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A quantitative approach for calculating the noise due to the stochastic nature of multimode laser radiation in
nonlinear-optical processes is presented. The model is applicable when it is appropriate to describe the nonlinear
interaction with a perturbation expansion in the incoming field, and it is derived under the assumption of
independent individual laser-mode intensities and phases. It is possible to separate noise contributions from
mode-amplitude and -phase fluctuations, respectively, and also to identify the noise contribution from each laser
source. For coherent anti-Stokes Raman scattering (CARS) thermometry, the model shows that with a single-
mode pump laser the stochastic phases in the dye laser do not generate noise in the conventional approach and that
amplitude fluctuations in the dye laser(s) do not (significantly) generate noise in the dual-broadband approaches.
Thus, in the dual-broadband approaches, the spectral noise in the Stokes beam is not a lower limit for the noise in
the CARS beam. The model seems to overestimate the noise due to phase fluctuations and to underestimate the

noise due to amplitude fluctuations.

1. INTRODUCTION

There has been great interest lately in various ways in which
laser statistics influence coherent anti-Stokes Raman scat-
tering (CARS) spectra.l-10 As CARS is used for tempera-
ture and concentration measurements,!! it is important to
characterize the CARS process accurately. It is generally
assumed that the statistical fluctuations of the laser fields
impose a fundamental limitation on the accuracy that can be
obtained in CARS thermometry [e.g., see Refs. 2 and 12-14].
There has been a lively debate on whether the best accuracy
in CARS thermometry is obtained with a multimode or a
single-mode pump laser.46:8-10.13  Recently new approaches
to CARS thermometry have been demonstrated.!>-17 Inone
of these approaches (rotational dual-broadband CARS) the
noise obtained in non-Raman resonant spectra was a factor
of 2 lower than with a conventional CARS setup.l” Current-
ly the optimum configuration of a CARS thermometry setup
is an open question. Comparisons of the experimental char-
acteristics of CARS spectra recorded using a multimode or a
single-mode pump laser have been performed for the con-
ventional CARS setup. These have demonstrated lower
noisé for non-Raman-resonant spectra recorded with a sin-
gle-mode YAG laser than those recorded with a multimode
YAG laser but significantly higher noise for a single-mode
than for a multimode YAG laser when Raman-resonant
spectra were recorded.#%14 A qualitative explanation of the
comparatively high noise level in the Raman-resonant sin-
gle-mode spectra has been proposed.®1® However, the mod-
el used there failed to explain why a single-mode laser yield-
ed lower noise than a multimode laser in non-Raman-reso-

0740-3224/88/091910-17$02.00

nant spectra. We have thus developed a quantitative model
that can be used to estimate the noise in a general nonlinear-
optical process, provided that the induced polarization can
be expressed by using a perturbation expansion in the elec-
tric fields and that the generated radiation has negligible
intensity in comparison with the intensity of the incoming
fields. This model has been used to calculate the noise in
different experimental approaches to broadband CARS.

The CARS process is schematically depicted in Fig. 1.
The most common experimental setup for CARS thermome-
try utilizes a Nd:YAG-pumped dye-laser system, in which
the photons at frequencies w, and w, are taken from the
frequency-doubled YAG laser light and the photon at fre-
quency w; is provided by the dye laser. In broadband CARS
thermometry the dye laser is operated in broadband mode
(FWHM >100 cm™!). In this way the population differ-
ences in all rotational-vibrational transitions are probed
simultaneously. The generated anti-Stokes beam, with the
frequency wgs, is dispersed in a spectrograph and imaged
onto a diode array. In this way the anti-Stokes spectrum of
the investigated molecule is obtained in one single laser
shot.18

Considerable effort has been put into theoretical modeling
of CARS spectra. The calculation of theoretical spectra
involves integration over all laser frequencies.19-23 Clearly
this is much simplified if a single-mode pump laser is used,
as the laser linewidth is then considerably smaller than the
Raman [inewidth and the laser radiation can simply be de-
scribed by a delta function in frequency space. For the
multimode YAG laser, an accurate calculation turns out to
be quite complicated.>-7 CARS spectra recorded with the
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Fig. 1. Conceptual picture of the CARS process. wg, wp, and w,
represent the frequencies of the incoming photons, and w,s repre-
sents the frequency of the CARS photon. A Raman resonance is
indicated.

conventional setup are generated by a second-order process
in the frequency-doubled YAG laser light. Thus, to calcu-
late such a CARS spectrum, the autocorrelation function of
the frequency-doubled YAG radiation must be known.
(This is the case in principle; however, for temperature de-
terminations, details of the laser statistics may not in prac-
tice necessarily affect the result to any significant degree.
Compare, e.g., Ref. 7.) The more complicated calculation is
an argument against using a multimode YAG laser in CARS
thermometry, in particular as the autocorrelation function
appears to be a characteristic of each individual laser®” and
also varies with the operating conditions.32¢ Thus, al-
though yielding higher noise in Raman resonant spectra, the
single-mode laser is more attractive from a modeling point of
view.

At this point the new experimental approaches to CARS
seem to have attractive properties. In these, only one pho-
ton from the YAG laser is used for the generation of each
anti-Stokes photon, thus eliminating a major computational
difficulty. In these so-called dual-broadband techniques,
two broadband dye lasers drive the vibrational Raman reso-
nance,!® or, in the case of rotational CARS, both photons
driving the Raman resonance may actually be provided by
one single broadband dye laser.16:17 The YAG laser beam is
then scattered off the vibrating molecules. The three ex-
perimental approaches, conventional CARS, dual-broad-
band CARS, and rotational dual-broadband CARS, hence-
forth abbreviated CC, DBC, and RDBC, respectively, are
conceptually described in Fig. 1 and Table 1.

Asusual, in the case of broadband CARS,2489 noise is here
defined as o(I)/{I}, where o(I) is the shot-to-shot standard
deviation of the intensity I, the anti-Stokes intensity regis-
tered by a diode, and (I) is the average intensity registered
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by the diode. The weak-signal limit, where, e.g., shot noise,
Johnson noise, and incoherent background must be taken
into account, was previously analyzed for several different
four-wave-mixing processes (Ref. 25 and Ref. 26, p. 156).
The present analysis is primarily valid for the high-signal-
intensity limit, where the noise level is primarily determined
by the shot-to-shot fluctuations in the laser-mode phases
and intensities. A main feature of the present model is that
the noise contributions from the stochastic laser-mode
phases and the stochastic laser-mode intensities can be cal-
culated separately and that the noise contribution from each
laser source is obtained separately. A simplified physical
picture of the different sources of noise, as defined in this
paper, can be obtained by considering two electric-field
modes, E, and E;, with amplitudes a and b and frequencies
w, and wy and phases 0, and 65, where

E, = a expli(w,t + 6,)],
E, = b expli(w,t + 6,)],

and t is time.
The intensity (Io) from such a field would be

Iy =|E, + E)|> = a® + b% + 2ab cos[(w, — w,)t + 0, — 0;].

The noise due to shot-to-shot fluctuations in the term a2 (52)
is considered to arise from mode-intensity fluctuations in
mode a (b), and the noise due to shot-to-shot fluctuations in
the cross term

2ab cos[(w, — wp)t + 0, — 6]

is considered to arise from phase fluctuations. It may be
noted that in contrast to the two first terms (a2, b2) the
average intensity contribution from several shots is zero for
the cross term. Noise due to phase fluctuations is often
referred to as mode beating. We have used a notation in
which we call the noise from the cross term mode beating if
w, # wp and phase incoherence if w, = wp. The multimode
laser fields are modeled as a sum of a large number of modes
with independent phases and amplitudes. This is a com-
monly used representation for the radiation from a broad-
band laser.2” The modes in the frequency-doubled YAG
laser radiation are, however, not strictly independent be-
cause partial mode locking occurs in the frequency-doubling
process.'6  Also, a number of publications have appeared
lately that indicate that this representation may not be cor-
rect for a broadband pulsed dye laser; at least this seems to
be the case if the number of modes is small (~10).282 To
keep the problem tractable, independent phases and ampli-
tudes have still been assumed for all fields. Spatial effects
in the mode structure63% and the time dependence of both
phases and amplitudes have also been neglected. Given the
assumptions above, a general expression for the noise in a
four-wave-mixing process is given in Section 2. In Section 3

Table 1. Laser Types Used for Each of the Steps in
the CARS Process Depicted in Fig. 1

CcC DCB RDBC
Pump laser (narrow band) Way We e W
First broadband dye laser wp Wg Wg, Wh
Second broadband dye laser — wp —
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we describe how we have applied the approach outlined in
Section 2 to calculate the noise in non-Raman resonant
CARS and to rotational Raman-resonant CARS for the case
in which the spectral width of the pump laser is much broad-
er than the Raman resonance. A discussion of some crucial
details in the evaluation of the expressions for the noise and
a physical interpretation of the different mechanisms that
give rise to the noise are given in Section 4. In Section 5 a
discussion is given, and in Section 6 a summary of the results
is presented. All explicit calculations and proofs are collect-
ed in Appendixes A-E. In Appendix A, we show how, by
starting with light fields with stochastic-mode amplitudes
and phases, it is possible to obtain a deterministic expression
for the mean and variance for a signal generated in a four-
wave-mixing process by using three independent light
sources. In Appendixes B and C examples of the explicit
calculations of the noise and some mathematical details are
given. In Appendix D expressions that can be used to calcu-
late the noise in a more general n-wave-mixing process are
given, and, finally, in Appendix E analytical expressions are
given for the noise in various approaches to CARS as calcu-
lated by the presented model.

2. MODEL FOR CALCULATING NOISE

The description of the nonlinear interaction is similar to the
ones in Refs. 6 and 31. The laser fields are described as a
summation over an infinite number of independent modes:

kQ_\2
E, = z ay, exp{— é— ( T a) + i[(w + RQt + Hk]} + c.c.,
%

a

rQ,\2
E,= Z b, exp{— % (I‘_:) + i[(w,? + rQyt + qS,]} + c.c.,

mQ,\?
E = Z Cm exp{— % ( T c) +i[(w + mQ)t + ‘l/m]} +c.c.
m c

Many symbols used in this paper are defined in Table 2.
Here w0, wi?, and w0 are the center frequencies of the multi-

Table 2. Definition of Symbols

Symbol Definition

T; Bandwidth of laser i

T, Linewidth of Raman resonance

w Spectral width of detection system’s instrument func-
tion

T (T'.2 + T2 + T2 + W2)1/2 where a, b, and ¢ may or may
not be different

@ Mode spacing of laser ¢

w; Frequency of laser ¢

Was Anti-Stokes frequency

Ay Frequency difference between the center frequency
transmitted through the detection system to diode «
and the frequency where a nonresonant CARS signal
would have its maximum

T Duration of anti-Stokes pulse

t Time

I Intensity detected by one diode in the diode array

(x) Expected value of x

a(x) Standard deviation of x

o(I)/{I) noise
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mode fields and c.c. stands for a complex conjugate. g, 2,
and Q. and I'y, Ty, and T'; are mode spacings and linewidths,
respectively, of the laser sources. The electric-field mode
amplitudes a, b, and ¢ and phases ¢, §, and ¥ are assumed to
be stochastic variables varying slowly in time. This time
dependence will be neglected henceforth. a;2, b;%, and c;?
belong to the distributions I'(1, i,), T'(1, i), and I'(1, i.),
respectively (see Appendix A), and the phase factors are all
uniformly distributed in the interval (0, 2x). The phase
factors have been chosen such that the mode amplitudes are
real. The lower-order spatial modes focus more tightly and
are thus the ones mainly contributing to the generation of
the CARS signal.2 The lasers are assumed to operate in
their lowest-order spatial mode, and differences in beam
overlap are neglected. Thus the spatial integration may be
replaced by multiplication by a constant.®

In the weak-interaction limit the nonlinear polarization
[P®)] for a general four-wave-mixing process can be written
as (Ref. 26, p. 46)

P® x(3) EaEbEc’ (1)

where x® is the third-order nonlinear susceptibility. In the
weak-signal limit the generated electric field is proportional
to the induced polarization. In particular, the field at fre-
quencies near

0

Wqs

= wao - wbo + wco

[which would correspond to the anti-Stokes field (E,y) in
CARS] is given by

Ey~ Z Eog(wprm) = z z Z X :?makbrcm

krm k

o3[+ (%) + (2]

X expli[(w,’ — w,l + wl + kQ, — rQ, + mQ)t

+0, — ¢, + ¥, ]} + cc.

where wgr, is the frequency of the generated field for the
particular mode combination %, r, and m, and x,‘jiﬁn may be

frequency dependent. For the generated intensity (I) at,
e.g., frequency wy; = w, ~ wp + w, we may write

I= Z a,abbyeyc, expli(f, — 0, — ¢, + &, + ¥, — )]
kir \
smn

X H(k,Il,r,s,m,n).

H is a deterministic function containing, e.g., the third-order
nonlinear susceptibility, the response of the detection sys-
tem (to be briefly discussed in Section 3), and the nonsto-
chastic parts of the laser fields. The expected value E(J)
and the variance V(I) for the intensity above (assuming
three independent laser sources) can be written in the simple
form (see Appendix A)

E() = iy, z H(k, k,r,r,m,m), (2a)

krm
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V(D) = (,ipi,)? Z [H(klrrmm)H(klssnn)
Rir .

+ H(kkrsmm)H(llrsnn) + H(kkrrmn)H(llssmn)
+ H(kkrsmn)H(llrsmn) + H(klrrmn)H(klssmn)

+ H(klrsmm)H(klrsnn) + H(klrsmn)H(klrsmn)].
(2b)

(The commas between indices have been omitted.) Provid-
ed that approximation (1) is valid and the generated field is
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where [S,(w)]2 is the detection system’s instrument function
for diode o, chosen such that S,(w) = exp[—(w, — w)2/(2W?)], .
and w, is the center frequency impinging upon diode a. The
nonlinear third-order susceptibility x® is a real constant in
the non-Raman-resonant case. The anti-Stokes intensity
registered by the detector is then proportional to

HA"(kl l) r,s,m, n) = Xkrm(2)xlsn(37) exp{_

1 T/2 R —
S 3], EamSaonn) B ) St = 18,
brm © T2
Isn
yielding
K2+ 192 (¢ +sH)Q,?

(m? + n?Q 2
2 + 2 + 2 -
T, T, T,

kQ, — rQ, + mQ, — A + (19, — sQ, + nQ, — A)?
Xexp{—%[( a r b m c a) ( a S b n c )]}SinC<AwT)’ (3)

weak, the variance above is a general analytical expression
for the fluctuations in a signal from a four-wave-mixing
process, where all the process-dependent parts are con-
tained in the deterministic function H. In particular, it may
be noted that the expression is valid for all frequency combi-
nations wy = w, £ wp + we. In Appendix D we give more-
general expressions, which can be used to calculate the noise
in a nonlinear process in which an arbitrary number of pho-
tons are taken from each laser source. Consequently, these
expressions are applicable to the CC and RDBC cases. With
N different lasers and if we take f; photons from laser &, the
variance will contain

N N
T] @mr- 1] ¢
k=1 k=1

terms, and the expected value will contain

N
H fi!
k=1

terms. Thus, unless the function H has some symmetries in
the permutation of the indices (as is the case in, e.g., nonres-
onant CC, where the number of terms in the variance is
reduced from 44 to 5 by symmetry), the large number of
terms begins to make the explicit evaluation rather cumber-
some when more than one photon is taken from a laser
source.

3. APPLICATION TO COHERENT ANTI-
STOKES RAMAN SCATTERING

In this section we describe how the model in Section 2 can be
applied to calculate the noise in non-Raman-resonant and
Raman-resonant broadband CARS. The signal in broad-
band CARS thermometry is normally dispersed by a spec-
trograph and registered by a diode array. Itis assumed that
each diode in the detector array sees the detection system as
a Gaussian with a width W. The electric field reaching a
diode in the diode array is then given by

z Eas(wkrm)su(wkrm)»

krm

w2 2
where
sinc(x) = sin(x) »
x
Aw= (k= 1DQ, — (r—5)Q, + (m — n)Q,,
and

= — g ® 0_ 0
Ay=w,—w,” + oy — o, .

Consider a single diode in the diode-array detector. Assume
that the intensity (I) in this diode is normalized by dividing
by the total intensity recorded by all diodes. This is normal-
ly done in order to eliminate the overall intensity fluctua-
tions in the anti-Stokes pulse such that only the spectral
fluctuations in the laser pulses contribute to the noise.*?
The normalized intensity (Iy) in an arbitrary diode o« may
then be written as

where the summation over 8 is made over all diodes in the
diode array. The mean and variance for Iy can be estimated
by using the first-order Gaussian approximation3? for the
ratio between two random variables. For broadband CARS
the following conditions will generally be valid (x = a, b, ¢):

Q, K min(W, T,), (4a)
TQ, > «/2. (4b)

The conditions in expressions (4) imply that the summa-
tions over mode combinations necessary to calculate the
intensity, in most cases, may be replaced by integrations
without significant loss in accuracy. The exceptions when
this is not the case are discussed in Section 4. The evalua-
tion of E(I) and V(I) for the three-laser case is outlined in
Appendix B. Explicit expressions for the noise calculated
for non-Raman-resonant CARS using CC, DBC, and RDBC
are given in Appendix E. In the calculations for single-
mode pump laser cases the single-mode fields are assumed to
be deterministic and are represented by delta functions in
frequency space. For Raman-resonant CARS the calcula-



1914  J. Opt. Soc. Am. B/Vol. 5, No. 9/September 1988

tion is restricted to the special case of a single Raman line
centered at the transmission maximum of the detection sys-
tem. With the exception of the RDBC case, the laser pro-
files are assumed to be tuned to give maximum intensity at
the corresponding anti-Stokes wavelength. Thus, for the
Raman-resonant case,

S. Kroll and D. Sandell

P runs through its 4N different values. Thus there will be
approximately N4/8 pump-mode combinations yielding a
value of AwT/2 in the interval (—«/2, 7/2), and there will be
roughly 4N/3 different values of AwpnT in this interval.
Computer simulations show that even for such small values
of T'y as T'y/Q, = 10, the error in approximating the sum by an

k2 + 1902 2 1 $2)0,2
H(k, I, r,s,m,n) =exp _.1_ ( ) a (r s%) b
2 I‘a2 I‘b2

N (m? + n%)Q2
r2

kQ, — rQ, + mQ, — A)? + (19, — sQ, + nQ, — A)?
Xexp{ 1|:( riiy T mii, ") (12, — sQ, + nQ, a):l} ®)

W2

sinc{%1 [((B=DQ— (r—s)Q+ (m — n)(lc]}

(kQ, — rQ — A, +iT) (10, — 59, — A, —il,)’

where A, = 0 for CC and DBC. This approach is reasonably
correct for rotational CARS, where the spacings between the
Raman resonances are normally larger than the width of the
instrument function. A vibrational CARS spectrum corre-
sponds to an intermediate case, and the non-Raman-reso-
nant situation corresponds to a case in which all anti-Stokes
modes have nearly the same weight. The explicit evaluation
of the Raman-resonant case, as above, is performed for

T, T, T, W>»T,>» 1T,

where I, is the width of the Raman resonance. These condi-
tions will generally be fulfilled for the YAG laser pumped
system operating without an étalon in the YAG laser, but
they are normally not fulfilled if an étalon is inserted into the
YAG laser in order to narrow its bandwidth. In the second
part of Appendix B the calculation of the noise for the
Raman-resonant cases is briefly described, and the expres-
sions for the noise are given in Appendix E.

4. ANALYSIS

One of the main differences between this treatment and the
previous treatments of noise in broadband CARS28%4 ig
that a quantitative estimate is made of the effect that ran-
dom phases of the individual modes in the multimode lasers
will have on the noise. The noise depends critically on how
the sinc function in Eq. (8) is treated in the summation over
all modes. This point is thus examined in some detail.

- A necessary requirement for replacing the summations in
Egs. (2) by integrations is that there are not too few combi-
nations of k, , r, s, m, n yielding a value of lAwT < .

As an example we have, for CC,

Aw=(k—=1+m—n)Q, — (r—s)Q,=PQ, + 59,

where P=k — [+ m —nand S =s — rare integers. Awisthe
beat frequency between the anti-Stokes modes 2Q — rQ; +
m&Q, and I, — sQp + nQ,. It is clear that for every P there
exists an S = Syun(P) yielding a minimum value of Aw
(Awpin) such that Awyin = IPQa + SMIN(P)QbI < Qp/2. With
N pump modes these can be combined to a P in N* ways, and
there will be ~4N different values for P. For T'= 1078 sec
and Q2 = 0.01 e, |[AwyinT| = 37, Awpn may be expected
to be uniformly distributed in the interval (—3=«/T, 3n/T) as

integral is less than 1%. With a single-mode pump laser,
however, Awmmn = Q5 for r ¢ s, and there are now no mode-
beating terms with a value of AwT in the interval (—6w, 6).
Thus terms for which r » s will now only give a negligible
contribution, and the sinc function is best replaced by a
delta function 6(r — s). To visualize how the different noise
terms appear, we examine the expression for the noise in
non-Raman-resonant DBC [rewritten from Eq. (E3) below]:

o _ _1 D 8.l 1
I (2,".)1/4 . T [(1‘\2 _ Fx2]1/2

/2
2 1 12 27 !
+= =+
T . [W2 + I‘xz F2:' WT} (6)

Now, again consider Eq. (3):

R2+19)9.2 (P +s9)Q,2
He L rs, mom)=expl— L] F T D%+
2 Pa2 I\b2

N (m?+n?»Q2
r2
4 (B2 =10y + mQ, AN+ (19, — sQ, — nQ, — Aa)2:|}
W2

X sinc{%1 [((k—-Da,~ (r —-38)Q + (m — n)QC]}:

where the indices have been grouped in pairs. If one and
only one of the three pairs is different, as in the first three
terms in Eq. (2b) [corresponding to the first three terms,
respectively, in Eq. (6)], the sinc function is approximated
by a delta function, as discussed above. This is explicitly
done in Appendix B by setting 3" H(k, !, r,r,m,m)H(k, I, s, s,
n,n)=~ {H(k,k,r,r,m,m)H(k, &, s, s, n, n) for the first term
in Eq. (2b). If the first-order Gaussian approximation is
used to calculate the variance for a function F, which is a
function of the independent stochastic variables x;,i = 1, 2,
3,...,wehave

()]
i i/ 1B

11
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where the index E indicates that the derivative is to be
evaluated at the expected values of x;. The first term in Eq.
(6) is (apart from a numerical factor) equal to

pref(£)]

in the Gaussian approximation, where @, are the stochastic-
mode amplitudes in laser a and. Iy is the normalized diode
intensity. Thus the term above can be interpreted as arising
from amplitude fluctuations in the modes from laser a. As
can be seen from Eq. (6), each of the first three terms is
inversely proportional to the square root of the number of
modes from one of the lasers contributing to the signal in
that particular diode. Thus, for all three lasers, there is one
noise contribution due to stochastic-mode-intensity (or -am-
plitude) variations. In non-Raman-resonant CARS the sig-
nal contribution from mode-intensity fluctuations is the
same for all diodes in the diode array for a laser x with

I, K (T2+T2+T2+ W2

(e.g., a multimode pump laser in CC). For such a case, the
normalization employed in Section 3 eliminates this noise
contribution. In Eq. (6) this is manifested through the
function Fja, which arises from the normalization [see Eq.
(B8) below].

If the two components in one, and only one, of the three
pairs of indices in H above are equal, the next three terms in
Eq. (6) are obtained. If none of the pairs has two indices
that are equal, then the last term is obtained [compare Eq.
(2b)]. These last four terms correspond to mode beating
between anti-Stokes modes. The first three of these terms

correspond to beating between anti-Stokes modes where, for

one, and only one, of the lasers, photons from the same mode
have been used to create the anti-Stokes photons. In the
last four terms in Eq. (6) none of the lasers contributes a
photon from the same mode to the different pairs of anti-
Stokes components beating against each other.

A possibly more physical picture of how the mode-beating
terms contribute to the noise is to consider anti-Stokes elec-
tric-field modes with random phases and a mode separation
Aw impinging upon a diode after passing the detection sys-
tem with an instrument function with a spectral width W.
The intensity registered by that diode is proportional to the
square of the electric field averaged over the anti-Stokes
laser pulse duration 7. In Fig. 2 an instrument function
with a width W and two electric-field modes, separated by an
interval Aw in frequency, is shown. The intensity generated
by these two modes contains a term oscillating with a fre-
quency Aw. If AwT > =, this term will average to zero if
integrated over the laser pulse, but if Aw < 7/T, there will
generally be a net contribution to the intensity registered by
the diode from the beat signal. By considering all possible
mode combinations, we can infer that the number of phase-
incoherent terms fulfilling the condition AwT < = is propor-
tional to W/T. Because of the random phases, the average
value of their contribution is zero with a standard deviation
of (W/T)12, The number of mode combinations contribut-
ing to the recorded intensity is proportional to W. Thus this
noise contribution is proportional to 1/(WT)'2, which corre-
sponds to the last term in Eq. (6). The three terms before
this last one can be motivated by similar arguments.

Vol. 5, No. 9/September 1988/J. Opt. Soc. Am. B 1915

N
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Fig. 2. A conceptual picture of an instrument function with the
spectral width W and two anti-Stokes modes with a frequency
separation Aw transmitted through the detection window. The two
modes will give rise to a beat signal at frequency Aw in the detector.

The horizontal scale is frequency, and the vertical scale is intensity
(arbitrary units).

As a special case, consider now the situation when two
photons (e.g., @ and ¢) are taken from the same laser. The
sinc2 function in the term where k % landr =sbutm = n
should here again be replaced by 6(k — [ — m + n) in the
calculation. The influence of such a term is discussed in
Ref. 8 for the case I'; = I'. « I.  For such a case all diodes in
the diode array would experience the same contribution
from this term, and this noise contribution is, as pointed out
in Ref. 8, eliminated by the type of normalization that has
been employed in Section 3 before calculating the noise. If,
however, the bandwidth of the laser generating this incoher-
ent term is large, as in RDBC, this contribution will be
different for different diodes and can no longer be eliminat-
ed by normalization. This term is the main contribution to
the noise in RDBC. One way to understand this term is to
consider the mode-beating case first and then to assume that
the two modes have the same frequency. With two anti-
Stokes modes w,, and w,,, with phases ¢’ and ¢”, the regis-
tered intensity fE,Eadt will contain terms of the type
ST explil(w,, — wi)t + ¢’ — ¢”]}dt. Assume that a mode
combination has been found for which w,, exactly equals w,,.
The recorded signal will then be proportional to cos(¢” — ¢”).
The size of this contribution is thus determined by the rela-
tive phases of the modes, and, although the mode beating is
now absent, there will still be a phase-incoherent noise con-
tribution from these modes. Furthermore, this contribu-
tion will not be decreased by an averaging over the laser
pulse as a mode-beating term is. Thus this type of phase-
incoherent contribution may be expected to be particularly
strong. If two photons are taken from the same (multi-
mode) laser, there will clearly be a large number of mode-
combination pairs that have exactly the same frequency.
An equivalent term arising in sum-frequency generation is
briefly discussed in Ref. 31.

5. DISCUSSION

In deriving the expression for the noise in a nonlinear-opti-
cal process the electric fields have been modeled as a sum of
modes with stochastic and independent amplitudes and
phases. On the basis of this approach, it is possible to
separate the noise contribution into two types, one due to
the random amplitudes and one due to the random phases.
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Table 3. Values Used When Calculating the Noise in

Tables 4 and 5°
Parameter CC DBC RDBC
Ty 0.5 100 100
Ty 100 100 =T,
T, =T, 0.5 0.5

Common for All Three Experimental Approaches
Q=9 =2.~0.01

W=1.0
T = 8.3 nsec
I, =0.03

@ Units are inverse centimeters if not otherwise stated. All @’s, I"'s,and W
must be multiplied by a factor of 2rrc, where c is the velocity of light (=3 X 100
cm/sec). To convert to FWHM’s the I”s and W need to be multiplied by a
factor of 2(In 2)1/2, All quantities are defined in Table 2.

Table 4. Calculated Noise for Nonresonant CARS

Percentage Noise?
CC DBC RDBC

Parameter SM MM SM MM SM MM
Mode-amplitude fluctuations 6 6 <1 <1 <1 <1
Mode beating — 8 4 5 — 4
Phase-incoherencenonmode beating — ~0 — — 6 6
Total (added in quadrature) 6 10 4 5 6 7

¢ SM, single-mode pump laser; MM, multimode pump laser.

Table 5. Calculated Noise in a Spectrum Where a
Single Raman Resonance Contributes to the Signal in

Each Diode
Percentage Noise?

CcC DBC RDBC

SM MM SM MM SM MM

Mode-amplitude fluctuations 23 11 <1 3 <1 4
Mode beating — 20 15 16 — 3
Phase-incoherence nonmode beating — =~0 — — 23 23
Total (added in quadrature) 23 23 15 16 23 24

2 SM, single-mode pump laser; MM, multimode pump laser.

The incoherent contribution due to the random phases may,
as was described in Section 4, be separated into a mode-
beating and a non-mode-beating term. For all three tech-
niques, CC, DBC, and RDBC, the noise in non-Raman-
resonant and Raman-resonant (for the particular situation
described in Section 3) CARS is calculated for both a multi-
mode and a single-mode pump laser by using the data given
in Table 3. The results of these calculations are given in
Tables 4 and 5.

The two types of noise have quite different characteristics.
The random amplitudes cause variations in the coherent
intensity contribution to the nonlinear signal. These varia-
tions can be reduced by letting as many modes as possible
participate in the generation of the signal. This is effective-
ly what is happening in DBC and RDBC, where the mode-
amplitude fluctuation part is consequently negligible. An
effect of this type was anticipated in the papers originally
introducing these approaches to CARS. 1517

The noise from phase fluctuations is, in contrast to the
amplitude noise, incoherent. Contrary to the case for the
coherent noise, the incoherent noise is decreased when as
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few incoherent terms as possible contribute to the signal.
Thus reducing the coherent noise seems (at least at first
sight) incompatible with reducing the incoherent noise and
vice versa. The incoherent-noise contribution arises as soon
as more than one photon in the wave-mixing process comes
from a multimode source. (If T'Q, < 7 the incoherent-signal
contribution may also be significant with only one photon
from a multimode laser.) It may be clarifying to study a
particular case in more detail. The main noise term in
Raman-resonant CARS with a single-mode pump laser is

(/27T (7a)
for CC and RDBC and
1/(r,7)\2 (7b)

for DBC. In CC the noise comes from mode-amplitude
variations. The dye-laser mode spacing may then be de-
creased in order to increase the number of modes participat-
ing in driving the Raman resonance and thus reducing the
noise. This will be effective until Q.7 is of the order of .
Two adjacent dye-laser modes are then so close in frequency
that mode beating between these two modes will be too slow
to be averaged to zero during the anti-Stokes pulse, and a
phase-incoherent contribution will start to appear for the
CCssingle-mode case. In a more mathematical approach the
fact that Q,T is of the order of = means that the sinc?
function in Eq. (3) can no longer be replaced by a delta
function before the integrations are carried out, as was de-
scribed in Section 4. We can actually show that in the limit
of zero mode spacing, the noise in CC (single mode) will
decrease to 1/(TT,)'/2, the noise observed in DBC. As can be
seen from Table 4, the noise in the non-resonant CC single-
mode case is determined by mode-amplitude fluctuations in
the dye laser only. This is the spectral noise in the dye laser.
In the case of DBC the total noise is indeed below this value.
Essentially, the noise in DBC is given by expression (7b)
with I'; exchanged for W. This can also be inferred from Eq.
(E4 below) and Table 3.

At this point, it is interesting to compare the calculated
results with experimental data. In CC (single-mode) we
essentially need to take only the amplitude noise into ac-
count. Snelling et al.?14 have compared the noise in experi-
mental vibrational CARS spectra with theoretical calcula-
tions of mode-amplitude noise for this experimental config-
uration. A factor-of-1.4 higher noise than predicted by the
theoretical calculations is observed in the experimental
spectra for the non-Raman-resonant, as well as the Raman-
resonant, case.!* On the other hand, in a comparison with
the experimental noise measured by Aldén et al.l” for non-
Raman-resonant RDBC (multimode), the theoretical model
presented here overestimates the noise by a factor of 1.8.
From expressions (7) it is seen that the analytical expres-
sions for the main noise term are the same in CC and RDBC,
and this is, as a matter of fact, also the case for non-Raman-
resonant CARS. A more extensive investigation of the
noise- and temperature-accuracy properties of rotational
CARS, which may be compared with the present model, is in
progress.® In practice, CC and RDBC may not give the
same noise at all. The theoretical expressions in Eq. (2) and
in Egs. (D1) and (D2) below are exact under the conditions
given. However, several approximations have been made in
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order to arrive at them. Transverse modes have been ne-
glected, amplitudes and phases have been assumed not to
change during the laser pulse, and all mode amplitudes and
phases have been assumed to be independent. Deviations
from these conditions may affect, e.g., CC and RDBC differ-
ently. In particular, we may expect that the CC noise would
be reduced for a laser experiencing amplitude locking and
that the RDBC noise would be reduced for a laser experienc-
ing phase locking. Spontaneous processes of these types
have been observed in some multimode dye lasers.28:29,34

It is thus questionable whether the model can be used for
quantitative predictions of noise. It may, however, be help-
ful for qualitative interpretations and, in particular, it shows
that if we assume multimode sources with independent
modes the noise should be larger in non-Raman-resonant
CARS when the CC multimode approach is used than with
the CC single-mode approach, as has been shown experi-
mentally.* The mode-beating term contributing in this case
will also contribute to Raman-resonant spectra and may
thus be one of the sources of the noise observed by Snelling
et al.* in addition to the mode-amplitude noise in their
multimode spectra. They have noted that (for their system)
the Stokes and pump laser intensities appear to be correlat-
ed in time (on a nanosecond time scale),*!4 and they point
out that this may be the reason for the increased noise when
amultimode pump laser isused. As can be seen from Table
5, the model fails to predict the reduction of noise that is
obtained in Raman-resonant spectra when a multimode
pump laser is used. This would be consistent with the fact
that the model underestimates the noise due to mode-ampli-
tude fluctuations and overestimates the noise due to phase
fluctuations. It is unclear exactly how the statistics of laser
radiation should deviate from what has been assumed in
order to reproduce this behavior.

From the analysis presented here and the comparisons
with experimental measurements, it seems that to design the
optimum experimental approach it would be helpful to know
more about the characteristics of the statistics of the laser
radiation. One may also attempt to manipulate the laser
radiation such that it suits the experimental approach cho-
sen. An approach to achieve phase locking has recently
been demonstrated by Li et al.35

A completely different approach to reduce the noise in
CARS measurements would be to use accurate referencing.
This has long been considered a difficult task. As discussed
in Ref. 10, it is important to ascertain that the same modes
contribute to the reference spectra and the signal for suc-
cessful referencing. This seems to be a necessary condition.
At present, it is, however, unclear to what extent it is a
sufficient condition.

6. SUMMARY

An approach for calculating the noise in a general four-wave-
mixing process, in which the generated field is weak and a
perturbation expansion in the incoming fields is sufficient
for calculating the induced polarization, has been presented.
Mode amplitudes and phases of the electromagnetic fields
have been assumed to be uncorrelated, and their time de-
pendence during the laser pulse has been neglected. The
model is strictly correct only for uncorrelated and uniformly
distributed laser-mode phases. This model has been used to

Vol. 5, No. 9/September 1988/J. Opt. Soc. Am. B 1917

evaluate explicitly the noise in different, experimental ap-
proaches to broadband CARS, yielding the following infor-
mation on noise in broadband CARS as it is used in thermo-
metry.

Generally two principal sources of noise can be identified.
From each multimode source there is a term, inversely pro-
portional to the square root of the number of modes, that
contributes to the CARS signal. Normalizing the intensity
registered by a single diode to the total intensity registered
by the diode array, as is generally done in CARS thermo-
metry, will tend to eliminate this noise contribution for a
laser with a bandwidth that is much smaller than the convo-
luted bandwidth of all laser sources and the instrument
function. The reason for this is that this contribution will
be the same for all diodes and that the different types of
noise contribution are statistically independent. The other
main source of noise arises from the phase incoherence in the
multimode lasers, which adds noise primarily through mode
beating between the generated anti-Stokes modes. If the
different mode combinations are frequency degenerate,
noise will still be added because the phases for different
mode combinations will be different. The analysis shows
that it is essentially only the stochastic laser-mode phases
(and not the stochastic-mode amplitudes) that cause the
noise in the dual-broadband techniques, and, conversely, it
is only the stochastic-mode amplitudes (i.e., the spectral
noise in the dye laser) that cause the noise in the convention-
al CARS single-mode pump laser case. Consequently, the
dye-laser spectral noise is not strictly a limiting factor in the
temperature accuracy in the dual-broadband approaches.

The model predicts that the noise in nonresonant broad-
band CARS is higher with a multimode YAG laser than with
a single-mode YAG laser, as a multimode YAG laser will
contribute to the noise through phase incoherence. This
result is supported by existing experimental data.*®

In general, however, the model seems to underestimate
the noise due to amplitude fluctuations and to overestimate

" the noise due to phase incoherence. Asthe exact mathemat-

ical and statistical description of the laser radiation is un-
known, the discrepancy may, in principle, arise from an
incorrect representation of the laser fields. A conclusion
that may be drawn from the calculations is that it may be
possible to reduce the noise and thus to improve the accura-
cy in single-shot broadband CARS by using amplitude- and/
or phase-locked lasers.

APPENDIX A

Consider two complex-valued random variables

I;= z ap;b,bycc, explil(0, — 6) — (&, — &)

klrsmn

+ W — VINH R, L ry s, myn),  j=1,2,

where the summation is performed over all integers, includ-
ing infinity. The functions H; are deterministic but other-
wise arbitrary, j = 1, 2. {x;% is a sequence of independent,
exponentially distributed random variables with mean
ix(x = a, b, ¢), and {yz} is a sequence of independent random
variables that are uniformly distributed over the interval
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(0, 27),y =0, ¢, ¢. Furthermore, these six sequences of real
random variables are independent of one another.

We will calculate here the expected value E(I;) and the
covariance C(Iy, I,) between the random variables I; and I5.
At the end of this appendix we will choose H; = Hy = H, and
hence I; = I, = I, and we will determine E(I) and V(I) =
C(I, ) as a special case.

For a complex-valued random variable Z = Z; + iZ,, where
Z; and Z; are random real variables, the mean is E(Z) =
E(Z,) + iE(Z;). The covariance between two complex-val-
ued random variables Z and W is

C@z,w) =iz - E@IW-EW]
‘ = E(ZW) — E(Z)E(W).

Suppose that X2 is exponentially distributed with a mean m,
ie., that X2 € T'(1, m). Then, X2 has the density f(z) =
(1/m)exp(—z/m) for z > 0, and hence

E(X? =m, (A1)
E(X*) =2m™ (A2)

If Y is uniformly distributed over the interval (0, 27) we
have, for an integer k&,
E@ ) =1 if k = 0, and 0 otherwise. (A3)

Mean
Because the six sequences are independent, we have

E(I) = Y Ea,a)E(bb)E(cne,)Elexplitt, — 6)))
kir

X Efexpli(¢; — ¢ )}Elexpli(¥, — ¥)]}
X H(k, I, r,s,m,n).

Consider the expected value Efexp[i(6, — 8)]}. Ifk = [, 6,
and 6, are independent, and if we use (A3), we have

Elexp[i(8,, — 0)]} = Elexp(i8,)]E[e(—i8))] = 0.

But if 2 = I, we have E{exp[i(6, — 8)]} = 1.
The same argument for ¢ and ¥ gives

E(I) = Z E(a)E(bAE(Cc,DH,(k, k, r,r, m, m).

krm

Finally, from Eq. (A1), we have

E(I}) = (i) z H,(k,k,r,r,m, m). (Ad)

krm

GCovariance
First we write

8
L= Sm, =12
n=1

where
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akalb,bscmcn exp{i[(ok - 01) + (¢s - ¢r)

Sw= >

klrsmn
k#lrss,m=n

+ (‘Pm - \[/n)]}Hj(kv l: r,s,m, n)y

5@ = > aapben’ explil6,—0) + (&~ 61}
klrsm
kstlrs

X Hjk, I, r,s,m, m),

S;3) = Z 42,5, e ey, explil (6, = ) + W — Vo)1)
k?’zllfnn:;n .

XHj(k’lyr,rrmrn):

S j(4) =
krsmn
r¥s,mn

X Hi(k, k, r,s,m,n),

a2bbene, explil(o; — ¢,) + W — Y1}

S;(5) = Z arab,’c,? expli9, — 0)]|Hy(k, I, r,r,m, m),
kirm
k<l

S/6) = >’ ab,b,c,” expli(p, = ¢,)1H(k, k., 5, m, m),
krsm
r#s

SJ(7) = Z akzbr“)cmcn exp[i(\bm - lpn)]HJ(ky k: r,r,m, n’)’
krmn
m#n

S8) =" %, H(k, k1, r, m, m),

krm

i=12

This partition of Ij is convenient because we can show that
C[S1(w), S2(v)] = 0 when u 4 v, and hence

8
CU,I,) = z C[S;(w), Sy(w)). (A5)
u=1

Therefore it only remains to calculate the covariances
C[S (W), Syw)],u=1,...8
C[S,(1), S,(1)]

= Z Hl(k: l: r,s,m, n)H2(0, b, q, t: u, U)Cl’

klrsmnopgtuv
k#lrss,ms<n
0#p,g#tusy
where
Cl = C(akalbrbscmcn eXp[i{(ok - ol) + (¢s - ¢r) + (¢m - '/’n)]}’
a,a,b.b.c e, expli[(0, — 0,) + (¢, — o) + (¥, — ¥)ID-
Because

E(akalbrbscmcn eXp{i[(ak - ol) + (¢s - ¢r) + (\l’m - \!/n)]}) =0
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and because the sequences are independent, we have

C, = E(a,aa,a,)E(b,b,b,b)E(c,c,c,c,)
X Elexpli(6), — 6, + 0, — 8,)}Efexp[i(¢, — ¢, + ¢, — ¢)]}
X Elexpli(y — ¥ + ¥, — ¥

Now consider the mean Elexp[i(f; — 0; + 8, — 8,)]}. Clearly,
if one index differs from the other three, say k, then 6 is
independent of ), 6,, and 6,, and hence the mean is zero.
Furthermore, it is obvious that this mean differs from zero
only when 6, — 8, + 6, — 6, = 0, which, because & # ! and
p # o, happens only when 2 = 0 and | = p. A similar
argument holds for ¢ and ¢, sowhenk =o0,l =p,r=q,s =1t,
m = u, and n = v, we have C; = E(a;2a;2)E(b,2b:2)E(c.n2c,2),
and C; = 0 otherwise.

Because k <1, r ## s, and m # n, by independence and by
using Eq. (A1), we then have '

N
Ci = (gipl)"
Hence we have

C[S,(1), Sy(1))

— . e 2
= (Lglple) z
klrsmn
k=lr#sms=n

C[S1(2), Sy(2)]

Hl(k) l, r,s,m, n’)H2(k’ l, r,s,m, n):

= z H[(ka ly r,s,m, m)HZ(O, D, q’ t: n, n)CQ’
klrsmopgtn
k=l rs#s,0%p,g=t

(A6)
where
Cy = Claab,byc,” expli[(8, — 0) + (¢, — 6,)]},
a,a,bybec,” explil(d, — 8,) + (¢, — o )ID)-

By using arguments similar to those for the calculation of Cy,
we have

Cy = E(araa,a,)E(bbbb,)E(c,’,*)
X Efexpli(6, — 0, + 6, — 0,)]}
X Elexpli(¢, — ¢, + ¢, — 0,1}
= E(a,%a)E(b,% 2 E(c, ¢,
= (i4iy) E(cp2c,D),

whenk =o0,l=p,s =t,r =q,and Cy = 0 otherwise.
We have to separate the caseswherem =norm #n. Ifm
= n, from Eq. (A2),

Cy = (i) E(c,yh) = 2(i4ipi.)%
If m # n, c,2 and c,,? are independent, and hence
Cy = (i,i)?E(c,, D E(c,?) = (i,ipi.)%

We therefore have
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C[81(2), Sy(2)] = (igipi,)? Z
klrsmn
klrs#s,m#n

X Hy(k,l,r,5,n,n)

Hk, 1, r,s,m,m)

42 Z Hyk,1,r,s, m,m)
klrsm
k#lrss

X Hy(k, I, r,s,m, m) |- (A7)

By symmetry we must have

C[S,(3), S45(3)]

= (i) Hi(k, L r,r,m,n)Hy(k, 1, 5,5, m, n)

klrsmn
k=lrss,m#n

+2 > Hyk Lrr,m ) Hk Lrrmn) |- (A8)
kirmn
k=lmn

C[S,(4), Sy(4)]

= (igiyio) 2 Z
klrsmn
ketlrsts,ms=n

H(k, k,1,s,m,n)Hy(l, 1, r,s,m,n)

+2 Z H\(k, k, .5, m, n)H,(k, k, 1, 5, m, )
krsmn
r#s,mn

(A9)
C[S,1(5), S,(5)]

= Z H(k,l,r,r,m,m)H,(o, p, s, s, n,n)Cs,
klrmopsn
k=loxp

where
C; = Clayab’c,” expli(9, — 0)), aa,b.c,” expli(d, — 0,)1}.
By the same argumeht as before we have
Cs = i,2E(b,2b 2)E(c, *c,2)
if k = o and | = p, and 0 otherwise.
We now have to distinguish the four cases
r=s,m=n—C;= 4(iaikic)2,
r=s,m = n— Cy=2(i,ii.)%
r#s,m=n—>Cy= 2(iaibic)2,
r#s,m s n—Cy= (iii,)?

because of independence and Eqs. (A1) and (A2). Hence we
have
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— LY 2
- (zalb"c) Z
klrsmn
kslr#smsn

+2 Z Hy(k, 1, r,r,m,m)Hy&, I, 5,5, m, m)
kirsm
kstlrss

+2 z Hy(k, 1, r,r,m, m)Hyk, 1,1, 7,1, 1)
kirmn
kstlmsn

+4 Z Hik, L, r,r,m,m)Hyk, l,r,r,m,m) |- (A10)
klrm
ksl

As in the previous case, by symmetry we have

— . . 2
= G| >
klrsmn
kslr#s,m=n

+2 Z H(k,k,r,s,m,m)Hy(,1,r,s,m,m)
kirsm
kxlrxs

42 z Hy(k, k, 1,5, m, m)Hy(k, k, 7, 5, m, 1)

krsmn
r#s,mn

+ 4 Z Hi(kykyrys,m,m)Hy(k, k,r,s,m,m) |» (All)
krsm

r#s

= (igipic)? Hi(k,k,r,r,m,n)H,,1,s,5,m,n)

klrsmn
klr#s,m=n

+2 z H(k,k,r,r,m,n)H,(, 1, r,r,m,n)

klrmn
k=lmsn

+2 Z H(k, &k, r,r,m,n)Hy(k, k, s,s,m,n)

krsmn
res,m=n

+4 Z Hyk, kyr,r,m,n)H &, ko ror,myn) |- (A12)

krmn
m#n

Finally, we calculate

CIS\®), @] = > Hylk, byr,r,m,mHy(0,15,5,m,m)Cy,

kirsmn

where

H](k’ l; )‘, r,m, m)Hz(k, l» s, 8, n, n)

Hl(k’ ky r,s,m, m)HZ(l! l: r,s,n, n)
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C4 = C(ak2br20m2, alzbszcnz)
= E(a,%a2)E(b,2b 2 E(c,%c,?) — (igiyic)?

As for the previous cases, we separate the covariance into the
(eight) appropriate cases, which finally yields

C[S,(8), Sy(8)]

= (iaibic)2|:7 z Hi(k,k,r,r,m,m)H,(k, k,r,r,m, m)

krm

+3 Z H (R, k,r,r,m,m)Hy(k, k,r,r,n,n)
krmn
myn

+3 z H,(k, &, r,r,m, m)H,(k, E, 5, 5, m, m)
krsm
r#s

+3 z H,(k, k,r,r,m,mYH,{, L, , 7, m, m)
klrm
k=l

+ z Hy(k, k,r,r,m, mHy(E, E, 5, 5, m, )
krsmn
r¥s,ms=n

+ Z Hi(k,k,r,r,m,m)Hy(,1,r,r,n,n)
klrmn
k#lm=n

+ Z H(k, k,ryr,m,m)Hy(,1,s,5,m,m) |- (Al13)

kirsm
kstlrss

Thus we have computed C[S;(u), Sa(w)], u = 1...8, and
therefore, by using Eq. (A5), we have found C(I1, I5) to be the
sumof 1 + 3(2) + 3(4) + 7 = 26 different sums. Fortunately,
when we simplify the expression, it turns out that most
terms vanish. Because these tedious calculations are of
little interest, we will just give the final result without any
details:

CU,I,) = (iaibic)z[z Hy(k, 1, r,s,m,n)Hy(k,1,7,5,m,n)
+ Z Hy(k, l,r,s, m, m)Hy(k, I,1,5,n,1)
+ > Hy(k, 1,1, m, Y H(R, 1,5, 8,m, 1)
+ Z H,(k,k 1,8, m,n)H,(I, 1,7, s, m, n)
+ > Hyk, L r, m, My, 15, 5,1, 1)
+ Z Hy(k, kyr,s,m, mYH,(L, T, 1, 5,1, 1)

+ Z Hy(k, &, r, 7, m, n)H,1, 1, 5,5, m, n) n)]’

(A14)
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where each summation is performed over all occurring indi-
ces. If we now choose H; = Hy = H and if we use Eqs. (A4)
and (A14), we have [as in Eq. (2)]

E) = (i) Y. H(k, kyr,1,my m),

krm

VD) = Gaiie® > [HR,Lr,s,m,n)l

kirsmn
+ H(k,l,r,s,m,m)H(k, 1,1, s,n,n)
+ H(k, l,r,r,m,n)H(k, I, s,s, m,n)
+ H(k, k,r,s,m,n)H(, I, r,s,m, n)
+H(k, 1, r,r,m,m)H(E, 1, s,5,n,n)
+ Hk, ky ry 5, m, myHQ, T, 15,1, 1)
+ H(k, k,r,r,m,n)H(, 5,5, m, n)].

APPENDIX B

In this appendix we will evaluate E(I) and V(I), which are
given at the end of Appendix A. We will thus be able to
obtain a corresponding expression for the noise [V(I)]V2/
E(I). At the end of this appendix we give an expression for
the noise in the normalized signal In(A,).

To simplify forthcoming calculations, we begin with a
slightly more general expression. Let

I(A) = Z ayabb.e,.c, expli[(0, — 0) — (¢, — ¢,)

klrsmn

+ (\[/m - Kbn)]}HA(ky lr r; 3, m} n): (Bl)

where

1] 97
H,(k,1,r,s,m,n) =exp{ — AEE (k2 + 12)
a

o Q.2 ‘
+ 5 (P +8%) + —; (m* +n?
I‘b Pc2

1 2
X exp{— P [(Qk = Qyr + Q.m — A)
+(Q,l — Qs + Q0 ~ A)2]}
. T
X smc{a [Qk~=1)—Q)r—s)+Q(m— n)]}-
After we have evaluated the mean E[I(A)] and the covari-

ance C[I(A,), I(Ag)], E(I) and V(I) above will easily follow as
a special case, letting A = A, = Ag = 0.
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To be able to replace summations with integrations, we
assume throughout this appendix that

Q, <« min(W, T,), x=a,b,c.

The mean E[I(A)] is given by Eq. (A4). Hence we should
evaluate the following integral:

Q.2 2,2
ZHA(k,k,r,r,m,m)zJI exp| — —-—2k2+—2r2
krm R Pa Pb
+9°2 2 —i(k9—9+ Q, — A)? | tdmdrdk
r—-z-m exp W2 a ri mais, marar.

c

After suitable variable substitutions and repeated use of the
identity

L exp(—pa?® + gx)dx = explg?/(4p)}(x/p)*?,

we obtain

I‘arbrc

E[I(A)] ~ (igipi)w(m) - (QaQch

)%exp(—ﬁ/r?), (B2)

where 2= W2+ T2+ T2+ T2
Define a constant Cx by

PanFc

C, = 1/2
4 W(W) QaQch

> % exp(=A%/T?). (B3)

We will now evaluate the covariance C[I(A,), I(Ag)] by using
Eq. (A14) with H, = Hp, and Hp = Ha,. We first note that
there are three unique sums; the remaining four are given by
obvious symmetry. Although the evaluation of these three
unique sums is somewhat more difficult than for the mean,
we shall only mention some difficulties and not give the
explicit calculations.

First, we observe that for the last three sums in Eq. (A14)
we have to replace the sinc function in Hp Ha, with a delta
function in order to replace the summation with integration.
The reason for this substitution is discussed in Section 4.
Hence the integration in these three cases only goes over five
variables.

Second, the remaining four integrals cannot be solved
exactly because the sinc function does not vanish, as in the
case of the mean, nor can they be replaced with a delta
function, as above. Hence the result in these cases will
depend on an integral f(a), defined for a > 0 by

fla) = L exp(—ax?)sinc?(x)dx. (B4)

Using this function, we obtain the following expression for
the covariance:
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1
aCAu (27r)1/2

9 we\-1/2 or?
% {TW (1 - F) 4 l:TZWZ(I"" - Wz):l

2
X exp[—— (A, — Ap)? r—-w ]

C[I(Aa), I(Aﬁ)] = (iaibic)ch

2w2

3 (E-E)T

1 . T
Xexp —E(Aa—Aﬁ) 112(1_‘2—_-11"2-)'
g . . B W2 + Px2 -1/2
+ T{[(W +T,2) (1 —
« f 2r?-r.%
TPWAI? - W2 -T2

1 r2 _ W2 — I'\x2 |
X exp| — 5 (Aa - Aﬁ)2 WI‘—Z) ’ (B5)

where the constant Cj is defined in Eq. (B3).

If we let A = 0in Eq. (B2) and A, = Ag = 0 in Eq. (B5) we
find E(I) and V(I). Finally, we give an expression for the
noise in the signal:

o) _[ V(D 12
(I LEW?

Q T 2\ ~1/2
~ -1/ _* —_*
~ (27)7L 4[x;>c|:rx (1 I‘2) :I
2 2 W '
+ 2 (o] e )
2 23T -1/2
X {(W2 + px2)|:1 - M]} )
I\2

- 1/2
+ i 1— W2 1/2f 2112 )
T™W 2 TW2(I2 — W?)

(B6)

We will now evaluate the noise in the normalized signal
In(A) =I(Ay) /ZI(Aﬁ),
B

where I(A) is given by Eq. (B1).

Using the first-order Gaussian approximation3? for the
quotient X/Y of two complex valued random variables, we
have

EX)
E('f) EY)’

o(E)- 15 2

) E(X)
B -2 Re[C(X, V)] 20

and hence
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_ 2RelC(X, V)]

VX/Y) | VX) |, V()

EX/Y?  BX?  E(Y?  EXEY) B7)
Let X = I(A,) and Y = 3 sI(Ag). Now
E(X) = E[I(8,)],

E(Y) = E[Z I(A,;)] = Elay),
B B

V(X) = VII(A)] = ClI(A), I(A,)],

C(X, Y) = CUA), > I(ap] = > CII(A), I(4)),
8 8

V(Y) = V[E I(Aﬁ)] = c[z I(Ag), ZI(AQ):I
8 8 @
= > ClI(AL), I(8p)].
af

For suitable choice of A, A,, and Ag in expression (B2) and
Eq. (B5), these moments can be evaluated. Hence, using
Eq. (B7), we are able to get an expression for the noise in the
normalized signal. If we introduce a function F, (x) by

Aﬁ2 1 9 X
2 ‘”‘P[ oS g
2

> exp(=AHT?)
8

Zexp[——(Ag HA = (8= A

+ By
2
l:z exp(—Aﬂz/I‘2):|

8

201 — x)]

’

(B8)

we have, after some rearranging,

V[IN(Aa)] ~ 1 2 (1 _ _WE)‘l/ZfI: 21‘\2 :|
E[IyA))1? @02\ TW r? T°W2(T2 — W?)
W2 W2 + wa2 -1/2
n () r 33 ([ (-5
2(r2-T.% [ W24+T.2
Xf o1 FA"l__I‘Q—

T*WAr? - w?

> Zb[ ( " )’F (EP_)D (®9)

APPENDIX C

In this appendix we will express the function f(a), defined by
Eq. (B4), a8 a composition of simpler functions and

=1 [ exp(—22
®(x) PST: L exp(—y*/2)dy.
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®(x) is the distribution function for a standard normally
distributed random variable.

We will also find approximations for f(a) when a > 0 is
small and will estimate Fa(x), defined in Eq. (B8), when x is
close to zero or unity. We have

fla) = f0) = j Py,
f(0) = j sinc?(x)dx = =,
R
fly)=- J sin®(x)exp(—yx%)dx
R

=— % (w/y)Y2[1 = exp(—=1/y)].
Furthermore,

a 12T ra a
[ f'(y)dy=~—(7r; U y™* exp(=1/y)dy - ] y‘l""dy]

(7] (]

/
- @; (2(a)"”2 exp(=1/a) — 4(x) "2

X {1 — ®[(2/a)?]} — 2(a)?).

Hence
fla) = 7 = 2a{1 — @[(2/a)7}} — (xa)"2[1 — exp(~1/a)].
(C1)
Forall x > 0,
X x x

where v(x) = exp(—x2/2)/(2w)/2. Hence, if x is large,
1 — ®(x) ~ exp(—x2/2)/[x(27) 2]

is a good approximation. If a > 0 is small, (2/a)2 is large,
and we have

1 - 8[(2/a)*] ~ (a/2)"* exp(~1/a)/(2m) "2
=Y, (a/7)/? exp(—1/a).
Hence
fla) = 7 — (wa)/? exp(—1/a) — (wa)'/?
+ (ra) 2 exp(~1/a) = = — (wa) % (C2)

Concerning Fa(e) and Fa(l — ¢), we give the following
estimates without proofs:

FA(I - 6) =~ 1,
F(e) <e,

when ¢ > 0 is small.

APPENDIX D

In this appendix we will deduce a general expression for the
mean and variance for a general n-wave-mixing process.

Assume that we have an n-wave-mixing process using N
different multimode laser sources and taking f, photons
fromlaserv;v=1,...,N. Let
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k
F, = qu, k=1,
v=1

and define Fy by Fo=0. Furthermore, let

N 2F,
Ii= Z H ag[u(x)]
u k=1 | x=2F,_+1
Fy
X exp(i Z {Belu2y — 1] - 0k[u(2y)]}>
y=Fy_+1

X Hj[u(1), u(2), ..., u(2Fy)]

The outer summation is over the indices u(1), u(2), ...,
u(2Fy) and u(v)eZ,v=1,...,2FnN.

As usual [az2(r)], is a sequence of independent identically
distributed I'(l, m;) variables and [0:(r)], is a sequence of
independent identically distributed R(0, 2«) variables, & =
1,...,N. If m # n, 0,,(r) is independent of 6,(s) and a,,(r)
is independent of a,(s) for all r and s, a,,(r) and 6,(s) are
independent for all m, n, r, and s, and H; is a (possibly
complex) deterministic function.

Now we define the permutation operators P,(2m) and
B,.(2m). P,(2m) operates on a function H(ky, ..., kan).
More specifically, P,(2m) permutates the variables k1,

. » Rn+om in the following way: k2 is replaced by any one
of the variables &, +2r-1,7 =1, ... ,m. Thiscanbe doneinm
different ways. Next, k,+4is replaced by any of the remain-
ing m — 1 variables. We continue this procedure until k12,
is replaced by the only remaining variable:

Definition:
P,2m)[Hky, ... Ry Rpgts -+ s Bpsoms Brsomens - -+ » Bow)]
= > NHCy - R kg by Raes iy
j=1 ieA,(m) ’
iy i
e kn+2m—-17 kim’ kn+2m+1’ e k2N)v
where A,(m)={n+2r—1;r=1,...,m}and

m

J=1 i;eA,(m) i,€A,(m)
NS PR I N ™

ize A (m) ie A (m) i, A (m)
i iy iy

The operator B,(2m) operates on a product of two functions

Hy(sp o oo s Sp Rotts « o+ 5 Bntoms bnvomens + -+ 5 Tan)
X HZ(ul’ cee s Up kn+1’ tec kn+2m» Untom+1s « = » va)’
where the variables at placesn + 1, ..., n + 2min H; equal

the variables at the same places in H;. The remaining vari-
ables s, t, u, and v are arbitrary. As with P,(2m), P,(2m)
permutates only the variables k41, ..., Bntom and leaves
the others unaffected. The permutation works as follows:
in Hy, k42 is replaced by any one of the variables k4, r =1,
... ,2m, which can be done in 2m different ways. Next, still
in Hy, kpt+s is replaced by any of the 2m — 1 remaining
variables. The procedure of replacing kp4or, r =1, ..., m
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(in H,) by any one of the variables not yet used continues
until 2,+2m have been assigned a value among the now m + 1
remaining variables. Now, we permute the k variables in H
in a similar way: k,+1 is replaced by any one of the m
remaining variables, then k,43 is replaced, and so on until
Rpyom-1 has been assigned the last variable. Definition:

P @m)[Hy(sy, -+, Spy Bntrs - -+ Brvams Entamars <+« 5 Eon)
X H2(u1’ ey Uy kn+1’ R kn+2m’ Untom+1r =+« » U2N)]
2m \
= [Hl(sl’ SRR ) kn+1: ki,r kn+3’ ki2’

J=1 e A,,(m)
i i

N

T kn+2m—l’ ki,,,’ bntom+1s tZN)

X Hyuy, ooy Up by Rpran ki Bnass
] ki2m’ kn+2m’ Untom41s <+« s U2N)]7
where A,(m) =fn +1;r =1, ..., 2m}. Using these two

permutation operators, we make the following two state-
ments:

E(I) = (ﬁ mf> z{[ﬁl P2pn_l(2f,.)]

v=1

X H,[u(1), ... ,u(2N)]}, (D1)

N N
ELIL) = (H my%) Z{I:H Pzpn_l(zf,,)]
v=1 n=1

X Hy[u@), ..., u2N)]H,u(@), ..., u(2N)]},

(D2)

where the summation in the first case is over the indices u(1),
u(3), ... ,u(2N — 1) and in the second case is over u(1), u(2),

.,u(2N). Asusual,u(x)eZ,x=1,...,2N. Wehavenot
proved these statements rigorously, except in the special
case where f, < 2 and N is arbitrary. However, general
considerations indicate that Egs. (D1) and (D2) are correct
for an arbitrary case as long as the stochastic variables be-
long to the stated distributions. Finally, we have

CU,, 1) = E(I,) — EI))E(,)
and in particular
VI, = E(L1» - [Edy)*

We note that in a general case, where the mode amplitudes
are not exponentially distributed, there will be correction
terms to Egs. (D1) and (D2). The summations in the correc-
tion terms will run over fewer indices than the main terms, as
given in Eqs. (D1) and (D2), and thus will normally be
smaller. Thus, as long as only the phases are uniformly
distributed over the interval (0, 2x), Egs. (D1) and (D2) can
be expected to be reasonable starting points for calculating
the noise.
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APPENDIX E

In this appendix we give approximate analytical expressions
for the noise o([)/{I) in the different experimental ap-
proaches to broadband CARS calculated as outlined in the
paper and Appendixes A-D. The present expressions are
appropriate for the conditions normally encountered in
CARS, e.g., such as those given in Table 3. The complete
analytical expressions, which, e.g., are valid for much shorter
laser excitation pulses, can be obtained from the authors.

Non-Raman Resonant Case

Conventional Coherent Anti-Stokes Raman Scattering
Multimode pump laser:

o) _ 1 [G4+HVDL, %
Iy  (@2m)4 I? (W2 + 21,212

8x 2r M2
T Twrer WT] ) ®ED

Single-mode pump laser:

o) _ 1 (B2
("~ @m)¥ (W) ®2)

Dual-Broadband Coherent Anti-Stokes Raman Scattering
Multimode pump laser:

o _ 1 Z Q.1 1
(I (27r)1/4 T (I\Q _ Fx2)1/2

x=a,b,c

/2
or 1 1\ 2z [
+ o =)+ 2L (®3)
T x=a,b,c (W2 + I‘xz PZ) WT]

Single-mode pump laser:

o _ 1 Q.T, 1 or 2
O en" [th \ (I‘Z_I\xZ)I/2+W{I - (B9

Rotational Dual-Broadband Coherent Anti-Stokes Raman

Scattering
Multimode pump laser:
oh)_ 1 (1T Q, +Qbrb+ or |2
(I (27!')1/4 ‘/§ Pa (W2+ P62)1/2 T2 wT
(E5)

Single-mode pump laser [to first order in (W/I")1/2]

@_— 1 El_"; 1/2
73 _(27r)1/4<W> ' (E6)

Raman Resonant Coherent Anti-Stokes Raman Scattering
It is now assumed that there is a single Lorentzian Raman
resonance centered under the instrument function and (with
the exception of RDBC) that we have chosen a diode with
which the non-Raman-resonant anti-Stokes signal would
have its maximum. Furthermore, the noise is calculated
under the conditions given at the end of Appendix B. In
particular it should be noted that the bandwidth of the
pump laser is assumed to be much larger than the Raman
linewidth (T;) in the multimode case. Only terms to first
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order in I'/Tjseer (~0.1) are included. Furthermore, only
zeroth-order terms in Tyump taser/Tdye laser (~0.01) are includ-
ed. The symbol F;, which is introduced in the multimode
expressions, is ~0.1 if normalization, as in the second half of
Appendix B, is employed and is 1 otherwise.

Conventional Coherent Anti-Stokes Raman Scattering
Multimode pump laser:

g@= 1 &{ 1+Fa2 1/2+ 1+I‘—02 1/2
I |@r)2 T, w2 T2
- T 2 1/2 .
x|1+2(1+—2—
2W2+ T2
1 Qb I1a2
XF+———1+-=
3 (27!')1/2 Pa < sz
1 P 2\ 1/2 Fa2 1/2
172 1+— +4{14+—
+ (27) T, |:< W2> T
9 . . Faz 1/2 . 1 1/2.
2W2+T,2 TT,

Single-mode pump laser:
M _ 1 & 1/2 )
(I)  @2m)2\T,

Dual-Broadband Goherent Anti-Stokes Raman Scattering
Multimode pump laser:

o _[_1 %f  TIN”
Iy |:(27r)1/2 T, <1 + W F;

peo( TEVE 1 1
T, w2 TT,

Single-mode pump laser [to first order in (Q4/T,)2]:

o) _ 1|
(I) (TT)?

Rotational Dual Broadband Coherent Anti-Stokes Raman
Scattering
Multimode pump laser:

o |1 %f T
(I) - [(271_)1/2 Fc (1 + W2 Fﬁ

+(271')1/2 14 F02 1/2+_1_& 1/2.
TT, w2 2= T,

Single-mode pump laser [to first order in (I',/T's)1/2]:
(D) B 1 Qa 1/2
(I) (2x)2\T,
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Note added in proof: The calculations for CC and RDBC
are done assuming that the two photons taken from the same
laser come from the same beam or from two beams correlat-
ed in time. For uncorrelated beams the noise in Tables 4
and 5 will decrease by a factor of |2 for RDBC.33.36
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