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[13] L. M. G. M. Tolhuizen, K. A. S. Immink, and H. D. L. Hollimann, “Con- Jj=0

fggl(;“%nasngn %%rr(;g.e ? rlweeso?yfvgll.oili ng.e 33?5?6%%”535?13%&3.“"”e‘Fs’ satisfied fori = 1, 2, ---. Griesmer's bound is valid only for

[14] J. K. Wolf and G. Ungerboeck, “Trellis coding for partial-responsdlinear) convolutional codes.
channels,”IEEE Trans. Commun vol. COM-34, pp. 765-773, Aug. It is interesting to notice that for codes with as few as 16 states

1986. _ there exists a gap between Heller's bound (and Griesmer’s bound),
[15] V. A. Zinov'ev, “Generalized cascade code®tobl. Pered. Inform. divee < 8, and the optimal value of the free distande,.. = 7, for
vol. 12, no. 1, pp. 5-15, 1976. . .
rate R = 1/2 (linear) convolutional codes.
Inspired by the recent advances on block codes @uersee for
example [3] and [4], we have searched for 16-state, fate 1/2
convolutional codes over the rirdy, such that they, when combined
with the Gray map, can be regarded as 16-state, binaryfrate2 /4,

Two 16-State, RateR = 2/4 Trellis Codes nonlinear trellis codes with a free distance as largdras = 8. We
Whose Free Distances Meet the Heller Bound also searched for 16-state, rdte= 2/4, binary convolutional codes
whose free distance closes the gap. Such low-complexity codes with
Rolf Johannessorkellow, IEEE and large free distance are strong candidates for use in practical systems.
Emma Wittenmark Student Member, IEEE In Section Il we describe the codes and compare their spectra with

that of the best raté& = 1/2 convolutional code. Since these codes
might be excellent choices for iterative decoding we give systematic,
Abstract—For rate R = 1/2 convolutional codes with 16 states there feedback encoders in Section lll. Comments on related previous
exists a gap between Heller's upper bound on the free distance and its works are given in Section V.
optimal value. This correspondence reports on the construction of 16-
state, binary, rate R = 2/4 nonlinear trellis and convolutional codes
having dr... = 8; a free distance that meets the Heller upper bound. Il. 16-STATE CODES WITH dfree = 8

The nonlinear trellis code is constructed from a 16-state, ratef? = 1/2 The computer search was concentrated on encoders with 16 states
convolutional code overZ4 using the Gray map to obtain a binary code. !

Both convolutional codes are obtained by computer search. Systematic SINCe this corresponds to the smallest memory for which a gap exists.
feedback encoders for both codes are potential candidates for use in The optimal free distance for rat8 = 1/2 convolutional codes
combination with iterative decoding. Regarded as modulation codes for over Z, and Gray mapped to a binary trellis code was found to be
4-PSK, these codes have free squared Euclidean distanég .. = 16. 4 _ 8, which meets the Heller bound. We also found a binary, rate

Index Terms—Convolutional codes, free distance, Heller bound, trelis R = 2/4 convolutional code oveF, with free distancelse. = 8,
codes. which meets the Griesmer bound.

Several codes within each class were found to have the same free
distance. The codes reported are those with the best spectra, i.e., as
few codewords as possible successivelyl@t., dse. + 1, and so

It is well known that the free distancés.. is the principal forth.
determiner for the error correcting capability of a trellis code when The optimum free distance, rafe= 1/2 convolutional code over
we communicate over a channel with high signal-to-noise ratio agd has generator matrix (Fig. 2)
use maximum-likelihood (or nearly so) decoding. In Fig. 1, we show 5 R
the free distances for ratB = 1/2, binary, optimum free-distance G(D)=(3+43D+D" 24+ D+2D") ®)

(OFD) convolutional codes together with Heller's and Griesmer
upper bounds for rat® = 1/2 [1], [2].

For any binary, rat&®? = b/c trellis code with memoryn, Heller's ‘ ‘

upper bound on the free distance is given by G(D) = <D +D* 1+ D2 D* 1+D+ Dj ) @)
1 D+D? 1+D 1+ D+ D*

. INTRODUCTION

&nd the optimum free distance, binary, rdte= 2/4 convolutional
code has generator matrix

diree < min { {%J } (1) In Table | we compare the specti@(dsec +i), ¢ =0, 1, ---, 6,
=t 2(1- ) for these codes with that of the optimum free distance, binary, rate
R = 1/2 convolutional code with generator matrix
Manuscript received March 17, 1997; revised December 22, 1997. This G(D)=(1+D+D* 1+4D*+ D’ +D%. (5)
work was supported in part by the Swedish Research Council for Engineering
SC'II'Tlr:aceasutl;\rg:Sra?éa\r/]vtitg‘lt_gg.Department of Information Technology, Info For 32-state encoders, as can be seen in Fig. 1, there exist convolu-
mation Theory Group, Lund University, S-221 00 Lund, Sweden (’e_maﬁllonz.il codes which reach Grlesmers’upper bound on .the.free distance
rolf@it.lth.se, emma@it.Ith.se). for linear codesds.. = 8, but Heller's upper bound indicates that
Publisher Item Identifier S 0018-9448(98)03479-8. there might exist codes with this complexity and a larger free distance,
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Fig. 1. Heller's (solid line) and Griesmer's (dashed line) bounds together with the optimal free distance f@r=at¢2 convolutional codes ¢ ).

TABLE |
SPECTRA OF THE THREE CODES Zy
i O-®
n(dfree -+ ’L) dfree 0 1 2 3 4 5 6 Gray map —»
R=1/2,2,4 8 [14 0 46 0 281 0O 1528 9 9
R=2/4,binary | 8 |12 0 52 0 260 0 1483 Z4 000 ——pinary
R=1/2,binary | 7 | 2 3 4 16 37 68 176 %j’ (1)} output
g 9 310
viz., diee = 9. However, a computer search shows that this gap 7
cannot be closed using a trellis code generated as aRate1/2 a e 4
convolutional code oveZ,. Whether it can be closed by any trellis
code remains an open question.

Fig. 2. A rateR = 1/2 convolutional encoder oveZ, together with a
Ill. SYSTEMATIC FEEDBACK ENCODERS Gray map.

It was recently shown that systematic, feedback convolutional

encoders can be efficiently decoded by iterative decoding also f&r . . ) .
realization in controller canonical form requires 128 states. Since

low signal-to-noise ratios [5]. o C .
&he generator matrix is systematic it is also minimal [7] and, hence,

A rate R = b/c convolutional code over a ring is systematic if an - can be realized with 16 states. Such a minimal realization is shown
only if it has a generator matrix that ha$ & b subdeterminant which . can be realize states. such a al realization 1s sho

is a unit in the ring of realizable functions [6]. Sindet+ 3D + D? in Fig. 3.
is such a unit we have the following systematic, feedback encoder

for our convolutional code oveZ,: IV. COMMENTS
2+ D+2D? In [8], Lee reported a 16-state, ratB = 4/8, unit-memory
G(D) = (1 34+3D+D2 ) © convolutional code withl,.. = 8.

. . ' Regarded as modulation codes for 4-PSK, the codes given in (3)
It is well known that every convolutional code over a field has d h f d lid di 4 hi
a systematic generator matrix [7]. Our binary, rae = 2/4 and (4) have free square .EUC' ean distaitfg,.. = 16. In 'S
. : Yo Ny comments on our manuscript, Garello [9] has drawn our attention to
convolutional code can be encoded by the following systemat

rational generator matrix: {fie following earlier results:
: 9 - In [10], Benedettoet al. published a systematic 16-stafé =

10 1+D+D° 1+ D° 2/4 binary convolutional encoder with feedback that over a 4-PSK
G(D) = 14+ D?+ D3 14+ D%+ D3 ) constellation with binary Gray mapping achievés (... = 16 and
0 D+D*+D? 14+ D*+D* has the same spectrum as (4), thus meeting an upper bound on the

1+4D+D2+D* 14D+ D2+ D+ free distance for group codes given in [11]. Clearly, their constituent
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Fig. 3. A minimal realization of the systematic rafé = 2/4 binary
encoder.

Convolutional Encoder State Estimation

convolutional encoder hagn.. = 8 which meets the Griesmer
bound.
Furthermore, in [12] Benedettet al. reported a 16-stat® = 1/2
convolutional code oveZ, with generator
/ _ 2 2 Abstract—To estimate the convolutional encoder state from received
G(D)=(1+D+D" 243D +2D7) ®) data, one may use the inverse to the encodé. However, channel errors
. 2 ey . . make this method unreliable. We propose a method that uses the received
Fhat .achle\{e$lF;_7 free = 16. This code has:(12) = 289 and, hence, data in the following way. We calculate the syndrome, and after a specific
is slightly inferior to (3). number of received syndrome values equal to zero, we expect that the
Recently, Calderbankt al. [13] used “unwrapping” of their tail- corresponding received data is also error-free. The received data is then
biting representation of thg24, 12, 8) extended Golay code to used to build the inverse and give an estimate for the encoder state. The

construct a most interesting 16-state convolutional code aith = method can be used in situations where knowledge of the encoder state
. helps the decoding process or for synchronization purposes. We analyze

8. Their GCC _(Gol.ay cpnvolutional .code) can be encpded bY {Re performance of the described method with respect to state estimation
rate R = 4/8 time-invariant convolutional encoder or with a rateerror probability and the average time it takes before we can estimate
R = 1/2 time-varying, periodt convolutional encoder; see also [14].the encoder state with a certain desired reliability.

A. J. Han Vinck, Senior Member, IEEE
Petr Dolezal, and Young-Gil Kim

Index Terms—Convolutional codes, state recovery.
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