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Abstract

Wave splitting of the time dependent Maxwell’s equations in three dimensions
with and without dispersive terms in the constitutive equation is treated. The
procedure is similar to the method developed for the scalar wave equation
except as follows. The up-and down-going wave condition is expressed in
terms of a linear relation between the tangential components of E and H.
The resulting system of differential-integral equations for the up-and down-
going waves is directly obtained from Maxwell’s equations. This splitting
(arising from the principal part of Maxwell’s equations) is applied to the case
where there is dispersion. A formal derivation of the imbedding equation for
the reflection operator in a medium with no dispersion is obtained.

1 Introduction

Here the concepts that were used in the three-dimensional wave splitting of the
scalar wave equation are extended to Maxwell’s equations. For the case where
the constitutive equations have dispersive terms, etc., the splitting associated with
the principal part (corresponding to D = eE, B = pH) is employed, the actual
splitting will be restricted to the case where the principal part is isotropic, although
it can be generalized to the anisotropic case.

As with the scalar case the splitting will be based upon the development of
an up-going and down-going wave condition for solutions of Maxwell’s equations.
Physically an up-going wave on a plane arises from sources that lie below that
plane, with a similar concept for the down-going wave. Mathematically the up-
and down-going condition will be represented by a linear relationship involving the
field components on a plane. Thus we need to examine solutions of the mixed
problems (initial conditions and boundary conditions) for a half-space. In order to
specify what components are needed, the conditions for uniqueness of the solution
of Maxwell’s equations with general (anisotropic) constitutive conditions (including
dispersive terms) for the mixed problem is examined. This is investigated in the
next section where as is expected it is shown that only tangential components of E
or H on the surface need be specified.

In section 3, the physical geometry and the invariant imbedding geometry is
presented.

Using the results of the requirements for uniqueness, it follows that the up-
and down-going wave condition will be a linear relationship between the tangential
components of £ and H on a planar surface.

In section 4, an explicit form for the operators involved in these conditions is
obtained using fundamental solutions of Maxwell’s equations for the invariant imbed-
ding medium where €, x depend upon the transverse variables z; and x5 only, as well
as a parameter a, i.e. € = €(x1, e, ), p = pu(xy, T2, Q).

In section 5, the up-and down-going wave splitting is defined for a medium
€ = €(x1,m9, ), i = p(xy, 2, ) and the differential equation system for up-and
down-going electric field components are obtained directly from Maxwell’s equations.



In section 6, the same splitting is applied to the case € = €(z1,x9,23), 1 =
p(xy, xo, x3). From the resulting system of differential equations, the imbedding
equation for the reflection operator is obtained.

Finally, in section 7, the splitting is extended to a medium where there is a
dispersive term.

Throughout this paper a point will be represented by x = (21, 9, x3), and unless
otherwise noted a repeated index indicates summation from 1 to 3.

We will use the notation that 0; is the partial derivative with respect to ¢, 0;
is the partial derivative with respect to either x; or y; depending upon whether the
function involved is a function of z or y. For a function of both x and y we will
employ the form 9, or J,,.

2 The Mixed Problem for Maxwell’s Equations with
Constitutive Relations

We will consider Maxwell’s equations
VXE:—atB,VXH:atD (1)
with constitutive relations of the form

Di = aij Ej + b Hj + (Gij + Ej)(t) + (Kij x Hj)(t) (2)
Bi = b B + dijHj + (Lij * Ej)(t) + (Fiy + Hj)(1), (2)

where the * indicates convolution in the time variable. The coefficients a;;(z), b;;(x),
d;;(z) are independent of time, but the coefficients G;;, K;;, Li;, Fi; depend upon z
and t.

The general form of the constitutive relations expressed in the form D = D(E, B),
H = H(E, B) where E and B are independent variables are developed by Karls-
son and Kristensson [1]. Equations (2), (2') can be obtained from these by suitable
inversion. As will be seen, the form given by Eqgs. (2), (2') where E and H are
independent variables, is much more suitable for proving uniqueness.

Let © be a simply-connected open region in R*, bounded by a piecewise smooth
surface 62, with unit outward normal n.

It will be assumed that the matrix

Aij(x) = {ai{(m) bij.(xq (3)

(i) is real and symmetric.
(ii) and as an operator mapping the Hilbert Space (£2(€2))3 x (£2(Q2))? into itself,
is positive definite, i.e;

6

3 /Q Us(2) Ay (2)U; (2)dz > 0 (4)

ij=1



ifft U(z) # 0. A stronger condition could be imposed, namely that A;;(x) be a
positive definite matrix for each x € €.

The assumptions that will be imposed on the functions G;;, K;;, L;; and F}; are
that

(i) Gij(z,0) = K;j(x,0) = L;;(x,0) = F;;(x,0) = 0.

(ii) the bounded self-adjoint' operator mapping the Hilbert space (L2(Qr))3
(L2(Qr))? with Qr = Q x (0,7T), into itself according to the rule

V;(:L',t):/o Zgsz:cts (z,8)ds, i=1,...6 (5)

where ¢;;(z,t,s) = [ g z)) [ﬁ%g:f:g , 0<s<t<T (6)
qb” (J] t S) ¢ji(x7 S, t) (6/)

is positive definite, i.e.;

// / (x,t)pij(z, t, s)U;j(x, s)dsdtdz > 0 (7)

iff U(z,t) # 0. Note that the prime in expression (6) indicates that G7;(z,u) =
%Gij‘ ([E, u)
Applying the Poynting Theorem

V-S+E-0D+H-0,B=0 (8)

with § = E x H, to system (1), (2) and (3'), and integrating over {2 and with
respect to t from 0 to 7T, it can be shown that

_/m /OT S(t) - ndodt = /Q{wem(m,T) + wq(z, T) }dx (8)

From Appendix A, it is shown that

e (1, T) Z Ui(r, T) Ay (2)Uy (2, T), (9)
Z/ / (x,t)pij(z,t, s)U;(x, s)dxds, (10)

where U(z,t) = [E;(z,t), Hi(z,t))].
It immediately follows from the positive definite condition (4) and (7) that

/Q{wem(x, T)+ wy(z, T)}dx > 0 (11)

iff (E,H) # (0,0). From this result one can conclude the following

!Note: no special conditions on the matrices G,’ij, etc. are required for self-adjointness. Because
of condition (6’) the operator is automatically self-adjoint.



Lemma 1. Let E(x,t), H(z,t) belong to the Hilbert Space
{U(2,1) € [(£2(Q0))°] curl U € (L2(2r))°]};

where Qp = Q x (0,T), and be the solution of equations (1), (2), (2) in the space
Qp. Let either Exn =0, or Hxn =0 ondQ for0 <t <T. If E(x,0) =
H(z,0) =0, z € Q, then

E(z,t)=H(z,t)=0, 2€Q, 0<t<T.

Proof:
Since E xn =0 or H x n =0 on §9, it follows from Eq. (8) that

/Q {wom (2, T) + wa(, T)}dz = 0

which because of condition (11) can only be true if E = H = 0.

From this, one can get the uniqueness result for the mixed problem. With regard
to the existence of the solution of the mixed problem, we have limited results. From
Leis [2], it is shown that the mixed problem for the bounded domain €2,

VXE=-0B, VxXH=0D, xrcQ, 0<t<T
nxE=0 €6, 0<t<T
E(.%',O)IEO(I'), H(l’,()):H()(iU), er

is uniquely solvable in the weak sense if Eq, Hy € (£5(2))3, where the constitutive

relations are given by
B; = ,uinja D; = eijEja

where
ey ()65 > e,
Eipij(2)& > €l

with €; > O, Hy > O, and €ij = €43y Mij = Hji-
Additional results for the non-homogeneous system

} for all € € R?

Vx E=—uoH + F(x,t),

eR} 0<t<T
V x H = ed,E + G(z,1), }x

E(z,0) = Ey(z), H(x,0) = Hy(z), v € R?,
can be obtained by transforming it to the linear hyperbolic system
oru + Z Ap(x)Oku + Bu = f
u(z,0) = vo(z),

by setting
u_ | VEE] o _[VeEo o -2 G
- \//_LH y U0 — \/ﬁHO ) - M—I/Q F



The matrices Ay(x), B are given by

Akzc[o —DkyB:g{ 0 PM]

D, 0 —P. 0
where ¢ = (ep) /2 and
00 O 0 0 1 0 -1 0
D=0 0 —1|.Dy=| 00 0| Ds=|1 00
01 O -1 0 0 0 00

0~k e
—ho 0o 0

If F,G,E,, H, have compact support in R?, the field quantities E, H will be
zero for 0 < t < T on the surface of a large parallelepiped {z : |z| < R}. By
employing a 2R-periodic boundary condition, Ladyzhenskaya [3], outlines in the
supplement to chapter 5, existence and uniqueness of the hyperbolic system involving
the vector u. The smoothness conditions require at least that the derivatives of €
and p exist and be bounded. Furthermore, in the supplement to chapter 6, an
outline for the numerical solution to the system is given. Both an explicit and an
implicit scheme are presented.

Throughout this paper we will be working with solutions of Maxwell equations
for a finite time interval 0 < ¢t < T', where the boundary data has compact support,
and the initial conditions are E(z,0) = H(x,0) = 0. Hence effectively we will be
working in a bounded domain €2, even though the original problem may be stated
for all of R? or for a half-space.

3 Imbedding Geometry

For the physical geometry it will be assumed that the half-space x3 > 0 is free space
(no scattering medium is present), hence

B:MOHyDZEOEa xSZOa

where €, 1o are constants. The scattering medium lies in the lower half-space x5 < 0,
and the constitutive relations will be given by Eq. (2), (2') where the coefficients
satisfy conditions of the assumptions required for uniqueness given in the previous
section. It will be assumed that the coefficients are continuous functions of x, so
that there is no jump discontinuity on velocity.

We will consider a one-parameter set of invariant imbedding geometries, taking
for the moment the parameter to be a. Since we are splitting with the principal
of the constitutive equations, the associated invariant imbedding geometry will be
described by the constitutive relations as follows. For z3 < «, the constitutive
relations will be given by the principal part of Eq. (2), (2') (the physical medium).



For x3 > « the constitutive relations will be described by the principal part of the
constitutive relations at x3 = «,

D; = ajj(w1, x9, ) Ej + bij (w1, T2, ) H

T3 > o (12)
Bi = bjz‘(l’l, 9, OZ)E]‘ + dij<x17 9, Oé)Hj

where the coefficients depend upon the transverse variables x; and z5 only. Note
that in the invariant imbedding geometry a;;, b;;, d;; are continuous across the surface
xr3 = «, so that there is an impedance match at the surface.

4 Up-and Down-Going Wave Condition in Isotropic
Medium with Transverse Dependence

Here, the up-and down-going wave condition will be developed for solutions of
Maxwell’s equations, where the constitutive equations are given.

D; = e(x1, 72, 0)Ey, By = p(wy, 29, ) H;,  i=1,2,3 (13)

with €, 1 being sufficiently smooth functions of x; and x5, and « is a parameter.
To obtain the up-and down-going wave condition we will employ the initial value
boundary-value problems in the half-spaces 3 > 0 and x3 < 0 respectively. Hence,
consider the following mixed problem.
Problem P;: Solve for E(z,t), H(z,t)

(i) VX E=—pu(xy,29,0)0,H, V x H=¢(x1,29,0)E, 23>0, 0<t<T

(ii) E(xz,0) = H(z,0) =0, x3 >0

(iii) E;(z1,79,0,t) = EX (21, 29,1), i =1,2, 23=0, 0<t<T
where the given data E? has compact support, and is sufficiently smooth for existence
of solution.

An important result of the condition that the boundary data has compact sup-
port (say in a disk |x; —2%*+|y; —3°|* < p?) and a finite time interval T is employed,
is that the problem reduces to a mixed problem in a bounded region €2 where €2 can
be taken to be the solid hemisphere in x3 > 0, with center (z9,29,0) and radius
p + cy/T where cjy is the maximum velocity. In this case, the tangential E fields on
the hemispherical portion of the bounding surface would be taken to be zero.

Once a solution of Problem P; is found, we can take the lim,, oy H;(z,t) for
¢ = 1,2, and obtain a relation of the form

1
HT+—MQET:0, .T3:0,0<t<T (14)
1

where Er = (Fy, Ey) and Hyp = (Hy, Hs). This is the up-going wave condition on
the surface x3 = 0. Since ¢, 4 are independent of x3 the operator M, is independent
of x3, so that condition (14) holds for any surface z3 = constant > 0 (when the data
is given on 3 = 0, or the sources producing the wave lie below x3 = 0).



By treating the same problem for the lower half-space x5 < 0 we would get the
down-going wave condition. It (as will be seen) takes the form

1
Hy ——MEr=0, 2z3=0, 0<t<T (15)
1

We want to obtain an alternative form of the up- and down-going wave equation,
so as to show the existence of and get the form of the inverse operator to M,. For
this we consider the following problem.

Problem P,: Solve for E(z,t), H(x,t), for xz3 >0, 0 <t <T.

(i) VX E=—pu(xy,29,0)0.H, Vx H=¢(x1,29,0)E, 23>0, 0<t<T

(ii) E(z,0) = H(z,0) =0, x3 >0

(111) Hi($1,l‘270,t) = Hg($1,I27t>, 1=1,2, z3=0, 0<t<T
where the boundary data HY, ¢ = 1,2 has compact support and is sufficiently smooth
for existence of solution.

Once a solution is found, we can then take the lim,, o4 F;(z,t), and obtain a
condition of the form

1
ET——NaHT:0,$3:0,0<t<T (16)
€

This is an alternative form of the up-going wave condition. Hence for a suitable
class of functions, —%Na is the inverse of %Ma. One would then expect

—lNa(lMa)u = —lMalNau =Ju
€ 1 T
where [ is the identity operator. The precise domain of the vector function u for
which this is valid remains to be investigated.
The corresponding down-going wave condition obtained by treating Problem P;
in the lower half-space x3 < 0 is

1
Er+ NoHr =0 (17)

The next step is to get an explicit form of the operators in terms of the fundamental
solutions of Maxwell’s equations (Dyadic Green’s Functions, solutions corresponding
to the pulsed electric and magnetic dipoles). See [4, 5] for properties of the Dyadic
Green’s Function in the c.w. case. From this we can deduce the various properties
of the operators. We will work initially with two sets of fundamental solutions.
See Appendix B for additional fundamental solutions and the reciprocal and other
relations between them.

Let Sf(x, y,to — 1), Hf (x,y,to —t) be the free-space fundamental solution satis-

fying
V x SJB = —M(le,l’%a)atHf (18)
V x Hf = (11, T, oz)@tSJB +20(x —y)o(t — to) (18")
where £ = HF =0, for t —t > 0 (18")



where %; is the unit vector in the direction of the x;-axis. We shall denote the

components of £ by £7, i.e.

P = (€8, €8, €8)

150 %25

with similar notation for Hf .

In addition to the above, let the pair gjf-g(av7 y,to — t), ﬁf(x, y,to — t) be the free
space fundamental solutions satisfying

V x (SN'JB = —p(x1, o9, a)@tﬁf +2;0(x —y)o(t — to) (19)
V x HYP = e(x1, 22, 0)0E] (19')
where éN’jB = ﬁf =0fort—ty>0 (19")

Since € and p are independent of x3, both pairs of functions (8}9,7'(;3) and

(c‘/N’JB, ﬁf) will depend upon the z3 and y3 variables in the linear combination (x3—ys),
(this is due to the invariance under translation in the zs-direction). It will then be
convenient to decompose a point into its transverse components (1, x2) and longi-
tudinal component x3 by using the notation

r=(x,z3), T = (21, 22)

Since 0(x3 — y3) has even parity with respect to (r3 — y3), one can deduce the
corresponding parity for the components of £8, H? etc. from Eqs. (18-19”). Tt can
be shown that following components of interest have the following indicated parity
55,715-, i,j = 1,2, have even parity with respect to (3 — y3),
Hg, 55, i,7 = 1,2, have odd parity with respect to (z3 — y3).

From this information we will form a set of fundamental solutions which satisfy
in the distributional sense [6] certain boundary conditions on the surface x3 = 0
(Method of Images).

For 7 =1,2, and y3 > 0 let
5}(:1:, Y, 3,ysito — t) = E (@, y, w3 — yz; o — t) + Sf(w, Y, x5+ ys;to — )
with a similar definition for H;, and
g}(wa Y, x3,Ysito — ) = ‘EIJB@» Y, x3 —ysilo —t) + E‘JB(% Y, 3+ Ysito — 1)

with similar definition for H;.
It then follows from the parity relations given above that for y3 > 0, 7,5 = 1,2,

Hi =&l = 0, when 3 =0 20
i iJ

El(@,y,0,ys1t0 — 1) = 265 (. y, [ys]; to — 1) (21)
Hj(,y,0,ys:t0 — t) = 2HS (@, y, |ys|; to — ) (21)



where relations (20), (21), (21’) hold in the distributional sense for 0 <t < T, for
example

T
/0 R HI] (Iv Y, t)qb(a:, t)dmdt =0, z3=0,

where ¢ is a suitable test function.
We will now proceed to use these results to get the up-going wave condition.
Let (E, H) be a solution of Problem P;, and use the identity

~V (ExM +& x H) =0,(cE - & + pH - H) + E;6(x — y)d(t — to), 3 >0

by integrating it over the half-space x3 > 0, and with respect to ¢ from 0 to 7" (where
to < T'). Use the divergence theorem, boundary conditions (20), (21) to obtain

to
Ej(y,to) = 2/ / ’123 . ng X H|x3:0dwdt, Y3 > 0, ] =1,2. (22)
0 R2

In a similar manner, using the solution (E, H) of Problem P, and the funda-
mental solution (T, H') it can be shown that

to -
Hy(y, o) = —2 / / iy B x HP|yodadt, g3 >0, j=1,2  (22)
0 R2

Taking the limit as y3 — 0+, we get the two forms for the up-going wave condi-
tion

t
E;(y,0,t) = 2/ / {—5£(m,y,0,t — s)Hy(x,0, s)
0
+ &l (2, y,0,t — s)Hy(2,0,5) ydads

t
Hy(y,0,t) = 2/ / (—HE (2,9,0,t — 5)E\ (,0, 5)
0
+ Hlj(w y,0,t — s)Es(x, 0, s) }dxds

where j =1, 2.

Note that we have to be careful in taking the limit as y3 — 0, due to the
singularity of the fundamental solutions [7| . We will assume that €, o are sufficiently
smooth so that the behaviour of the solution in the region of the singularity of x = y
can be given by the case where €, ;i are constant. This special case will be examined
next but before we do so, we want to identify the elements of the matrix operators
M, and N,.

Identifying Eq. (24) with Eq. (14) we see that the operator M, is given by

s [ [ [ ] [l ] g, @)

mi = 2,[,L<y, a)ﬁi(wv Yy, Oa t— 8)
mio = _2M(y7 O‘>Hﬁ(m> Yy, Oat - S)

where

(26)



10
and identifying Eq. (23) with Eq. (16) we see that
u = / / {nu nm} [ul( )] dxds (27)
Ne R2 |21 Ma22 Uz( ,S)

N1 = —26(’!], Q)SZB;(QZ) vy, Ovt - S)
)

where

28
ng = 2¢(y, )L (x,y,0,t — s (28)
The down-going wave condition can be obtained in a similar manner as the up-
going wave condition, by treating the mixed problems corresponding to problems
Py, and P, for the lower half-space 3 < 0. The resulting condition corresponding to
Eqgs. (23) and (24) is similar except for a difference of sign on the right-hand side
of the equation. Thus the down-going wave conditions are given by Eqs. (15) and
(17).
For the case where € and p are constant of position, i.e. € = ¢(a). The funda-
. B B - . .
mental solution £ (z,y,t — s), H (z,y,t — s) is given by (with y, ¢ fixed) [8],

HE =V x (i) (29
6(()()85ng = V@ﬂ/z — C_2<a)a§1/1'ij (30)
where
b= 0t —s—r/c), r=|a—1y| (31)
4mr
is the fundamental solution of the wave equation [9] with velocity ¢ = ¢(«), i.e.
1 2
b=0,t—s5<0 (32')
The limit
(t—s—
lim 2/ / ot =s—rjc) | _ou(x, s)dzds
y3—0+ R2
- / ’w “/) 4 — Koufy, (33)
R2 27T|m — Y

where u is a scalar function, defines the operator K, which is used in the wave
splitting for the scalar wave equation [10,11]. Its inverse is given by

K'=0"K, = K,0"

where O = (¢720? — 07 — 92)
Noting that if u(x,t) is twice differentiable with compact support, we have the

limit
2
lim 2/ A u(x, s)deds

y3—0+ R2 8x 895 m3:0

y3—0+

= lim 2/ / w|x _o0i0ju(zx, s)dzds = K,0;0;u (34)
o Jrz T
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If u(z,t) is Holder continuous it can be shown that with r = |z — y|,

1 1 1 1
0iKou = K,0u=— [ =0,r[-u(x,t —r/c)+ —u(x,t —r/c)|dx
21 Jpa2 7 c r

and the second term on the right-hand side can be integrated as the limit

6—0

00 2m 1 .
lim/ / ;(cos Nu(y + rd,t —r/c)dodr
s Jo

Here 6 is the unit vector in the direction & — y, and rcosf = x; — y;. Thus it
follows that at worst 0; ' K,0;0;u is a first order differential operator provided that
the derivatives 0;u are Holder continuous. The same will be true for the convolution
n * K,0;0;u if n(x,t) is differentiable with respect to t.

On noting that 0,E; = —0,E;, Eq. (23) can be expressed in the form

1 1
Ei(y,0,t) = =0, ' Ka{0i0s H + (507 — 07) Ho} (35)
1 1
Es(y.0,t) = gat_lKa{(—gaf +03)Hy — 010, Ha} (36)
and the operator N, is given explicitly by

_ 8301 amg %82 - 8132 U
Nouly,t] = 0; 'K, (22, — 502 <C—éx o8 1)1 {“j o

with ¢ = ¢(a), —uas?EB(x, y,t — s) will be given by the right-hand side of Eq. (30),
thus we see that —/ﬂ'{fj(w, vy, 0;t) has the same form 655(.’13, y,0,t), hence from Egs.
(26) and (28) it follows that

M, = N,, when € = ¢(a), p= p(a) (38)

5 Splitting in a Medium where ¢ = ¢(xy, 29, ), 4 =
(1, T2, @)

Using the up-and down-going wave conditions developed in the previous section, the
decomposition of solutions of Maxwell’s equations into up-and down-going waves will
be obtained. Recall that the up-going wave condition is given by

1
Er—-N,H; =0,
€
1
Hr+-M,Er =0,
1
and the down-going wave condition by
1
Er+-N,Hr =0,
€

1
Hy——-M,Er=0.
I
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We shall decompose Er into components E7. and E7 as follows

1 1 1 1
ET - §(ET + ENQHT) —|— i(ET - ENO{HT) — E; —|— Ej_w

This splitting will be expressed in matrix form

Ef] Eqr| 1|1 %Na Ep
mr) -] 2l S L 5
and since iMa%Na = —1, the inverse transformation is given by
Er| . [Ef] I I E;
[HT] e {E% O aMa Mo | By (#0)

Using the inverse relationship between the operators M, and N, it can be easily
shown that E. and E satisfy the up-and down going wave conditions (14), (15)
respectively. Next we will verify that E, E. are uncoupled waves in the medium
where € = €(xy,29,a), p = p(xy,z9,a). Let (E,H) be solutions of Maxwell’s
Equations with compact support in the slab a < x3 < b, for 0 <t < T, i.e.

V X E = —,u(xhﬂj‘Q,Oé)atH, Vx H= E(I'l,IQ,Oé)atE

with initial conditions
E(z,0) = H(x,0) =0

We shall first express F5 and Hs in terms of the tangential components, as follows.
The third component of Maxwell’s equations gives

1 1
H3 _ —;8{1[31]5’2 _ 82E1]7 E3 — Eat*l[alHQ — (92H1]

OH3| _ 1, |Er OEs| .1, [H

i) == 5] o] =0t 1) @
—81(582) 01(%81)
—82(/%62) Do (+01)

with a similar definition for matrix operator J,
The first two components of Maxwell’s equation can be written in the form

ET . 0 —,uata ET VTE3
L] = L 0] i)+ oo =

which yields

where J, = { (42)

=R

o



where the terms V7 E3, VT Hj are given by Eq. (41), and o is the matrix

SlEN!

Insert expression (41) into (43) to yield

o ET _ 0 (—;u?ta + 8{1J€) ET
3 HT o (e@ta—aflju) 0 HT

Introduce the wave splitting given by Eq. (39) into (45)

Er| _ . [Ef
Hy| "~ |E;|’

differentiate, and then premultiply the expression by T, to yield

o[5]-v[2]

Er Er
0 (—pdio + 0,1 J)] s
where W =T, {(e@ta — o) 0 T,
1 AT A
T2 |-A" —At

where A* = +(ud;o — aflJe)TlLMa + LNy (0o — 071 ,)
It is shown in Appendix C that

1 1
ENa(GatO' — 8{1JM) = (,uatO' — at—lJE)EMa - _Aa

oHE  oHB (2, 5)
oz oz 1\L,
where A u(y,t) —y}gr(]l+2/ /[ B _am%] {ul(m,s)} dxds
xr3=0

8x3 oxs

where H? = H](z,y, x5 — ys;t — ).
Hence it follows that
W= {—Aa 0 ]

0 A,

and system (46) becomes an uncoupled system the up-and down-going waves

ey = [0 ol 21

13

(45)

(46)

(51)
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For the special case where u = u(«), € = ¢(«), i.e. they are independent of z; and

X2,
0%
Aou(y,t) _yg,h—{rol+2/ /]R2 |$3 0[ }dmds

where 1 is a solution of Eq. (32). The expression in the integral yields

t t
2 / / (O%Y)udzds = 2 / / YO udxds
0 JR2 0 JR2

and on taking the limit as y3 — 0, one obtains for the vector function u

Au(y,t) = K,OTu = K, 'u (52)

Efl [-K;'I 0 ][Ef ,
o) =[5 s [z 619

Thus Eq. (51) becomes

which is expected.

6 Wave Splitting in Medium where ¢ = €(z1, 29, x3)
and p = pu(x1, 2, r3), and the Imbedding Equation
for the Reflection operator

We are interested in the case where the physical geometry is described by the con-
stitutive equations

D = E(I’l,l’g,'r:;)E, B = M<x17$2,I3)H

with e, o sufficiently smooth functions.

The splitting designed for the case of transverse dependence upon z;, and xs
and dependence upon the parameter a, (¢ = €(xy,22,a), etc.) will be used in
a similar fashion as well done for the scalar wave equation [10,11]| to obtain the
generalization of the differential system (51) for up-and down-going waves. From
this the imbedding equations for the reflection operator R where E . = RE; is
obtained.

The up-and down-going wave decomposition will be defined as follows. On each
plane z3 = 23, we will define the up-and down-going wave component by Eq. (39)
with the parameter o taken to be x9,

[51) =7 a7 59

This means that the parameter « in the definition of the operators N, and M, is

replaced by z9. On the plane z3 = 29, Maxwell’s equations are expressed in the

form (0 o1 )
B 0 —poo + 90, J.)| | Er _ .0
HT] = {(6&50 — o7, 0 } {HT} w=a (34)
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as follows from Eq (45). Note that in expression (54) the parameter « is replaced by
29 in the terms involving € and p, i.e. € = €(x, 79, 2Y), etc. Then as in the previous
section, the splitting given by Eq. (53) is inserted into Eq. (54), the appropriate
terms differentiated with respect to z3 and finally the result premultiplied by Tx_pl.
The results will be the same as in the previous section, except there is an additional
term due to the derivative of Tx_gl (essentially the derivative with respect to the

parameter). This term appearing on the right-hand side of the equation is given by

0 _1 aTxg _1 1 —Fxo Fxo
gt = G =3 [y Ty %
where the matrix operator I'y9 is given by
_ i —1 -1 _ .0
29 = [aa(e (21, T2, ) Ny )| (21, 2, @) My, o0 = 3 (56)

At this point (as with the scalar case [10,11] we will drop the superscript 0 on z3,
and for convenience define

M =My, N=Ny, I'=T,0,A=A0 K =K,
3 3 3 3 3

The resulting system thus becomes

EX] [-A 0] [Ef] 1[-T T][Ef
sz - [0 8 (B o [ - 5 &
where the operator A is given by Eq. (49), and T by Eq. (56) with the parameter
a replaced by x3.

For the special case where the physical medium is plane stratified, i.e. € =
€(x3), = u(xs), then from Eq. (52) and Appendix D,

A=K (58)
_C 2 2d 5[ 0F 010
F_(€+C K'K )I+CK [8182 52 (59)
where (es)
' _ _c\#r) e — /
Ku[m>t] - 27_(_02(1:3) /]RQ ut(y7t |3’J ’y|/C)dy (59)

and [ is the identity matrix, and ¢ is the derivative of ¢ with respect to xs.

The imbedding equation for the reflection operator can be easily obtained. Re-
turning to the invariant imbedding geometry discussed earlier, on the plane 3 = «,
the up-going wave is related to the down-going wave by a reflection operator R(«)
that depends upon the parameter a. To get the differential equation for R(a) we
replace the parameter « by 23, and hence just x3. For simplification we denote the
resulting operator by R, yielding the relation

E! = RE; (60)
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The imbedding equation for R follows from the usual procedure [10-12]. Set
E} = RE; in system (57) to give

OR 0E 1 1

—~—)E; +R—' =—-ARE; — -TRE; + -TE; 1
OE- 1 1
=ANE,. - -TE,+-TRE, 2
O Tyt Pty RE; (62)
Use Eq. (62) to eliminate the derivative of E; from Eq. (61) giving
R 1 1 1
{27 + (RA+AR) + §(FR — RT) + §RFR} E; = §FE; (63)
3

7 Wave-Splitting in a Medium with Dispersion
For the physical medium we will take the constitutive equations

p= p(z1, T2, 73)
D = E(l’l, l’g,l’g)E + G(l’l, Ta, l’g,t) x B (64)

where G =0 at t =0, and G = 0 for z3 > 0.

The procedure here is the same as in the previous section (we are splitting with
the principal part), except that we will get an extra term in Eq. (54) and Eq. (57)
due to the dispersion term. In particular we need to invert the following component
of Maxwell’s equation

EatEg + G * &Eg = (81H2 — 82[‘[1) (65)
for 0,Fs5. Let n(x,t) be the solution of the Volterra integral equation
en+e'G+Gxn=0 (66)

Then Eq. (65) can be inverted to give
1
agEg = (E + 77*)(81[’[2 — 82[‘[1).
Hence it follows that

i (67)

NE3| 41 -1 H,y

[agEJ =107+ i

where J1 is given by Eq. (42) with p replaced by %
Also we get an extra term in the following system

83 |iglj| = (EatO' — 8{1JM)ET + GtO' * ET
2
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Thus the effect of the dispersive term is to produce the extra term

| ok
GtO' 0 HT

on the right-hand side of Eq. (54). As a consequence, the following extra term

0 o' 1[(-P+Q) (P+Q)1
T |« T =2 68
e o 3 Cred) (i) (9%)
arises on the right-hand side of Eq. (57), when the operators P and @ are given by
1
Pu = 0, J1 * (;Mu)] (69)
1
Qu = —N|[G0 * u] (70)
€

Thus the resulting system for the up-and down-going waves is

[ =[5 A [E] 2 [0 G [E

2

For the case where p = p(z3), € = €(z3), A and I' are given by Eqs. (58), (59),
(59'). Also in this case N = M with N given by Eq. (37) (with « replaced by z3).
Note that is a generalization of the work of Beezley and Krueger [13].

8 Conclusion

It is a straightforward process to generalize the splitting in the last section to the case
where one has the general anisotropic dispersion term as given by Eqs. (2), (2), but
with isotropic principal part where a;; = €d;;, d;; = pd;;, b;j = 0 with d;; being the
Kronecker delta. However for the case where the principal part is anisotropic, the
concepts can be applied but with much more work requiring a thorough investigation
of the associated fundamental solutions (Dyadic Green’s functions).

A number of assumptions need to be examined in more detail, among them the
requirements on the smoothness of € and p so that the singular part as © — y of
the fundamental solution is described by the case where € and u are constant (these
being the local values). Also, the conditions on €, u and the appropriate function
space for the domain of the operators M,, N, so that the —%Nai]\/[a = [ holds,
need to be examined.
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Appendix A  Expressions for w.,,(T), wq(T)
From Eq. (8) we have
T
Wem (2, T) + wa(z, T) = / (E-0,D+ H -0,B)dt
0
Using the constitutive Eqgs. (2), (2'), we will set
T
e (2, T) = / (B0 ay B, + by ;) + H(OObuE, + dy}dt (A1)
0
T
0
T
0

Since E = H = 0 at ¢t = 0, it follows (using the fact that the matrix A;;(z)
given by Eq. (3) is symmetric).

wom (2, T) =~ Ey(T)ag; B(T) + ;H (T)d; H,(T)

EL(TYb H,(T) + 3 B, (T)byu(T) (A.3)

where U = (E;(z,T), H;(z,T))
To reduce wy(x,T) we need to prove an identity involving a convolution term
P x b, where we may take P(0) = 0.

/OTa(t)at[P* b(t)]dt = /OT a(t) /0 t P'(t — s)b(s)dsdt
/ " alt) / Pt = bs)dsdt + & / "is) / " Pt — s)alt)dtds

=5 [ ) [ Pl—spsas b0 [ Pl —oa(s)asia

N —

where P'(u) = dP(“) Applying identity we obtain (using the fact G;;(0) = 0)

/OT (0GB, )t = /{E /G (t = $)B,(s)ds

+ Ej(t / Gii(s — t)Ey(s)ds}dt

/ / t)9i;(t, s)E;(s)dsdt
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where

GL(t—s , for 0 < s <'t,
gij(t,S) = /J( ) (A4)
G.(s—1) ,fort <s<T

In a similar manner it follows

/ H;(t)0,(F;; * Hj)dt = / / H;(t)fi;(t,s)H;(s)dsdt

_JEt—=s) for0<s<t
MM“M@$_{34-¢>,mmgng (A.5)
/2&@%&ﬁHﬂ+ﬂ@W%ﬁ&Mﬁ
/{E /K’ (t —s)H;(s)ds + H;(t / Ki;(s — t)Ei(s)ds}dt
s [ ) [ 2= 9m s+ B0 [ 16 - Hsa
//{E ks (8, 5) Hy () + Hi(t) 41, ) By (5) st
where
K (t—s) , for0<s<t
byt S)_{L;i(s—t) yfort <s<T (4.6)
B L’(t—s) ,for 0 <s<t
lij(t,s) = {K’ (s—t) ,fort<s<T (A7)

Combining the results we obtain
9i(t, ) ki(t,s)| | Ej(z,s)
/ / (1) {&j(t, s) fi(t,s)| | Hj(z, s) dedt (A8)
Appendix B Reciprocal Relations Between Funda-
mental Solutions
The pair (£, HY), (], HF) are fundamental solutions of the system (y,, fixed)
V x gj = —,uatHj, V X Hj = e@té'j + lj(S(ZL’ — y)(;(t — to) (Bl)

here EF =HE =0, fort —ty <0
where &; j or 0 } (B.2)

SJB:H}B:Q fort —tyg >0

They will be expressed in terms of the variables x,y,t — ty as follows.

5]F = 5;7(1‘,3/,25 - tO)? SB = gJB(x’ y,to o t) (B.3)

J
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The pair (gf, ﬁf), (c‘:’;B, ﬁf) are fundamental solutions of the system (y, ¢, fixed)

V x & = —pd/H; + ;6(x — y)o(t — to), V x H; = ed&; (B.4)
here ' = HI = 0 for t — 5 < 0
where 2 K or 0 (B.5)
EJB:H]B:Ofort—tO>O
with notation B B B B
EJF = Sf(x, y,t —to) and EJB = 5f(x,y, to —t) (B.6)

If (B, H") and (E”, H”) are solutions of the systems

V x EFB — 9, HP 4 pEB)
V X H(F,B) — EatE(F’B) +J(F’B)

Then we have the identity
o{eE" - EP v yH" -H®Y + EY . J° + EP . J" — H? - M" - H' - M"
=V.-(H" x E’ + H” x E")

Integrate this expression with respect to o over R® and with respect to t from t,
to t;, where it is assumed that (E*, H"') vanishes for ¢ < ty, and (E”, H") vanishes

for t > t; giving

t1
/ {EF (z,y,t —to) - JP(w,2,t; —t) + EP(z,2,t; — )J" (2, y,t — to) ydwdt
to JR3

0

t1
=/ /{HF(:c,y,t—to)-MB(:c,z,tl—ﬂ
to R3

+ H(z,2,t, —t)-MF(x,y,t—to)}da:dt

We will now replace (EY, H") and (E®, H?) with the various fundamental

solutions
Recalling that we denote the components of £ etc. by (€f;,&5;,£4;), we can
obtain the following relations

EX(zy,tt —to) + €1 (y, 2,11 — o) = 0 (B.7)
HE (2,5t — to) + HE(y, 2.t — to) = 0 (B.8)
EB(y, 2.t — to) = Hii(2,y, 1 — to) (B.9)

EF (2.t —to) = HE(y, 2,11 — to) (B.10)
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Appendix C Verification of Relation

%Na(eatcr _ 07 ,) = (udho — 8[1J€)%Ma (1)

We will first simplify the expression on the left-hand side of Eq. (C.1)
that

1 -1 _ 1 /t/ N1 N2 _awl(iax2) am(,%
Nol = ®) o Jr2 [M21 o] [=0u,(50) Oun(y

. Note
8$1) a;1u1
amﬂ {35_1“2} dazds

(C.2)
where n; = n;(x,y,t — s), and u; = u;(x, s).

It follows on integrating by parts with respect to x; and x5 that the right-hand

side of (C.2) reduces to
t -1
S R
o Jre [a2 b2] |05 ug

where for 1 = 1,2
2
a; = —e 10, (~ Za nij) = 28@( [amg;f — 0,,ER))
[t
= —20,,0;s ng( 0,t—s)
=€ 0, (— Za ;) = 205, 0sHE (2, y,0,t — 5)
Hence on integrating by parts with respect to s, it follows that
1 ! 0, HE  —0, HE (x,s)
—NLo;7 1T, u:2/ / { w2773l o1 31] { ! dxds C.3
€ t K 0 JR2 acch?l?Q _ale{% (m S) ( )
where HE = HE(x,y,0,t — s).
The term
1 ¢ -&8 &8 Osus(x, 8)
—Naeﬁau:Q/ / e(x [ 2 11} { s T2 }dmds
€ ! o Jr2 () —E8 EB| |-0,uyi(z,s) ©.4)
:2/t/ e(x)o [8131 EQBI} {ul(m,s)] dxds |
0 JRr2 TEL Enl |wa(w,s)
From (C.3) and (C.4) we have the relation

t
1 a1 _ ayr az| [w(x,s)
No(e0yo — 0, " J,)u = 2/0 /}R2 [am aw] L@(:B,s)} dxds
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where a;; = +0,, HE — €(x)0.E];
Qi = _a:mHi?i - e(m)@sé’g
Since HE and £} are evaluated on the plane 3 = y5 = 0, we will for comparison of

the terms of Eq. (C.1), express this result as the limit as y3 — 0+. Thus from (18')
we have

%Na(eata -0 )u=—Au (C.5)
where
Aquly, t] = 2y3}£1()1+/ /R2 {am Z;j [ ;E*’U: zﬂ dxds (C.6)
where 5
a1 = ‘1'8—:637"(2(% Y, 3 — Y3, t — 3)|x3:0 (C.7)
Qo = —%Hﬁ(m, Y, T3 — Y3, t — 8)‘%:0 (C.7)

Note that we assume that €, 4 are sufficiently smooth so that the singular behaviour
of the fundamental solution is essentially given by the case €, u constant. Next we
will consider the term

o= g Lo L5 B[] e

my; Moy

€f; = —%(7) +3y1(7)

From Eq. (26), (B.4), (B.6) and (B.8) we obtain (with @, s fixed variables)

where

e(y)fh = 2[~ 0, HE (2, y,0,t — 5) + 8, HE, (2, 9,0, — 5)]
[ay2H12<y7m707t_ ) aylHQQ(y,fL',O,t— S)],
B = —23t5£(y, x,0,t—s)

Similarly it can be shown

( )52 = 2[81;27'(11(33 y,0,t — ) 3y17'(12(zc y,0,t — 5)]
62 - 2atg3F1(y7 T, 07 t— S)

Hence it follows that

o .~ Mau—2[0 ayj/ /R [_55; %ﬁi] [Z;Eﬁjﬂ dazds (C.8)

The term
B _7_713
0,0 — Mau =2 0, 12
MOt N/ /R2 t [_ B +Hﬁ

{Zl(”” ?] dzds
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where ﬁfj = 7'75(33, y,0,t — s), reduces on using Eq. (B.8).

HE +HE
9 9 My /iy
“/ 4zt[ E, —H
where ﬁfg = ﬁf;-(y, x,0,t —s).

Combining Relation (C.8) and (C.9) and expressing the results as a limit y3 —
0+, we have

a1 ‘m Bu Biz| [wi(z,s) s
(uopo — 0; J€),u u-2y31ﬂ0+/ /R2 {521 522} [ () )} dxd (C.10)

where for y3 > 0, on using Eq. (B.4) with z replaced by y

[Z;g Zﬂ dzxds (C.9)

By = —pdHay + 0,,Ehy = 0y, Ely(y, @, 05 — ya, t — 5)’953:0
Bro = pd/HY — 0,5 = —0,,EL (y, , x5 — ys, t — 5)|x3:0
Bo1 = 0 Hiy + 0,,EL = 0,,EL(y, @, x5 — ys, t — 5
By = —pO/HY, — 0,5 = =083, (y, 0, 05 — s, L

>‘x3=0
o S) |z3:0

Using the fact that the dependence of g‘f; on z3 and ys is of the form (z3 — y3),
it follows that on using Eq. (B.10)

8y385 = 895355 = 813Hﬁ(ac,y,x3 — Y3, t — s)}xS:O

Thus expression (C.10) reduces to
1
(n0ro — 8{1J6);Mau = —Ayuly, 1] (C.11)

Thus we see that expressions (C.5) and (C.11) are the same.

Appendix D Evaluation of ', when ¢ = ¢(a), p =
)
From Eq. (56) the matrix operator I',, is defined by

(@) Na) e (@)

When ¢, i depend upon the parameter « only, we have from Eqs. (37), (38)

oy  (£07—0})
((9% - c%@f) _3132

T, =

M, =N, = K,0; "

Hence it follows that

o ¢ 1 2c
%(e Ya)N,) = [_E + K! K 1]2Na — EKO@U
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where the matrix o is given by Eq. (44), €, ¢ are the derivatives of €, ¢ with respect
to the parameter «, and K is the derivative of the operator K, with respect to the
parameter «, [10,11]. Using the inverse relation between the matrix operators M,
and N,, it follows that

€ 2c

_ (- _ / -1 =2
r,=(--KK, )I+CK{ 5.0, O + 2)

€ «

OT +02) 010, }

Hence using relationship given by Eq. (52), it follows that

92 9,0,
0,0, 2

/ 2 / 2 /
To=(S+ 2 K KO+ K2 [
€ & &
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