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1 INTRODUCTIT¡N

lgl-Islredss!åen

The ¡i¡n of this study is to give dc*ign

nontr.ollerr ¡uitable for å I'argæ

rr¡ult lve ri¡blr sYsterne.

Êhrptan 2

propantínl

Prnntbo'

cont¡ine å revien of important elgcbnale

of g¡neFtlized polynomialr lã pncrcntrd by

4

rules fon edeptivr

elaE¡ of lin¡¡nr

systerns ia

chonrn r¡uch

brtw;¡n thc

end tha nan

Qhrpter 3 eontaing å review uf linean polr-plegerrrent

cont r.ol lrng and rr¡odal rnatchi ng. Porçibl I ities to uEc I incrr

pnla-plec¡¡rent, d:sign rnd arodel rnatchinE åE å hrsi¡ for

adrptlve csntr.ol åF€ di¡eussed in this ehapter. A nrr polc

placcrttcnt dneign r¡ehcmc guitable for adaptive cont'rollars i¡

prcslnted.

A ntn perarvrrtnie ¡rrodel for I ineer edaptlva

propoæd tn chrptln 4. The ¡nodel øtt'ucturl i¡

th¡t tht ¡naly;i¡ .bect¡mtE simple. Thel nel¡tiotr

pole pl¡errnent rnrthods of the previauø ehaptcr

penamctrie nodelE iE investiEatcd.

Chrptcn 5 eentrinE ex¡rtrplcs of the algoritlrm'



s

1o.3-ÊeEnetI!gst!EtEgs

I would I ikr to thrnk for rl t vrlurblr eomrnrnt¡ rnd

critiei¡¡n frorn Pnof. Krnl Johan Â¡tnömr Prof. Pl¡' Hrgrndrrr

Clv.tnE. Torr Hågglundr Dr. LtrË Flrn¡bo ¡nd othrr frirndr
¡t thr Drpt. of Automrtie Control.

In prntl¡ruhnr I nould ltltr to th¡nk Prof . K¡t'l Johrn â¡tnörn

nho propO¡rd thr rub¡lct of ¡ra¡a.nch rnd Dn. Ler'¡ Prrnrba

rho trught .n txerll¡nt cður¡. on llnr¡n multlvrrirbþ
ryrtrrnr in thr rutumn of 1?8O.

Fl,nrlty I ¡rould likr to th¡nlt for r11 thr good ¡oftsrrr
¡upport rvrllrblr rt thl drprrtrnent.
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2 ALBEBRAIC T}I€ORETICAL BACKEROUND

3'1-Iut¡srlse f isn

Thir chrptrr contrinr ¡ nrvil¡l of ¡ornl alErbrrlt. pnoprrtllr

of grntn¡lizrd polynornirl m¡tnie3¡ ¡nd n;lrtrd rub¡rctr ¡r

di¡eu¡nd by Plrntbo. ( tPrn 1l I I I 12) )

3.,.3-Etsrgl¡å3lfl-EeluneuårI-[r!sås!!

Lrt R ¡nd C drnotr thr firld¡ of nr¡l rnd comphx numblr¡

n:rpcetlvrly. Lrt polynornirlr nith corfflcient¡ in R br

d¡not¡d Rtrl. Thr rrtlon¡l function¡ nill br drnot¡d R(z)'

Lct th¡ clr¡r of n¡tionrl funetlon rurtnlcrl of di¡nrnrlon¡

nxrn br drnotrd Rnxft(l).

Thr cOnerptr Of 'pOlll' ¡trd t zlt'o¡' anç nctw intloducrd rr

knorn fnom cornplrx anrlYrtl.

[on¡id¡r the ¡rt¡ Z

7uZ rCu¡'
+

end Z whrrr+

Lrt, tlt¡ ¡rt of r¡tionrl funetionr in tlrr v¡nirblr z with no

potg ln ¡ th; ¡ubsct Z_ of tha eomplex numbrr¡ C b¡ crlþd

!:gçntgflå¡ld-eelyneuåflg and l¡t thi¡ ¡rt bn drnotrd bv

R, Iel
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rh¡ ¡rt of ã:ssnËtåIågld-Egåyngüåel-srlråeg

nf **ro:

eon¡ist of m¡tríeeEr in which the ¡lrarrnt¡ rrr
funetion¡ nlthout polar in th¡ reEion 7 G C.

nationrl

ThE. ¡et of m¡tnica¡ of dirnrneisn¡ nxrn crf r'¡tlon¡l funetion¡
with polç¡ only et infinity¡ l.l. tha e[¡¡l of polynomirl

rnetrlcaer will be denotrd Rtxftf,zf,.

Thr Z-Ernrnrlircd polynornillsr Rrtzl r Írith multlplic¡tion
and ¡dditton con¡titute r nuclidern ning.

A nationrl function is sald to be Z:gl¡þIlt lf thrrr lnt no

pole¡ ld Z_. A rnatr.ix of ratit¡nal functionr l¡ Z-rt¡blrr if
thr ckmont¡ h¡vr no polct in Z r

å rlretrlx tl € Rnxtr[n] iç¡ !:Unågg4glg¡r if thrna l¡ r rnrtrlx B
z

€ Rtxntz¡ ¡ueh thEt AÊ a tr.
z

Re'rne nlt 2. t

Fennebo use€¡ the pnefix notation t Â-' to lndie¡tr th¡

pro¡rertiar obtelned wlren avoiding poler in ¡ prohibltod

negion /1. Thc pnefix notatie¡n ln thi¡ pnr:rntetion lhouldr

according to thie notatiotr etrnd¡rd r br ' Z--' ' Fon

crotrvenletree thc sfrnpler notatlon of tZ-r nf l1 hor¡:Vrr br

uscd here.
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3¡.I-Eusltr!-dtteråe3ien

Con¡ldcr I Iin:¡r'r tirne*tnveriantr êåUßtlr fini'tn

dirnengion¡l r dynernieal eyrtam. Llt thç ryatrm to br

contr.ollcd bs e¡Iled 9O and lct it bc ch¡rectrriard by thc

trrn¡frr openrtor. GO. Tha trlnsfst opcrrton$ c{ilt bn crllrd

tnen:fcr function¡ throughout tht¡ prryentation. Th.

input-output nal¡ticn is

v (t) c $ (zlu (t)-o o o
(2.1>

r*her¡ ft'(z) is r¡r,uated to be åñ nxft rn¡tntx of rrtionel
funetiong fn the ver.i¡blc 2. Fon ¡ diser¡ta time ¡yrtatl I

denota¡ thr forwand shíft, oFeretor Q. For eO¡Ttinuoul¡ ttmr

ryrtcms z d¡nst;¡ t,he df ff¡rcntiel npcreteir p.

Ltt thr :yetanr input vect,or t0 of dlmrn¡iotr rtxl br

drecrrrporcd ¡¡

o
tt

u

d
¡nd d

v
þ,

c2.2'

¡rhcr¡ u it :n mu x I v:etor of catrtrol vlt'llblrr and d i¡ rn

m x t vçcton of distunb¡nce inputr to thr cy:trrn. A¡
d

lndic¡tad ¡bovr the dlctunb¡ner v¡ctor d 1¡ furthrn
drcortpond lnto v ¡nd ¡tt nhono v dcnOtrg rr¡euUnrd

dirtunblner¡r ¡rhiçh rïåy bt¡ umd fon fe¡dfgr¡rerd

coûrpan¡ttion. Thr di¡turb¡nc* vector h, r'rpnesrntc th;
non-ñ¡t¡ut¡ble inputr to thr ryrtern. F¡¡t'th¡Ffs$Fer lrt VO br

deeompottd ås

ti;vo
¡l (2.3)



?

Hh.r. y

r^rht lo y

dcnoteE the n

denotes the n
2

I t
vectelr of output: to b: eontnolled

veeton of eddition¿l outPutr-
2

Th¡ tn¡ngfan funetion 8O(z) ¡r¡åy bc pantltionad ¡r¡

A (e) y(t) * B (z) u(t)yu

This f¡etoriaatic¡n iE eel lad

Égggfåg!ågn (lrft ñr'f.d. l.

IJ

G
fu
2u

1d

2d

u

v
w

* E(z) -$ (z) B(¿)
v

(2.5)

yl(t)
v (t)'2

-S(t)u(t)rl;oo

Bf¡

r
L

(z? B

(a) G

u(t)
d(t)

(z!
(z) 1t

OF

Ii;1- t:1u

2u
G t3

1v

2v
lcr

2w
I

J
(2.4)

3'll-Er¡s!åenel-EÊsrgses!ågåE !s

Any tr.¡nsfen funetion matrix 6(a) of di¡r¡etrsistlE nxrn rney bl

decoinpoacd into any of the f n¡etlonal representations brlon'

The mrtrieel Arr 
"rt ^b 

and B* åFe Z-generrlizad polynomlrl

metriceE. It, iE nequlned t,hat tha m¿trfecs A € nl*nrzr andyZ
A € Rü"frte: ¿re fult r¡nk palynornlel otatricç¡.
87"

Tha gy!¡tam iE then de*cribcd bY

-1

å åef !--urlråx--f resgåsnrI
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Anothcr. dracniptiotr iE given by

AU(z) E(tl :* u(t)

y(t) r B*(r) E(tl

-1E(e) æ $ (z) A (z)gI+

(ã.61

Thir f¡etariz¡tlon is c¡llcd r rlgb!--SflgåU--flfEgågntl
deeEgåe!åeg (night íì,f.d.).

tronridrr å ril.f.d (årÞ) of thc type (ã.5' or ('2.6> ¡nd lueh

thEt A(rlGRftxûl and Ë(z) €Rrixr'¡ (on A(e)€Rüxm end B(z)€Rnxfn

rtcp.) l,ooEn renk sifiultaneouely fon ¡ tO t Z_. Thsn zO wlll

bê callrd a dggegptred--ã:gggl¡þåe--fËglgt. It i'¡ howrver

porølbl: ts find ansthen rçFrosentrtisn nhieh dor¡ not

cantattr ðny eotnfrion S¡eton such th¿t A and B loOqc ¡'rnk

glmultaneously ln Z, A left íù.f "d. r*ith thiç pnoprnty ir ¡

tgft-ã:gggtåeg-fåggg¡åeå!ågn {t'r.É"f} etrd ia uniqua up to

rnultiplle¡tion f r.orn tlre left by ¿ ä-unlmmdulrr m¡trix.

Sirni lanlyr å ¡ågþt-ã:Êgggå&Ë*-fee$egågågågg ( n.Z.F.iF) ir
uniqur up to rnultiplication Spa¡n thæ right by a Z-uni¡nadulrn

¡n¡t ri x.

Thc A-¡n¡triees in ttrs ebovc F¡pnes€nt¿tlons c¡n br rn¡d¡

tnfangulåF or! bloek triengulan by uøing thc non uniqulnlf¡
of thc f¡ctonleation

3.'!-Ë3rþålå3v-an{-ËegelååtY

A dir¡crctæ tirnc tr¿nsfer funetion ß(q) ir st¡blrr tf lt h¡¡
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no Folãs 6utsidÊ the utti,t disc. Analogoutly a eontinuous

tfrnr tr.¡nsfan funetion G(p) is ¡trblç if it h¡E no polra in

thr night h¡lf plane. The unstâble regione rre

z 2,. z€Ë end Ëc zl0 \

If strongëF stabi t íty coneeptø ane Faqul r¡dr thi¡ t*i I I b¡

catled E[ågtågåt*egeþåÅåly. In general atr unøtable reglon z_

ig defincdr in whieh it iE undecir¿ble to hrvc pelær of ¡

tnrnsfnr funeti.on Ë(zl. The s,table ragion nill ba drnotld by

Z . Thu¡ we have
+

æfU{*}
+

Th¡ tpån¡fer functions conøiderad below eÚiI¡ bc Fêquired ttr

bn proprf i.lå.
ta (2.81

I (Contlnuou¡ Ti¡nr Crsr)

(2.7'

î (Dirennte Ti¡nc Ë¡ss)

¡ileðnË that the nYøtcrn i¡

d;pnnd on futur"e vllueE of
In thc discnete time caËË thi¡

c¡usal r i.ð. tha erutPut daes not

the inpute.

Pnopantrelø rney thus be

infiníty. Éiinee wr ¡rill
sequrl r ¡rã wi 1l irnpo¡e

in¡tabiftty rrginn Z t

t"l

z_ - {", z€t rnd tzt}t}t{t}

{ l

zuz

lim llG(z) llZ{.'
(

Thr gr¡tr rGquirerncnt for e continuouE timr ¡yst3m ls thr

condition to ¡votd puFe differentietot's'

guananteed bY rvoidlng Pnles ¡t

cnly trmt ProPår eYrtrrtø fn thrr

thc fol lo¡rÍng eonditlon¡ Õtl thr

Thcn it ir Ponnlbl: bY to tnrrt
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Froprnneis rnd stabif ity by tha Eåüa furftsli¡¡n.

cclntafnE the nagione of arynptotie ingtability
ie cyounetr.ie nith ne;prct, to thr n¡¡I rxig
mry not contain ¡11 pointe on tlrl rerl rxie
containe the 'f nf,inity peitrt'

(2.9)

The fractional nËpreserrtationE r+ith polynornirl cntrios sf z

ec¡rretponding to F or q åns thuE not ¿llowrdr ¡incç rll
polynorrirls h¡ve polrø at infinlty. ThiE ni11 br ¡voidrd by

a traneforrr¡¡tion of thæ variable a ¡ueh that ineludlng

lnftnlty le rrnepped íntæ a hounded neglon Z*,

Coneider thæ t,r'Ensfonrnetion

2 t -Þ---h- (2. lt)
å

where ¡ € Z ftR and bl0. lnfinit)¡ wlll th¡n þa rnepprd into
+

the oniglnr ¡nd the unat¡b1e rcgfon Z* nill bç I bound¡d

¡ub¡nt of c. The FoEitive ooo"t"nl b r*ðy þ¡ ehnsln

arbitnerily. Xn thi¡ preeantatisn b ia har*cva,F ålnaya chonn
*guch tlrat u 
'--l cÐt Fêe¡pondE to z=1 fsn dlsenetl tima rnd z:O

for. eontlnuous tiroe syatarns, Thi¡ r$æån¡ thrt z*-l

cãrrèsponda tc¡ the ¡tatic pr.opertic¡ both cl$ discret¡ tlme

snd continuous ti¡r¡rç rystlrn5.

For diecrete ti¡ne contntrllers r*a will choor¡c ö*O. This ftrr¡n¡
*-1t,hat E eoFrës¡ponds tu tha b¡ckr*Ettd shtft opnrator q ¡

For continuouç tirne ayrt,*rna tfia pamrncter a ir ehaertr at å

nægetive nr¡l nurûbrn.

et
L

aa
L

.z
a z

b*
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A rnrtr.ix Ì,1* r,*i11 denots e Z*-ganer¡Iizcd polynorníel rnrtnix

expreesad in the vari¡ble a*. In partieullrr ell pnlynnrnlrt
ttrnrtrieag in ¡- ðne Z'-Ectrargliræd polynornirl m¿rtnfeas.

Aeeording ttr

Etrted that
ãt¡ndard nult,iv¡rÍrble theory it eån ñoll be

there exiEt polynornial r f rretianrl
.**

repreËfitntatians (A rB )

*Yu
v,Z--.e, f . Fespaetively.

*.*--tand (A"rB'-)r whieh ¡nr l.Z .e.f ånd
ãÈ

ä,.å-Il¡e-$l.uuslsrs-Eeåråx

Cc¡n¡idEr e Z*-gen*r¡LiEed polynernlat nratrix l'll € Rn$m[a* lof
*rrnk n. The metråx H rnay be factaFi¿ad aE

,* * ,f'l )o*L (¿z
.*t

S (z )
*(i

nxûr "r€ft Ie
.*

*XandR €

z

(2,11)

Rft*m[z*]. HrF.
z.

.**
R {¡ )

r*here L* € R:#"cz*J, g*

L* i¡ trft z*1*nv¡rntiblrr R 1r rigl"lt Z**lnventiblc rnd th¡

cont¡ins ¡11 t,he Z**zere¡ sf Fl* and h¡E

The nratrix s* ie Êalled tha u*-s¡nith
*

fon¡n of H [Ro¡X rå!3 .nd tPen 1] I I I l?] .

polynornlal metrix $

ntr ral'oi t¡utside Z

(gf 
"

*DO I ntn

11 ¡¡! fi

Ì1 ) m

I ¡ r r ¡ rgtrt)l. ¡ !O).
¡r

*
.*

*_*J
* f

I
q,

E

t
{.*g :I

D*
Ë¡

flr

*
I

o
t1-lrl r fft

*
s¡here D

* ia diag (x I

(2,14)



Thc ¡r¡¡tnlx ni is ¡l diagonal r polyno¡ni¡1 ¡n¡tnix ln th:
ll !,--ÀV¡rlåble ä ånd colltains the invarfent polynofliials r. on tha

I

14

ír monic rndprineip.l dirganel " Eaeh nctn-een{¡ polynomial tî
I

divides ¡t fc¡r i=lr2r....rt'*1, T$re Polynomirle
i+1

thclr. r€For¡ ln ut. Tho Zt-gmitrr fonm i* unlgul.

*g
i

h¿vc rll

Anothrr dreo*npoeition $rith laee rs;tnlctions s'i11 bc u¡ed in

ttris pneecntetian. The Elmitlr*form

daeorrrposit,ion af the form

ls ð P¡rticul¡r

(2.13)

with the sa¿ne dimangione es L*, B*, Rt rnd Dt. Lrt thc

divl¡ibility eondition¡ of the inveri¡nt polytrarnial* "1 
br

f
nelåxêd eo thet eny ond:níng of thc it'tv¡nirnt polynorniele ('n

the prinelpel diagonal l¡ suffieient'

Lot furthnr¡none the csndition of thæ rnonier ittvariant

polynornirle bc repleccd by tha ræqulrernent th¿t

* fot' l3 i Sn (2. 14)g t:l) - l'
I

for thc cla¡e of deeo¡nPoøitionE

rõquinern¡nt is always poesibte to

gf ven bY (2.151 . Thi¡

eatiafy in the ondinerY
t

st¡bititY cåse whrna {1}€2 . A
+

necegaãrY eûnditicrn fon t'hiE

t*.**
F{'- .. l'll Hg HR

dacompoøitlsn to hold

rGqul rernant r¡ith d f )€U

in t,he c¡ga of å pnðct'ieat stabllity
,' lE thet ttt* ( 1 ) *ü.

ThiE d;eornposltion ¡¡itl bE utcd ln lnrurn¡ 3.1 ðnd o¡nåFd¡'

Introduee tha fnllor*inç eoneãpts'



f.l

1S

üefånåtåsn-3*å¡ Í,1* is an itrte¡'nal Z*-Etnueture ¡ï¡ðtrix of H*'
ê

The eonecpt 'intenna!, stnuetune onatnf x' is lntrsduetd since

it witt be Ehsntr tn [ouealy speahing nepreeant' tha

lnfonrnation trans¡niseion pnopentieE of tha aystern' Thi¡

eoncept f E ncur end trot fsund in Perncbtt'ts presentation'

ÐefånåÈåB$-B¡rär f'{
* ,*lrf*f'!* Le tlre treft Z*-struetupe rûåtrix of
LS LS*

Pernebo h¡E elrown thet the left structure ¡n¡trix of a eyetrnr

detenarinas tha 6Bnvcl prapentiee of the syetn*r ( EPer

11¡II!$'-

.* is the nlglrt Z*-structune ¡natnixÊefånå!åeÍ!-3.:"ã ¡ Ì'lgR
.r

of f'l .

The right st¡.ueturé ¡natrix of ð syet,errr detettrninec thc

prapentie,E of å11 input reeonstnuston aeting on thc output

([Per. 1]¡IT.7].

Diagonalizatinn of Flf* by ntul,tipliertion frorn tha right by ¿
LS -. ¿*

Z*-generali-ad matrix N* rnay be achlevad. The ¡netrix N- ts

howeven trot ln Eenëttå1 l*-utrlrnodularr whictr lrnpl'i*e thgt
't t -- rrr ! r -.^-, t*det(f'l N ) in getlêt.ðl witl eontein addition¡t Z *zcl!'ct¡

eorrnpanad to detCH#l , ReËultingr diaganal r Z*-ganeral lzeid

polynonrial matrices r¡¡ill be deneted by subreript, 'D' lË'$'
t

HD'

i

**
f'l ['l
SR



tå

3 I,IULTIVARIAELE PT}LE PLACEI',IËNT NËSXßN

Soå-In!¡eCsc!åen

The pole-plrcament cont nol lens fon ey*tems ni'th knor¡n

panrnretnr'¡ vrill be revie¡*ed ltr thlr ehaptar'

In the fir¡t, pant the general concepts of pola plaecrnent ¿nd

f te tirnitstiong witl be t'ævicnçd. Thare¡Sten itt $3'tS rnodrl

rnrtehing ¡nd pola-ptreement algonlthrne eornpetible with

I ine¡n prn¡rnctrie ¡ttodcte ¡nd Euit¡blc fon råeursiv:

nsti¡n¡tion Yrf l1 ba ProPo¡ed.

S:'3-ÇsnÈreI-gþJ!s!åYe

The clo¡rd loop eystern ig Fsquiræd to¡

' bo ¡t¡ble
. hrve no unegntnolt¿ble ar unobgrrveþle Zr*un;tablc ¡trode¡

. b¡ rbl¡ to oeyrnptotieally folLon ¿ nnfenetrga eignal'

grneratcd bY E *FecifiEd ¡nodel

c bl eÞlc to nrSrct dtEtunb¡nce's (3'1)

I*E*Eese.crl-Psråru-çsnsg rr i sls

Thn eontrol ob¡eet wiltr ba räqui¡.ed to be

o Timç ínv¡ri¡nt
I Finitr dl¡nrnaional

' Ceu¡al

" hlithout ferdthnough from u te Y



" Controllabl; frcrn u

" ObEarv¡bla fnom Y

Con¡ider r contnal l¡w oS the tYPe

R*(atlu(t) o - s*{e*ty{t,) * T*(z*}u

R* ¡nd St ars rrlEtivaty lcft Z*-ropnirnl

(t)
e

An gglglggåÞåe Fole placarnatrt contnoLler is
c Llnrtr
t Crus¡l

' Abl¡ to Etebil"isn the closed loop øyrnfam

It ig ¡l¡o ncquinsd that

t7

{3.2}

(5.5)

(3"4)
a

âtt polr plrc:mcnt problama da trat have eEus¡l colutiÐn¡'

Thc eqnditisnE for rxist¡nca eån eonveni'antly be exprrggrd

by thc stnuctupe rnrtrix. ([Pçn 1]!IIÊ7)'

Th: structunç rnatrix is irnportent tc knav¿ fgr all pole

plrcem;nt daaiqn itr genanel and for adeptive polø p!,ecerrrent

dcrign in prnticultr. Ëxplieit eËnditùone will be daeeribrd

bllow.

l.lhln da*ignlnE polynomiel identitlrs t,a obtain ccnt¡in

eloEed loop pola*r ít iE ngeessary to eonridan thrt ¡ny

attarnpt to elneçl thr Z*-a3nos of thr eo6tnol ob¡ect ¡¡it'l

í nt roüuer drcauplld unr¡trbls inodls ctr d s¡lren æx¿et

c¿ncrll¡tion doaE not oeeur - ncw unltable polcs"

The ugurl pole*pteee¡nçnt nlganithnre dt¡ n{rt evoid åtly



The nequired cxplicit hnot^lledge çS tlre Z*-zePt¡E of thr

eontnsl ob.¡ect G**B*A**I *", be repr*santed in saveral Hlttr

Thr quentit les gf leaEt, eornptex i ty cent¡ i t'ti ng al l th:
*Z -zerclg åFe

**detG(e)

n¡neell.¡tienç of unstable aËrc¡6 in E contnol

¡11 EeFc¡s that ehould rçrnein i¡r the tratrsfer

expliettlY sPeelfiad.

on

*
Br-g

1A

ob¡act unlclg
Sunction are

(3.6)

ttdrtF(z) (3. ã)

It ls in ganenel not sufslcient ts knan atrly {3.5} in ondrr

to ¡olvc ttra model matching pnablenr. As wíll be fndierted in

Í3.4 it iE n|$arnsåny to know ¡r le€t struetu¡'s ¡n¡tnix

in otrder to quenantae a so¡.utåcttl to tlre *rodal rnatching

probla6. Although tha prnpaøed solutisn of the adcptlve

pnablern iE bagrd otr a rnodal *ratch*ng problarnr lt will' bc

¡hown ts bc cufflelant ttr knor* e$ åntarnal str*uctune ¡natnlx

* (5"7)Fs

*
¡*håeh fs ¡n enttty of lesE conrplæxity theet Btçt



S.*4-$ervs-Pegåg n-Çenslselsle

ÊOnsider a ?.2*.C.f. Fap¡esent¡tiatr of a eontnol obSeet'

f9

(3.8)f oi* !! u

*

"*"Et
.*

[hooEe a line¡r eotrtroller in e l.Z .e.f. foF¡tt

***Ru=-gy+Tuuy
(3.9)

(3. !.0)

result ln ¿r claecd laoP rYetan

(3.11)

c

Tlre cloEed loop aystenr is given by

y*B *
g

+ ;lRA
*
U

I

t
*
E

B
*
Y

c!
-1 t¡u

e

The left stnuctune rrratrix E** of the B*-rnatnix rcpr;sents
LB

the Z*-nr¡n-!nvertible pant of th¡ rystem.

An admit¡ibl¡r eontrollcr niI1

of the tyF.
t*v*B F u- LSu u

*twherc F is ¡ny Z--Eencralized polynonrial natrlx' Thc
.u

proprntieg of thc lcft stnueture nretríx in Elrvo derign ena

invegtigated in (tPen tl¡IIä3 ånd [Fen 2¡).
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I*$-[åsts.tþåËËs*Ee¡es! åen

In fGrgulator design wë åre ffiåinly ðotleerned with a elEse af

cont,roltarE th¿t çive gornd pnæpentieø CIs the trensfer

funet ion batween d istu nbanee i nputs and the cont' r'o1 led

outpute. Thæ exPræssian

*
ü {

t
t

.*

) g{t¡ * y(t}
*** * $ (r ) U(t)I

loop syatæn ie ãiven bY

hry
G

*
vy

TJ

*1 tt*
C {z

d

(5. t?)

(s.13)

(3.14)

dy

abtained below in f5. tt for a night tl¡.f 'd. of the eontnol

ob¡eet heE hgu*evetr nc¡ tranefçn funetiq¡n thet' is eaey tO

analyEe. In ûrder to gf.ve 5Êl¡T¡e hi,nts eh¡rut dicturbanet

negeetian the eltennatlve f raetic¡nel rÊFr{ÊEent¿tion will b:

usad to indieate Ë$rfie nêeeesårry Frðp€trtieg'

T$re Seedfsrward elraracteristics fon clssed loop ryetcmr

derlved f rom rig$rt ûr. f .d * of ttra eant,nol oh¡ect t'li l1 be

r.eeoncidered in $4"4 bel¿¡s¡r r+he¡'e s$fy¡s r¡tatrix i'dentity

nesults bre åvðilable tÐ faeilitate the analysi*'

Let the systern be described by tþe t.Z*.e.f * Fðp¡€ãent¡tlotr

A*(z*) y(t) * Ë*{a*) u(t} +C (z ] d{t}*
Y [J d

lt.
and tha cont,nntter bY t"he r.ä *Ê.f" er(prgseion

.fr, rR(zt
u(t)

The elosed

**
y(t) * R*(e )

**t* .*
A tz )R (e )+Êczlg(a)

**
ä

'F
qv u

l
J

)d(tl



Tha senos of
*f

U(z)o'
*t t

R(al+F(zEu
** *1)5*(a tJ

2t

(3. l5'

(s.1ô)**
A (z )

v

,*
The matnix R'- is esgenti

E

The i trve nf ¡nt Pa rt of

d¡teninined bY the n]-rnatt
z*-etructure ¡n¡tnix of

whane F* ie ËcÍlã etabls
d

es¡entiallY detcrrnf ned bY R

bcco¡ne pota; of thr elostd loop ry:tern. Any ad¡nfesibla

eontr.ollrrr ¡^lhieh et¡billze* ths ryatnnftr F'QUiree ut(s*) to

be Z**unirnodulår, Th¡refora no ãenos af E] mry bç eenerllcd'
d

ally dEtanmined by tha chofee of U*'

tha t nansfar funct ion it tlru¡

níx of thø eontnollen and thn right'

Ê* of the diEturbenee inPutø to thr
d

*yrtcm.

If the right ¡tructur.e rnatrix cl^ or c] iø faetorircd to thr
sRd

nightr it is secn th¡t eny adrniEsible controllar will rssult'

in a eloeed looP rYetent qf tha tYPe

y(r) - rlc"*¡ "*) d {t) (s.18)

Z**çanenal Í a;d PolYnearf el rrtat nÍx
.*

g

Thr conclu;ion ts ¡naka ie th¡t alt,hough (5.19) h¡cs a f¡1rr*al

¡i¡nitenity to the correrponding 5¡svc¡ axpnaerf on (3' t1)

thrrr i¡ lge freedortr of ehoiee !n the distunbancn rc¡ret'ion

cå¡G, ThGr.r rrr strong conditianE impo¡ad on f] white F* is
d *"

aeE:ntiel ly f rpn to ehoo¡e. ThrE rsstFiCtlOnE on R i'rc
E

deter.mincd by the råquirernrnte of (s.16), whe¡e n] rraø ts bç
E

cho5¡n ¡ueh thrt it 'eornpênletes' thr Z*-zÊrof of B*"
u

*c(
SR

Thcproprrtierafdigtunb¡rrccrc¡eetionin¡¡tclFllgrnarel
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BettínE are investigated by Pernebu{ tFer tl : I I;rh'7} "

S.!å* I !:e -Ëen3 reÀ-!þ¿es!

Aften theEe two corrments otr the rslæ of tlre strueture ¡uatt'Íx

r¿e wil,l neturn tn ttr¡s .Futl prÕblern introdueed in $2,3.

Fronr nc¡ht tlrl tþæ nsnt rol ob¡ect ni I l be presented by äl

.t.*.-¡*-at
r..Z*"Ë.f, pair (A"rB-) end the st¡ntt'trller by a L'Z 'ê'f'

***triple (R", Ël-, T") utrleçs otlret't¡¡i.ee speeified. All indicas

lnttodueed ebove Fe€ärdíng the type of faetor.íration uri.ll be

¡rrnitted t¡hen rlot explicitLy ¡reeded.

A general

¡nultivariable
{.

n. Z .Ë.f .

fraet ione I

systern 5
r)

**A {z ,
UV

Fepresentat ian

is givetr by ¡

**A {z } t, (t,)
u¡r u

linaarr
triangulan

u {t}

v (t)

w {t}

a (t)
u

t {t,)
v

E (t)

for
block

å

ttA (r )
uu

0
**

A (.2
VV

) A
,*

vw

t
(¿ ) u (t)v

0 o
.*

t,t{

*(s )A B {t}
$f

vl{t)

v zft''.

1f*rl**l**1I lB (z )lB {s}lB (z}l

| = l--l=--r--l--l=-ï--l--ir--r--l
.| t t".,t= 

'} l tr,r'" ' | "r*" t J

whrrne

ht

(s.23)



?5

I
I'laesur¡rd out,putE to be ec¡ntnolled

Stlren rïËåsured outPuts

Contnt¡l inPut

Fleasuted distunbence ítrPuts

Non-¡rreasur¡þ1e diet'uFbanee inputs

Y2

It i¡¡ a:Esurneg that At , At atrd A* .drc guadratic polyporniel
UU VV W$û

rnatrlca¡ of ful1 rank rhleh ffieåns tlc! rastrÍeti{ln' It ir¡ also

ag¡u¿ned thet A*- . and A*.. . a re Z*-unimcdu la n ¡'nat t'J'ceE ' This
vv $l¡{

FCqUi nemsnt is needed to guar¿ntee the existetree of å

fcadbsek st¡biliaing litrear eotltroller whåetr rnay elso be

seËn frarn (s.3á) bel(rw. The syetern iE not stabiliuablet if

At or A* ane not Z*-uninrodular. Atternpte ter earïtFãnsets for

Y

u

V

tál

vv wÙa

å v with ut'tstable potres origítrating

r*ould glve a desfgn sche$e rith

.* .r
ofå

vv
*g¡mfnon

fro¡u aeF{tø in Z

cencet tations of,

f¡ctors ¡.¡ith zt*zertrr¡. The eðsÊ of an A*^. t',ftir äarûs in Z

¡rill ther'efanË not be eonsidçrad ç"*tf'"tlt

*

åsgsnn!åEs-ã¿!

å p¡nt,ieulrr easer whêrë the trurnber of indaprndant contnel

inpute is equal to tha nufilben of futl nlnk eont'nc,lled

nutpute I uil1 bc ernphasizad þelow. The r.enk eanditi(3tr doag

¡bviËu¡ly nßvêF ¡llow the nuÛtber tlf fultr nank cc¡ntrolled

nutpute to i¡urpåsÊå t,ha nurnb:n of I åneer'ly indepcndent

eontrol inPutt.

Thin ep;elal ísatiotr ertrly iarpasaø thc míld ncstpåctlc¡n t'hat

rrly Fê{råining eontnol Ínputsr witt be fonrnal!"y rafanrrd ts as



2,4

å p¿¡rt clf the disturhenee input veçtor v fæt' v*lrich nc]

contnsllar parematnizations ri'11 hc derivnd"

Aparticul¿r.rigtrttnatrdxfEete¡ri'z¡tionoft}retn¿n¡far
funetionbet¡¡esnuendV*willnrrrrhepræesnt,edinordcrta
feeilitetc the ¡natysi* bcLor*" Ttric factsriertion iø rrnelaly

ðpartieu!archsiecõfllf,l?lçatlpor*ibleel.lolcegof
f¡etnrf eatåonE es tho eontrotr ob.¡act arrd doe5 trot irnpoee any

restr.ietione se wili be sean in the follt¡¡¡inË lsrnms"

Leume-ã¿å

A guadretlc (nxn) trans$en
*

funet ian {¡* eif fu L 1 nenk

rarrËlspttndlng tc¡ a

ba daeemPos.ed into

Ëactorf,ration is sush

G* ¡nd Ë* ennt¡ins ¡11

nhsr¡c

L R

g

ratiafyít'lç

** co¡ !å r

ß* * Fi A*-t * BI tä *i A*-1

stnåct,ty prnpær tranEfer fr¡net'ínn û mey

â nelatívety r.u*.Ë'f * (At'B*) ' Tha

that A* eantaitrs sll thr Z**pol;s of

Z**eçFog of ß* rnd such that

{3.2¿l}

gt iE ¡ di¡ gÊlnå1 PalYnamial matnix {3.2ã}

Al iE e quadnEt,íc palynornial metríx

Ë* snd Bt an* polynomirtr z**un¿r¡odul¡r m¡tt'ices



2ã

is upper riqht, triatrgular end invertibln
í.¡ R

(b ) rl for 1$ifn
ii R

*

.*
B (1) !'É I

Èt

*g (O) Ír
R

b

nlrara B cantains ell lerc¡ã c¡f G in z* but has nt zeraã in*
g

¡*. Tlrc gt¡bi I itY
+

aeeondirTg to C.2.7).

næç ietr cðnaidered ie aEsurtìe$d to be

Eeue¡h-S'å

It iE neeeãËåry to derr¡¿nd ¡lç*ctt¡l+tl fsr thc le¡nma to hold if
*

a stFãrlgrF pr.ectieal st¡biLíty FsquiFe*¡ent wfth {1}€Z 1a

de*,i ned(ef , (?.14) ¡ , Tha eritleel poÍnt ås th¡t the rnonie

polynorni¿!.n c¡f the zt-smitlr fsprn *ay not FË{¡eå1ed sruch th¡t

r*(l)-1. Ttrie is esEentialty a Et,atie¡ sull r¡nk condition
.¡

whieh is nece¡sany to lmpore in (rrder to satilfy etrtie g¡in

FEquine¡nents for Vr.

Apr.oofigEiverrirr*pperrdixã¡l.irrthefortlof.
esnEtfuctisn c¡f one Euch decorvrpoaitic¡n* Thís íe baged on tlr¡

Zt-S,nith fûÍ¡n.

A deeontpoEition nf the transfar sunrtion Af .1t
lcmat¡ 3.1r is

t aceondinE trl

.*
Grt

r *-1B. Alu uu
(5, t6)



hríth tlra propentiee Eiven in tlre lem¡na'

EoZ-9ÈruÊgs.!:e-Uå!såx*Ëe$aåÉese!!e$s

2b

*
polynarnial rnattices in z

13,'ã7)

Ítrtrodueed (ef . $ä.6) ' with

by (3.'åå)*tl5.ä7Ì.

lf

uu

*
t^llrere A

.*
Auu

and

B
*
lu

and É åFe
lu

(û) I

i*t*
=B;B*E*

The

the

following defínitÍotts ane
!*

factori¿atiorrs of Û. - given
t1

* (Ttre Internal StFuetune FlEtnix)
s

('fhe LeSt $tructure I'latrix)

The lçft stnucture rrrEtrix B*^ axpreËÊ¡es the noninvertible
t-s

inveniatrt pant of the eotrtrol ob¡ect under the c¡rnEtraitrt'ø

t}ratonlyedrniEsiblecotrtnollglganeuged.Reeellthet
adorissibílity requires the eont¡'o1ler ts be ceusal and to

ïeç;ul.t itr a stable clased laop eystern" Tlre terlr¡ ggqyg

ggXggggrE-ËågfåI rrr¡ry ålso be usËd'

Ttre left struct,une rnatrix of the eystert in $3.6 ig stìa ictly

ttre Left stnuetune rr¡atrix os B* (:3'3Ë) ' Htlweverr sinee V,
¡U

aue the control!.ed outputer it iE desineble to e'nphasi'ze tlre

E

.**
= BLB$

.*
Br-s

eloEed loop cotrditions for Vl' Itr orden

B* r whieh is tlre Ëquðt'e left strueture
LS

to satisfY thiEr
*

¡rrat ni x of E etrd
lu
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decides tþæ tn¡nErnisgian Protrertiæs fra¡a input tg outputr

will be r"efenred t,c as the åef,t gtnt¡eturæ ¡natrùx' ThiE holds

fon ell btoek triarrguler n.l*.c,f;s oS the t)¡Pe nepnlsanted

by (3.Ë3).

A tradã-off betwecn the nestrietiFnË irnpgøed ebove

*pecifie¡tiens of thc eontrol oh¡ecti,ve çives Íisã

g¡rnerål design rEeherner whinh ie to he øt¿ted hexo¡¡"

and thp

ta tht*

Io8-Ibe*Eef e rense-HesleÅ

Lrt the model tt¡ be fotlowed bæ rertricted t'tr modele of ths

Sorm

* fû **(tl r* $ (z l u (t)
f'l c

(a I y
t

Io*

{l
Ltt

.t*r.lll(t¡ = B (zly (t) t3.2Ë)LS I

It n¡E m¡de plausible in $5.4 that a teft *t'nucture rtrat'rix

B* (a*) ¿nust be ittctll'pñn¿tæd in åny rafErsnce r¡odeL ta bc
Lg

followad perfectly by å eyste* wit,h the eharectenisties of

th¡p epntnol ob"¡act above (5''å5)"

Thc rn¿triees A* and E* Ehau¡ld be relat,lvely I'eft Z**eoprinre'
*H Ì't

The ¡n¡trix ê f;*) i" ""q,rired 
to þa u*-uni,nerdular g*inee the

M

nefcnetrce modæI, hes ta b* stabSæ" The faetæri*atåon bet¡rern

nl anc n[ wi r f be Ehoeen surh t'hat'

nficol ã r (s. ?ç)



ä8

b¡hieh do¡rs nat irnpose eny restrictiõt1sr sín¿re ttre t'rans$et

Sunet iOnE åla€ì Fequi red to be oS SuL L nank and p!'tl$lêl'r

*.*
Triangulsl'i zåtiott of A" try clarnantåFy row c¡Fe¡"atiarrs f,l¡x È,rt

,*
and F" nraY alto be aclrieved.

Ìtl

Tr¿s di.Fferent contnol otr3ectivss sat,i.sfyi¡g (g.l' 3*13'C¡) atrd

deEcnibed in terr¡ls nf referetlctl rnodets wi11 rìul^¡ bE Etr¡died'

The cotrtrÉl r¡bJeetives r¡ilt be refelred t'o ae thå rÞqulator

eeEe and tlre trarvo Ëåse neepeetively'

1) The regulatnr eðsËl should have s rnferanne tnodel oS the

type t3.gË). The clased-lnop rystertt r¡¡ilt be nequåned tn be

çgtablar to hEve eertain elnsed*loop poIêËr ttt hava å

correct static gain" Thçre ål"e nð spÊEifi*atiotls an

tratrsient erross-eoupI ing proparti.e* of the transfen
þt

funetion fnom tlre eornmand signål t- to tlre output y t

ä1 The servo eåãe should satÍsfy trot

frrt the regulator eåsËl but ehould

propenti€g. A stneightsrrv¡ard way to

nequir*l å dlaEatral transfe¡' function

srnm.rf to 
"i. 

Then Bt*tzt) itr {s.2Ë} hee to bn rnplaced
*rr::*'*bv B tz ) wtrieh is the left stFueture matrix E , t¿ )

- Þ 
¡Lr¡ LS t

diagonel Ízed f nom tho r.ight by ð polynorníal nrrtr"ix t=

(cf . $5. 1ê) '

The refenence nradel foF the díagonal casa beeornes

øpecified tranEient

ÐãEure thie is to

**
B (¿ )u (t)Me

t$)y tt)
1

nnty t,he ¡1slclui rarnæ¡rts

slço heve eornPletelY

**fû
A Cz )v Ct)
1'l -l

f'l '*
v (t) - S (z'r tl

*
(3.sfj)



2q

Ttre diffenence between tflæee t$¡ç scheilieE Ín the case erf e

knawn eontt'al ob¡*et h,¿l1 þe eongi'dcr'çd in $3-lf' and $3'12'

The Fõquf fernrsnt th¡t B** rhould hæ inconponat'ad in thn medcl

is na perticular nes¡tnictign for thn investigatiot'l oS Êrctlse

Êgupling End stetic gain ppÐpertåes r*hen B*^ fs knovrn- tt' lel-s *
howaver, sn awkHend prablëûì ín the adspÈive esntext t1*** Ërg

is unktrg¡rn and asEçntially intpo*rible ta nenipulat'a by thtl

cont nol len '

Although B** rrruat be in*orpot,ated in the tnanefar functiori

tt ie nÐt nëeêããðry to hnaw B*- apniori in orden t's solve
LS

tha rdeptfvç problern ae y¡i1t be shown bælor¡ in s4.S ¡nd

f,4.6. If îËEulaton tr'¿nsfet' function propertie¡r olith corn¡et

st¡tie slrvo propcntlaE gna su€f íeiçntr ít, a*ill br shown to

ba çufficient to ktrsw a B:"
g

*
Si¡tilErtyr it will be shown tn ba suSfieient tcr knan * U*

ånd ¡ fs¿çiþLe B* in onden tg solve t*ra ssnvn problnnrr"
D

S*l*Iþr-Eeåe*fl Àesse€$g-üsag-r*låÊr

Lnt thc controlter be Siven bY

***'*
R t¿ )utt) * * S (a ¡uy

uy
¡rr¡tricrE hrlth t"Êtpaçù t,a s

Í
t
t

I

J

f
I
I

yl(t!
v (t¡'2

Ir*+ T {a }
u (t¡

(:
v (tl

(5.31 )

,*
The rnatriers R and s* witt al**eyo be ehc¡s¡rn ae polynoüoi¡l

* but û¡åy itr çcmrral b; æhc¡rln å¡
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åny kind Õf z*-Eeneralised polynnrnial ¡natriees' The rnatt'ix

T* is rËquired to be a z*-genereliced polytrornial ffiðtt"ix,

Denote

IJ (tl
1

Let tlre S*(z*)-matrix be partitioned itrto

ue

***
A (z )A (a
UU UV

* {'*
)A (z ) t

uw

,* {+(t)+S(slB
uy
*

{3.32)

(s.53)

TT.v J.
1 '2

(3.54)

.*(z )t (t)
u

u (t)
c:v (t)

* *(z)T

v
*.* t* t

Ë (z ) !t (s)S(¿
v I

whereeacheubmEtrixcornespotrdstottreobEenvatiorrgty

Let the î*(z*)*metrix be partitioned ints

*, 
]

r*1(z ) Içç J

**

'å

T (z ) T

* -.{ßwhere î and T-- l'ElFFËlsttllt the feedforward eompens¿tionE
uc sf

from the ct¡rr¡m¡nd eignal u and tlre fnååsur¡ble distunb¡nee
e

itrputr v nesPectivelY.

I.¡:.19-Ibç-ËIeeed-teeP-$Yeleu

If tha expression (3.51) is gubstituted irTto (3'23)r tlrc

following is obtained

t*
R {s )

U
r L,¡l

*(=*)ur(t, = tX"{zt)u*(t)=l
+T ff

(z*1v(t)

(3.35)



Ttre øyetarr equetions fop the elnsad trof}p cystem becn*rre

tt
A+

U Ut,l

It*
Ey .!{ u

31

(s.36)

*
B

.lJ

*{f .* "t
RA +SË
u lJv Y.v

R ËB

A
*
vv

â
&

\/l^l
{ t
v

0 A q
*
&rþd ¡tl

ft

I t,r.

[:::

T
*
f€

*
B

{t
Ë

2u

o

Ë

Ë

t

T

2v

v

Yz

I

0

t

t

t

l.I
* +

B
trv 1t¡

{i
B

1u

r*

rL?w

the slased IooP øYrtem Ere th*nThe transfet funetånnE sf

obtainød aø
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J
IJ Þ

t*
RA +
uuu

-1 {r
T

ue

*

4****

*sÊ
v rU

.* *-IBå
' lrtf Whl
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r+ {.-1
+Ëll

.V VV

(ã"37]

{3 .38 }

rJv
e-t

* fl'
t3 B Rå +sF

vy .u
r)

u

uuu Y .u
i'

t ff
T .ù +g¡E*

v

:*

UV
A

,¡$

U
R

{

t

*l

"J

r+-' I
Ê

VV

1

G* = B* [r*^*,* -î:l] 
"' 

[[-:^:"" 
-"îlJ oî"'^"-- [oiol-" 

-":"i 
J 
-;;'

*yo .ut u ut

-B
* O*-1A* A**1 +
.V VV VW 9¡N

*
whene B etc. denÉtes

r!¡

*
*

g *T U

?u

F

É

f
=lut j

slnee it has alneady been eesu¡ned thEt A* snd A*
VV W9,

polyno¡níal ¡nd z**unimodular firåtnicerr the elosed

system ¡¡i11 be *teble iff the polynornial ¡net¡"ix

*
det A

**(s)detA

ðFe

lnop

{3.39)

*ts )

**t
R (.2 lAuuu

* **li(.2)+glzlE

*

v ¡u

****
)+S(.2 )Ë (z)

y.u

t(z )

iE Z**uninodul¿r. The fu11 expneasion

det
**t

R (z ,A tzuuu
I

J hrh,VV
(s,4ü)

gives sarne of tha elosad loop poleø of tlre syatertr' Xn

addition there are other z*-stable pol*s vrhieh å1"Ë! trot

explicitly taken aeeount of in nl and T**, By choosinE å*
LuË

and Bt it is however pos*ible to ehot¡se u¡trich pulea to håve'
l'l
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Soåå-EeaeåÞte-Ëegsåelss-Ëase*Isanaf e n-Esssgåsqp

ThE eondltions on eontr.ollers of tlre type (3"31) ¡'ltll tror¡ be

given for. the casæ wlren the contrnl ob¡ect fectsrization

(At r Þ*) is known, It r*i I I be naqui red tlrat the nedeL

rrratchitrç proparties given by t,tre refgrerreg modrrl åFa

eatified.

Flodel rnatclring fieðtls tt¡at t,he tran:*fcr Sunction rnatni'x Snom

u toY
e

i.ê.

coineides ¡¡lth th¿t of the rEfsrenea rtrodel {5'2Ë}
1

* *-1t
åF

LB M I'I

*
t
t

l
¡

J

.**
R +SB**

uu

-1 r
T

ue
æS (3.41)

B A
1u u v¡u

Thie is futfi I led r

identlties hold (ef.
if the foltowing polynorntal' nratnix

[Per 11¡IIå3'S and App.Sl2 Ëtep 2]'

nlni..*ã*B*..*rlnflefiuuuyru
*
ug

**
TrFtn

(3"4ä!
T

5lhene T* is any Zt-runÍnrodula¡ polyttorníal mat'nix that r¡ilI bc
t

eEneelled in the tranefËr. f¿¡t'lction fFcrrn ** to Yl'

tseu*rh-ãr"3

In the cåsê r¡herc B*-.oB*Ll
*.*f

night d ivison of T . A" .F-tl'lR
s'actop of R*A* for all

u tru

: it hetds that the metnlx Þ; is a
1u

r.ro "u 
s*B* . Then B1 *ruet aleo beE a
Y ¡Ll R

*
¡n¡tt'icere R* satåsfyi,ng the equat'ion

u



{3.¿1'ä}. Itr t}re SISË-'case it iE

c:c¡ùlrïltlt't faetenE. Ttríç is trflt' tlone

the r*at ri x nntat iotr 
"

34

standsrd t,a catrcel gurh

hare itr onder ta si*rP1 ifY

S*å*-Eee.eiþåc'.,üs"rvs*çåss,-TËensf er"-HHuç!åsne

îhepcllyr.rirrrri*[idgtrtåties{:s.4.ä}tåilitrgmneralnot*iatisfy

the equatiatr t'3.41) i'F H*- ie repla*ed by F; in tlre
L*

refei*ellcle rnr¡del {3.*Ëi. Ht¡r{¡vër t}rçra does rrot in general

exigtanysolutiotrtot'heproblerrrosfit.ldingädiaqonal

trans,Ëer funetÍon witlr t.he sårae lru*ber of zërc¡5 in Z* as

det(Ê*!, îhis is dus to ttte fact that Ë* ig lrat itr generel
ÁaqHL.lu

þ*
rJiagonal i.zable f rürrr t,tre nigtrt by any Z-*utti,nodula¡" måtrix'

r f t.he

abta i ned

*lFRAUUU

ue

*
T

LË

The ehaice

polynomial

ehoieea atrd

roÊf gt'etÌëå *rerde I

Íf the identities
r* * * *-*

+S"Ê-' =f.A,,IBRY ru I

uçedr a solution
sat isfied

TË(3"30) is
beltrw a re

* {* .* fl-*
= TiANTsA*

t
Bnt

I*
T

*
Þ

*
Ê B (S.43e-e)

nratrix. In
* is ttly
I

3

for å 'aiagonal Ë: suctr
D

the ËiðlrÌê wåY åË itr

Z**unitnorJu Ie n poI'ynorrria I

*ttrat T- ig a PotrYnoinial
3

the rËgulator ease T

rnatnix.

t
ofT is Eivetr as ¿t possible Z*-gener¡l iaed

ue
rvratrix sol.utiolr' l{oweverrthere åre fllåny possible

ín the final ehoiee for the edapt'ive systern a



ss

cligtltly rnodified vensiott is c$tosetr.

It ig rnore ennveniant to r.re* pæLynolnial ¿nratt'åcæE" silrce T
.¡t

ue
i n (3.43b1 *ie a Z^-gener¿tíasd polynoruiat o¡atnix tlrls rtraf bcl

*
aubetituted by the polynorYríal ¡natrix T Ín t,he eotrf ral Inr,l

yrn

T Ðtu (5. 4l[ )
uÊe

Seua¡E*5*E

'Truely' díegonal tr¿nEfer fu¡etiotrø may be echíeved elso by

diaga¡alizing the open loop syetem after s,,hieh erdiâ1åry SXãü

cotrtnrl design methods r*ight be applÍed. This desígn selteime

obviously requi ras the kno¡.¡tedge of the dÍaçonal izíng inxtrix

and/nn Íts inverEe, âlthough ttle*e *ratriees :ttiçht be foutrd

i¡ an adaptivæ regårrer the ceintrr¡ll,er deøígn pnoblem Farnains

to be çolved" Since it i* not in the Ëec¡Pë o# this

prasentation t,o daEl rith the kind crf nest,ed adapt'ive l.nape

th¿t ttren ¡¡ou1d Oeeut r ttriç cass wíll lrq¡t bs elaborêfed.

I*åE*â-Nes-esÀE-Eåaçenen!-He{eå-[Ps-åÉeeååye*Ësnlsså

In thíc paragrapl'l a pnle placertrant þasås fot" adaptive

eontrol is forrnulated" Tlra dsrivatiotrs are ¡nEde itr a fai.rly

genanal fratteuronk ilr gndær tc¡ give püæ'6ibi.fities f,or

adaptive implertrantatistr a$ ¿ siide *lese çf pol"e plecetnetrt

solutiotts ttrat eatirfy tÞre emntrnl cb;ectiveç'givetr ln $3"9"

A seeond ob¡ect,iva is tæ find a elEEs o,F adaptåver lineer

æontnallers baEed on the pcrte plaeemærrt ee¡lutions åndieated

*st
=f yyml

**
yfr

*'**TATI l''l 3
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in (3.421 and (5.45)'

A thind ob.¡ective is to eatiesy the demanda frttporad by

requir.ernents crf på$åryrêtnie me¡dels Sor cst,i¡uatfon oS adaptfve

eont rol lsrt.

Coneider first the ease of s@rvn desi,çn whane thø abJeet,ive

ie ta eseiçn a preseribed behaviour frerm the csmenrnd xiqnel

u te th: eontnallad output y . This is t,s be treEt'ad ¡l¡lth
c *1

the rt¡ethÕds Þf (3.¿12) ðnd 45.45).

The regulaton design wit,h FÉspset ta rt¡eaçur¿ble distunþanee

inputø v nån be tne¡ted within the së¡må Snema¡*errkr eít'tee the

anly eoncaptual differetrce eeimpared with thæ Eervo cés& is

the adapfive*{ggsfgfggfd terrïE T:-" The persorrtanee af thc- ---Þ çç
edeptive feedforw¡rd will, mot be cnmsid*t'æd hsre hut in the

ehapter. of pa narnæt r ic ¡nodale ( $4.9¡ bneause af t'ha

notr-¡ttraetive pnccent form of the tnenEfçr function G* .
vy

Ëìoma new ídçntitteE (S"FOa-e)r r*hleh ere ales useful fev' a

eirnplifieetic¡n of E* r c{i11 flrEt be itrtnodueçd.
vy

Thr easa of nËgul¡tor dasign with ræpeet ter non {ÛÊåËuråblê

dietunb¿nc¡et r¡ r*ill not bet t,r'natad what s{: êver due t'o p€õ¡r

rrnodrlftrg poøsibititlas of tlre llneent,y p;+rarnetnie

pnopertis6. The trenEfap futrction propeertisr r¡btainçd i't't

(S.37) ho¡øeven guanantee s*,ahi l ity and bouttdadness ¡rith

rarpeet tc¡ boundcd dÍEturbanc!ås $, *inee the nlnsed loop

systëût haE st,ablæ tranEfer Sunction*(rf " {S "371 t (S'4'1} } . It

ir¡ hor¡ev¡r. not po*øfÞle to negteet thæ årtnportanee nf $Û in

thr idnntifie¡t,íon ¡lgorithtrrs" Tlra ãceûJnaey nf panemætan

astitn¡tns obteined fnom ön identifieatinn algonlthttt i¡
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àrighly depetrdent ef í6flue¡ce f'ram uttknown itrputs ta tlre

eys'her'n'

îf tire futl Le$t structure rltått'ix Ê*-of tþe systern is knowtr
Lg*

tlrep it ís al.eer poøsihle tñ f ind å suitable B-- ta setiefy
H

c¡ssÍ red spsüÍ,licatit}rls {f,rl static gains ete. åã aIrëådy

e6*r¡Ne6t,ed itt $3,ä. Tlliç is a diffieulty in t,he eðËË ¡tiren B*-
LS

icr r'!t¡{: krro¡*tl i.n ttre desiçn s{:heû¡es C3 .4?'r-{3' 43' ' The statie

qåi,r1 witl tr*t be cfirÍ'Éet strd t[re¡'a are pgles oS B* which are
L

nüt eäùt*elled ßtc,,

Tttæ FËclui rerïetlt, tlrat E ig h*wever vsry
L:A

*

Y,&Ëtr"ictivs and *n fre able tn

tlnly the i ntenna I st t'uctu re

krwwledge the foLtrowing Pole

tn repl¿¡eË (3"431 and (3-43) '

adaptive desigtt with

B* ås the apriori
Ët

sche¡r¡e is intraduced

is known

make atr

rt¡at r i x

placernent

deøignad by å pote placement algoritlrm

types. Funther corrnnentg åP€l given at

pðråürePh'

to know itr nrden to

when å n€gulaton is

t¡f ttre eonsidened

the end of tlrie

Ths diagona

çuaratrtae a

The servo

t F* is eertainlY treðeÈisål'Y
g

stable elosed looP sYetemr

tranEfer
t{f* $ (a
tu

**t*
R(zlA (z
uuu

***t *t* *T (z )
uc

functions are repeated fot' cotrvenistree

* )+S(¿)B {z}zt
v .lJ

(5.45)

In perticular the poLe placament PeEuirernents for¡nulated by

the referenee rnodel å Fe sat lsf ied by the fol lot'li trE

exprssËians whietr cautd be Pågårded ag a ¡nodif ieation of

*
ß{uy

g 'II



(5.¿t:Ê)*(3"43).

Lnt ft"orrr now cttl

{3.29}). Lct T

polynornial rnåtFix

t
T (0)
I

t
B

T+T ,* *(0)A {û} Í,

^
lf
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¡natrfx (crf,

u 
**uericnedu 

l¿ r

(s. ¿å)

{s. 47 }

â
.t- be ãt 1c¡tter t riatrgulan
t'l
be a lower triangulan*

I
Eueh t,hat

ConEiden the poXynorr¡åal r åntæntrsl, Etnueturæ *tatrix

,1

1

o

CI

å

ll*
b(a) 0

Thc off-diaganal

."**t) b tz )
n

ele¡r¡ent,* æf the 1cr.¡er * råangu la r rnet Pl x

.t {f
p lz)

11
CI

* iÍ.

I t'l

eolurnn ¡
f¡ctÞr*

.I.

TA t5. ¿18¡

+
p (u , F (z )
nl nn

shauld be ehsEan euch that sash pol,ytromia!. p

.t *r**

*peilynor*iel b
J

,*
oS a ccrtain

i¡
*.Ë *mstrix as a
t1

nS t,hæ
{.*lnTA haEthat f'|

{. * .ti. .sb (z )tr'. (z
J åJ

*(c )

Ttrís specificatian ie s¿tiefied
which is lowerr left t,nianEular

) ftrr I(i{n and ¡{å
{3.4?}

*pantåeul,ar *haiee of T I
?

P.
1J

bya
*nd

qt*unå*tc¡duIå¡". Theræ iE.
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3?

=ö whên dineet

(3.S0a-c)

no eotrflict uÍth tlre rËlquírenrent (5.4å)Ser z

feedthrouglr is nat Present'

The Sal towing lertrma is shown itr appendix 3¡?.

Lemrta 3. ?

There exiEt polynomial matrix solutiotrs R*r Ei*, T:, Tt and auy23
* -r. 

{'

diegotr¡l B" satisfying the follot^rÍtrq equatiotrs fon given A Is . silrw. rs Õ -D - t{
**t*t-*A- r El-r B-r Btr Þ- and T" hrith t¡m properties givetr by the
uuLSRrlil 1

expressiotls clf (3.'¿7-30) End (3.4Ë-49)' The rtratnix Ti ig a
2

*polynanrial. l---uni¡nodul,er rnatlix.

*
TpT

i**.*

= Bs trAo,t
{-.* **

B^A" BlI
*{. t

+ B B = f .

Y ru IRA

*.*
= BgTS

fl.*
A*Bn'*T"T

*.*
uuu

*
At"rËR i

funetions of ths
($5,8) eoincide if

polynornial ¡tretrix
**-' and Ë. TheSD

A* ,tt

R {ô} !Ê

u

*
B (o)

R
Bo

*
I

The Sollowíng thesne¡n gives å rnndel rrretchÍtrg besie fen

adaptive eontnol.

Ibeg¡gu-Sol

Tlre

the

transfer
rrrodels

*
closed

*
R suy
soLutions R

system
*T ¡TFê

g

C3.45) ¡nd

ehogen as
*tTrT end23

Ioop

andI

fol lows for.

diaEonal B

*
t

*
u *

T
2

palynornial.

t
v

¡nat ri x
.*

Z -uni¡nodu la r.

is



40

{. rf
T"Tr

*
ât't

*
T

*
5E

* ,**Al BrB* =

ult
I

*,tRAuuu

T
Ut.

tt*¡.TTB
tlH

.**sÊY.u

**** **r;rtA"BÞ o Bsrs

* *
R

t R*(ol r: P
U

+ t r)

{. (Reguletnn Case)

,* (Serva Êase)T 3yffi
t3. S1¡*e)

Freeft

Elce-å

Ths exictence of thæ identitåee (S.Sü¡*a) are øhawtr by tr¡e¡nmå

?f?

Ëteg-p Êlosed LooP Identities

Tlra tn¡nsfer. funet ion t,m eonsider is the clt¡Ead loop

transfcr funet ion (5.4S) . Thç ident'ltieE t3.4S) ¡nd

(S,ã1,¡-e) glvæ vfe etreightforwErd matrix e¡Lculations t,h¡

tnrnsfer funetions

{¡
* (3.$2¡z

.*
T

** in {. *(.2 )Éi m(z )uyrï¡6)(
YVtIvu

c.h¡re
e {:



*ts ,
,*

E
M

I . *.(= )
*åA"*

Ëuy
*

¡rr(z )
I

-1 *
B

c!

4t

(3.53)

(3,54)

Ë

vv

* *
Ë rn (z ) æ B

I

* * r-i * * '*sB I rray .ui ä 1 Ív{

t
tu

**
RA +
uuu

I
***

EBBLgR
{TAB) TTA

*
1

.tf*ti*l

Lt"tro"J
****lt*'r TTA

lrlI

*l
r{JR ätf'l

The reç¡ulator eåscl whictr lres an utrknown and unspecified Ft
L

but Fequires correst contnoller identities and corneet

stetic gain iE satisfíed for thiE closed loop bahevlour

gínee

r* *1
¿etlË (z ) I

LUY lcl
'= det B tz )T

***-1 *li
= det F (e A (a )B

s È l'l

*
LË

{'1(z ,J*

*
n

***-1
1z )A2 l'l

.**(z )B
til

c"*r])

end fov the stetie gain

*
0 (1)

I Ivv
JN

.***
T {1}T C1}A (1)
21r'l

-t*B (1)
cl

r*(1lr (1)A (1)
I Ì'l

T

c3.55)

The polcs of the ueference ¡nodel trave thei r eounterparte in

the elosed loop systern and the stetie Eain is thrt of the

peferenee model. Thie eåsê has sufficient rêgu!¡tor

pr.opanties and ig eble to set poitrt cnntrol. The trangient

etct6s eaupling praperties may trot be investigated wÍthout

knowledge or T].
2



The setvÐ eaãe ås a *ell ËpeËifíed

It rr¡ake* uEe of the Elter-natåve T*
yra

guarantee å trar¡sient sËrrvc¡

t-lFc¡EB*coupl i ngs r

ô2

u.lradel. matehing problern.

t3.44) atrd may thus slso

behavi,c¡u r r¡ithout

rtsde l, -¡rraf eh i ng

the identities
ing ealæu1¿tie¡nE slrçeú tlrat thæ

a satisfEctpry sol"utian t$rrough

Tlre fotr lor*

pnoblern haa

(S.Sl.d-e),

*
Ë¡n (z
YtYt

* *È{T)'"BF
LS

*lt
Tæ

3

r*lreIl
*1

H,Í

( t #' r *t-1 *.r .* *"ìÌ f * *t-1 {+

ILt"tro*j t* 
lnro*Ji tt,**.J t* *

r

I

*
TTås

¿.ss
*ÏTAI

t
,ti

2 {
À

rì
r'tJ

*1 {* ã.
BT ;l-'Iå,

*
a

Ë
*
Ð

ITT&'lÊ
I

*,

¿-

{['t

HJ

¿. t

(3. Sô)

*
T end A

t'l

{+ *Thnse rnat¡'ix rnanipulatíons ane al,lo*ued sinse T

å rre Z**utlf rnoduL¿ F f¡råt rie€Ë,

to knot¡ that the f.nvertsd *natní*es
*any ã -eeros. This is achÍeved hy a

*.ttsZ -aer*E srf Ê intn Ë " It is äIr¡ S
expl úcit pcle placern*nt algoritlr*r

t

Esueth-In*

In onden to guanantæe a stable elased Lnep it ås n*cesãåFy
.* {.

Ba anci Ë* do not contein
xplåcÍt seper¡ticn of ¿1,1

fl€rûten¿Il prapenty of, any

ín order to avold bad

eartcel.latiane End nst Barti*ulan {:o thæ praposed ad*ptive

deeiçn"
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4 PARAI.IETRTË I'ITTDËLS

å" l-lnlqeduE!åes

The finst purpoEe af this ehrpter ís to find å

FeprË,sentetiðrr of the tYPe

T (4.1)
III

ô$u

sor. eech catrtnol variable u.. Tlre {-vector denotes ãornt
¡

known data veetor and S denotee the eontrollcn pat'amctans

aEsoei¿ted wi.th ã pote placemcnt algorithm. The design

propertias os the pole plaeerrrent contnol ler Ehould be

Sulfilled by using the contnol input of t4'1)'

The adaptive pnoblern ie however precisely th¡t the parern¡rtsn

vectan il i5 not kno¡*n. Thus the second problern of thl¡
i

etrapter is to find equatiotrsr which allou'l estirnetion of Sr'

Assurne that å €equenec of knonn d¡ta {Eü(t)rf(t}l} s¡tisfieã

tlre s¿rne equation í.Ê.
.r

ü.<t) =,1'T.ctli ii

Then it' i's Possible to estimate O

r¡ethodE.

(4.2)

by etenderd veetoF spåerr
I

Let thie discussion be rerpeated as follov{Ë'

îhe first ob¡ective of this chapten ie to find e llhear

expreøsion of the type (4.1) for the eontrol input such that

the cotrtnol !a¡¡ realizes å p61e placement eontroller of the



- (or"t'$¡då-rluåpî ß? aÏqTss$d äq €4 u,rrcllt$ ðq lTlri s'¡Ëlaüte'rtd

üËî ïæ"¡ ît¿clil *¡,13 18q? sî r{1*ado'ld dæq4B¡lV " pessa'rdxr

,ttt¡¡Tldxa}gf}ü'IFbTÈrFIIÉJllJc}i3ïu8|lläl}ÊIda¡od3q}lËtll
Á1*edo,rd 8t{? seti TãPt3tu a9*1aue"tad sïLlÅ 'uÛTqaunt 'ra$sueJl

dan¡uadoaqlj¡æEt.?;r.v,ß(åI.f))uo1¡¡.eodu,c}i¡åpdelni¡T1;ad
É Su1r,¡eul ¡{q påAIçtã Éq T lTlt urelqoad uctTlaãT¿lewr;çd PtlI

$.ør¿d*,råe¡*,d åsð1,¡l u! t¡rvlcll,lg åq ITTI/t *8 *T.¡+Bttl

8"ånIðndqB Teu.¡ð4tåT ätlÐ iþta äirL{etr;cdtul åqå 'Ë{bts1 Io'¡?l¡ct¡}

truerrraoetrd e¡od ãtl1 wtsJJi ( ? " Þ) ad't1 ÐLlI $o suolxea*dxa
5

J.Èï UOtlFt{î.¡êp ä1,14 uT ?"?$ rË'f $ uT urrtt3!'lÉ åcl I I Tt'l ã!l'll -*a

xTrl?þr,$ aJn+æn'llã IÞu*råTuT ç1rucrör¡B¡ Ël4Lð uro¡eee'rdxð aql

dse{ c!î ÐIqFJTs¡Fp ðt¡ ¡}1 trrû&q6 ëq TIlit TT ¡ãIapt¡t''' a¡'r1awe'rad

Ðr{l uo pÐËeg satust{i}Ei L{nTl€trr!1sÐ 1ndlno-lIIn$ Butct* Bl

pËÊl pTn$¡r ï"qI ucl¡?;'B'lÐXtlT .latraweled p¡o^É ct? - a'lrlu'úåLlTünC

,ërIÞug|r,l o? lIñ:rTji,*îp B.ie 5älEtuïIsa Jå?E'u¡e"red 3t) suF!ßga¿dx¡¡

JaËuT lütott ã|;¡t¡ïç Ëurt!?ÞIå" ¡e¡uler'rÁtrrd ïnq Ëu¡tdîÄua pTË}^e

ol åTqPúï6ÐF Á1öun*Is 5l TI '*uo1Is¡ttlr"ll¿ ;alaurr'rrÉ F qÐns

qïTe! uclIlÉlilss$ä iJ! PË^IC,Ë Ðg {rI 6rrrBÏqe*rd ua¡ Ë aJ" aJÊtttl

'Fã1?trÍ Tsa
?

Êq i{sqr ïEî"}+uG}¡ Ðtll J¿tJþ + s'l€?ðtue*ed aqq lFtll tli'ns r (A'?}
nrruï Bp '* tll F€?€Isú {f '¡f,r'}3} esuanbes e su"toJ Istt? ô?läp $ö

ucl1ìðungi P pu1t nq. ËT "leldeqa *Ttl? Jþo an¡1aefqä puosas aqJ

þv

'gI"Ê$ uI uÐ'\Tñ adÁ1



45

{I*.3-tÃE:FrodeIe

Ðefånå!åEB*4*å

A panameter veetor $ t*i11 be said to lrave å lågpgg¿

ådenlåfågÞIe for¡t if there exist knoe{n futrctiatre of deta

t¡hic$r forrrrs å veetor 0. (t) etrd å known seelar v. (t) whieh
it

ãFë neLated ta S suelr that

T (4.3)
ö {t} t =; v tt}

I I

whe rê tþe-ggeffåSåen3-gf-g is eüuål to 1.
1

DefinåËrst1-f[. ä

A parametr.ie rnodel of å systern s will be Eaid to be å

1ågeeg¿-identåtååþ1e--EgIåüË!.EiË cLIP) rnodel I if the svetem

output may be nepresented itr ttre fannr (4.3) whene v. and l,

Ëc¡rrespotrd to known functiotrg of input and output deta'

Exeuple-4*å

A left m.f,d. nith A (O)*I oS e syetern S lE E LlP-model fon
v

the output y if all f nputs and outputs årë Ùìãåsunable.

Ereefr

Ttre A -¡natrix rnay be deeo¡nposed ð¡5

v
.il. .* *

A (E ) = A (O)
vv

t*,ltA (z )-A (r))yv+
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It ig råedily seen thet it iE possible to åxpFesã

A (a )-I y (t)
v

*.*t*
-(A (r )-I) B (z )yu

ll*+ B (.2 )u(t)
u

y(t)
u (t)

Each of y

I

**ytt) Ên-

1

Si nce tlre po l ytrornia I ffiåt r i ces
*and B disaPPear
u

(4.4)

to be !ånge.E-å!t--gbe

linearr identifirble

.*
rlA -I )

Y

eornpl,etely for E*-Or the equatiotr is explieit in y. The

r.ight trand side eontains u and y operated upürn by (finíte)

pow€t ã t t of ,*. ( In the discr.ate ti¡ne cåtsË the¡c

ec¡rrËlsp6nd to old data and foy the eontinuous tirne cåse this

eüFrespËrndE to ta lowpasa-filteled inputs and outputs') Thu¡

the night hand gide is a funetion of known d¡t¡.

Y

rnðy nðH be written es

ïo' +.trl

wlrere I conteÍng u and y filtcned by finitc Foþ.8F5 greetcr
i .*

th¡n zero of z .

Re¡nark 4.1

A right r$.f.d. ig trot e LIP-model rsitree the int¡r'nel

varlEble [, cannot be rneasured.

Ðefånå!åeg-llo3

An adaptive controller wi11 be Eaid

Eå.[åügger--Eggåüågge if t]rene exi*rt
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contr,ol p¡FåûretåF vectc¡ns tU sueh that, the æutput fram thc

contnoll;rg l.e. ttre control variablaË u. aell be eixpressed
I

U !=- (4.5)oTry.
11i

where tha $rls nepnarent f inite v:etors of rneesurad inputl

and outputr.

Rcma r.k 4.2

Adeptive ayøteraÊ ðFe in general time vanyinç ¡nd nnnlina¡r

tyËt¡ntE r

Thit¡ pnesentation íE, an attcn¡pt ta evofd all explicl'tly

nonlltra¡n fenmulatlolrør Hhieh involvc divisíon by panarneä,er

æ¡tim¡t,ee etc. . Th¡r ob¡ectÍva ls to f ind bi lineår

expregions for the adaptive polæ placernent cantnsllans thet

¡ rc låEËås-ås*tþÊ-pågå$e!es-es!åsågËä-åË-$E r ¡.*ås-ås-uesgseËg

drtl. i.ê. åFplird nantrol inputsr digturbances and outputs.

Thç fonrnul¿tinn af LlP-r¡odelg fon each e*rntrc¡tr f,trput forrv¡s a

b¡sis fon avoíding rnost of the expl ieitly nonl inçen

cxpncsrienS r



¿tÊ

4*E-Eede!-Iulnf e¡ntsÈ i enq

The trengfen function to the contrslled outputs in tS'36)

rnay be wnitten (uee eq. (3.514-e) atrd (3'13) ) '
*v(t)ËB't lu

(a )8, (t) + B

*
1u

*
I

,*

*t -1 r
RJ I

U

*,,r{"*)[rrttt * *lrrtz*]q
9'l

(t)

(4.6)

+58
v

*
uu

RA
*
u

*
TAB

* *1
lg (t) +

.uJ U

t
+Hd

d

B
H

*+B E(t)+Flv v
*
1¡r ht

{t) =t

*f * *1-1f
S l'TlAHJ I

ËB
*
L

*.*
Ru+Eiyuy

where

+98 E
v

(4.7'

åcetrrding to (S.4Ë)-(3.49) sueh*'*Reeell that T A was ehosen
t[4

thet it is Posslble to find a 7

gatisfying the ralation

ririniei*X = uirini

.* .*t
Hd*-BBd LS

l' ** **l Ilnn +EiB lEltuuw Y.YúJwJ
+

v

.F**
UV

RA
*
u['i^;]-- [[ "]

*+Ë r +
1

EB
*
t t¡ wvv

r*--uniruodulan PolYnornial T,,
¿-

(3.51¡ )

If the expression (4.6) iE multiplied on both side¡ wlth the

Z*-unimsdulan polynor'*ial metnix

***
TeTtAn

it is possible to Ei*rplify the right lr¿nd side to



*
F

*.

NYt
*

TTA
t-

t (

t
1
I

J

ç¡lF
Ru+Syuy

:* ,tl. * tX-

+TTAFIdä1t'td
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(4"?)

(5,51b)

1

Êonsider thE eonst¡nt *t¿trix
*Rut0) * B0

It would be benif ieial to ir¡vert BO f no*n the left while

net¡ining a diagonal Ê; itr arden tn c¡bt.ein a l*lP*axprecgicn

fon u. ThiE is nat pnseible eltreç 8l and B do net es¡mmutÊ.g0
Þlonever"r the fal lowing oL¡geyvat.íøn helps itr reaehitrg the

goal.

In the denivetian af åO (3"Stb) åt ¡.r¿s slror'¡n te be pe*sible

to find ¡n exprêesístl suclr tlrat n]cOlg * 
"O 

iø l;PPÊ?¡ right

triengulån end inver.tible {cS. lemnra 3.1}. It H&s åX,eo shown

thrt the pnincipel diagunaL *otrteinø ' L' in al I t'lra

rlçmnnts. If the conEtant part oS R* i,"Ë. Þ- íe sapanated ea
uÐ

I nd ieated by (4. I I ) it fsl lnws t$rat

t.*r
TTA

H& t
*
gEIv

Þo
*

R
u

{
t

*#
u+Ëu+Ru+SV

ü

*{f*{ú+1TAþåd2!.l.ld

nhera now ill. 1û]

(4. t 1)

AEEurne f irEt ttrat d*t and *&flãidær eEeh Fclw of (l[.tt] ' Tlre

par.artretens of interset in mrdep 'htl stete t,he pole plecament

Ro*Bö

*Rs

,*g
Y

*g



so

ec¡nt Fcll law for the eont r"ol

pararrratenE of Fow i of
input u consiEt of the

,*
R and S

The parameters of each rolú åre I inearly related by t¡n

expression invelving ur y and T*A*y since B: ie diaEonal.11"1'1 5
This property ¡,ritl be used to denive LIP-modelE for tha

eontnol inpute.

Beuer[-ll,o.I

The proper.ty tlret the met, *.ix t* is diagonal is erueial for
ttre existenqa of expressionst which åFe 'puFe' ilr tlre

eontroller parerneters. Any non-diagonaX rnetr.ix in thr plaee

of El would regult in surîtE ete. of the pananretens.
s

Hetree a linearr identif ieble parametnic ¡nodel is derived for
the controllen.This lroldg for thc distunbenec-frae cåse

sinee B: is ¡ hnown openator and sinee R ls an uppersô
triangular matrix r¿ith EeFoE on the diagonal. ThiE irnpoeaa

the ¡nild nestniction tlrat nlren cornputing a control f trput u

it is neee:nøåry to eompute u befoFê u.. Despite of thisri+1, i
eech u. is etill e line¡r exFrer¡storl of inputs and outputsí
to the system. This nestnfetion is ¡.e¡n6vêdr when B happenø

o
to be diagonal. Than it will be posøible to conrpute each

contnol input u. r¡ithout ¿¡rly FeEårdE to the computatlonr¡ ofi
u fon i*¡ at the EE¡ne time instant.

J

This rnodel is Eet iEfaetory for ident if ic¡t ion when no

digturbanec acts otr the systenr. fn onder to formulrte å mc¡Fe

¡.

*
R,) tI

t
¿-

T
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gånËFå1 caçe it is tteeæsËåFy ttt åtrvaEtÍgatæ åhe GFror

propagatiott 1n the syãts'ïr"

4,.él-Eesd Ëeswes$-Ësneåde"*ågås ns

Considar now the dlEturbanea t,e¡"m (¿l'7) in tl1e proposnd

paranatnie rnc¡del (4, 10¡ . Uti t iee t,Í'le id*nt åty {S.Sla}

*tÍ**
T"T'AN"AO !¡!

+
211"îlv v

+ {4, 12}
2lftlv* :¡

An expnessío¡"¡ fer 8," i,s ebtaitred from {S.2ó}. ThiE notatisn

iE introduecd in (4.1?l ¡¡hieh gíve

tt

tt

*,***
TTAÊ

*****

*
üt

*

F ¡

L l',] J 
*"

4$+SË{{'

u\1
RA
*
u

* lls
"vJ"l p{

* rltrf*Få * TeTtÁ*Ê**

BTTAB
it*. *

RA +Sä
uulr Y

.* ,¡t
TeTt

*
Ft Es

v uil*i* and

,t
TtË

V

t
¡{r a3 É

l{

**
RAu u\¡ Y.v

It
Tt 8'

It

*tRA +B
u ugt

+ãÊ B
Í**{t

v ,,l

***,r+
TTAHd¡!;2lFtd

r¡here

.**1 if-l*
- B T'lA v * þ{'w

ËvJ vv þt

alrd

r.-1 * **t
AA +

vV VW bltål

If this notatfon ie itrtrndueed ebc¡væ

**1
ww

(t[,l3]

(4 " tAt

(4. 15)

.*
Ft

V

{i
F?
vI't

**1* F T'IASvJ
*

F'
tâl

å
.r *'l

-ËT',l5wJ

It is llee{lssåny t.o sat"¡cel
*invepted A ln (.4,L&,
vv

t,he denornånatanE inti'oduced by thel

in ardar ttr abtaitr a polytromial
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expne6€ic¡n fo¡' tha terrne eür.Fëåponding ta tlre disturbatrce

inputs v. ThÍs rnay ba done by intnsdr¡ction of a new dfagural

Z*-uni,,tadular matrix [J* choEen such that the diagonat

elrtries eonslst of the I.c.d. oS eaeh vgr of thç rnatnieae

l
J

**-l ****1
F'A r B T'A
vvv Svvv

(4. tå)

(,L.t7'

f r.om the left r å PolYnornf el'

axcapt for the w-dePand*nt

r*ith a sarntrwh¿t ebbneviatad

(4, t8a*g)

and Ecaled such that
*U(O)'ÉI

If (4.10) is rnulttPtiad uln U*

metrix r¡ill ba thç result

tenmE. ThiE nesult is Prerantad

notet åcrn i n (4. 19) .

It o.ã- Ea¡susgrås-UsÉels-:- Eassås3E r-pãsåsn

Introduca the following Elrsrter notetfon

GæY vI I

**TA vI H'1
lrt

Yfo

.**
*€ o TrA" e

***TfoU ït

F,l
.Þ

R
u

*,*R = L,,f

{F
s

Y

**.g æll
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t
F

V

.t
F'

v
*

rlË u. A
**l
VV

I
'rþ .t .lÍ.'-ul{'
wh,

r * -* ^*-tT :ÉU T'AVVVV and Þ{

The full pareraatric fûttdsl Sc¡t tt'le rËgulatar {:é¡ãs t¡f

(3,51e-e) is qiven by t4. t?) r wherË B: i;g the k¡'re¡rn
Ë

(diaEonal) intnrn¡l stnuetune met,ríx ¡tld R ia guat'¡nteed tfi
o

bs an uppeF tníangu[an ranstant rnatrix with EêFtts on ttræ

diaEanal.

Theonc¡¡r 4.1

Thn p¡r.û¡tric model^s (.4.q, and t4.t?) PeptsEênt thç ¡rrne

transfer functionE fnonn (urv) to y,.
t

!**î**'F'ltt
T v aB lu+Ru + Ru+Sy-Tvi +Fv+Hw
f-f S[ o v J v h¡ (C.lp]

Pnaof

*
Stner (4.ç) and {4.19} dtsfen enly by a Êc¡añoË Z *unimodular

fretor
*

U

rnultipl ird f non the laft r thie eüÍfirÍ¡c¡n faetm¡' rftåy be

erncrt l¡d r.rharehy thc identitåee cc¡f neåda" The' eo¡Trtactñ

Z*-unirnodulrn f¡etara rnay ha fntarpretad aç decouplad Eteblo

rnodeer nlrieh dc¡ not åppeår in t,he rêãulting c*loEed loap

tnensfer funet{ons"
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Beucsb-4*S

å non-Z*-unimoduLar T* c¡tt always diagonalize the Etnuctune
¡9

r'rråtrix f nom tlre teft Eueh tlrat E- beeames diaçonal' However
t

the tlëw Z*-zeros woutd introduce unstable rr¡ades in the

clased loop systenr as iE seetr in equation (4.19) and is thuE

not alLowed.

4,,É-Pesauelsåe-Hgde Is-:-Se.Ëve-Deãåqn

Let ttra output.rrÍðn be defingd ae ¡3 !s y - yl'l (ef'(4'1$b))'

If ¡¡e fonrn the autput ernop aquatíon of ttre :ryatern we obtain

{'.**T*T'A* e "

:AB
*
g

t**
u+Ru+Ru+SY-Tvov

* ****tll
+Fv-TTABYv ç 1f'lD-

*+Hw
hl

=$

wheFE
(4.2t)l

(4.21 )

wtrere the polynorniat matrix r]rla]a] rt"" b¡en nefaetonized
21t'lD r

e" flf]'C*f. 3.51d). Note tlrat ¡11 the r6quiro¡nents on B" ¡ne
sg rgtatçd by the eo¡ditions of (3.51a*e!. Then T- fnåy be

estirrrated direetlY.

;[ " - *ou + R*, * s*y - ti" - tit-] **+Fv+H¡*
vhl

***T*-U TS

A par.aruetnic rnadel fgn thE sE¡vo tr¡nsfen funetion såiê is



tt
+Fv*Ht*

v**
(4. Aä¡

The quantitie¡ to esti¡nate nlrich are of int¡reet, for tha
sont nol lan a re

* .*

*î * * * ii r11lB-lu + R_u + R r, + S y - T v - T-"y"'lSLOv¡tr]ÉT
ff
*

Rot

[t+*o"**J

55

(4. A$l

ð left ¡u, rF,d *

*
Ë¡t

*Rt T end Tv m

nlri Le

t {s
T and Ft v

algo should l¡a nepr.esanted in the esti¡rati,on algorithra ín
ondæn t,o guanantes existenee sf sol¡¡tÍonE" The ter¡ns af H*w

üt
t+i I I howsvan nu¡t bs reprerented i n ttrer est irnat ion
algor.ithme.

4.sz-åse!þe¡*Ãnlerp.rEgËgås$-gf *rbE*gårå$åt¡ås*ssdeÅs

i It ie posribl,e to rrr¿ka the f,ollowing observatione in t$ro

eåtã when w*CI and nhene ¡11 crutputs ¡rc eontr.olled outputtr
i.G* nher.a y

I - Y0'

T$tæ pana¡netric modçl (¿t"l?) fi,åy be rearranged intCI the fonnr

'r** *TTA *BS
f 1H S 1

*yË8 u
*1

lv
vJ

*BT*
s

lt*Lv
+

¡*hiclr ie i¿nrr¡ediat,æly neeognized ås

FËpreËÉntet,ion cÊ tha opsn loop eyøtnrn.

l-Et' tlris be axpreEsed in tha left rÞ.f"d, ncltation as



**AY=Bu+Cyu

.**.**ftr
Ae=Bu+Ëv-B y--'
€ruvyfû

sô

(.4.?.41

(4.Ê5)

(4.26)

perform å

m.f .d. of th;

\/
t
v

Similarly (4.t2) cån be itrtenpreted ðs å left ûl.f.d,

¡reprèsêntEtion of the åpen loop systern

* t*** *{*
TTA-Þgçt f'l S

3 r¡å T+R +R
Õ

fl. *1sB I
DJ

u
s

* ü
+ F v-F T vg

¡rhieh cright be denoted in the left m.f.d f¿Ehion as

tþ

rtl

t
v-BT

t
s

*
v

In the cåse ¡rhene all outputs ane eontrolled outputs thasæ

arEu¡nerrts ¡T¡åy be surnrned up as

Theo nern 4. t

The pole plaeertrent

tr¡ngfor¡'oation f rom e

ðpen loop øystem.

identitias
right ¡a,f.d,

(3.50a-c)

to a laft

I

Re¡ne nk 4. 5

Thn par¡¡netric rnodel is lndepetrdent

eparates in eloEad oF opÊn loop.

pnopar.ty ugeful fon identificatiolt.

of whethcr

This iE ån

the systcrn

irnportant



Éa

tsreef

The pananretric rrrodelE heve bEen derived anl,y by usinç the

pelynornia!. nnatrlx identities ¡nd elpen loep propert.ies of the

contrsl oh.¡ect. The eontnot inputø and erutpute lrave nos{hæne

bean epeclfied in the c¿lculatíonç.

Rc¡tra nh 4. ô

This pnoperty wllt be ugæd i¡r a following preeentatinn t,e

ehn¡l that pare*¡eter' ådentif i*ati¿rn reer be p*n$trnnned åm kclth

open and cloEed loap rttËdeã"

Eçusrh-fl*Z

*
Notice thet t,he r'eEc¡lution n$ a knc¡wn A

pr"oposed pole plaeemant eolutiein i"æ.
v

afiåÊeíated with the

Y are the
tlris is

A t4 "87,.

:Ft+fon knowt'¡ T^A- and Ê- is as*seiated wí*lr thæ ganeral
1l{ s

polynornial matnix equatian

XA+BY'*C

*
I

TAr*[ft
*
v

*l
HJ

***Ës
s

wlrere år I alrd t are known rnatnicEs t*hile X and

desi red eslut ions. Althnugtr å I i nee r eq*at inn

Lrsuåt ly ennsidered herd tn snl.ve { tPær 1) ; I I tã*S} 
"

4*Ë*I he-Beåe-Elassüssg-çss g.uså-Låry

The eol'nect cantrø1 tar¡¡ ttr âpply Sor the pol,e Blaearnætrt



ðontlolle¡" wittr Sendfornard Sr.o*n v ånd u- is the followitrE

u ¡E - R u - Rtu - g*y + T*v * T* uû - v uÊc
whene

t

58

(4. ?âl

{¿t " 30}

T
*.**

=TTEflf,l
(Regulator tese!

uc
ctF

* (Servp Ë¡ee) (4.2r)Tyfit

Eeolarh-4'9

It 1s not n¡caãsåry to incanporate tha feedfnrwerd ter¡n T*v
v

ln th: eentrol lån* t,lhen knoning þæth F* and ît f,¡"am tha
V\/

en-linn id¡ntífieratian it ie alsa possible to *ornpute some

sth;r. suit¡bl: fasdferwåFd. It r¡ould ¿lao ba potråble te
have a fixedr Êhtrssn faedfnrwðFd Bt,å."

The ter¡ns F* snd T* ehould however be i.neanpnrated in thelvv
idsntifieetion algorithnr since f nflusnee r¡f unkru¡r¿n inputs

to thc eystnrn nf lI e lneys eonnupt identifieation.

The rpplie¡tion of the eontv'crl la¡¡ (4"?*l qi.ves flræ ele¡Eed

loop ayetcm (ef . (3,53) )

t.*tlÉrÌtu--Ru-Ru-5y+Tv+T y
0 - v yîî.-

.* {û+Fv+HH¡
vt{

fon th¡ FêEulrton eð{¡Ë - and

fl,

tl1

.I.ì.**.Þ**dr
T T A v æ E T T A v'f11.1- 5f1l'l-

{'t*T*TrA, *¡*Fv+
V

ItHw
hl

(4. St )



5?

for ttre ËepvËr cåËê (ef . (5.56) ) .

The FegulEton easê has the pFe€iet'ibed stetic gaín properties

si nee

*E_et¡ = I (3.27)
kt

Reserh-So?

The pole placa¡nent eontrol lew (3.31) rrray be peatituted fnom

t4.27, by eoltecting ter¡rrE and by eancellatiotr oS the co¡r¡mon

facton U
* Alternatively tt rnight be eoneiderad to hc å

control len derived with ¡nother Z*-untrnodula" tl.

4o!-Eeed f eruesd-ts.[Epcr!åaE

It is poesible to ignone or ¡nodÍfy the feedfsr'¡rand suggasted

by the ter.ms F* and T* although theEe faetûrs ane irrrportatrt
VV

to include in the identif ícetian algorithrn. t'llren ä eantnol

law descnibcd by (4.28) is applied then the influenee of v

on the output is Eivatr by

f Ail å=F v (4.31 )
* *

v

It Fe¡lråins to shon that tlre epplieation af the feedforwend
*tenm T^v neally is Eutrh that tþe influence nf v c¡tt the
V

output is in gome 6ãnse small. The appr.o¿ch taken h€Fê is to

sfro¡¡ ttr¿t ncl feedforw¿nd ter¡rre ínfluence the terins of F* ofv*
FÕweFã leEs than that of thn eðrFeßpotrding ele¡r¡ent of B^. ftÐ*
is on ttre otlrer hend possible ttr elirninEtn ell ter¡ns of F

v
of powers gneaten than thEt of the ec¡Fregpclnding element of

.*
T,T
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Br. Ttris result ís sir¡rilar ts tlr¿t ns $s"4, TÍten F*
Ã 's's v
!t

nepne*ente å rleËÊsËd¡t'y cnrnelati.an nrstrix fon t'he ítrput

disturbance v with respeet tn t!"*e esntesl input ehantratr" rt
* is diaEolral * tæ rnake the1s possible since O"

deeorrrposition of C* in c¿.[¿l inùc¡ F* ¿nd T* rew by ¡'on r¡ueh
vvv.*

that the higlreet powêr c¡s t.he ale¡nant,s i¡r eaeh rew c*f Fv i*

lower than the hiçheet pclhtËï. CIf the *c¡Frãflpclnding diagonal
*

clement of ni. This le dotre by at,*ndard use cif th* di'vision

algoniths¡ fcln polynortials rou by îçtw. Let this be so¡nrnul'et'ed

in the f,ollc¡wing tfieonem'

Ibee¡eu-4o4

Thcræ exists e potynonniel n¡at'rix solutieitr

*

'il
(4 

" 35)
v

.t+

F

øat,isfyinE tha reletion * r*here B* ic diagonei.

and ¡uch that the hiEhcst pËlwsr sf aaeh ra¡* oS

than the Fo$eF of the c$rreEpend{ng entry ån

*¡n¡trix F*.

c*=F*-e1r*v v t¡V
(4.51t)

Ft ås lu¡*ar
v

the diagonal

The Pnoof is given in aPPendix 4;1'

It, i,, nor* straightfornand tn see t'hat' the prPposed eæntnal

laur {4.?8} s¡l' l&.i¿v, rae}iaes t'tre eh{rics of ti* in the

eotrtnsl l.¡w (s"sl) ¡¿ith Leest, elegrces of thç carrmsponding

F*. Thc di'turbence influencç cttt t.hn æutput' åe çiven by
v



6l

UTTA+AR
f,'****

I!-uuvy
Ë

tì

E
1

J

.*

1u

*
u

**+SB
Yru

-1 *
Tff

*l
r"J

-t*
H

v (4.35)

wlrieh is the tnanE$en function frorn v (cf.(3.37rr. If the
polynorniaL identitíes t3.50) ane used to sirrrplify the f í rst
term ebover it follo¡.¡s tlrat

t

t

,*.* *U Tff= T'

UTTå
***

2 ;l-'I
,* * .*1

+F -ËT Iv SvJ
,*,**

BUT
svy ffI (4.36)

*The 'beEt' posËible elroiee of T is sueh that
ff

(4.37)

{.sines F is irnpossÍble to rr¡anipulate by ehoieeg of T
V

*
ff

*

I

Finally - Einee (5.31) and (4.2Ël-C4.29) differ by the

Ëomracrrl facto¡ U* ttrat åFpåårs in (4.3i7} it is clean tl'¡at the

feedforwand of (4.2Ë)-(4.29) satisfy the optimal ity
eonditisn of e minimel degnee input polynomial with ruspeet

to v.

Ex¿uple-4.3

A eomnron choiee of å faedfon¡,¡ard is sueh thet the static
ínfluencn from v on the output is eXi¡nineted i.e.

t (1, '' $
1

vy

This rnay be actriev;d if ttre eanrponent T* of (4.28) or* (4-29)
V

iE neplaeed by the feEdfonwand eomponent

f¡

T
.*

- F (1)
vV



which ie verified by direet euhstlt,ution ínta {4'35} '

4,.å9-Ëen!seå-åses!-t åP;[sÉs]å

{4"1ç}.
*
v

T end F

b2

Dçnote the
* by their
v

(4.3Ê)

{4 " 3?}

+

Considcr ¡ peremetnie ¡nodçl {rf the type
.**-*

elamentE of the rnatrices T- r *Ot Ê S t

lowar eåirlt aqulvalante sueh ttr¿t

;R
o

ete

*
!

fi¡

(n )o i.¡

Let tha notetlon
*(t_).
+ l.

*¡nd (s l

u + (r.

¡rie¡n thæ i¡th no¡+ ¿nd ¡lth eelu¡nn aS T* a¡rd S* rnøpsetivæly'

E¡eh nor{ i of {4. t9} ûråy thÊn be expreseed as

*(t) v a
f Í.-f,

['*
t

*
fT

*(f ). vv I'+

t
Ë! (b )i

J

*
) u + (n I

0 i.
*

u+(E)
I

*'Ìy - (t ) - vl
!. v 1r ,I

It is
einea

poecibla to
¡l I ther

corntnuta enY

polynorrtiaLr

t¿1..40)

tno rnul,tiPlåed PnlYnnmia[s

ð r'e t i¡ne-i ndePendent bY

aøsumptiðtt. Let tÊre fnl"lov+ång trcxtati*n be introduced ftrr eny

quentity x



b(1. l1J
*
J

x.
1

63

(4.41)

(v)
v i, I

ar wlrsn

x

üverbar
*b..
1

i'ÊJ
*!É b.x.l1X

'-t denotes that ttre quatrtity x has been Siltered by

It is stnaightfonu¡and to obt'aftr

* .*

ü + (r ) Cü) + (n (ü) + (E I {v}) 1. it i' 1 I

.* (.4,û2>(t, (ü) +
V lr 1

which maY be rearranged into
* * *

(n ) (u ) + (n ) (u) +(s) rlr {t}

*(t_). Y-
t 1' t

t

*(f ). v
l/ 1r

U
1 IiIt

Ë- o i' I

*+ 
'**'r."*

.*(f ) v
v f -

(4.43)

Let (0 ) ba a veeton eontaitring tlre eoeffieientE of the
1 i a * ,{+,

polynomial,s in ,r'Orr.., tr*).,' ta-)t. "ttd 
ttrr'r.' Let

atralogously (0-). and (0 ). denote the two vectors of'-?. i v i
coef f ieients of the polynornÍaln irT tt*) 

r . 
åttd 

"lt ,'

nespectively. Thetr def ine tlre vecton t*r' 
, 
r of the ËårTìe

dinrensiotls ð6 ,',',1 åtrd eontairrirrg outputs and inputs yr U

end v eoFFesponding to the polynomiels represented by ttr'r'

Let sirni larly ,*", , and t*,rt r, eontaitr Y ç and v up to
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FUff ieient por*era of ,* - eÕF*e,,'tl*df nç tu ttre dirneneiens of

( 0) and(0) respe*tivelY"
2i V 1

No¡.lthafoltawfngLlF-rncrdelforeaehcc}ntnolirrputu.
ãquåFe eeËË (4.19) ttêy be forinuletad"

Tqê,
v

and (ç )
v

in the

(4.¿[4)

(¿t.4s)

gi ncæ ttris

T

¡
+ (o ¡Tc ito),2 

L

ro)'P¿ I

{ I )

Thase ttndelE give pnseibilitiEE

and ,6rr, maY be comPu*ed and (

u r *{0 } çi I

ObviEuslY the

for idetrtif ie¡tion Eilrce ü.
I

arg knc¡wn'

f2.
)1i

( v I

1

Define (ç*)
2i ås å væeter of ttre sår'r¡ã kånd å6 t*"', whena the

entniee eontaitr eornpot'¡cnts of
.Þ .*

=TBulTYIC

ingteadoftheVf"NottthEgotrtnc¡lirrput(4.Ê8}aãs$ciatad
with ther pole planement could be ¡¡ritten as

u =-(elTt,Pl+{o*}Ttçfr1 
(4'4é)

i t'i-'l' 2' i 'ã

rl * rlniv*

con$åãpclnde to unktror¡*n f,uture dist'urbanet¡ v'

Thaadaptivecontr,ollawinr¿hiclrtrreS¡Ëênegubgtitutedby

tlrain EEtirnated eountaeparte â becomeE

Trn
. (ç^)
,, ¿,

v

¡T
ãË - (0 l (

1i
^)+{ô

ê -depatrdent eÕmpÍrnent is arr'¡ittad

¡
t;tU

f
(p

t 4.47'



tn tha sarvct eåse 6" tree to be replacad by a vacta

Vç in the nle¡nentE has beetr replaeed by

€r =y 
M

r -ç vr

ás

*ãnrp whe re
T.

(4.4Ë)

It iE ¡1SO tlÊerggåny to intnaduen a paremeten væetor *"

eo'pa'pondlng to the paFã$etËFs of Tt in (4.??) t'¡hich ie
ût

esEentially î: (ef . t4.21) l. Ths eor'eEpclnding referenee
3

valueø år€ givcn by the d¡ts vector tp-'

Ttre astfrnEt,ion model is

+ (o )T(oa)2 i '2lTrõ )I i 't (o ¡Icç
v1 V

(6
U r - (0
I

)-(0)T3i l
3

{4.49)

(4. SOI

Tlre acgoriated edaptive eontnol lan iE

^T^Tu !Ë-(e)(ç)-(g-)(ç)-i 1-i--1,- 3 i '3



5 EXAI'IPLË$

3.gå-ExeuËÅE*L

tron¡ider ¡ Slg0-eystarn af the usuêl eonfiçuratfon

(t)

bb

(5.1)

(5.2)

y(t) * OÕQ

-(k+l)* bo*

H
v (t) ;!È q

*-1
-(k+t) Ê (q )

-ï--:-- u(t)
A (q -)

-t1+oro + rr*rr + b q

--*-g-*-* u(t)
-n

-rtt

- (k+1 ) rìl
v (t) -(k+t)

I + å1ç¡ + .¡tr....* å Qp

where F* tras all ãerf¡s outeÍde t,he utrit einela.

The rnodel ie

q

r{t*Tê
lFl

r*1B(q )
]t ñÉu
*-1A(q )
l.l

*

The aquetion

+b q
*(k+1) .!t *gË

uh¡nc it ê.{f . is required th¿t T

prFårnetrie rnodel

-t

(5.3)

*c*llA*(û) ãE ! r givee the
I r.t

*tRA
u

lî|.-1 *
-Ëoltt to 

'o"

0

(q) Y{t) :ã



rE cl u+R(q

Renrr¡e the quantftlcc ¡bove

r-1
)u+Ë(q )Y(t)-(k+l) **1

e7

(5.4)

(5.5)

(s,Á)

(ã.7)

(5,É)

(T
* -1q
2

¡=-l--¿
bo 2

*)A (o
M

u(tlEr0

where

rlict) - r*{q

)y{t) * e'(t,

)u(t) + B*eq-1ly(t) el+, ttr

*-ttt to

*-1R(q

-t

The idantifie¿tion iE donc with tlre exprrssion

u(t-k-l) * -0T

I
Th¡r contnol law is

st (t-k-l I + oTtPr(t )

T
I fe tt)+0 (t)

t
tûr

to
2'?

-1 lA*cq-l ry*ttl
¿\

wlrere t. ¡t'e substituted by rstirnatas 0.
11

in thr adePtive eontnol lðn'



S'3-ExrsPåe*3

Ëoneidær" thc cYctein

68

(s.ç)

(5. 10)

(5,11)

(5.12)

{;

(t)*þx(t)+u(t)
t

(t) a f¡ x(t )ñ&

wtrere k end k- Era unknÞü'tlrr2
As¡urua thrt Y is rnr¡¡unlblc'

re¿l esnetants such that' k2+O'

Anoutputf¡adbaekEhuuldþedeeignedEueÊrthatthacloscd
l,oop tnen¡fen funetien becorncs

s
p+5

Thr ayøtarn mrY be rewnitten

o-k
-:.*- Ip+l

I
N tã --*d- u

p+tr

v-kx1^
ä.

Intrsduce thr transfanrncd v¿r-l¡ble 2

*1

*

2!F p+1

whi,ch givrø tha øyatern dsEcniptiotr

I t ,*r* rl"*J *
NEEU

val*x'z
(3.13)



bq

Defi ne

,**
A(zlst-

*A(l+k )a =I
1-sz

1

.]

*
B(s )=kz,

2

Also meke the deconPosition

* * *
¡nd B =1

s R

Introducc the new inter.nal v¡riable [, eueh that

**
A {s } E(t} = u

**
y(t) u $ (c ) t(t)

thet iE
*1

JE 
Er u

,*
y*Ê zqI

The neferener rnodel is

3e
*

3

* *
A p+3 1+2e

Ì.1

Thls ËqutlttY holdE for
,t .* *

* *A *o ßr" (5. 14,

(5.15)

(s. 16)

(5. 17)

(5.1Ë)

¡nd B ¡8.5 (5. 19)
l'l

modeltr¡nefer.functíotrignealizeb}eginee
the ea¡ne Etrueturr polyno¡ni¿l eE the car,tnol

enbitr¡nllY be defin¡d âs

zË"l-Ê,

f.-at
1

**B" Br't

Ar't rl1+22

The nefarenee

the model h¡g

ob¡ect. Let T
t
I



tl-t
The pCIIyna¿nåaå eqe*eèien

.f.

ft*!

*
t

tF --*Ë--- *
t+28

Ð*fine

I

* &

end
fi'.**?Tft2tr,l

2+q t'&
s 4a-*"dæ*- ¡r Ë

Ë

{

rl

**
RL¡+ËY

70

(s"20)

(5. ã1 l

(s.22)

(5.23)

(ã.ã4)

(s.2s)

(s "26)

($. ä7)

*.t
RA * s*Þ*- rinfinfi

beeornss

¡uhich åe r*åúsf,fsd fsr'

¿"*1 ***'lå

[t*orrJ* 
+6rzs *1+22

*
end g

TFre esntnol ab¡eet' ús
t

*
v*Êraqns$

{T I
t

lI
Ja¡ .*

t+äz

z,6

*

î
I
t

u+eOY lI
!

î
L

v æf-f

I
6g.T

't
I

*
A

t4

*
Y ¡ 1+Êã v

* is fnumd ss
2,

Th: quentltY T

L

t
, * _ä;"

f
I
u+€*Yl

J

.*
z,

f

Ðef{ ne

*
L,¡¡rau gte. cs.28)



ðnd

rnd 0 rÉ --*
I

The rnodel for p¡î'¡m€ter êstírn¡tisn is then

I
ß2o
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.*
is Z -uni¡'noduler and co¡nrnutes with BËt it is*

*
UB']-;IBU

åsË¡uning å polynornial Z*-uni,r,odular rrratrix T*

Sí ¡ree

posË¡íble to wnite

where Ë s
'n1

PJ

*

*
H

å +S
P UU

.*tsl
HJ

B *EBB ¡r
*,***
LgR

*
U

*.*.*12=TåU

*
R*

*+K*
Rp

{T
R

!*

9H
,* '*=*"**

*
E

*
F

***.*.*
PB.u = TtA"Bl*

R

i* *- *l
RJ

(43.ä.4)

whereby a rleh, factorizEtion - wittr the desinable property of
íE obtained.

2

(43. t.5)

Tlre rnatrix U*B* is tlten Etil,I guananteed ts be E polynornÍal
* R

Z -uninrodulan matrix.

93gp-3 ËxiEtence of R* end S*
u

It ÍE wel l knowtr tlrat the polynnrnial ¡natnix equation (S,SOb)

lras polynomial ¡rratrix eolutions R* ¿nd g* (ef, e.g. [per
u

tltrr¡?'5) when thene åre no Êornmon left faetor.g of A* and
*uuB . Alt Eolutions may be written Esru

u (43,,å.6)

L

l

l

1

ì

I

i
I

f

I

I
I

i

I

I

I
I
I

i

I
i

I

I

i
I

I

I

I

I

I

I

is a partieul,an Eolution satisfyinE

I (43. ?.71

and R s¿tis$ies the lrornogenous equetian



snd - finally
dirn¡nEiong.

99eg_S Existenee of T ¡nd B
È

The cquation

has ¡ Eolution Tt

89

(43"ä"9)

{43"ã.9}

givæn polynocriel

(AS"æ" 10)

Sor a diagonal B
.r

and Tr. The solut

*t
RrA,r,, +

*.*g.-B r: g
l'l ¡ L¡

I

*
K is any po!,ynornial n¡*tpåx aS apprceprtate

* *
D

t*
EsTs

**
Af,fBn **.*

TeT,

.*
Ar,r t

?
t
ËtTB

*
t

.tt
andn

ion lernatrlee¡
tTs= B;- ***'

tANBn
ttlt

A polynamiel rnatrix solut,ian 11 con ð diagmero! matrix B*tr¡ith r mlnirn¿l nt¡rnber. of z*-=**l* is ofutais,¡ed by inspecti,olg
the l¡¡st Eortrnon denominatorg of the eolu¡r¡ns mS t,hæ rr¡etrir

*-1
g { 43.2, 1 f, }E 1

and as¡igning theEn r.cnd. es the c¿rrnesponding *åeurtents {.n

thæ diegotrel entries of the dlagonal matnåx F*. T*¡en å
ä

suitabrc B] is obteined" A porynerø¡isl rnatr.f.x eolutimm €as. î#D 'g
iE eteo irnm¡diately c¡bteined f rs¡n (As"?.*,olr when B* hes

baen detenmfr'¡edr sinee T:, T* and É¡* r*¡*ä pmlyler,*tar2rM
rnetrieesr and slnce atX der¡c¡miçratore o€ (45-ã" f.å¡ denir¡e
f norn t;-t. '

***
eTtA¡r



S!eB-{t

The roat nl x

should Eatisfy (3.5Ob)

* * *{0}A {r}} + Ëi (ü)B (0):* |
U UU v .Ll

?o

( 3. Süb)

t*
Arn (rl) (43.2.1.2)

R

*ARtt)=P
u

,*

0

It
R ori ) r]{ B)I

via (s-?51 r (3.t9)r (3.46) End ttre pr{rpeFness assumptionE in
(3.?, it follows th¡t

R*ro) * slrol (AS. ?. 13)

The pnaof of tha lemma is no¡¡ finishæd. The cxietence of tlre
desíned ¡rretnix nolutions has been rshËwn.
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APPENDI X 4I I.

ïheere'!-4*ã

There exiEte å palynnnrial r¡atrix solution

* {.'l
t,rJF

V

92

(4.33)

{4.34}

*of each row of F is lot*er
v

ec¡rFespðnding entry in tlre

sat isfying
*,*Ë =pVV

atrd gucfi tlrat the

than the greata*t
d iagona I rnat ni x B*.g

tlre nelation * where B* is diagonal
*.*

- B*T'

hiElrest pÐhr€r

potaler of tlre

EFeef

Cotrsider eq. (3.ä3) ¡¡ith a given ehoice of B

pa i r of rrat rieeE

*
1v

and A
*
VV

Any

*
B'

1,v

{.
B +B

Lv
*

**
K

1u

t*+A K
uu

*
At A
uv

*
t^rhere K is any

.*
subEtitute A

UV

not ehanged by

operations ane
_* * .*
A rA andB

*.Z -general iced

. The m¿tniees

Eubgt itut ion.
*onA snd B

unå ltered .

(44,1,1)

polynorrrial matrixr rüåy
***ArAandÞåFeUU vV rU

Thts rnËråns that eolurnn
* of (3.?3) such thet

UV

stable
*and B
1v

any suclr

perforrned

åFe teftuu vv rU

ThiE,.-faet rnay be exploited in the expressions fon v of $4,4,
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Al I the v-depandent terras os {4 " lg} estd {A, ?ä} d!}ey be

expnessed eE

F {44. I " å}

Tha polynomiet ¡n¡trix þl* oray be ¡sritten (eif . g4,A.)
V

t{
tvg

*
u tÍu

*-l
å
vv

(A4.1"3)

Recall thæ r.elationE (5.SOa-b) ta æbtein

{1"

2
AËIM

{44" ! .4}
U¡s this nelatlon trn

{f

IrA
${v*
v

* {t1
- B T lv

SvJ
*
v

rst*
TTAE
ä1¡,1

*
U

*
v

t
-F

t{ *-"1
vvv

nhcne
.t

K

(44. X.5) it is eonf i r.mad that

if
H AB'I f"{ lv -Ë

ll
vJJ

*+SB*
v

*
AR

*'¡t+gB*
U{J v

A
*
L!

R

spceified. Thnough subEtitutic¡sr o# Ft* Siven by qÊd.Í-4¡
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t
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r
t
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îI
I
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{. {É åF-.L'Ht{A*,**+UMKA
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*
H

V {Ad[" n "5]

*is å Z -gener"alized polyno*rå.aI rnatrix to

**1
v\f

** .Ë*
RA'+68"

t, UV Y 6V

be

å r'¡È*

(44. t "6)

æ[l Èhc

fmu. gåven
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U

*
V

{..¡tf,.*
TT

2
I
t

**Í
A
vv

l¡ indøpendent of tFre

Z**ganar¿ I Í zed rnet pi,*ess

{.choiee of K " tc¡nsid*r yre¡w

*F that esn bæ ee&'råævæd
v

matrie¡re A*
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F l! UTTAB'21ÍtI
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l+Tlre e$roíee of U in $4.4 guanentees
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*

N

tcrbe¿
*¿nd Y

*À ***.** *-1
= u rrTrAr{BI.rA,r,,

K s-B A*-1T**1Ur-

t44,1.8)

(44.1.11)

cA4.1.12)

*N=

palynomial ¡tretnix. Now find polynornial rnatnices X

guelr ttrat

(44. I .9){ú .* :*X +B*Y

elementwiEæ gotrution of the polynamial equatitrns

* * **
't = x + b.y.i¡ i¡ i- i.¡

wfrere tlre polync¡¡niEl

possible degree r¡ith

Tlre division alEorittrrn for
å solution u¡here eaeh x*
Now elrooee i¡

t

*elenretrts of X slrauld lrave the lowest
*respect to z t This is echieved by an

(44.1,1{)}

polynomials eEEuFGls existence of

hes lotrler dagrae then bt.t
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UUVY¡V

**F !:X
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FAuuv A +U
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* r-L
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U UV Y ¡V
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A
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(A4. t. t3)



Ttre clroiee of U* in $4.4 guaranteeE ttræ firet ternr

polynoruial rnetrix. Tha rrratnix Y* is å polynornial

aeeording to (44.1.?) ¡bove.

?s

tabea
rttet ri x

*F and
V

(3,23)t
Tlra

T
V

and

proof is now finiEhed sf r'¡ce polynomial rnetrieas

with the pr.aeeribed pr.opantiee end eoinpetible with
tlre contnol la¡r (3.311 heve been Eho¡'¡n to exist.


