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K.J. .4stnöm and T. Söderatrðm

ABSIRA,CT,

EstifiatiÕn of the pårameters in a nixed autoregressive
rnoving ð.vêrage pr:OCess learls t0 a ncnlinean optimizatíon
probl*n. Th* negative logarithm of the likelåhood func-
t:ion, suítably normalized, convergeË to a determínistic
functíon, called the loés functíon, as the $årnple length
incr:eases. The local and global extrema of this loss

function ane investígated. Conditions fon the existence

of a uníque local mÍnimum ane gíven.
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1

1. INTROÐuCTr0¡f .

Let {y{t}r t = 1r 2}.'.} be a stationôny gaussian sto-
chastic pnocess with r:ationai spectnar density. rt fol*
lot¿s fr"orn tTre representation theor:em, see ê.8. Åström
(197û)r that the pnocess can be Ïaeprêsentated as a mixed
autoregressive nrcvÍng averagÈ prÕcess, i.e.

A(qly(t) = C{eie(t) (1.1)

r.¡hene e(t) is a sequenc€ of independent no:rmal {011i ran-
dom vaniables. The openator.s A(q) and c(q) arre given by

A(q)=qn**1en-1 ¿- 'rd
n

+ +
?t

where q is the for-ward shift one:"ator,,

rt follcws from the FeilreËentatian theoroem that the poly*
nomial A(z) can be cirosen so tha-{: it has al1 xeïaÕs insid.e
tLre unit circle. The polynomial- c(zi may have zerós in-
side and on the unit cir"cre, The number n can be chosen
so that A(q) and C(q) have no eÐmmon factons.

(1"2>

C(qi . qn n 
",,qn' 

1

The estimatian of the panametens *1, ¡.. ån, c1, *n
with the maxirnum lj.ke.iihaod methöd leads to the pnobleni
of minimizing the function

Li
v'u ( a.l r ånt c1'

cj

c)n (t) (1.3)
N
\"
L

L-4
L- |

I
¿r h?
¿ 1\l

2
c

See Ast*:¡n-Bohlin (1966).The nesidual a(t) is a funetion of
the observa-fions y(1 ) , :/(Z j , y(t) . It is def ined *hy
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e(r )

I^fheI.e

A(q )

c(q)

+kJ
c(q)

A(o )C(o )y(t) e(t) {1.4)

(1.5)

c (q )A(q )

= gn * årqt-1

ñ+++qn ^ n*1c1Q

t ... + an

$ince c and A ane assumed to have zeros stt-íctly inside theunit ci::cle and since we cntry a'e cÕnsidening asymptotic
pnope:rtíes the initial cond.j.tions of (1.q) ane t¡ot Í*mpor:tant.
They can e.g. be selected as zera,

The naximum likeli} ood estimat¿s of the rnodel panametens
are obtained by finding the absolute nrinimum of vN fo'
each N. rt can be shown that the estirnate will converge
to the t'ue panametei: values if the porynomiars A(z) andc(z) have ueros stnietly inside the unit cirere. since
the function vN is ncinlinean in år s ..., ô* the *t"t*t""-
tion rnust be done numer"ically. It may happen that
the function vN has sevena] locar míníma. The existence
of local ¡ninima may lead, to wnong estimates and cause dif-ficulties in the computations. .

since vN is a nandom variabre it Ís in genenal vêny diffí-
cu]-t tci anaryse the existence of possibr.e local minima.rt canr howeven, be shorrn that.vN unde¡, mll¿ condÍtions,
see Hannan (f960), convepges'with probabÍ}ity one to the
function Vn defined by



V(a ã,
1 VNi a1 åt'l'

) ðr,

U ) z I].m.
N+*

c, c ) =rnn 1 n

f1.= f r uzl'l-l 1
-1 -1zlC( zj A )C(z

4ri A( a )C (zlL(a'
&
J

(1.6)
)C(z

whe¡.e the integnal path is the unit circle.

The purpÕse of this repÕrt ís to find all the local extne-
ma of (1.6).
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2. STATËMENT OF THË FROBLËT,Í.

Tt was previously assur¡red that

n = deg iy(z): deg Ctz) = deg A(z) s deg C(z)

A(z) and C(zj have no eommon factors
(,2.1)

Ti:is eondition can be genenalized sornewhat, For" technfcal
rêasons it ¡^¡íll be suitable to assume that

o n = deg A,(z)

m : deg C(z)

= deË A(z)
(2 .2)

' deå C(z)

and all"oçr' common factons Ín A and C. It is not neces-
Êary that n. ilr¡ although this may be ê nâtunã.l choice.

the afparefltiy nôr,e' gene::al assumptåon

deg A{z)

deg C(z)

s deg A(z)

6 deg C(z)

is easily ohtained from (2,2) putting the last åi and ei
parê.Íieter-s zero rrhen neceËgary,

The polynomiale involved ã3n* noÌ¡¡ revmitten as

A(z) ,tLl + a1zn-1 n: TI(z-a
,l
I

+ + \an L

A(z) n- ''!

z

¡n-'l

n^: IT( z-o
1

ñ
7 ++&f

n )
1 L

i-;. m

4¡

l"t
m
I
1

m
+(z) mz+ ^ m-1c1z + ( 

"-ti )

(2.3)

l
l

i
a

dl
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To establ"ish convengence of
that

lì.f

V'o i.t ís fu.::'thermone- aSsumed

loil < 1 1.<i{:n t?.4,

t¿.ö.,

(2.6)

Y 1.1 1* j cmj

To ê$sure thåt;r = åi, i r '1 : r¡¡, n, ;* = ri, i - 1,l- r- -l -l'
¡.,, mrc44 be a local mínj.mum the following condÍtiong arë
assumed

loil 1 lsisn

J
(2,7 

'
The conditions 12,4) and (2,S) ane requined to guarantee
that the nesiduals will have fíníte variance. the condi*
tion (2.7 ) r:estrícts all eerÕs of C to lie inside the
Hnit circie.

The'pnoblem is to find all loca1 extrema of the loss func-
tion V (1.6) subject to the constnaints (2.1+) - (2"7r.

Y l*1 '1 ç j (m
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3, PRETTMTNARITS"

The locaL extrema of the loss function will- nou¡ be deter*
mined.. The catcuiatÍons ane technicai- but etnaight:forward.
The resultç are summanÍzed as Lenmê. 4"1 in section 4.

Tntroduce the :"ecipr"ocía1s c;f the pclynomials Á,, Âo C,
ãnd g defíned ;as

A;f(z) = 1 + a1z +... + *rr"t = znA(r-1 )

.i
I'f
i

ri,

:li

:

¿x(¿) ; 1 + e1z r

ûr (z) ,,
t z+

.¡.
ñ ^ -'lLL^ I 

' 
\z, t\\fl )

n
Z'an

+ 
"*afr = zotct?*t I

h')+å^n
m

1

"úô

(3.1)

(3.s)

Cri(z) +c-1z+1

lhe stationar"y points of v ane the soLutions of

ou

ãå,
l-

û 1si (n

{s ¡a¡

16itm
â*i

After. söme computations we fínd that these cclnditions cân
be wrÍtten as

0-a.g_

I

f
i A(z z 2t(zì{.,

.{( z }Atr (z)C( z )Ctt( z } z

A(z At((z jC(s, Ctt ( z)

Å-ç¡Á. = S .' 1 (,.i s n¿J

2ri

4

+,i dz'q¡¡:u 1.<i(n
¿r fr:.ILL A(z)Aã{(z)C(z}C!r(u)

To avoid the formal difficulty that rnay anise åf A and



A(z) At (z)Ð(zi

C(z) Cr(z)D(z)

n-k
Ar{a) = n (z-o

1
t_

C1(z)

)

(3.4)
k'm-

n (z-y¡ )
1*

D(z) (z-0

(o; t vo

k
- it

I
I

)
]-

A'tz) and Cr (z) relatjvely pnine

1s j s1* i s n-k t n-k)

The case ís penmitted.

Ïn the same ûüay agsume

k:S

A{z} Ã, (*¡pr z I

ôcrl c (zlt(z)

Â'(") (z-u¿)

ô, (")

Ð(z)
l-

k
fIt
I

n

(3.5)
m k

I
1

( u*yi )

1n(z*e
1

Â'(r) and ð'("):relatívely pni"me
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Note that^the value ef k depenrls on the åctuål poi.nt {;1 ,
. . . r âïì, c1 r o*) in the panameter: spd.ce.

The polynoníals Atx(z!, Àt*(r), Ctlr(z) and irx¡7) are de-
fined. analogous with ( g, r ).

Funther.mo::e introduee the functi*n

f (.2) 7, Cltl
{3"6}At (z) A' ri { z} C, ( r¡ ¿ t'ti'(, z:} Cx { z}

using (3.4)'* (a"ô) the equations (3.8) are rbe.rdritten

¡ t
+
)

h
íð"* (ùf(ù 4E = o

t

U

1(irn

1rítm

1 si {m

2 IIi

1 i^ ;

"tÂ' 
rr( ¿) f (z) d& 

=.t rr:¿ J¡I

i

9

(3.7)

{3"8}

a

The de"f j-nition oI À' x( z ) an¿ ô | ii( z ) g.ives
!á.

0a!
T

Definefonp¿1

IIT+ k

:lo
1

"i*jf(z) 
d" 

" 1si tnn
{I ení

n*k.r.
)

J=U

1

{ ,L*i r (,2} dz
2ffi z

r.
! p

1 zþf (r> &f2
(3.E)

TIí



f{z} (3.14)
0t;
TI ( Z-U-. )

i=1 r'

I

1
t

1
P

1m-K.

L+m
-1

¡l

U

t
cr
_lnI

Q

I
c)n1

å1

4
I

-to1

k
-u (3"10)

1-

The matrix in {3,10) Ís (n+m) * (nurn*i}. Since Ar(z) and

Ct (z) by assumption are ::elatively pi:ime it folle¡"¡s fron
elementar:y algeb,¡.a that the nank af the matrix is ,r**-i,.
See e. g. Ðickson { 1 92? } ,

Thus

^

lfI nk

U

1

I uít(z)9å * o lrifn+r&-kr

r
(3"11)

2[i z

The poles of f(a) insid* th.* unit cis"cle ntw are irelabelled
thr.ough

.A,r(z)Ct(z) =

*-i.
I tz-y
1

,,

= ti( a-u¡ )
1*

n*k
n (z-o.' )
1t

+
-t-

l
(3.12)

(3,13)

whene u, I uj íf i I j, ti Þ. I all i and

9"

L'i
I

:r¡+n-k*k

Tliis inplies that f(21 can be *r:ítten



( z )

1û.

(3.15)

wher:e

At(.2)Ct(z) Ctrr tz)
A t;€ ( alCt r{.( z ) C}t (z}

is analytic inside the uni.t cincle,

Using {3"14), the equaiion (3.11) can be replaced by

,l
^tU:d

'¿itj-

Hence

f-k
I

z*1 )
tz\L,_

.{,=l
lç:

L
n

9,=l
k:'1

I
+

etu\

u.
J

4
lñ

/¡- -'r \ I
\ Lr I t .

+
'j

úr-

(h-1)

fi(
-l -4J-r
j+k

"i *r
!lt% g\z)

Res
1 u*\ 0

;ti
€l

(z-u3 )j

F,{z}
g +

1

]--l
¿¿

{
9"

it
1

+
3)

!,,i
k:1

t:.-1 4
t-* -lK

Þz:u.

(
I

I

t
O(v) ¡"i-1 t

(tr-1-vi
etuj4

¡ fr
L:s(tç*1 )l v

t.ln(
*r

a*u3 ) zitl,
K

wher:e Ð denotes differentiation'W{th r.eis,þect tt'2,

td
rl
)

k=1

(v) i-1D lz l dkt 0 1 (i <n+m-k (3,16)

f3.1?Ì

v=0 z =*ic

where

' ð\..,= --. 1 .B(tL*1-u)[ g(z) -.,.1
vl{tic-1-uij lI ( a*u

ir j r"n.J
l *k

Using matnix notation (3,i6) can be expnessed as
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"

(3.18)t: ü

r^lhere G is å (m+n-k-k) vector,

d1ü

d1,t1-1
G d

2A

andSa(m+n-k)x

c 1

I

durau-1

( m+n*k-k ) m¿- tr'ix

n

1
4
I

/.

I

11

tl

(t¿-1)

{t¿-1)

(rr-1)

zt0L

zqJL

J 

"*r,L

IJ

1\

u

lz

lz

Lå

oJ

u I
1 ?

¿

7
¿.

u1 2u

m+n-k-1
1

{t *1)
u (m+n*Ê-1)uf+n-i< ,rmtn'k-'l L

¡"m+n*k11 ¡..q
¿t-V

The matr.íx S is a genenalizatÍon of the van de:r Infonde

matnix. It follov¡n fnon Kaufman (196.9) that íts upPgrr
squane pant is non*síngulan. Thus (3.18) irnplíee

G:ff (3.1s)

A useful lemna trill now be proved;
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Lqmma 3.1. Let h(z) and g{z} he ana}y'tic functions i-n a.

neighbourhood of 2,.. Assume that g(2,,) þ fl . Then

u(P) th(z)g(ø) jr=^ ocpr<n

is equivalent to

ntP)th(z)l*=*

U

0

U

û

0{pr{n

{3.20}

(.3 .21 ','

U

Fqoof , 1}re equation. (3,'2û) inplies

o:: equivalent in matr'åx form

i fnjo,iltnr zj]--- n(p-i)ie (z)7--.
i.åoïi) o-"Q - o-ot :fl ü6p<n

n(o)gir)
Ð(1 i g(z}

Ðt2) s(zt

(ni
Ð gtz)

n{Û}tr{r}

B{1)t (,}

(n)
Þ h(z)

n(Û)g(z)

2t(1 ) g(z) (û)
tl g(si

11

(0)
tt etz:) z*'z t

(3,22:)'

zz7.ü

According tÕ the assurnpticn g(zO) f ü the lnatnix ís non*

singular and the equi"valence between (3"?fr> and (3.21,
fallor¡s, t



Equations (3"i91 and (3,17 ). give

u
(t¡.-1*u ) z) Ðut k

tJ.

(3"23)

{ 3 " 2r+}

I,i"¿õl

n

I
( z*u, )

l k u"
K

û ( u I tk-1t

D(i)te{z)l --,. :
aq \!.

K

1^<kÉ[

and it follows from Lenrma 3. 1 that

usång the Lernma 3.1 agaLn lç¡ith h{z} = lit (z}ct (z) cf .

( 3 . 1 5 ) "l the following equations åre obtained.

ü(i)t¿'(zlct(z)lz=uk

0

û c i {'tk-1} 1 E k I .c.

û { i ( tk-1' 1 s lt É s

0

Fî¿¡rr ¡ ¡:

Å,'{*}c'(z) s = A'{z}ü?(z} ( 3 " 26 )

fhus,åt has been shown that the statí.ona.ry points, i'e" the
solutions of (3*?) muct fulfi1 (3.26j" Cr:rrveroel.yo the calcu.-
lations show that ( 3. 26 i irnpl-ies ( 3 .7 ) . The latter as*ention
can be provÉn dir.ectly since (3,26) i.mpli-ee that f {z} þ,as no

* tç*1
n {z-uLi'-

\- -a
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4, MAÏN R.ESULT.

The fol-lowirrg lemma ås a $urnmåry of the calcul¿.tions ín
the p::evious section.

leryn+' A,l, Cone iden the loss functÍ.on (1.6) subject to
the conditiÕns {2 "4} , (2.7 ) and the constraints ( ?.5 } ,

Let É"t (z) , Ct (21 , At (z), Ct (z) be defined by ( 3.4) ,

Then the statj.onany pointE cf V are the solutåons

(?.6).
(3.5).
of

At(z)Ct{z) = A¡ tz)Ct {zT (4.1)

The next l"emna deals with global minirrum point e,

Lemma 4"2. Consídet: thre loss frinction V (1,6i sub ject to
the cor¡diti,ons (2.4), i2.7 ) and the constnaints t2,5j,
{2.6}.'Ihen the glcbal minimum p'tints of V ar.e lhe solu-
tions of

At(z)Ct(z) :. &t tz)Ci (z\ (4.1)

Fnaaf. Introduce

Ff;t{ a ) = 4jl!4)cii(ql
^Arr(zlCr*(a)

1+ ,l_n. z,I

æ

L
i=1

wher-e the infiníte seníes cÕnve,rgeË: in and on the unit
cir:cLe. Put h* : 'l . thenU"

ø
1 kdz I

2J

ihus

4fii tk 0 j I



V a 1/?.

(4.2i

with equality if and only åf H( z) E 1 on

A{z}C(z) = A{øiC{z}

rnvaking (3"¿+) arrd {3,5) we find that thís equation is
equíval-ent tÕ (4.1).

n

Ït nemains ta analyze the *olutíon of 14"1j. The equä.*
ti,¡n can be wnitten as

9'("1
å,r (zi

Ct tzj
At(z)

The number k has nöt been de.ter:rniy¿ed yet, T'o estabij-sh
egual.ity ån (4,?) fon e.ii. z í"t is necesså.ry thåt hoth
sides have the sâ.me poles afiã z€:rcs. Sínce thsre ð.T'e

nû cÕ¡nnon f¿ctor it is thus neces$aÏ-y and suff:icíer:t
^f 4T

that k = kr A (zj z AtzT arri {: (z} = C{z).

Two cases can be separated:

k : ff. Then û : g ,ånü the l-oss functíon has e unique
loca} minimum

2" k > S. Then k > t and there åre infiníte many local
minimura points. In fact, these mÍnimun poínts for"m a
manifolcl in the p*.ou**i*ïl spåce. 0n this manifold the
losç function obtains.its infimum. This case. means that
t¡r*;lf the model containç too many panameter:s.

4
¡

c aråc ôþ za 0n e o O\Àt unÞ ng
known^parameters are kr ai
.,. ' dË. Cf these must for

¡¡.! *rlr-kr o{, "ri,-ji, d1 ,
all nånimum points



"t 6.

k¡k

:-

^l
]-

a

^t

1si(n-k
15ism-k

while d

c.
1.

ii)

Tf mi.n(n rm)
nemely

ê,I

1

-åa

K {if k > ti are a::bitr.ary.

The r-esul-t of the calculation and the discussion is sumnred

up in the following theorem.

Tlecrem. Consider the loss functåon (1"6) subject to the
conditions (,2"4j, (2.7 i ¿nd the constraints (2.5) and (2"6),
;{ssr:rile that deg,4.(z} : nå^d:g *<r> = r,*i, deg C(z) * mt

deg C(zj; lo*m wirer:e min(nom) > 0 and thåt A(a) and t,{z)
are nelatively p::ime.

i] 0 tl:ere is a unique local mínimum,

{ér.
åa

t
t
{a

1<i<n

1< i1a.å
1..

i.få>nandn>û

0 ifi>mandrû>i)

Tf min(n1m) > û thene are infinitei-y many loca1
mínimum poånts gi;tren by the ¡nanåfald

A(e) s LtzlL(z)
frutif

C(z) ü L(ztC(zizm-n



OT,

A{z} Ë L{z)A{z}zn*m

C(z) : L(zlC(z'j

Ltz) is an anlrj.tråry
^Ànrin(num). Each poínt

global mi-nirnurn point.

4n

unåtary polynornial of de.gnee

in the manifold a1sc, i.s ã

ifrn<n

iiii There ane neithen local maxima no:: saddle poínts.

.l
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CORRHCTTONS

lhe abbreviation pa.b neans pågê a line b.

p3.3 Read nthe intepation pathil

p1t.7 Replace u¡(tt - 1 -'u),, *íth ',p(tO
4 ) tt

p10.12 and p13,2 Replace f'',TI (u - t!:j+k l
J¿+

p13.12 Read " n (z - u,-)'k "k:1 r(

)ko' *j )*j"with ilnk,-
i+k

p15.13 Read "Ct(z) = C(zlt)

p15,20 Delete iltlìåtrì


