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�² ¡¨«¨§ ¶¨¿  ´´¨»µ ±¨±²¥¬

®£° ¨·¥»¬ ³¯° ¢«¥¨¥¬

�.�®µ ±®, �.Ǳ.�°¨¹¥ª®, �.�.�¨¤®°®¢, �.�.�ª ·¥¢

� ±±¬ ²°¨¢ ¥²±¿ § ¤ ·  ±² ¡¨«¨§ ¶¨¨ ¯®«®¦¥¨¿ ° ¢®¢¥±¨¿  ´´¨®© ±¨±²¥¬»

®£° ¨·¥»¬ ³¯° ¢«¥¨¥¬. �£° ¨·¥®¥ ±² ¡¨«¨§¨°³¾¹¥¥ ³¯° ¢«¥¨¥ ±²°®¨²±¿

± ¯®¬®¹¼¾ ¬¥²®¤  ¬ ±¸² ¡¨°®¢ ¨¿ ³¯° ¢«¥¨¿ ¯®±«¥ «¨¥ °¨§ ¶¨¨  ´´¨®© ±¨-

±²¥¬» ®¡° ²®© ±¢¿§¼¾. Ǳ°¥¤« £ ¥²±¿ ¬¥²®¤ ®¶¥ª¨ ®¡« ±²¨ ±² ¡¨«¨§¨°³¥¬®±²¨. �

ª ·¥±²¢¥ ¯°¨¬¥°  ° ±±¬ ²°¨¢ ¥²±¿ § ¤ ·  ±² ¡¨«¨§ ¶¨¨ ®°¨¥² ¶¨¨ ª®±¬¨·¥±ª®£®

 ¯¯ ° ² .

1 �¢¥¤¥¨¥

�«¿ °¥¸¥¨¿ § ¤ ·¨ ±² ¡¨«¨§ ¶¨¨ ¯®«®¦¥¨¿ ° ¢®¢¥±¨¿ ®£° ¨·¥»¬ ³¯° ¢«¥-

¨¥¬ ¯°¨¬¥¿¾²±¿ ° §«¨·»¥ ¯®¤µ®¤». � ·¨²¥«¼®¥ ·¨±«® °¥§³«¼² ²®¢ ¯®«³·¥®

¤«¿ «¨¥©»µ ±¨±²¥¬.

� ¯°¨¬¥°, ¢ [1] ° ±±¬ ²°¨¢ ¥²±¿ § ¤ ·  £«®¡ «¼®© ±² ¡¨«¨§ ¶¨¨ «¨¥©»µ ±¨-

±²¥¬ ®£° ¨·¥»¬ ³¯° ¢«¥¨¥¬. Ǳ°¥¤« £ ¾²±¿ ¤¢  ²¨¯  ±² ¡¨«¨§¨°³¾¹¥© ®¡° ²-

®© ±¢¿§¨: ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ ¶¨¨ ª®®°¤¨ ² ²¥ª³¹¥£® ±®±²®¿¨¿ ¨ ¢ ¢¨¤¥

ª®¬¯®§¨¶¨¨ ´³ª¶¨©  ±»¹¥¨¿ ¨ «¨¥©»µ ´³ª¶¨© ª®®°¤¨ ² ²¥ª³¹¥£® ±®±²®¿-

¨¿.

�°³£®© ±¯®±®¡ £«®¡ «¼®© ±² ¡¨«¨§ ¶¨¨ «¨¥©»µ ±¨±²¥¬ ±® ±ª «¿°»¬ ³¯° -

¢«¥¨¥¬ ° ±±¬ ²°¨¢ ¥²±¿ ¢ [2]. �² ¡¨«¨§¨°³¾¹¥¥ ³¯° ¢«¥¨¥ ±²°®¨²±¿ ± ¨±¯®«¼-

§®¢ ¨¥¬ ®¤®¯ ° ¬¥²°¨·¥±ª¨µ ±¥¬¥©±²¢ ¥®£° ¨·¥»µ ±² ¡¨«¨§¨°³¾¹¨µ ³¯° -

¢«¥¨© ¨ ±®®²¢¥²±²¢³¾¹¨µ ´³ª¶¨© �¿¯³®¢ . �±«¨ ½²¨ ±¥¬¥©±²¢  ³¤®¢«¥²¢®°¿¾²

®¯°¥¤¥«¥»¬ ³±«®¢¨¿¬, ²® ®ª §»¢ ¥²±¿, ·²® ¬®¦® § ¤ ²¼ ² ª®© § ª® ¨§¬¥¥¨¿

¯ ° ¬¥²°  ¯°¨ ª®²®°®¬ ¯®«³· ¾¹¥¥±¿ ³¯° ¢«¥¨¥ ¡³¤¥² ±² ¡¨«¨§¨°³¾¹¨¬ ¨ ®£° -

¨·¥»¬.

� [3] ¤«¿   «¨§  ±¨±²¥¬ ± ³¯° ¢«¥¨¥¬ ¨±¯®«¼§³¥²±¿ ²¥®°¥¬ , ª®²®° ¿ ¤«¿ ¢§ ¨-

¬®±¢¿§ »µ ®±®¡»¬ ®¡° §®¬ ±¨±²¥¬ ¯®§¢®«¿¥² ®¶¥¨²¼  ±¨¬¯²®²¨·¥±ª®¥ ¯®¢¥¤¥¨¥

¢»µ®¤ , § ¿  ±¨¬¯²®²¨·¥±ª®¥ ¯®¢¥¤¥¨¥ ¢µ®¤ . �²  ²¥®°¥¬  ¯°¨¬¥¿¥²±¿ ¤«¿ ¯®-

±²°®¥¨¿ ®£° ¨·¥®© ±² ¡¨«¨§¨°³¾¹¥© ®¡° ²®© ±¢¿§¨ ¤«¿ «¨¥©»µ ±¨±²¥¬ ¨

¤«¿ ª ±ª ¤®¢  ±¨¬¯²®²¨·¥±ª¨ ³±²®©·¨¢»µ ¥«¨¥©»µ ±¨±²¥¬ ¨ «¨¥©»µ ±¨±²¥¬.

� ¤ ·  ±² ¡¨«¨§ ¶¨¨ ¥«¨¥©»µ ±¨±²¥¬ ° ±±¬ ²°¨¢ ¥²±¿,  ¯°¨¬¥°, ¢ [4]{[5]. �

[4] ¨§« £ ¥²±¿ ¬¥²®¤ ¯®±²°®¥¨¿ ±² ¡¨«¨§¨°³¾¹¥© ®¡° ²®© ±¢¿§¨ ¨ ®¶¥ª¨ ®¡« -

±²¨ ±² ¡¨«¨§¨°³¥¬®±²¨ ¤«¿  ´´¨»µ ±¨±²¥¬, ½ª¢¨¢ «¥²»µ °¥£³«¿°»¬ ±¨±²¥¬ ¬

ª ®¨·¥±ª®£® ¢¨¤ . � [5] ¨§«®¦¥ ¬¥²®¤ ¯®±²°®¥¨¿ ®¶¥®ª ®¡« ±²¨ ±² ¡¨«¨§¨°³-

¥¬®±²¨ ± ¯®¬®¹¼¾ ¯ ° ¬¥²°¨·¥±ª¨µ ´³ª¶¨© �¿¯³®¢  ¨ ³ª §  ±¯®±®¡ ¢»¡®° 

§ ·¥¨© ¯ ° ¬¥²°®¢ ¬¥²®¤ , ¯°¨¢®¤¿¹¨© ª ³«³·¸¥¨¾ ½²¨µ ®¶¥®ª.
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�  ±²®¿¹¥© ° ¡®²¥ ° ±±¬ ²°¨¢ ¾²±¿  ´´¨»¥ ±¨±²¥¬», ².¥. ±¨±²¥¬» ¢¨¤ 

_z = A(z) +B(z)u; z = (z1; : : : ; zn)
T 2 Rn

; u = (u1; : : : ; um)
T 2 Rm

; (1)

£¤¥ A(z) ¨ B(z) ´³ª¶¨® «¼»¥ ¬ ²°¨¶» ±®®²¢¥²±²¢³¾¹¨µ ° §¬¥°®¢ ± ½«¥¬¥² ¬¨

¨§ C1(Rn), A(z0) = 0. �«¿  ´´¨»µ ±¨±²¥¬ ¨§«®¦¥ ¬¥²®¤ ¯®±²°®¥¨¿ ³¯° ¢«¥-

¨¿, ±² ¡¨«¨§¨°³¾¹¥£® ¯®«®¦¥¨¥ ° ¢®¢¥±¨¿ z = z0 ¨ ³¤®¢«¥²¢®°¿¾¹¥£® § ¤ »¬

®£° ¨·¥¨¿¬

juij � u
�

i
; i = 1; m; (2)

£¤¥ u�
i
| ¯°®¨§¢®«¼»¥ ¯®«®¦¨²¥«¼»¥ ·¨±« . Ǳ®¤ ±² ¡¨«¨§¨°³¾¹¨¬ ³¯° ¢«¥¨¥¬

¯®¨¬ ¥²±¿ ³¯° ¢«¥¨¥, ± ª®²®°»¬ ¤«¿ «¾¡®£®  · «¼®£® ³±«®¢¨¿ z(0) ¨§ ¥ª®²®-

°®£® M � Rn ¤«¿ § ¬ª³²®© ±¨±²¥¬» ¢»¯®«¿¥²±¿ ³±«®¢¨¥ z(t)! z0 ¯°¨ t! t0.

� · «  ¢ ° §¤¥«¥ 2 ° ±±¬®²°¥  «¨¥© ¿ ±¨±²¥¬  ±® ±ª «¿°»¬ ³¯° ¢«¥¨¥¬ ¨

§ ²¥¬ ¢ ° §¤¥«¥ 3 ¯®«³·¥»¥ °¥§³«¼² ²» ¯°¨¬¥¥» ¤«¿ °¥¸¥¨¿ ° ±±¬ ²°¨¢ ¥¬®©

§ ¤ ·¨ ¢  ´´¨®¬ ±«³· ¥. �«¿  ©¤¥®£® ¢ ¢¨¤¥ ®¡° ²®© ±¢¿§¨ ³¯° ¢«¥¨¿ ³ª -

§ » ³±«®¢¨¿, ¯°¨ ¢»¯®«¥¨¨ ª®²®°»µ ®® ¿¢«¿¥²±¿ °¥¸¥¨¥¬ § ¤ ·¨ £«®¡ «¼®©

±² ¡¨«¨§ ¶¨¨ ¨«¨ ±² ¡¨«¨§ ¶¨¨ "¢ ¡®«¼¸®¬". � ¯®±«¥¤¥¬ ±«³· ¥  ©¤¥  ®¶¥ª 

®¡« ±²¨ ¯°¨²¿¦¥¨¿ § ¬ª³²®© ±¨±²¥¬». � ª ·¥±²¢¥ ¯°¨¬¥°  ¢ ° §¤¥«¥ 4 ° ±±¬ -

²°¨¢ ¥²±¿ § ¤ ·  ±² ¡¨«¨§ ¶¨¨ ®°¨¥² ¶¨¨ ª®±¬¨·¥±ª®£®  ¯¯ ° ² .

2 �² ¡¨«¨§ ¶¨¿ «¨¥©®© ±¨±²¥¬» ±® ±ª «¿°»¬

³¯° ¢«¥¨¥¬

Ǳ®±²°®¥¨¥ ®£° ¨·¥®£® ±² ¡¨«¨§¨°³¾¹¥£® ³¯° ¢«¥¨¿. � ±±¬®²°¨¬ § -

¤ ·³ ¯®±²°®¥¨¿ £«®¡ «¼®£® ±² ¡¨«¨§¨°³¾¹¥£® ³¯° ¢«¥¨¿ ¤«¿ ¯®«®¦¥¨¿ ° ¢®-

¢¥±¨¿ x = 0 ±¨±²¥¬» ¢¨¤ 

_x1 = x2; : : : ; _xn�1 = xn; _xn = w; (3)

¯°¨  «¨·¨¨ ®£° ¨·¥¨¿

jwj � w
� (4)

  ³¯° ¢«¥¨¥. �«¿ ¯®±²°®¥¨¿ ³¯° ¢«¥¨¿ ¢®±¯®«¼§³¥¬±¿ ²¥µ¨ª®© ¬ ±¸² ¡¨°®¢ -

¨¿ ³¯° ¢«¥¨¿, ¨§«®¦¥®© ¢ [2].

� ±¸² ¡¨°®¢ ¨¥ ³¯° ¢«¥¨¿ ¯°®¨§¢®¤¨²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬. �²°®¨²±¿ ®¤-

®¯ ° ¬¥²°¨·¥±ª®¥ ±¥¬¥©±²¢® ¥®£° ¨·¥»µ ±² ¡¨«¨§¨°³¾¹¨µ ³¯° ¢«¥¨©. �«¿

½²®£® ±¥¬¥©±²¢  ³¯° ¢«¥¨©  µ®¤¨²±¿ ±¥¬¥©±²¢® ´³ª¶¨© �¿¯³®¢  ¢ ¢¨¤¥ ª¢ ¤° -

²¨·»µ ´®°¬ ± ²¥¬ ¦¥ ¯ ° ¬¥²°®¬, ².¥. ³¯° ¢«¥¨¾ ± § ¤ »¬ § ·¥¨¥¬ ¯ -

° ¬¥²°  ±®®²¢¥²±²¢³¥² ´³ª¶¨¿ �¿¯³®¢  § ¬ª³²®© ±¨±²¥¬» ± ²¥¬ ¦¥ § ·¥¨¥¬

¯ ° ¬¥²° . � ¤ ¥²±¿ § ª® ¨§¬¥¥¨¿ ¯ ° ¬¥²°  ¨ ³±«®¢¨¿   ±¥¬¥©±²¢  ³¯° ¢«¥¨©

¨ ´³ª¶¨© �¿¯³®¢ , ¯°¨ ¢»¯®«¥¨¨ ª®²®°»µ ³¯° ¢«¥¨¥ ± ¨§¬¥¿¾¹¨¬±¿ ¯ ° ¬¥-

²°®¬ ¿¢«¿¥²±¿ ±² ¡¨«¨§¨°³¾¹¨¬. � ¥ª®²®°»µ ±«³· ¿µ ± ¯®¬®¹¼¾ ¢¢¥¤¥¨¿ ² ª®£®

§ ª®  ¨§¬¥¥¨¿ ¯ ° ¬¥²°  ¬®¦® ¤®¡¨²¼±¿ ®£° ¨·¥®±²¨ ³¯° ¢«¥¨¿. � · ±²-

®±²¨, ¤«¿ ³¯° ¢«¿¥¬»µ «¨¥©»µ ±¨±²¥¬, ³ ª®²®°»µ ¬ ²°¨¶  ±¨±²¥¬» ¥ ¨¬¥¥²

±®¡±²¢¥»µ ·¨±¥« ± ¯®«®¦¨²¥«¼®© ¤¥©±²¢¨²¥«¼®© · ±²¼¾, ¢ [2] ¯°¨¢®¤¿²±¿ ±¥-

¬¥©±²¢  ±² ¡¨«¨§¨°³¾¹¨µ ³¯° ¢«¥¨© ¨ ´³ª¶¨© �¿¯³®¢ , ¯®§¢®«¿¾¹¨¥ ¯®«³·¨²¼
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£«®¡ «¼®¥ ®£° ¨·¥®¥ ±² ¡¨«¨§¨°³¾¹¥¥ ³¯° ¢«¥¨¥. �¨±²¥¬  (3) ³¤®¢«¥²¢®°¿¥²

½²¨¬ ³±«®¢¨¿¬: ¥±«¨ ¥¥ § ¯¨± ²¼ ¢ ¢¨¤¥ _x = Ax + bu, ²® ¯ °  (A; b) ³¯° ¢«¿¥¬ ¿,  

¢±¥ ±®¡±²¢¥»¥ ·¨±«  ¬ ²°¨¶» A ° ¢» ³«¾. �»¯¨¸¥¬ ¤«¿ ±¨±²¥¬» (3) ³ª § -

»¥ ±¥¬¥©±²¢  ±² ¡¨«¨§¨°³¾¹¨µ ³¯° ¢«¥¨© ¨ ´³ª¶¨© �¿¯³®¢ ,   ² ª¦¥ § ª®

¨§¬¥¥¨¿ ¯ ° ¬¥²° .

� ±±¬®²°¨¬ ³¯° ¢«¥¨¥

w = K(s)x; (5)

£¤¥ K(s) =  n(s)S(s)�(s), s 2 Rn,  n(s) | n-¿ ±²°®ª  ¬ ²°¨¶»  (s). � ²°¨¶»

 (s) = k ij(s)k, S(s), �(s) = k�ij(s)k ²¨¯  n� n ®¯°¥¤¥«¿¾²±¿ ° ¢¥±²¢ ¬¨

S(s) =

0
BBBBBBBB@

0 1 0 : : : : : : : : : 0

�s1 0 1 0 : : : : : : 0

0 �s2 0 1 0 : : : 0

: : : : : : : : : : : : : : : : : : : : :

0 : : : : : : 0 �sn�2 0 1

0 : : : : : : : : : 0 �sn�1 �sn

1
CCCCCCCCA
; (6)

si > 0; i = 1; n; s = (s1; : : : ; sn) ;

�ij(s) =

8>>><
>>>:

0; ¥±«¨ j > i ¨«¨ i� j ¥·¥²®¥,

1; ¥±«¨ i = j;

si�2�i�2;1(s); ¥±«¨ j = 1; i > 1 ¨ i ¥·¥²®¥,

�i�1;j�1(s) + si�2�i�2;j(s); ¢ ®±² «¼»µ ±«³· ¿µ,

(7)

 ij(s) =

8>>><
>>>:

0; ¥±«¨ j > i ¨«¨ i� j ¥·¥²®¥,

1; ¥±«¨ i = j;

�s1 i�1;2(s); ¥±«¨ j = 1; i > 1 ¨ i ¥·¥²®¥,

 i�1;j�1(s)� sj i�1;j+1(s); ¢ ®±² «¼»µ ±«³· ¿µ.

(8)

�¯° ¢«¥¨¥ (5) ¿¢«¿¥²±¿ ±² ¡¨«¨§¨°³¾¹¨¬ ¤«¿ ±¨±²¥¬» (3) ¯°¨ «¾¡»µ si > 0, i =

1; n [2].

� ¤ ¤¨¬ ¢¥ª²®° s ¢ ¢¨¤¥

s = s(�) = (1=�2; : : : ; 1=�2; 1=�)T ; (9)

².¥. si = 1=�2, i = 1; n� 1, sn = 1=�, � > 0. � ª®© ¢»¡®° ¢¥ª²®°  s ¤ «¥¥ ¨±-

¯®«¼§³¥²±¿ ¤«¿ ®¡¥±¯¥·¥¨¿ ®£° ¨·¥®±²¨ ³¯° ¢«¥¨¿. � °¥§³«¼² ²¥ ¯®«³· ¥¬

®¤®¯ ° ¬¥²°¨·¥±ª®¥ ±¥¬¥©±²¢® ±² ¡¨«¨§¨°³¾¹¨µ ³¯° ¢«¥¨©

w(x; �) = K(s(�))x (10)

± ¯ ° ¬¥²°®¬ �.

� ¬ª³² ¿ ±¨±²¥¬  (3), (10) ¿¢«¿¥²±¿ «¨¥©®© ¨ ±² ¶¨® °®©. � ª ·¥±²¢¥ ¥¥

´³ª¶¨¨ �¿¯³®¢  ¬®¦® ¢§¿²¼ ª¢ ¤° ²¨·³¾ ´®°¬³

V (x; �) =
�

�2
x
T
�
T (s(�))D(s(�))�(s(�))x; (11)

£¤¥ ¯®±²®¿ ¿ � > 0,   D(s(�)) = diag(s1 � : : : � sn�1; s2 � : : : � sn�1; : : : ; sn�1; 1):
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�¢ ¤° ²¨· ¿ ´®°¬  (11) ¯®«®¦¨²¥«¼® ®¯°¥¤¥«¥ ,   ¥¥ ¯°®¨§¢®¤ ¿ ¢ ±¨«³

§ ¬ª³²®© ±¨±²¥¬» (3), (10) ¥¯®«®¦¨²¥«¼ . �«¥¤®¢ ²¥«¼®, �{¯ ° ¬¥²°¨·¥±ª®-

¬³ ±¥¬¥©±²¢³ ±² ¡¨«¨§¨°³¾¹¨µ ³¯° ¢«¥¨© (10) ±®®²¢¥²±²¢³¥² �{¯ ° ¬¥²°¨·¥±ª®¥

±¥¬¥©±²¢® (11) ´³ª¶¨© �¿¯³®¢ .

�ª §»¢ ¥²±¿ [2], ·²® ´³ª¶¨¨ (11) ®¡« ¤ ¾² ±«¥¤³¾¹¨¬ ±¢®©±²¢®¬: ¯°¨ «¾¡®¬

�0 > 0 ¨ x 2 fxjV (x; �0) > 1g ³° ¢¥¨¥ V (x; �) = 1 ®²®±¨²¥«¼® � ¨¬¥¥² ¥¤¨±²¢¥-

®¥ °¥¸¥¨¥, ¯°¨ ¤«¥¦ ¹¥¥ ¯®«³¨²¥°¢ «³ [�0;+1). �® ¯®§¢®«¿¥², ´¨ª±¨°®¢ ¢

�0 > 0, ®¯°¥¤¥«¨²¼ § ª® ¨§¬¥¥¨¿ ¯ ° ¬¥²°  �, ¯®« £ ¿

� = �(x) =

(
�0; ¯°¨ V (x; �0) � 1;

°¥¸¥¨¥ ³° ¢¥¨¿ V (x; �) = 1 ¨§ ¨²¥°¢ «  [�0;+1); ¯°¨ V (x; �0) > 1:

� ª®¬³ ¢»¡®°³ § ·¥¨¿ ¯ ° ¬¥²°  � ¢ ²¥ª³¹¥¬ ±®±²®¿¨¨ x ±®®²¢¥²±²¢³¥² ¥«¨-

¥© ¿ ®¡° ² ¿ ±¢¿§¼

w(x; �(x)) = K(s(�(x)))x; (12)

ª®²®° ¿, ±®£« ±® [2], ®£° ¨·¥  ¢Rn ¨ £«®¡ «¼® ±² ¡¨«¨§¨°³¥² ³«¥¢®¥ ¯®«®¦¥¨¥

° ¢®¢¥±¨¿ ±¨±²¥¬» (3). Ǳ°¨ ½²®¬ ´³ª¶¨¾

V (x) =

(
V (x; �0); ¯°¨ V (x; �0) � 1;

�(x); ¯°¨ V (x; �0) > 1

¬®¦® ° ±±¬ ²°¨¢ ²¼ ¢ ª ·¥±²¢¥ ´³ª¶¨¨ �¿¯³®¢  § ¬ª³²®© ±¨±²¥¬» (3), (12) [2],

µ®²¿ ¯°¨ �0 6= 1 ®  ¥ ¿¢«¿¥²±¿ ¥¯°¥°»¢®© ¢ ²®·ª µ ¬®¦¥±²¢  fx 2 RnjV (x; �0) =
1g.

�±«®¢¨¿ ¢»¯®«¥¨¿ ®£° ¨·¥¨©. �«¿ ³·¥²  ®£° ¨·¥¨© (4)   ³¯° ¢«¥-

¨¥ ¢®±¯®«¼§³¥¬±¿ ¯ ° ¬¥²°®¬ �. �«¿ ½²®£®  ©¤¥¬  ¨¡®«¼¸¥¥ § ·¥¨¥ ¬®¤³«¿

³¯° ¢«¥¨¿ (12). �¥¸¥¨¾ ½²®© § ¤ ·¨ ¯°¥¯¿²±²¢³¥² £°®¬®§¤ª®¥ ¯°¥¤±² ¢«¥¨¥¬

´³ª¶¨© w(x; �) ¨ V (x; �). �«¥¤³¾¹¥¥ ³²¢¥°¦¤¥¨¥, ¯®§¢®«¿¥² § ¯¨± ²¼ w(x; �) ¨

V (x; �) ¢ ¡®«¥¥ ³¤®¡®¬ ¢¨¤¥.

�¥®°¥¬  1. Ǳ°¨ «¾¡®¬ � > 0 ±¯° ¢¥¤«¨¢» ° ¢¥±²¢ 

w(x; �) =
nX

j=1

~kj

�n�j+1
xj; V (x; �) = �

nX
i;j=1

Vij

�2n�i�j+2
xixj;

£¤¥ Vij ¨ ~kj | ¥ª®²®°»¥ ª®±² ²», ¥ § ¢¨±¿¹¨¥ ®² � [6].

� ±« £ ¥¬»¥ ¢ ¢»° ¦¥¨¨ ¤«¿ ´³ª¶¨¨ V (x; �) ¯ ° ¬¥²° � ¢µ®¤¨² ¢ § ¬¥ -

²¥«¼ ¨ ¯°¨²®¬ ¢ ±²¥¯¥¨ ¡®«¼¸¥ ¨«¨ ° ¢®© 2. Ǳ®½²®¬³ ¨§ ®²¬¥·¥®£® ±¢®©±²¢ 

½²®© ´³ª¶¨¨ ¥¬¥¤«¥® ±«¥¤³¥², ·²® ³° ¢¥¨¥ V (x; �) = 1 ¨¬¥¥² ¥¤¨±²¢¥®¥

¯®«®¦¨²¥«¼®¥ °¥¸¥¨¥, ª®²®°®¥ ®¡®§ ·¨¬ ·¥°¥§ �(x). �®¦® ¯®ª § ²¼, ·²® ¯°¨

x 6= 0 ¢»¯®«¥® ¥° ¢¥±²¢®

_�(x)
���(3);w=w(x;�(x)) � 0:

�®±¯®«¼§³¥¬±¿ ²¥®°¥¬®© 1 ¯°¨  µ®¦¤¥¨¨ ¬ ª±¨¬³¬  jw(x; �(x))j. Ǳ°¥¤±² ¢¨¬
¯°®±²° ±²¢® ±®±²®¿¨© ¢ ¢¨¤¥ ®¡º¥¤¨¥¨¿ ¤¢³µ ¬®¦¥±²¢ | ¬®¦¥±²¢  E0 =

fxjV (x; �0) � 1g, ¢ ²®·ª µ ª®²®°®£® �(x) = �0, ¨ ¬®¦¥±²¢  E1 = fxjV (x; �0) > 1g,
£¤¥ �(x) ®¯°¥¤¥«¿¥²±¿ ª ª °¥¸¥¨¥ ³° ¢¥¨¿ V (x; �) = 1.
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� · «  ° ±±¬®²°¨¬ § ¤ ·³ ®¯²¨¬¨§ ¶¨¨   ¬®¦¥±²¢¥ E0. �³ª¶¨¿ w(x; �(x))

  ¬®¦¥±²¢¥ E0 «¨¥© ¿, ² ª ª ª �(x) = �0   E0. Ǳ®½²®¬³ ¥¥ ¬®¤³«¼ ¤®±²¨£ ¥²

 ¨¡®«¼¸¥£® § ·¥¨¿   E0 ¢ ²®·ª¥ £° ¨¶» ½²®£® ¬®¦¥±²¢ . �«¥¤®¢ ²¥«¼®,

§ ¤ ·³ ¯®¨±ª   ¨¡®«¼¸¥£® § ·¥¨¿ ¬®¤³«¿ ³¯° ¢«¥¨¿   ° ±±¬ ²°¨¢ ¥¬®¬ ¬®-

¦¥±²¢¥ E0 ¬®¦® § ¯¨± ²¼ ±«¥¤³¾¹¨¬ ®¡° §®¬:

�����
nX
i=1

~ki

�
n�i+1
0

xi

�����! max; �

nX
i;j=1

Vij

�
2n�i�j+2
0

xixj = 1:

�  ¬®¦¥±²¢¥ E1 ³¯° ¢«¥¨¥ w(x; �(x)) ¥«¨¥©®¥, ² ª ª ª �(x) § ¢¨±¨² ®² x. �

½²®¬ ±«³· ¥ § ¤ ·³ ¯®¨±ª   ¨¡®«¼¸¥£® § ·¥¨¿ ´³ª¶¨¨ jw(x; �(x))j ¬®¦® ¯°¥¤-
±² ¢¨²¼ ª ª § ¤ ·³ ¯®¨±ª   ¨¡®«¼¸¥£® § ·¥¨¿ ´³ª¶¨¨ jw(x; �)j, § ¢¨±¿¹¥© ®²

n+ 1 ¯¥°¥¬¥»µ x1; : : : ; xn; �, ¯°¨ ®£° ¨·¥¨¿µ:

�

nX
i;j=1

Vij

�2n�i�j+2
xixj = 1; x 2 E1:

�£° ¨·¥¨¥ ¢ ¢¨¤¥ ° ¢¥±²¢  ¯®¿¢«¿¥²±¿ ¢±«¥¤±²¢¨¥ ²®£®, ·²® ¯°¨ V (x; �0) � 1

§ ·¥¨¥ � ®¯°¥¤¥«¿¥²±¿ ª ª °¥¸¥¨¥ ³° ¢¥¨¿ V (x; �) = 1.

�¥¯¥°¼ ° ±±¬®²°¨¬ § ¤ ·³ ¯®¨±ª   ¨¡®«¼¸¥£® § ·¥¨¿ ¬®¤³«¿ ³¯° ¢«¥¨¿ ¢®

¢±¥¬ ´ §®¢®¬ ¯°®±²° ±²¢¥. Ǳ®±«¥ § ¬¥» ¯¥°¥¬¥»µ

yi =

(
xi=�

n�i+1
0 ; ¯°¨ x 2 fxjV (x; �0) � 1g;

xi=�
n�i+1

; ¯°¨ x 2 fxjV (x; �0) > 1g; i = 1; n

§ ¤ ·¨ ¯®¨±ª   ¨¡®«¼¸¥£® § ·¥¨¿ ¬®¤³«¿ ³ª § ®£® ³¯° ¢«¥¨¿   ¬®¦¥±²¢ µ

E0 ¨ E1 ¬®¦® ®¡º¥¤¨¨²¼ ¢ ®¤³ § ¤ ·³:8>><
>>:

���� nP
i=1

~kiyi

����! max;

�
nP

i;j=1
Vijyiyj = 1:

(13)

� ¤ ®© § ¤ ·¥  ¨¡®«¼¸¥¥ § ·¥¨¥ ¬®¤³«¿ ³¯° ¢«¥¨¿ ±®¢¯ ¤ ¥² ±  ¨¡®«¼¸¨¬

§ ·¥¨¥¬ ± ¬®£® ³¯° ¢«¥¨¿ ¨, ±«¥¤®¢ ²¥«¼®, § ª ¬®¤³«¿ ¢ (13) ¬®¦® ®¯³±²¨²¼.

� °¥§³«¼² ²¥ ¯°¨µ®¤¨¬ ª § ¤ ·¥   ³±«®¢»© ½ª±²°¥¬³¬.

�¥®°¥¬  2. Ǳ³±²¼ k = (~k1; : : : ; ~kn)
T , y = (y1; : : : ; yn)

T , V = (Vij) | ¯®«®¦¨²¥«¼®

®¯°¥¤¥«¥ ¿ ±¨¬¬¥²°¨· ¿ ¬ ²°¨¶  ¯®°¿¤ª  n. � ¨¡®«¼¸¥¥ § ·¥¨¥ ´³ª¶¨¨

f(y) = k
T
y   ¬®¦¥±²¢¥ �yTV y = 1 ° ¢®

fmax =

p
kTV �1kp

�
:

�®ª § ²¥«¼±²¢®. �¨¥© ¿ ´³ª¶¨¿ f(y) ¢ ²®·ª µ (n � 1)-¬¥°®£® ½««¨¯±®¨¤ 

�y
T
V y = 1 ¯°¨¨¬ ¥²  ¨¡®«¼¸¥¥ ¨  ¨¬¥¼¸¥¥ § ·¥¨¿, ª®²®°»¥ ®²«¨· ¾²±¿

«¨¸¼ § ª®¬ ¨ ¤®±²¨£ ¾²±¿ ¢ ²®·ª µ, ±¨¬¬¥²°¨·»µ ®²®±¨²¥«¼®  · «  ±¨±²¥¬»

ª®®°¤¨ ². �²¨ ²®·ª¨ ¿¢«¿¾²±¿ ²®·ª ¬¨ ³±«®¢®£® ½ª±²°¥¬³¬ . Ǳ®½²®¬³, ±®±² ¢¨¬

´³ª¶¨¾ � £° ¦  L = k
T
y+�(�yTV y�1) § ¤ ·¨   ³±«®¢»© ½ª±²°¥¬³¬ ¨ § ¯¨¸¥¬
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¥®¡µ®¤¨¬»¥ ³±«®¢¨¿ ±³¹¥±²¢®¢ ¨¿ °¥¸¥¨¿ ¢ ¢¨¤¥ kT + 2��yTV = 0, �yTV y� 1 =

0. �»° §¨¢ ¨§ ¯¥°¢®£® ³° ¢¥¨¿ y
T = �0:5kTV �1

=(��) ¨ ¯®¤±² ¢¨¢ ¢® ¢²®°®¥

³° ¢¥¨¥  µ®¤¨¬ � = �0:5
q
kTV �1k=� ¨ ¤¢¥ ²®·ª¨ y

T = �kTV �1
=

q
�kTV �1k, ¢

®¤®© ¨§ ¨µ ´³ª¶¨¿ f(y) ¤®±²¨£ ¥² ±¢®¥£® ³±«®¢®£® ¬ ª±¨¬³¬  fmax.

�¡®§ ·¨¬ ·¥°¥§ ~w(�)  ©¤¥®¥ ±®£« ±® ²¥®°¥¬¥ 2  ¨¡®«¼¸¥¥ § ·¥¨¥ ¬®¤³«¿

³¯° ¢«¥¨¿ (12):

~w(�) =
1p
�

vuut nX
i;j=1

V̂ij
~ki~kj;

£¤¥ V̂ij | ½«¥¬¥²» ¬ ²°¨¶» V
�1. �²¬¥²¨¬, ·²® ~w(�) ¥ § ¢¨±¨² ®² �0. �«¿ ®¯°¥-

¤¥«¥¨¿ § ·¥¨© ¯ ° ¬¥²°  �, £ ° ²¨°³¾¹¨µ ¢»¯®«¥¨¥ ³±«®¢¨¿ (4), ¯®«³· ¥¬

¥° ¢¥±²¢® ~w(�) � w
�
; ®²ª³¤ 

� � 1

(w�)
2

nX
i;j=1

V̂ij
~ki~kj: (14)

� ª¨¬ ®¡° §®¬, ¯°¨ § ·¥¨¨ ¯ ° ¬¥²°  �, ³¤®¢«¥²¢®°¿¾¹¥¬ ¥° ¢¥±²¢³ (14),

³¯° ¢«¥¨¥ w(x; �(x)), ¢®-¯¥°¢»µ, ±² ¡¨«¨§¨°³¥² ±¨±²¥¬³ (3) ¨, ¢®-¢²®°»µ, ³¤®¢«¥-

²¢®°¿¥² ®£° ¨·¥¨¾ (4)   ³¯° ¢«¥¨¥.

3 �² ¡¨«¨§ ¶¨¿  ´´¨®© ±¨±²¥¬»

�²®±¨²¥«¼® ±¨±²¥¬» (1) ¡³¤¥¬ ¯°¥¤¯®« £ ²¼, ·²® ®  ½ª¢¨¢ «¥²  ±¨±²¥¬¥ ª -

®¨·¥±ª®£® ¢¨¤  [7]:

_x1 = x2; : : : ; _xn1�1 = xn1 ; _xn1 = f1(x) +
mP
j=1

g1j(x)uj;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

_xn1+:::+nm�1+1 = xn1+:::+nm�1+2; : : : ; _xn1+:::+nm = fm(x) +
mP
j=1

gmj(x)uj;

(15)

£¤¥ x 2 X � Rn, u 2 Rm, n1 + : : :+ nm = n, fi; gij 2 C1(X), i; j = 1; m.

Ǳ®¤ ½ª¢¨¢ «¥²®±²¼¾ ¢ ¤ ®¬ ±«³· ¥ ¯®¨¬ ¥²±¿, ·²® ¢ Rn ±³¹¥±²¢³¥² ² ª ¿

¥¢»°®¦¤¥ ¿ § ¬¥  ¯¥°¥¬¥»µ x = �(z), �(Rn) = X, ·²® ¢ ®¢»µ ¯¥°¥¬¥»µ

 ´´¨ ¿ ±¨±²¥¬  (1) § ¯¨¸¥²±¿ ¢ ¢¨¤¥ ±¨±²¥¬» (15). �±¥£¤  ¬®¦® ±·¨² ²¼, ·²®

�(z0) = 0. �±«®¢¨¿ ±³¹¥±²¢®¢ ¨¿ § ¬¥» ¯¥°¥¬¥»µ x = �(z) ¯°¨¢®¤¿²±¿ ¢ [7].

�²¬¥²¨¬, ·²® ¥±«¨ ³¯° ¢«¥¨¥ u = u(x) ±² ¡¨«¨§¨°³¥² ¯®«®¦¥¨¥ ° ¢®¢¥±¨¿

x = 0 ±¨±²¥¬» (15), ²® ³¯° ¢«¥¨¥ u = u(�(z)) ±² ¡¨«¨§¨°³¥² ¯®«®¦¥¨¥ ° ¢®¢¥±¨¿

z0 ±¨±²¥¬» (1).

�¡®§ ·¨¬ F (x) = (f1(x); : : : ; fm(x))
T
, G(x) = kgij(x)km�m

. �¨±²¥¬  (15) ª ®¨-

·¥±ª®£® ¢¨¤   §»¢ ¥²±¿ °¥£³«¿°®© ¢ ®¡« ±²¨ O, ¥±«¨ detG(x) 6= 0 ¢ O.

�¥£³«¿° ¿ ±¨±²¥¬  ª ®¨·¥±ª®£® ¢¨¤  (15) «¨¥ °¨§³¥²±¿ ¢¢¥¤¥¨¥¬ ¢±¯®¬®-

£ ²¥«¼®£® ³¯° ¢«¥¨¿ w = (w1; : : : ; wm)
T = F (x) +G(x)u:

_x1 = x2; : : : ; _xn1�1 = xn1 ; _xn1 = w1;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

_xn1+:::+nm�1+1 = xn1+:::+nm�1+2; : : : ; _xn1+:::+nm = wm:

(16)
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�¨±²¥¬  (16) ° ±¯ ¤ ¥²±¿   m ¥§ ¢¨±¨¬»µ «¨¥©»µ ¯®¤±¨±²¥¬, ¢¨¤  (3). Ǳ®-

½²®¬³ ¤«¿ ª ¦¤®© ¨§ ½²¨µ ¯®¤±¨±²¥¬ ®£° ¨·¥®¥ ±² ¡¨«¨§¨°³¾¹¥¥ ³¯° ¢«¥¨¥

¬®¦¥² ¡»²¼ ¯®±²°®¥® ¯® ±µ¥¬¥, ¨§«®¦¥®© ¢ ¯°¥¤»¤³¹¥¬ ° §¤¥«¥. � ª¨¬ ®¡° §®¬,

´¨ª±¨°®¢ ¢ ¯®±²®¿»¥ w�

1, : : :, w
�

m
¤«¿ ±¨±²¥¬» (16) ¯®«³· ¥¬ £«®¡ «¼®¥ ±² ¡¨«¨-

§¨°³¾¹¥¥ ³¯° ¢«¥¨¥ w = (w1; : : : ; wm)
T = w(x), ³¤®¢«¥²¢®°¿¾¹¥¥ ®£° ¨·¥¨¿¬

jwij � w
�

i
; i = 1; m: (17)

Ǳ®ª ¦¥¬, ·²® ¯°¨ ¢»¯®«¥¨¨ ¥ª®²®°»µ ³±«®¢¨© ¯®±²®¿»¥ w�

i
¬®¦® ¢»¡° ²¼

² ª, ·²® ±®®²¢¥²±²¢³¾¹¨¥ § ·¥¨¿

u(x) = G
�1(x)(w(x)� F (x)) (18)

¨±µ®¤»µ ³¯° ¢«¥¨© ³¤®¢«¥²¢®°¿¾² § ¤ »¬ ®£° ¨·¥¨¿¬ (2).

�¥®°¥¬  3. Ǳ³±²¼  ´´¨ ¿ ±¨±²¥¬  (15) ª ®¨·¥±ª®£® ¢¨¤  °¥£³«¿°   

¬®¦¥±²¢¥ O � X � Rn ¨   ½²®¬ ¬®¦¥±²¢¥ ¢»¯®«¥» ±«¥¤³¾¹¨¥ ²°¨ ³±«®¢¨¿.

1. �³¹¥±²¢³¾² ² ª¨¥ ¯®±²®¿»¥ m1i; m2i 2 R, ·²® ½«¥¬¥²» ĝij(x) ¬ ²°¨¶»

G
�1(x) ³¤®¢«¥²¢®°¿¾² ¥° ¢¥±²¢ ¬

�u�
i
< m1i �

mX
j=1

ĝij(x)fj(x) � m2i < u
�

i
; i = 1; m:

2. �³¹¥±²¢³¾² ² ª¨¥ ¯®«®¦¨²¥«¼»¥ ¯®±²®¿»¥ gi, ·²®
mP
j=1

jĝij(x)j � gi, i = 1; m.

3. Ǳ®±²®¿»¥ w�

i
¨§ (17) ¢»¡° » ² ª, ·²®

mP
i=1

w
�

i
� u

��, £¤¥

u
�� = min

i=1:::m

"
1

gi
min(u�

i
�m2i; u

�

i
+m1i)

#
:

�®£¤  ¤«¿ ³¯° ¢«¥¨¿ (18) ®£° ¨·¥¨¿ (2) ¢»¯®«¥» ¯°¨ x 2 O.
�®ª § ²¥«¼±²¢®. �¡®§ ·¨¬ ~ui = min(u�

i
�m2i; u

�

i
+m1i). �§ ²°¥²¼¥£® ³±«®¢¨¿

²¥®°¥¬» ±«¥¤³¥², ·²®
mX
j=1

jwjj �
~ui

gi
; i = 1; m:

� ³·¥²®¬ ¢²®°®£® ³±«®¢¨¿ ¯®«³· ¥¬

~ui �
mX
j=1

jĝij(x)j
mX
j=1

jwjj �
mX
j=1

jĝij(x)wjj �
������
mX
j=1

ĝij(x)wj

������
¨ ¯®½²®¬³

�~ui �
mX
j=1

ĝij(x)wj � ~ui;
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m2i � u
�

i
�

mX
j=1

ĝij(x)wj � m1i + u
�

i
:

�±¯®«¼§³¿ ¯¥°¢®¥ ³±«®¢¨¥  µ®¤¨¬, ·²®

�u�
i
�

mX
j=1

ĝij(x)wj �
mX
j=1

ĝij(x)fj(x) � u
�

i
:

�®£¤  ¨§ (18) ±«¥¤³¥², ·²® juij � u
�

i
, i = 1; m, ·²® ¨ ²°¥¡®¢ «®±¼ ¤®ª § ²¼.

Ǳ³±²¼ ³±«®¢¨¿ ²¥®°¥¬» ¢»¯®«¿¾²±¿   ¬®¦¥±²¢¥ O � Rn. �¡®§ ·¨¬ ·¥°¥§

Q ª®¬¯®¥²³ ±¢¿§®±²¨ ¬®¦¥±²¢  O, ±®¤¥°¦ ¹³¾ ¯®«®¦¥¨¿ ° ¢®¢¥±¨¿ x = 0.

� ±±¬®²°¨¬ ¤¢  ±«³· ¿: Q = Rn ¨ Q 6= Rn. �±«¨ Q = Rn, ²® ¯®±²°®¨¢ ±² ¡¨-

«¨§¨°³¾¹¥¥ ³¯° ¢«¥¨¥ ¤«¿ ±¨±²¥¬» (16), ³¤®¢«¥²¢®°¿¾¹¥¥ ®£° ¨·¥¨¾ (17), ¯®

´®°¬³«¥ (18) ¯®«³· ¥¬ ±² ¡¨«¨§¨°³¾¹¥¥ ³¯° ¢«¥¨¥ ¤«¿ ±¨±²¥¬» (15), ³¤®¢«¥²¢®-

°¿¾¹¥¥ ®£° ¨·¥¨¾ (2). �²¬¥²¨¬, ·²® ¢ ½²®¬ ±«³· ¥ Q = Rn = X ¨ ¯®«®¦¥¨¥

° ¢®¢¥±¨¿ ¨±µ®¤®©  ´´¨®© (1) ±¨±²¥¬» £«®¡ «¼® ±² ¡¨«¨§¨°³¥²±¿ ³¯° ¢«¥¨¥¬

u(�(z)) = G
�1(�(z))(w(�(z))� F (�(z))): (19)

�±«¨ Q 6= Rn, ²® ¨ O 6= Rn,   ¢¥ ¬®¦¥±²¢  O ¤®ª §  ¿ ²¥®°¥¬  ¥ £ ° -

²¨°³¥² ¢»¯®«¥¨¿ ®£° ¨·¥¨© (2)   ³¯° ¢«¥¨¥. Ǳ®½²®¬³ ¢ ½²®¬ ±«³· ¥ ³¦®

 ©²¨ ² ª®¥ ¬®¦¥±²¢® Q0 � Q, ·²® ¤«¿ ¢±¥µ x0 2 Q
0 ²° ¥ª²®°¨¿ § ¬ª³²®© ±¨-

±²¥¬», ¢»µ®¤¿¹ ¿ ¨§ x0 «¥¦¨² ¢ O (¤®±² ²®·®, ·²®¡» ®  ±®¤¥°¦ « ±¼ ¢ Q0).

�«¿ ½²®£® ° ±±¬®²°¨¬ ±¨±²¥¬³ (16). �¡®§ ·¨¬ x̂i = (xn1+:::+ni�1+1; : : : xn1+:::+ni)
T ,

i = 1; m. �¡®§ ·¨¬ v(x) =
mP
i=1

�
i
(x̂i). � ª ª ª v(x) > 0, _v(x)

���(16);wi=wi(x̂i;�i(x̂i)) � 0

¯°¨ x 6= 0, ²® ¬®¦¥±²¢® Q0 ¬®¦® ¨±ª ²¼ ¢ ¢¨¤¥ Q0 = fxjv(x) < Cg. �»¯®«¥¨¿
³±«®¢¨¿ Q0 � Q ¬®¦® ¤®¡¨²¼±¿, ¥±«¨ ¯®«®¦¨²¼ C = min

x2@Q

v(x), ².¥. ¢»¡° ²¼ ¬¨-

¨¬ «¼³¾ ª®±² ²³ ³°®¢¿ ´³ª¶¨¨ v(x), ¯°¨ ª®²®°®© ¯®¢¥°µ®±²¼ ³°®¢¿ v(x)

¨¬¥¥² ®¡¹¨¥ ²®·ª¨ ± £° ¨¶¥© @Q ¬®¦¥±²¢  Q. � ¯¥°¥¬¥»µ z ®¶¥ª  ®¡« ±²¨

±² ¡¨«¨§¨°³¥¬®±²¨ § ¤ ¥²±¿ ¥° ¢¥±²¢®¬ v(�(z)) < C.

�±«¨ ³¤ ¥²±¿ ¯®±²°®¨²¼ ¬®¦¥±²¢® Q1 � : : : � Qm � Q, Qi � Rni, i = 1; m, ²®

¬®¦¥±²¢® Q0 ¬®¦® ¯®±²°®¨²¼ ¤°³£¨¬ ±¯®±®¡®¬,   ¨¬¥® ¢ ¢¨¤¥ Q0 = Q
0

1�: : :�Q0

m
,

£¤¥ Q0

i
= fx̂ij�i(x̂i) < Cig. �®±² ²» Ci  µ®¤¨¬ ¯® ´®°¬³«¥ Ci = min

x̂i2@Qi

�
i
(x̂i).

�®£¤  Q0

i
� Qi,i = 1; m, ±«¥¤®¢ ²¥«¼®, Q0 � Q. � ¯¥°¥¬¥»µ z ®¶¥ª  ®¡« ±²¨

±² ¡¨«¨§¨°³¥¬®±²¨ § ¤ ¥²±¿ ±¨±²¥¬®© ¥° ¢¥±²¢, ª®²®°³¾ ¬®¦® ¯°¥¤±² ¢¨²¼ ¢

¢¨¤¥ �
i
(x̂i) < Ci, i = 1; m, £¤¥ (x̂1; : : : ; x̂m)

T = �(z).

� ª¨¬ ®¡° §®¬, ¯®«³·¥  ®¶¥ª  ®¡« ±²¨ ±² ¡¨«¨§¨°³¥¬®±²¨. �±² ¥²±¿ ³ª § ²¼

¢¥«¨·¨» �0i ¤«¿ ®¯°¥¤¥«¥¨¿ ³¯° ¢«¥¨©, ±®®²¢¥²±²¢³¾¹¨µ ¯®«³·¥»¬ ®¶¥ª ¬.

�±«¨ ¨±¯®«¼§®¢ «±¿ ¯¥°¢»© ±¯®±®¡ ¯®±²°®¥¨¿ Q
0, ²® ¤®±² ²®·® ¢»¡° ²¼ �0i �

min
x2fxjv(x)=Cg

�
i
(x̂),   ¥±«¨ ¨±¯®«¼§®¢ «±¿ ¢²®°®© ±¯®±®¡, ²® | �0i � Ci.

�²¬¥²¨¬, ·²® ¨ ¢ ±«³· ¥ Q 6= Rn ¯®«®¦¥¨¥ ° ¢®¢¥±¨¿ ¨±µ®¤®©  ´´¨®© (1)

±¨±²¥¬» ±² ¡¨«¨§¨°³¥²±¿ ³¯° ¢«¥¨¥¬ (19).

� °¥§³«¼² ²¥ ¯®«³· ¥¬ ±² ¡¨«¨§¨°³¾¹¥¥ ³¯° ¢«¥¨¥, ³¤®¢«¥²¢®°¿¾¹¥¥ ®£° ¨-

·¥¨¾, ¨ ®¶¥ª³ ®¡« ±²¨ ¯°¨²¿¦¥¨¿ ±®®²¢¥²±²¢³¾¹¥© § ¬ª³²®© ±¨±²¥¬».
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4 Ǳ°¨¬¥°

Ǳ°¨¬¥¨¬ ®¯¨± ³¾ ¢»¸¥ ²¥µ¨ª³ ¤«¿ ¯®±²°®¥¨¿  «£®°¨²¬  ±² ¡¨«¨§ ¶¨¨ ¯®-

«®¦¥¨¿ ª®±¬¨·¥±ª®£®  ¯¯ ° ²  (��) ¢ ¥£® ¤¢¨¦¥¨¨ ¢®ª°³£ ¶¥²°  ¬ ±± ¨  µ®-

¦¤¥¨¿ ®¶¥ª¨ ®¡« ±²¨ ±² ¡¨«¨§¨°³¥¬®±²¨. � ±±¬®²°¨¬ ±«³· ©, ª®£¤  ¬®¦® ¥

³·¨²»¢ ²¼ ¤¥©±²¢¨¥ ¢¥¸¨µ ¬®¬¥²®¢   ��. �«¿ ®¯¨± ¨¿ ¤¢¨¦¥¨¿ �� ¢®-

ª°³£ ¶¥²°  ¬ ±± ¨±¯®«¼§³¥¬ ¥¤¨¨·»¥ ª¢ ²¥°¨®» � = (�0; �1; �2; �3) 2 R4,

�2 = �
2
0 + �

2
1 + �

2
2 + �

2
3 = 1. � ½²®¬ ±«³· ¥ ³° ¢¥¨¿ ¤¢¨¦¥¨¿ �� ¨¬¥¾² ¢¨¤

[8]:

2 _� = � Æ !; (20)

I _! + [!; I!] = u; (21)

£¤¥ ! | ¢¥ª²®° ³£«®¢®© ±ª®°®±²¨, Æ| ³¬®¦¥¨¥ ª¢ ²¥°¨®®¢, I | ¬ ²°¨¶  ¨¥°-

¶¨¨ ��, [.,.] | ¢¥ª²®°®¥ ¯°®¨§¢¥¤¥¨¥, u = (u1; u2; u3)
T | ¢¥ª²®° ³¯° ¢«¿¾¹¨µ ¬®-

¬¥²®¢. �³¤¥¬ ¯°¥¤¯®« £ ²¼, ·²®   ³¯° ¢«¿¾¹¨¥ ¬®¬¥²»  «®¦¥» ®£° ¨·¥¨¿

juij � u
�

i
, i = 1; 3.

�¥§ ®£° ¨·¥¨¿ ®¡¹®±²¨ ¬®¦® ±·¨² ²¼, ·²® ²°¥¡³¥²±¿ ±² ¡¨«¨§¨°®¢ ²¼ ¯®-

«®¦¥¨¥ ��, ®¯¨±»¢ ¥¬®¥ ª¢ ²¥°¨®®¬ �� = (1; 0; 0; 0).

Ǳ°¨¢¥¤¥¬ ±¨±²¥¬³ (20)-(21) ª ª ®¨·¥±ª®¬³ ¢¨¤³. �° ¢¥¨¥ (20) ¨¬¥¥² ¯¥°¢»©

¨²¥£° « �20 + �
2
1 + �

2
2 + �

2
3 = 1, (�0; �1; �2; �3)

T
= �. �£° ¨·¨¬±¿ ° ±±¬®²°¥¨¥¬

®¡« ±²¨, £¤¥ �0 > 0. � ½²®¬ ±«³· ¥ ¬®¦® ¨±ª«¾·¨²¼ ¨§ (20) ¯¥°¢®¥ ³° ¢¥¨¥,  

¤«¿ ¢»·¨±«¥¨¿ �0 ¨±¯®«¼§®¢ ²¼ ¯¥°¢»© ¨²¥£° «:

�0 =
q
1� �21 � �22 � �23:

�¢¥¤¥¬ ®¡®§ ·¥¨¿:

L = 1=2

0
B@

�0 ��3 �2

�3 �0 ��1
��2 �1 �0

1
CA ; � =

0
B@
�1

�2

�3

1
CA :

�²¬¥²¨¬, ·²® ¢ ° ±±¬ ²°¨¢ ¥¬®© ®¡« ±²¨ detL = �0=2 6= 0 ¨ ¯®½²®¬³ ±³¹¥±²¢³¥²

®¡° ² ¿ ¬ ²°¨¶  L�1. � ³·¥²®¬ ¢¢¥¤¥»µ ®¡®§ ·¥¨© ¨§ (20) ¯®«³· ¥¬

_� = L!: (22)

� «¥¥, ¤¨´´¥°¥¶¨°³¿ (22),  µ®¤¨¬

�� = _L! + L _!:

�»° ¦ ¿ _! ¨§ (21), ¯®«³· ¥¬

�� = _L! + LI
�1 (u� [!; I!]) :

�»° ¦ ¿ ! ¨§ (22), ¯®«³· ¥¬ ±¨±²¥¬³ ª ®¨·¥±ª®£® ¢¨¤ 

�� = _LL�1 _�� LI
�1
h
L
�1 _�; IL�1 _�

i
+ LI

�1
u: (23)
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�¨±²¥¬  (23) ¯°¨ �0 6= 0 °¥£³«¿° . Ǳ®½²®¬³ ¯°¨ �0 > 0 ±¨±²¥¬³ (20)-(21) ¬®¦®

§ ¯¨± ²¼ ¢ ¢¨¤¥ ½ª¢¨¢ «¥²®© °¥£³«¿°®© ±¨±²¥¬» ª ®¨·¥±ª®£® ¢¨¤  (23). Ǳ°¨

½²®¬ ¯®«®¦¥¨¾ ° ¢®¢¥±¨¿ �� ±¨±²¥¬» (20)-(21) ±®®²¢¥²±²¢³¥² ¯®«®¦¥¨¥ ° ¢®-

¢¥±¨¿ � = (0; 0; 0)T ±¨±²¥¬» (23). � ª¨¬ ®¡° §®¬, ¯°¨µ®¤¨¬ ª § ¤ ·¥ ±² ¡¨«¨§ ¶¨¨

¯®«®¦¥¨¿ ° ¢®¢¥±¨¿ � = 0 ¤«¿ ±¨±²¥¬» (23) ª ®¨·¥±ª®£® ¢¨¤ . �¢¥¤¥¨¥ ¢±¯®-

¬®£ ²¥«¼®£® ³¯° ¢«¥¨¿

w = (w1; w2; w3)
T = F (�; _�) +G(�; _�)u;

£¤¥

F (�; _�) = _LL�1 _�� LI
�1
h
L
�1 _�; IL�1 _�

i
; G(�; _�) = LI

�1
;

±¨±²¥¬³ (23) ¯°¥®¡° §³¥² ¢ ±¨±²¥¬³ ¢¨¤  (16): ��i = wi, i = 1; 2; 3:

�«¿ ª ¦¤®£® ¨§ ³° ¢¥¨© ½²®© ±¨±²¥¬»  µ®¤¨¬ ´³ª¶¨¨

Vi(�i; _�i; �i) = �i

 
�
2
i

�4
i

+
_�2
i

�2
i

!
;

�i(�i; _�i) =

(
�0i; ¯°¨ Vi(�i; _�i; �0i) � 1;

°¥¸¥¨¥ Vi(�i; _�i; �i) = 1; ¯°¨ Vi(�i; _�i; �0i) > 1;

¨ ´®°¬³«» ¤«¿ ±² ¡¨«¨§¨°³¾¹¥© ®¡° ²®© ±¢¿§¨

wi = wi(�i; _�i; �i(�i; _�i)) = � �i

�2
i
(�i; _�i)

�
_�i

�i(�i; _�i)
; i = 1; 2; 3:

�®£« ±® (14) �i � 2=(w�

i
)2; £¤¥ ¯®±²®¿»¥ w�

i
§ ¤ ¾² ®£° ¨·¥¨¿   ¢±¯®¬®£ -

²¥«¼»¥ ³¯° ¢«¥¨¿: jwij � w
�

i
, i = 1; 2; 3.

�«¿  µ®¦¤¥¨¿ ¯®±²®¿»µ w�

i
, �0i, i = 1; 2; 3 ¨ ®¶¥ª¨ ®¡« ±²¨ ±² ¡¨«¨§¨°³¥¬®-

±²¨ ¨±¯®«¼§³¥¬ ²¥®°¥¬³ 3. � ±«³· ¥ ° ±±¬ ²°¨¢ ¥¬®© ±¨±²¥¬» (23) ª ®¨·¥±ª®£®

¢¨¤    «¨²¨·¥±ª ¿ ¯°®¢¥°ª  ¢»¯®«¥¨¿ ³±«®¢¨© ½²®© ²¥®°¥¬» ¨  µ®¦¤¥¨¥ ±®-

®²¢¥²±²¢³¾¹¨µ ¯®±²®¿»µ § ²°³¤¥» ±«®¦®© ±²°³ª²³°®© ´³ª¶¨¨ F . Ǳ®½²®¬³

¢»·¨±«¥¨¿ ¯°®¢®¤¨«¨±¼ ·¨±«¥® ¯® ¯°¿¬®³£®«¼®© ±¥²ª¥, § ¯®«¿¾¹¥© ¢ R6 ¯°¿-

¬®© ¯ ° ««¥«¥¯¨¯¥¤ ± ¶¥²°®¬ ¢ ²®·ª¥ (�; _�) = (0; 0). Ǳ°¨ ½²®¬ ³·¨²»¢ «®±¼ ®£° ¨-

·¥¨¥ �21 + �
2
2 + �

2
3 < 1. � °¥§³«¼² ²¥ ¡»«¨ ´¨ª±¨°®¢ » ¬®¦¥±²¢® O ¨ ¯®±²®¿ ¿

u
��. �²® ¯®§¢®«¨«® ¢»·¨±«¨²¼ �i = 2=(u��=3)2, i = 1; 2; 3.

� ²¥¬ ¡»«  ¯®±²°®¥  ®¶¥ª  ®¡« ±²¨ ±² ¡¨«¨§¨°³¥¬®±²¨ ¢ ¢¨¤¥ ¬®¦¥±²¢  Q0 =

Q
0

1 �Q
0

2 �Q
0

3, ¨  ©¤¥»  ¨¡®«¼¸¨¥ § ·¥¨¿ Ci ¯®±²®¿»µ �i, i = 1; 2; 3.

Ǳ°¨ ¬®¤¥«¨°®¢ ¨¨ ¡»«¨ ´¨ª±¨°®¢ » § ·¥¨¿ �0i < Ci.

�¨¦¥ ¯°¨¢®¤¿²±¿ °¥§³«¼² ²» ¬®¤¥«¨°®¢ ¨¿ ¯°®¶¥±±  ±² ¡¨«¨§ ¶¨¨ ®ª®«® ¯®«®-

¦¥¨¿ �� = (1; 0; 0; 0) �� ± ¬ ²°¨¶¥© ¨¥°¶¨¨

0
B@
176068 0 0

0 408656 0

0 0 401248

1
CA
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¯°¨ ®£° ¨·¥¨¿µ   ³¯° ¢«¥¨¿ juij � 50 �/¬, i = 1; 2; 3. � ª ·¥±²¢¥  · «¼®£®

¯®«®¦¥¨¿ ¯°¨ ¬®¤¥«¨°®¢ ¨¨ ¨±¯®«¼§®¢ «¨±¼ § ·¥¨¿:

� =

0
B@

0; 0385

�0; 0576
�0; 2697

1
CA ; ! =

0
B@

0; 0030

�0; 0019
�0; 0009

1
CA :

�  °¨±. 1 , 1¡, 1¢ ¨§®¡° ¦¥» ±®®²¢¥²±²¢³¾¹¨¥ ¯°®¥ª¶¨¨ ²° ¥ª²®°¨¨ ±¨±²¥¬»,

¡®«¼¸¨¥ ½««¨¯±» ®£° ¨·¨¢ ¾² ¬®¦¥±²¢  Q0

i
,   ¬¥¼¸¨¥ ½««¨¯±» § ¤ » ³° ¢¥-

¨¿¬¨ Vi(�i; _�i; �0i) = 1, i = 1; 2; 3. �³²°¨ ½²¨µ ½««¨¯±®¢ ±®®²¢¥²±²¢³¾¹¨¥ ª®¬-

¯®¥²» ¢±¯®¬®£ ²¥«¼®£® ³¯° ¢«¥¨¿ ¿¢«¿¾²±¿ «¨¥©®© ±² ¶¨® °®© ®¡° ²®©

±¢¿§¼¾, ² ª ª ª   ½²¨µ ¬®¦¥±²¢ µ �i(�; _�) � �0i.

�° ´¨ª¨ ª®®°¤¨ ² ª¢ ²¥°¨® , ³£«®¢®© ±ª®°®±²¨ ¨ ¨±µ®¤®£® ³¯° ¢«¥¨¿ ¯®-

ª § »   °¨±. 2 , 2¡, 2¢.

� ¡®²  ¢»¯®«¥  ¯°¨ ¯®¤¤¥°¦ª¥ £° ²  99{01{00863 ���� ¨ £° ²  ¯®¤¤¥°¦ª¨

¢¥¤³¹¨µ  ³·»µ ¸ª®« 00{15{96137.

�¯¨±®ª «¨²¥° ²³°»

[1] H.J. Sussmann, E.D. Sontag, Y. Yang. A general result on the stabilization of linear

systems using bounded controls //IEEE Trans. Automat. Contr. { 1994. { V. 39. {

N. 12. { P. 2411{ 2425.

[2] P. Morin, R.M. Murray, L. Praly. Nonlinear rescaling of control laws with application

to stabilization in the presence of magnitude saturation //Preprints of 4-th IFAC,

NOLCOS'98. { University of Twente, Enchede, The Netherlands. { 1998. { V.3. {

P.690{696.

[3] A.R. Teel. A nonlinear small gain theorem for the analysis of control systems with

saturation //IEEE Trans. Automat. Contr. { 1996. { V. 41. { N. 9. { P. 1256{1270.

[4] �®«»±ª¨© �.�., �°¨¹¥ª® �.Ǳ. �¶¥ª  ®¡« ±²¥© ±² ¡¨«¨§¨°³¥¬®±²¨ ¥«¨¥©-

»µ ±¨±²¥¬ //�¨´´¥°¥¶¨ «¼»¥ ³° ¢¥¨¿. { 1997. { �. 33. { N 11. { �. 1441{

1450.

[5] �.�. � ¬¥¥¶ª¨©. �¨²¥§ ®£° ¨·¥®£® ±² ¡¨«¨§¨°³¾¹¥£® ³¯° ¢«¥¨¿ ¤«¿ ¥-

«¨¥©»µ ³¯° ¢«¿¥¬»µ ±¨±²¥¬ //�¢²®¬ ²¨ª  ¨ ²¥«¥¬¥µ ¨ª . { 1995. { N 1. { C.

43{56.

[6] �¨¤®°®¢ �.�., �ª ·¥¢ �.�. �² ¡¨«¨§ ¶¨¿ ¥«¨¥©»µ ±¨±²¥¬ ®£° ¨·¥»¬

³¯° ¢«¥¨¥¬ //�¥«¨¥© ¿ ¤¨ ¬¨ª  ¨ ³¯° ¢«¥¨¥. { 2000. { C. 111{128.

[7] �¥¢¨ �.�., �°¨¹¥ª® �.Ǳ. �¯° ¢«¿¥¬®±²¼ ¥«¨¥©»µ ±¨±²¥¬ ¨ ±¨²¥§  «£®-

°¨²¬®¢ ³¯° ¢«¥¨¿ //�®ª«. �� ����. { 1981. { �. 258. { �. 4. { �. 805{809.

[8] �.�. �° ¥¶, �.Ǳ. �¬»£«¥¢±ª¨©. Ǳ°¨¬¥¥¨¥ ª¢ ²¥°¨®®¢ ¢ § ¤ · µ ®°¨¥² -

¶¨¨ ²¢¥°¤®£® ²¥« . // �.: � ³ª . { 1973. { 320 c.

11



�¨±. 1 

�¨±. 1¡

�¨±. 1¢

12



�¨±. 2 

�¨±. 2¡

13



�¨±.2¢

14


