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Reprint from Elleknik & (1965) no. 4 (April)

Vertical Indication with a Physical

Pendulum Based on Electromechanical

Synthesis of a High Moment of Inertia

Karl-Johan Astrém, IBM Nordiska Laboratorier, Solna;
Folke Hector, Philips Teleindustri AB, Stockholm

Artikeln beskriver elt nytt sdtt att syntetisera trig-
hetsnavigeringssystem. Systemel dr baserat pd en
princip for vertikalindikering, som uppfanns av for-
fattarna 1959. Ett komplett navigeringssystem enligt
den nya principen har utvecklats och byggts av Phi-
lips Teleindustri i Stockholm. Detta system har ge-
nomgdlt en omfattande testning i flygplan. De férsta
testflygningarna ulférdes med ett litet tvamotorigt
propellerplan. Ett stort antal testflygningar har ny-
ligen genomférts med ett jetplan med flygtider upp
till tio timmar. Syftet med testflygningarna har varit,
att prova de nya systemprinciperna i praktiken samt
att underséka om navigeringsnoggrannheten dr i
S6verensstidmmelse med vad som erhdllits ur system-
analysen. Testflygningarna har genomfdérts planen-
ligt och de nya systemprincipernas hdllbarhet har
alltsd praktiskt demonstrerats fér flygplan med hig
hastighet.

Denna artikel dr baserad pd den férsta rappori,
som skrivits om systemet, Denna rapport utgavs av
TTN-gruppen (Teoreliska Trighetsnavigeringsgrup-
pen under professor B J Andersson vid KTH) i au-
gusti 1959, och finns dven tillginglig som en FOA-
rapport. Artikeln nedan behandlar en férenklad en-
axlig version av systemel,

The paper describes a new principle for synthes-
izing inertial navigation systems. The idea behind
the principle was conceived jointly by the authors
early in 1959, A complete navigation system based
on the idea has been developed and built by Philips
Teleindustri AB in Stockholm. Successful test flights
have been performed with this system. In the first
series of test flights a small twin engine airplane
was used. The duration of each flight was up to a
few hours. Recently a large number of test flights
have also been performed using a long distance jet
plane with flight time up to ten hours. The purpose
of these tests was to establish the validity of the sys-
tem principles and to investigate whether the actual
accuracy of the system was in agreement with the
predesign prediction. Both these tasks are now ac-
complished and the feasibility of the new principle
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for inertial guidance has thus been established in
practice for high speed aircraft.

This paper is a slightly revised version of the first
report written on the subject. The report appeared
in August 1959 as a report from the TTN group! with
limited distribution. The paper deals only with a
simplified single axis version of the system. In spite
of the fact that much more detailed studies now are
available, the authors believe that it is worth while
to publish the original contribution to the subject.

Nomenclature
a(t) Acceleration
a, Constant acceleration
a Ratio of the moment of intertia of gyrofloat

with respect to the output axis to the mo-
ment of inertia of the gyro rotor with
respect to its spin axis

D= % Differential operator

F Force acting on the pivot of the pendulum
Eq. (1)

g Acceleration of gravity

g Magnitude of g

h Vector from pivot to centre of mass of pen-
dulum

h Magnitude of h

o Angular momentum

By Angular momentum of the pendulum with
respect to its centre of mass

Hp Angular momentum of the pendulum with
respect to its pivot point

J Moment of intertia of the gyro rotor with
respect to its spin axis

Jp Moment of intertia of the pendulum with
respect to its pivot point '

m Mass of the pendulum

mh Mass unbalance of the pendulum

m(t) Disturbing torque acting on the gyrofloat
in normalized units (sec™?), (the disturbing
torque equals Jm (¢) [Nm])

M (t) Disturbing torque acting on the pendulum
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in normalized units (sec?), (the disturbing
torque equals JpM (t) [Nm])

n Torque acting on the pendulum
P Argument of Laplace transforms (the Lapla-

ce transform corresponding to the time
function f (t) is denoted by f (p))

r Vector from centre of earth to pivot point of
pendulum

r Distance from centre of earth to pivot point
of pendulum

R Radius of earth

R, (t) Covariance function of second order ran-
dom process a ({)

t Time variable

v Velocity

Y (p) Transfer function

Y, (p) Transfer function Eq. (12)
Y,(p) Transfer function Eq. (9
Y, (p) Transfer function Eq. (10)
Y3 (p) Transfer function Eq. (11)
o Parameter. See ¢ (p)

p Parameter. See ¢ (p)

d Average component accuracy in Schuler-

tuning circuit

9 Angle. Fig. 3
2] Angular orientation of pendulum with
respect to intertial space. Fig. 3
*® Parameter. See ¢ (p)
5= mhr Parameter
Ip

o (p) Transter function from output signal of gyro
to torque (in normalized units) applied to
the torque generator of gyro. A proportional
gyrohas ¢ (p) = a p, arate gyrohaso (p) =

ap-+x, an acceleration gyro has ¢(p) = ap
Fxty/p
T (p) Transfer function from output signal of gyro

to torque (in normalized units) acting on
the pendulum

@ (t) Output signal of gyro

D;.(w) Power spectrum of second order random
process X (t)

w (L) Vertical indication error

o Angular velocity of gyro rotor,

w,=}g/R Schuler frequency

Introduction

Vertical indication is one of the key problems when
designing inertial navigators for vehicles with velo-
cities considerably less than the escape velocity.

One of the essential problems in the field of verti-
cal indication is to obtain a pendulous system with
a period of 84 minutes. As was pointed out by Schu-
ler?, this cannot be accomplished with a physical
pendulum of reasonable size.

One method of synthesizing the system is to sub-
stitute the simple pendulum by a force-measuring
and a torque-producing sub-system. By introducing
a suitable coupling between these, the complete sys-
tem will, in all essential respects, behave in the
desired way. Systems of these types have been suc-
cessfully designed by Draper et al. & 45 %%

Another method of synthesizing the desired pendu-
lous system is by using an ordinary physical pen-
dulum, whose apparent moment of inertia is made
very high by electromechanical aids. A single axis
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loop of a system based on that principle is analysed
in this article. An analysis of a three-axis system has
also been performed??,

The system is described below. The article proceeds
with the equations of motion of the system and with
an analysis of the equations. Some practical aspects
on the system are given and also a comparison of
the proposed system with the classical ways of im-
plementing the system. In an appendix the posi-
tion indication loop is discussed, thereby comp-
leting the analysis of the single axis navigation sys-
tem.

Description of the system

The main features of the system are illustrated in
fig. 1. It consists of a physical pendulum supported
in the vehicle. The high apparent moment of inertia
of the pendulum is obfained by applying a torque to
the pendulum, whose magnitude is proportional to
the time derivative of the angular velocity of the
pendulum with respect to inertial space. The torque
is applied by a torque motor and the control signal
is obtained from a single axis gyro attached to the
pendulum with the input axis parallel to the pivot
axis of the pendulum. The gyro can be a proportio-
nal gyro, a rate gyro, an acceleration gyro (i.e. a
gyro with an integrator feedback from the signal
generator to the torque motor), etc. With a propor-
tional gyro two differentiations are required in the
loop, one differentiation is sufficient if a rate gyro
is used and an acceleration gyro requires only a
constant gain in the loop.

A salient feature of the system is that there are sig-
nals in the system, proportional to the velocity of
the vehicle. Position indication is thus easily obtained
by integration,

The equation of meotion of the pendulum
Introduce a right-handed orthogonal coordinate set
O x yz fixed to inertial space. The force of gravity
is supposed to be directed towards O. The pivot
point of the pendulum is P. The vector OP is denoted
by . The vehicle is restricted to move in the xy-
plane with the pivot axis of the pendulum parallel
to the z-axis. See fig. 2.

Newton’s second law of motion gives:

%HCM W —hxF o

a4 (lzh)
pdiaNu Bihadinhal) S 2
' (dtz toge) = Ftmy @
Neglecting the difference hetween the centre of
mass and the centre of gravity of the pendulum, we

obtain from equations (1) and (2)

d 2)')

T

1
-(f;—tl[p:f'['—i-mhx (g (3)
Introduce the angles ¢, ® and  according to fig. 3.
The angle vy is the vertical indication error. Neglect-
ing the reaction torques of the gyros we get#*)

d ) a0
Lz )= 92

{4
dt )

*) The influence of the reaction torques is discussed in references
(8), (11), (12) and (14).
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F
YA

Fig. 2. lustration of the
coordinate system.

0 X

z

P
R Fig. 3. Relation-

YA M ship of the ang-

les defining the
¢ orientation of
the pendulum
and the vertical
indication error.

kS

x![

)

where Jp is the moment of inertia of the pendulum
with respect to its pivot axis.

The angular velocity of the pendulum is measured
by a single axis gyro. Let ¢ be the output signal of
the gyro, then

oD 1
a [D* +a(D)] a' [D*+a(D)]

where Jo (D) is the feedback operator from the out-
put signal of the gyro to the torque generator of the
gyro. A proportional gyro has ¢ (D) = « D, a rate
gyro has o (D) = « D + x, an acceleration gyro has
6(D) =aD+x+yDH

Q)=

o + m () (8

Further, let Jp 7 (D) be the coupling operator from
the output signal of the gyro to the torque acting
on the pendulum, and Jp M (i) the disturbing torque
acting on the pendulum. Then

(M) = — T, T(D) 9 (1) + TpM (1), ©)

Suppose it is possible to choose the operators v (D)
and ¢ (D) in such a way that the tracking error  (t)
is small for all disturbing torques, eq. (3) can then
be linearized in w (t). The z-component of the line-
arized equation combined with the equations (5) and
(6) gives

[D2 woD 7 (D)

a[W+G@ﬂ+1%ﬂw®:

@, T(D) o : k (D)
[ﬁw- 1— m] DO+ M@+ T TDEL (DN (D% + 6 (D)] m(t)
+}~|:2§‘19— (%-ﬂ?z) 1/)(1)] Q)
where A= mhr
Ip
and w2 = g
r

Assume that the vehicle moves at constant height,
i.e. r = R, the radius of the earth, and that the velo-
city of the vechicle is considerably less than the
escape velocity, i. e.

v < V' Ry ~ 8000 m/sec

The last term of the eq. (7) can then be neglected.
For an analysis of the error due to variations in r,
see reference 7. The rest of the equation is then Ii-
near with constant coefficients. Applying the Laplace
transform, we get

w{p)=Y1(p) alpy+ Yo(p) M(p) + Y (p) m(p) ®
where a(p) is the Laplace transform of the accele-
ration of the vehicle, i. e.

a(ty= R

L A—1—Yp)

and Yy(p) = T m (9
7 —— _—1'
e S AR 1o
, P Yo(p)
A (RS FDIEE v
where Yo(p) = ©o *(p) (12)

a'p[p? +o(p)]

The transformed functions are denoted by writing
p for the argument, A block diagram of the system
represented by the eq. (8) is shown in fig. 4.

Analysis of the system

In the linearization process above we assumed
that it was possible to choose the feedback operators
in such a way that the indication error is small in
spite of disturbances.

The permissible error and the disturbances are
supposed to be given by the specifications of the
system. The synthesis problem is then to choose the
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operators ¢ (p) and = (p) to satisty the specifica-
_tions.

Suppose for instance that the acceleration of the
vehicle and the disturbing torques are stationary
random processes with the power spectra @, (w),
Pyt (@) and Py (). If the transfer functions Y, (p),
Y, (p) and Y3 (p) are strictly stable, the vertical in-
dication error is also a stationary process whose
power spectrum is @4y (w0). Eq. (8) gives

(p’l”l’ (m) = Yl(jc')) Yl('—]w) gpﬂu((‘)) + YZ (/w) YZ(“]C")) (pmm (("))
+ Y3 (Jm) Ya(“‘j(')) Qmm(m)- (13)

The covariance function of the indication error is
then

Ry (7) = J Dyyp(@)eior deo (14)

—co

and the r.m.s. error
E [w(t)*] = Ry (0) = [ Pyp(0)de (15)

Given the power spectra &g (w),Pyy (w) and
Dpm (@), the problem is to choose the transfer func-
tions Y, (p), Y, (p) and Ys (p) to yield a permissible
I'. Im. S. error.

An obvious conclusion from the eq. (9), (10) and
(11) is that all transfer functions cannot be arbitrari-
ly small. Hence the stated problem does not neces-
sarily have a solution.

In order to judge the possibilities of this system,
we will analyse the error obtained for some deter-
ministic disturbances.

If we choose

Yolp)= A —1 (16)

T(p) = 4 P Latplpt +0(p)] (161

o

the acceleration of the vehicle will cause no indica-
tion error. Eq. (16" is the Schuler-tuning con-
dition of the system. Introduce eq. (16) into the eq.
(9), (10) and (11) and we get

Yi(py=0 (17)

Yy(p) = m (18)
A— 2]

Ys(p) = 71 WJJT@?) (19)

Notice that the numerator of Y, (p) is proportional
to p, an unbalance torque on the gyro gimbal with
constant magnitude will thus give no steady state ver-
tical indication error.

As the accuracy of the available components is Ii-
mited, condition (16) cannot be accurately satisfied.

Suppose for example that

1

o) =1 — )=

o

pa'[p? -+ a(p)] (20)

where 0 is an overall figure of the accuracy of the
components. Suppose that § < 1. Eq. (5) is then rep-
laced by

A— o
Yi(p) = “7‘1 R+ od) (21)
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Example 1

Suppose that the disturbances have constant mag-
nitudes a,, M, and m,, respectively. Neglecting ¢ and
1/2 compared with 1, we obtain the following ex-
pression for the vertical indication error,

S M,
Ww(t) = I:Racosz + m] (L —cos n4t) +

o,
D, 0

sin gt (22)

Supposing the disturbances to act only during the
time inferval (0,7), where w, <€ 1, we get for >
1/ ws

a0 M me

w(l) = 0T [m + ;—(—)is’é] sin o4t + @7 Bt cos gt (23)

0

To obtain the order of magnitude of the error, we
assume m = 0.1 kg
J = 4X10° kg m*
Jp = 1.6x10™* kg m?

h = 002 m
we = 2500 rad sect
§ = 103

Eq. (22) and (23) then gives

w(t) = (10"%a, -+ 8 X 1073 M,) (1 — cos @st) - 0.32 m, sin &t
and
w(t)=(1.25 X 1077 aq,T 1075 M,T)sin Oy +4 X 10~ ¢ myt cos w,t

respectively.

If the disturbances are assumed to be constant and
if their magnitudes are adjusted so as to give equal
contributions to the maximum- error, the maximum
error is 3 X 10 rad (/ 1 minute of arc) if

[

o 0.6 m sec™
JpMy, = 1.2 X 10" Nm = 120 dyncm
Jm, = 2 X107 Nm = 0.02 dyncm

When the vehicle is accelerated to the velocity V,

in a time, much shorter than ]//R—/g/”\“\’ 800 sec, eq.
(23) implies that the maximum vertical indication
error is '

Hence with V, = 400 m sec™ and § = 107°, we get
T/A) =5X107°% rad = 10 seconds of arc

Notice that the error due to the acceleration of the
vehicle is proportional to the overall merit figure of
the components and the error due to disturbing tor-
(ues is inversely proportional to the mass-unbalance,
the upper limit of the mass-unbalance is determined
by the maximum acceleration of thie vehicle and the
torque capacity of the torque motors.

Compare the second part of the chapter ”An app-
roach to a practical solution” helow.

Example 2
Suppose o(p)=cp-+u
Eq. (16) gives
A—

i,
pa'[p*+ ap +¥]

T(p) = o

We will now analyse the error obtained if we choose

A—1 mRh mRh
o pa KA =

k
- Jo, YEP="f kp (24)

©p)=



which means a considerable simplification of the in-
strumentation,
Eq. (9) gives

R p*+ap® 4 p*(Ak+ ob) + plaod +riogd

Yi(p)=

Hence the system is no longer insensitive to the
acceleration of the vehicle. In order to analyse the
magnitude of the error obtained, we suppose that the
acceleration of the vehicle is a step-function whose
amplitude is a,.

The Laplace transform of the vertical indicating
error is

1()=ﬂv—-1 a, (p+ )
PP R pt4apd+pi(An+ 02 + p Axes® + viol
Assuming U> ok Al
A>1 K> a2
we get
o
— 2_};(032t
N.&’_ _?.C_ 1 J—
w(t)NuR e cos 4t + o sin oost)
&k (26)
“ /7 3 x . = )
—e (cos ]/Znt—{—gﬁ)sln\//lu t
Introducing x = 104 sec™
« = 140 sec™t
m = 01kg
Jp = 1.6 X 10 kg m?
h = 0.02m
we get A= mrh =8 X107
Jp

and the vertical indication error has its maximum

wmax = 1.8X 1078 q,
for t = 1250 sec. This means that the vertical indi-
cation error induced by having the simplified ope-
rator, eq. 24, is less than a second of an arc when the
acceleration of the vehicle has a constant magnitude
of 1 m sec™.

An approach te a practical solution

Condition for Schuler-tuning
Eq. (16) gives the condition for Schuler-tuning

A —

oo P [+ o(p)]

©(p) =

This condition can be satisfied in many different
ways, e. g.

A—1
N o) = ap, ©(p) = —5— a'p(p*+ xp)
A—
) o()=ap+r  w(p)="—Ldp(p+ap+i)
III) 6(p) = &p 4« + %, t(p) = l(:ol a'p (p2 +ap+u +%)

ete.

The first scheme means that the gyro is integrating
and that z (p) includes two differentiations. This
method is not very attractive since the output signal
of the gyro is proportional to the distance travelled,

which means difficulties in keeping the output sig-
nal of the gyro within reasonable limits.

The second scheme means that a rate gyro is used
and that ¢ (p) includes one differentiation. The out-
put signal of the gyro is essentially proportional to
the velocity of the vehicle. In the case III the gyro
gimbal is still harder restrained to the zero position,
and the output signal is zero in the steady state if
the vehicle moves with constant velocity,

To find the orders of magnitudes involved we will
analyse case II. The magnitude of the coefficient x
can be estimated by the following inequality

o Uinax " ), D
@R Pmas = =.dR Lp

27
Here is

Av the allowable velocity resolution (this is
essentially determined by the time of flight
and the permissible position error)

Upae the maximum velocity of the vehicle

Ag the resolution of the signal generator

@max the maximum allowable output signal of
the gyro

w, the angular velocity of the gyro

R the radius of the earth

a ratio between moments of intertia of gyro
gimbal and gyro rotor

The inequality (27) is consistent if
Pmax VUmax
A = oo 28)

If this condition is not satisfied, scheme II cannot
be used for Schuler-tuning.

Assume for example the following numerical va-
lues:

Vinar = 400 msec™t o = 2500 rad sec™
@maz = 107 rad a = 2.5

The inequality (27) then gives
¥ 2 600,

Let us now return to the implementation of the
system. Suppose that equation (28) holds. In order
to simplify the instrumentation we choose

A—
0,

]

1
ap

(p) =

The error obtained by this approximation can be
estimated from the analysis given in example 2
above. The output signal of the gyro should therefore
bhe differentiated and fed to the torque motor of the
pendulum.

Magnitude of the unbalance

We will now consider the magnitude of the un-
balance mh, If the disturbing torque acting on the
stable element has a constant magnitude M,, the
steady state vertical indication error A v is

M,
mgh

Ly =

Hence, the greater the unbalance mh, the larger
the allowable disturbing torque. However, a large
unbalance will require a high capacity torque motor.
‘We have

Mypay = Mmh Qg
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where My, is the maximumn torque from the torque
motor and d,e; the maximum acceleration of the
vehicle.
To get the order of magnitude of the quantities in-
volved, we assume Ay = 1"

m = 0.1 kg

ez = 50 m sec™

The following numerical values are then obtained:

h M, Mmax
cm dynem Nm
0.1 0.05 0.005
1 0.5 0.05
10 5.0 0.5
100 50 5

We will now summarize a few practical aspects on
the system.

Suspension

As the system is based on an ordinary physical pen-
dulum, it is necessary to use low friction suspension
in order to obtain a small steady state vertical indi-
cation error. For systems with “seconds-of-an-arc”
accuracy it is necessary to have friction levels down
to the order of magnitude of dyncm. Additional re-
quirements on the suspension are also given by the
initial alignment. A fast alignment of the system is
usually obtained by allowing the pendulum to oscil-
late with its natural frequency and only providing
damping through the servo system. The accuracy of
the initial alignment is essentially given by the mass-
unbalance and the suspension forces. The orders of
magnitude involved are given in the table above. The
accepted torque disturbances will thus be very small.
Ordinary bearings are excluded. Among available
solutions are hydraulic or gas bearings, but even
spring suspension with a compensating restraint
system may be accepted.

Also notice that it is very important that there are
no velocity errors when the system is Schuler-tuned.
To see this we notice that the vertical indication
error due to the initial alignment errors for an un-
damped system is given by

() =y, cos O + %’;’ sin ot

Hence, the initial velocity errors are amplified by
ws™t. To consider this quantitatively, assume that the
system is oscillating with the frequency w, with the
amplitude a and that the system is Schuler-tuned by
increasing the apparent moment of inertia. The amp-
litude of the vertical indication error will then he
between a and a w,/ws, depending on the timing of
the Schuler-tuning. The maximum error is obtained
if the system is Schuler-tuned, when the oscillation
has maximal velocity ’z;u = Qwy.

Gyro

If the alternative II above (i. e, a rate gyro with a
differentiating network between the signal generator
of the gyro and the torque motor of the pendulum)
is chosen, it is necessary to have a rate gyro with
very high resolution. This can he achieved by spring
restraining existing floated gyros. According to equa-
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tion 13 the restraint must he very wealk, correspond-
ing to a natural frequency of some periods per se-
cond.

Consequently the damping must also be very low.
A typical floated gyro has

J = 5 x107% kg m?
D 7.5 x 107 Nm vad™ sec.

Il

Assuming that a rate gyro is realized by a proportio-

nal feedback around the proportional gyro and
that the gain is chosen so that the system is
critically damped, we find that the eigen-fre-
quency of the system is 125 rad sec™.

Conclusions and comparison with a Reisch-

Draper system

The basic idea of this approach to the problem of
vertical indication is the use of an ordinary phy-
sical pendulum, whose apparent moment of inertia
is made very high by electromechanical aids. This is
obtained by applying a torque to the pendulum pro-
portional to the angular acceleration of the pendu-
lum. In one of the alternatives outlined in this article,
the torque is obtained by providing the pendu-
lum with a rate gyro whose output signal is diffe-
rentiated, amplified and fed to a torque motor. A
signal proportional to the angular acceleration of
the pendulum can of course also be obtained in other
ways, e. g. by measuring the angle between the pen-
dulum and an inertial reference and differentiating
twice. A system of this type is described in refer-
ence 9.

A salient feature of the inertial navigation systems
bhased on the described method for vertical indica-
tion is that there is no need for conventional accele-
rometers. This is the main difference between the sys-
tem described in this article and the Draper systems
based on the space-integrator concept. The require-
ments on low friction suspension is another feature
of the system described in this article. This has as a
consequence that the gyros are very well isolated
from the motions of the vehicle.

Appendix

The position indication loop

As the vehicle is restricted to move on a circle, the
position indication consists of determining the angle
#¢t). This problem can be solved in the way illustrat-
ed in the block diagram of fig. 5.

The system is supposed to be Schuler-tuned, i. c. the
transfer function ¢ (p) is chosen according to eq.
(4). In fig. 4 the block = (p) is split up into two parts.

The signal at the point F is J% (1) where
GH(1) = [RD2Y, (D) + 110() + DY3(DYM(6) + DY4(D) a,% m(o)

If the disturbances are small, this signal is an esti-

mate of @ (t), which explains the notation. An esti-
mate 9% (t) of the angle 9 (f) can thus be obtained

by integrating d# (1), hence

U¥() = [RD*Y (D) + 1] 9() + Y, (D)YM(6) +

+ [ =10+ s | mo
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Fig. 4. Block diagram of the ver-
tical indication loop.
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Defining the position indication errort ¢ (f) as
() =94 —9()

we get e(t) = p(t) + ;’(LI)DAD m(t)

The position indication error is thus the sum of the
vertical indication error and the time integral
of the disturbing torque acting on the gyrofloat.
The wvertical indication error is already discus-
sed in “Analysis of the system”. For a discus-
sion of the last term of the error we refer to refer-
ence 8. Assume that the acceleration of the vehicle
and the disturbing torques are stationary random
processes with the power spectra $qq (w), Byu (w)
and Ppp () respectively. Applying Lemma 1 of refer-
ence § we get the following expression for the en-
semble average of the squared error

E[e(D)?]= &_;_ ( Rum(7) d7 J? _0_@

\Vhel'e Rmm(t) = _/ﬂ eimr(‘pmm(aﬁ do

The long-time position error is thus entirely deter-

mined by the random drift of the gyro.

1) In order to get the position indication error in metres we have
to multiply £(t) by R (radius of earth).
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