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Numerical study of positron-hydrogen scattering
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We present results of numerical experiments that are the one-dimensional analog of positron-hydrogen
scattering. The obtained wave functions are exact, within model restricf®h850-294{©8)01501-1

PACS numbd(s): 34.70+e, 32.80.Rm, 34.50.Rk

I. INTRODUCTION electrong9,10]. Our model contains two additional approxi-
mations:(i) it does not allow for positron-electron annihila-
The positron-hydrogen system is one of the simplestion and(ii) the nucleus does not move. The first approxima-
three-particle systems in that a rearrangement process can tyen is adopted in many theoretical studies of positron-atom
observed. The system consists of three distinguishable pascattering and has been justified by calculations that find that
ticles that can exist in three steady-state configurations: hythe annihilation cross section is three orders of magnitude
drogen and free positron (He™), positronium and free pro- smaller than cross sections for other inelastic chanidls
ton (Pstp), and three dissociated particles*(+e~+p).  The second approximation is obviously justified in the re-
There is no positron-electron-proton bound sfdtg]. The-  gime of very low incident positron kinetic energy.
oretical work on this system began with the work of Massey Before considering the scattering problem we calculated
and Mohr[3] in 1954 and it has continued to be an area ofthe hydrogen and positronium eigenstates by diagonalizing
active research4—6]. Experimentally, this has been a very the relevant two-body Hamiltonian matrix in each case, us-
difficult system to study, mainly because of the low intensi-ing a five-point approximation of the kinetic-energy term.
ties of the available positron beams. The first measuremeniBhe energies of the lowest states are presented in Table | and
of the positronium formation cross section were not reportedor high n the expected Rydberg behavior is found:
until the beginning of this decad@]. A brief review of the  E,~ —1/n%. A more detailed analysis reveals that the energy
most recent available calculations and experimental data ielations are best understood in terms of a quantum defect
given by Kernogharet al. [8]. such thatE,=—R/(n+A,)? [12]. The quantum defect is
In this paper we report initial results from numerical ex- parity dependent since states of even parity sample more of
periments that are the one-dimensional analog of positrorthe soft core of the potential than odd-parity states. For hy-
hydrogen scattering. The restriction to one dimensgibh) drogen it was determined thR=2.00 a.u. and
obviously eliminates many physical effects from consider-
ation. For example, in 1D there are only two scattering di-
rections, forward and backward. However, the problem re- 0.620, n even
mains fully quantum mechanical in 1D, and we can exploit An= 0.597, n odd. 2
the greater simplicity to obtain numerically the exact two-
body time-dependent wave functions, including the effect of
the full correlation interaction without approximation. These
wave functions can permit inspection of the rearrangemen?
dynamics in unprecedented detail.

TABLE I. Binding energies for one-dimensional hydrogen and
ositronium eigenstates.

n By (a.u) Bps (a.u)
II. POSITRONIUM IN 1D 1 0.66982 0.58818
2 0.27494 0.17861
The Hamiltonian is given by 3 0.15149 0.09302
1 1 4 0.09270 0.05302

5 0.06354 0.03597

H=—p2+ = p2+V(x1) — V(Xp) = V(X = Xp). 1

2 P1 2 P53+ V(X1) = V(X2) = V(X1 —Xy) 1) 6 0.04550 0.02490

7 0.03461 0.01892

Positron and electron variables are denoted by 1 and 2, r& 0.02689 0.01439
spectively. The electrostatic interactions are described by the 0.02171 0.01164
soft-core Coulombic potentiai(x) = 1/(x?>+1)? previously 19 0.01773 0.00936

used in studies involving a positive core and one or two
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57 NUMERICAL STUDY OF POSITRON-HYDROGEN SCATTERING 2573

TABLE Il. Final states and threshold values of free positron

kinetic energy given the initial conditioa® + H(n=1). 800 t=0
Minimum initial positron 0
Final state kinetic energga.u)
p+Psh=1) 0.082 -800
e" +H(n=2) 0.395 0 800
p+Psh=2) 0.491
e*+H(n=3) 0.518 800 —
p+Psnh=3) 0.577
et +H(n=4) 0.577 0 v
et+e +p 0.670
-800
0 800
For positroniumR=1.00 a.u. and 300,
t=30
0.340, n even |
A= 3 .
" 10.274, n odd. ® 0 '
The agreement between the quantum-defect-modified Ryd- 300
berg relation and the numerically calculated energies in- 0 800
creases witm. Even ain= 2 they differ by no more than 6%
and byn=10 they agree to within 0.07%. 800 -3
- |
Positron ’
Ill. POSITRON-HYDROGEN SCATTERING DYNAMICS Position 0
The evolution of the electron-positron system is deter- @u)
mined by the time-dependent ScHimger equation(in di- !

. . -800
mensionless atomic unjts 0 800

Electron Position (a.u.)

IV (Xq,%2,1)
I—

at :HW(Xl,Xz,t). (4)

FIG. 1. Two-particle spatial densify¥’ (x;,x,)|? in four subse-
guent time framestop to bottom during a collision. Initially the
with H given in Eq.(1). In our numerical experiments the electron is in the kth=1) state and the positron is free with a
initial state consists of the electron bound to the proton in theinetic energy of 0.42 a.u. The positron coordinafeis along the
hydrogen ground state and the positron in a Gaussian packegrtical axis and the electron coordinatgis along the horizontal

axis. We have used a unit of time based on the frequency of the
o+ (X1, t=0)=ex — (x;—Xg)*/4c?]exdikox;], (5)  positronium 1-2 transition such that time is given in multiples of
27/0.409 a.u.
propagating towards the hydrogen atom. A typical choice of

packet width wagr= 30 a.u., givingAE~0.02 a.u. for initial |‘I’(X1,X2;t)|2, as shown in Figs. 1 and 2. For scattering
kinetic energies up to 1 a.u. Solutions of the time-dependerdvents in which the positron’s initial kinetic energy is below
Schralinger equation, given this initial condition, were 0.670 a.u.(the three-body dissociation threshplthe plots
found numerically on a spatial grid using a split-operator fashave a high contrast between free positron plus hydrogen
Fourier transform method described in detail e|SeWherQVertica| lines centered abo%:O) and free proton p|us
[13,14. positronium (diagonal lines alongx;~x,). The primary
Our primary interest in this series of scattering experi-grawback of this method is difficulty in distinguishing be-
ments was to study the process of positronium formationgween various bound states of hydrogen and positronium.
especially in the regime where the initial kinetic energy OfFigure 1 shows a sequence of density plot§¥fx; ,x,;t)|?
the positron is from 0.082 a.u. to 0.670 a.u. In this energyeorresponding to different times during a scattering event.
regime there are several competing inelastic channels: excfhis same information for the first two plots in the sequence
tation of hydrogen and the formation and possible excitations shown magnified and in the format of contour plots in Fig.
of positronium. The threshold values of initial positron ki- 2
netic energy for which these channels become open are pre- Greater clarity can sometimes be achieved by construct-

sented in Table Il. The time dependence of this scatteringhg the single-particle densities. The total electron and posi-
event is of particular interest as it has not been studied preron spatial densities are defined by

viously.

Several methods have been applied to the visualization of e
the collision process and will be briefly described. The first pi(X; ’t):J' W (x;,%; ;1) 2d; (6)
of these methods is to plot the two-particle spatial density —w
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-115 t=0 t=0 ‘ Positronium
HH R Free Positron
Positron
Position -175
(a.n.)
235 -800 0 800
2.7 2.7
Electron Position (a.u.)
t =18
140 t=18
Positron /
Position ¢
(a.u.)
-~ -800 800
-150
-70 0 90
Electron Position (a.u.) t =30
FIG. 2. Two-particle spatial density’ (x;,X,)|? in two subse-
quent time frames during a collision. The contours fortthé® plot
are at 0.001, 0.002, 0.003, and 0.004. The contours fort #hE3
plot are at 0.0004, 0.0007, and 0.001. Time is given in multiples of
27/0.409 a.u. ipla JAR
-800 0 800

A positronium spatial density can be estimated by assuming

that all'¥ (x4 ,X,) for which|x; —x,| <15 a.u. represents pos-

itronium. This approach to computing positronium density,

while not rigorous, was found to be in rough agreement with ¢
more formal calculationgexcept in the region immediately
surrounding the protgnand is considerably more efficient
computationally. The free-positron density was found by
subtracting this positronium density from the total positron
density defined by Eq(6). In Fig. 3 the positronium and
free-positron densities are plotted for the scattering event H
shown in Fig. 2. B T

Position (a.u.)

53

IV. INELASTIC CHANNELS

In order to gain a better understanding of the scattering FIG- 3. Free positron and positronium spatial densi#iee) in
process it is necessary to distinguish between the variotf§Ur subsequent time framei$op to bottom during a collision.
inelastic channels that are available. A method that is bettpitially the electron is in the H{=1) state and the positron is free

able to discern different bound states is to plot the two-With @ Kinetic energy of 0.42 a.u. Time is given in units of

. e L 21/0.409 a.u.
particle momentum densitW¥(k, ,k,;t)|2, which is found by B au
taking the two-dimensional Fourier transform of the wave

function: corresponding states through simple application of energy

conservation. Similarly, the diagonal lines fall along
- k,+k,~*K, whereK is the total momentum predicted for
W(ky ko) =f f dkidkaexi(KiXy +KoXa) JW (X1,X3). the various states of positronium given the initial conditions.
) However, our ability to distinguish between various states
using this approach is limited since the spatial extent of the
In a plot of the momentum density, as in Fig. 4, hydrogenbound states in both position and momentum space increases
bound states appear as horizontal lines at a vertical positiowith n, making it useful only for HG=1,2) and Psf=1,2).
that gives the momentum of the corresponding free positron. Numerical estimates of positronium formation cross sec-
Measurement of this momentum plus knowledge of the bindtions for the lowest two states were found using a slight
ing energies enables us to identify the various lines withmodification of momentum density method. Before taking
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- FIG. 6. Cross sections for the formation of positronium in the
FIG. 4. Initial and final momentum distributiof® (k, ,k,)|? for n=1 andn=2 states with kinetic energyE(;,).
the collision shown in Fig. 1. The positron wave vedtgris along
the vertical axis and the electron wave vedtgris along the hori-
zontal axis.

” 1
\P(Xl,x2)=n21 fdkbn(k)én(XZ)ﬁe'kxl

the Fourier transform a mask was applied to eliminate hy- .

drogen from the wave function, giving a plot with clearly > 1 iK(xq+X9)
separated diagonal lines as shown in Fig. 5. An estimate of T f dkcn(k)‘f’n(xfxl)ﬁe St
the probability to form positronium in a particular state can
be found by summingy(k,,k,)|? in the region for which ®)
k,+ ko~ *=K, whereyx(k;,k»,) is the Fourier transform of the

masked wave function. We will refer to this as the ma.Sk'Since hydrogen and positronium states are not 0rthogona|

transform method. this expansion breaks down in the region wherds small
Finally, a more formal approach can be used to obtainnear the proton However, since the positron is repelled by

cross sections for Psj formation as a function of the Ps the proton there is only a brief portion of the collision during

kinetic energy. Writing the wave function in terms of hydro- which there is a significant amount of the wave function in

gen bound states(xz) and positronium bound states this region. Therefore,

Pn(X2—X1) We get

v it~ | [ arargyne e R, @)
t=53
- wherer =x,—X; and R=(X;+X,)/2. This method provides
. the most complete and accurate information about positro-
i;’j;‘::;um ; nium formation, but at a high computational expensgk)

@u) and c,(k) were computed at the final time in the scattering
\ event shown above. In Fig. 6 we plot the corresponding
kinetic-energy-dependent quantity(E,;,), where

-4

+4 -4 Cn(Exin) = [Ca(+ VEin)*+]en(— VE)|%. (20
Electron Momentum (a.u.) -
The peak in the plot ot ((Ey;,) is located at a positronium
FIG. 5. Final momentum distributiohy(k, ,k,)|? after applying  Kinetic energyE,;, of approximately 0.34 a.u., which is the
a spatial mask to eliminate hydrogen. This plot is the masked vervalue predicted from conservation of energy considerations.
sion of Fig. 4b). Since the kinetic energy of the incident positron is peaked



2576 J. M. LARKIN, J. H. EBERLY, D. G. LAPPAS, AND R. GROBE 57

g 05 - 1.0 ,

3 % " —Ps() |

v S .........

¢ &

S — -

5 g o5t

g s

& i

S . N A S—

Z °%% 02 04 06 05 10 00 05 1.0
Incident Energy (a.u.) Incident Energy (a.u.)

£0.03 I 0.05 : ,

2 2 " —Ps(2)

9 g |ePs)

g 2 ——HQ)

S 3 H@

g S

g =

: EL S ]

2

9 . 0.00 : ‘

z 9977 06 08 1.0 0.4 0.6 0.8 1.0
Incident Energy (a.u.) Incident Energy (a.u.)

FIG. 8. Final populations in the lowest states of hydrogen and
positronium as a function of the kinetic energy of the incident pos-

go0.012 —_— itron.

(}; X

g - an incident energy of 0.70 a.u., which is 4.5% above the
© o dissociation energy. Experimental measurements of the total
2 % & positronium formation cross section made by Spesdieal.

§ . [7] found a maximum at 152.8 eV. This maximum is lo-

= 4 cated 10.3% above the dissociation enefty.6 e\j.

%0.00%.5 98 07 0% 09 To Finally, we should note that one can justify the one-

Incident Energy (a.u.) dimensional model by observing the degree of qualitative
agreement with experimental data and other calculations that
FIG. 7. Positronium formation cross sections as a function of thecan be found iri8]. For example, our Pa(= 1) cross section
kinetic energy of the incident positron. The cross section foundof Fig. 7 seems to have the same maximum as in ). &
using the projection method is labeled by the solid line and thaRef.[8]. The other cross sections have similar features.
found using the mask-transform method is denotedkby

, , , V. SUMMARY
around 0.42 a.u. we expect little or no production of positro-

nium in the first excited state, which is confirmed by the low In this paper we have presented several tools for studying
values ofc,(E,;). The structure in the& ,(E,;) plot in the the one—dlm_enspnal ana}log _of posﬂron-hydroggn scattgnng.
vicinty of 0.1 a.u. is not well understood at this time. The expansion into positronium bound states in the differ-
The population in the state can be computed by inte- €Nce coorqllnate an(_JI plar_1e waves in the_sum coordinate is of
grating|c,(k)|? over allk. We will refer to this as the pro- particular interest since it can be used in the study of non-

jection method. A comparison between the mask—transforn‘for?servaﬁve. systems, unlike some of the other mgthods de-
method for calculating positronium cross sections and thécr',bed earllgr in this paper. Th? honconservative Iaser-
more rigorous projection method is shown in Fig. 7. Asa§;5|sted posnron-hyd'rogen scattering process can b_e stl_Jdled
noted previously, the mask-transform method is not capabl ith spemal emphas_ls on enhancement of the positronium
of accurately measuring states for whitk 3. However, the '0fmation cross section.

agreement between the methods at the lower states is quite

good: In _Fig. 8 we show the final popu_lations as a function of ACKNOWLEDGMENTS
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