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A Fast Algorithm for Computing Distance 
Spectrum of Convolutional Codes 

Alistruct -A fast algorithm for searching a tree (FAST) is presented for 
computing the distance spectrum of convohtiond codes. The distance 
profile of a code is used to limit substantially the error patterns which have 
to be searched. Our algorithm can easily be modified to determine the 
number of nonzero information bits of an incorrect path as well as the 

group are algorithms that invert the state transition matrix. 

grows exponentially with the code memory. An obvious 
way to Save 

The rank of the state transition matrix for the encoder 

memory is to perform a 
length of an error event. For testing systematic codes we give a faster 
version of the algorithm. FAST is much faster than the standard bidirec- 
tional search. On a p-VAX-computer we verified d ,  = 27 for a rate 
R = 1/2, memop M = 25 code in 37 s of CPU time. Extensive tables of 
rate R = 1/2 encoders are given. Several of the listed encoders have 
distance spectra wperior to those of any previously known codes of the 
same rate and memory. Finally, Massey’s old conjecture that a rate 
R = 1/2 systematic convolutional code of memory 2 M will perform as well 
as a nonsystematic convolutional code of memory M is given striking 
support. 

I. INTRODUCTION 

VER THE PAST decade there has been a significant, 0 increase in using sequential decoding to achieve reli- 
able communication. We can expect that the demand for 
communication with extremely low error probability will 
continue to grow. I t  is well-known [l], [2] that the distance 
spectrum is the main factor in determining the event error 
probability when maximum-likelihood decoding (or near 
maximum-likelihood) is used for a convolutional code. It 
has also been observed [2]-[4] that an optimum distance 
profile (ODP) is desirable for a good computational per- 
formance with sequential decoding. Thus it is important to 
find methods for constructing convolutional codes with 
both a good distance spectrum and a good distance profile. 

So far there has been little success in finding very good 
coqvolutional codes by algebraic methods. Most codes 
used in practice were found by computer search. It is a 
simple task to determine the distance profile, but an evalu- 
ation of the spectrum needs a search among prohibitively 
many paths ifl the code tree and becomes practically 
impossible except for rather small code memories. Most 
algorithms for finding distances presented in the literature 
[5]-[9] are either too slow or use too much computer 
memory when applied to long, good codes. In the latter 
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search in the code tree. 
In this paper we show how the distance profile can be 

utilized to reduce the search dramatically to relatively 
small regions of error patterns. In Section I1 some intro- 
ductory concepts are given. An illustrative example is 
given in Section 111. In Section IV we give a brief descrip- 
tion of the fast algorithm for searching trees (FAST) for 
determining the spectrum parameters [lo]. Section V con- 
tains some modifications of the algorithm. In Section VI 
we discuss how to find good encoders. Finally, Section VI1 
contains the results. 

11. INTRODUCTORY CONCEPTS 

For simplicity, we limit our discussion to binary codes 
of rate R =1/2. The extension to rate R =l / c  is trivial 
and to rate R = b /c  straightforward. 

In a rate R =1/2 binary convolutional code, the infor- 
mation sequence io, i,, i 2 ,  . . . is encoded as the sequence 

where 
M 

t:’) = i , - ,g jk)  (mod 2 ) ,  
/ = o  

k = 1,2. The parameter M is the code memory and 

for k = 1 ,2  are the code generators. The code is systematic 
when G ( ’ )  = [l,O; . .,O]. 

We shall find it convenient to write 

for the encoded path containing the first n + 1 “branches” 
of the encoded sequence. The encoded path tLO, is called 
the first constraint length of the code. The j t h  order 
column distunce [ll] d ,  is the minimum Hamming distance 
between some t [ , , , ]  resulting from an information se- 
quence with i ,  = 1 and some t [ ,  ,] with i ,  = 0. By linearity, 
d, is also the minimum of the Hamming weights of the 
paths t[ , ,  ,] resulting from information sequences with i o  = 

1. The quantities d M  and d ,  are called the minimum 
distance and free distance, respectively, of the code. The 
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( M  + 1)-tuple 

d = [do ,  d1; . * , d,] 

is called the distance profile [3]. A code is said to have a 
distance profile d superior to a distance profile d’ of 
another code of the same memory M ,  when there is some 1 
such that 

Let n ( d ,  + I )  denote the number of weight d ,  + i paths 
which depart from the all-zero path at the root node in the 
code tree and do not reach the zero state until their 
termini. We call n ( d ,  + i )  the ( i  + 1)th spectral component. 
The sequence 

n ( d ,  + i ) ,  i = 0,1,2; . . , 
is called the distance spectrum of the code. 

To compute the number of paths with a given distance d 
to the all-zero path we exploit the linearity of the code and 
count the number of weight d sequences stemming from 
the zero state and terminating for the first time at the zero 
state. Suppose we are in an arbitrary node in the tree and 
we have produced channel symbols whose total weight is 
W,. Then, in each subtree stemming from this node we 
have to spend the weight d minus W,. Hence, let us label 
each node with the state of the encoder and the remaining 
weight, i.e., W = d - W,. 

Let S = [s,, s2; . -, sM], where the state variables s, = iJ- ,  
for n = 1,2; . ., M ,  and i, = 0 for k < 0, denote the state 
of the convolutional encoder. From each state we have 
two successor states, So = [0, i l - l , -  . . , i,- ,- 1] and S,  = 

[l, i,- l , .  . ., 1 , -  ,,,- 1], corresponding to information symbol 
i, = 0 and 1, respectively. 

For given code generators we can of course use the state 
of a node to determine the weights, w, and w, of the 
branches stemming from that node. By using these branch 
weights together with the node weight W, we can deter- 
mine the two new node weights WO = W - wo and W, = 

W - w1 (see Fig. 1). 

Fig. 1 .  Successor nodes at time j .  

When searching for a path in the code tree with a given 
weight, we explore a subtree if and only if the new node 
weight W,, is nonnegative and if the state of the new node 
S,, differs from the zero state. Let us arbitrarily give 
priority to the zero branch whenever we have to select 
between two new possible nodes. 

A straightforward algorithm for determining the number 
of paths of a given weight d can be formulated as follows. 

Start at state S = [1,0;. .,O] with weight W = d - d o  and 
move forward in the code tree. If S = [O,O; . ‘, 11 and 
W,=O, then increase the path counter. If the new node 
weight is negative or if the new node is in its zero state, 
then we move backwards. Thus we have to remember all of 
the previous information symbols so that we can move 
backwards until we find a new “one”-branch with a non- 
negative node weight. Then we move forward again. A stop 
condition appears when we reach the root. 

This basic algorithm is of course very time-consuming. 
To measure the performance of the algorithm, we count 
the total number of nodes visited. Each visit to a node, 
regardless of whether we have been there before or not, is 
counted as a visit. 

As an example, we use the basic algorithm to verify that 
the memory M = 3 code with generators G(’) = [l, 1,1,1] 
and G(”= [1,0,1,1], or since we prefer octal notation 
G(’) = 74 and G(” = 54, has one path of weight d ,  = 6. 
The code tree explored by the algorithm is shown in Fig. 2. 
As many as 121 nodes are visited. 

\ M- 

Fig. 2. Code tree explored by basic algorithm 

In the next section we shall use the same example to 
show how we can obtain a substantial reduction in the 
number of nodes we have to visit. 

111. AN ILLUSTRATIVE EXAMPLE 

Our M = 3 code with generator G = [G“),  G(2)] = [74,54] 
has (optimum) distance profile d = [2,3,3,4]. In  Fig. 3 we 
show only the part of its trellis which contains the weight 6 
( = d,) path. This path corresponds to the information 

d o = 2  d l = 3  d z = 3  d 3 = 4  

Fig. 3. Example of weight d ,  path. 
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sequence 11000, i.e., the encoded sequence tL0,41 = 
11,01,01,00,11. 

Since the column distance is the minimum of the Ham- 
ming weights of the paths with io = 1, the distance profile 
can be used as a lower bound to the decrease of the node 
weight along the path. In steps 1, 2, and 4 in Fig. 3 this 
bound is tight. If we traverse this path in the opposite 
direction we will of course get the same total weight but 
different node weights. 

In Fig. 4 we can use the distance profile as a lower 
bound to the node weights along the path. Notice that if a 
node has weight less than this bound, then every path 
leading backward to the all-zero state will give a negative 
node weight at the root node. For example, if the node 
weight in state [OOl]  is less than d ,  = d ,  = 4 we must not 
extend this node when we are traversing the trellis back- 
wards. More generally, the weight of a backward path 
stemming from a node in state S #  [O,O;--,O], starting 
with a one-branch, and eventually leading to the root node 
(zero state) is lower-bounded by d,. In Fig. 4 we notice, 
e.g., that if the node weight in state [110] were less than 
d ,  = 3, then we should not extend this node. 

n - 

d o = 2  d l = 3  d 2 = 3  d 3 = 4  

Fig. 4. Weight d ,  path traversed backward. 

The use of the distance profile as a lower bound works 
for every path from the end of to the root node. Moving 
backward from state S we can reach the states S - ,  and 
S- ,, where 

S =  [?;..,?,?,1, O;* . ,O ,O ] 

S-,= [ ? , .~~ ,? ,1 ,0 ,0 , - - . , 0 ,0 ]  

S-,= [?,.**,?,1, v 0,0;-,0,1]. 

- 
m - 1 zeros 

m zeros 

m - 1 zeros 
The minimum weights of backward paths stemming from 
the states S - ,  and S-, are lower bounded by d,,,M-m-l 
and d,-, ,  respectively. Instead of moving backward in the 
trellis we can, of course, reuerse the code generators and 
move forward in the corresponding tree and use the dis- 
tance profile (of the nonreversed code) to limit effectively 
the part of the tree that must be explored. 

IV. THE FAST ALGORITHM 

We shall now describe a fast algorithm for searching a 
, code tree to determine the distance spectrum for a convo- 
lutional code with generator G = [G"), G(2'] and distance 

profile d. Let 

k = 1,2, denote the generators for the reversed code. :he 
distance profile of the reversed code is denoted by d = 

[go, d;, . . . , a,]. To calculate the i th spectral component 
we start at state S = [1,0;. . , O ]  with weight W =  d ,  + i - 
d", in the code tree generated by the reversed encoder 
c'= [G"', 6(2)]. We then reduce this weight by the weights 
of the branches that we traverse when the code tree is 
searched for nodes with both node weight and state equal 
to zero. For the state of each explored node, we use the 
column distances d,-, ,- ,  or d,-, to lower-bound the 
weight of any path leading to a zero state. If the weight is 
less than this bound, we will always reach a weight that is 
zero or negative at a nonzero state. Hence it is only 
necessary to extend a node if the node weight is larger than 
or equal to this bound! 

If both successor nodes are achievable, we follow the 
zero branch and save (push) the one-branch node (state S,  
and weight W , )  on a stack. Thus we can avoid calculating 
the node weight for the same node twice, and the algo- 
rithm will be twice as fast. (The basic algorithm should of 
course also be implemented with a stack.) The FAST is 
shown below. N_otice that w, is calculated using the re- 
versed encoder G = [ @), G"(2)]. 

FAST: Given k code generators, G ( i ) ,  i =1; . ., k ,  and 
d = d ,  + j - 1, this algorithm finds its j first spectral 
components. 

F1 

F2 

F3 

F4 

F5 

F6 

F7 

(Initialize.) Set m + 1, n( .) + 0, W + d - d",, and 
S +  [1,0; . .,O]. 
(Next nodes.) Calculate So, S,, WO, and W,. If 
m < M ,  go to F6. 
(Return to zero.) If W,>O, set n(d - WO) + 

(Forward on one-branch?) If W, < d M - l  or W <  
d,, go to F5. Otherwise, select node, and set 
m +l.  Go to F2. 
(From stack?) If stack is empty, the algorithm 
terminates with the result in n ( . ) .  Otherwise, select 
the node from the stack and set m +l. Go to F2. 
(Forward on zero-branch?) If WO < dM-, , - , ,  go to 
F4. 
(Save node,?) If W,>d , - ,  and W > d , ,  save 
node,. In any case, select node, and set m + m + 1. 
Go to F2. 

n ( d  - W,)+l. 

'If d 2 d7 then the reversed code generators, else the code 
generators, are used as input to FAST. In Fig. 5 we show 
the code tree explored by FAST to verify that n(d , )  =1 
for our encoder G = [74,54]. Only five nodes are visited! 

Since we are interested in the spectral components for 
encoders with optimum (or good) distance profiles, it is 
interesting to notice that the better the distance profile is, 
the faster FAST runs! In Fig. 6 the efficiencies of FAST 
and the basic algorithm are compared when used for 
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t 

"Y' \ ' 

b ! 

/ 
\ /  

\ 
i 

Fig 5 Code tree explored by FAST 

# visited nodes l b a s i r  

,,p FAST 

I 
I : .VI 

5 10 15 ?O 25 

Fig. 6. Efficiencies of FAST and basic algorithm. 

testing the nonsystematic ODP encoders given in Tables I 
and I1 (see Section VII). 

The algorithm was programmed in VMS Fortran-77 and 
run on a p-VAX-11 computer. As an example we tested an 
R = 1/2, izf = 25 convolutional encoder G = [665041116, 
516260772] with an optimum distance profile. It took only 
37 s CPU time to calculate the number of paths (24) with 
weight d, = 27! This code has a free distance larger than 
that of any previously known code of the same rate and 
memory. The first few spectral components are 

V. MODIFICATIONS OF FAST 

In this section we shall describe several features that can 
easily be incorporated in FAST. 

Free Dis1anc.e Unknown 

To compute the number of weight d ,  paths, when d ,  
is unknown, we can use a sufficiently large distance d as 
input. If d > d, we will reach a zero state with a positive 
node weight W,,,,, i.e., d ,  is at most d - W,,,,. Hence we 
can reduce the node weights in the stack by W,,,, (adjust 
stack) and reset the path counter to 1. These modifications 
are shown below and will speed up the calculation of d,. 

FAST-  Free Distance Unktown: Use the previous al- 
gorithm with d =d,. where d,?d,, and make the fol- 
lowing modifications: 

F3 (Return to zero.) If WO = 0, set n ( d )  n ( d ) + l ;  
elseif W > O , s e t d + d - W , ,  Wl+-Wl-Wo, W +  
W - WO, n ( d )  +l and adjust stack. 

Bit Error Probability 

When Viterbi decoding is used for a specific code on a 
binary input channel, the distance spectrum can be used to 
upper-bound the first event error probability. This bound 
can be modified to provide a bound on the bit error 
probability, i.e., the expected number of erroneously de- 
coded information bits per decoded information bit [l]. To 
calculate this latter bound, we need the total number of 
nonzero information bits, n,(d, + i ) ,  on all weight d ,  + i 
paths, i = 0,1,2. . . . . FAST can easily be modified to 
provide the sequence nh( d ,  + i ) ,  i = 0,1,2, . . . . 

FAST- Bit Error Probability: Use the original algo- 
rithm and make the following modifications. 

F1 (Initialize.) Set m + l ,  b e l ,  n,,(.)+O, W + d  - 
Jo, and S +- [1,0; . .,O]. 

F3 (Return to zero.) If Wo>O, set n,(d - WO) +- 

n,,(d - W,)+l. 

i 0 1  2 3 4 5 6 7 8 9 
d, + i 27 28 29 30 31 32 33 34 35 36 
17(d, + i )  24 54 125 278 637 1599 3779 9073 21 831 52 929 

An efficient bidirectional search algorithm for comput- 
ing the free distance has been suggested by Bahl et al. [7] 
and modified by Larsen [8]. To test the efficiency of 
FAST, we programmed Larsen's modified algorithm and 

F4 (Forward on one-branch?) If W, < d,-, or W < 
d,w, go to F5. Otherwise, select node, and set 
b + h + l  and rn-1. Go toF2.  

computed d, for the memory M = 25 convolutional en- 
coder mentioned before. I t  took almost 22 h of CPU time 
to verify that d, = 27. Notice that, in addition, FAST 

Note: The variable b is included in the node. Saving a 
node on the stack means that b + 1 will be stored. 

calculated the number of weight d ,  paths in less than 40 s 
of CPU time! The verification of d, = 18 for a memory 
M = 15 encoder took 8 s (bidirectional) and 0.2 s (FAST), 
respectively. I t  seems fair to call FAST fast! 

Length of Error Euent 

By incorporating an additional variable L in FAST, we 
can determine the length of each path with weight d, + i ,  
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i = 0, I ,  2, . . . . Each time we move forward in the algo- 
rithm, L is incremented. When saving a node on the stack, 
L must also be stored. 

FAST-  Length of Error Event: Use the original algo- 
rithm, and make the following modifications. 

F1 (Initi_alize.) Set m + l ,  L+o ,  n(.;)+-O, w c  
d - d o ,  and S +- [1,0; . - ,O] .  

F2 (Next nodes.) Calculate So, S,, WO, W,, and L +- 

L + I .  If m < M ,  go to F6. 
F3 (Return to zero.) If WO>() ,  set n ( d - W o , L ) +  

n ( d  - WO, L ) + l .  

F7 (Save node,?) If W, 2 d,-l and W > d ,  and W, > 
W, + 1, save node, (saves W, + 1). In any case, 
select node,, and set m + m + 1. Go to F2. 

Note: The variable W, is included in the node. 
We tested a long R = 1/2, M = 68 systematic 

ODP convolutional code with generator G 2  = 

67114545755646670367015. I t  took about 27 h CPU time 
to calculate the first spectral component. This code has 
only one path with weight d ,  = 31 (28 paths with weight 
d, = 22). 

VI. SEARCHING FOR GOOD ENCODERS 

An exhaustive search for encoders with large d, is 
practically impossible even for relatively short memories. 

Note: The variable L is included in the node. 
As an example our R =1/2, M = 25, ODP convolu- 

tional encoder with d ,  = 27 has the following distribution, 
n ( L ) ,  of the lengths L of its 24 weight d, paths: 

L 25 31 32 33 34 35 36 37 38 40 41 42 43 44 45 47 50 51 
n ( L )  1 1  2 1 2  1 1  2 1 2  1 2  1 2  1 1  1 1  

Systematic Codes 

If we calculate the distance spectrum for systematic 
encoders, then it is possible to make an additional im- 
provement of FAST. Since 6("( 0) = DM, we have at 
depth U an accumulated weight 

M - l  

w y =  i U - J  

/ = 1  

Therefore, we need efficient rejecting rules that limit the 
computation of d, to a small fraction of the complete 
ensemble of encoders. 

The jth-order row distance rJ is the minimum Hamming 
weight of a path of length M + j +l  branches which 
diverges at some point from the zero state and terminates 
on the zero state [12]. The row distance r, is nonincreasing 
with j .  Moreover, we have the inequalities 

in the encoder. These information symbols will evcntually 
appear on the path leading to the all-zero state. Hence, at a 

ing W,; otherwise, every path leading to the all-zero state 
will result in a negative node weight at this latter state. 
This modification is shown below, and its effect is shown 
by calculating the spectrum for the systematic R =1/2, 
M = 31 convolutional encoder G(2' = [67114543066]. The 
first few spectral components are 

d O < d l <  . . .  I ~ , I  . . .  ~ d ,  

< r m <  . . .  I r  < . . .  I r l I r o .  
J -  

certain node the node weight must exceed the correspond- 
- 

For a noncatastrophic encoder, d,= y,. From the in- 
equalities above it is clear that the row distances can be 
used as rejecting rules. Their efficiency is shown by the 
following example. 

i 0 1 2 3  4 5  6 7  8 9  
d m + j  18 19 20 21 22 23 24 25 26 27 
n ( d , + i )  11 0 53 0 307 0 1742 0 10218 0 

When we introduced W,, the total number of visited nodes 
was reduced from 2 743 313 394 to 492 096 324. 

FAST-  Systematic Codes: Use the original algorithm, 
and make the following modifications. 

F1 (Initialize.) Set m +- 1, n ( . )  +- 0, W + d - d o ,  
I+', + 1, and S + [1,0; . .,O]. 

F2 (Next nodes.) Calculate So, S,, WO, W,, and W, + 

F4 (Forward on one-branch?) If W, < d,-l or W < d ,  
or W ,  I Wy + 1, go to F5. Otherwise, select node, 
and set m + l  and Wy+ W s + l .  Go to F2. 

LV, - t"). I f  m < M ,  go to F6. 

The total number of rate R=1/2, memory M=16 
( g g ) = 1  or g:)=l) encoders with g#)=g$2)=1 is 3. 
22M-2 = 3 221 225 472. A simple way to generate all the 
encoders C = (G"), G(')) and eliminate the encoders G' = 

(G(2),  G!')) is. for each G('), to test only those G(') for 
which G(') < 6(l) (in obvious binary notion). The number 
of encoders is reduced to 3.22M-3-2M-2, and thus we 
have 1 610 596 352 encoders left to test. Hoping to find an 
encoder with d, = 20 we reject successively all encoders 
with r, < 20, j = 0,1,. . . ,15, where 15 is arbitrarily chosen. 
After having used the row distance r I5 ,  as a rejecting rule 
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only 1034 candidates are left: this case is shown as follows: 
.~ 

Number of Codes witli 
.I r, 2 20 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

543 537 361 
267 253 166 
84 145 636 
19 788 663 
4 764 506 
1 138 502 

309 889 
96 872 
35 853 
14 974 

7167 
3954 
2488 
1650 
1233 
1034 

Number of Codes with 
.I r ,  2 21 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

2 204 679 293 
791 375 586 
160 725 370 
16 854 476 
1471 120 

101 684 
5098 
236 

16 
2 
0 

By this method we also verified that the memory M = 19, 
R =1/2 encoder, which is given in Tables I and I1 has 
optimum d, (optimum free distance or OFD)! 

Another 123 of these can be rejected since they suffer from 
catastrophic error-propagation, i.e., there exists certain infi- 
nite weight input sequences that produce finite weight 
code sequences [ 131. These encoders must be avoided. For 
the remaining 911 encoders we calculated d, and found 
200 encoders with d, = 20. The best one is given in Table 
111 and IV.  

One might suspect that a memory M =17, R =1/2 
encoder exists with d, = 21. We tested this hypothesis and 
found that all candidates have row distance rl0 < 21. The 
efficiency of using the row distances as rejecting rules in 

VII. RESULTS 

In this section we report the results of using FAST to 
find good binary rate R = 1/2 convolutional codes. A code 
is said to be an optimum distance profile code when its 
distance profile is superior to or equal to that of any code 
with the same rate and memory. In Tables I and I1 we give 
extensive lists of nonsystematic rate R =1/2 ODP en- 
coders. Some of the reported encoders have a d ,  superior 
to that of any previously known code with the same rate 
and memory. Some of the encoders have been reported 
before [3], [14] but without specifying the distance spec- 

TABLE I 
) I (  d, + I ), I = 0,. . . , 9  FOR NONSYSTEMATIC ODP ENCODERS 

,M G"' G'" d - 0 1 2 3 4 5  6 7 8 9 
Value of I 

2 
3 
4 
5 
6 
7 
X 
9 

10 
11 
12 
13 
14 
15 
16 
17 
I X  
19 
20 
21 
22 
23 
24 
25 

~ 

7 
74 
62 
75 
634 
626 
75 I 
7664 
7512 
6643 
63374 
45332 
65231 
5 17604 
7 17066 
506477 
5653664 
51 22642 
6567413 
67520654 
67132702 
550761 57 
673275374 
665041116 

5 
54 
56 
55 
564 
572 
557 
5714 
5562 
5175 
41244 
77136 
43677 
664134 
522702 
673711 
7746714 
7315626 
5322305 
503 71 444 
50516146 
75501351 
506302644 
516260772 

5 1 2 4 8 16 32 64 128 
G 1 3 5 11 25 55 121 267 
7 2 3 4 16 37 68 176 432 
8 2 7 10 18 49 124 292 678 

10 12 0 53 0 234 0 1517 0 
10 1 6 13 20 64 123 321 764 
12 10 9 30 51 156 340 875 1951 
12 1 8 8 31 73 150 441 940 
14 19 0 80 0 450 0 2615 0 
14 1 10 25 46 105 258 616 1531 
15 2 10 29 55 138 301 692 1720 
16 5 15 21 56 161 381 879 2095 
17 3 16 44 62 172 455 1025 2395 
18 10 0 86 0 417 0 2461 0 
19 9 16 48 112 259 596 1457 3460 
20 12 37 47 140 358 855 2013 4327 
21 13 38 63 142 363 934 2205 5146 
22 26 0 160 0 916 0 5154 0 
22 2 28 51 86 222 554 1321 3316 
24 40 0 251 0 1379 0 7812 0 
24 25 0 163 0 844 0 5183 0 
26 65 0 331 0 2014 0 11359 0 
26 26 0 182 0 940 0 5604 0 
27 24 54 125 278 637 1599 3779 9073 

256 512 
589 1299 
925 2156 

1576 3694 
8862 0 
1858 4442 
5127 11589 
2214 5531 

15276 0 
3611 8675 
4199 10245 
5085 12207 
5853 14487 

14251 0 
8257 20562 

11694 28213 
12657 30579 
29386 0 

8007 19074 
45858 0 
29380 0 
65585 0 
32677 0 
21831 52929 
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TABLE I1 
n,,(dr + i), i = 0: . . , 9  FOR NONSYSTEMATIC ODP ENCODERS 

M 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

7 
74 
62 
75 
634 
626 
75 1 
7664 
7512 
6643 
63374 
45332 
65231 
517604 
717066 
506477 
5653664 
5122642 
6567413 
67520654 
671 32702 
55076157 
673275374 
665041116 

5 
54 
56 
55 
564 
572 
557 
5714 
5562 
5175 
47244 
77136 
43677 
664134 
522702 
673711 
7746714 
7315626 
5322305 
50371444 
50516146 
75501351 
506302644 
516260772 

Value of i 
d , O 1  2 3 4 5 6 7 8 9 

5 1 4 12 32 80 192 448 1024 2304 5120 
6 2 7 18 49 130 333 836 2069 5060 12255 
7 4 12 20 72 225 500 1324 3680 8967 22270 
8 6 23 44 104 302 832 2180 5596 14254 36240 

10 46 0 332 0 1911 0 14149 0 97518 0 
10 6 22 56 136 464 981 2914 7362 19800 50322 
12 40 33 196 357 1236 2884 8522 19967 57254 138811 
12 2 36 34 187 490 1212 3864 9064 23494 62311 
14 82 0 530 0 3678 0 25955 0 177972 0 
14 4 46 156 366 930 2514 6228 17379 44124 112437 
15 6 46 177 386 1070 2668 6780 18136 47755 125068 
16 26 91 128 416 1350 3503 9154 23227 60938 156079 
17 17 78 276 484 1464 4152 10513 26910 69939 185214 
18 49 0 615 0 3710 0 26416 0 176688 0 
19 55 80 344 914 2317 5936 16043 40292 103109 275218 
20 90 275 404 1350 3596 9671 24386 62711 161662 414905 
21 73 272 459 1360 3701 10452 26975 66418 174421 446654 
22130 0 1392 0 9539 0 62822 0 407587 0 
22 14 202 398 810 2210 6030 15520 42046 107978 273086 
24260 0 2351 0 15425 0 100971 0 669522 0 
24190 0 1585 0 9741 0 67999 0 438897 0 
26498 0 3339 0 23971 0 154099 0 1001291 0 
26217 0 1668 0 10679 0 73589 0 482524 0 
27214 526 1301 3212 7861 21034 52895 134474 341063 876004 

trum. Furthermore, distance spectra for the short (memory 
M I 4) encoders have been reported by Odenwalder [6] 
and by Conan [15]. They are included in the tables for the 
sake of completeness. 

In Tables I11 and IV we list a few encoders that have a 
d ,  superior to that of an ODP encoder of the same 
memory given in Tables I and 11. The encoders with 
memories M = 11 and M = 12 have fewer weight d ,  paths 
than the corresponding encoders in [15]! 

Twenty years ago Bahl and Jelinek [16] developed a 
class of complementary rate R =1/2 encoders with sur- 

prisingly large d,. They are defined by 

and 

where gJ denotes the complement of g,. We have extended 
their table to memory M = 31 and list the encoders in 
Tables V and VI together with the first ten spectral com- 
ponents. I t  is worth noticing that the memory M=15 

TABLE I11 
v (  d ,  + i), i = 0. . . , 9  FOR NONSYSTEMATIC OFD ENCODERS 

Value of i 
M G"' G'" d - 0 1  2 3 4 5 6 7 8 9 

11 7173 5261 15 14 21 34 101 249 597 1373 3317 8014 19559 
12 53734 72304 16 14 38 35 108 342 724 1604 4020 9825 23899 
14 63057 44735 18 26 0 165 0 845 0 4844 0 28513 0 
15 533514 653444 19 30 67 54 167 632 1402 2812 7041 18178 43631 
16 626656 463642 20 43 0 265 0 1341 0 7613 0 44817 0 
18 4551474 6354344 22 65 0 349 0 1903 0 10947 0 63130 0 

TABLE IV 
n,,(d, + i), i = 0;. . , 9  FOR NONSYSTEMATIC OFD ENCODERS 

Value of i 
G'" G'" d ,  0 1 2 3 4 5 6 7  8 9  

I 1  7173 5261 15 66 98 220 788 2083 5424 13771 35966 93970 246720 
12 53734 72304 16 60 188 288 952 2754 6628 16606 44640 116712 304987 
14 63057 44735 18 133 0 1321 0 7901 0 54864 0 370057 0 
15 533514 65344.4 19 174 420 534 1712 5838 14210 32898 87786 237228 609868 
16 626656 463642 20 255 0 2382 0 14089 0 92985 0 624583 0 
18 4551474 6354344 22 418 0 3219 0 20753 0 138503 0 904981 0 
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TABLE V 
n(d, + I ) ,  I = 0: . , 9  FOR BAHL-JELINEK ENCODERS 

Value of I 

M G"' d , O  1 2  3 4 5 6 7 8 9 

7 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

7 
64 
72 
73 
754 
712 
745 
6654 
7026 
7363 
73214 
67432 
66475 
673514 
644246 
735505 
6756224 
6763426 
6243735 
66452114 
66237046 
66557413 
661563014 
6201 13072 
670735375 
6243245414 
7133254172 
6166044143 
67526462014 
62162354046 

5 1  2 4 8 16 32 
6 2  0 10 0 49 0 
7 2 3 4 16 37 68 
8 2  0 20 0 68 0 
9 2 3 10 28 43 101 

10 3 0 18 0 106 0 
11 2 5 16 31 75 175 
12 4 0 33 0 139 0 
13 2 10 20 40 92 216 
14 5 0 44 0 221 0 
15 3 13 27 74 130 345 
16 7 0 60 0 323 0 
17 5 22 32 81 164 489 
18 12 0 85 0 483 0 
18 2 4 30 36 153 237 
20 23 0 114 0 700 0 
20 3 9 52 41 237 299 
20 1 0 33 0 191 0 
22 9 5 82 61 319 384 
22 3 0 49 0 262 0 
24 23 5 113 60 526 562 
24 7 0 73 0 388 0 
26 49 7 188 70 778 668 
26 15 0 114 0 561 0 
26 3 0 73 8 292 88 
28 38 0 159 0 829 0 
28 13 0 95 11 414 ' 95 
28 2 0 63 0 246 0 
30 24 0 176 11 637 116 
30 9 0 106 0 423 0 

64 
241 
176 
469 
287 
572 
366 
902 
539 

1334 
851 

1797 
986 

2635 
142 

4023 
1207 
1030 
1648 
1320 
2778 
1962 
4236 
2941 
1239 
4425 
2065 
1140 
3099 
2130 

128 
0 

432 
0 

655 
0 

940 
0 

1270 
0 

2039 
0 

2628 
0 

1490 
0 

2038 
0 

2571 
0 

3505 
0 

4444 
0 

844 
0 

953 
0 

1195 
0 

256 
1185 

925 
2560 
1554 
3347 
2311 
5051 
3131 
7629 
4816 

10539 
6035 

15740 
4142 

23311 
6341 
5769 
9271 
8096 

14621 
11 506 
22374 
17396 
6402 

25435 
10393 
6444 

15540 
10583 

512 
0 

2156 
0 

3 804 
0 

5567 
0 

7597 
0 

11816 
0 

15072 
0 

9072 
0 

12342 
0 

16000 
0 

22323 
0 

29329 
0 

5877 
0 

7811 
0 

941 3 
0 

TABLE VI 
n,,( d ,  + I ) ,  1 = 0;. . ,9  FOR BAHL-JELINEK ENCODERS 

Value of i 
M G'" d , O 1  2 3 4 5 6 7 8 9 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

7 
64 
72 
73 
754 
712 
745 
6654 
7026 
7363 
73214 
67432 
66475 
673514 
644246 
735505 
6756224 
6763426 
6243735 
64452 1 14 
66237046 
6655741 3 
661563014 
620113072 
670735375 
6243245414 
71 332541 72 
6166044143 
67526462014 
62162354046 

5 1  
6 4  
7 4  
8 5  
9 4  

10 10 
11 4 
12 10 
13 8 
14 17 
15 11 
16 28 
17 25 
18 59 
18 8 
20 143 
20 20 
20 8 
22 56 
22 24 
24 172 
24 42 
26 414 
26 122 
26 22 
28 330 
28 92 
28 14 
30 212 
30 76 

4 
0 

12 
0 

10 
0 

22 
0 

50 
0 

66 
0 

146 
0 

16 
0 

45 
0 

27 
0 

29 
0 

45 
0 
0 
0 
0 
0 
0 
0 

12 
38 
20 
98 
50 
82 

100 
199 
104 
292 
173 
433 
258 
640 
206 

1005 
430 
237 
746 
395 

1038 
631 

1932 
1088 
656 

1636 
894 
5 72 

1824 
1134 

32 80 
0 277 

72 225 
0 446 

166 303 
0 736 

192 555 
0 1040 

292 766 
0 1829 

564 1102 
0 2962 

672 1484 
0 4694 

302 1410 
0 7102 

399 2422 
0 1678 

595 3364 
0 2688 

620 6062 
0 4233 

788 9260 
0 6518 

66 3150 
0 10164 

85 4854 
0 2679 

109 7734 
0 5106 

192 448 
0 . 1806 

500 1324 
0 3872 

774 2371 
0 4841 

1488 3346 
0 8384 

1980 5195 
0 13435 

3412 8881 
0 19758 

5154 10898 
0 29937 

2249 8316 
0 48029 

3133 14224 
0 11297 

4248 20830 
0 15372 

6400 36374 
0 24010 

8190 58036 
0 38745 

1008 15562 
0 61360 

1111 27514 
0 14602 

1504 42388 
0 29353 

1024 
0 

3680 
0 

6042 
0 

9444 
0 

13084 
0 

22870 
0 

31620 
0 

17306 
0 

24768 
0 

32619 
0 

46075 
0 

60804 
0 

10884 
0 

12869 
0 

17263 
0 

2304 
11063 

8967 
25644 
15826 
34216 
25307 
55137 
35343 
90432 
57952 

132399 
76925 

204931 
52576 

320493 
86172 
73363 

130050 
108280 
214750 
159902 
342974 
257952 

91682 
394667 
157388 

94100 
241152 
163336 

5120 
0 

22270 
0 

41796 
0 

64860 
0 

92740 
0 

153336 
0 

206402 
0 

122012 
0 

173424 
0 

232944 
0 

336429 
0 

456373 
0 

85017 
0 

118051 
0 

148269 
0 



1154 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 35. NO. 6, NOVEMBER 1989 

encoder in [16] is catastrophic. This was observed by Vinck 

Massey and Costello [2] introduced a class of nonsys- 
tematic convolutional codes called quick-look-in (QLI) 
codes in which the two generators differ only in the second 
position. The main feature of QLI encoders is that they 
have a feedforward inverse, which can be implemented by 
a simple modulo 2 adder. This makes it easy to extract the 
information digits from the hard-decisioned received se- 
quences. Furthermore, since the feedforward inverse has 
“weight” two, the error amplification factor A = 2 is the 

71. 
smallest possible for nonsystematic codes. In Tables VI1 
and VI11 we list our QLI encoders. 

In [l8] and [19] Helgert introduced a slight generaliza- 
tion of the QLI encoders by letting only the Lth position 
of the two generators differ. In Tables IX and X we 
present our extension of Helgert’s results. In Tables XI 
and XI1 we list ODP QLI encoders. 

Using the modification of FAST described in Section V, 
we compiled an extensive list of systematic ODP encoders 
(Tables XI11 and XIV). For the sake of completeness we 
also give the minimum distances d ,  for an extensive list, 

TABLE VI1 
n(d ,+i ) .  f=0;..,9FORQLIENCODERS(NONODP) 

Value of I 
M G“’  d - 0 1 2  3 4 5 6 7 8 9 

2 5  
3 54 
4 46 
5 55 
6 454 
7 542 
8 551 
9 5664 
10 5506 
11 5503 
12 56414 
13 46716 
14 51503 
15 510474 
16 522416 
17 454643 
18 5522214 
19 4517006 
20 5036543 
21 47653514 
22 51102726 
23 53171663 
24 510676714 

5 1  
6 1  
7 2  
8 2  
9 4  
9 1  
10 1 
11 3 
12 3 
13 8 
14 10 
14 3 
15 6 
16 11 
16 2 
17 5 
18 6 
18 2 
19 4 
20 7 
20 1 
21 3 
22 7 

2 
3 
4 
7 
8 
4 
9 
6 
11 
16 
21 
12 
14 
29 
21 
23 
26 
16 
24 
26 
17 
31 
38 

4 8  
5 11 
6 15 
10 18 
11 25 
13 25 
18 30 
19 37 
23 47 
26 67 
41 90 
32 71 
36 68 
50 122 
35 51 
38 90 
62 139 
42 78 
50 97 
69 138 
42 93 
70 136 
77 171 

16 32 
25 55 
37 83 
49 124 
70 181 
51 115 
73 172 
83 207 
99 234 
146 361 
210 520 
141 335 
176 469 
269 688 
155 316 
230 499 
326 727 
173 445 
253 586 
349 867 
215 476 
327 754 
423 948 

64 
121 
191 
292 
405 
270 
379 
450 
587 
870 
1311 
877 
1006 
1637 
898 
1227 
1614 
1120 
1441 
1965 
1096 
1866 
2231 

128 
267 
442 
678 
945 
686 
992 
1146 
1474 
2128 
3096 
1991 
2390 
3955 
2164 
2994 
4070 
2610 
3525 
4803 
2133 
4531 
5469 

256 
589 
1015 
1576 
2279 
1663 
2495 
2719 
3535 
5205 
7458 
4852 
5924 
9574 
5337 
7233 
10189 
6158 
8526 
11405 
6640 
10676 
13466 

512 
1299 
2334 
3694 
5414 
3955 
5735 
6631 
8363 
12510 
17856 
11 775 
14285 
22960 
12891 
17526 
24338 
14933 
20482 
27759 
16127 
26209 
32186 

TABLE VI11 
n,,( d, + i), i = 0,. ’, 9 FOR QLI ENCODERS (NON-ODP)  

M 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

G‘” d* 

5 5 
54 6 
46 7 
55 8 
454 9 
542 9 
551 10 
5664 11 
5506 12 
5503 13 
56414 14 
46716 14 
51503 15 
510474 16 
522416 16 
454643 17 
5522214 18 
4517006 18 
5036543 19 
47653514 20 
51102726 20 
53171663 21 
510676714 22 

0 

1 
2 
4 
6 
14 
1 
2 
11 
18 
44 
64 
20 
26 
74 
10 
29 
44 
12 
28 
54 
6 
21 
72 

1 2 3  

4 12 32 
7 18 49 
12 26 74 
23 44 104 
34 55 148 
16 63 132 
35 96 184 
26 113 236 
55 140 345 
100 172 492 
125 342 688 
62 214 553 
98 284 528 
215 378 1080 
149 294 455 
168 300 804 
210 548 1369 
122 338 752 
210 452 958 
220 642 1398 
155 432 939 
308 696 1508 
368 858 1941 

4 

80 
130 
205 
302 
472 
307 
476 
619 
772 
1168 
1784 
1156 
1550 
2622 
1488 
2176 
3448 
1704 
2629 
3906 
2384 
3761 
4958 

Value of i 
5 6 

192 448 
333 836 
530 1369 
832 2180 
1310 3249 
800 2088 
1280 3120 
1646 3848 
1940 5406 
3206 8368 
4930 13330 
3139 8720 
4514 10428 
7140 17886 
3772 9676 
5098 13807 
8077 19216 
4497 12418 
6686 17295 
10319 24774 
5624 13846 
9306 24806 
12198 30032 

I 

1024 
2069 
3504 
5596 
8338 
5720 
8700 
10726 
14778 
21972 
33422 
20991 
26168 
46291 
25092 
35484 
51812 
30712 
45238 
63613 
36425 
62782 
77495 

8 

2304 
5060 
8849 
14254 
21707 
15065 
23636 
27311 
37604 
57605 
86052 
54638 
69266 
119356 
65646 
90999 
135956 
77344 
115760 
159064 
92838 
155366 
200126 

9 

5120 
12255 
22180 
36240 
55610 
38732 
58923 
71538 
94779 
146902 
21 8198 
141197 
178100 
302454 
168003 
232870 
342772 
197479 
291672 
406201 
237537 
400384 
501950 
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7 2  
x 2  
9 4  

10 2 
11 2 
13 2 
14 6 
15 6 
I6 7 
17 4 
18 7 
19 3 
20 4 
21 8 
22 6 
23 9 
24 4 

656 
623 
6134 
6626 
6713 
66206 
71073 
602364 
651426 
601067 
6504664 
6047646 
6144363 
60405634 
61310166 
703 1 1243 
603757254 

9 1 4 1 1  
10 1 5 10 
11 2 7 17 
12 2 14 29 
13 6 16 33 
14 2 12 24 
15 3 16 41 
16 6 29 48 
16 1 15 29 
17 3 15 42 
18 5 20 63 
19 11 32 61 
19 2 20 42 
20 4 27 59 
21 12 39 71 
21 2 19 59 
22 3 49 13 

19 
23 
38 
38 
71 
55 
67 

115 
73 

100 
113 
167 
90 

134 
200 
101 
151 

39 
51 
80 

105 
147 
120 
184 
257 
165 
192 
296 
358 
247 
332 
427 
248 
378 

101 
146 
179 
260 
3 40 
256 
392 
589 
364 
500 
674 
818 
543 
769 

1036 
602 
881 

252 
326 
450 
580 
875 
686 
929 

1532 
95 1 

1151 
1594 
2124 
1261 
1779 
2493 
1420 
2169 

597 
676 

1075 
14x4 
2184 
1668 
2424 
3567 
2174 
2905 
3837 
4999 
3063 
4331 
5980 
3427 
5096 - 

1409 
1754 
2595 
3693 
5249 
3 903 
5609 
8663 
5384 
6536 
9263 

12120 
7512 

10520 
14560 
8367 

12507 

341 1 
4275 
6351 
8867 

12606 
9409 

13693 
20852 
12745 
16331 
22629 
2912X 
17804 
25166 
35001 
20297 
30573 

TABLE X 
ti , ,(dT + I ) ,  I=~:..,~FORHEIGERTENCOD~RSG= ( G ( " . G ( ' ) +  D ' )  

- - 
Value of I 

h.1 1. (,"I ' I ,  0 I 2 3 4 5 6 7 8 9 

7 2  
x 2  
9 4  

10 2 
11 2 
13 2 
14 6 
15 6 
16 7 
17 4 
18 7 
19 3 
20 4 
21 8 
22 6 
23 9 
24 4 

656 
623 
6134 
6626 
6713 
66206 
71073 
602364 
651426 
60 1067 
6504664 
6047646 
6144363 
60405634 
61 3 101 66 
7031 1243 
603757254 

9 3 18 
10 4 21 
11 8 38 
12 10 76 
13 36 84 
14 6 70 
15 29 100 
16 32 199 
16 8 115 
17 17 112 
18 46 160 
19 83 238 
19 12 170 
20 40 227 
21 96 350 
21 10 166 
22 20 473 

55 
54 

101 
1 88 
235 
168 
295 
356 
210 
364 
556 
575 
384 
556 
713 
601 
780 

108 257 
145 328 
258 580 
268 868 
560 1219 
401 1046 
584 1696 
991 2462 
675 1624 
932 1858 

1067 3020 
1734 3842 
894 2551 

1278 3506 
2180 4963 
1106 2840 
1753 4550 

736 
1144 
1446 
2282 
3172 
2398 
3976 
5973 
3786 
5370 
7402 
9512 
6264 
8935 

12812 
7350 

11439 

2006 
2744 
4002 
5494 
8549 
6914 

10023 
16478 
10714 
12849 
1 8728 
26218 
15469 
21780 
32535 
18460 
29532 

5168 
6156 

10290 
15030 
23086 
17682 
27610 
40735 
25630 
34890 
47619 
65344 
39584 
55887 
82774 
46606 
72466 

13227 
17312 
26763 
39846 
59333 
43948 
68347 

105526 
68078 
82240 

121946 
166850 
102048 
143438 
212392 
11 9523 
187234 

34518 
44905 
69850 

102615 
150564 
112871 
175998 
268914 
170013 
219482 
314189 
42 1064 
254166 
361328 
533072 
305544 
478577 

2 I M I 96, of systematic ODP encoders (Table XV). These 
results are an extension of the tables reported in [20], [3] ,  

Fifteen years ago Massey [22] conjectured, in contrast to 
the presumed superiority of nonsystematic codes to sys- 
tematic codes, that a sequential decoder will perform about 
as well with a systematic R = 1 / 2  code of memory 2 M  as 
with a nonsystematic code of memory M .  Since the longer 
code is systematic, every other channel symbol in the tail, 
which is used to terminate an encoded information se- 
quence, is a zero which is known beforehand and can be 
omitted before transmission. Hence the two codes require 
the same alloted space for transmission of their corre- 
sponding tails, which is the practical consequence of 
Massey's conjecture. To test the conjecture, we have com- 
pared d, for nonsystematic ODP codes of memory M 
with d, for systematic ODP codes of memory 2 M .  The 
result is in Fig. 7, which gives striking support to Massey's 
conjecture. 

The import of Massey's conjecture, to which our com- 
parison lends credence, is that a systematic R = 1 / 2  convo- 
lutional code can be used instead of a nonsystematic one 
without any sacrifice in the effective transmission rate, 
error probability or computational performance of a se- 
quential decoder, provided that the memory of the system- 
atic code is chosen as twice the allotted tail length in 
information symbols. Thus the long systematic convolu- 
tional encoders in Tables XI11 and XIV appear attractive 
for use with sequential decoders. 

In Fig. 8 we show the free distance for several classes of 
rate R = 1 /2 convolutional codes. For comparison, we give 
Heller's upper bound [23]: 

where 1 . 1  denotes the floor function. This bound has been 
improved by one for some memories and by two for 
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TABLE XI 
rf(d,  + I 1. #= 0: ..9 FOR QLI ENCODERS WITH ODP 

Value of I 
M (;"I ( - I - 0 1  2 3 4  5 6 7 X 9 

3 

3 
4 
5 
6 
7 
X 
9 

10 
11 
I 2  
13 
14 
15 
16 
17 
1x 
19 
20 
21 

23 
24 
25 
26 
27 
2X 
29 
3 0 
31 

33 -- 

7 
74 
76 
75 
714 
742 
743 
7434 
7422 
7435 
74044 
74046 
74047 
740464 
740462 
740463 
7404634 
7404242 
7404155 
74041544 
74042436 
74041567 
74041 5664 
740424366 
7404241 75 
7404155634 
7404241726 
7404154035 
74041 567514 
74041 5675 12 

5 
6 
6 
8 
8 
9 
9 

10 
11 
12 
11 
13 
14 
14 
15 
16 
16 
15 
18 
18 
19 
19 
20 
20 
22 
22 
23 
24 
23 
25 

1 2  4 8 1 6  32 
I 3 5 11 25 55 
1 1  3 7 1 X  40 
2 7 10 18 49 124 
1 2 5 14 27 68 
1 4 13 25 51 115 
1 1 5 12 21 51 
2 1 6 14 31 112 
2 5 14 26 57 146 
5 3 10 45 81 183 
1 1 5 18 33 62 
2 6 7 19 48 115 
2 8 12 32 71 184 
2 1 6 18 61 89 
3 5 11 33 67 168 
2 9 15 46 114 231 
1 2 13 24 43 139 
1 0  2 9 1 9  48 
2 12 15 45 126 226 
2 4 6 36 78 183 
2 9 13 28 96 225 
1 2 8 26 50 105 
1 8 11 29 67 170 
1 3 6 19 54 117 
8 7 38 52 164 311 
2 6 14 31 93 186 
2 7 24 38 105 270 
6 24 32 84 202 473 
1 1 6 10 34 88 
5 11 15 54 134 332 

64 
121 

87 
292 
157 
270 
127 
219 
345 
427 
162 
278 
402 
260 
404 
585 
283 
143 
552 
439 
539 
302 
427 
242 
806 
467 
685 

1195 
208 
841 

12x 
267 
209 
67X 
366 
686 
316 
492 
841 

1020 
377 
676 
981 
633 
992 

1344 
741 
315 

1412 
1026 
1283 
722 
939 
567 

1996 
1141 
1589 
2653 

559 
2072 

256 
5x9 
476 

1576 
914 

I663 
780 

1205 
2070 
2593 

930 
1726 
2391 
1466 
2470 
3179 
1717 
725 

3329 
2419 
3131 
1702 
2325 
1447 
4828 
2658 
3936 
6687 
1293 
4878 

512 
1299 
1096 
3694 
2161 
3955 
1886 
2846 
4956 
61x6 
2352 
4070 
5589 
3560 
5903 
7850 
4040 
1825 
8109 
6049 
7534 
4064 
5702 
3525 

12103 
6545 
961 1 

16203 
3051 

11683 

TABLE XI1 
ri,,(dx + i ) ,  i = 0; .,9 FOR QLI ENCODERS WITH ODP 

Value of i 
M (7'' d , 0 1 2 3 4  5 6 7 X 9 

7 

3 
4 
5 
6 
7 
X 
9 

10 
11 
12 
13 
14 
15 
16 
17 
1x 
19 
20 
21 
22 
23 
24 
25 
26 
27 
2X 
29 
30 
31 

7 
74 
76 
75 
714 
742 
743 
7434 
7422 
7435 
74044 
74046 
74047 
740464 

740463 
7404634 
7404242 
74041 55 
74041 544 
74042436 
74041 567 
74041 5664 
740424366 
7404241 75 
7404155634 
7404241726 
74041 54035 
74041567514 
74041 567512 

740462 

5 1 4 1 2  
6 2 7 1 8  
6 2 3 1 0  
8 6 23 44 
8 4 6 2 2  
9 1 16 63 
9 5 2 2 1  

10 6 5 32 
11 6 24 72 
12 26 15 64 
11 1 4 21 
13 6 42 47 
14 6 46 86 
14 12 1 48 
15 13 30 69 
16 14  71 112 
16 8 12 98 
15 1 0 12 
18 12 88 144 
18 18 22 52 
19 12 62 107 
19 11 18 72 
20 6 66 106 
20 6 25 64 
22 58 85 376 
22 14 60 136 
23 14 86 248 
24 64 238 370 
23 15 8 54 
25 51 112 165 

32 
49 
27 

104 
70 

132 
66 
74 

158 
313 
120 
134 
258 
124 
248 
382 
196 
58 

403 
292 
252 
232 
285 
175 
552 
329 
392 

1012 
108 
614 

80 
130 

88 
302 
160 
307 
127 
226 
397 
614 
233 
384 
634 
496 
577 

1090 
396 
161 

1238 
720 
950 
532 
692 
562 

1838 
1030 
1209 
2530 

3 90 
1652 

192 
333 
220 
832 
450 
800 
352 
838 

1092 
1563 
434 
974 

1690 
777 

1564 
2309 
1343 
434 

2410 
1871 
2440 
1116 
1842 
1319 
3879 
2276 
3340 
6267 
1050 
4424 

448 
836 
568 

2180 
1148 
2088 

977 
1796 
2909 
3936 
1308 
2576 
3936 
2492 
3958 
6226 
2884 
1283 
6194 
4828 
6167 
3514 
5096 
2908 

10374 
5x74 
8855 

16618 
2766 

11779 

1024 
2069 
1497 
5596 
2972 
5720 
2578 
4466 
7670 

10036 
3262 
6896 

10439 
6467 

10372 
15342 
8395 
3098 

16954 
12178 
15794 
8x06 

11959 
7159 

27482 
15205 
21772 
38911 
7616 

30322 

2304 
5060 
3794 

14254 
8058 

15065 
7000 

11636 
20198 
27462 

8740 
18550 
26972 
16250 
27884 
38726 
20466 

7639 
42076 
29772 
41077 
21986 
3 1040 
19038 
68686 
37782 
57292 

102596 
18733 
74916 

5120 
12255 
9606 

36240 
20657 
38732 
18368 
29568 
51668 
69868 
23500 
46676 
67351 
41734 
70560 

10110x 
51330 
20114 

10x179 
78919 

103602 
55304 
80010 
49437 

182757 
97169 

146058 
259647 
46492 

187794 
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TABLE XI11 
I I ( ~ ~  + I ) .  I = 0.. . . . Y  I O K  S~SII.SIAIIC ODP EN(.OIII.KS 

Value of I 

\I (;"' d Y O 1  2 3 4 5 6 7 S 9 

I (7 3 1 1 1 1  I I 1  I 1 1 
2 7  4 2 0 5 0 13 0 34 0 X Y  0 
-3 04 4 1 0 6 0 16 0 69 0 232 0 
4 77 5 2 2 2 12 I 9  2X X X  174 300 71s 
5 7.3 6 3 0 13 0 55 0 29s 0 1401 0 
h (754 6 2 0 9 0 40 0 251 0 117s 0 
7 654 6 2 0 9 0 40 0 251 0 117X 0 
S 715 7 2 2 5 1x 26 66 169 3x3 9x0 2160 
Y 6714 X 5 0 15 0 101 0 571 0 3057 0 

1 0  7152 x 3 0 16 0 79 0 457 0 261s 0 
1 1  7155 9 5 6 7 31 66 166 379 X X 2  2271 5245 
12 67114 9 I 4 10 15 46 104 224 576 136s 3322 
I3 67110 10 5 0 27 0 124 0 777 0 4529 0 
14 67115 10 4 0 15 0 121 0 594 0 3550 0 
15 671144 10 3 0 19 0 YO 0 556 0 3134 0 
16 671166 12 13 0 46 0 263 0 14x6 0 9019 0 
17 714447 11 4 3 0 14 50 101 219 5x9 13% 3277 
I S  7144474 12 5 0 29 0 131 0 842 0 4x56 0 
19 7144616 12 3 0 23 0 92 0 556 0 3472 0 
70 671 1455 12 2 4 1 19 43 X X  223 543 1306 3104 
21 67115144 12 2 2 9 14 30 94 1x1 487 1155 2656 
27 67114552 14 12 0 43 0 225 0 13XX 0 SO57 0 
23 71446165 14 10 0 31 0 161 0 10x5 0 5834 0 
24 671145434 15 7 9 IS 56 114 310 69s 1661 4097 10025 
25 671145452 15 6 10 17 55 112 263 663 1547 3761 90x5 
26 714476125 I6 16 0 92 0 4XX 0 2843 0 16243 0 
27 6711455364 16 10 0 35 0 225 0 1322 0 7732 0 
7 s  7144761242 16 11 0 60 0 273 0 1850 0 10.372 0 
7U 7144760535 1X 22 0 118 0 695 0 3926 0 227XX 0 
30 67114545644 16 3 0 21 0 106 0 554 0 3400 0 
3 1  67114543066 I 8  11 0 53 0 307 0 1742 0 1021X 0 

TABLE XIV 
/ ~ , , ( d ,  + I ) .  I = ( )  : . . .$)FOR S Y S l t , h l A l l ~  O D P E N C O D ~ K S  

Value of / 

\I ( , I ? '  t i ,  0 1 2 3 4 5 6 7 X 9 

I (7 

2 7  
3 63 
4 72 
5 73 
6 653 
7 654 
S 715 
9 6714 

1 0  7152 
I 1  7155 
17 67114 
13 67116 
14 67115 
15 671144 
16 671166 
17 714447 
I S  7144474 
I9 7144616 
70 6711455 
71 67115144 
22 67114552 
23 71446165 
24 671145434 
75 671145457 
26 714476125 
27 671 1455364 
2 S  7 14476 1242 
29 7144760535 
3 0  671 14545644 
31 h71145430h6 

3 
4 
4 
5 
6 
6 
6 
7 
8 
X 
9 
9 

10 
10 
10 
12 
11 
12 
12 
12 
12 
14 
14 
15 
15 
16 
16 
16 
18 
16 
1s 

1 
3 
1 
4 
6 
4 
4 
4 

13 
X 

13 
I 

13 
10 
5 

44 
12 
14 
7 
6 
X 

47 
41 
27 
22 
66 
44 
44 
X9 
9 

50 

7 

0 
0 
4 
0 
0 
0 
6 
0 
0 

22 
10 
0 
0 
0 
0 

10 
0 
0 

12 
4 
0 
0 

36 
42 

0 
0 
0 
0 
0 
0 
- 

3 
15 
16 
6 

44 
2X 
2X 
17 
52 
55 
27 
40 

107 
59 
74 

225 
0 

131 
104 

4 
40 

204 
I50  
XX 
91 

475 
169 
313 
6x1 

99 
26X 

4 
0 
0 

46 
0 
0 
0 

6X 
0 
0 

126 
64 
0 
0 
0 
0 

56 
0 
0 

93 
64 
0 
0 

31s 
30s 

0 
0 
0 
0 
0 
0 

5 
5x 
62 
79 

245 
158 
158 
110 
477 
365 
33x 
214 
647 
577 
427 

1532 
254 
73x 
47s 
210 
152 

1303 
919 
656 
644 

311s 
13x7 
1614 
470x 

637 
2064 

6 
0 
0 

13x 
0 
0 
0 

31x 
0 
0 

910 
53x 

0 
0 
0 
0 

570 
0 
0 

4xx 
526 

0 
0 

1960 
167s 

0 
0 
0 
0 
0 
0 

7 
20 I 
360 
48s 

1661 
1311 
1311 
917 

3226 
256X 
2277 
125X 
4713 
3553 
3169 
97X6 
1347 
5383 
3462 
1356 
107x 
9453 
7354 
4x90 
4555 
20855 

9325 
12x01 
30544 
3575 

12945 

8 
0 
0 

1044 
0 
0 
0 

2256 
0 
0 

568s 
3530 

0 
0 
0 
0 

3x12 
0 
0 

3511 
3139 

0 
0 

12504 
11446 

0 
0 
0 
0 
0 
0 

9 
655 

1502 
2016 
950s 
7433 
7433 
6276 

20650 
17502 
15763 
9132 

321x1 
24620 
21154 
69341 

9456 
36069 
25312 

9124 
791s 

62741 
446 I 5 
32553 
29925 

135670 
62403 
x2777 

190096 
26056 
X6741 

10 

0 
5292 

0 
0 
0 

15174 
0 
0 

39552 
23826 

0 
0 
0 
0 

24778 
0 
0 

23462 
19x10 

0 
0 

X5 136 
76436 

0 
0 
0 
0 
0 
0 

0 
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TABLE XV 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 

3 1 
3 1 
4 3 
4 1 
5 5 
5 2 
6 11 
6 5 
6 1 
7 12 
7 5 
8 29 
8 12 
8 6 
8 1 
9 18 
9 7 
9 3 

10 31 
10 13 
10 4 
10 1 
11 27 
11 11 
11 5 
11 1 
12 21 
12 8 
12 2 
13 43 
13 15 
13 4 
13 1 
14 34 
14 14 
14 5 
14 2 
15 31 
15 12 
15 3 
15 1 
16 31 
16 14 
16 5 
16 1 
17 39 
17 13 
17 4 

6 
6 
64 
64 
65 
650 
670 
670 
6710 
6710 
6711 
67114 
67114 
67115 
671150 
671144 
671151 
6711514 
6711454 
6711454 
67114544 
67115142 
671 14543 
671145430 
671151572 
671151505 
6711454574 
6711454306 
6711454311 
67114545754 
67114545754 
67114545755 
671145457554 
671145457556 
671145454470 
6711454544704 
6711454544676 
6711454575564 
67114545755644 
67114545755712 
67114545755713 
671145457556464 
671145457556464 
671145457556153 
6711454575561314 
6711454575564666 
6711454575565667 
67114545755646674 

nonsystemat ic  LP 

5/10 10/20 15/30 20/40 25/50 
Fig. 7. Nonsystematic memory M versus systematic memory 2 M  ODP 

codes. 

1 FOR SYSTEMATIC ODP ENCODERS 

M d ,  n ( d , )  G‘” 

49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 

17 1 
18 38 
18 16 
18 7 
18 2 
19 43 
19 20 
19 7 
19 2 
20 60 
20 25 
20 10 
20 2 
20 1 
21 25 
21 10 
21 2 
22 71 
22 29 
22 9 
22 4 
22 1 
23 46 
23 16 
23 5 
23 2 
24 56 
24 20 
24 8 
24 3 
25 74 
25 33 
25 16 
25 4 
25 1 
26 41 
26 20 
26 6 
26 2 
27 62 
27 28 
27 11 
27 5 
27 1 
28 42 
28 20 
28 5 
28 1 

67114545755646676 
67114545755646676 
671145457556466760 
671145457556466760 
671145457550027077 
6711454575571301174 
6111454575571301176 
6711454575571301176 
67114545755713011760 
67114545755713011760 
67114545755646670367 
671145457556466703670 
671145457557130117610 
671 14545755713011761 1 
67114545755713011761 14 
6711454575571301176114 
6711454575571301176114 
6711454575571301176~144 
671 14545755646670367016 
67114545755646670367017 
671145457556466703670170 
671 145457556466703670170 
671145457557130117611463 
6711454575564667036701444 
671 1454575564667036701446 
6711454575564667036701447 
67114545755713011761146370 
671 1454575571 301 1761 146342 
67114545755713011761146373 
671145457557130117611463424 
671145457557130117611463432 
671145457557130117611463433 
6711454575571301176114634334 
6111454575564667036701447272 
6711454575564667036701447277 
671 14545755646670367014472730 
67114545755713011761146343362 
61 11454575571 301 1761 146343363 
671145457557130117611463433634 
671145457556466703670144727304 
671145457556466703670144727305 
6711454575564667036701447273054 
6711454575564667036701447273056 
6711454575564667036701447273357 
671 14545755646670367014472730510 
67114545755646670367014472730512 
67114545755646670367014472730511 
6711454575564667036701447273051 10 

k nonsystemat ic  ODP 

/ 
systemat ic  ODP 

I 
I : M  

Fig. X.  

5 10 15 20 25 30 
Frcc distance for some classes of convolutional codes. 
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M = 28 using the Griesmer bound for block codes [24], 
[ 2 5 ] :  

where 1 . 1  denotes the ceiling function. 

VIII .  CONCLUSION 

In this paper we have shown that the distance profile 
can be exploited in a very efficient way to prune the code 
tree when calculating the distance spectrum of rate R = 1/2 
convolutional codes. FAST can easily be extended to other 
rates. We have also reported extensive lists of good rate 
R = 1/2 convolutional encoders. These tables provide en- 
coders that can be used in practice. 
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