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TNTRODUCTION

The purpose of this work was three-fo1d

r to test the identification program describe¿ in [Z]

¡ to test the estirnation scherne proposed in [g] an¿ to perforilr a sensi-
tivity study

o to judge the value of the asyrnptotic formulas for estimating the fluc-
tuations in the sample covariance function due to finite observation
tirne

'We generated an artificial tirne series having essentially the same sta-
tistics as the series analysed in IB] This artificial tirne series was pro_
cessed in the sarne way as was done ln [g] witt the experimental d"ata.

The following operations were perforrned.

I calculation of the sarnple rneans and covariances frcrn the tirne series

o approxirnation of the sample covariance function by the covariance
function of a tirne series generated by a dynarnicar system forced by
independent disturbances

I construction of an optirnal estimator on the basis of the approxirnated
dynarnical model

r sirnulation of the optimal estimator

As the tirne series was artificially generated, its properties are known,
and we have possibilities to crreck the errors at each step.

The report is organized. as follows.
ation of the artificial tirne series.
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In section 2 we describe the gener-
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The analysis of the generated tirne series is described in section 3. The
analysis consists of the calculation of the sarnple ryleans and covariances.
The sarnptr'e fluctuations due to the finite length of the tirne series is eval-
'¿ated using BartLetts [1]forrnulas. The agreernent with the asyrnptotic
formulas is good, In sectiori 4, w€ give the solution to the inverse problem
using the identification technique describe¿ in [Z]. The F.ORTRAN pro_
grarns required to do this are found ln [9]. In section 5, we present an
optirnal Wiener estirnator and pred.ictor for the tirne series. The estirna-
tor is optirnal in the sense of rninimurn rnean square estirnates and is
calculated frorn recursive equations given by Kalrnan [6] The FORTRAN
prograrns required to calculate the estimator are given in [9J F.inally
in section 6 we sirnulate the estirnator on the arti.ficially generated time
series" The estirnates are cornpared with the true values. l\ll numeri-
cal cornputations were d.one on an IBM 1401. Descriptions of the prograffis
used as well as listings and. outputs are given in [9].
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GENERATION OT' AN ARTIF'ICIAL TIME SERIES

An artificial tirre series [v(t),
cursive equations

t = 1,2, ... , NJwas generated using the re-

xr(t + 1) *u(t) (z.t)

xr(t + 1) = -0. zxr(t) + L.Sxr(t) + o. 0548 v(t)

v(t) 4.0 + *r(t) + o. 158 w(t) (z.z)

where [v(t), t = I,2,... ]and [w(t), t = l,2,,.. Jare sequences of independent
gaussian randorn variables with zero rneans and the covariances

co.r. [-r(t), t(")] ô (2.3)

co.' [v(t), *(s)J - 0 (2.4)

cov [w(t), w(s)] = õt, s (z.s)

The randorn nurnbers v(t) and w(t) were generated as sunls of. Lz rectangular
pseudo-randorn nurnbers obtained frorn a rnodified Fibonacci series. A ran-
dorn nurnber generator GAUSSF was written as a FORTRA'N function in SpS.
A listing of this routine is given in [9]

.w'hen generating the series [v(t), t = r, 2,... j trre following initial values
vyere chosen for x, and x,

t, S

4.0=r(o) x, (o)

ïn order to achieve steady state, 100 values of x, and x, were first gener-
ated frorn (2. f) uerore the generation of the y process was started.. Frorn
there ofrr n€w values of x(t) and y(t) were generated. sequantially frorn (2.1)
and (2.2). rt each step rhe rriplet [t, *l(t), y(t)]-as stored on rape. r.or
further details we refer to the prograrrÌ description and listing in[9]
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The generated time series is 1isted ir [9]. A sample of the generated
time series is also given in trigure Z" l.

50

4.O

4.5

35

J.O
t7o0 t7æ t730

CI" 75 + 0.3708 i

lTto ,740 tão 1760 t7n

l'igure 2.1

sample of rhe generared time series [xr(t),y(r),t = tzOt - I z7o]. The solid
line shows xO (t) and rhe dotred line y(t).

The covariance function of the generated tirne series is given by

a.02656?496 + 0. 1582 0.051526496 t=0

a. a23437495

" (t)

0. ot6562495

1.5 r (t-l) - o.? r (t-z)

The characteristic equation of (2. l) has the roots

t=1

t=2

t>2

(2.6)

).I

x2

4

0" 75 - CI" 3?08 i
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A.NA.LYSTS OF' THE GENERATED TIME SERIES

Calculation of the sarnole means and sarnole ovâ?1â n.'

'W'e will now analyse the geneïated. time series
sarr¿ple rnean i.s d.etined. by

[y(t), t = t, z, ... ]. The

n:r v(s )
I

n
x

c

I
ã (s.r)

The sample rneans rrr \Ã/ere calculated for l0 samples of 500 values each.
The results of the i;ornputations are shown in Table I.

Table I

1-500
501-1000

1001-1500
150i-2000
za} t -250a
250 1 -3000
300 1 -3500
3 50 I -4000
400 I -4500
450 I - 5000

I - 5000

Sarnple

4.0068780
3,9
3.9
3.9
4.0
3.9

836884
989r 98
934LLZ
2¿9672
6728¿4

4.0128r64
3.9982452
3 " 9938372
4.0044870
3. 9982028

Average of y

The sarnple covariance function c(t) is d.efined. by

C [EJ
1

n-t
n-t

L
^-lÞ -L

[y(")-"'] [y("+t)-rn] þ.2)

The samlrle covariances were also calculated for l0 sámples of 500 values
each' The FoRTR-AN prograrns used and the cornputer outputs are given in
te t.

Ïn TabIe IJ we have also given the average covariance function for the l0samples ' the true covariance fi¡nction and an estimate of the sarnple fluctua-tions ba'sed on the l0 sarnples. rn Figure 3" l A-K we have graphed the results.

5
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Table II

o

¡

z
3

4

5

ó

7

a

9

t0
¡t
LZ

t3
l4
l5

t7
l8
19

20

.o-w69
o.0t803
o.o1262
0.0ø55

-0.000q
-o. ooz72

-0.00564
-0.0u09
-0.003¡6
-0.00058
0.00059
0.00¿?3
0.002¡7
0.00050
0.00051
0.0023?
0.0060¡
o.oo464
0.00I50

-0. oolTt
-0.0006a

0.05450
0.0285r
o, ozt23
o,0t393
0.003t2

-0.0qt3
-0.00554
-0.00932
-0.0t203
-0.00878
-0.00678

-0.005ó4
-0.0029ì
-0. 00503

-0.0034¡
-0. oo+r¿

-0. o04 t0

-0. o0t3ó
0.00004
0, o0 ¡3t
0,003t?

o.o1787
o.02202
0.01430
0,00a65
0.00332
0.00079

-0.00306
-o, oo248

-0,0ø65
-0. oo¡20
0.00¡a5
0.00293
0.00¡3?
0.0030ó
0.0uó¡
o.00264

-0,00079
-0- 000óa

o.04840

0.02!29
o. ol56t
0.00745
o. o0¿t I

-0,00360

-0. o0a57

-0.00ó43

-0.00783
-0.00540

-0.00064
o.00349
0.00523
o- 00394

0.00537
0.00395
0.002f5
0,000ø

-0.00094
-0.00415

-o. oo527

oo48

0. o5z8t
o.oz62t
o. o¡880
o. oo742

-0. oo0?0

-0, olol I
-0,0l ta9
-0.0Ì489
-0.0109?

-0.00555

-0.000?0
0.003a3
o.00625
0. 00666

0. o0ó59

0.00363
o. o0t2t

-0.00033

-0. ool46

-0, o0¿55

-0.00540

0.01it97
0.03359
o. oz25l
0.0t3I7
0.00545

-0,00453
-o.0o9lu
-0,00952
-0.0078ó

-0.00ó03
-0.005{}
-0.00399

-0.00595
-0. oo9l2

o.o57u
0.02856
o. 02152

o. o1279
0.00I60

-0. oo7z9

-0.01231

-0.012a0

-0.0 I ¡37

-0. oo9t0

-0,00543

-o. ooz98

-o. ooz55

0,00376
0.00318
0, o0t t3
0. oozza
0-ool32

-0.00¡51
-0- 000?4

o. u787
o. 02245

0, o¡4Ì0
0.008t9
0.00233

-!.00060
-c. 006?7

-t.00658
-o,ooó84
-o. oo&7
-o.00¿5¡
-o. 00296

-o- oo¡7¿

-0. oolól
-0. ool74

-0. 00249

-0.00037
o. ooo44

0, o0t 7!
0.00493

0- 00543

0.05t t¿
0.0233¡
o.0t{ó3
0.00623

-0. o0l9l
-0.00?9u

-0.00936
-o. ool24

-0.00332
-0.00333
0,00t64
o.00335
o.00252
o. o0u5
o. oot74

-o. oozz4

-0,00¿28
-0.00614
-0,005t3
-0. oo29ó

-0.0034¿

o. 05234
o.025¡l
0. ol?53
0. oo95r
o.oozo1

-o.oßzz
-0,00749
-0.00804
-0. oo7{3

-0. o&77
-0. oo2t4

-0,oo02ó
0.00058
0.00035
0.00t68
0.0007{
o. ooo89

0.00069
o. o0t ¡3
0. ooo45

0.00009

o.05t53
o.024
0.0165?
0.00845
o.00t08

-0.0q30
-0. oo72l

-0.00?8t
-0, 006ó7

-0.0u54
-o. oozl{
-0.00003
0. oot{5
0. oo2¿o

o. oot78
o, o0l ¡3
o.oo045
0.000¡2
0.00050
0. oooó7

0. 0006ó

0.05439
o. 02484

o. o!?88
0.0105{
0. ooz50

-0. oøó9

0.052¡3
0.02488
o.0t732
0.00929
0.00t78

00548

00942

0066t
00258

26.

10.

8.
13.

I t,
I ¡.

00?6r
o&93
00230

00043

r9.ó
tz.1
10.2

I3. ?

-0.043
-0. o03l?

-0.000¿4
o. oo202

0.00504
0.0054?
o.00254

-0.00258

-0.0006¡
0. ooo53

o. oozo6

o. ooo87

0.0038ó
o.00558
0.00978
o,007 57

o-00714

o. ooo34

o. 00008

0. o0r5¡
0.00046
o.000ó9
0.000ó5
0.00090
0.'oo0z8

0. 00007

t4.
t4.

8.
t0.

-0. oo29

-0.00365

-0. ooz7 L

t7.5
ta.z

SAMPLE COVAMCE FUNCUONS oF ÀR?IFIfrL ?ME SÐRIES c(t) GLCULÀTED FROM SAMPLE OF
500 VÂLUES ÀVÊRÄGE

OF
D-X

covAmcE
FWCTION
FROM
SAMPLE
OF
5000 vÂLUË

TRUE
CONVMCT

FUNCflON

t¡

rl

I

i

I

l
ì

t

6
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o. 05

l=lOOl-l&O

o.ol

-o.ol
to l5 æ

Figure 3. 1 C

Sarnple covariance function calculated frorn 500 values of the artificial
tirne beries- The solid line shows the true covariance function.

o. 05

l"l5or-æOO

o.o,

-o.o,
to l5 æ

Figure 3. 1 D

sample covariance function calculated. from 500 values of the artificial
time series. The solid line shows the true covariance function.

5

5

I
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o.05

laaor-ææ

o.ot

-o.ol
5 ,o 2A

Figure 3. I E

Sarnple covariance function calculated frorn 500 values of the artificial
time series. The sorid line shows the true covariance function.

o.05

l=25O1-3OOO

o. oî

-o.ot
5 ,o t5 20

tr'igure 3. I F

Sainple covariance function calculated frorn 500 values of the artificial
tirne series. The solid line shows the true covariance function.

t5

9

I
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o.05

t'SOOl'35OO

o.ot

-o.oî
5 to t5 20

Figure 3.1 G

Sarnple covariance functíon calculated from 500 values of the artificial
time series. The sorid line shows the true covariance function.

o. 05

l-35O1-4OOO

o.aî

-o.ot
5 to t5 æ

Figure 3.1 H

Sarnple covariance function calculated. from 500 values of the artificial
time series. The solid line shows the true covariance function.

IO TP 18. 146



a"ù5

l=4AQl-45AQ

a.at

-o.ot 5 to l5 20

Figure 3.1 I

Sample covariance function calculated frorn 500 values of the artificial
tirne series. The solid line shows the true covariance function.

o05

f =45O1-&QO

Ð. tf

-a.ot
5 lo t5 20

Figure 3.1 K

SarnpJ-e covariance function calculated. frorn 500 values of the artificial
time seri.es. The soLid line shows the true covariance function.
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It is seen frorn tables I and IÏ that there are fluctuations in the sample

meansandcovariances.Thesefluctuationsoccurbecausethesample
Íteans and covariances were calculated' frorn a finite sarnple consisting

of 500 points of the tirne series. Bartlett [1' chapter 9] has given formu-

las which expresses the sarnple f,luctuations in terrns of the true covari-

ance function of the tirne series. The variance of the sarnple rneans is

given by

(* - r-r) [r(o) + z - frl r(")l(r
n-1

x
s=1

=!n

("-"- lil) r(s+i)

(3.3)

(3.4)

var

vaï

[t, p. z54f where ¡-r is the average of the tirne series and r(t) is its co-

variance function. Evaluating this forrnula for r(t) given bV Q' 6) and

¡ = 500 we get

(rn-U)=0.000200

which should, be cornpared with the variance 0.0002?5 calculated frorn

the ten sarnPle rneans '

Nowconsiderthesarnplecovariancefunctions.If¡J=0wehave

Ec(t) = r(t)

For exarnple, if the proce"" [y(t), t = 1, ¿, . ". J has zero rllea11' the

sarnple covariances is an unbiased estimate of the covariance function'

H the rneall is not zêret we have to estirnate it using (3'1) and then the

sarnplecovarianceisabiasedestirnateofthecovariance.Thebiasis
given by

r [c(t) - r(t)1 =
I

ffi:Ð
n-s*1

x
i=-n*s* 1

1

;fnã
s-1

x
i= - s*tr

n-1
x

i=-n*1
('- lil) r(s+i)s

+

t?,

(s - lil) r(s+i)
tz(t -")

TP 18. 146



1{'e will also give a forrnula for the fluctuations in the covariance function.
If the trrean of the process is knowor lÃ/ê have

cov L

1t-s["(t),o(")] { "(o) r(t-s) + r(s) 
"(t)

+z
n-t- I

E
i=I

(1 - *) [r(i) r(t-s+i) + r(t+i) r(s-i)] (3. s)

[r(i) r(t-s-i) + r(t+i) r(s-i )] ]

+

+
t-s
T

i=l tàs

tr'orrnulas ß-4) and (3.5) are given;.n Ir, p. 254 - zss]. Norice rhat the
bias of the sample covariance is asyrnptotically o() *r.ile the sarnple
fh¡.cfuations are of the order O ( I/V;). 

¡¿

The nurnerical values of var c(t) for the covariance function (2. 6) are
iisted in Table T.TI for n = 50, 500 and. 5000 respectively.

Notice that the numerical values show good agïeen3.ent with the actual
fk¡'ctuations of the sarnple covariâïrc€¡^ given in Table rr, The numerical
vali¿es of rable IrI were obtained using the tr'oRTRAN progra1¡ described
in [9]' I¡r this reference we have also given the original cornputer outputs.
The resuLts are illustrated in Figure 3. Z A_C, where we have given the
covariance function (2" 6) and 6g% conf.idence intervals for the values of
the sarnple covariances based on 50, 500 and 5000 values.

TP 18. 146
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6Table fII Cov [c(t), c(t)] t0

0

I
2

3

4

5

6

7

I
9

10

11

TZ

t3
t4
l5
16

L7

18

1g

z0

t

190.6
154. I

103. 5

76.70

8r.46
90.19

1L4.5
125.5

123.4

rr6, I
114. 0 Ò

r17.0
122.2

r28.7
133.1

t35.9
138.6

t4r. g

146.3

151.1

156.3

n=50

19.50

15.52

10.07
7. 255

7. sg4

8.268
10. 55

11.39
10.93

10. 01

9.503

9. 550

9.76?,

10.12
L0. 23

10.16

10.07

10.03

10.06
10. 11

10. l7

n=500

L.954

1. 553

1.005
0.7?.16

0.7543
0. 8199

1.047

T.129
1.080

0. 98?1

0.93s3
0.9377

0. 9570

0.9903
0.9996
0.99L3
0.9803

0.9743
0.9753
0.9784
0.9799

n=5000

L4 TP 18.L46



¡,

o.os

o. ot

-o.ol

to t5 20

Figure 3.2 A

True covariance function and 68% confid.ence intervals for the values of
sample covariances based. on a sample of 50 values

o. 05

a. ot

-o.ol
5 to

tr'igure 3.2 B

True covariance function and 6BTa conÍídence intervals of sarnple covari-
ances based on samples of 5U0 values

20t5
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o.o5

a. ol

-o.ol
,o t5 20

tr'igure 3.2 C

True covariance function and 68% confídence intervals of sarnple covari-
ances based on samples of 5000 values.

In Table IY we have also given the
the covariance rnatrix (3. 5).

eorrelation matrix corresponding to

Table IV

coÊtÊLlr¡0i i^rrlx
l.O0 0"89 0"?5 0.52 0.¡9-0.¡\-0.2Þ0.?¡$-0.20-0.!¡,-0.0¡ 0.0¡ 0.09 O.¡¡ O.lO O.¡9 0.t¡ 0.0A O.O0-0.0t-0.020.99 ¡.00 0.El 0.62 o.29-0.05-0.21-0"2?-0.25-0.19-0.0t o-03 0.09 0.12 O.20 O.20 0.15 0.03 O.0l-0.01-0.020.¡5 0"8¡ l.q0 0.Ì9 O.¡.2 0.2t-0.02-0"t5-0"25-0.22-0.12-0"0r O.O? 0.¡r O.¡l 0.09.0.0? 0.0¡ O.02 O.0t-o.Otio.¡9 0.29 0.¡2 0.E2 1.00 0.71 0.5! 0.35 0.rr-0.0E-0.r5-0.20-0"t2-0.0ô-o.or 0.0¡ o.05 0.0ó 0.oó 0.05 o.03-0.1¡-0.05 0.27 0.5? o.7l ¡.oo o.¡r 0.5? 0.3ô 0.t7-0.0ó-o.ró-0.20-0.tt-0.tt-0.0¡ o.0t 0.05 o.oó o.oó 0.tt

-0.23-0.21-0.02 0.30 0.53 0.71 l.oo û"ó7 O.ó8 0.1¡ 0.¡5-0.07-0,tó-O"lE-O.¡5-0.1û-0.01 0.02 O"05 0.0ô 0..08-0.2r-0.27-0.¡5 0.05 0"JS 0.5? 0.ó7 1.00 0.81 O.ól O¡32 O.l2-0-0910.17-O.lS-0"¡5-0.09-0.03 O.02 O.OS O-06
-0.20-0.25-0r25-0.15 0.15 la¡q0.ôg 0.El l.0O 0.80 0.52 0.30 0.¡O-0.10-O.lt-O.¡8-0.15-0.09-0.02 O.Ot 0.Ol
-0"01-0.0r-0.t2-A.22'o.15-0.0ó 0.15 0.12 0.52 O.?2 l.0O 0.13 0.5¡ O.3l O.!t-0.10-0.17-0.t8-0.15-O.O*.0.030.0¡ 0"03-0"01-0.08-0.20-0.1ô-0.0? 0.t2 0.10 0.53 0"73 1.00 0.t3 0.5¡ 0.32 0.12-0.09-0"1t-0.t8-0.t5-0.t00.09 0.09 0.07-0.01-0.r?-0.20-0"r6-0.09 o.t0 o.30 o.5r o.?3 t.oo 0.7E 0.5¡

5

g.
0.

r I 0. r? 0" r r 0.0t-0"0ó-t. tt-0" tÈ0. ll-0. !o 0. r I 0.3 I 0.5¡
0r-0. I ¡-0. r5-0. r8-0. ¡7-0. t0 0 rl 0"32
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Notice that there are strong correlations between the sample fluctua-
tions at neighboring points. This explains why we can get sample covari_
ances with considerable fluctua,tions. compare Figure 3.1. As an add.i-
tional illustratíon of this we show in Figure 3.3 A-E some covariance
functions calculated frorn sarnples of 50 values.

o-oç

t= lOl-lØ

o. oî

-o.ol

5 to t5 20

Figure 3.3 A

Sample covariance function calculated frorn 50 values of the artificial
tirne series. The solid line shows the true co'ariance function.
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o. o5

l.6Ú,þffi

o.ol

-o.ol

,o 20

Figure 3.3 B
Sarnple covariance function calculated frorn 50 values of the artificial
tirne series. The solid line shows the true covariance function.

o. 05

l.llOl: îl5O

o.ol

-o.ol

5 æ

Figure 3.3 C

Sample covariance function calculated frcjrn 50 values of the artificial
tirne series. The solid line shows the true covariance function.
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o.05

l'16,0,1-ffiO

o.ol

-o.ol

F to ,5 20
Figure 3.3 D
Sample covariance function calculated from 50 values of the artificialtirne series. The solid line shows the true covariance function.

o05

þztq-æo

o.ot

-o.aî

5 20

I'igure 3.3 E
Sarnple covariance function calculated. from 50 values of the artificial
time series. The solid line shows the true covariance function.

\
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Let us finalLy point out that in order to evaluate the fluctuations \Ã/e rnust

know the statistical properties of the process. In this particular case, they

are known, âs wê generated the series ourselves. This is, however, not

the situation in most applications. One usually su'bstitutes the estimated

covaríance function for the true covariance function when estirnating the

fluctuations. The erïor obtained when doing this is. difficult to estirnate.

z0 TP r8. 146



IDENTIT'ICÁ.TTON OF THE GENERÁ.TED 1'T&IÐ SER'TËS

IÃ/e will now consider the inverse problern i, e,, to construct a model
which rnight have genera.ted the observed tirne series. This problern was
treated in [7] where a I'ORTRAN identification prograrn also was given.
Notice in particuLar that the inverse problern is not unique. In [?] we e1i-
rni.nated the non-uniqueness by choosing a stand.ard for the rnodel.

x(t+t) = *(t) + (4.1)

0

0

0

0

0

0

0

I

I
0

000
*k "k- I uk-z

I 0

.'(t )a I

v(r) *, (t) + *(r) (4.2)

where [,.(t), t = l, Z, ... J and. [*(t), t = l, z, ... J are sequences of in_
dependent normaL randorn variables with zero rrreans and the variances

t{t) = or'var

vaT zw(t) = o?,

rn order to facilitate the cornparison, the rnod.el of section ?, for the gene-
ration of the tirne series, was chosen to be of this standard forrn. The in-
put to the id"entification pïograrn is a sarnple covariance function, The id.en-
tification prograrrr will then fit a covariance function generated by a rnodel
of type (4. ii - Ø.2) to the sample covariance function" The progranr oper-
ates sequentially, starting with a first order rnod.el then proceeding to a
second' ord'er model etc. At each step the identification prograrn prints out
the coefficients of the rnodel (^1, ur, . . . ak, o1' , or'). The error norrrr
i' e' the rnear¡ square erïor between the sarnple covariance function and
the covariance function of the tirne series of the rnodel is also cornputed at
each step.
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The error rìorrn is to be cornpared with the uncertainty of the sarnple co-

variance functions. The qncertainty is introduced. by the finite length of the

sarrrple as discussed in section 3'

The id.entification proceciure was applieci to the sarnple covariance functicn

of the artificial tírne series. See Table II. The output frorn the identifica-

tion prograrn 1s in append.ix 6. The results are surnrnarized in Table V'

Table V

ver 1.518 -0.703 0.0066 0.0007 0.000b 0 0.0245

To evaluate the nurnerical values given in Table V, we recall that for a
sarnple covariance function based on 500 values the sarnple fluctuations

have a standard deviation of 0. CI033" This rneans that the errors for first
order approxirnations are too Large, except for the first covariance func-

tion" I'or second order approxi.rnations the approxirnation errors are appaúr-

ently of the sarne order of rnagnitude as the sarnpling fluctuations' which

iryplies tlnat a second order rnodel is a reasonable choice. For the average

covariance function the sarnple fluctuations have a standard deviation of

0,001, which irnplies tlnal a second order rnodel is reasonable also in this

cas e.
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The true values of the coefficients are

"l l" 500

^2 = o' ?oo

2ol .0. 00300

z
o2 0.0250

The determination of the coefficients based on the average covariance
function will thus give the coefficients a, and. a, with an accuracy of. r To.
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I

AN OPTIMAL ESTIIdATOR BA"SED O}d THE RESULTS
OT' TT{E ID.ÐNTITICATION

'W'e now consider an estirnation problern relative to the generated tirne
series. 'Td-e regarci x(t) as the signal r¡,.hich should. be estirnated and. we re-
gard y(t) as an observation of x(t)" Cornpare Figure 2.1. The problem is
then: given a sequence of observed values [y("), s = 1, .,., ] find. the best
rninirnurn rlo.ean sguare estimate of x(t). As the statistics of the time series
is known¡ w€ câr] irnmediately construct a Kaknan estirnator and thereby
obtain the desired results. In order to sirnulate the'situation when the sta*
tistics are not known, we shall forget that we know the statistical proper-
ties and proceed in the following \Ã/ay:

observe a sarnple of the tirne series

construct a mathernatical model of the process on the basis of
the observed sarnple

construct an optirnal '\4riener filter for the rnod.el obtained in step Z

use the filter to estirnate the variables [*(t), t = L, z, ... J frorn
the observed outputs [y(s), s = 1, .,., t]

This was in fact the procedure used in [8]. Four cases will be considered.

optimal estirnator based on true rnodel

estimator based on second order moder estirnated. from the aver-
age of the ten sample covariance functions

estirnator based on second. order rnodel estirnated from the sarnple
covariance functi.on nr 6 i. e. iy(t), t = Z5A!, 3000J

estimator based on first order mod.el estirnated from the average
of the sarnple covariance functions.

Case T is used as a refeïence. The mod"elbased on sarnple number 6 was
chosen because it showed the largest deviations frorn the true model. The
esti'n:ator IV based on first ord.er rnodeL is chosen in ord.er to d.ernonstrate
the sensitivity of the estirnates to variations in the order of the model.
?4 Tp rg. 146
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The rnodel for case r is given by equations {2.L) and (z.z). The rnod.ers re_
quired for case IL Iü and IV are found. in section 4. 'w'e have surnrnarized.
the values of the model pararneters for the different cases in Table VI.

Table VI

I
il
III
IV

\ras e

i.5 .

T.517
0. 820

0. 658

tl

-0.7
-0. 703

-0. r88

az

0.00300
"0. 

a0287

0. a0r7z
0. 0 184

2oI

0.0250

0.0245
0.0138

0.0r96

¿
o?

Programs for the cornputation of optirnal filters from a model of a time
series were.described in IS]. Listings of the progranas used are found.
in [9].

The filtergains for the d.ifferent cases are also shown in Figure 5.1. As
sPen frorn ttris figure there are considerable differences between the filter-
gains in thé various cases.
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SIMUI,ATION OT. THB OPTTMAL ESTTTV{ATOR
ð

To test the four estirnators described. in the previous section, we used
them to catrculate estimates of x(t) on the basis of the ,,rneasu^red" y(t)
from two sarnples of the time series [y(t), t = L7AL, 1740] and
[y(t), t = L73r, L77o]. The results are summarized. in Tables vrr, vilr
and in Figure 6" l.

As seen fro'm the resurts, estimators I and rr give practically the sa'.,oe
estírnates' The maxirnurn difference is less than 0.02. In spite of the large
differences in the filtergains the other estimators also produce good. esti.-
rnates' we can thus conclude that in this case the estirnates are not too
sensitive to variations in the filtergains.
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Results of sirnulations with estirnators I - IV. The dotted line shows true
values of xr(t)' ttre thick solid line shows the rrìeasured values y(t) and the
thin solid line shows the estimate.
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For the application described in [g] it is of interest to inves tigate the in-fluence of the initial estirnate whj.ch is norrr¡all y ser to Xu(o ) = +. In Figure6.2 we sþ¡.ow the estirnate obtained frorn the es timator based on the truemodeL when the initial estirnat e ís Z, 3 and 4 respectively.
x

4.2

4.o

4----./

tÐ 1702 lTat 1704

Figure 6.2
Effect of initial estimate

The corresponding nurnericar varues are risted in Table vIIrï
Tab1e YIIII
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