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r¡icCIMp^rr*r'r'y Ai,r'nLEs; c*ARAcrnRrsrïcs o' A r-Ltcrs sysTFM.

P, Haganden and T,. Johansson

ABSTRACT

?he l-tocus incompatibility
be pnesent in
tuations f::om

ned clover.
gener.ation

the
one

system that is usual.J-y acsumed to
ís i.nvestigated, The aIIele f 1uc_
t<¡ the other ane demonst:tate<Ì.

A ¡nathem¿tícal state moder- ís deduced fon anbitrany nurnberrsof alleles Ín the popuration, ancl íts steady ståte behaviour^and stability is díscussed. The eígenr.zalues of the l-ineanizedmodels as wer-l as simulations show thåt the lan,qe systems ::eactslowly on distur'bances, while the thnee al1ele system oscillatesanound its equilÍt¡nium.
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l-Jature has cnea*ed ser¡enal ¡liffe'ent nei:hods fc* flor^r*i:,st.r: prevÊnt ser-f *fenti-r-i fy, that i s t. 
'r'nr*,nt 

c,.í,:,..sÞr.:rr:¡_,fnom polJ-en and eggs r:f 'the s(*me pi-a*t, 0ne of .i:he 
r,rr)$.i:effective vJåys to achi-eve thi-s i-rses å xp*.r:ifi_c ile::e,J_ii:ar./factor'' Th:"s facto:r is g;:ii-ven i:y the ;nar-ecr:r.er s-L:l,r:cj:L.l:'rs:of the ,se called S*locr-¡s r å centain segment of il.le ci:ï_i:.,ìni]-some$r and it ís in one r:,f a nu¡¡be: of dífferent s.at*s,call.ed allelic states .

The pistil conta:i.'s nor"mar" cerls which have tnro s*alrer-es 
_Pollen with.its s*,*lle'e ídentical to any of the*e r¿il.i" i.n*teract wi-th the pÍstil in such ê wå.y that fentil'zaticn can.*

:;irt;i:.li:..' All othen porten can rentiríze *.,e esqs or

T""ro chnomosÔmes with diffe*ernt mclecular. str¡-ietar.c *Í ilieS*locus , i . e. wÍth .ilre hered:iter:y .iac,c¡:r j¡.¡ dìffer,r¡¡r.i rjta*tes' are said to have d.iffev'ent s*a-i-1+:-Les. 
'he 

pÕrËib'e.¡tates are l"abeliecl ,$r*xllele, S,,*;a-ll.cl_',;"';; ï_lii. "wher"e n is tl;] :'i:rlþa,'.Lo;-;;;;;";i;"";;.i,*:j: " sn*a,'r.eje'

Ïn most cel1s of a plant t** chromr::sojîe¡s ,rtiî11,â,.ï.;.i-except in pollen an<l eg,qceì_J.s* "n,heï,e .'*;ot;;:ï;;rJ*î,half ås mäny" rhus ;:lie actuaL. pa:i-r, óf crìrclm*fiÕn*s in a.ce1l has two alleies u say S*. a:rd" So , anrl the plant iscalled S12-Þlant. poll-en f:
a sr arråÍe r,. a ir ari*i.:.i*".:ï;:ï:ilîi::ïi"irlrjî;:"
i:tr;:ïi:ï .f"" 

t[* er;ns, A prent ri:,om''s,-po1)en unå s,,**:srs
rion sre ,- "i:-:Ï.:;:- 

s'*Ëorren anrl sj,u**i so t'he noriÍ*

ÏNTP.TDUCT:TOJ..r

Thus all se.l-f_fentilizatíon
have id+ntica). alJ-eles, some
pnevented too"

ís impossibleî As many piants
cnÕgs-fentílieatian wil] be
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The system for such ínconpatíbi.lit-y j.s cal'ecl a nu.1tj.*alLelic r*rocus Êy$tem niith gauretoph ,g.ti.* de.renminatj onof the pollen specif íciti-es, where t'e s*a.'e'es havean independent fenotypic effect,

An example of such a eystem is the
Pnatense L, ) I which has manyn maybeS*alleles, ?hene exists also Z*}ocÍín some gr-asses IZJ.

The model usu¿'ly aËsumed fo' the allele fluctuatåonsfnom 
'ne f;enenat'on to ano'hen in a populati.on ç¡ith l*locus íncompatibÍiity, ís j.n this pâperl descr.ibed j.nmathematical tenms. sclme chanactenistÍcs of 10rv or.densys'tems are ¿liscussed. Tl¡e steadv .çtate behavi.oun and thestabílity is analysed, and the equati.ons are l1neanized.This gives intenesting chanactenist:Lce concenníng stabilí.*ty and sensitívity of a lar.ge systemrver,Ífiecl hy sirrur-a_tion of the nonlinean system.

recl clcven (Tnífo1 j.um

möre than 3û, different
sys"Lems, fon instance



rHE Ì"ÍCDËL

the character"isti.cs :

0ç ri

Ïntr.oduce the notation
of $ij-plðï¡ts and the t
s;ín1e. uij * ancl Sr r-Þlanpatíbí1iiy, rhe number:s

tij for the quotient between the numberotal nur¿ber- of plants of the population.
ts. er.e idenrícal ín neepect to l"*o;:--"ntj çsíll only be used fon i<j . Noti.ce

Lf:

o
1l

TS
irj
i-" j

r-l 1

The systern for repn*duct'o* cJe.rer,n:r.nes the er,"or.r¡tion of thepopulatiÕn, i . e. h*i,.r the r¡umher,* " 
-:.:-': çv\/r'tr r-'r-Lrtr

genenarion. ïf the number ;it;;;r;i¿,,:r:.îî:rffïi'î["î#åtion is n' rhen the n{n*l}/? numrrers ,r;^;;;;-r1,u--'în_ stateof the system, The cli.ffener . ^ ""i:i u(rrlisTr'jute t
runctÍons Õr .h. ;i;;;;;,"" 

*ti (t+L):s couid he expr^essed ðs

å sorrtl p)1 (Ptot*pk*pÍ) - Ë . å sr,-(t)p-il
k= j.+1 2 1-J<'

,L*l-
-L

k=1

c ij (t+1¡

( Þt,ot *p¿ *p¡ )
'ì* IJ¿

+T.
k:1
kfí

ln
Ë 

sti c* I Þi/ (Ptot-pk-pj ) + ;:- å
k:i+l 2

(t)
1l/

j"2
i"'j

tr r. t n
- P il (ptot*Þj *pl. ) (1)



tuhene p, is the pr*por.tj.on cf S.,_polJ.en_

4

skj iti
n

I A

k:i+.1 z

pi = Irí(t) I
2

ia
-r- - "1.

e

:t= f + ik ("r )

and

p
n
E
.l *r.L--L

tot
'1

Regand the fÍrst ten¡n of (1) r Half of the numben of eggspnoduced i:Y stå*Flants alre s.i *eggs o which tôgethen .with53 -pollen for,rn new S: _: *Ðlå
b€ rerti-r:i.z*.r"rr;*;n;t; ii:nts' 

Howeven' these sr-eggs cån

;: ;ï--ll:-f:: oj:.' o.,*.-;o:iii-1,'f;:"å:::-ål'"ii;'ilili;
*-ii 

',.i-årlts, The reråt of the terms ane fonmed simi*la'ily' ri i.s thuË also assumed that if x % of the plant,Ëcalaray ü' s-,*alrele, x % of the pÕllen wirl too. Furthenmoneall types of poll.en have ti:e såme chance to penfonrne fen*t í lízation . 
u¡ rq¡¡u''

Ït cån l¡S,ålly be assumed that pollen exists i-n ex.eess o ÊÕthat the va'iable that línrÍts the next genenation ís *henumben of egge ' ?his rÍeåns . that the te:rms for the s_. *eggof'cn all snr.-plants anci the n._"".,'" ;::: -i
be added 

"ä*in *g (l). ' 'sr*eggs fr-om all Sui*nlånte could

lhis a$.surnption may Lre wnong. ïf , ín actuar pnactice, theneis a shontage of inseets , this cê,n cå*se a ccfici en*y of por*len' Thus in the ofhen extr"eme the¡-e âr,e eggs in exceËs andtermes from the pclJ.en cor:l,l be ;;;;r:"'

BÕth thgse models cou*r be çirnulateci on e rlip;ital ccmpute::



J

( $ee below and f 1l ) , and
tem with egfîs Ín excess
pollen j.n excess,

the differences åre srnall.
is sonev¡Ìrat slr:wer tllan the

T'he

one
sys -
wi.th

Pnobably a neal system r,rríll
diffenences aue small, the
could l:e nep:aesentative,

be sonner,¡hat i-n between, A.s thc¡
mode"l. w:l.th al:unclance of pollen

Once the pf,irnany mocìel is fonmulatec1, it ic cå,eytur'e the effects of a change jn an assumpti.on ori:est'icitono such as polleri wittr a centai.n alle1evitat f r: .

to stnuc-
of an a,Jdeci

bein.p, móre

llhe systen ciescnibed by (1.) is comÞli.cated" It is non*l"ine.er'. The night i:ancr çi.cie cÕntains multiplícatíons asweli- êa divisiÕns of ståte vaniabres, The numben .f ter.insincr.eases wÍth the nunben of al-'e'es. The tine behavicul:ís ,iffi'curt 'to nea'íze f::om the equations. _în order to ¡qetsorne insight o the tv¡o systems of r_owest onden arìe presented 
"

For' a 3*a11e1e system, the equation (t) is veny aimple

q
L2 Il2 s13 (r) + 1/r¿ Íi2? (r)

$ls(t+1) Il2 512(r) + 7/2 52r(t)

t/2 s'2(t) + Ll?:

(t+1;

SZ¡(t+1)

S (t+t )

sr3(t)

Õr. usíng matrix notj.on

a t/2
Ltz 0

Il2 3./2

Ll2
L/2
0

s(t)

This syetem is linea' and oscillates a,ncunr-l the( =1/3 ) as shar^rn in Fig.1. The pJ.ant .fneq.uencåeç
pnoach J_lA1 which is an equilibínum with global

mean value
always åp-
stabilíty.
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û

ûenerstion nurnber

2 3 l" 5

Fi¿g 1, * Íiirnulatjori of a 3*¡.1ieie populatÍ.on.

Ëon d 4*allele system, the equat:i.on f 1) j-s quï_te cli_ffer"ent

t.4

û.

t:
¿)

;)ß
f:
ç,g

Õ

o
u
Õ

LL.

2

ßtz(t+1; 1.
ã"tt

1* 
ãtts Isrz+'s1J*sr,*¡7f sr z,,si3n.?sr-,.r*s2,,+sou l+

ÍS' r+SZ,.l+S ¡u3 / isrr.rsru .n S2r.,r2SZ++$t4l n

z 
*St, + 2 S 

2 3+ Í: 2,¡+s *,r .1 +

*lo
2"24 I 5t 2nsrg*sii. q1/ ¡st 2* zsls*sl.+*s23 +fio,, î

.1-
2'''Ir+ 

r. ùl? +52 
3 

*SZ,* j / i S,

and analogously fon the othen alle'e combinations, This;system is nonlinean, and it usually does not oscillate. îtlhensímulated 0n a contruten the plant fr:equencies always appr.oached

lll;*int"t, 
is ã si:able equÍlíï:r:íum, pnobably the only equitj*



Sínce the alleles a.ne
ån equilibr,í.r:r.n

.7

assumed tÕ be equal, thene .çhoul"d be

ËQ{JTLTBRIA

C -n'12*olj :n r a ! | r ,) 1/l'lrt*lr.n

where n

numben
i.s the number of alleì.es,

of diffenent plants.

ït is easily shown that thj.ç
t:í.on to the 3-alle1e system:

and N n(n*1)lZ r'"Ë the

is the only steady state soLu_
Fnom (L)

t¿ (Slg*SZ 
Arl2 tes)

13 (Srr+S, 
ù lt

s

c

iaìr)

(b)

23
(sre+stâ)/z {c)

(a) anci (b) give

't l)
JJ

o14 equi valently

C**"ig * ozs

-1^ ?'* )r" *:54 *" 
u ¿t

and a-gaín using (a)

(
L¿ Slg (,Srr )
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a;li:i.ch a¡1so ,g¿,r:j-sfíes (c)

tut*]'.u¡, : 1/fi :rs an eqr:j-1:i"bnium (pnobably the onl.y on.e),cr:ul.c be proven fcr: all n:

s 'ìì (+\ - ?
\ L/

n(n*t)

p1(t) " I/n

Y :I 9J

Y:

?hus* acconding tÕ (1)5 S ,.(t.¡ll -ic a.
-t'. j \ e '".:., r.ij ¿:, St-:lir Of 2{.n*?_ ) eqUalter"ms

S ( t+l- ) = 2 (.n*2 j:. *.2* _.-_Jre_*
2 n{n._1, j i..*.} /ti*J_ln

,
ii t n-i" )

ij
:L "i

ttl



STABTLTTY

ïn the 3-allele s-ystem S
global stab j.títy 

"

o

1l 1./3 :l,s ån equ5- j-_ibr:j-um rvj.th

t'-

,ï(t+t)
'tIl I

rl2
iJ

..I Jô
-Lft I

-L/ ¿

J./ 2

0

'l
j

: S(t)
I
I

t

1. 1 t n
tL! L

Õr üihen deviati.ons fnom the equilibnÍum ar e consirjened

c.() I
1al
J. L\

I'ì xì

i

¿3!
d

AS *{ (a I J;
:

:

õ¡I et
þ

Â $(t+t )
û

Il2
rl2

7/2
CI

}t2

7t2
1/2
t

ÂS(t) ã Õ¡tS(t)

The eigenvalues of ô ane I ; Ls -I/2 and *I/2,eigenvector:s ar,e tli.l lJTn connected to À : 1a+b+c:0r connected to Å ; -I/2.

1'he value tr=l is ð.n
equal to one.

implication of î f
l-< J

ancl the
and ta b ctT

íj beíng conetantr

The evoLutÍon of the $tãte i.s thus in fact r,e$tricted tr asubepace of dímensj"on N-l, but ít is favonable not to solvethís depencrence. rt rcakes the u*oo**sicn (1) simplen and monesymmetníc,

Sínce the other tï^/o eigenvalues are wíthin the unitci.r,cle the3*allele system ís stable, and the negatj-ve sigln of thern shows
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the r:sci1l_¿.tr.:ny behaviÕur, .

The giobat etabi'i.ty has nÕt l-reen shownsys"f erns wi-Ljr q or morü al-l-eles * Ì:ut sÕtnehe done,

for" the nanli-nean
calculations cån
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In Õrdeï- to fintl out if Sr j * llN isof (l), small changes *"*t3or",, j.¿lerecJ
linea¡.:í.zed anound the equilibr ir:rn"

LTNHARTZ,qTTON

v¡her,e

å stable solution
and the equation

ASn*1. on n*lon
ASiZ(t+1") otzasl2(t) n oLaÁslq{t} *, ".*& (t)

nl?

û
13

* n*3
-e%

( n-1 ) (rt-z )

n*2) *tn*J

? (rr-B

(2\

)
(n*1)(r¡*2) * or4 *rc¡î orr, :0 ozn (3)23= f a a-

cl¿ )
lLL

o1z s r/6

0

(n*l J ln*Zt¿

AS ï4
ü,

= OgS =.".: O3n ? ...1 n-lrn (4)
d

A S:.¡ (t+1) 
r

shne factong
(t+1) and sÕ on couid
but permutêd. 'Ihus

be expneesed by the

ÂS(t+l) r Õ AS(r)

The rnat'ix Õ is symmetnic and contaínselements ol', oI3 and o.qu spnead out j.nThe marnix roi'-tte ,+_åir*r" sysrem iÊthe expnessions (2) (4) give *rrn "-.

the thnee diffenent
a negular patteran.
shown as an examp.le.
4

13

3Lt
t

= \/4
* ì ,^* -¿l b

and the pattenn is
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tr 1t.tõ.TT r î
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?he eiqenvalues of Õ have been conrputed for" somedí"ff enent numi:en of al,leles j.n the populations:

n:$

f;n

'l
¡

'l

t
T,

r
î
I
3

I
a'

5

1

7,

1r
L
3

I

r

I
ãnr4

I

:î

1?,

4
It
îû" iõ'

T

I

n:$

,oaa¡aaa

aaaaa ar¡

n:S þ

lv "¡7

äf ãî "*o*"'

9

tt
ã' 

- 
õ' 

..érrr.

Ber:ause the -..r ^---- - 7 3tergenvalues are i-nsicie the unitcincle thesteady state solutíon of ar-l these systems âre stable 
^

The negative ei-genvaluea côrìï¡eqnnnJi-,4 "L^
ter"ms become resp äceenrua::;.::";'ï:'-::r:::t:;il1"în.
gnowing positive eigenvaluea i"nciåcate tirat the <1.ist'ubance$onJ-y ver"v s10wJ.y penetnates a lar.ge *unr**. 

'he 
overslioots,typícai' for a 3*allel-e populati*n, Õccur in a r¿*ar_rere systemfon the specíal casê wrren the alre'e f::e'uencÍ.es a*e ar.rn'stequal but the plant f'equencies cliffer, The star,t
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lô

-J L¿

of eq (l) gives the fj.uctuatj"cns i.n Fiq. Z,

sz+

$g,, u.:)

s:. 
u

c

ô

0
1

6eneratíon number

Fis ?,

for, lan¡4en syctens¡
sj-mulations in Fíg

oversht¡ots are rane, as shown by tlre
3 and Í'i.q 4 .

t,,*-l ã
J.J

2

n

0.

0.

.g
tt
ÊLo

(¡¡c
o
c
(>

(J
ö
L
IL

1

tr 5 6
I

- A speciat sta*ting value g-ivíng an ogcillatin¡¡4* allele populatÍon.

srg sr¿
5z¡sza

2 l.
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1 L 5
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3
c"
çt
f¡"
o€
Õ
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30.

t.5

0.4

OJ

Fígure 4" * A smal_l amount of ä ner^¡ allele (s.) en*
tening a popul.atí_on in steady *t".iu.

2 t, 5 6 7

0
0
Generction number

3 I 910

- A normal stant5.ng value giving a .darnperå
4*allele population 

"

5g¿

$:¿
3¿¡
sr¿

5lr

Qz

se¡ gzt, s¡¿

ta 5rr sr¿

Figune 3.
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ihe Í:':compaf'bilÍty system wi.th one 10cus ancl sevenalpossible ær-ieles has r¡een descnibed, The behavioun ofpapulati-ons r^¡ith few a'leles is not nelevent fon langesystems, The tîecöveÌ:y after, a distunbance occurs veryslcwJy and (rnrí¡1'ra,rr*) over'*h*ôts. The same happens whe, åsmall amount of å nerd alr-e'e entâï,s a population. Thesyrnmetr.y ãnd the stï'uctune of the system give nice påt-teÌ:ns in the lineanízecl $ysteftg,

ït is dífficurt to pnedict the ::esult of ¿1per:i-ment on å.n elite rnultipiicatíon, and itable to cÕmpute the expecte<i values fr"am apopula.tion. The cc¡sts fan an expeniment ar¡cidiffer by sevenal or:dens of magnítude.

An estimate of the randomness in the systemrthåt it voould be poseíbJ-e to check the rnodeLexpeníment of a foun allele popule.tí.on. Suchbe conducted by Doc, Thone Þenward, Balsgåncistanting values will be

C 0¡iti i,,LÌS T 0NS

,> cl2 13 s 14 Ll3

cr:ossÍ¡ø 6¡-
t^¡ould be valu-

model of the
a si.mulation

l.1J o inclicates
a.garnst a field
exper.íment wílj-

o St^recien. The

7/6 in the next 6¡eneration.
behave othençrise with

o ù23 24 34

(1
J sL2

0

neachíng thà equitibnium point S. . :A connespondi.ng ¡ aitere system ,]åuro
os,cillations:

I

I

I

I

szg: {l

1â 1/2
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"

gives j.n the next gene::arior:

72 J.J
'J" / tt

e_
IJ l.12

?he crifferencies coui-c, ar-sr: ire seen ín trre aiie.re fr-,equenci.es,

ò
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