of the uod.el structures'

$S¡qgg.lç, If the searsh ís restrÍc'bed' to

dels, conditians (l+"3) and {l+'l+} can be

Ð- the smelie;'set-l

a finite number

removed and as

of uo-
the set

{ ûl o€DM lr{t+ris) S(t+rltllfr(t) *
æ
\:
TJI

6 ]

carr be chosenn see LJung'{i-gTi+) '

h 2 Linear s st

Theovern ,l¡. f
Consider the

y{t+t)

y(t+r i

where rle(tliL.c
E e(tle(tlT >ðr

Þ

l,or the linearu time-invariant moåei described in Example 2'2

åtisrelatíve]-yeasytofind-ttrevariable"(t)definedin
Lemma L.r. ïf the search for models is restri*ied. to those

corresponûing to stabte pred"ictors, {)+.3} will }¡e satísfied if

theinputand.outputaresubJecttosimiiarcond.itÍons.ThÍs
is shown in Theorem h'f"

{Linear, time-invariant sYstens)

system {z.f}

cr(a-l) u(t) + *s (q."1) e(t+r)

(andrif the general crÍterion {2'1? ) fs used

), and let the model set be described' by

G¡,1 {o)(n*t} u(t} nMiu )(n-t) c (t+1)
fú

Hu(e)(") are mat::åces

+

As sume

oeD

ce{ç6¡{"}

i^rhere Dnl is comPact and

wítkL rational functions
Gg161(t) and

as entries.

for YDE..pa::ametrizations t'Z'lZ' t'

zeros outsid-e the unit circle for
that

€sD
o

M

det hàs ai1
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for state space realiza|ions (2.I3), that AU(o) - K¡t(0lc¡¡(e)

has all eigenvalues inside the unit circle for 0eDr'

denominator PolYnomials in til{S) lzì

and Ëllie¡(") have a]l ueros outsíd'e the unit circle for 0eDg

fiuppcse also that ÐT{S,M) (defined' in (:'a¡; is nÕn-enpty'

Any f eedback relatÍonships betr*een u anð y nay exLst, but assume

that

o

lin sup
N-¡*

for the
c ommtn

+

6eneral t:ase t

denominator to
that'
t.he

det tt,U¡6¡(") ã.s r¡elI as the

u(t)r,r(t)) < Õ ï-p'1

r]

least

(b.T)

if
the

and

riNi

- I\ï

NiD

["õt*s

then the id.entification
s,s N tends to infinítY.

I {t I oeD¡4, tl-m 1.nr
N'+*

estimate 0 ($) converges ínt* Dï Ìr'p'1
In this câse Dt can be exPressed as

l(o¡Jtrl * *r;tiy(t+r)

( v(t )r v(t ) +

oø{u)J u(t)l

+

-1
M(s)

2
i{

The proof is given in the append'ix'

g

Tt uses the fact that
the unit cirele, thenau"b, s id.edet flntq6¡t*) haF al--L ãerÕÊ

Iinear fii-ters that d.e'bermíne

y ã.re exponentiallY stable .

S{tlo) and $g f(t ltt)rrom u

Fo' the tirne*varying model d-escribed. in Ëxanple ?'.L it is kno'wn

that the Kalrnan filter {see e,g..J¿21{inski {rgrc)' thecrem T'l})

is exponential-ly stable if the paiv (l'{t),c(t)Jis co¡rp}ete}y

*niformly ohservable ancl the pair [Atti, Æ-GiJ' is cornpletely

unifcrmly control1ab1e, Fuythermore, the basis for the expÕ$en*

tiat clepenrìs onl.y on the bcunds on the observability and contral*

]-ability Granians. Hence ' .9¡e have the f o}lowing theof em: '



Theoz'em h. a (Tine*varying 1i'near systems on state $Ba'ce

the lineav system rlescribed in Example 2 'I and

covariance matri'ges are unifovrnly bounded' from

general- criterion (2.1T) assume also that

(t ) cr{t )T + q(t ) >ô r. ) t'et the set of mod'els be
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form).
supprËe
above.

de-

üons i d"er

that the
{ For the
cs(r) Ps

fined bY

x(t+t) (t) x(t) + €tl,/
er{o )

tt) x(t) +

+ Bu(o ){t) uit}

r^'t t )

0eD*

r{t ) ¡"1{6 }

vhere lri*)1 and

random variables

pact set such that
such that (A,t] ís
vabl.e and {,4", t/-R') i s

trollable "

lvit ) ] are sequences of Índependent

with zeTa mean -values and g s (t ) e (t
gã.ussisn

)t = Rl.{(s)it),
Dif,{ is a com-E e {t) *tt)r = *f;rfol ('t) ancl n wiL) ro{t}T ä A¡t(srtt}'

Dr(s,M)
unf ortnlY

defined by i:"r ) í

tit t and in $eDg)

s non-emPtY and

cornpletelY obser*
) co¡rp1etel¡f con-uni,f ormlY i in t and in 0 e Dt

A¡y feeåback relatianships betçeen

that ( h.T ) i s sat isf ied ' Then the

converges into ÐI wíth probability

t¿ and Y üaY exist but essulne

identificabÍon estÍmate t (N)

ûne ås IrT tencls to inf ini bY '
Ë

Thecrens l+.1 anð 11.¿ determine the set Dt uncler quite general anô

r.leakcondj-tions..A,ctually,t}:eimposedcond.itions:bound,eôfourth
mÕmen.rs of the innovations, model search over stable prectíctors

and the condition on the overall sy6tem behaviour (b'T) are be-

lieved.tobesatisfied.ínalmostallconceivableapplieations.

-çor actual- åpplicatiûns it is of interest to stuily Ð, more closely;

ríhen is it pôssi¡te to f ind. a set Ðl satisfying ( l¡'e ) and' what

ad.ditj.nal assumtior,s on the input generation must be ímposeå

in orrler to assure D,CD, , i.e' sys.tem id.entifÍabi1ity. These

questions aïë d.iscussed' in the next section'
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5. TDEIIfTFIABÏLITY RESULTS'

As outlined' in Section 3, the åûentifiability anð consistency

questionscânbeseparai;eúintothr:eeproblÊms'Thefirstpro-
ble¡o,tÕd'etermÍne&setD,r+assolvedi¡itheprevíoussection'
The seconð problem, ånvestigaticn of the set Dl anå in particular

therelatianÐtCD*rnrillbethesubjectofthepresentseetion.

5.1 A d et ernini st í c set t I*

D- as oefined in
l_

app].ications

D D w. p.1
ï ï

çhere

ï {tl Ber}g:

( it.1) is a r¿nðom variabl'e ' Tleivever Ín most

slftr+1ls) s(t+r le ) lf tt )

(s.:)

o)'( 5.21

the sequence of inno-
be easler to hanrl]-e'

.N
NiÐ

lv {et

f.in ínf
N-¡-

vhere the ê1.-pÊctation is r'¡íth re

veticns. This determinis"bic set
spect to
'lì nayï

F'or linear systems the relation {:. r ) wil-1 holcl íf the system is

ÍnopenlÕÕtr}anåisstab].e,oTcontaÍnslínearfeed"backvhich
makesthecloseüloopsystemexponentiallyst'ab].e.Toinclude
alsonon-.Linearfeedbackterms,whichnakestheclosed.}oopsystem.
Ron*línear, the concept of exponential stabílity has to be exten-

d.ed. to stochastic, non-linear systêas '

Defl ttion 5"1, Conslder the linear system

y{e+'f } = E{.vir+-)!'froS}+ e (t+1)

t¡¡here e (t) are índependent'random variabled' and r+here

part of the i-nput u{t} Ís ¿l.etern'rined as (nan Línear) out'-

putfeedback'Letthesystemanrlregulatorbestarteclup
aÈ Liine t-N, r¡ith zëtó j-niLial. conditions, yielcling at'

time t lhe cutpuÌ:s anå inputs, v$ttt *"4 ttf,(L) ::espec*

tively. SuPPose thaL

| 
'r-r {t} u$tti I s c{Yr*}r}rN ,v$tili s c(l¿¿-.¡¡)ÀN,



5,-¿-,

sÕme

such
tr<
that.

c(v
t* r-i{1 t where

EC (yr*Î¡)
) is a scalar fu¡rctlon of. V"-"r

Ioop sYstem Ís said to be nentiallv

< c"

Then the closed

s!eÞ.!s"

Fo:'

the
linear
closeå

feeúbac.k thís
loo3r Poles be

is eonsl"stent ui.th that
unit circie

def init ion
inside the

ït turns
but also

ï,emma 5.1"
j.e 2 '2.Let

out that exPonentÍaI
(i+.T)" Hence lle have

üons id.er
the inPut

stability assr¡res not on].y (f "r)
the f olloiring J-emma:

the linear systems of examBle 2'l or exarûp-

have the general form

{y(t),.,. .,y(o) ;u{t-l),.' " "u(o) ) +u (t ) + v(t )u(r) r ft

vhere u ï
anå such

ï

{ti is a

that
sÍgnal : that is índ'ependent of y(s),u(slos< t

lim sup
$-l'æ

{v(t)i ís & sequence rf disùurbance-s of & fíltereå u}:Íie noise

char+cterþEå.y, vhích is ind.epende't of ie{t}} and such that

E l*( t ) l 
h* C, Íhe f unctÍon f t rnay be unknovn to the Êxperimen'L

designer ' Assume that the inpr"¡i is su*h that the closed' locp

systen is exponentially st'able {per 5'1} and' that n¡u{ satisf ies

the assumptions of theorem l+.2 Ûr L. r reËpe*tively" supS:ose that

e{t } , y(t ) a:rd- u{t) have uniformly boundeð' f ourth mcrnents '

Th*n (Ll"?) and" (:.r) nora"

ffpo{. The Proof is based cn

and Lead-ï:et ber { iP6f ) ;

'bhe fo1loi.¡íng theorem ðue to trane::

Ð .l)
s'+tt

å Il,,rtt)lä < úr

Tf lc,:v{ {{s), E(t)}l* ic CI:aP<q<1 t:.s)
1+ It*=lq

t'hen

lini
N-+*

t\f
l,çr
¡t i-- t

g5I
ã(s) E g{s)) 0 r¡ith ProbabilítY one,



It follows by straíghtforr¡ard caleul.ations from the

tions on exponential stability anû an ÐJu that
as9utP-

33.

Ín-
or

å linear

qtt) ls{t ls) i(t ls) lãrtl

l,r(t) l2n(t) lvtt ) l2

anð

geesatisfY 15;3). (For åetaå1s'

prÕves the lenma

Ê,ö Lin ear Time -inva
study 1n

ExamPl.e 2 "Ê anð

parametrÍzatiqn
veal l*zat ions or anY other

ant system, it is belíeved'

most â.PPlications '

Ljung{ r9f }+ ) , Lenma 5'2"1 this

ría nt -qv st e

üûre d.etail linear tirne-ÍnvarLant systems as
Let us noç

treated ín
cl"uåes ånY

state ËPece

t iae*invari
suffic ient

f hear en l+ .

of vector
i" Since thls class
difference equations
parametrization of
that such analYsis is

for

Frcm Theorem il

to the set

1 and Le¡rma ,'1 it follows that the eetimates tend

î'ï = {0i *:: 
t"'#i ul(";tu;-ni')v(t+r) +

*[u!lc* --o,is]tr,,{{e)Jo(t}12 = o }

This aet clearly dep ends ûn tiie input signal. Ïf tire input is

not sufficiently general ' the set üey contain parameters cor-

respondiltgtorrod.elsthatrlescríbethesystemwellfortheused
input,butfailt,oåescribeítforotherinputs'rhigistbecase
iftheinputcontainstoofewfrequenceso:.ifÍthascertåin
relationships with the autput' Then Ðl is no{: contained i* DT

andthesystemisnotSystemÏd.entifiablef:'thisinputt*x.
periment cond'ition )

Ljung*Gustavsson-'Soders'brom( f qf l+ )

varYing feedback' Here lre will

11 abck and an e:(tra inPut signal

fhe set lï has been analYsed' i"n

in detail for the case of ti:ne-

consid.er a case iríth 1ínear fee

(or noise).



Let the inPut be

r(e-1) v{t) + u,,(t}u(t )

y(t+i)

Int ro duc e

3(t+r)

u (t)
R

K
ô

(q-I)

t

-1- -1
qt Gs {q r ( q.-1)J -1 (s.-1) e(t+r)

3b.

u*{t )J l2

where {uO{t)} is â sequence thaü d"oeg not tlepend' on {e(t)}'
supBose th¿t f ( z ) 1s a rnatrix wíth rationaL functions å's en-

trlesn sueh that the closeð loop systgrû 1s stable'

Tbe closed. looP sYstem is

(r ) Hs
+

+

+{ r. - q-t**(q.-11 r{a.-r)) -1 c*(a-r) u*(t)

r(q.-r)]-1 nr(r-r) s(t+r)(r q.-1Gs ( q-1

(r q-1Gs( q-l

ã rilt, 
1 
(,r11) '-

1 r{o-1))-r cr{e-l} uo(t)

o;t(q,-r)cr( u-l) - *r,lt* 
., 
(0,-t)oolt*, tc-l)

)

*;t ( n-t )

L q. )t

.Ni"r fIu*I

llhen

Since
vritt en

r0l nlKo{q-1) (ä(t+r) .r iutt t)l" im
l{-r-

r,u(+-11 (r(q.-1) 3{t+r) r(q-l)'lR(r)+ =Ql

1lñ
n

unt3 Ís initependent of and the expectation can be



E I (K0(q.-1) - L0(s.-1)r(q-11;3tt+r1 | I

+ sl (Ke(q-l) - r.,u{r-1)riq.-r)1ü*tr) * L0(q.*1¡,ru(t) [2

ïf E *{t)u(t)T > 6ï , then it follows that

xrir-r) - tr{a-])F(q.-1) = o ror oei',

1Ë

(5.1+)

{5.5)

sinee the first term
net e1f o ft en f or 0 eõ-,

îhis in turn ímPlles thab

has to be arbitrarily cLose to uero infí-

l-in inf
N+*

"N-Lt
m+ ¡r,*(u-l¡o*{t)12 t far ÕeD

(u*(ti, ,uu(t-tt)),
äs sume t.hat

T

6. Mayne(fgf¿)) of euffl-
that

If *Ë ås persistenty exciting (see e

cÍently'high ord.er then this iupllee

r,^ ( q*r )
U

x n fnr Êcll ï

vh!ch, via {5"h} Ínplies that

= O for â¿Ë I

fhat is, ñ-
L

Ðr

rr(a-1)

SeË,ar:h.

Then it

fhe
tion

Let U*(t) = col
ís sufficient to

:t
6

_, 1{

6r . * I,t1
r

U {t )u {t} T
.r. T\T>N

M M t

have to e xist-, â$ in tire defini*
in Mayne{1972i "

limit of the sum d.oes not
of persi stent exci.tatian

The number M for which (S.l) has to'L¡e satisfieú depenås Ðn S

"oá on the parametrízation of ,1,l.For state space representations
M tan be related tc the orders r:f the systen and mod.*l, see

e.s" Mayne(rgfe).
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For the
require

unspecÍf ied nod els , r¡hich. we deaI. with here ' Ye can

that (5.5) trotos for anY M.

Sumning up thís diÊctlssion, T,emma 5, f anû fheorem h.1' we have

the folloving theorem

!þgqlqq 5..l, cansider the system {e'T),S'

y{t+r ) G {q-l) u{t} (s.-1) e(t+r)+H
s 5

where
that

{e(ti}
nle(t)l

¡Þ ø

The ånput is

u{t ) ¡'{q-I} y(t) + uo{ti

of f.nilependent random variables sueh
m

e(t)e{t)' > ôr
.1

0f ie{t}} and satåsfies (:"1} for
tú*t the c1-osed;1oop . q..ys,tqq .is,

*,ur{e){n-t) e{t+r)

ì4

sequê$c e

C and. S

where quo(t ) 1 is indePendent
arry M.. f..çs'ume thet F -fs'sirctl
exponetial.lY stable.
Lêt the mocLel set rlr,{ , be described' by

y¡t+r)
l,l( o )

(q.-1) ritt)

s(ff) -)

where

D (s,u) ftlGs(z)T

That is, S ís System Tclentif iab1e"

+ ðeD
M

(z) HÍt(0) c

tt

,ï{.í* compact anð sueh that EU{n){") satisfies the s&me

ås in iheorem l¡1for *uo&'. Assume that DT(S '¡U) is rlorr-

T,et 0 { N ) be the estimate cf 0 based on }T data points, ob*

by mÍninizing the general criterion ta.rf)" Then

ÐT(S'fi{) wíth probability Õne ac N+-

c Oú-çhere D

dåtions
empty.
taÍ ned

{") n,r¡(r)t") å.e. z.]



3T'

I

neqglE" Notice that, when evaluatíng the críteri.on [2'1T)'
the predictor i"{tle) does not have to be base¿1 on.tbe true

init 141 d.ata . As remarked severaL t ilaes above, it I s !0oEt

suj.tably chosen as the time-lnvariant rstead'y state préittctor
(e "g ) initialise¿1 with zero f nltiaL state '
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6 " coi\TCLuslûNs.

ïn thís c{rntribution cÛnsistency and id'entifiabílity properties

of pred.iction error id.entificatic,n methocls have been investi-

gated'.1|separationoftheproblemintothreedifferenttaskshas
been Íntrcd.uced, and results of varying generality ãnd' Qn vå'Ïy-

Ínglevelshevebeengiven.Theresultscanbeusedã,sakitfor
,tdoing-yÕur-o.wn rönsistency theoremil is 4 âpeelfic appLication'

îbey aleo solve the id.entífiability anð eonsistency problem for

llnear,time-invariantsyst'emsunåerquÍtegeneraiaseumptions'
s.s shovn in theorem 5 ' 1'

Ttre hat'd. part in consistency theorems is bellevecl to be to

ilctermine the set into whlch the estímates converge (Probl"ero Ï

ín the foruulation of Sectfon 3)'This has been so]"veå for

quite general {temma }+. r) â,ã r+el-} as f or linear systems (nneo'-

rêms }+. f and l+ . 2 ) ' Due to the very veak cond'itions inposed o

these result$ are applicabte to adaptive systems of almost eny

kind,inad.d'itiontothemorestraíghtforvard'c&Sestreatedin
Section 5.

TheiIífficultand.vitalprobtenofchoosingeps,rametrization
(nnodel set ) that gives iclentåf íable paramet'ers and cÖnsistent

param*terestimatesha.çnotbeencÔnsiåered'here.Hovever,t}rÍs
problem is most convenientl'y treateá &s a probS'em' of its Õ!¡n '
anditeloesnotilepend'tntheid.entifùcationmethod'c'hosen.



39.

The iåea of the Proof is to show that

inf YN(s ) " v*{ä } ror ¡I > Not ei P ,'u )

çhere the infinr:m is taken o1reï aå open sphere aror:nd oxvith rad'ius P r

and r,-here ûe Dn. Then the mínímiaing point 0 (S) cannot belong to thls

sphere for N t I.IO(Ê* r Ê r0 ), ,I}ris result is then extended to hoLiL for the

cornplement of any open region containing Dr, by applying the l{eirre-Borel

theorem.

APPË}.TDIT.

A.l- of Lerona l+.1

Let ¡qithout loss of generalÍty R(t) = t' Introduce' for short'

e(t) * e(t,Y*-r,S)' Y{t} - Y{tlS)

anú consider

A*(S ) =

ït

T
1

e(t )e(t)
t

Let E[e(tte(t]*tOa-1] = sr. å.ccordi.ng to the assumPtions

st>

Each eternent of the matríx

u {r}

4

fr

L
L
fì
1

[e (k] e (k] t - sk l/k

clearly is a rnartingale with bounded varLance, from which

follor¿s that

orl1i 
$ i s* -r t 'r{rpt L &$. N+*



\ 0r

(,q..2)

and

21 6' :* * o*t) ,

where ô' .= mtn ( 6 ' 1/C) '

{The argunent ¡¡ çilt as a rule be suppresseð in the varíab1es yne' y etc ,

but usecl expticít}-y in bound's ' )

Tnùroðuce also

ß(t)=fttls)-rtt¡e')

Then it follows fronr (h'h) anå (¿'r) ttrat

¡t
Ò

'2
'I forn> Nr(*) tr, efl ¡rhere P i a )*tI I

)=tl-
N

N^
I lst*)l'*
1

fntroduce

Then

; oenr(e*) oP(nz{ox)
. X\

Cr(m rt J

lrfou take a fixeú el-ement ä"Ðr and conslðer

e*(3) = i i v(tl - itt¡äi; (v(t) - it*18))*
t, 1

o(t)=$'(tls:-vtt¡äi

aN{ä) =q(s) + lt",*)o(t)r +o(r)e{t)r +o{t)o(t}r}
I

Since ätDf, bY d"efinition

-Nln
NL

and

s(t)To(t) + 0 v.P;1 as 1$*æ



bl_.

t1r1¡
I

But frsn (4.1)

Ifence

N

T e(t)o(t)r * s(t)e(t)r 12 å ht fr i t",t)lt' # | t-'"'l 
2 

)

* {t.,*)12"2n"/ô
for tl > wr(o) ( t" * number of outputs)

%(ä) - a*(s) * o w.P.I as N+-

and, since h is continuous,

v*{ä} < vr(S) + e for N: > Nr(o,e) and' r'reflr' r(nt)=r (A'3)

Nov consfaer fo(O) and clecotttpose

y(r) - rt.¡r) = y{tl - yttls) * iCrlsl - rttle") * r{*¡u.¡ - v(tle)

vhere elea, is a fíxed- point a,il BeB(o*,p) ={gl Iu - e*l"C }

Introduce for short

v(t)=v(*ir*l -vttlol

Fron the mean value theorem

lr(t)l S p z(t) (A.l+ )

Íf p ís suffieientlY sroall' Then

1{ Nm
I v(t)v(t)'
t

N

Nfi

i ["t*]s(t)r+B(t]e(t]
1

oJ +
o*(o) = c*(s) + I s(t)s(t)

1

+
1

T + +

i (e(t)v(tlr o v(t)e(t)r) iI ( se t)v(t)Ï + Y(t)ß(t)r J
(A.5)+



l+2.

* 4t'(a*) =

l{e will first show that each element of the ¡nat'rlx

(e( t)Ê(t)r * s(t)ett)r)

tend.s to zero w-p.l as N tends to ínfinity:

2

-Nl- çlNi

tet r(t) = nax(t, I
l_
(k) ) ( ßÍ = i:th eomPonent of ß)

It is easY to see that

e {t)s (t)/ r(t)tll
J a

+

T
1

N

I
I

is a martíngale vith respect to {y$}'

Fbrthermore '
.N

E u2* = p T rt .;(t)lvt-rJ" e!tt)/ratt)
^1

l{
I.E T

1

c ßT(r)
-J-

r of(r)
l-

Hence m-" converges
- r't

r,ren¡(s*J, P{nuto*)

noottrgS3). rt nov

uith probabilítY one (for

)=1) according to the martingale

foilol¡s from Kroneckerrs lemma (

convergenee theoremt

sêe e.s. chune(r968))

that, since r(wi+*,

et(ti Ortt) +0 as I{+- for r¡ef,iu{o'}

r < r(N)/u < cr(r.r,a*) fov uef,in aceordÍng to (A''2)' Hence

{t } o, {t) + 0 aS l{-t{o for oeÍì¡r( o* ) fì oa

*ql for N>tif=(e ,o,ox) and roeftrlì nU{0"} (A.6)

Nr
L
1

"Nl.l:Ntuj

t) ( u*)tr -*¿

Iü

Iîlrl
But

and so.

From (.A.ti),(4.1), (g.2) and (t¡':) it follows iha'b

r){s")'r <Ê

TI
lt

) Ctr 4') (û,e") # nln" (o,s x
2

(*rÊ x
p (A.T)



l+3,

{tr,u,6*) = T 
v(t)y(t)r +e(tly(tlr *r{t)e(t)r *ß(t)v(t)r*Y{t)Ê(t)r

Property (a'r6) can nÕlt be appliea to (A'5) with

h(t){s*) * }Õ(2}(6,0*)

where

"=*
t

ue-

First introduce a countable subset fig of Ðg

Also introduce a subsetfix of the sample space

$mI e(t ) ß(t )'
l_

A. # e*{s)

tD,\,|
x

06

and

f e o'l¡

that is dense in Ð¡¡

Xx
n 0tnn fì2{ o*) fl 

%
nH ç¿!( 6 )

X¡ú
tD,!r

clearlyr P{ne.1 Ê .1 , Consj.der from no}J on a flxed real"l-
zatlon ar Ë. fi* and introduce .the set

ÐTt ( c rt¡) iu'' € oul 
åiå" ')

1[t'r ]

Chaose o?F € Df,(erco) n B,lr.

lïf thls set is enrpty for äny " : 0, Lhe assertíon of the

theorem is trÍviatlY true' )' I

sínce ox4Dï,

rr B = . fr lut.)Tr{t¡' 6a( 0") ror N: > i{,*(s)

Aceordins to (2-t6) tnere Ís an 1(trn'ð ) " o! 
o tf li):¡.)'

thoose N > N0( ,t, ri = lnâ)ç { nru(u:),'*u( ,- o/r, t, t*), *lt', p( ô ) ont el)/z$

and. ehoose

o . o*( o*) = eo I ecr(,r,0*)

1'hen



v¡ü(0) =h[ #fu(s) .+ie(t)e(t)r .*nlt'(o*) *þlt'(s,e*) J:

:.n,(* q{s)) + p(e ) ð¿(s*} = v*(S) + p(o)or{e*¡ ' v*{ä) + p(e )or{e*)/e

for N t so(o*,o¡) and 0 eg{ex,p*(o*)}'

tlb .

(A.8)

Hence

inf , .V*(0) :
.xx.

0eB(0 ,Þ l

The farnÍly of oPen sets

{

fXte'r,r)

v*(e) > vu

v*{ä} + p(o} ôa(oo)/a woto",ur)forN>

{n[e*,0*(e*]J, o* e Dfr(e,to) tt f*]

clearly covers the compact set Dfi(e¡ol). According to
the Heine Borel theorem Lhere exlsts a finite set

g(errp*{eX}J, f = 1t.."¡K

that covers nfi(crto). Let

NO (t^1, c) N0 (gi rp* (e1) ,t'rlË ma.lc
1<i<H

It then ioLlows from (A.B l that

Lnf
06D

irol forN>N (u, ¿)0

wirich means that the minfmleing'elemen'L t tN) cannot' be-

Long to Dfi{or<¡} for N t N0(o.rr¿}, i.e'

Io(u] - Ðrl (<¡, s )0

.which, since ¿ is an arbitrary small Rumber, is the cÔn-

clusion of bhe theorem.



t+:.

À.2 Proof of Theorem lr - t

Trhe theorem follows from Lenna ì+.1 if (i1.3) and (L'b) can be sho¡'rn to be

satisfied

lfe will consider the general case" ancl let "¡,1(g)("ì :" 
the least common

denominatr;r to the denominatar polynonials Ín G¡¡(e)(z) and Htt,U¡(z)'

Introðuce the natrix polynoroi4ls

cu(s) {r) = oM(o)(z) \t(e)(")

Br,l(s) (zj = ",r,t(e)(z) 
c'¡¡1olt")

Þue to the assluaptionsn det t'(e)(z) i:.as 4.11 aeroes outsfde the unit circle

for oeDnn, i.e. a,,,ntul(z) rs a"ïr exponentially stable filter' (There are

several poÌe-zero canceliations betveen ü and' det H' Theref,ore the require-

ment that o has all zeros outside the unit circle is sufficient, but not

neceÊsa,ry. StabÍlity of Cfrl is the only thing t'hat matters')

From (2.1)+ )

r¡r(e)(s,-1) i{tis) = [*r(rlia-l] - o,.{{r¡(o-r)rJ v(t) + Bu(e){q-1) u(t-r)

anú, vith c'(q-1) = fu c¡¡(e)iq*l) etc, and' suppressed s-1'

cu{e) fu tt.lo)= (ct * a' r) v{t) + B' utt-r) * c' }(tle)

(¡.9)

(Á..10)

Froro {Ä.9) and" {¿.ro) it follr:r"s that

g1tIo) =

áÀlu

!b

T
k*û

{ ,li,l ie) v{t-i{) . "li¿ 
(o) u(t-t))

t ¡^r rÌ,\ l5l
ktrr¡or = i {-l:¿ {e) y{t*iç, " rl:i (s) u(t-t) . "l:i (e) }(t-tlelJ
(Iu 

k=0 
u rr!



Since aUtrltdll is exponentiaLly stable for'all oeft ' "ttd Ì{ ia compact

sup lr,filtell . rr'^ru , ^r " '' 
(A'rr)

0eDM

1<i15

and hence

sup
qeÐM

j, ,ro {lv(t-rt)i * lu(t-r)l}

h6.

(*.tt)

(n.re)

and.

sup
0eD

l:ittÍoll . cl

t
4

t$, "ttloll ' 9r j, (Àr* * i'r.rk )t iv(t-t)l+ lu(t-r)ll
M

Let C and I ; À<10 be such tha't

cr{Âtk + xrrk }< c ;t

fntroåuce for brevíty tÏ¡e notation

n (t) = c[ lytu] I + tu(t) ll

and define

ätt) = ¡kn 1r-x)

then z (t)

3(t+1 ) =r?(t) +n(t) ?tol

and.. ?(t)

or

þ,qr+t)2 *.r21'(t)2 + nt¿)2 * ztitL)n{t}



l+?.

+., $ Ï n(r)Z

" 
* î ä(u)z* i t(uz :

Sum over t = 0¡'..¡N and divlde bY N:

2'i\ z (t) n (t)

utü2

1^tt r¡ %r

rT
ñ¿+

=$in(r)Z+'-Fir-r',fr i

or

n (t) ä trtl2
N

i
0

1

ñ 1

1/2

* i n{t}ä

* | a,','

According to the assumptions of t'he lemma,

ís bounded w.p.1, from r+hích ðirecLly follows that

Ls bounded w,p,1. since z(t) . â(t) this concludes the

proof c¡f (¡+.3). Condition (!.LlfolLows froru (¿.fa) and (h.?), fn the sarne

uay sÍnee

"NII'=fi i lv(t) - 
"rrle)1frç¿¡ 

: $ i lv(t!lfit*l lvlt lsl I.fi 
I

2
n(r)
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