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COMPUTATION OF ASYMPTOTIC LEAST SQUARES ESTIMATES.

T. S&derstrdm

ABSTRACT.

In this report programs are given which computes asymp-

totic least squares estimates.
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I. DESCRIPTION OF THE PROGRAMS.

Section II of the report contains complete lists of the
programs. A short description of the programs are given
below. The programs not described (CINT, ORDER and SYMIN)
can be found in the program library of the Di¥ision of
Automatic Control.

l. TLST. This is a main (test) program. Parameters are
read and written and a CALL LST is done. It is possible

to do repeated calls of LST in one execution.

2. LST. It is assumed that the system
-1 _ -1 -1
A(q T)y(t) = B(g Tul(t) + C(g Te(t) (1)

is given where

Al =1 + alq'l ol + aNSAq-NSA
B(q-l) = blq_1 + seo + byep Bakds

C(q—l) =1 + clq_l + o0 + chcq-NSC
u(t) white noise Eu(t) =0 Eu(t)2 = VU
e(t) white noise Ee(t) = 0 Ee(t)2 = VE

u(t) and e(t) independent.

An LS identification of the system is simulated in the
sende that the asymptotic values of the estimates are

computed using complex integrals.



The following model is obtained

Alg Hyt) = Blg huck) + e (t)

where

~ - ~ =1 ~ ~NMA
A(q l) =1 + a,q + oo+ agyad N

A =] -1 -~ ~-NMB

The following variables are obtained

™ = [a; ... agy, by - —

V - the loss function = Zsz(t)

S - estimated standard deviation of ¢ (t)
P - estimated covariance matrix of TM

CC - estimated standard deviation of the elements of TM.

COVM. It is assumed that the system (1) is given and that

N = NSA = NSB = NSC. The following matrix is computed.

[].:'Y(O)‘ ry(l) :f'y(NC—l) r yu(c‘)) r:'yu(NC-l) .ye(q) lf'ye(NC-l)
rymGi) ryw) Emuﬂm)%mw) %@uﬂm)%em)
ryu(O) ryu(l-NC) ru(O) ruﬁNC—l) rue(O) rue(NCPl)
cov=|: ° : : . & -
ryu(NC—l) ’ ryu(O) ru(NC-l) ru(O) rue(l-NC) rue(O)
rye(O)- rye(l—NC) rue(O) rue(l—NC) re(O) re(NC—l)
Lrye(NC—l) rye(O) rue(NC—l) rue(O) re(NC—l) re(O)




COV is the covariance matrix of the vector

[y(t-1) ... y(t-NC) u(t-1) ... u(t-NC) e(t-1l) ... e(t-NC)]

5. PMPY. This program performs polynomial multiplication,

see the comments in the list.
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II. LISTS OF TEHE PRO GRAMS

pROsRAM TLST

1EST OF SUBROUTLILE LST
AUTHOR TORSTEN S0ONERSTRQ: 1971-19-05

SUBRCUTINE REQUIREL
L5T
cuve
CENT
OnrDER
PsPY
GV

CITMENSTON TS(30)eTH(20) e (20220),C(20)

1 HEAL LCGLelelNArdpeNC
LUl FORWMAT(LUIS)
iFlrsEtey) GO Tu 99
=NAENE+NC
LF U ETau) REZAD 100, (TSCL) elzdlein)eVUSVE
lF(ulhh.uj REQD lUU’UU'VE
Lyl FORVAT(EBF1T.3)
2 nEAc 101 NHANNMB
IFlnMariNmB«EQG«0) GO TO 1

#RInT 20U

200 +ORATILHL» QIX v SYSTEMYZL0XrE(1HX))
ERLikT 2CLeNAfNBrNC M

251 FORGAT(ZLOXr ' NUNMBER OF A~=PARAMETERS'+#15
#7104 VHUNBER OF Z=PARAMETERS'.1D
#/10A0 VHUMBER OF C=PARAMETERS®,I5
¥71000 YNUMBRER OF SAMPLING INTERVALSYrI8)

FRIWT 202
2g2 FORVAT(/LUYr "PARAVMETERSY)
IFGHeGTeu) PRINT 1000 (TSCI)eI=lel)
r—-:'Ia'»T EGW'\-‘U!VE
204 FORVAT(ZLOXP "WARIANCE OF THE INPUT SIeNAL*yGl2.5
#/1U0A0 "WARTANCE OF THE NOLSEY)7XeG1l2.5)
PRINT 205
20D FORMATAZ/Z/Z1GX e VODEL 21042 5(1H*))
PRINT 20ce NitarinAg
200 FORGATIZLOXY» *NUMSFE OF A=PARAMETERS' 1S
/10X 9 " MUMEER OF u~PARAMETERS'»15)

CALL LSTUTSs VL p S TMeVeSrPeCoNArNBoNCorNMASNMBeMe L e20)

l_tt: T\) 2,
9y (ONTILUE
w5 10

£ND




SN ~0 U+ U N

oh

59

cCCcocOcOCCCcOC oo OO CC o COO GO OCOCcOo oo Ono

SUBHOUTINE LSTITSeVUr e TiieVeSePoCCHNSAPNSBrNSCy NMA s NMBrMe IPRe TA)

GIVEN THe SYSTEM

AR (T)=BlL) *U(TY+C(G) *E(T)

AW (IZTLHA L) Rk (=1 ) 4o oo+ (NSA) XGXk (=11SA)

SR L1 *Gkx(=1) 4,00+ (NSH) *G*xx (=NGSH)

ClU)ZI+C (L) *¥U*k(=1) 44, e +C (NSC) *Gx* (=ilSC)

Ul l) anD E(T) I4oEPENOENT wHITE WOICSES WITH VARLANCES vU RESP VE

COMFUTED THE THZORETICALe ASYMPTOTIC LEAST SQUARES MODEL
) RY (1) = Bi(w)*U(T) + EPS(T)

MND KELATED VARIABLES

WA 1M (1) *axx(=1) t oo o FAM(MNA) *G** (=MNA)

LM(E) T ML) RCEx(=1)te e s tBM(MNB) ®Q%k*k (=}iNP)

AUTH0R TURSTEN SCGRERSTRO. 1971-10-05
REFERINCEL REPORT 7314(C)

TS=VECTOK OF OROER (WSA+NSE+NSC)
[S:(A(l)?.onA(“SH)'8(1)'-ooB(NSU)'C(l)'--.C(NSC))
yU=vanIanCE OF U(T)

=vARTANCE OF E(T)
TH=VECTOr OF SEOER (WhA+NIAB)
THZUA(L) 1 a0 Al UNMA) ¢ EA (L) r oo o BV (NMR) )
v = THE LSS FUNCTION (=SUM OF SQUARED RESIDUALS)
S=ESTIMATED STAWUARD DEVIATION OF THE NOISE
F=ESTImATED COVARIANCE MATRIX OF TM
CC=ESTIMATED STAHDARD DEVIATIONS CF THE PARAMETERS
SASB 9 SC —ORDERS GF ArBrC (Mi0e11AX10)
TR PIMB=ORDERS OF Aie2™M (MIN 0eMAX 9)
p=NUMEER OF SANMPLES
iPR=PiINT PARAMETER
LPik=0 #07HING FRIMTED

1 CUTPUT GENERATED (ToCCePrVveS ARE FRINTED)
=1 ERSTON PARAMETER OF P

SUBROUTINE REJUIRED
Cuvi
CiiT
ORDEFE
PrMPY
SYMIN

CIMENSTION TSI o T(L) e P (LA LAY CC(1)
CTHENSTION COVI30Ur30) rx(20)0A(10)eB(10)0C(10)

LEMARUINSAPNS3 e vEC)
CREP A HNME
TFUu*kiibiecde0) GO TG 99
FOZMARQ (A ek ) +1

oDy Izl

~(I)1=0.

1=y

L(I)Z'.

FUSAGEw.D) GO 1D 3

Lﬂ z 1=1,1ISA

~(II=TS (1)
IFUSEEGWeB) GG 1O S
O on [zZ1enSHE
SI)=ZTSL+NSA)
1F{5CeEwe0) GG TO 7

L2 o IzZ1enSC



o4
(@)%)
o)
G/
6B
&Y
Tu
71
7
73
74
75
76
77
75
79
BU
851
82
53
o
35
o
a7
338
39
9
91
g2
94
95
So
97
94
99
1du
101l
lue
165
1uu
1u5
106
1067
luo
1069
1iu
111
112
1135
1i4
1i5
lio
117
118
119
120
121
122
125
lz4
125
120
17

o

OO O

OO

6 ClD)ITS(1+NSA+I55)
7 Ccali COViM(ArseCoCOVeNVUr VL eMeliCe30)
COMPUTE P=LIv FI(TYXFI/ZY AND R=LIM FI(T)®Y/M

[FlivwlaEweD) GG TO 11
LD 10 IzieNMA
UL JzleiiMA

5 P{lerd)=COV(Ird)
A(I)==COyv(1rI+1)
FlumasZuel) GO 70 10U
L0 G dzlenmig

9 pUIrd+Ma)==COV(IrJ+iC)

LU eI LIUE

11 jFliviZeCae0) GC 10 13
S0 12 I=iehbp
ST+ ap)ZCOV (L 1+MNC+I)
S0 12 Jd=leNms

12 eI+ he g+ MEA)YSCOV(TI+1iCe U +NC)
L0 14 I=1oebik
oo 1h Jzael

14 F(le)=P(Jr])

13 CONT L GUE

COMPJITE THE SCLUTION

CALL SYWMIN(NMNeIA»IFALILYP)
LJFUIFAILLWEGT) o0 TO 21
+RIT 1lo

116 £DOREAT(/Z100Xe Y THE SYSTEM IS SINGULARY)
w2 170 99

31 CONT InUE

L0195 Izioetind

100} =0.

CC 15 Jz=ienN

1o ML) =TM(I)I+P (1o ) xR (U)
v=CUV (1leyL)
L0 1o Izl eNN

16 JSV-R(I)*TM(1)
iFlvelT,ue0) S=SGRT(—=V)
IF(vesEaUa0) S=SQRT (V)
v=V*i
O 0T Iz gedil
L LT JT= i NN

17 FIed)ZE(Ied) xS%kS/M

L0 1o I=1efM

LFPCIe L) oLT.0,0) CCUID=SGRT(=P(I]))
16 1F (e (I91)eBEL0.0) CCCIDZSART( P(IrI))

FRInT RESULTS

GF O (IPRY 9995919
19 FinT 101
i1 FORGAT(/10Xe *THEQRETICAL LS ESTIMATE'/10X,23(1H=)
%, /10K "PARAMETER ESTIL4ATLSY)
FRIGT 10Uue (T (I ) e I=1 o)
Lyl FORSAT(1UG12.9)
ARINT 102
12 rORCATI/ZL0Xe "STANDARD DEVIATIONSY)
FRIAT L0ur (CCOI)eTI=10riN)
SRIAT 160
Lod PEDRGATL/LCX e "COVART AWCE SATRIXY)



123 L0 20 I=1NN

129 20 FRINT 100e(P(Ied)ed=1rNN)

1au FRICGT 104

131 L4 FORMAT(/10X» 'LOSS FUICTIGKY)

152 FRINT 1000V

135 R INT 105

154 1095 FORMAT(/10X» *STANDARD DEVIATION OF THE NOISE?')
135 FRIT 10095

130 C

157 39 (ONTIIUE

138 ARETURY;

133 D



SUBIHOUTINE COVM(A»ReCyCOVeVUPVEP NP MNCrTIA)

cIVEN THE SYSTEM
Al R (T =0 () *U(TIHC(S)2E(T)

NCE)ZLHA (L) *0%kk (=1 ) o0 e ALN) *Gx ¥ (=)
ElQ)T BlL)*akk(=1)+eeo+i (N)*Q*k*(=N)
CLQ)ZL4C I *¥G*kk(=1) + o0 o +T (IN) kG*k (=)

L ~O W+ G M

cOoocooOocoocooCc oo oo oo oo OcCOoo

8L

ulT) WHITE
L (T)y 4HITE
ul(T) anp €

COMPUTED T
RY

COV = (RUY
REY

=CUVAKLA
(1(T=-1)

SUTkOR TOR
FEFTRENCE

a VeCToR ¢

VeCToORrR O
C VeCToOR ©
COV=MATRLX
EXTenoED S

NOoIseE
NOTSE
(T) INUEFPECENT

HE EXTEMCED SYSTEM COVARIANCE MATRIX

YU RYE
RU PUE )
REL  RE

RCE MATRIX OF ThE VECTOR
Y{T=2) e 0 e Y{T=RC) U(T=1)esaU(T=NC) E(T=1),eE(T-NC)

STEN SGDERSTROM 1971-12-24

REPORT 7314(C)

F ORDER M
F ORDER N
F URDER N

OF CORDER (3*NC)I*(3xNC) e

YSTEM COVARILIANCE MATRIX

ViJ=vARTARCE OF U(T)

vE=vA=TANKC
L=0RUER CF
J*NL=ORDCR
DTN (7S SR
IA-SIHENSI

SUBHOUTINE
Cin
ORD
PP

SIS T 0N
LIMENSION

GIMZNSTIGN
L IMENS IOy

JCS:NC*&
(‘1125 +1

ot

£ OF £(T)

THE SYSTei (ManNleMAX1Q)

IF THE #AIRIX COV
MAKXK 19)
O PARAMETER OF COV

~REIUVIRED
T
ER
Y

ACLYr3¢(1)»C(L)rCOV(TIAP])
RYE(20) RYU(20) e RYYE(L1D) o RYYU(10)
AT(20)»31(20)CIL(30)CIE(30)

Clc(30)»ClU(30)rCl(11)

COVANCHI»C+J) =0

ZOV G2+ 1
COVUNCHJ e N
COVI2*kNC+d

'NC*2+J):O .
C+J)=Vuy
o 2FICHJ)ZYE

L0 5 L=1914C

‘J?:) b J:l ’ I
COVLleliCHd

J=0.

COVULLe2%iC+J) 0

AT RETURN CONTAINING THE



o4
(5%e]
oo
o7
0o
oY
70
71
fe
70
T4
75
70
77

19
30U
Bl
3
83
G
B85
oo
a7
Y
59
Y
91
9¢
93
94
Elel
el
97
94
9%
1uu
101
luc
163
164
109
1ud
197
106
199
110
111
11z
113
114
112
lio
117
113
119
1zl
121
1ze
123
124
125
120
127

o C Oy

o

7

10

iy

13

ie

LOMFJTE RYU 4anD RYE.

o 2 IZlean
cIuc) =g (ii+1-=-1)
JIECL)=C(+1-1)

AI(I+L)p (M-I

~I10L)=0.

J1G+2) =0

cIedii+ld=1.

Iz,

L0 2 mz=letC

LOCUZWN+K=2

CESH+HK=]

JF(keZGal) GO TG 7

O 17 Iz1ewN
CTUNCU+e=T1)=CTu(rICU+1=1
CIE(NCE+2-1)=Clc(MCE+L1-T)
CIU(R=1)=Co

CIE(K)=C (i)

LIE(R=1)=0.

FYUGO ZVURCLGT (AL CTU» ST elil e NCUP ()
CYER) =V kCINT (AL CIEs 2T o MN1oNCEP Q)

COMFUTE xKYYU ARD RYYE.

LD 4 [=1ei)

i i+i)=all)

‘_AI(.L):lo

SO0 iz en
pICi+1) = (i+1-1)
-I(.&):Go

L0 H2)= 4,

L0 10 1=1eM
clu{i=a(hi+1-1)
ClE(L)=Cim+l-1)
Cla+1)=C(D)

ND -5

LUl )=w.

cle (i) =i,

g_:x:mi"l

CRLL PEPY(CTUrniCueBZein, Clueil)
LS=h.CUu=-1

L0 o Iz=gieiS
CIU(nCu+i=-1)=Cru(rcuU=-1)
cIutl)=0.

CALL PHMPY(CIEsNCESCleleClENPNY)

(L CUZCU=e

i CEznCE=2

L 12 K= eNC

JF{neZ0a1) GO TS 13

!

o0 1l Tzl

cTohA 42+ 1~1

CTORI)=CTURI=1)

CTE(RI+1)=CIE(KI)

CIULRR) =0

CIE(KK+1)=CIc (KK)

CIEARK)Z U

L CUZNC U+

iCE:‘\“CE"’L

WYYU RISy U*CIMT (AT o CLliur 32 e N1 o NCUeN)
G YY AR )SvEXCIHNT (AT CIE P31 v NL1eNCEPYN)



126
129
130
131
132
133
134
135
136
137
138
139
140
141
142

[ N e!

L4

5TORE RESULT In COVe

0 14 J=ieNC

S0 1% =104

COVII o NC+JIZRYU(U=T+1)
COV(Is2%NCHJIZRYE(U=141)

COVUI P ) 2RYYE(I=1+41)+RYYU(J=T+1)
D 15 I=1.MC3

0 19 Jdziel

COVIied)=COV(J,rI)

FETUK !
= AD



C~NOo £ GN

OCGoOoOCOoOcOc OO OO0

40
50U

SUBKOUTLINE PoPY(Zo IDInZe Av IDIMXe Y IDIMY)

POLTHOMEAL MULTIPLICATION

SIVEN

AarICLuxevy e IDIMY

AT)=x (L) *T**x (JOLIMX=1)te e e +X(IDIX)
Y(T)=Y (L) *T*x(I0IMY=1)tee o+ Y(IDINMY)
COMFPUTEDL

SATI=ZA(T)yxY(T)

DIwZzZIDiMX+IDImY =1
cATIZ2(L) # T (JUIMZ=1)+e e o tZ(ID1IMZ)

LUTHOKS 18H+] GUSTAVSSON+E BURSTROM +T SODERSTRGMr ANNO DAZUMAL
SUBROUTINE REJUIKED
NuiE

SIMENSTION Z(1)eX(1)rY (1)
FLIulmX*I0THY) 10010020
lD I1.2=0

0 10O 50
WDINZ=z1DivX+I014y=1

L9 50 I=1eIDIMZ

AL )=0.

C0 40 I1=ZieIDIMX

U0 G0 Jz=ieIlIMY

r=Ilvd-1
ZKIZX(TI)*Y(J)+2(K)
neTURG

i HD



ITIT. EXANPLES
ST5Thw
* 3 % K
WUMBER OF A-~PARAMETERS
WUMBER OF B=PARAMETERS
BUMBER OF C~PARAMETERS
nUMBER OF SHAMFLING INTERVA

FARAMETERS

IOUCOGC

VARLIAMNCE OF THE 14PUT SIchal

140000

-.NCDOG

VARIANCE OF THE nNOISE

MODELR
EXE S F5
NUMBER OF A=PARAMETERS
WUMBER UF B=PaRARETERS
VTHECRETICAL LS ESTIMATE
FaRAGETER ESTIMATES
=1le28b? L U9 1.0000
U.H}r(bl.r UmH_‘,qHCm.m
- 3Y96Y=31 «S5TG05=01 SHTERe=01
COVARLANCE «ATRIA
¢ 19859~=02 =,13,82=02 « 00000
= 138e2=ue 0P$bmm|0ﬁ cDBGQC
JOG0OL0 «UUH00 ¢ 230UD=02
«15858=y2 -,13.22=-U2 L00000

LUSS FUNCTIVN

575,00

STANCARD

1.u07cb

m..,mlr..

Ti

(P

: !
1
1
LS

500

1.,0000
1.0000

e Pvm.h_nwu

WB2417=01

« 15959=02
-~ 13682=02

s UUUOD

+38959=02

OF THe NOASE



VST

LR R 3 3

WUtSER OF A=PARAMETERS 2

WUM3ER OF B=PARAMETERS 2

FUABER OF C=PaRAMETERS 0

WUMBER OF SaMPLING INTERVALS 500
PARAMETERS

vARLAGCE OF THE 1:PUT SIGHAL 1.0000
VvarIA ;CE OF TiE WOISE 1.0000
maUE L

LS X ¥ F'3

WUMBER OF A=PARAMETERS P

UM 3 OF B=PARAMETERS el

(MEONETICAL LS ESTIMATE

- s e T g T

PARAGETER ESTIMATES
-+ 10000 -.56,00 1.0000 70500

STanuArRD DEVIATIVNS
« 335u7=Ul «29568=-01 SH4UT721=-01 «95582=01

L1227=02 =-,004922-u3 .00G00 s11227-02
-.,00922=UJ s 30L49=-03 «G0000 -~.066922~03
oll227=ue =,866922-05 »C0000 e 31227-02

LUSS FUNCTION
SUU.00

STAMU . RD OEVIATIOH OF THZ NnlSc
1.0000



