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1 INTRODUCTION

1.1 _Introduction

The aim of this study is to give design rules for adaptive
controllars suitable for a large clase of linsary

multivariable systems.

Chapter 2 contains a review of important algebraic
properties of generalized polynomials as presented by

Parnebo.

Chapter 3 contains a review of linear pole-placement
controllers and model matching. Possibilities to use linear
pole—-placenent design and nodel matching as a basis +or
adaptive con£r01 are discussed in this chapter. A new pole
placement design scheme suitable for adaptive controllers is

praesented.

A new parametric model for linear adaptive asystems is
proposed in chapter 4. The model structure is chosen such
that the analysis becomes simple. The relation between the
pole placement methods of the previous chapter and the new

parametric models is investigated.

Chapter S contains examples of the algorithm.
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2 ALGEBRAIC THEORETICAL BACKGROUND

2:1_Introductign

This chapter contains a review of some algebraic properties
of ganlrilizld polynomial matrices and related aubjects as

discussed by Parnebo. ([Per 11:1132))

2,2 _Generalized Polynomial Matrices

Let R and C denote the fields of real and complex numbers
respectively. Let polynomials with coafficients in R be

denoted RCzl. The rational functions will be denoted R(z).

Let the class of rational function matrices of dimensions

nxm be denoted Rnxm(z).

The concepts of ’poles’ and ’zeros' are how intraduced as

known from complex analysis.

Consider the sets 7 and Z+ whare

Zuz =CU =
- +

Let the set of rational functions in the variable z with no

poles in a the subset Z of the complex numbers C be called

Z-generalized polynomjals and let this set be denoted by

RzEzJ
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R;”mczz

consist of matrices:s in which the elements ara rational

functions without poles in the region Z € C.

The set of matrices of dimensions nxm of rational functions

with poles only at infinitys i.e. the class of polynomial

matricasy will be denoted R"xmtzl.

Thae Z-generalized polynomials, thz], with wultiplication

and addition constitute a suclidean ring.

A rational function is said to be Z-stables if there are no
poles in Z . A matrix of rational functions is Z-~stable, if

the elements have no pales in Z .

A matrix M € R;xntzl is Z-unimodulars if there is a matrix B
€ a;”"czn such that AB = I.

Remark 2.1

Perneba uses the prefix notation *A-’ to indicate the
properties obtained when avoiding poles in a prohibited
region A. The prefix notation in this presentation should,
according to this notation standardy be ’Z_-’; Far
convenience the simpler notation of 'Z- u;ll however be

uzed herve.



2.3 _Bysten description

Considaer a lineanr, time-invariant. causaly finite

dimensional: dynamical system. Let the system to be
controllqd be called So and let it be characterized by the
transfer operatonr Go. Tha transfer operators will be called
transfer functions throughout this presentation. The

input-output relation is
y (&) = 6 (z)u (&) (2.1)
0 0 0

where Bo(z) is assumed to be an nxm matrix of rational

functions in the variable z. For a discrete time system z
denotes the forward shift operator q. Far continuous time

systems z denotes the differential operator p.

Let the system input vector uo of dimension mxl be

decomposed as

u v
u = [ ] and d = [ ] (2.2)
(o] d W

where U is an mu x 1 vector of control variables and d is an

md X 1 vector of disturbance inputs to the system. As

indicated above the disturbance vector d is further

deconposed into v and W whare v danotes mneasurad
disturbances. which mnay be usead far faedforward
compensation. The disturbance vector w reprasents the
non-mneasurable inputs to the system. Furthermora, iet yo be
decompnaad as

Y, = [ Ys ] (2.3)
Ya



where y1 denotes the n1 vector of outpute to be controlled

while y2 denotes the n2 vector of additional outputs.

The transfer functiah Go(z) may be partitioned as

y (&) G (zy G (2 ult)
1 = Go(z) uo(t) = i ' id

J
y () G (2 G (z}% d(t)
2 2u 2d
or
u
y G G G
i = iu iv iw v
y G G G
2 24 2v 2w w

(2.4)

—— S v = s s vrvr e vy S e . ey e e A . S P S S Y

Any transfer function matrix G(2) of dimensions nxm may be
decomposed into any of the fractional representations belaw.
The matrices A » B s A and BE are Z-generalized polynomial

y u

matrices. It is required that the matrices A € R;""CzJ and
y

A € R:xmtzl are full rank polynomial matrices.

The system is then described by

A Cz) y(t) = B (z) ult) = Glz) = a1z B(2
y u y

2.3

This factorization is called a left__matrix _fragtional

dascription (left wm.f.d.).
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Another description is given by

A (z) ECty = ulk) -1
£ 3 G(z) = 8§€z) Ag(z)

yit) = Bg(z) ECt)
(2.6)

This factarization is called a right _gsatrix fractional

s, e N s s s e o e wimls e e Sy i Y S

descriptiaon (right m.f.d.}.

Caonsider a m.f.d (AyB) of the type (2.5) or (2.6) and such
that Ac2)ER™" and B eR™™ (or A eR™" and BIER™ "
resp.) loose rank simultanecusly for a zO € Z_. Then zo will
be called a decqupled _Z-unstable _factor. It is however
possible to find another representation which does not
contain any common factor such that A and B loose rank
simultaneously in Z. A left m.f.d. with this property is a
left Z-coprime factorization (1.Z.c.f) and is unique up to

i s v e i oy Sevh s B e A A SR Gl e S S PR 110"

multiplication from the left by a Z-unimodular matrix.

Similarlys a pright Z-coprime__factorization (r.Z.c.f) is
unique up to multiplication from the right by a Z-unimodular

matrix.

The A-matrices in the above representations can be made
triangular or block triangular by using the non uniqueness

of the factorization.

A discrete time transfer function G(g) is stabley if it has
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no poles outside the unit disc. Analogously a continuous
time transfer function G(p) is stable if it has no poles in

the right half plane. The unatable regions are

zZ = {z: z€C and Re z!O}\{O} 3 (Continuous Time Case)
(2.7}

Z = {z= z€C and {zlll}\{i} § (Discrete Tine Case)

1f stronger stability concepts are requireds this will be
called practical_stability. In general an unstable region Z_
is definady in which it is undesirable to have poles of a
transfer function G(z). The stable region will be denoted by

Z+. Thus we have
2 uZ2Z =0C u =}
- +

The transfer functions considered below will be required to
be proper i.e.
lim B2} ¢ = (2.8)
z4e
In the discrete time case this means that the system is
causaly i.e. the output does not depend on future values of

the inputs.

The same requirement for a continuous time aystem is the

candition to avoid pure differentiators.

Properness may thus be guaranteed by avoiding poles at
infinity. Since we will only treat proper aystems in the
sequely we will impose the following conditions on the

instability vegion Z . Then it is possible by to treat
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properneass and stability by the same formalism.

° Z contains the regions of asymptaotic instability

°* 7 is symmetric with respect to the real axis

* Z may not cantain all points on the real axis

® Z contains the ’"infinity point’
= (2.9)

The fractional representations with polynomial entries of z
corresponding to p or q are thus not allowedy since all
palynhomials have poles at infinity. This will be avoided by
a transformation of the variable z such that 2 including

*
infinity is mapped into a bounded vegion Z .

Consider the transformation

Z W —m——e— $2.10)

where a € Z+nR and 0. Infinity will then be mapped into
the originy and the unstable region Zj will be a bounded
subset of C. The positive constant b wmay be chosen
arbitrarily. In this presentation b is however always chosen
suych that z*ai correspands to z=1 for discrate time and z=0Q
for continuous tine systems. Thig neana that z*=1
carresponds to the static properties both of discrete time

and cantinugus time systems.

For discrete time controllers we will choose a=0. This means

* -
that z corresponds to the backward shift operator q 1.

For cantinuous time systems the parameter a is chosen as a

negative real numbar.
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* *

A matrix M will denote a Z ~generalized polynomial matrix
»

exprassed in the variable z . In particulary all polynonial

* .
matrices in z are Z*wgeﬂeralized polynomial matrices.

According to standard multivariable theory it can now be

stated that there exist polynomialy fractional
. * % * % 3 *
representations (A sB ) and (Ag,Bg)s which ave 1.2 .c.f and
y u

*
r.Z .c.f. respectively.

226 _The Structure Matrix

* » *
Consider a Z ~generalized polynomial matrix M € Rgﬁmtz 1l of

rank r. The matrix M* may be factarized as
M z® = "2® stz R* 2 (2.11)

*
where L” € ngﬁ"tz*n, g% € R™™c2"1 and R € RZﬁmCz 1. Here
»
. is left Z*—invurtibles R* is right Z*—invartible and the
* * *
polynomial matrix 8§ contains all the Z -zeros cf M and has

* * *
no zeras outside Z . The matrix S is called the Z ~Smith

form of M (of. [Ros1:2:3 and [Per 11:1132).

*» *
8 = [ D 0 ] ? n {m
nydi~—n
S* = D* ' "n = M
*
»* D
g€ = o v n ) om (2.12)
n—fty M '

*
101..10).

* #*
whaere D is diag(sls....ss
¥
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The matrix D* is a diagonaly polynomial matrix in the
vavriable z* and contains the invariant polynomials I: on the
principal diagonal. Each non-zero polynomial s: is monic and
divides s: for i=1+2v1e...3r~1, Tha polynomials s: have all

+1
»
their zeros in Z . The Z*~Smith form is unique.

—

Another decomposition with less restrictions will be used in
this presentation. The Smith~form is a particular

decomposition of the form

» L R
M = ML MS MR (2.13

with the same dinensions as L*; 8*9 R* and D*. Let the
divisibility conditions of the invariant polynomials s: be

relaxed so that any ordering of the invariant polynomials on

the principal diagonal is sufficient.

Lat furthermore the condition of the monics invariant

polynomials be replaced by the requirenent that

s:c1> - 1 for 1€ i $r (2.18)

for the class of decompositions given by (2.13)». This
requirement is al&ays possible to satisfy in the ordinary
stability case where {1}622. A necessary condition for this
decomposition to hold in the case of a practical stability

» *
requiremant with {1}€Z is that M (12%0.
This decomposition will be used in lanma 3.1 aﬁd onwards.

Introduce the following concepts.
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» * *
Definition 2.1% MS is an intermal Z -structura matrix of M .

The concept ®'internal structure matrix’ igs introduced since
it will be shown to - loosely speaking - rapreseant the
information transmission properties of the system. This

concept is new and not found in Pernebo’s presentation.

* * »*
Definition 2.2° MLSxMZMS iz the left Z -structure matrix of

*
M .

Pernebo has shown that the left structure matrix of a aystem
determines the servo properties of the system ([Per

11:11:5).

* * *
Pefinition 2.3 MSR= MSMR is the right Z*—structure matrix

The wright structure matrix of a system determines the
properties of anh input reconstructor acting on the output

(EPer 1131L1.7).

Diagonalization of M:S by multiplication from the rvight by a
Z*—generalized matrix N* may be achieved. The matrix N* ig
however not in general Z*—unimodulars which implies that
det(M*N*) in general will contain additional Z*—zerus
compaved to det(M*). Resultings diagonaly Z*—generalizad
polynomial matrices will be daenoted by subscript ’D’ e.g.
*

ND.
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I MULTIVARIABLE POLE PLACEMENT DESIGN

3.1_Introduction

The pole-placement contvollers for systems with known

parameters will be reviewed in this chapter.

In the first part the general concepts of pole placement and
its limitations will be reviewed. Thereafter in §3.13 model
matching and pole-placemant algorithms compatible with
linear parametric models and suitable for recursive

estimation will be proposed.

3.2 _Control Objective

The closed léap system is required to:
* be stable
¢ have no uncontrollable or unobservable Z*—unstable modes
« be able to asymptotically folliow a reference signal
generated by a specified model

* he able to reject disturbances (3.1)

I.3 _Oeneral Design Constraints

v o e e Be £ YRR oY T

The control object will be required to be
* Time invariant
* Finite dimensional
¢* Causal

s« Without feadthraough from u te y
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¢« Contrallable fram u

° (bservable from y £3.23

Consider a control law of the type

»
B eHucey = - s¥ Ny ¢ THEHe (3.3)
c

An admigsible pole placement controller is
° Linear
* Causal
e Able to stabilize the closed loop system

It is also required that
* * . * ,
« R and 8 are relatively left 7 —-coprine (3.4)

A1l pole placement problems do nhot have causal solutions.
The conditions for existence can conveniently be expressed

by the structure matriux. (CPer 11311275,

The structure matvix is important te know Ffor all pale
placement design in general and for adaptive pole placemant
design in particular. Explicit canditions will be described

below.

When designing polynomiail identities to obtain certain
closed loop poless it is necessary to consider that any
attenpt to cancel the Z*~zera5 of the control object will
int roduce decoupled unstable nodes ar - when exact

cancellation does not ccocur — hew unstable poles.

The usual pole-placement algorithms do not avoid any
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cancellations of unstable zeros in a control object unlass

all zeros that should remain in the transfer Function are

explicitly specified.

*
The required explicit knowledge of the 7 —-zevos oOf the

control object G*BB*A*nl

may be represented in several ways.
The quantities of least complexity containing all the
*
Z —-zeros are

det G (z')
or

%* _ #
dat B (z ) (3.5

It is in genaral not sufficient to know only (3.3) in order
to solve the model matching problem. As will be indicated in
§3.4 it is necessary to know a left structure matrix

B" (3.6

LS

in order to guarantee a solution to the model matching
problem. Although the proposed solution of the adaptive
problem is based on a model matching prablems it will be

shown to be sufficient to know an internal structure matrix

B (3.7)

8

*
which is an entity of less complexity then BLS.
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Considar a r.Z*.c.F. representation of a control abject.

A*§ = u
3 i
(3‘8}
B*g
y -~
3
#*
Choose a linear controller in a 1.7 .c.f. form
*
R¥u = - g%y + Thu (3.9)
u Y c
The closed loop system is given by
LXK K % #Y—-1 *
y = B [R A + 8B ] T u (3.10)
El u g y & c '

* »
The left structure matrix BLS of the B ~-matrix represents

»*
the Z -non-invertible part of the system.

An admissible controller will vesult in a closed loop aystem
of the type

*
y = BLSF* u (3.11)
u c

* *
where F is any Z -generalized polynomial wmatrix. The
u

proparfies of the left structure matrix in servo design are

investigated in ([Per 11:IIt:5 and [Per 213,
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In regulator design we are mainly concerned with a class of
controllers that give good properties of the transfer
function between disturbance inputs and the controlled
outputs. The expression

#* #* *

Gdy = [ Gvy Gwy ] (3.12)
obtained below in §3.10 for a right m.f.d. of the control
abject has however no transfer function that is easy to
analyse. In order to give some hints about disturbance
rejection the alternative fractional representation will be

used to indicate some necessary properties.

The feedfarward characteristics for closed loop systens
derived from right wm.f.d. of the cantrol object will be
reconsidered in §4.4 belowy where some matrix identity

results are available to facilitate the analysis.

Let the system be described by the l.Z*.c.F. representation

#* » *
a*z® vy = BTz uced 4 cdcz*u die)
y X

(3.13)
and the controller by the F.Z*.Q.F. axpression
* *
R (z ) () = y(&)
4 (3.14)
* *
ulty = - Sg(z ) E(R)
The closed loop system is given by
* * % # ® % % * ®* % 3y-~1 ¥ *
y(t>) = R (2 )[A (z )R ¢z ) + B (z )8 (2 )] C (z Jd(td
14 Y |4 U E d
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The zeros of (3.15)

. ® * » % * # * #
g <z )= [A (z )R ¢z ) + B (z )8 (2 )] (3.16)
y 4 u 4
become poles of the closed loop system. Any admissible
*, ®
controllers which stabilizes the system, requires U (z ) to

» »
ba Z ~unimodular. Therefore no zeros of Cd may be cancaelled.

The matrix R: is essentially determined by the choice of U*.
The invariant part of the transfer function is thus
determined by the R:—matrix of tha controller and the right
Z*-structure matrix of C: of the disturbance inputs to the

system.

*
If the right structure matrix CSR of C: i factorized to the
righty it is seen that any adnissible controller will result

in a closed loop systam of the type
*
y(t) = Fr ez Cotz ) ditd (3.18)
d SR

» *
where Fd is some stable 2 ~generalized polynomial matrix

o
essentially determined by RE

The conclusion to make is that although (3.18) has a formal
similarity to the corresponding servo expressian (3.11)
there is less freedom of choice in the disturbance regection
case. There are strong conditions imposed oh F: while‘F: in
essentially free to choose. The restrictions an R are
determined by the requirements of (3.16). wheré R* has to be

_ * *
chosen such that it ’compensates’ the Z —zeros of B .
u

The properties of disturbance rejection in a mnore general



setting are investigated by PerneballPer 1251IT2ch.7).

e e oy A v St Py e S S Mg Y IS S B et i it e e Gt e

After these twa caonments on the role of the structure matrix

we will return to the full problem introduced in §2.3.

From now on the control object will be presented by a
* * @ *
r.2 .c.f. pairvr (A sB ) and the contvoller by a 1.2 0.,
* * *
triple (R y» 8 s T ) unless otherwise specified. All indices
introduced above regavding the type of factorization will be

omitted whan not explicitly needed.

A general fractional vreprasentation fowr a linear,
multivariable system So is given by a block triangular

*
el C.f.

. »* * W * * [ 1 3 B
A (z) A ¢z ) A (z ) E (&) u ()
uu uv uw u
* * * *
0 A (z) A (z (L) = v (&>
vV vw v
* »
0 0 A (z E (L) L w Lt
=3 ww -4 3 w . -
E ()
* W H e * % u
y (&2 B (z 2 B (z ) B (z ) | [ee——————
fu iv 1w
—————— = - E ()
# 3 #* P B3 e v
y (t) B (z ) B ¢z ) B (2 ) | |=———==——-
2u 2v 2w
E (&)
. W d

where (X2.23)
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y - Measured outputs to be controlled

i
y2 - Other measured outputs
u - Contral input
v - Measuvred disturbance inputs

t - Non-measurable disturbance inputs

* * »
It is assumed that A 1+ A and A sre quadratic polynomial
uu vv Wi

matrices of full rank which means ho restriction. It is also
* *
assumed that Avv and A:w are Z —unimodular wmatrices. This

requirement is needed to guarantee the existence of a
feedback stabilizing linear controller which way also be
sgen fram (3.34) below. The system is not stabilizable, if
A* ov A* are not Z*—unimndular. Attempts to cowpensate for

vv WwW
»

#*

a v with unstable poles originating from zeros in Z of A
- vv

would give a design scheme with cancellations of common

»* * »*
factors with Z -zeros. The case of an Avv with zeros in z_

will therefore not be considered further.
Assumption 3.1

A particular casey where the number of independent control
inputs is equal to the number of full rank controlled
osutputss will be emphasized below. The rank condition does
obviously never allow the number af full rank contvolled
putputs to surpass the nunber of linearly independent

control inputs.

This specialization only imposes the mild restriction that

any remaining contral inputs will be formally referred to as
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a part of the disturbance input vecter Vv for which no

cantraller parametrizations will be devived.

A particular right matrix factorization of the transfer
function between u and y1 will now be presented in order to
favilitate the anhalysis below. This factorization is merely
a pavticular choice among all possible choices of
factarizations of the control object and does not impose any

restrictions as will be seen in tha following lemma.

Lenma _S.1

A quadratic (nxn transfer Ffunction G* of full rank
corrasponding to a strictly proper transfer function G may
be decomposed into a relatively r.Z*.c.f. (A*vB*). The
Factorization is such that A* cantains all the Z*«pales of

* * * * _
G and B contains all 7 -zeros of G and such that

%* » %=1 % _#* _#* w1
G =B @A = BL BS BR A (X%.24)

where

»
A is a quadratic polynomial matrix

* * ‘ *

BL and BR are polynomial Z ~unimodular matrices

5%

BS is a diagonal polynomial mat rix (3.23)
satisfying

*
A (0) = ]
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B_(1) = I

*
S
*

BR(O) = [b. ]R is upper right triangular and invertible
1)

(b, ) =1 for 1 £ 1 %n
ii R

* * *
where Bs contains all zevros of O in Z# byt has no zeros in
*
Z . The atability vegion considered is assumed to be
-+

according to (2.7).

Remark 3.1

It is necessary to demand HG*CI)H*O for the lemma to hold if
a stronger practical stability requirenant with {1}622 is
desired(cf.(2.14)). The critical point is that the monie
polynomials of the Z*~Smith form may not rescaled such that
s:(i)wi. This is essentially a static» full rank condition
which is necessary to impose in order to satiafy static gain

requirements for yi.

A proaof is given in appendix 3:1  in the form of a
const ruction of one such decomposition. This is based on the

»
Z -Smith form.

*
A decomposition of the transfer function 611‘ accovrding to

lemma J.1» is

* * #*—1 .
G11 = BiuAuu | (3.26}
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* »*
where A and 81 are polynomial matviges in 2
uu

*
A Oy = 1
117]

and

g =8" 8" B
iy L

* *
S R (3.273

with the properties given in the lemma .

wa S e R R N R R A RN RR RS AS iR s S RS

The following definitions are introduced (of. §2.63. with

-

*
the factorizations of 511 given by (F.262-(3.27).

*
BS (The Internal Structure Matrin)d
B* = B*B* (The Left Structure Matrixs

Lg =~ B Bg e Le uctuy a

The left structure matrix st expresses the noninvertible
invariant part of the control object under the constraints
that only admissible controllers are used. Recall that
admissibility requires the controller to be causal and to

result . in a stable closed loop system. The tevrm gervo

The left structure matrix of the system in §3.6 is strictly
*

the left structure wmatrix of B (2.38y. Howevers since y
u

are the controlled outputs, it is desirable to emphasize the

closed loop conditions for yi. In order to satisfy this.

™ *
BLS' which is the square left st ructure matvix of 31 and
u
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decides the transmission properties from input to output:

will be referved to as the left atructure matrix. This holds

for all block triangular r.Z*.c.F=s of the type represented

by (3.23).

A trade-off betwsen the rastrictions imposed above and the
specifications of the control objectiva gives rise to the
general design scheme: which iz to be stated below.

3.8_The Reference_ lodel

Laet the wmodel to be followed be restricted to models of the

fovrm
* " S
A Cz )y (&) =B (z ) u (B
M 1 M [l
| * * i
y ¢y =B (z ) y (&3
1 LS i (3.28)

1t was made plausible in §3.4 that a left structure matrix
* *

BLstz 3 must be incarporated in any reference madel to be
followed perfectly by a system with the characteristics of

the control ocbhject above (3.23).

* * *
The matrices AM and BM should be relatively left Z —coprime.
% #* *
The matrix AMCz ) is required to bhe Z —unimodular since the

reference model has to be stablie. The factorization between

»
A; and BM will be chosen such that

A;coa = I (3.29)
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which does not impose any vestrictionsy since the transfer
functions are requirad to be of full rank and propar.

* *
Triangularization of AM hy slementary row coperations on s}

*
and BM may also be achieved.

Two different control objectives satisfying (Z.13-£3.42 and

described in terms of reference madels will now be studied.

The control ohjectives will be referved to as the regulator

case and the sarvo case respectively.

1) The regulator case should have a refarence wnodel of the
type (3.28). The closed-loop system will be required to he
stables to have certain closed-loop polesy to have a
correct static gain. Thare are no gpecifications on
transient coross-coupling properties of the transfer

function from the command signal u to the autput y”.
c

23 The servo case should satisfy not only the raquiresnents
far the regulator case but should also have caompletely
specified transient properties. A straightforward way to
assure this is to require a diagonal transfey function
From.ym to yT. Then B:s(z*) in ¢(3.28) has to be replaced
by B;cz*) which is the left structure matrix B:SCZ*)

*
diagonalized from the right by a polynomial matrix T3

(cf.8§3.16).

The referance model for the diagonal case becowes

L *  *
A (z )ylct) = BM(z Ju (B

c
(3.3

Yy

= X X *

* * "
(t) = B (2 dy (&)
D i
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The difference betwsen these two schemes in the case of a

known control object will be considered in $§3.11 and §3.12.

The requ#rement that st should be incorporated in the model
is no particular restriction for the investigation of cross
coupling and static gain properties when Bis is known. It is
haowever an awkward problem in the adaptive context since BCS
is unknown and essentially impossible to manipulate by the

controller,

Although B:S must be incorporated in the transfer function
it is not necessary to know B:s apriori in order to solve
the adaptive problem as will be shown below in §4.5 and
§4.6. If regulator transfer function properties with correct

static servo properties are sufficient, it will be shown to
*

be sufficient to know a BS

»
Similarly: it will be shown ta be gufficient to know a BS

*
and a feasible BD in order to solve the servo problenm.

X.2 _The Pole Placement Confroller

Let the controller be given by

* * * y (t2? # % (u (£
R (z dutt) = ~ 8 (2 )[ 1 + T (z )[ [}
u y y (&) v .(t) )
2 (3.31)

*
The matrices R and S* will always be chosen as polynomial
u y

matrices with respect to z* but may in genaral be chosen as
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*
any kind of Z —-generalized polyhomial matrices. The matvrix

»* *
T is vequired to be a Z -generalized polynonial matrix.

Denote
u (&
u () = [ ] €3.32)
v (t)
*  *
Let the S (z Y-matrix be partitioned into
Y
»* * # * ®
g8 (z ) = [ S (z > 8§ (z ) ] (3.33
Yy i 2
. . T T
where each submatrix corresponds to the ohservations Ey1 y2].
* %, A A X
Let the T (z J-matvix be partitioned into
* ¥ » * * *
T (z ) = [ T (23 T_ €z ] (3.34)
uc ¥

* *

where T and TFF represent the feedforward compensations

uc

from the command sighal u and the measurable disturbance
c

inputs v respectively.

e S e o e e i i e P e G S S s e ———2 1

If the expression (3.31) is substituted into (3.23)y the
Fnllnwing is obtained
*

* * * » »* »*
R (= )[A (z Y A €z ) A
u uy u

»* * * *
(z )]§ (Y + 8 (z 3B (z ) (©) =
uv u y -u u

w
*  * * * * *
= T ¢z Ju. () =T (z du () + T ¢z 1vitd
i ue c £f

(3.35)
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The system equations for the closed loop system become

* * * * * * * * * * % 17T
RA + 5B RAa + 58 RA + 8B E
u U Y U] Wouv Y V| U uw Y W u
»* ¥
(0] A a4 E =
vV v v
*
Q 0 A g
H Win . W
[ * * 177 ]
T O u
ue £F o
= (8] I 0 v
(o] O I w
-
T i * * * u
Yy B B B -
1 iu iv iw
et == e | e s o | e e E (3.36)
* 3 * v
y B B B ——r—
2 | L 2u 2v 2w .
| Cw

The transfer functions of the closed loop system are then

obtained as
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* * # LR IR W
G = B [R A + S B T
y .uJ uc

* * * * * ¥ v~-17 % * * * %) #-1 #* %=1
G = R [R & + 85 B ] [T o [R A4 + 8 E ]A ] + B A

vy0 ~ul u uu Yy U £ uouv YaV] vV RAVARTAY
* ¥ o* * * #¥y—=1l¢gr » » ® wy X—1 = » * » o]
G =B [R A + 8B ] [ln A + 8B }A A ~[R A + 8B ]]A
wyo ul u uu ¥ ald U uv y.vl vv VW U U Voot ww
I e P L - e (3,377
WV OVV VW W oW WKW
*
where B y ete. denctes
¥*
B
»* iu
B - * (3.3
vy B
2u

» %
Since it has already been assumad that A and A avre
vv W

*
polynomial and Z ~unimodular matricess the closed loop
system will be stable iff the polynomial matvix

* 0 *
[R (z M)A
u uu

* * # * »* 7
(z ) + 8 (z YB (2 )j (3.3
y U

*
is Z ~unimodular. The full expression

* * *® * * * » » * » » *
det[R (z %4 (z ) + 8 (z »B (z )]det a4 (z ) det & (2
- u uu y U vV wWW

£3.40)

gives somea of the closed loop poles of the system. In
*

addition there are other Z -stable poles which are not

* * *

explicitly taken aceount of in BL and T . By chotsing AM

ue
»
and BM it is however possible to choose which poles to have.
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The canditions on controllers of the type (3.31) will now be
given for the case when the control object factorization
(A*s B*) is known. It will be vrequired that the model
matching properties given by the referance model are

satified.

Model matching means that the transfer function matrix from
u to y1 coincides with that of the reference model (3.28)

i.e.

A + S B T =B (3.41)

* * * % # -1 % # #-1 »
B [R ] A B
u Ul ¥y =u ue LS M |

iu

This is fulfilledy if the following polynomial matrix

identities hold (cf. [Per 1331I1:2.5 and App.3:2 Step 22.

* * *_%* *® #_*
FY

uAuu N B-u = TinMBR

T =T

ue

(3.42)

* »
where T1 is any Z —unimodularv polynomial matrix that will be

cancelled in the transfer function from u to yi.
(i

Remark_3.2

%
In the case whare B*u=B:u it halds that the matrix BR is a

. . X _x_* #*_* *
right divisor of T A B and of 8§ B . Then B_ aust also be a
. ¥ it MR ¥y =u R
»*
factor of R A for all matrices R satisfying the equation
u uu u
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(%.421. In the 8I1S0-case it is standard to cancel such
common factors. This is not done hare in order to siaplify

the matrix notation.

The polynomial identities (3.423 can in gensral not satisty

» *
the equation (3.41) if BLq iz replaced by BB in the

reference wodel (3.28). Morover there doss not in genzral
exist any solution to the pvroblem of finding a diagonal
transfer function with the sama number of zeros in Zt as
det(B;). This is due to the Fagt that B is not in geneval

1lu
*
diagonalizable from the right by any Z —unimodular matrix.

1f the reference wodel (Z.30) is used: a solution is

obtained if the identities below are satisfied

*A* ¥ S*B* _ T*A*B*
Uy y «u T 1M R
* * ¥ -1
ue TIAMTSAM By
% * *
B gz ™ By (3.43a-c)

. * *

for a diagonal BD such that TS is a polynomial matrix. In
*

the same way as in the regulator case T1 i any

*
Z ~unimodular polynomial matrix.

» *
The choice of T is givenh as a possible Z ~genevalized
uc

polynamial matvrix solution. Howeversthere are many passible

choices and in the final choice for the adaptive system a
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slightly modified version is chosen.

. . . . *
It is more convenient to use polynomial matrices. Since T
ue

#
in (3.43b) is a 7 —generalized polynomial matrix this wmay be

%
substituted by the polynomial watvix T in the control law

ym
* * *
™ =1 o T =T Y (Sats
ym 1M3 ue o vy 1
Remark 5.3

'Truely’ diagonal transfer functions may be achieved also by
diagonalizing the open loop system after which eordinary =3 $-10]
control design methods might be applied. This design scheme
obviously requires the knowledge of the diagonalizing matvrix
and/or its inverse. Although these matrices might be found
in an adaptive regime» the controller design problem remains
tc be solved. Since it is not in the scope of this
presentation to deal with the kind of nested adaptive loops

that then would occcutry this case will not be elaborated.

s i e e M e S T G i S WY e AT . v SaiAs i S L . e D Sy S S TP ST S Yy TG T S TS A M ey €T

In this paragraph a pole placement basis for adaptive
control is formulated. The derivations ave made in a fairly
general frawmework in order to give possibilities for
adaptive implementation of a wide class of pole placement

solutions that satisfy the control objectives given in §3.8.

A second objective is to find a class of adaptive: linear

controllers based on the pole placement solutions indicated
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in (3.42) and (3.43).

A third objective is to satisfy the demands inposed by
requirements of parametric models for astimation of adaptive

controllers.

Consider first the case of servo design where the objective
iz to assign a prescribed behaviour from the command gsignal
¢ to the controlled output yi. This is to be treated with

c
the methods of (3.42) and (3.43).

The regulator design with respect to weasurable disturbance
inputs v can be treated within the same framewarks since the
only conceptual difference compared with the servo case is
the adaptive feedfarward terms TtF' The performance of the
adaptive feedforward will not be considerasd here hut in the
chapter of parametric wodels (§4.93 because of the
non-attractive present form of the transfer function G:y.
Some new identities (3.50a-c)s which are also useful for a

simplification of G:ys will first be introduced.

The case of regulator design with respect to non measurable
disturbances w will not be treated what so ever due toc poor
nodel ing possibilities of the linearly parametric
properties. The transfer function properties obtained in
(3.37) however guarantee stability and boundedness with
respect to bounded disturbances w since the closed loop
system has stable transfer functions(of.(3.37)y (.41, 1t
is however not possible to neglect the importance of w in
the identification algorithms. The accuracy of paraneter

estimates obtained frow an identification algorithm is
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highly dependent of influence from unknown inputs to the

system.

I the full left structure matrix stuf the system is known
then it is also possible to find a suitable B; to satisfy
desired specifications on static gains ete. as already
commented in §3.8. This is a difficulty in the case when B:

is not known in the design schemss (3.42)-(3.43). The static
gain will not be corvect and there are poles of Bz which are

nat cancelled =2to..

The reqguirensnt that B:S is known is howaver very
vestrictive and to be able to make an adaptive design with
only the internal structure matrix B; as the apriori
knmwledgé tge following pole placement scheme is int roduced

to replace (3.42) and (3.43).

The diagonal B; is certainly necessary to know in order to
guarantee a stable closed loop systemy when a regulator is
desighed by a pole placement algorithm of the considered
types. Further comments are given at the end of this

paragraph.

The servo transfer functions are repeated for convenience

* » * * 2 * * * * * * * Y—1 #* *
g z)y=8B (2 )[ R ¢z YA (z ¥y + 8 (z B (z )] T (z )
uy iu u uu Y U uc
T |
(2.45)

In particular the pole placement requirements formulated by
the reference wmadel are satisfied by the following

expressions which could be regarded as a maodification of
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(3-42)"(3.“3) S

*
Let Ffrom now on AM be a lower triangular matrix (cf.

*
(3.29)). Let T: be a lower trianguiar Z ~unimodular

polynomial matrix such that

T:co> = I 3 TI(O)AZ(O) - (3.46)

Consider the polyromials internal structure matrix

r 3 % '
b (z ) 0O . . 9
1 a
* O -. .. :
B = . W " (3.47)

S - - - O
: - - * *

Q0 cue O b (z )

2 * { *) -
z
pll
L - 0
* * i .
TA = . » (3.48)
1 M " L]
PO — *
p (2 ) ..o pg (22
L nl nh 4

should be chosen such that each polynomial p? of a certain
13

* * *
calumn §J in T & has the polynomial b* of the Bg—matrix as a
J

factor.

» ) * % % » R .
p () = b (z 3p° (2) for 14i{n ang 34{i
i) J 1]
(.49

*
This specification is gsetisfied by a particular choice of T1

%
which is lowers left triangular and Z -unimodulav. There is



na conflict with the requirement

feedthrough iz not present.
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(Z.44) For z*=0 when direct

The following lemma is shown in appendix 3:2.

* %
There exist polynomial matrix solutions R v 8 ¢ T _» T

%* %
and a

u v 2

e *
diagonal B satisfying the following equations for given AM'

A* L] B*! B*t B*a B*
uu L 8 R “u

expraessions of (I.27-30)

and (3.48-47).

*
and T1 with the properties given by the

R
The matrix T2 is a

*
polynomial Z -~unimadular matrix.

o g BY = Br T A
S 8 1M

-k

a¥ B¥*
M B
* *

& + S B
uu y u

* N ®

= T8

**a¥s* = ¥
; MD 83

The following theorem gives

adaptive contraol.

The transfer functions of the

the wodels

follows for polynomial

*

*
diagonal B and B . The
S D

*
Z ~unimodular.

* *
(§3.8) coincide if R » 8

*
matrix solutions R v 8§ » T »
u

ne

B

* »* o
Ru(0> = BR( ) o

(3.950a-c)

a model matching basis for

closed loop system (3.45) and

*
and T are chosen as

N Y * * * and
¥ 2 3

* .
palynomial matrix T2 is
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¥_# K _N_# * X *®
ToTPw BBy = Bg TiPy
* * *_* * _*_* *
+
RuAuu SyB.u = TIAMBR H RUCO) = B0
*
T = T*T*B* (Regulator Case)
ue 21 HM
*_H N_* * %
T, T,A®p = BgTs
» *
T = T (Servae Casel
yim X
(3.51a-e)
Proof:
Step_1

The existence of the identities (3.50a-c) are shown by lemma

3.2.
Step_2 Closed Loop Identities

The transfer Ffunction to consider is the closed loop

transfer function (3.45). The identities (3.45) and

(3.51a~-c) give via straightforward matrix calculations the

transfer functions

*
g¥ 2™ = 6"w 2He¥ we® (3.52)
y'y uy

u
cyl 1 o
where
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»* R »*
G mlz ) = A 1(2 B (z )
Y ]
o1
* * * * * * % J~1 % #*
Gm Cz )= B [R A + 5B ] TTA (3.53)
v Yy ful u wu Yy WU 21 M
1" i
* * * % ¥ —1 ¥ » * # ®Yy-1 N[ ¥ * ®»
= BB TAB)Y TTA = [ A ] B [T A ]
L8R M R 2 2 1M st 2 1M

*
The regulator case which has an unknown and unspecified BL
but requires corrvect controller identities and correct

static gain is satisfied for this closad loop behaviour

since
* »* * * ¥ % H-1 * #* ¥
det[G (z )] = det[B (z dT (z 1A (z )B (= )] =
Wy LS z2 M M
c 1
* * =1 * * *
= det[B (z A (z YB (z )] (3.54>
=] ™M ]

and for the static gain
*
G my(i) =
171

* * * * * * %*
= [T (15T (13A (1)] B (1)[T (1T (1A (1)] = I
2 1 M s 2 1 M

(3.55)

The poles of the reference model have their counterparts in
the closed loop system and the static gain is that of the
raference model. This case has sufficient regulator
properties and is able to set point contral. The transient

cross coupling properties may nhot be investigated without

*
knowledge of T2.
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The sevrvo case is a well specified model matching problem.

*
It makes use of the alternative T (3.447) and may thus also
¥m

guarantee a transient S8 rvo hehaviour without

cross—couplings.

The foallowing calculations show that the wmodel-matching
problem has a satisfactory solution through the identities

(3.51d-e) .

*
G m (")ﬂBB[
g

1%

J s
ol (A I ] e B

* * ¥y-1 * #* * #* wy—1 * ¥ WY *
= [T T A } BT = [T T A } [T T A ]B
21M 83 21 M 21M D

*
B (3.3563
D

# * *
These matrix manipulations arve allowed since Tzs T1 and AM

*
are Z ~unimodular mnatrices.

Ramark S.4

In order to guarantes a stable closed loop it is necessary
to know that the inverted matrices Bt and B; do not contain
any Z*—zeros. This is achieved by explicit separation of all
Z*—zerus of B:U into B;n It is a general property of any
explicit pole placement algorithm in order to avoid bad
cancellations and not particular 1o the proposed adaptive

degign.
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4 PARAMETRIC MODELS

The first purpose of this chapter is to find a
representation of the type

u =94 (4.1)
1 11

for each control variable ui. The ¢—-vector denotes somne
known data vector and @ denotes the controller parameters
associated with a pole placement algorithm. The design
properties of the pole placement controller should be

fulfilled by using the control input of (4.1).

The adaptive problem is however precisely that the paramater
vector 0i is not known. Thus the second problem of this
chapter is to find equatians, which allow estimation of 31.
fissume that a sequence of known data LLTULL) 1 §C()]1)> satisfies

the same equation i.e.

o () = % () (4.2
1 1

Then it is possible to estimate & by standard vector space
i

methods.

Let this discussion be repeated as follows.

The fivrst objective of this chapter is to find a linear
expression of the type (4.1) for the control input such that

the control law realizes a pole placement controller of the



(01 p§r4s13uapT 03 S1qIss0d BQ O UMOUS 3Q TTIM s483awes ed
MET  [Oa3UDD a4y3 3I8Y3x S1 Assdoad 434IDUY " passaldxa
A131o11dxa  JIsOWIe ST ME] [DIJUOD jusweor(d ajod a8yl IPYI
Ajsadoad ay3 sSey [3pow  drajaweced STYL  TUOTIIUNG JBIBUBLY
dool uado a8yl IOCZT P) (41°Y)) uDI3Isodwodap Jegnariaed

e Huinew Ag paAios &g  (1Im waigodd uorjeziajawesed a8y

sgudesbeard @583 WI LBMOYS a8g T1IM ia HTIdJEW
BANGONLGS  [BUSBIUT  BYI FO0 BOUEIL0dWT Byl CSMET  TOLJUOD
juawaneid a1od B8Yyjx wodtd (1°P) adA3 ay3 0 suotssaadxa
40 UCTIEATIEP BY3 Ut F°p§ S p§  UT uMoys Bq TTIM  STYL ‘iﬁ
XRIdJEW BLNJONLGS [BPULISJUT (TeuobeIp) 843 FO UOIsEsBIdXS BY}
deay 03 S1QRJIISaEP a3g O3 UMOUS 2Q TIIM 3T ‘SI3pow ot1438weded
ay3 uo paseq Sawayos ueEIIeEWwIlsSe Indino-I3(nw  awos 03}
pea1 PINOM 343 UDTIORI2IUT JBjBweded PIOAR OF — SJ0WEBYIANS
raipuey 03 FITN2133TP S4e SDIPWILISS Jajewesed o0 sucissssdxa
dESVITHOU  BOUTS SuDIIRIa 1ewouliod ng  BuiyzAue pIoaAe
01 21qeRersap ATHUCL® ST 3 C UOIIETBURLY, Jajawesrd g Yoans

YIIM UGSTJBIOO0SSE UY PAAI0S ag 03 sSWs(qoad Maj B ade 3.34)

‘pajewllsa

T
8q APw TOAUOD 8Yj JoF ¢ Suasjawesed Y3 IBYY  YINS L (Z°P)

k! T %
Ut s® ¢ D3 pajelss ([ ¢+ n3) dousanbas e swWuo3 JBY (BJEP JO

uDTI3ouUNd B Puid 03 5T 4a3deyd sSTy3 36 3ATIoalqo puadas ayl

sopeef ur uaalh adiy

vy



as

4.2 LIP-Models

A parvameter vector 9 will be said to have a linears

identifiable forim if there exist known functions of data

R R e s s e e e e S

which forms a vector ¢ () and a known scalar v (%) which
i i

are related to & such that

T
é (£) & = v (&3 (4.3
1 1l

A parametric model of a system S will be said to be a
output may be represented in the form (4.3) where v_and ¢
i i

correspond to known functions of input and output data.

A left m.f.d. with A (0)=1 of a system 5§ is a LIP-model for
Y

the output y if all inputs and outputs are measurable.

— e o o

The A —-matvix may be decomposed as
Y

* ®* ¥* * * *
Az ) =A (0 + [A (z )-A (0)]
b4 b4 b4 y
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It is readily seen that it is possible to express

* » *
yity = —~ [A (z )~I]y(t) + B (z juclt) =
y u

* ®» LI y(t)
= [—(A (z -1y B (=z )]
y u uttd

» *
Since the polynomial wmatrices ¢A -I) .and B disappear
y u

campletely for z*=01 the equation is explicit in y. The
right hand side contains u and y operated upon by (finite)
paowers ) 1 of z*. (In the discrete time case these
correspond to old data and for the continuous time case this

carresponds to to lowpass~filtered inputs and outputs.) Thus

the right hand side is a function of known data.

Each of y may now be written as
i

y, = 3 ¢ 4.4
i i i
where ‘i containg u and y filtered by finite powers greater

»
than zero of z .

T e e et e

Remark_4.1

A vright w.f.d. is not a LIP-model since the internal

variable § cannot be measured.
Definition 4.5

An adaptive controller will be said to be linear_ in the

e e e S, s s S o Gty by e S B

parameter__estimates if there exist linear, identifiable

e et e e e D e S S ey G g e e S e St G S
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control parameter vectars € such that the output from the
; i

controllers i.e. the cantrol variables u_can be expressed
i

u = - eTm 4.5)
i ii
wherea the-wias represent finite vectors of measured inputs

and outputs.

Remark 4.2

Adaptive systems avre in general time varying and nonlinear

systems.

Thie presentation is an attempt to avoid all explicitly
nonlinear formulationss which involve division by parvameter
estimates etec.. The objective is to find bilinear
expressions for the adaptive pole placement controllars that

e R e S, T e v S Fum Wt i A g Sy . S TR b S L e Coaik I ke S 4. S R LS Sy At AR oy S SRy Y R IR e S Sy iGN TR Ly ST OIN ke NS af o S 4SS0 e S o

data. i.e. applied control inputs» disturbances and outputs.

The formulation of LIP-models for each control input forms a
basis for avoiding most of the explicitly nonlinear

expressions.



48

4.3 Model Tranformations

—_—ll e LU P -

The transfer function to the controlled outputs in (3.36)

may be written (use eq.(3.5la-e) and (3.2322.

* * * ¥* *
y (£) = B (z*)g (k) + B (z YE (&> + B (z 3§ (t) =
1 1u u iv v iw w

* * ¥ ¥y—-1 * * * *
= B [T A B ] [ R A + 8 B ]g (t) +
ilul 1 MR U uu y uj u

* *
+ B E (£t + B E () =
iv v i w

* ®r ® #)—1 * * »
= B B [T A ] [ Ru+ 8y ] + H d (4.6)
LSLtM u y d
where
* * wf » #)-1 % * * % * # * *
Hd =-BB [T A ] [[R A + 8B ]; + [R A + 8B ]; ]
d LSL1IM U uv ¥ V) v u uw Y W) W
+B ¥ +B & 4.7>
iv v iw w

*

Recall that Tlﬁ; was chosen according to (3.48)-(3.49) such
* »

that it is possible to find a Z -—unimodular polynomial T

satisfying the relation

o, * *_¥ _*
T2 1 BLB = BSTIAM (3.51a)

I1f the expression (4.6) is multiplied on both sides with the

*
Z ~unimodular polynamial matrix

*_k *
TZTIAM

it is possible to simplify the right hand side to
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* * * * # # * & * B
TTA y =B [ Ru+ 8y } + T 7T AHCd (4.9
21 M 1 =] u ¥ 2 M d

Consider the constant matrix

*
R (03 =B (3,31
u 0

It would be benificial to invert BO from the laeft while

»

retaining a diagonal BS in order to obtain a LIP-expression
»*»

for u. This is not passible since BS and Bo do not commute.

However: the following observation helps in reaching the

goal.

In the derivation of Bo (3.51h) it was shown to be possible
to find an expression such that BZ(O) = B0 is upper vight
triangular and invertible (cf. lemma 3.1). It was also shown
that the principal diagomnal contains *1' in all the
elemants. If the constant part of R: i.e. 90 ie separated as

indicated by (4.11) it follows that

* * ® * * * IR
TTA y= B [ u+Ru+Ru+S8y ] + TTAHC
21 M1 G : 21imMd

where now (4.10)

R, =B ~1I

g8 = 8§ 4.11>

Assume first that d=0 and considey each row of (4.10). The

parameters of interest in order to state the pole placement
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control law for the control input u  consist of the
i

parameters of row i of

The parameters of each row are linearly related by an
* # *

expression involving uy y and TIAMyl since BS is diagonal.

This property will be used to derive LIP-madals for the

control inputs.

#
The property that the matrix BS is diagonal is crucial for
the existence of expressionss which are ’pure' in the
controller parameters. Any non-diagonal matrix in the place

»
of BS would result in sums etc. of the parameters.

Hence a lineary identifiable parametric model is derived for

the controller.This holds for the disturbance-free case
since B; is a hknown aperator and since Ro is an upper
triangular matrix with zeros on the diagonal. This imposes
the mild restriction that when computing a control input u
it is necessary to compute u_ before ui. Despite af this,

i+l

each u_is still a linear expression of inputs and outputs
i

to tha system. This restriction is removeds when Bo happens
to be diagomnal. Then it will be possible to compute each
control input U without any regards to the computations of

1

u for i¥) at the same time instant.
J

This wmodel is satisfactory for identification when no

disturbance acts on the system. In order to formulate a more
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general case it is necessary to investigate the ervor

propagatiaon in the system.

4,4 Feedforward Consideratians

Consider now the disturbance term (4.7) in the proposed

parametric model (4.103, Utilize the identity (3.31a)

A_N W
TzTiaMHdd =

([ * % % % LR I * *
+ TTAB ~B {R A + 5B ]]g (4.123
w

N
[y
e ¢
=t
z
(O}

An expression for £ is obtained from (3.26). This notation
v

is introduced in (4.12) which give

» *_B % *
Ff = ritiAa B and FT =T,
v 21 Miv i 2

* #* * % * * * * %
T = [R A + 5B ] and T’ = [R A 4+ S B ]

v U uv Y ooV w U oUW Y W
I1f this notation is introduced above €4.13
* * * ® * . % #y ¥—-1 »
TTAHS= {F’ - B T’]ﬁ v + H'w £4.14>
21 Md v S v) vv w
where
e #* * #y #=~1 % -1 »* % ¥y #~1
H = - [F’ - B T']A A A + [F' - B T']A {4.195)
w v 8 v] vw v ww W S w) ww

It is necessary to cancel the denominators intvoduced by the

*
inverted A in (4.14) in order to obtain a polynomial
vv
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expression for the terms corrvespanding to the disturbance
inputs v. This may be done by introduction of a new diagonal
* *

7 —unimodular matrix U chosen such that the diagonal

entries consist of the l.c.d. of each row of the matrices

* w-=1i * * #=]
[F,A 1 e A ] (4.16)
v vV S v v

and scaled such that

u¥co) = 1 4.17)

If (4.10) is multiplied by UX from the lefty a polynomial
matrix will he the result - except for the w-dependent
terms. This result is presented with a somewhat abbreviated

notation in (4.19).

e s > v S WS AR S S T A A ST o S VR S D S St s Sy ey P RS ) A P i i R T L B4 S Y

Introduce the fallowing shorter notation

= T*A*
yF 1M yl

e =Yy = YM
1 1

L]
c
—

by %k

(4.18a-g)
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W +* * *— »*
Y a0 Fr At L, et T A"t ang WY = UMRE
A4 v vv v v Vv W W

The full parametric wmodel fov the regulator case of
(I.51ia-e) 1is given by (4.19)s where B; is the known
(diagonali internal structure matrix and RO is guaranteed to
be an upper triangular conatant mafrix with zeros on the

diagonal.

Theoren 4.1

The parametric models (4.9) and (4.19) represent the same

transfer functions from C(uwv) to yl.

W* » * » * » *
Ty =B [u + Ru+Ru+8y~T v] + Fv+HwW
£ F 8 0 v ¥ w

(4.19)

Progf

*
Since (4.9) and (4.19) differ only by a common Z ~unimaodular

factar

*
u

multiplied from the leftsy this common factor may be
cancelled whereby the identities coincide. The cowmon
Z*—unimodular factors may be intesrpreted as decoupled stable
modesy which do not appear in the resulting closed loop

transfer functions.
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S G S i s gy g iR i

* *
A non-Z ~unimodular T can always diagonalize the structure

2

matrix from the left such that BO becomes diagonal. Howaver

*
the new Z —zeros would introduce unstable modes in the

closed loop system as is seen in equation (4.19) and is thus

not allowed.

o e e e o e 0 020 3 e S o i Ve ey s B i g e e i Sy e iy Gl S e A e b

Let the output ervor be defined as e = y - yM (of.(4.18b33.

If we form the output error esquation of the system we aobtain

T*T*A* -
i ®
* * * * » RN )
= B [ u+Ru+Ru+8y~-Tyv ] + Fv-TTABY +HW
8 0o v v W

£1MD

* * * * * m * *
=B [ U+ Ru+RuUu+Sy-Tv-Ty ] + Fv+HMW
s o v m v ]

where (4.20)
* *
Ta =Y T3 a.21)
L K B .

where the polynomial matrix T2T1A BD has been refactorized
*_* *
as BSTS(CF- 3.51id). Note that all the requirements on BD are
*
stated by the conditions of (3.51a-e’. Then T may be
®

estimated dirvectly.

A parametrvic model for the servo transfer function case is
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£ F n w
4.22)

* * * #* * * M * *
Te =8 [u +tRU+RU+BB Yy ~Tv~-Ty ] + F v+ HwW
8 0 v v

The quantities to estimate which are of interest for the

controller ara

Ry Ry 8% T and T
(o] v "

while

™ and ¥
F I-1g! y

also should be represented in the estimation algorithm in

*
order to guarantee existence of solutions. The terms of H w

W
will however not be represented in the estimation
algorithms.

4.7 Angther Interpretation 0f The Parametric Models

It is possible to wake the following observations in the
case when w=0 and where all cutputs are controlled outputs:

i.e. where = .
yl yo

The parametric model (4.19) may be rearranged inta the form

LR K * * * » » * #
[T TA -BS ] y =B {I + R +R } u o+ [F - BT } v

f 1M 8 8 0 v S v
(4.23)

which is immediately recagnized as a left m.f.d.

representation of the open loop system.

Let this be expressed in the left m.f.d. notation as
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A%y = B"u + cTv a.24)
y u v

Similarly (4.22) can be interpreted as a left w.f.d.
raprasentation of the open loop system

* * * * * * *
[T TA-BES ]e = [I + R + R ]u
£ 1M 8 S 0

* * #* *{ » ®# ¥ W
+ [F - BT ]v - B {T - 8 B ]y 4.29)
v S v St m D

which might be denoted in the left m.f.d fashion as

* M

a*e = B*u + v - B ¢ (4.26)
u v v

In the case where all outputs are controlled outputs these

arguments may be summed up as

The pole placement identities (3.350a—-c perform a
transformation from a right m.f.d. to a left m.f.d. of the

open loop system.
Remark 4.3

The parametric model is independent of whether the system
operates in closed or open loop. This is an important

property useful for identification.
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Praaf

The parametric models have been derived aonly by using the
polynomial matrix identities and cpen loop properties of the
control object. The control inputs and outputs have nawhere

been specified in the calculations.

Remark _4.&

This property will be used in a following presentation to
show that parameter identification can be pervforaed in both

open and closed loop modes.

ot o s e s s gl b T bt

Notice that the resolution of a known A; associated with the

proposed pole placeament solution i.e.

L ) * * * *
A =T [T A ] - B S C4.27)
y Fl1m ]

* ¥ *
for known T A and BS is associated with the geneval

polynomial matrix equation

XA + BY = C

where Ay B and C are known matrices while X and Y are the

desired solutions. Although a linear equation this is

usually considered hard to solve ([Per 11:I11:2.5).

i o o S e, (v Sy S AL P iy o s G (Y o Y S S BTt et S e S S S R e Tl T

The correct control law to apply for the pole placement
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controller with feedforward from v and u is the following

e
*
U =-Ru-Ru-~ S*y + T*v + T* u
O v ue ©
where
»
™ = "B (Regulator Case) (4.28)
uc F1 M
or
#*
Uy=-Ru- R*u - S*y + T*v + T ym
v ym
* *
T =T (Servo Case? 4.2%9%)
ym m

Remark 4.8

It is not necessary to incorporate the feedforward terwm Tzv
in the control law. When knowing both F: and T: from the
on~line identification it is also possible to compute some
other suitable feedforward. It would also be possible to

have a fixeds chosen feedforward etc..

* »
The terms F and 7 should however be incorporated in the
v v
identification algorithmy since influence of unknown inputs

to the system will always corrupt identification.

The application of the control law (4.28) gives the closed

loop system (cf.(3.53))

+*
™"a* v = B T r e "
£1M 8 f 1

+ % + ' (4.30)
M v w

for the regulator case - and

*_n * * *
TFTiAM a = Fvv + wa : 4.31)
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for the servo casel(cf.(3.34)).

The regulator case has the prescribed static gain properties

since

B;CI) =1 (3.27)

pS2—1 P R P A

The pole placement control law (3.31) may be vestituted from

{4.27) by collecting terms and by cancellation of the common
*

factor U . Alternatively it wmight be considered to be a

* *
control law devived with another Z —unimodular Tl'

A e i i P P S P R o P Myl Pt iy s S (s S G (i S M s e S S

It is possible to ignore or modify the feedforward suggested
by the terws Ft and T: although these factors are important
to include in the identification algorithm. When a control
law described by (4.28) is applied then the influence of v

on the output is given by

1M v

*

£

It remains to show that the application of the feedforward
*

term T v really is such that the influence of v on the

v

output is in some sense small. The approach taken here is to

*
stow that no feedforward terms influence the terms of Fv of

powers less than that of the corresponding element of BS; It
*
is on the other hand possible to eliminate all terns of F

of powers greater than that of the corresponding element of
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B;. This result is similar to that of §%.4. Then F:
represents a necessary correlation wmatvix for the input
disturbance v with respect to the control input channel. It
is possible -~ since B; iz diagonal - to make the
decaomposition of C: in (4.24) into Fz and Tt row by row such
that the hiqhest power of the slements in each raw of F: is
lower than the highest power of the corvesponding diagonal
@lenent of B;. This is done by atandard use of tha division

algorithm for polynowmials row by row. Let this be formulated

in the following theorem.

Thearem 4.4

There exists a polynomial matrix gnlution
* *
[ F T } €4.33>
v v

*
satisfying the relation - where Bs is diagonal

*
Cc = F* - B*T* (4.34)
\% v 8 v

* .
and such that the highest power of each row af F is lower
v
than the power of the corresponding entry in the diagonal

. »
matrix BS'

The proof is given in appendix 4:1.

It is now straightforward to see that the proposed control

*
law ¢(4.28) ov (4.29) realizes the choice of T€¥ in the

control law (3.31) with least degrees of +the carvesponding

*
F . The disturbance influence on the cutput is given by
Y
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* »* * * * % -1 #* * # * #y-1 *
G = B [R A + S B ] T + [U TTA ] H
vy lul u uu y -~u fFf 2
i (4.35)

which is the transfer funetion from v (f.(3.373). If the

polynaomial identities (3.50) are used to simplify the first

term above: it follows that

* ® X RY=L1[ % K * * * %
G = [U TTA ] [B UuT +F -BT ]
21 M = £ v

A% S v
yi (4.36)
*
The 'best’ possible choice of TFF is such that
*_% *
WTe=T, <4.37)

since F: is impossible to manipulate by choices of T:F.
Finally ~ since <(3.31) and (4.28)-(4.2%9) differ by the
common factor U* that appears in (4.37) it is clear that the
feadfarward of (4.28)-(4.29) satisfy the optimality
condition of a minimal degree input polynomial with respect

to v.

A common choice of a feedforward is such that the statie

influence from v on the output is eliminated i.e.

6" (13 = 0

L. 3 "
This may be achieved if the component T of (4.28) or (4.29)
v

is replaced by the feadforward component

™ - F*ny
v v
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which is verified by direct substitution into €(4.35).

e e R o o e s B s e e e (s D e R s e e A XSS R S S

Consider a parametric wmodel of the type (4.19). Denocte the

. » *
elements of the matrices T:» Roa R*v 5*! T and F by their
v \%
lower case equivalents such that
» *
T = [(t ) ]
£ £ i)
R = [(r ) ] atec. (4.33
o] QO iy
Let the notation
® . and (8.39)

£ i- =J
*
mean the iith row and j:th column of Ti and 8 respectively.

Each row i of (4.19) may then be exprassed as

»
(t ) =
f i-yF
* * * *
= (b )[u +C(p ) u+(rd) uwu+ sy y=( v] +
i O i- in i- v i-s
»
+ (fF ) v 4.40)
vii-

It is possible to commute any two multiplied polynomials
since all the polynomials are time—independent by
assumption. Let the following notation be introduced for any

quantity xi
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- *
(x.» =b_x, (4.41)
il g i
or when i=)
- o b*
"y 1%

Overbar '~' denotes that the quantity x has been filtered by

*
b,
i

It is straightforward to abtain

e -
i-7¢

— — * - *
=0 + (p ) W@ + (ry (D) + (s » (yy -
i Q i- i i i is i

» —
S N T R L T a.42)
v 1= 1 vV 1=

which may be rearranged into

— e * . * - * ==
u = - [(r Y (u) + (r ) W + (s (y) ~- Ly (v) ]
i 0o i- i is= i= i- i v i- i
+ tY oy Y v (4.43)

£ i« F v i-

Let (01). be a vector containing the coefficients of the
i

* * *
polynomials in (¢ ) (r'd 1+ (8) and (t ) . Let
QO is i- i v i-
analogously COZ)' and (6 ) denote the two vectors of
i v i
* »

coefficients of the polynomials in ctF)i and (€ )i

. v L]

respectively. Then define the vector (mi)_’ of the same
i

dimensions as Cei)_s and containing outputs and inputs y» u
i

and v corresponding to the polynomials répresented by cei>_.
i

Let similarly (@ ) and (¢ ) contain vy and v up to
2 i v i £
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*
sufficient powers of z - corresponding to the dimensions of

(¢ ) and (0 3 respectively.
21 v

1

Now the folloawing LIP-maodel far each control input u_  in the
i

square case ¢4.19) may be formulated.

G o= -00 ) (G + (O 3T e > ~ (8 > (g (4.44)
i 17i 1i 271 2 i vi o vi

These wodels give possibilities for identification since a.
i

and (p ) may be computed and (g > and (¢ ) are Known.
11 P | v 1

Define (QZ). as a vectaor of the same kind as sz)i where the
i
entries contain components of

*
y" = Tty = 7By ¢4.45)
£ 1M 1

Mc
instead of the yF‘ Now the control input (4.28) associated
with the pole placement could be written as

U o= - @) cp ) + (B 3 g™ (4.46)
i 174 1 212

Obviously the 6 -dependent conponent is omitted since this
v

corresponds to unknown future disturbances V.

The adaptive control law in which the 63is are substituted by

A
their estimated countervparts 6 becomes

a T A T =m
u =~ €& ) (g ) + (8 y (g ) €4.47)
i 1 i 1 2i 2
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= )
In the servo case mz has to be replaced by a vector mz whave

yF in the elements has been replaced by

M
e = N (4.48)
e Ve T Vs

It is also hecessary to introduce a parameter vector 93

corresponding to tha parameters of T* in (4,29 which is
m

*
essentially T3 (cf.C4.21)). The corresponding referance

values are given by the data vector @3.

The estimation model is

T =~ (8 T(F ) + (8 e — (8 3T ¢ ) - €0.)
171 1 2°1 "2 viiow

(p_3
i 3 ¢

3
4.4

T
i
The associated adaptive control law is

AT AT
u = ~ €0 ) (p ) —~ 0 ) (g ) (4.50)
i 1 i 1 I i 3
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S EXAMPLES

S.1_Example 1

Consider a §180-system of the usual canfiguration

yit) = b q W —memmemee uit) =
© At eq
(3.12
oy MY biq—l + cuene +bag "
-+
= b q —— 2 ult)
0 -1 -
1 +aqg + assneannt @ g
i P
where B* has all zeros outside the unit circle.
The model is
* -1
(] Ck+1 (k+1) BN(q ’
-Ck+ - (k+
y () = q P My = oq e u ()
» -1 [
a4 (g
™ (5.2)
The equation
* _* ~(h+ * * *
R*A" + b (htidg*g* o T.A
“ M (5.3)

45 *
where it e.g. is required that T1(0)AMC0) = 1y gives the

parametric model

- [ *a Hata by
—— =
b L 1 9 Ryt ]y



—({k+l)
- [

Rename the quantities above

*

™™ h = —i— = 0

o 2

-1

* =1
T ¢ 1A ( yyled = (4D
q M q b4 ¢2

= kN

*

The identification is done with the expression

uCt-k~1) = —eTm (t=k—-1) + OTm S
11 2 2

The control law is

LCEY = - 8@ (E) + 8 "t
11 2 2
whera
n * =1 #* -1 m
(€Y = T ( YA ( Yy ()
¢2 . q M q y

where 6 are substituted by sstimates @

i
in the adaptive control law.

* -1 * -1
u+ R (g Jdu+8 (q Jy(td ]

R* g Duce) + 8% Hycer = eI¢1<t>

&7

(35.4)

(5.5

(5.6

(5.7

(5.8)
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Consider the system

Xty = kix(t) + udt)

y{t) = k2XCt) (5.9

where k and k2 are unknowny real constants such that kz#o.

Assume that y is measurable.

An output feedback should be designed such that the closed

loop transfer function becomes

- (5.10)

p+3

The system may be rewritten

=i W W e u
p+i p+1
= kX ($5.11)
4 2

ISR, T (5.12)

which gives the system dascription
* »
[ 1 - (k1+ 1)z ] W = zZ U

= Kk X ' (5.13)
Y 2



69

Define

P * A *
ACz)Y=1~ (1+k1)z = [ 1 - «iz ]

B(z)=kz =@z (5.14)

* »*
B" =g g = 2" and BY = 1 (5.15)
L 1 8 R

Introduce the new internal variable £ such that

% *
A (z ) E(t) = u
*
L y(t) = B (z ) E(BD (5.16>
that is
r [ 1 *
- o =2 = u
2 )8
*
Ly = 611 E (5.17>
The reference wodel is
*
By B; 3 32"
_______ = = (5.1
* *
A p+3 1 + 2z
M
This equality holds for
* * »
= + = 5-
AM i 22 and BM 3 (5.19)

The reference model transfer function is realizable since

the model has the same structure polynomial as the control

*
object. Let T1 arbitrarily be defined as
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T, = 1 (5.20)

The polynomial equation

* _* *®_# *_#_*
(3.21)
Ra +8B= T1AMBR
bacones
* * % #*
[1 - «12 ]R + Biz s =1 + 22 (5.22)
which is satiafied for
2+ o
* * 1 A
R =1 and § = me—wemee— = g (S5.23)
8 0
i
Tha control object is
;)
3 * * *
y=82%=82 _______[R u+ 8 y] =
)} 1 #*
i+22
*
ﬁlz
W e [ u+s y] (%5.24)
* 0
1422
Define
ot 142z (5.25)
= = +22 .
Yp 1M Y [ }Y
The quantity T; is found as
" = wd (5.26)
2 8 :
i
and
T*?*é* ! * } (5.27?
B oo =z |U + 8 .
21 M Y Biyf [ Oy
Defing

G=zu etc. (5.28)
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and
6 = 8 and @ = - (5.29)
i 0 2 B
1
The model for parameter estimation is then
ua=-0ey+ @ (5.30)
1y 2yF

and the correct cantral law is

m
MR
whare
y" = ¥y = T'Bu = 3u (5.32)
¥ imM iMe o

The correct parameters are

6 =5 = -3  ana 8= —- (5.33)
1 o] k 2 k
b 1
which give the closed loop system
. 3+k 1 3
=k x+ [— ———i=lk X) + ——=3U ] = =Fx + ———U (5.34)
i k 2 k e k ©
2 2 2
The transfer function to y becomes
y = m—c—y (5.35)
p+d C

as required.
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.3 Exanple 3

Conazider the system

A #
y = | u =B (q Ju (S5.38&)

where it is assumed that bi’ b2 and b3 ar®e unknownh non-zervo

congtants.

The objective is to £ind an adaptive scheme which gives a
diagonal transfer function from the reference value to the

autput.

The cantrol object has a transfer Ffunction which gives &

relatively r.c.f. with A*=I.

» *
& decomposition of G = B is given by elementary row and

*
column operations on B .

-4
O b q 8] i O
gt g s &
=
. ) B b attl o -t ta * &
b2 3q qQ bzq
Let (5.37)
» #*
T1A" = I (5.38)
& solution o
* » » % % ¥ _*
RA +8bB = TIAMBR (5.392

is given by



1 0
% »
R = and 8 = ¢
1q 2 1
5 q
2
i -1 b_
» b b b
T = i 13
2 1
- 4]
b
2
* .
A feasible BD is given by
% - o]
B = a
D -4
o q

The 'closed loop’® system becones

#* #=1_% wm * m
= B R T = B
b4 < b4 D b4

The parameter estimation is obtained from

e D - & ea b ety m]
e = [T & U -
2 3 s[ 4 9 Y

73

(5.40)

(S5.41)

(5.42)

(5.435)

(5.44)

(5.4%5)

This gives a possibilities for parameter astimation from the

following relations
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b
u1Ct-4) = i e (t-1) - ;Eg-e2<t> + é yT(t—A) - E-g—yZ(t—A)
1 13 1 173
Uttt = 2 e ct) - Bt ou (e-3) 4 1 ™e-3
2 b, b, 1 b, 1
(5.46)
far the control inputs
u ) = i yT(t) - ;Eguymct>
1 13
Uty = L yMe-2) - 2 e-2)
2 b, 1 b, 1
< (5.47)
S.4_Example 4
Consider the transfer function
1 1 ]
-2 2
p 24
2
p-3 p ~2p—-1
(p+1) (p—23 (p+1) ¢ 2 o
| P P P P ] (5.48)
*
a r.Z .c.f. is given by
[ o2 )
- L
1 _____
p+1
ACp) E(E) = ECE) = uld)
p+2
-3 s 0
L e
’ (5.49)




s g s

yit) = Bip) E(E) =

73

*
Chaose z = 1/(p+i’). Then

r * W
* » (1-3z 2 -
A (z ) =
»

r *

z 0
* *

B (z ) =

» *
z Cl-22 )

# *
z (1-4z

e
The B ~matrix is easily decomposed into

1 0
® » * »
B (z ) = § B (z ) =
E S
i1-4z -1
and B: =1 .
® » o
if 71'9n « I we obtain
*
* * C1-2= 3 8] ®* #*
R (z ) = . $§ S (z ) =
2z 1

and

i
+1

P ECL)

p-3

(p+i) |
(%5.50)

»

2 0

* *
o -z (1-22z )

(5.51)

*
(4-2z ) 1

*
(-i+2z > -1

(3.52)
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i 0
® »
T (z ) =
2 *
(i-4z 3 -1
(5.53)
and the closed loop system is
»
z o]
* o #
BBT =
L 8 2 * * *2 » *
z (2=-10z + 82 ) -z (i-22 )
¢5.354)

*
which is triangular but statically diagonal(z = 1).

A parametric wodel is given by R*sS* and T; above and the

correct parameters are given by

yt mo
%* yi
u z Y
i -4 2 -1 2 i i ¢ 0 *
= + zZ Y
u 1 -2 1 -2 § =4 =i
2 Y
2 i
* ! yz J
2 u
L i)
(5.3%

The identification algorithm will use LS-identification of

the model

» » #*
T vy = Bs [ u+Ru + 8y ] (3.56)

The parameters of T; and <R*.s*> are called 62 and 61
respectively. The corresponding datavectore are called ¢

- *
and ¢1. Overbar ' ' denotes a datavector filteved by BS.
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T » T
o © = B [ u+ 0 g ] (5.37)
2 2 s 11

»
Since BB is diagonal we obtain

o= -0§ -+ o g (5.58)

11 22

without parameter cross couplings.
The control law is

T T m
u = =0 + (5.959)
1¢1 2”2
whare
F = w"
2 2 (85.60)

and mg is the vector carresponding to mz containing ym.

In the adaptive control law Oi are substituted by gstimates
A

& .
i
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OPPENDLY 331

Lenms J.1

*

A quadratic (nxnd transfer function 51 of full vank
corresponding to a strictly proper transfer function G may

* * *
be decomposed into a r@latively P.Z .c.f CA B Y The
* #

factorizabion is such that A contains all the I -poles of
* * . * L

G s B contains all Z -zeros OF 5 and such that

a* = 5" a1l . gt B A (3.28)
L 78 R

where

*
A is a quadwatic polynomial matwrix

» * *
BL and BR are polynomial Z eunimodular matrices
gatisfving

#*
A (D) = 1

B_(1) = I (3.25

*
5
»

BRCO) = [bi ]R is upper right triangular and invertible
J

(b > _ =1 for 1 £ i £ n
ii R
* * »*
where BS contain all the zeros of G in Z_ but has ho zeros

»
in Z+. The stability region is assumed to be according to

(2.73.



=3

' *
The quadratic transfer function 0O of full rank wmay be
# *
factorized into a relatively rnz*.c.F. (A:w Bi) whare Ai and

»
B1 are polynomial matrices

G =B, A (A3.1.1)

as known from §2.4.

Step 2

Since the tranasfer function is strictly propers there are na
*
poles at zZ=m i.@. z =0, Via full rank- and
* )
r.2 .o .f.-monditions it follows that A does not loosz rank

*
at z =0 and it is possible to form

* * * * %-1
ay(z™) = ALz (0
%z = BN 2N Lo (AZ.1.2)
2 1 1
Then
*
ALe0) = 1 (A3.1.5)
gtep_ =

* * #*
The polynhomial matrix 92 has a unique Z -Smith form 8§ such

that



o
[

(AZ.1.4)

[ 3
It
-
(53]

*
4]
*

* * * *
wherea L1 and Rl are Z —uniwmodular matrices. Then RICD) is
invertible. Define a lower left triangulav constant matrix L

and an upper right triangular constant matrix R such that

*
RICD) = L R (AS.1.3)

where both L and R are invertibles canstant matrices. The

decomposition becomes unique by choosing the diagonal

elements of R equal to one i.e.

r =1 for 1 £1i % n (AS.1.6)
ii
A decomposition of the type (A3.1.5) does not always have a
straightFovwavd solution since the important lii—elements
may become 2zero. A reordering of the rows of R:(O) solves
the praoblem. It 15 however necessary to rearrange the

* *
matrices L1 and 8 correspondingly. Introduce the

permutation matrices P1 and P_ and define

L R = P.R €O

2o 1Ryt

¥* * -

s* = p s’

= =2 Ty

* ®» -1 .

Ly = LIP, (AT.1.7)

*
where F’1 is chosen such that PlRlCO) may be decomposed on

*
the form (AZ.1.5) and P is chosen such that S, becowmes

[

* * * *
diagonal. If 5 =diag(511..-15 3 then §5_ may be written
" 2



-1 *  *
(.O)Ri (= 2

*
The decomposition of B_ may now be rewritten

-

Consider the constant matrix

1 O
11
L, = . .
- 1 .. 1
nil nn

'*
which multiplied from the left by S _ gives
=

5 " ) 1
(= @]
11 k
% A * i
M =8 L = . .
* B} *
= el S
L ni k nn ko
n n

It is desirable to factor out the
the right. This

not known whether

is not possible to do directly

(]

(AZ.1.9)

(AZ.1.10)

(tA3.1.11)

(AZ.1.12)

e

invariant polynomials to

since it is



* *
s |s for i) (A3.1.13)
k., k

* *
Consider the first column of M . Factor out the g.c.Z .d of

the column elements and assign

(AZ.1.14)

-
-
1
=
T
>

= Z .d¢ )
P «Ca watm
1 e il

*
The factor p1 must correspond to the least k_ for which
i

1 0 since

il
* * .
s |s for k (k (AZ.1.15)
kK i g
1 J
This gives

* *
p =5 (tA3.1.16)
1 ki

It is now possible to eliminate the elements in row i of all
the columns =21..10 corvesponding to the commahn factor p

*
since row i of M has this common factor.

This procedure may be repeated for =sach column. Factor out

* *
the g.c.Z .d. of column 3 and assign this to p . Eliminate
J

* *
the elements of M of the row where p was founds From each
J

*
of the remaining columns J+li..on of M . Notice that all



[ax}
|

o . *
elements of a row has a common factor originating from S_.

-t

This may be written

(AZ.1.17)

|k

MR = L'§
a - a4~z

L

where Ra is an upper right triangulars constant matrix with

*
17 s on the principal diagonal. The matrix S_ is

o

* R * .
8 = diag(plq...sp ) CAZ.1.18)
|

=
]

Through this procedure of elimination it is obvious that the
*
factors {p ) represent some new permutation of
1
*

*
Sk s...ysk (AZ.1.19)
1 t

These matrix manipulations give the intermediate result

* %
R, = L

R
u et

¥ ¢ R 'R.R
4 "z -

(A3. 1.2
a o

* * *
E_ =L_ S_L_ R
= S E s

ta
] %
[
G %

* -1
where the §5_ wmatrix is diagonal and R R_ is upper

=t -

triangular.

——— s

In order to obtain the requirements stated in the lemma it
is necessary to scale the monic polynomials in the diagonal

. * .
entries of §5_. Define



e}
(e

*
S =D S, (AZ.1.21)

*
The matrix D is invertible since B is of full rank and

*
gsince B_ is a polynomial matrix that is assumed to have no

*
zeros at =z =1 (ef.(2.72).

The matrix decomposition in the statement of the lemwma is

how obtained by assigning

B o= LY L
L 5 -5

BN =g
5 4

¥ = r7tr_ RY (AZ.1.22)
R-— 4 2 : N o FE » e

since R and R are upper right triangular matrices and
.- a

* = -1
R_(0) = I. The diagonal elements of Rﬁ and Ra are all *1°.

-t o

*
This guarantees that BRCO) is upper triangular.
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APPENDIX 3:2

Lenwa 3.2

* *
There are polynomial watrix solutions R*: g » Tza T; and a
u

diagonal B; matrix solution to the equations

N_% ® % _» * N n
T2T1Pw B Bg = Bg T Ay
* * * » LR I * #* &
RuAuu + 8 B.u = T1AMBR § RUCO) = BRCOD = BO
*_H K *_ %
T2T1%%5p = BgTy
{3.90a~¢)
*
under the conditions on A*v 8* y B s B*a B* and T* given by
M L8 S R y 1

(3.27-30) and €3.48-49).
Ergof:

»*
Step i Existence of T2

Since T* and A; are both lower triangular, polynomial s
Z*ﬂunimadular matrices (c.f. (3.48-49)3s the product of
these matrices bhecomes triangular. The matrix T: is poegible
to express as

* * ¥ ¥ H—1 #-L1f % #y-1
[ ] (A3.2.1)

T = B TAE TA
2 S 1 M8 1M
In order to guarantes a polynomial wmatrix soclution it is

hecessary to investigate the expressions closer.



87

The matrix

*~1
s

*_* _#*

BSTIAM (R3.2.2)
*

is a polynowmials Z -unimodulars lower triangular mateix

since the matrices B; and B;-i cancel each other perfectly

on the diagonal and since the specification on the

off-diagonal entries assure that these remain polynowmials.

Each element balow the diagonal of the above matrix may be

written
1
*
Bt . b*p’*
i iy b* i iy (RA3.2.3)
J

which is a polynomial.

* .
The resulting T2 is a polynomial» Z*—unimadular matrixn since
*
the matrix of (A3.2.2) is a polynomial matrix: since BL ig
* * %
Z —unimodular (lemma 3.1)sy and since T1AM ia a polynomials

»
Z —~unimodular matrix by assumption.

*
In order to guarantee a polynomial wmatrix solution T2 it im
possible to use the non-uniqueness of the factorization of

»
the polynomial matrix B for a given B;.

Consider a tentative Z*-generalized matrin T2* obtained as
#
shown above. Find the diagonal polynowmial matrix U + where

the elements caonsist of the least common denominators of the

* " # . . T %
columns of T2 « Then T2 U is a polynonizl matrix. Since T2

* * *
is Z ~unimodular it is clear that U is Z ~unimodular.
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* * *
Since U is Z ~unimodulavr and commutes with BS' it is

possible to write

#* * * % * =1y K[ % *
E =BBB = [B u ]B [U B ] (A3.2.4)
L8R L S R

whereby a new factorization - with the desirable property of

* * ) .
assuring a polynomial Z -~unimodular matrix T =~ is obtained.
<

u (A3.2.3)

*_%
The matrix U BR is then still guaranteed to be a polynomial

*
Z ~unimodular matrix.

* #*
Step. 2 Existence of R and S
u

It is well known that the polynomial matrix equation (3.50b)

* *
has polynomial matrix solutions R and S <(cf. e.g. [Per
u

*
11:11:2.5) when there are no common left factors of Auu and

*
B . All solutions may be written as

~u
)
-
(A3.2.6)
» * * _»
s = SP + K SH
* %
whers [RP SP] is a particular solution satisfying
* _* *_* * *_*
RPAuu + SPB_U = TIAMBR ’ (A3.2.7)

#* =
and [RH SH] satisfies the homogenous equation
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* *
RHA + SHB = 0 9 (A3.2.8)

*
and - finally ~ K is any polynomial matrix of appropriate

dimengions.

Step_3 Existence of T; and B;

The equation

*_* %_*
T, T, A B =B

*
27184Bp 5 (A3.2.92

T*
3

% *
has a solution T for a diagonal BD and given polynomial

» * » *
matrices AM' BS’ T1 and T2. The solution is
» #=1 % _n % _»
73 = BS T2T1AMBD (AS.2.10)

* *

A polynomial matrix solution Ts for a diagonal matrix BD
*

with a minimal number of Z -zeros is obtained by ingpecting

the least common denominators of the columns of the matrix

=1 _N_% #*
BQ T2T1AM {(AZ.2.113

and assigning these l.c.d. as the corresponding elements in
the diagonal entries of the diagonal matrix B;. Then a
suitable B; is obtained. A polynomial materix sulutian for T*
is also iwmediately obtained Ffrom (A3.2.10)» when B; has
been determinedy since T;s T: and A; are polynownial

matricesy and since all denominators of ¢(A3Z.2.115 derive

o]
from BS .



0

The matrix

* A
R (0) = B (3.30b
u 0

should satisfy (3.30b)

RYcoa” 0y + 8% me™ 0 = Thimawrs’ o) (AZ.2.12)
u uu y ~U i M R

Via (3.25)y (3.29)» (3.46) and the properness assumptions in

(3.2) it follows that

* *
R (0) = B_(0O) (AZ.2.13)
u R

The proof of the lemma is now finished. The existence of the

desired matrix solutions has been showh.
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APPENDIX 4:1

—rmat aln S v R i ot Sy s S

There exists a polynomial matrix solution
* *
[ F T ] (4.33)
v v

*
satisfying the relation ~ where BS is diagonal

*
ct = F -8B (4.34)
v v

*
T
v

*
8

*
and such that the highest power of each vrow of F is lower
v

than the greatest power of the carrasponding entry in the

»*
diagonal matrix BS.
Proof

* *
Consider eq. (3.23) with a given choice of B and A . Any

iv vV
pair of matrices

* * * ¥
B =B + B

iv iv iu

* » *  »
A" = A + A K (Ad.1.1)>
. uv uv uu

* *

where K is any stable Z -generalized polynomial matrixs nay
* * * * *

substitute A and B, . The matrices A + A and B are
uv 1v uy vv *u

not changed by any such substitution. This mzans that column

* *
operations are performed on A and B of (3.23) such that
*

*
A 2 A and B* are left unaltered.
uu vV su

This fact may be exploited in the expressions for v of §4.4.
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All the v-dependent terms of (4.19y and (8.22) may be
expressed as
* A * % #
H v = [F -BT ]v (h4.1.23
v v S v
The polynamial matrix H may be written (of.§d.4)
v
* LY K I K L N B ) * * #*--1
H = U [T TAB - B [R A + 8 B ]]A (Ad. 1.3
v 21 M iy SL u wu Y v vy
Recall the relations (3.50a—b) to obtain

*A * X ¥ # * N B ¥ N o » * #
M=TTATB = BTAS =8B {R A + & B ]
21 M 1u S1 MR U uy ¥ ooy
{Ad4.1.4>
Use this relation an
HY = H + u*M*K*A* L. u*n*k*a* ' (84.1.5)

v

» *
where K is a I -generalized polynomial watrix to be
*

specified. Through substitution of M given by (A4.1.8) into
(Ad4.1.3) it is confirmed that

* LYK K B LYK I * % =i

H = U [T TAB -~ B [R A" + § B° }]A (Ad.1.6)

v 21 M1v Sl v uv Yy v vV
is independent of the choice of K*. Congider now all the

3 #
Z -generalized matrices F that can be achieved §for given
v

*
matrices A A* and B* « These wmay be written
uu vv g

* ® # % # * %=1 T E YT #Y #=1§
F = UTTAB A = U TTA [B + B K }A =
v 21 M 1lv vv 21 M v tu vv
*_ % _# ¥ _# =1 #* % * »* * * -1
u T2T1AMBIVAVV + BS 1 M RK A " (B4.1.7)
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*
The choice of U in §4.4 guarantees

* A * # ¥ * w1

*
= (Ad.1.8)
N u T2T1AMBIVAVV

*
to be a polynomial matrix. Now find polynomial matrices X

and Y* such that

N o= xF s B;Y* (Ad.1.9)

*
where the polynomial elements of X should have the lowest
*
passible degree with respect to z . This is achieved by an
elementwise salution of the polynomial egquations

»* » »*
N =% 4+ by (A4.1.10)

iy i} i iy

The division algoritham for polynomials assures existence of

* *

a solution whare each xi has lower degree than bi.
Now choose J

* - - - -—

kK* = - pRTlp¥Tiprm LR R (Ad.1.11)

R M 1 vv

The final choice is

F: = x* (Ad.1.12)

and

* * * * * * *—1
T =u [R A’ + 8 B ]A =
v U uv Yy sV} wv

LY K * # 3y #-—1 *L % W * * #* #H—-1
=U {RA + 8B A + U [R A + S B ]K A =
L U uv ¥y "v)] vv u uuy y *u vV
*r #* » * 7 #-1 »*
=U RA + 8B A - Y (Ad4.1.13)

. U UV Y *V} VvV
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*

The choice of U in §4.4 guarantees the first term to be a
»

polynomial watrix. The matrix Y is a polynomial matrix

according to (A4.1.9) above.

*
The proof is now finished since polynomial matrices F  and
v

»
T with the prescribed properties and compatible with (3.23)
v

and the control law (3.31) have been shown to exist.



