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Abstract. Inspired by Todd Ebert’'s problem of the hats, westruct a betting
situation which seems to show that a Dutch Booklmamade against a group of
three rational players with common priors who askimg self-interested or
group-interested decisions and who have full tiugihe other players’ rationality.
But appearances are misleading — no such Dutch Bawlbe made. The moral
of the story is that it is incorrect to identifygiees of beliefs witiposted betting-
rates. We signal some connections of our workéattagedy of the commons

and to strategic voting.

1. TheProblem of the Hatsand a Dutch Book for a Group of Rational Players

The problem of the hats is a mathematical puzztediuced in 1998 by Todd EbértwWe randomly
distribute white and black hats to a group oétional players. We do this in the dark, withteplayer
having an independent fifty-fifty chance of receiyia hat of one colour or the other. When thedigh
are turned on, each player can see the colouredfdls of the other players but not of his own hat.

They are asked to simultaneously name the colotimeaf own hats or to pass. If at least one peison

L http://www.msri.org/people/members/sara/articles/hat.html




correct and nobody is in error, a prize will be edegl to the group. They can engage in pre-play
communication (before the hats are distributedegsign a strategy. What is the optimal strategyr?

n = 3, the solution is simple. If all and only fhlayers who see two hats of the same colour catheu
opposite colour to the colour of their own hat, védaes the others pass, then the group wins insdisca
in which the hats are not of the same colour—thahi% of the cases. Itis an open problem, hewev

whether there exists a general solution, for artrarly n, to this optimisation problem.

We do not intend to tackle the problem of the hau$ take it as a starting point for setting upladd
Book, or what seems like a Dutch book, againsbaof rational players with common priors and full

trust in each other’s rationality.

Again distribute the hats amongst a group of thpésyers. This time we disallow pre-play

communication. Clearly, the chance that

(A) not all hats are of the same colour

is %. The lightis switched on and all players saa the colour of the hats of the other persaris)di
the colour of their own hats. Then no matter vdaabination of hats was assigned, at least oneplay
will see two hats of the same colour. For herctience that not all hats are of the same coloigtlgtr

depends on the colour of her own hat and hencdstua

On Lewis's principal principle, a rational playeitiwet her degrees of belief be determined by ¢hes
chances. So before the light is switched on,lallgrs will assign degree of belief of 3/4 to (Ada
after the light is turned on, at least one playdragsign degree of belief of 1/2 to (A). Suppdtisat

before the light is turned on a bookie offers tbasingle bet on (A) with stakes $4 at a pric&®fand



subsequently offers to buy a single bet on (A) wttikes $4 at a price of $2 after the light isedran.

Suppose, finally, that all of the above is commanwledge among the players.

If, following Ramsey, the degree of belief equaks betting rate (i.e. the price-stake ratio) atohlthe
player is both willing to buy and willing to selleet on a given proposition, then any of the player
would be willing to buy the first bet and at leasie player would be willing to sell the second bet.
Whether all hats are of the same colour or not,libekie can make a Dutch book—she has a

guaranteed profit of $1.

(A) is true: (A) is false:
Not all hats are of same colour | All hats are of same colour
Bet 1 Player buys bet for $3 Player buys bet for $3
Bookie pays out $4 Bet is lost
Bet 2 Bookie buys bet for $2 Bookie buys bet for $2
Player pays out $4 Bet is lost
Payoffs Bookie gains $1 Bookie gains $1

So, seemingly, the bookie has succeeded in makilgeh book against a group of rational players.
But the fact that a Dutch book can be made is & mbBsome form of irrationality. There are two
possibilities. Either each player is trying tore&se her own payoff. Then the Dutch Book would no
be too worrisome. After all, prisoner’s dilemmasé a similar structure—when each player actsrto he
own advantage, the group payoff is suboptimathiscase individual rationality would just notibe

line with group rationality. Or, alternatively giplayers are supposed to act in the intereseajrbup



as a whole, i.e. to maximize the group’s total payather than their own winnings. In this cake t

Dutch book would be worrisome—it would be indicatnf an internal breakdown in group rationality.

In order not to keep the reader in suspense, Isayistraightaway that the rational course of adgso
not to sell the bookie the second bet and hendenth®utch book can be made—neither when the
players are trying to increase their own payoffiswloen they are trying to increase the group payoff
But nonetheless, our solution to the paradox widle rewarding. It forces us to think carefullyab
how one should state Ramsey'’s claim that degrebslaf are the betting rates at which a player is
willing to buy or sell bets on a given propositioée will conclude with suggestions how the

reasoning in this hats puzzle is relevant to tagddy of the commons and to strategic voting.

2. TheDutch Book Disarmed for Self-Interested Decision-M akers

Let us focus on the second bet — the one thattbki® offers to buy. Suppose the players aregrion
maximise their own expected payoffs. Then we needetermine the probabilityg; with which a
playeri should step forward and offer to sell the bet & shes two hats of the same colour. (Obviously,
she shouldn’t step forward to sell the bet if shbesstwo hats of different colours. For in that cstse
knows that the bet would be won by the bookie.x&ithere is no pre-play communication and the
players are symmetrically placed, we are lookingafsymmetrical Nash equilibriumps, pp, pc> = <P,

p, p> for players Alice, Bob and Carol.

Suppose Alice sees two hats of the same colourcal¢elate the expected utility for Alice of steppi
forward given that she sees two hats of the satoeiGd[U,(<1, p, p>)], by first conditioning on the
random variable ®ith values S= 0 when the hats are of different colours amd1Swvhen all the hats

are of the same colour. ObviousB(S = 1) = 1-P(S = 0).



(1) E[Ua(<1,p, p>)] = E[Ua(<1,p, p>|S = OP(S = 0)+ E[W(<1,p, p>|S = 1](1P(S = 0))

Since Alice has seen two hats of the same coR({& = 0) = %. If the hats are of different colours,
Alice is the only one who will step forward andhser payoff E[U(<1,p, p>|S = 0] =-$2. (Remember
that the bookie will win the second bet if S =T)calculate E[(<1,p, p>|S = 1], we condition on the
random variable N with values N svheni other persons beside Alice decide to step forwaselt the

bet, fori ranging over 0, 1 and 2. Hence,

(2) E[Ua(<1,p, p>)IS = 1] = Sumyo 12E[Ua(<1,p, p>)IS =1, N=]P(N=1IS = 1)

The assumption is that the bookie chooses randamiyng the players who offer to sell the bet he
wants to buy. Thus, if other players beside Alice step forward to sellltbg each of them, Alice
included, has the chance ofit/f) of being the seller. The values of the compésef the sum in the
right-hand side of Eq. (2) can therefore be re&ttom the following matrix (remember that the pay

who gets to sell the bet will win $2 if S = 1):

i E[Ua(<1,p, p>)IS=1 N =] P(N=11S=1)
0 2 (= 2% 1/1) (1-p)®
1 1 (=2x 1/2) 2p(1-p)
2 2/3 (= 2x 1/3) p°
Hence,
(3)  E[Uu(<1,p, p>)] = (=2)(1/2) + (2(1-p)*+ 2p(1-p) + (2/3p*)(1/2)
= 1/3p-3)p



We now examine symmetric Nash equilibria in purategies. In view of Eq. (3), unilateral deviation
from <1,1,1>to0 <0,1,1> increases Alice’s payodinr E[U,(<1, 1, 1>)] = 1/3(1-3)1 = -2/3 to E}(xO0,

1, 1>)] =0, but unilateral deviation from <0,0,@<1,0,0> leaves Alice’s payoff constant at EK0,

0, 0>)] = E[Uy(<1, 0, 0>)] = 1/3(0-3)0 = 0. Hence <0,0,0> is timdy symmetric equilibrium in pure
strategies. To examine whether there is an equilibin mixed strategy, we note that, if o< 1,
then 9, p, p> can be a Nash equilibrium only if the pure sgae thatp is the mixture of have the

same expected utility:

(4)  E[Ua(<1,p, p>)] = E[Us(<0, p, p>)]

1/3p-3)p=0

However, Eg. (4) has no solution under the coimgt <p < 1. Hence, there exists only one

symmetric equilibrium, viz. <0,0,0>.

3. The Dutch Book Disarmed for Group-Interested Decision-Makers

Now suppose that each group member instead iautkimize the payoff of the group. So what

should a player do who sees two hats of the satoeréo

Consider

(5)  E[Uy(<0,p, p>)] = E[Uy(<0, p, p>)IS = OP(S = 0) + E[(<0, p, p>)IS = 1](1 (S = 0))

Once againP(S = 0) = 2. (Note that it is Alice’s probabilitiiat is in question, since it is her

expectation of the group utility that we are affdrus, it would be more appropriate to writ§Ug(<O,

p, p>)] instead of E[(<0, p, p>)], but we omit the extra index to keep the notatsimpler.)



Furthermore, E[(<0, p, p>)IS=0] = 0, since, if S = 0, Alice is the only playeno sees two hats of
the same colour. However, if S =1, i.e., if @tdrare of the same colour, then the two othereptay
will also see two hats of the same colour and &iepard with probabilityp. We condition on the

random variable N # fori being the number of the other players who stepdodw So,

(6)  E[Uy(<O,p, p>)IS = 1] = Sumo 12 E[Uy(<0, p, p>)IS = 1, N S]P(N = IS = 1)

i E[Uy(<0,p, p>)IS =1 N = i] P(N=i1S=1)

0 0 (1-p)*

1 2 P(1-p)

2 2 p°

Consequently,

(7)  E[U(<0,p,p>)]  =(0)1/2 + (0(1-p)* + 2(2p(1-p)) + 20°)1/2
=-0-2p

Now, consider

(8)  E[Uy(<1,p, p>)] = E[Uy(<1,p, p>)IS = OP(S = 0) + E[Y(<1,p, p>)IS = 1](1 -P(S = 0))

AgainP(S =0) =%. E[J(<1,p, p>)IS =0] =-2 and E[l(<1,p, p>)IS = 1] = 2. So E[l(<1,p, p>)]

=15(2) + ¥2(-2) = 0 for all values pf

<1,1,1>is not a Nash equilibrium, since unilatel@tiation to <0, 1, 1> increases the group’s payof

from E[Uy(<1, 1, 1>)] = 0 to E[{(<0, 1, 1>)] =— (1 — 2)1 = 1. <0,0,0> is a Nagli&brium, since



unilateral deviation leaves the group’s payoff gt <0, 0, 0>)] = E[Y(<1, O, 0>)] = 0. We then
investigate whether there are equilibria in mixedtegies. To do so, we solve the following equrati

for p under the constraint Opx< 1:

(9)  E[Uy(<0,p, p>)] = E[Uy(<1, p, p>)]

-(P-2p=0

Eq. (9) has no solution under the constraint p < 1. Hence, there exists only one symmetric

equilibrium, viz. <0,0,0>.

4. An Intuitive Account

So why is it that a person whose degree of bebie§dme proposition is %2 should not be posting her
betting rates accordingly? Why should she refir@im expressing a willingness to sell a bet fott&#
pays $4? Since we are looking for a symmetrictemiuwe need to consider what would happen if
every player did declare herself willing to selbet at odds that correspond to her betting rates Th
would mean that the strategy of each player woeltblstep forward and offer to accept the secohd be
if she sees two hats of the same colour. The profithe player’s strategies would thus be <1>1, 1
We will now provide intuitive arguments to the efféehat <1, 1, 1> cannot be the rational solution

neither in the self-interested nor in the grougtiested case.

Let us first consider the case of self-interestedision-making. There are two states—one that is
favourable and one that is unfavourable for seliregbet. In the favourable state, all the ha®éthe
same colour, the bookie loses the bet and the piges $2. In the unfavourable state, the hatefr
different colours, the bookie wins the bet anddlagrer loses $2. In the favourable state, thraggrk

will step forward and the bookie takes a singledyatandomising over the willing players. So thiere



only a 1/3 chance that a player who steps forwaitt agtually sell the bet. However, in the
unfavourable state, only one player steps forwadishe is sure to get the bet. Even though myedegr
of belief that the hats are of different colour®zgt is irrational to express my willingness &bl s bet

at the matching betting rate if this willingnesaislates into a greater opportunity to sell theben |

am bound to lose and a lesser opportunity to lselbet when | am bound to win.

Consider the following analogy. Suppose that ngrele of belief in the proposition that it will snow
tomorrow at noon is ¥2. Suppose that you are gminige bookmaker in town tomorrow morning and
are willing to place a bet for me on that propositthat costs $2 and pays $4. | might refrain from
letting you do so on grounds of the following rea@sg. In the favourable state, viz. when it snaivs
noon, this is likely to be preceded by a cold nigidl there is only a small chance that your cdr wil
start in the morning. Thus you will probably be hieato drive to town and place the bet. In the
unfavourable state, viz. when it does not snowanrtomorrow, there is a very good chance that you
will make it into town. Then clearly it would beational for me to give you the assignment to @lac

the bet on my behalf.

In the case of group-interest decision-making, &lso irrational to express my willingness to adlét

at the matching betting rate. Suppose that we avallldo precisely that. Then | would reason as
follows when seeing two hats of the same colouarthé favourable state, with all hats of the same
colour, two other players will step forward andhnog is lost by my not stepping forward. In the
unfavourable state, with the hats being of diffeours, | am the only one who would step forward
so | can save the group from a loss by not steppingard. Hence unilateral deviation from <1, %, 1
to the pure strategy of not stepping forward imgothe group payoff. We can conclude that simply
stepping forward — i.e. stepping forward with proitity 1 — when seeing two hats of the same colour

cannot be the rational strategy.



To understand whyp; p, p> is not a Nash Equilibrium for apy> 0, it is instructive to construct some
graphs. First let us look at self-interested denisnaking. We have plotted Ef(£0, p, p>)],
E[Ua(<1,p, p>)] and E[L(<p, p, p>)] = PE[Ua(<1, p, p>)] + (1P)E[U(<0, p, p>)] in figure 1. Note
that if the group members display even the slightetination to bet, then the expected value ahea
person’s payoff is lower than if they would hav&amed from betting. This is easy to understand.
For the <1, 1, 1> strategy, we said that it wasangod idea to express one’s willingness to tbisf
translates in placing the bet for sure in the uofmable situation but only having a one in threende

of placing the bet in the favourable situation.ither is it a good idea to be inclined to express’'®
willingness to bet with some positive chapcé it is the case that if one were to act on thaination,
then the expression of one’s willingness wouldgtate in placing the bet for sure in the unfavoleab

situation and a less than maximal chance of plaitiadet in the favourable situation.

Let us now turn to the group-interested decisiokinga We have plotted E[§(<0, p, p>)], E[Uy(<1,

p, p>)] and E[U(<p, p, p>)] in figure 2. Note that for any value p¥ 0, unilateral deviation to <,

p> increases the payoff function. In this casejsbee is not about loss avoidance. If | am detexth

to step forward upon seeing two hats of the sanmeicdhen the expected payoff for the group wdl b
zero. But the pointis that | can do better ongtwaip’s behalf. If the others express their wdhess

to step forward when seeing two hats of the sart@icor if they are inclined to do so with positive
chancep, then | can exploit this by refraining from stepgpiforward. This would only marginally
decrease the chance for a win for the group ifatheurable situation when all hats are of the same
colour, but it would guarantee the absence ofaflasthe group in the unfavourable situation wiien
hats are of different colours. Since the win dmellbss are equal in size and the probability ef th
favourable state is the same as that of the unfabbel state, the expected payoff to the group is

positive if | decide to stay put.

5. Discussion
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The general lesson is this: Willingness to behis thing, but a binding declaration of such wilhegs

is another. Betting rates at which we are equwaillyjng to buy or to sell a bet on a propositior ane
thing, but posting these betting rates is a differeatter. Degrees of belief might match our betti
rates. (There are counter-examples to this claimedis but nothing we say here addresses this issue
But they certainly need not match our posted comenitts to bet. The former can be expected to differ
from the latter if declarations of willingness tetbdo not automatically translate into betting

opportunities.

In future work, we intend to explore two applicatsoof this problem.

First, suppose the bookie ‘sweetens the pie’ bgrof to buy the second bet at stakes $4or a
smalle. In this case the Nash equilibrium<g, p, p> for somep such that 1 > > 0 and that
equilibrium is no longer the same for self-inteeglsnd group-interested decision-making: The value
of p is greater for the former than for the latter. Hiteation has the structure of a tragedy of the
commons. Self-interested fishermen tend to putitaay boats on the sea and over-fish so that they
can barely make a living, whereas the group-intetesiands that we restrict the number of boats on
the sea. Self-interested decision-makers will hekvalue op so that their expected payoff equals O,

whereas the group-interest demands lower valupyiefding a higher expected utility for the group.

Second, the structure of the decision-problemeénstircond bet of the ‘sweetened’ hats problem, with
group-interested players, is similar to the decigpooblem faced by juries. In the hats problererehs
agroup choice of either taking a bet or not. There isadividual choice of either stepping forward to
take the bet or not. Theocedureis that group choice of taking the bet is takesmidl only if at least
one person steps forward. Td@ation is that all hats either are single-coloured or ri&dch person

receives privatesignal as to whether or not the hats might be singletgeld, but this private signal is

11



not fully reliable. (It is not fully reliable, ifdth hats you observe are of the same colour.uryaote,
there is group choice of either acquitting or convicting the defendaftere is aindividual choice of
voting innocent or guilty. Therocedureis that the group choice of acquitting is takeandl only if at
least one person votes innocent. Sigation is that the defendant either is guilty or innoceBach
person receives@ivate signal as to whether the defendant is guilty or innodeuitthis private signal

is not fully reliable. In the hats problem, theegtion is whether it is rational to step forwartktice the
bet when | receive a private signal suggestingdhdtats are of the same colour—which is a private
signal that the bet is favourable from the groygmst of view. In the jury problem, the questian i
whether it is rational to step forward to vote inant when | receive a private signal that the diden

is innocent —which is a private signal that theattgl is favourable from the jury’s point of view.
There are differences in detail between the twesdsut both of them can be modelled as instarfces o

the same formal decision-problem.

The core idea of strategic voting (Banks, 1999 deesken and Pesendorfer, 1998 and 1999) is tlyat jur
members in a unanimous jury will not vote accordmtheir private signal. Suppose they were to do
so. As a jury member, my innocent vote only matifet is pivotal, i.e. if all others have votedilyy.

But, in this case, there is overwhelming evidemes the suspect is guilty since all others musthav
received private signals of guilt. So even ifdeiwe an innocent vote, | should vote guilty. Buatl
reason like this, then the suspect will be condictaren if everyone receives a signal of innocence.
Still, even if one takes into consideration tha&t ¢tthers’ votes might not express their privateais)
voting innocent upon receiving a signal of innoeeisctoo rash. Just as in the ‘sweetened’ version o
the hats problem, with group-interested playerategjic considerations force jury members to adopt
randomised strategy of voting innocent with probaldigher than zero but lower than one, when they

receive an innocent signal.

12



Our methodology to determine a randomised strategp, p> for group-interested decision-making in
the ‘sweetened’ hats problem is (with some quaifans) the same as the methodology for
determining a randomised strategy <., p> for voting innocent upon receiving an innocegnsil in

jury voting. And depending on the values of theap@eters, there are indeed situations in which the
rational choice in jury voting is to randomise walsurprisingly low chance of voting innocent upon
receiving an innocent signal, just like the ratiss@ution in the hats problem is to randomise vaith

surprisingly low chance of stepping forward to t#ke bet upon seeing two hats of the same colour.
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