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TABLE 11
ONE MAXPOL rorR GIVEN DEGREE
Degree MAXPOL Exponent Degree MAXPOL Exponent

4 P 2p 6 20 P Sp P P 2040
0 1 0 1 2 4

5 p 3p 12 21 P SPPG 3720
0 1 0 1 2 5

6 PP 15 22 PPP 3855
1 2 1 2 8

7 p Sp 24 23 P PG 7620
0 1 0 1 21

8 P 2p P 30 24 PPPG 7905
0 1 2 1 2 4 5

9 piprp 60 25 pippPepP 15420
0 1 2 0 1 2 8

10 P “P P 60 26 P2PPPG 15810
0 1 2 0 1 2 45

11 p Sp P 120 27 P3P PPG 31620
0 1 2 0 1 2 45

12 p fp P 120 28 PPPG 32385
0 12 12 4 7

13 p 3P 204 29 PSPPPG 63240
[} 1 & 0 1 2 4 5

14 PPP 255 30 PPPP 65535
1 2 4 1 2 4 8

15 pi PG 420 31 P3P PPG 129540
[} 1 2 3 0 1 2 4 7

16 P 2P P P 510 32 P2PPPP 131070
0 1 2 4 0 1 2 4 8

17 P3PP 1020 33 pipPPP 262140
0 1 2 4 0 1 2 4 8

18 P Y PP 1020 34 P“PPPP 262140
0 1 2 4 0 1 2 4 8

19 PSPPP 2040
0 1 24

This theorem establishes a reduced exhaustive search method
for a MAXPOL of any given degree. One searches all k, the m;,
and the m; such that k = 0, r = k + 2Em; + Zmy), my = 1,
m; = 3,and m; # m;. Compute the exponent by

e = [log, k][lem {(2™ + 1),2™ — 1)}]
i,J

and keep the combination that yields the maximum e. ([x]
denotes the upper integer part of x.) This search was program-
med in a simple APL routine that produced the list in Table II
of one MAXPOL per given degree. We observe that the MAX-
POL exponents are very near to 2¢+37/2 for which we have no
explanation at this time.
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Robustly Optimal Rate One-Half Binary Convolutional
Codes '

ROLF JOHANNESSON

Abstract—Three optimality criteria for convolutional codes are con-
sidered in this correspondence: namely, free distance, minimum distance,
and distance profile. Here we report the results of computer searches for
rate one-half binary convolutional codes that are “robustly optimal” in
the sense of being optimal for one criterion and optimal or near-optimal
for the other two criteria. Comparisons with previously known codes are
made. The results of a computer simulation are reported to show the
importance of the distance profile to computational performance with
sequential decoding.
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Several distance measures have been proposed for convolu-
tional codes, each of which is important for particular applica-
tions. In this correspondence we report the results of the search
for “robustly optimal” convolutional codes, i.e., codes that are
optimal for one distance measure and are also optimal or near-
optimal for the other two distance measures. We have limited
the search to binary codes of rate R = % as the case of greatest
practical interest. :

In a rate R = } binary convolutional code, the information
sequence ig,i;,iz,- -+ is encoded as the sequence

10, 1,@,1, D 1, @ 1, 1, . ...
where
k W k
tu ) = 2 lu—jgj( ).
/=0
The parameter M is the code memory and

G® = [96*,9: %, ,9u®]

for k = 1,2, are the code generators. The code is systematic
when G = [1,0,---,0]. The code is a quick-look-in (QLI)
code [1] when

(1)
’

A J#1

j=1
QLI codes have some advantages in recovering the information
sequence from the encoded sequence compared to general

nonsystematic codes.
We shall find it convenient to write

t[O,n] — (to(l),t0(2)5t1(1)9t1(2)9 .o .’t”(l),tn(Z))

for the encoded path containing the first » + 1 “branches” of
the encoded sequence. The encoded path o, 5 is called the first
constraint length of the code. The jth order column distance 2]
d; is the minimum Hamming distance between some o, ;
resulting from an information sequence with i, = 1 and some
tro,jy With ip = 0. By linearity, d; is also the minimum of the
Hamming weights of the paths #, ;; resulting from information

“sequences with i, = 1.

The quantity dy, is called the minimum distance of the con-
volutional code and determines the guaranteed error-correcting
capability when the code is decoded by a “feedback decoder” 3]
The quantity d., is called the free distance of the code and has
been found to be the principal determiner of decoding error
probability when maximum-likelihood (or nearly so) decoding
is used, i.e., for Viterbi decoding or sequential decoding [1], [4].

It has also been observed [1] that for good computational
performance with sequential decoding, the column distances
should “grow as rapidly as possible.” We are led then to define
the distance profile of the code as the (M + 1)-tuple

d= [do,dl" : "dM]

and to say that a distance profile d is superior to a distance profile
d’ when there is some n such that

=dj/’ j=0,1,.--.-
dj {> dj,9 ] -

|
s

Thus d > d’ implies that the “early growth” of d; with j is
greater than that of d;” with j. (It could, of course, happen that
for sufficiently large j, d; < d;’.)

We notice that only in the range 0 < j < M is each branch
on a path #,, j; affected by a new portion of the generator as one
penetrates into the tree. The great dependence of the branches
thereafter militates against the semi-infinite choice dy, =
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TABLE 1
ODP SYSTEMATIC CONVOLUTIONAL CODES WITH RATE 3 WHICH ARE
ArLso OMD Cobgs

of? 4,  fpatns a4 #paths

[
7
64
T2
3
T30
T34
714
115
671
6710
154
6710
7152
11 6Tl
7153
12 6711k
13 6Tk
w615

'5 ] o o W N
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Note: B denotes that this generator was previously found by
Bussgang [6]. .

TABLE 1I
ODP SysteMATIC CONVOLUTIONAL CODES WITH RATE 4
M G(Z) Gy #paths d, #paths
15 TLLLTY 8 1 10 1
16 TLLLT6 9 18 10 1
671166 9 22 12 13
17 671145 9 7 11 1
671166 9 13 12 13
18 6711454 9 3 12 L
19 TLULEL6 10 31 12 3
20  T1LL6L6 10 13 12 3
T1h4761 10 18 12 1
21 6711h5uk 10 L 12 1
22 71446162 10 1 13 2
TLLLE6166 10 6 1k 6
23 67114543 1i 27 14 6
67115143 11 32 b 2
24 T1LL6L65H 1L 11 15 5
671151434 11 16 15 Y
25 T1kL6165L 11 5 15 5
671145536 11 9 15 3
26 671145431 11 1 15 1
671151433 11 L 16 8
27 7144616264 12 21 141 1
7144760524 12 26 16 7
28 6711454306 12 8 16 L
6711514332 12 13 16 3
29  T71hL61G5T3 12 2 17l 3
7144760535 12 6 18 22
30 71446162654 13 43 16L 2
67114543064 13 Ll 16L 1
31 T1L46162654 13 15 16L 2
67114543066 13 24 18 11
32 T1L46162655 13 L 7L 2
T1hL7605247 13 13 18L 2
33 T1LL61626554 13 1 18L 5
671145430654 13 L 18L 1
34 TLLL6162655h 1L 34 18L 5
714461625306 1k 42 18L 1
35  T1LL61625313 1k 1 18L 3
T14461626555 14 19 19k 2

Note: L denotes that this number is actually d'{l which is a
lower bound on d_.

[d,,d,, - +,d ], as does the fact that d,, is probably a description
of the remainder of the column distances, which is quite adequate
for all practical purposes. ’

We shall say that a code is an optimum minimum distance
(OMD) code (or an optimum free distance (OFD) code or an
optimum distance profile (ODP) code) when its minimum distance
(or free distance or distance profile) is equal to or superior to
that of any code with the same memory.

In Tables I-V we report the results of computer searches for
binary convolutional codes that are robustly-optimal, i.e.,
optimal for one of the preceding distance measures and optimal
or near-optimal for the other two. In cases where the optimum
code is not unique, we have chosen a code with the fewest number
of low-weight paths for the distance measure in question, e.g.,
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TABLE III
ODP QLI Copes WITH RATE %
PR 23] &2 4, fpathe 4, #paths
1 6 i 3 2 3 1
2 T 5 3 1 5 1
3 T 5k b 3 6 1
i T2 52 L 1 6 1
5 11 51 5 5 7 1
15 55 5 6 8 2
6 704 504 5 2 7 1
Tk 51k b} 3 8 1
7 Th2 sk2 6 11 9 1
8 Th2 542 6 5 9 1
9 404 sLkok 6 1 9 1
Th3h 5434 6 2 10 2
10 Th06 5406 T 12 10 1
Th22 5422 7 13 11 2
11 Th21 5421 7 5 11 1
T435 5435 T 6 12 5
12 Thobl Lokl 8 29 11 1
13 Th0L2 shok2 8 12 1 1
Thok6 sLoké 8 17 13 2
1 ThOL2 skok2 8 6 11 1
TUOLT shok7 8 7 14 2
15 Thol1k 5Lokk 8 1 13 1
TLOLTO 5kOWT0 8 3 14 2
16 TVOULE shok16 9 18 1k 1
ThOL62 5Lok62 9 22 15 3
17 ThOULS 5LoL1S 9 7 15 3
TLOL63 540463 9 9 16 2
18 ThOL2LY shokaly 9 3 15 1
T40L63k 5LoL63Y 9 L 16L 1
19 Thok2u2 skok2k2 10 31 15 1
20 Thol2h1 suoL2k1 10 13 1L 1
T4Oh155 540L4155 10 18 18k 2
21 Thok2hok shok2kok 10 b 15 1
T4OL1550 54041550 10 8 18L 2
22 TLOL1566 5L0L1566 10 1 18 1
ThoOL2L 36 54042436 10 8 19L 2
23 Thok2L1T 54042417 1 27 18 1
TUOLL56T 54041567 11 32 9L 1
Note: L denotes that this number is actually d’!l which is a
lower bound on d_.
TABLE 1V
NoNsYSTEMATIC QLI Cobpes witTH MaxiMuM FREE DISTANCE FOR
QLI CobEs
x o of? 4  #paths 4. fpaths
1 6 4 1,2,3 3 2 3 1
2 7 5 1,2,3 3 1 5 1
3 ™ 5k 1,2,3 N 3 6 1
1 66 L6 1, 3 L 2 k¢ 2
H 15 55 1,2,3 H 6 8 2
[ 654 L5k 3 5 3 9 b
7 Th2 sk2 2,3 6 1n 9 1
8 51 551 3 6 T 10 1
9 7664 5664 5 1 11 3
10 7506 5506 3 1 1k 12 3
n 7503 5503 6 2 13 8
12 76414 5641k 7 T b 10
13 66716 46716 6 1 W 3
Notes: 1. This code is OFD.

2. This code is ODP.
3. This code is OMD.

TABLE V
NoNsYSTEMATIC CODES WHICH ARE SIMULTANEOUSLY ODP, OMD,
AND OFD
M Gu) G(z) dM #paths a, #paths
1 6 b 3 2 3 1
2 1 5 3 1 5 1
3 Th 5k L 3 6 1
4 62 56 I 2 7 2
5 15 55 5 6 8 2
6 63k 564 5 3 10 12
T 626 572 6 11 10 1
8 751 55T 6 6 12 10
9 7664 STLU 6 2 12 1
10 7512 5562 7 13 14 19
un - - 7 - 15 -
12 - - 8 - 16 -
13 60676 L5662% 8 17 16 5

® The search for the code with the smallest number of d~=16 paths
was not exhaustive and hence a slightly better code might exist.
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d_ for systematic ODP codes (actually 4 y for
¥30,32,33,34 and 35.) T

————— d_ for systematic Costello Algorithm A6 codes
‘ e ————— dM for ODP codes
eerere e, dy for codes of Bussgang (0<M<15),
Lin-Lyne (16<M<20) and Forney (21<M<35)
X—x=—x=—x—~x Gilbert bound

Distance
=

X X e X e K X

8 X X e X
6 J
L
2
0 5 10 1'5 2.0 2; 3; 35: o
Memory M

Fig. 1. Minimum distance djs and free distance d,, for some rate 4 convolutional codes.

d_ for ODP QLI codes (actually d,“ for
M=18,20,21,22,23 and 2L)

_____ a_ for Bahl-Jelinek codes
d_ for ODP and OFD codes
dw| for ODP codes

28 e e XX e X dM for Massey-Costello QLI codes

26 1
2k
22

20

Distance

R e R o Y R B

" + + 4
u + + + + t +

0 5 10 15 20 25 30 35

Memory M
Fig. 2. Minimum distance dj, and free distance d,, for some rate 4 convolutional codes.
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the fewest number of paths #,,; with Hamming weight d),
resulting from information sequences with i, = 1 when dy,
is the distance measure in question.

In Table I we list ODP systematic codes for the range 1 <
M < 14.'In all the tables we write the generators in the octal
form where the first octal digit denotes [go®,9:%,9,%], the
second denotes [g;®,g,®,g5®], etc. (It should be noted. that
the “customary” octal notation for generators [5] uses
[gr—29m—19m ] for the last octal digit, etc., so that the generators
[1111] and [111101] become 17 and 75, respectively. In the
notation here these would be 74 and 75, which we think better
shows the fact that the former is a truncation of the latter.) In
case of ties not resolved by the number of weight dj; paths, we
have chosen for Table I a code with the greatest d,,. The codes
in Table I are all OMD codes as well as ODP codes. Since the
“truncation” to smaller memory of an ODP code must give an
ODP code for the reduced memory, the M = 14 code in Table I
can be used to obtain an ODP code for all M < 14 but not
necessarily one with the least number of low-weight paths.

For M = 15, we have found that an ODP code has d;5s = 8
whereas an OMD code has d;5 = 9 so there is no code that
is both ODP and OMD for M = 15. We know of no other M
in the range 15 < M < 35 with this property. In Table II we
list the systematic ODP codes that we have found .for 15 <
M < 35. For M = 16, the value of d,; for OMD codes is
unknown, but the codes in Table II have d,, as large as any
previously known codes. In fact, for M = 30 and M = 34,
the codes in Table II have larger d,, than any codes previously
known. Moreover, the M = 35 code in Table II has d,, superior
to the best previously known systematic code, viz., the adjoint
[6] code of Forney’s extension [7] of one of Bussgang’s optimal
codes [6].

The excellence as regards d,,; of the systematic ODP codes in
Tables I and II can be seen from Fig. 1 in which we have plotted
dy for these codes and for the best of the codes found previously
by Bussgang [6], Lin-Lyne [8], and Forney [7]. For comparison,
we have also plotted the Gilbert lower bound [3] on dj. To
show the excellence of their d,,, we have also plotted d,, for the
ODP systematic codes and for the systematic codes found by
Costello [2].

It should be mentioned that, in Table II (as well as later in
Table III), a notation of L indicates that d,; which is a lower
bound on d, is actually given rather than d,,, which is unknown.
1t is likely, however, that d;; = d, in most, if not all, of these
cases.

In Table III, we list the ODP QLI codes we have found for
1 < M < 23. These codes, except when M = 1, are nonsystem-
atic. QLI codes can generally achieve a greater d,, for a given M
than is possible with systematic codes.

The excellence of the ODP QLI codes of Table III as regards
dy and d,, can be seen from Fig. 2 where we have plotted dy,
and d,, for these codes and d,, for the QLI codes of Massey—
Costello [1]. The ODP QLI codes of Table III appear very
attractive for use with sequential decoding since 1) their QLI
structure guarantees easy recovery of the information sequence
from the encoded sequence with small “error amplification” [1];
2) their ODP property ensures good computational performance;
and 3) their large d,, ensures a small decoding error probability.

In Table IV, we list the QLI codes that we have found to have
the greatest d,, for any QLI codesforl < M < 13.ForM < §
these codes are also OFD, but for M > 6 larger d,, is possible
only with more general nonsystematic codes. Ties were resolved
using first d,, and then d,, as further optimality criteria. The codes
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TABLE VI
SIMULATION RESULTS FOR DECODING 1000 FRAMES OF 256 BITS
EAcH ForR THE BSC wiTH p = 0.045
(R = Ry = 0.50; Ry = Rcomp)

Fraction of Frames with Computation
More than N

ODP QLI code Massey-Costello code Bahl-Jelinek code
N M=23 M=23 M=23
278 1.000 1.000 1.000
330 0.555 0.582 0.571
360 0.418 0.437 0.418
450 0.227 0.254 0.227
600 0.123 0.134 0.128
1100 0.047 0.051 0.047
1700 0.028 0.029 0.031
2700 0.017 0.019 0.018
Fraction of Frames Decoded in Error
0.000 0.000 0.000
TABLE VII

SIMULATION RESULTS FOR DECODING 1000 FRAMES OF 256 BITS
EAcH For THE BSC witH p = 0.057
(R = 1.1R, = 0.50)

Fraction of Frames with Computation

More than N
ODP QLI code Massey-Costello -code Bahl-Jelinek code
N M=23 M=23 M=23
278 1.000 1.000 1.000
330 0.851 0.869 0.860
360 0.731 0.757 0.731
Lso 0.532 0,553 0.537
600 0.359 0.377 0.365
1100 0.182 0.189 0.178
1700 0.125 0.134 0.128
2700 0.083 0.090 0.08k4
Fraction of Frames Decoded in Error
0.000 0.000 0.000

of Table IV appear attractive for use with Viterbi decoders for
1< MZ<S.

In Table V, we list ODP general nonsystematic convolutional
codes with ties resolved first according to d,, and then according
to dys. The codes for M < 10 and M = 13 are all OFD codes
[5], and it is surprising that the ODP property can be obtained
over such a wide range at no sacrifice in free distance.

The excellence as regards d,, of the codes in Table V can be
seen from Fig. 2 where we have plotted their d,, as well as that
of the “complementary codes” found earlier by Bahl-Jelinek
[9]. The codes of Table V are attractive candidates for use with
Viterbi decoding when the QLI feature is of no interest. The
M = 5codein Table V is quite remarkable being simultaneously
optimal for all three distance measures and also being QLI.

To illustrate the importance of the ODP property for sequential
decoding computation, we have simulated the performance of a
stack sequential decoder [10] on a binary symmetric channel
(BSC) for 1) the ODP QLI code with M = 23,d,, = d7; = 19,
and dy; = 11 of Table III; 2) the M = 23 Massey-Costello
QLI code [1] with de = dy; = 17 and dy = 9, which is
currently being used by NASA in several deep-space programs;
and 3) the M = 23 Bahl-Jelinek complementary code [9] with
d, = 24 and d,; = 10. The results of decoding 1000 frames of
256 information bits in length for each of these codes are given
in Tables VI and VII for BSC’s with crossover probability p
of 0.045 and 0.057, respectively. No decoding errors were made
in any case. It can be seen from Tables VI and VII that the

‘computational performance of the ODP QLI code is far superior

to the Massey-Costello QLI code and slightly better than the
Bahl-Jelinek code that (while having larger d,,) lacks the desir-
able QLI property.



468

ACKNOWLEDGMENT

I would like to acknowledge gratefully the assistance and
encouragement of Prof. James L. Massey, who also suggested
the names “distance profile” and “robustly optimal.” Finally, I
am indebted to the American-Scandinavian Foundation and the
Swedish Telephone Company, L. M. Ericsson for their
support.

REFERENCES

[1] J. L. Massey and D. J. Costello, Jr., “Nonsystematic convolutional
codes for sequential decoding in space applications,” IEEE Trans.
Commun. Technol., vol. COM-19, pp. 806-813, Oct. 1971.

[2]1 D J. Costello, Jr., “A construction technique for random-error-
correcting convolutional codes,” IEEE Trans. Inform. Theory
(Corresp.%, vol. IT-15, pp. 631-636, Sept. 1969.

[3] .} 9%,3 Massey, Threshold Decoding. Cambridge, Mass.: M.L.T. Press,

[4] A. J. Viterbi, “Convolutional codes and their performance in com-
munication systems,” IEEE Trans. Commun. Technol., vol. COM-19,
pp. 751-772, Oct. 1971.

[5] K. J. Larsen, “Short convolutional codes with maximal free distance
for rates 4, 4, and 1,” IEEE Trans. Inform. Theory (Corresp.), vol.
1T-19, pp. 371-372, May 1973. . .

[6] J. J. Bussgang, “Some properties of binary convolutional code
%gggrators,” IEEE Trans. Inform. Theory, vol. IT-11, pp. 90-100, Jan.

[71 G. D. Forney, Jr., “Use of a sequential decoder to analyze convolu-
tional code structure,” IEEE Trans. Inform. Theory (Corresp.), vol.
1T-16, pp. 793-795, Nov. 1970.

[8] S. Lin and H. Lyne, “Some results on binary convolutional code
generators,” IEEE Trans. Inform. Theory (Corresp.), vol. IT-13, pp.
134-139, Jan. 1967.

[9] L. R. Bahl and F. Jelinek, “Rate 4 convolutional codes with comple-
mentary generators,” IEEE Trans. Inform. Theory, vol. IT-17, pp.
718-727, Nov. 1971.

[10] F. Jelinek, “A fast sequential decoding algorithm using a stack,” IBM
J. Res. Dev., vol. 13, pp. 675-685, Nov. 1969.

A Class of Binoid Single-Error-Correcting Codes
VASILE V. MASGRAS
Abstract—A new class of group binoid single-error-correcting codes is

given. The codes are nonbinary group codes over the additive group of
integers modulo g.

I. NOTATION AND DEFINITIONS

Let n and g (n > g) be two positive integers. We denote by
(n), the radix-q representation of n. We suppose that this rep-
resentation has s digits. Let 7, be the following set:

ij = {ll 1<i=< n, (l)q = il’“ ',ik—ljik+1" "’is}9
l1<j=<g-1 1<k=<s

We denote by Z, the additive group of integers (mod q).
Definition 1: The set C < Z. is the nonbinary group code [3],
such that

c = (cl" * 'acn) eC
if and only if
Z ¢; = 0 (mod gq),

ielid

If we let r=#{/|L/# ¢,1<j<qg—-1,1=<k=<s}
then the group code has r check symbols and m = n — r
information symbols.

l1<j=<gqg-1, 1 <k=<s (@1

Manuscript received February 25, 1974; revised February 11, 1975.
The author is with the Department of Mathematics, Polytechnic Institute,
Bucharest, Rumania.
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Forgq = 2and n = 2° — 1, Cis a binary Hamming code [1],
[2]. For ¢ > 2, C represents another nonbinary generalization
of the Hamming code [3].

Definition 2: A pair of sets {4,M ) is a binoid [4], if the follow-
ing two conditions are satisfied:

i) there are two operations @: 4 x A > A and ®: 4 X
M- A;
ii) the set A4 is a group with respect to the ® operation.

A binoid (4,M ) is called distributive if the ® operation is
distributive with respect to the @ operation, and it will be
termed commutative if 4 is a commutative group. The set
A* = {a|lacd,a@m#a@ m';Vm,m e M, m # m’'} is
called the univalence domain. If, in addition, we have A* =
A — {0}, {(4,M ) is termed a completely univalent binoid.

Definition 3: A set C = A" is a binoid code [4], if there is a
set M such that following conditions are satisfied:

i) {(4,M ) is a binoid;
ii) C is a nonbinary group code (of length n);
iii) the parity check matrix of C has its components from M.

II. LINK THEOREM

Taking into account Definitions 1 and 3, we may formulate
the following theorem.

Theorem 1: The nonbinary group code C of Definition 1 is
always a binoid code for M = {0,1}, where @ is modulo ¢
addition and ® is ordinary multiplication.

Proof: This is obvious if we note that the code C is the null
space of the matrix H = [6;,1,'], where 6 1,' € M = {0,1} are
defined in the following way:

. 1, ifier/
Sl = o
gl =0, ifi¢ I

Q.E.D.

Any group code C may be regarded as a binoid code. The
binoid (4,M ) is completely univalent. '

III. DETECTION AND CORRECTION OF SINGLE ERROR

Theorem 2: The nonbinary group code C < Z," of Definition
1 is a single-error-correcting code.

Proof: Let ¢ = (¢q,+++,c,) be a codeword and b =
(by,- - +,b,) be the received vector. We define
d) = % b (mod q). @
el
If we assume that no more than a single error occurred, then we
suppose

fori # h

Ciy
bi = {c,, + p@modgq), fori=nh

where p and 4 are the value and position of the error. We have
b, = ¢; ® d;,p, where Jy, is the Kronecker symbol.
From the (2) congruences we have

a’ = Y,

ielhd

n
by = i; S0 ® by

n n
izl 60"‘)‘ ® € ® 1—21 J(J’k)i ® 6ihp

ifhel’
ifhe I

1]

0+ (S(j,k)hp = {g’



