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Abstract

An experimental approach to verify the forward scattering sum rule for pe-
riodic structures is presented. This approach allows an upper bound on the
total cross section integrated over a bandwidth from a simple static problem
to be found. Based on energy conservation, the optical theorem is used to
construct a relation between the total cross section and the forward scattering
of periodic structures as well as single scatterers inside a parallel plate waveg-
uide. Dynamic measurements are performed using a parallel plate waveguide
and a parallel plate capacitor is utilized to find the static polarizability. Con-
vex optimization is introduced to identify the total scattering in the dynamic
measurements. The results show that the all spectrum interaction between the
electromagnetic field and an object are proportional to the static polarizability
of the object.

1 Introduction

The scattering properties of periodic structures have been a research topic for over a
century, used to study a diverse range of systems from, electron transport in nanos-
trutures to EM wave propagation. Although determining the dynamic properties of
an object using experimental scattering techniques can be very problematic, espe-
cially when the phase of the wave has to be accurately measured. In this paper we
present a relative scattering technique for EM wave propagation over an arbitrary
object, which enables insight into the objects dynamic properties, without the need
for difficult phase calibrations. In terms of forward scattering, the optical theorem
relates the real part of the forward scattering amplitude to the total cross section
of any scatterer [13,19,27]. The forward scattering sum rule shows that the total
cross section of an object integrated over all wavelengths is proportional to the static
polarizability of the object. This simple relation offers an understanding of the total
interaction between the EM field and an object over the entire spectrum. This was
first discussed by Purcell for dielectric spheroids [21], then generalized to arbitrary
objects in [6,25]. The sum rule has in recent years been used to introduce bounds
on antennas [7-9, 24|, metamaterials [26], and extraordinary transmission [10].

The optical theorem and the forward scattering sum rule have recently been
generalized to 1D and 2D periodic structures in [12]. Moreover the scattered and
absorbed power from an incident plane wave is known to be proportional to Im h(k),
where h(k) = i2(1 — T'(k))A is a Herglotz function [3,12,20] (or a positive real
function [14]), where i* = —1. Here, A is the cross sectional area of the unit cell and
T is the co-polarized part of the fundamental mode transmission coefficient.

In this paper, the optical theorem and the forward scattering sum rule are ex-
tended to the case of parallel plate waveguides. The waveguide is used for wide-
band scattering characterization of materials. We show that this set-up can be used
as a quasi-2D experimental methodology to find the scattering properties of one-
dimensional periodic structures. Properties of the positive real functions, together
with convex optimization [4] are utilized to combat the noise level in the system.



The low-frequency asymptotic expansion of the positive real function [11] (similar
to Herglotz and Nevanlinna functions [3]) gives the relationship between the dynamic
measurements and the static polarizability. In order to measure the static properties,
a basic measurement set-up consisting of a parallel plate capacitor is used. The static
polarizability is deduced from the small difference of the capacitance when the object
is inserted in the capacitor [16].

The results show that the entire spectrum interaction between the electromag-
netic field and the periodic structure in a parallel plate waveguide is proportional to
the static polarizability that can be found from a parallel plate capacitor, regard-
less of shape and resonant behavior. This simple approach provides physical insight
into the total cross section integrated over the bandwidth of any scatterer. The
method is applicable for frequency selective structures [18], metamaterials [5,23],
and electromagnetic band gap structures [29].

The remainder of the paper is structured as follows. The optical theorem for
periodic structures as well as single scatterer in a parallel plate waveguide are pre-
sented in Section 2. Forward scattering sum rules are discussed in Section 3. In
Section 4, we report a passive system identification using convex optimization. The
experimental methodology is presented in Section 5, and numerical examples are
illustrated in Section 6. The paper is concluded in Section 7.

2 Optical theorem in a parallel plate waveguide

In this section the optical theorem for a parallel plate waveguide is presented. As
shown in Fig. lab, the optical theorem is calculated for a one-dimensional peri-
odic structure in Section 2.1, and for finite objects inside an imaginary cylinder in
Section 2.2, see Fig. 1c.

2.1 Periodic structures

We consider a one-dimensional planar periodic structure inserted inside a parallel
plate waveguide. The structure has infinite periodicity in the y-direction and is ori-
ented in the yz-plane (see Fig. lab). A linearly polarized time harmonic TEM mode,
Ei(r) = 2Eye %2 impinges upon the periodic structure at normal incidence, where
k denotes the wavenumber and the time convention ! is used. The transmitted
and the reflected fields are denoted E; and E,, respectively.

The transverse components of the transmitted field, denoted by E}” below, are
expanded in a combination of waveguide and Floquet modes (the normal components
can be derived from the transverse components and do not provide additional degrees
of freedom). The spectral decomposition of the modes, taking the periodicity in y-
direction and the electric boundary conditions in z-direction into account can be
written as

Bk = 30 Y Y BulbBG e s o)

m=—oo n=0 v=TE,TM
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Figure 1: Scattering geometry for periodic objects inside the parallel plate waveg-
uide. a) perspective view. E; is the incident field, Ey the transmitted field, and E,
denotes the reflected field. b) front view. The unit cell size is a x b. ¢) top view of
the parallel plate waveguide. The imaginary surface S is a cylinder of radius p and
normal vector n, that encloses the object.

where k, = /k? — (m2n/a)? — (n7/b)2, a is the length of the unit cell in the y-
direction and b is the height of the waveguide, see Fig. 1b. Note the extra factor of 2
in the term m27/a compared to nm/b. When m is large enough, the corresponding
modes are evanescent. Here, E}” denotes the transverse components of the vector

tnv
basis functions for waveguide modes, which are E};, = /€, cos(™*)z for v = TM

tnv
(where ¢, = 1 for n = 0 and €, = 2 for n # 0), and E}., = v2sin(%=)g for v = TE
and n > 0, see [17, p. 64| for more details. The expansion coefficients behind the
structure are,

b a
1 .
B = g5 | / B (k;0,y,2) - BY(2)e™/ dydz, (22)
a
0

where, () denotes the complex conjugate. A general incident field can be expanded
in the corresponding modes, which are related to the modes of the transmitted field
by a linear mapping quantified by the transmission coefficient 75,0 min. In our
case, we consider an incident field consisting of only the TEM mode (m’ =0, n’ =0,
and v = TM), and study the corresponding transmitted mode (m = 0, n = 0, and
v =TM) and define the co-polarized transmission coefficient as 7" = Toorm,00TM™-
The optical theorem for periodic structures is based on energy conservation and
relates the forward scattered field to the total cross section [12]. The incident
power per unit cell is denoted by P. The transmitted power is P, = |T|*P + Py.



Here, |T|?P, is the co-polarized transmitted power in the TEM mode and P;; is the
transmitted power for the remaining modes. The difference between the incident
and the sum of the reflected and transmitted power is the absorbed power, P, =
P,— P, —|T|*P, — P,;, and the sum of the reflected power and the power in the scat-
tered part of the transmitted field is the scattered power, P, = P, + |1 = T]?P, + P,;.
The total power is the sum of the absorbed and scattered power and can be expressed
as

Pt = Py + P, = 2Re{l — T(k)} P. (2.3)

By considering the incident power per unit cell, P, = A|Ey|*/(2n) and normalizing
both sides of (2.3) by the incident power flux, |Ey|?/2n, , the total (extinction) cross
section becomes

Otot = 0a + 05 = 2Re{l — T} A, (2.4)

where A = ab. This relation between the total cross section and the transmission
coefficient is the optical theorem for periodic objects in a parallel plate waveguide.

2.2 Bounded scatterer

In this subsection, the optical theorem is investigated for a non-periodic structure
bounded by an imaginary cylinder. Assume an incident wave propagating in the
positive x-direction, linearly polarized in the z-direction E; = 2Eye **. A scatterer
of arbitrary shape and material placed inside the parallel plate waveguide. Follow-
ing [13, p. 501], the sum of the absorbed and scattered power, here denoted the
total power is

1
Ptot:Pa+Ps:éRe/’ﬁ’[—(Ei—i—Es)X(Hi—i-Hs)*—i-ESXH:}dS
S

1
S

where the surface S encloses the scatterer and n = p = @ sin ¢ + y cos ¢ is the out-
ward pointing normal vector (see Fig. 1c¢). The subscript s stands for the scattered
fields that represent the difference between the fields in the presence and absence of
the object, i.e., B, = E — E;. The surface S does not include the metal boundaries
at z = 0 and z = b, since the power flux is zero through these boundaries. Using
the real part to shift the last complex conjugate from H} to E;, y = 2 x &, and
inserting the expression for the incident field, we get



1 .
P = —5 Re/E*eJk””ﬁ (—Es x gnyt + 2 x H,)dS

b 2w
e//E e (Ey(n - ) +noHs x 1) dpdz
2770
0
b 2T
= 2_— Re/Eg;ej’% (Ey(n- &)+ nH, x n)dp, (2.6)
Mo

0

where (.) denotes the mean value of the fields over the height of the waveguide. The
scattered field can be expanded in cylindrical modes, see Appendix A. There, it is
shown that the mean value in (2.6) is nonzero only for the zeroth order mode, which
is co-polarized to the incident plane wave. By normalizing the total power with the
incident power flux, |Fy|?/2no, the total cross section becomes

Otot = — Re {% /ei’“,% (BEg(n-x)+nHg x n) dgb}, (2.7)
0

where the integral in (2.7) is similar to the far-field amplitude, f;, in two dimensions
which is given by [28]

27

Rk =25 [ 5 (B @) + L x ) do, 2.8)
0

where the co-polarized two-dimensional scattered far field Ey ~ 2 f,, /—2—e %" and

mikp
therefore, the total cross section can be written as

_ E; fs(k)
ot = —4bRe { e } ) (2.9)

The normalization by the height of the waveguide gives the two-dimensional total
cross section.

3 Forward scattering sum rules

The forward scattering sum rule is used to find an upper bound on the total cross sec-
tion of any scatterer. The identities stating that the sum or integral of a variable has
a certain value are categorized as sum rules and are mostly derived using holomor-
phic functions such as positive real or Herglotz (Nevanlinna) functions [3, 11, 14, 20].
In this paper the positive real (PR) function, &?(k), is given by the forward scat-
tering amplitude derived in (2.4) and (2.9), where k = ¢ + jk. In both cases the PR
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Figure 2: Periodic equivalence problem. a) An object is placed in an arbitrary
position between the plates of a capacitor. b) An equivalent problem for part-a
by placing the object and its image at the mid point between two plates. ¢) The
equivalent periodic problem.

function is holomorphic and Re{Z?(x)} > 0 for Re{x} > 0 [12] and is given by

P(k) = {2(1 —T(k))A  for a periodic structure (3.)

_,.;\_4,92\2 Eéfs(ﬁ) for a single scatterer

where the total cross section oy, = Re{Z(k)}.
The low-frequency asymptotic expansion is obtained from Maxwell equations by
an expansion in the fields [22], giving

P(k)=r(e e+ (kxe) vy, (kxe)+o(r) (3.2)

as £—0, where = is the limit inside the right half plane and |arg(x)| < § — ¢ for a
small positive 9, and «, and ~y,, are the electric and magnetic static polarizability
dyadics, respectively. This equation gives the slope of the forward scattering at
low frequencies and as it is shown in Section 6, for long wavelengths compared to
the size of the object this gives a good approximation of the static polarizability.
The parallel plate waveguide in the static limit, & — 0, is equivalent to a parallel
plate capacitor with a uniform field distribution, E,, as shown in Fig. 2a. Here,
v. and «,, are identified as the polarizabilities of an object in the presence of the
metal plates (in the periodic case this is understood as the polarizability per unit
cell). This can be computed directly using proper boundary conditions in the finite
element method, or the corresponding Green’s function in the method of moments.
The methods for periodic structures in [12,22] can also be used, since v, equals half
the polarizability of a mirror-symmetric, periodic structure with unit cell of length
2b, as seen in Fig. 2bc.

The sum rule relates the total cross section over all wavelengths to the static
polarizability and is given by |[3]

Utot(k; k é)

2 T A
%/T’dk:éWeé—i_(kXé)’Ym(kXé)? (33)
0



where é is the real valued unit vector along the polarization of the incident field. The
integration on the left hand side determines the dynamic behavior of the scatterer
and the right hand side can be found from the static properties. The sum rule is used
to derive an upper bound on the total cross section integrated over a bandwidth [3].

In this paper we use a parallel plate waveguide to determine the integral value on
the left hand side and a parallel plate capacitor to measure the static polarizability
on the right hand side of (3.3). The sum rule is valid for passive structures that do
not support currents in the low frequency limit, i.e., that do not short circuit the
plates.

4 Passive system identification using convex opti-
mization

Convex optimization [4] together with the properties of positive real functions are
used to identify the measured passive system. A symmetric PR function can be
represented as

P(K) = bk + / sz”“szG(g), (4.1)

for Rex > 0, where b, is a real valued and non-negative constant, x = ( + jk is the
Laplace parameter, and G(¢) is a positive and finite measure such that [, dG()/(1+
£?) < oo. The spectral function G(€) is uniquely defined as [14]

1
G(E) = = i i . -
(€)=~ lim [ Re 2(C+ k) dk (4.2)
0
Using the low/high-frequency asymptotic expansions of &?(k) based on the
representation (4.1) in the limit ¢ — 0T, and considering the even measure of

G(—&) = G(§), we can write the first integral identity as [11]

o0

%/%;wf)dk:al—bl, (4.3)
0

where the low frequency asymptotic of & is a;k + o(k) and the high frequency

asymptotic is byk+o(k). Here, a; and by are real valued and non-negative constants.

Assuming that the positive real function &7 is sufficiently regular on the frequency

axis k = jk, its imaginary part is given by

o0

, 1 [k , 171 _
where the integral is identified as the Hilbert transform. The second equality is
known as the Plemelj formula [20], it should be noted that the imaginary part of



Z is odd symmetric with Im & (—jk) = —Im Z(jk). The linear transform in (4.4)
acts as a linear operator on the real response Re Z(jk) to yield the imaginary part
Im &(jk) of the passive system. This can be treated as a convex optimization
problem with constraints on the unknown quantities b > 0 and Re £2(jk) > 0. As
a finite-dimensional approximation, the positive and symmetric measure Re Z(jk)
is modeled here by

N-1

Re 2(jk) = Y xu[p(k — (n+ no) Ak) + p(k + (n + no) Ak)], (4.5)

n=0
where x,, is a non-negative real valued variable, Ak is the frequency step, ng is an
offset parameter and p(k) is a triangular pulse-shape (p(k) = 1—|k|/Ak for |k| < Ak
and 0 otherwise). By inserting the approximated Re Z(jk) in (4.4) the imaginary
part becomes

N—-1

Im 2 (jk) = bik + Y x[p(k — (n + no)Ak) + p(k + (n + no) AK)], (4.6)

where p(k) is the Hilbert transform of the pulse shape p(k) given by

VI
p(k)=— | ——p(§)d
o) = [ e ae
~ 2kInl|k| — (k — Ak)In|k — Ak| — (K + Ak)In |k + AF|
B TAk
with p(£Ak) = F(2In2)/7 and p(0) = 0. By applying the finite-dimensional ap-
proximation the sum rule in (4.3) can be represented as

(4.7)

N-1
1 2
1 2 In (n+ng)
TAk ZnO (n+mny—1)(n+mny+1)

= a1 — bl. (48)

Considering the real and imaginary responses of &, and also the sum rule
in (3.3), we define the convex optimization problem

minimize || 2 (jk) — ™M (ik)||
subject to Re Z(jk) > 0, k € [ko, ks3],

e (]
2 27U g <
- 5 ae<n,
ko

where M) (jk) is the measured forward scattering for k € [k;, ko] which is inside
the modeling interval ky < k1 < ky < k3 and 7, is an upper bound on the sum rule.
The norm is defined as

|2Gk) — 2 ) || = /w(k)|92(jk) — PO ()2 dk, (4.10)

k1



where w(k) is a positive weighting function.

Consider the measurement model as Z(jk) = f(k) + g(k)n(k), where f(k)
and g(k) are given, and n(k) is uncorrelated complex Gaussian noise with vari-
ance o2. Hence, the variance of the uncorrelated measurement noise is |g(k)|?c?2
and the proper weighting function in a Maximum Likelihood estimation [15] is

w(k) = |g(k)|~2, and particularly, in the methodology of this paper we find that

o ]{7’5’21,emp‘2
- I

k) =|g(k)| ™2 4.11
w(k) = lg(k)| > = 22 (411)
where S emp 1S the scattering parameter for the empty setup (see Section 5.1 for

more details).

5 Experimental Methodology

The methodology used to illustrate the sum rule is presented in this section. A
parallel plate waveguide is used to investigate the dynamic properties, and a parallel
plate capacitor is used to determine the static properties of an object.

5.1 Parallel plate waveguide

A parallel plate waveguide is used to test the scattering properties of different ob-
jects. Two in-house fabricated wide-band TEM horn antennas are placed inside
the waveguide and are fed via the lower plate as shown in Fig. 3a. The antennas
are separated by a distance of 0.98 m and the object is placed in the middle of the
waveguide. The TEM horn antennas are supported by a piece of Rohacell material
with relative permittivity, €, ~ 1. Microwave flat absorbers are placed around the
waveguide to reduce the internal reflections and external interferences. The sepa-
ration between two plates is 21.3 mm, which gives the first higher order mode at
f ~ 7GHz.

In order to measure the forward scattering, the scattered field, Eg, is determined
from the difference between the fields in the presence and the absence of the object.
We consider a plane wave incidence, E;(r) = Eoe %%, to an object confined between
the plates. The co-polarized scattered field in the far-field region can be expressed

as
2-E Nf,/ie-i’w (5.1)
S S ijp . .

The distance between two antennas is denoted by d and the separation between
the object and the transmitting antenna is d;. The scattered field received by the
antenna in the absence of the object is

2 .
Eng = for| ——ec ¥ 5.2
0 fO ﬂ_jkde ) ( )
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Figure 3: a) The parallel plate waveguide setup consists of two TEM horn antennas
and microwave flat absorbers. The distance between the antennas is 98 cm and
the object is placed at the midpoint between the antennas. The two plates are
150 x 100 cm? and separated by 21.3mm. b) The parallel plate capacitor setup
consists of two circular copper plates held by plastic arms. The distance between
the plates is 21.3 mm and is fixed by plastic distance supports

where fy is the far-field amplitude generated by the transmitting antenna. The
object is assumed to be in the far-field of the antenna and thus the far-field amplitude
at the object is also fj.

The incident field on the object is given by

2 .
Ey = for| ——e ", :
0= Jo wjkdle (5 3)

This electric field induces currents on the object and it acts as a scatterer. The
resulting electric field on the receiving antenna in the presence of the object is
denoted by E,¢ and thus the scattered field of the object itself can be written as
Es = E, s — E.(. According to (2.9), the positive real function is defined as

Z(jk) =

_4fs o 4 1 Er,s 7T.]kdl<d B dl)
jkEy — jk Erp 2d ’
where &7, denotes the PR defined in (3.1) normalized with the height of the waveg-
uide, i.e., P, = £ /b, and this can be approximated by:

(5.4)

Z(jk) = (5.5)

ik 2d ’

—4fs _ 4 1 S21,obj ijdl(d— dl)
jkEy ik

SQl,emp

where S5 op;j is the ratio between the out-coming wave at the port of the receiving
antenna and the incident wave at the port of the transmitting antenna in the presence
of the object. For the periodic structures discussed in 2.1, we use the top equation
in (3.1) to find the forward scattering, &, where the transmission coefficient is
defined as T' = S51 obj/S21,emp-
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5.2 Parallel plate capacitor

The parallel plate capacitor consists of two circular shaped copper sheets printed
on a dielectric substrate made of FR4 substrate with relative dielectric constant,
€ ~ 4.4, and is used to determine the polarizability (see Fig. 3b). A Faraday cage,
and a ground plane, are used to mitigate interference and current flows between
different grounds in the system. An Agilent 4294A Precision Impedance Analyzer
is used to measure the capacitance at f = 1 MHz.

The relation between the capacitance change and the polarizability of a bounded
object inside the parallel plate capacitor is given by [16]

) ACd?

”ye:Z"')/e'ﬁ: ) (56)
€o

where AC = Cy — C, is the difference between the capacitance in presence, Cj,
and the absence, C,, of the object, d is the separation between the two plates and
€o is the vacuum permittivity. For each sample the measurement was repeated 10
times to mitigate the possible positioning or distance errors. As seen in Fig. 3b, six
plastic distance precisions are placed on the edges of the plates to keep the distance
constant in different measurements. The separation distance, d = 21.3mm, is the
same as the height of the parallel plate waveguide and the objects (more details in
Section 6).

6 Experimental results

In this section, four different scattering objects are considered to illustrate the for-
ward scattering sum rule. In each case, the dynamic measurement in the parallel
plate waveguide is shown. Then convex optimization is applied to predict the low
frequency limits and is followed by the static measurement of the object inside the
parallel plate capacitor. The static polarizability is determined by the variations of
the capacitance between the absence and the presence of the object placed in the
middle of the plates. The static results are then compared to the total cross section
computed from the dynamic measurements in the parallel plate waveguide.

6.1 Cylindrical SRR

A cylinder of split ring resonators (SRR) composed of 16 SRRs etched in 18 um
copper and supported by a 21 x 160 mm? and 127 um thick Arlon Diclad880 with
relative permittivity, e, = 2.17, is used. The C-shaped unit element has the outer
diameter ¢ = 8 mm, the strip width ¢ = 0.5mm, and the gap distance g = 0.7 mm.
The unit element is designed to be resonant at 5.5 GHz.

The forward scattering of this object is measured inside the parallel plate waveg-
uide over the frequency range [2 — 20] GHz. The resulting forward scattering, &,
is illustrated in Fig. 4a. Solid lines show the measured values averaged over 10
measurements to reduce the noise level, whereas the error level is shown with bars.
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Averaging has the advantage of removing the unwanted measurement errors espe-
cially at low frequencies, which have the highest impact on determining the low
frequency limit on the right hand side of the sum rule (3.3). Except for the frequen-
cies below 3 GHz, the set-up is considered to be stable over different measurements
and as seen from Fig. 4a the experimental errors are small, hence for clarity we do
not show the bars in figures 4b—6a.

Convex optimization is used to compute an all-spectrum representation of the
measured values according to Section 4. The dashed curves in Fig. 4b show the real
and the imaginary part of the forward scattering predicted by the convex optimiza-
tion problem. Since the imaginary part approaches f = 0 Hz linearly, it can be used
to estimate the low frequency limit in (3.3) accurately. Using the optimization solu-
tion, the value of the linear slope of the curve is estimated to Z(jk)/jk = 3.4cm? as
k — 0 and the value of the integral (3.3) from 0 to 20 GHz is 2.87 cm® which gives
88% of the integral over all wavelengths. It should be noted that the upper bound,
Yus in (4.9) has been chosen using a search over an assumed range of polarizabilities
in order to make sure that the corresponding constraint is active.

The solid lines in Fig. 4b represent the measured values. By integrating the
total cross section, oyr = Re &2, over the frequency range of the measurement, we
get 2.75cm?® which is less than the value obtained from the convex optimization
problem. The reason is that, first, the optimization has the advantage of neglecting
negative parts due to the fact that o, cannot be less than zero, and second, the
integration in the optimization formulation starts from f = 0 Hz according to (3.3),
whereas in measurements, it starts from f = 2 GHz.

The parallel plate capacitor is used to measure the static polarizability of the
object. The resulting value averaged over 10 measurements with standard deviation,
o = 0.04cm?, is estimated to 7, = 3.65cm3. This is in a good agreement with
low frequency limit, 2 (jk)/jk = 3.4cm? as k — 0, from the dynamic measurement
inside the parallel plate waveguide. Since the measured capacitances in the capacitor
are in the order of picofarads, the difference can stem from small errors in the
measurement set-up.

A cuboid-shaped 21 x 120mm? Arlon Diclad 880 is used to support 8 SRRs
having the same dimensions as in the previous example. The forward scattering
measurement of this object is shown as solid curves in Fig. 5a. As can be seen, this
structure has a stronger resonance compared to cylindrical ones, which is due to the
angle of incidence and mutual coupling between elements. In spite of this, the size of
the object is smaller which leads to a narrower bandwidth and a lower integral value
in (3.3). The integration of the measured value from 2 to 20 GHz gives 3.10 cm?
and the optimal solution from 0 to 20 GHz gives 3.07 cm?®, which is essentially the
same and it shows the good agreement between the measured values and the convex
optimization problem. The optimal solution gives Z(jk)/jk = 3.57cm? as k — 0
while the achieved polarizability from the capacitor is estimated to . = 3.53 cm?.
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Figure 4: a)Average of the 10 measurements (solid curves) for the forward scattering
for an array of circular split rings, see Fig. 4b. Maximum and minimum values over
the 10 measurements are illustrated by the bars. b) Measured values (solid curves)
and the optimal solution (dashed curves) for the forward scattering of a cylinder of
split ring resonator with the diameter of unit element, / = 8 mm.

Figure 5: a) Measured values (solid curves) and the optimal solution (dashed
curves) for the forward scattering of a) a cube of SRRs with the diameter of the
unit element, £ = 8 mm and b) a cuboid-shaped SRR structure inside a cylinder of
split ring resonators with the diameter of unit element, ¢ = 8 mm.
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6.2 Cylindrical and Cubic SRRs

Consider an object composed of a cylindrical- and a cuboid-shaped structure of SRRs
(see Fig. 5b). As can be seen, the object is the combination of two structures in the
Example A. The resonance frequency of this object is the same as the Example A.
However, the coupling between split ring resonators causes a wider bandwidth and
stronger scattering at higher frequencies. The lower left part of Fig. 5b illustrates a
steeper slope of the Im & (jk) compared to that in Fig. 4b and Fig. ba.

The convex optimization estimates the low frequency asymptotic to 6.51 cm?® as
k — 0 and the left hand side of the sum rule (3.3) integrated from 0 to 20 GHz to
5.58 cm®. The integrated value of the Re Z(jk) from measurement gives 5.53 cm?
which is less than the optimal solution, and as discussed in Example A, the sys-
tem noise causes negative parts in the measured signal which in turn decreases the
integral value. Using the parallel plate capacitor, the polarizability is determined
to 7. = 7.03cm?. The sum of the polarizabilities of two objects in Example A is
3.53 + 3.65 = 7.18 cm® which is similar to the polarizability of this example. This
verifies the additive property of the polarizability in the static limit.

6.3 Double Resonance Structure

In Fig. 6a, the forward scattering of a double resonant structure, consisting of the
cylindrical SRR in Example A and an in-house fabricated SRR structure supported
by a cuboid-shaped plastic, is shown as solid curves. The in-house fabricated struc-
ture is composed of 6 x 4, 1 mm thick split ring resonators that each has an outer
diameter of 4.8 mm and an inner diameter of 4 mm with an air gap of 1 x 1mm. As
can be seen, the first resonance at f = 5.5 GHz is caused by the cylindrical SRR
structure and the second resonance at f = 9 GHz represents the in-house fabricated
object. The convex optimization solution is shown as dashed curves. The second
resonance in Fig. 6a has a wider resonance behavior which is mainly due to the
dielectric scattering contributions of the plastic support.

The optimal solution from the convex optimization estimates the polarizability
to P(jk)/jk = 6.42cm® as k — 0, and the integration on left hand side in (3.3)
over the frequency range f = [0 — 20] GHz is estimated to 5.28 cm® which is 88%
of the low-frequency approximation. The integration of oy from f = 2GHz to
f = 20GHz from measurement is 5.4cm?. The electric polarizability, v., found
from the parallel plate capacitor, is 7.58 cm?.

The results from this example illustrate that regardless of the shape of the scat-
terer and its resonance behavior, the total cross section is always bounded by the
static polarizability. In this particular example, the structure can be designed to
have more resonances or wider bandwidth. However, in either case the total interac-
tion between the fields and the object are bounded by the static polarizability that
is measured in the parallel plate capacitor.
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Figure 6: a) Measured values (solid curves) and the optimal solution (dashed
curves) for the forward scattering of a in-house fabricated cuboid-shaped SRR struc-
ture inside a cylinder of split ring resonator with the diameter of unit element,
¢ = 4.8 mm for the inner object and ¢ = 8 mm for the outer one. b) Measured values
(solid curves) and the optimal solution (dashed curves) for the forward scattering of
a in-house fabricated planar periodic structure of split ring resonators with 20 mm
spacing between each two elements.

6.4 Planar periodic structure

In order to show the optical theorem for periodic structures discussed in 2.1, we
consider a planar periodic structure consisting of split ring resonators attached to a
Styrofoam slab as shown in Fig. 6b. The forward scattering of the periodic structure
using (2.4) is shown in Fig. 6b. Solid lines show the measured values and the dashed
lines are the optimal solution from the convex optimization problem. Choosing an
appropriate upper bound on the polarizability, i.e.,v, = 0.211cm?, in (4.9) the
static polarizability per unit cell is estimated to Z2(jk)/jk = 0.208 cm?® as k — 0.
The left hand side of the sum rule by integrating oo/ k? is estimated to 0.158 cm?
and 0.111 cm?® for the optimal solution and the measured values, respectively. Using
the parallel plate capacitor, the static polarizability is measured over 11, 4 and 2
unit cells separately. All the measured values provide similar results for a unit cell,
i.e., Ve = 0.196 & 0.001 cm?.

7 Conclusions

In this paper, a sum rule for parallel plate waveguides is investigated. We have
demonstrated that the total interaction between the electromagnetic field and a
scatterer, integrated over all frequencies, is bounded by the static polarizability of
the object. We show that the optical theorem inside the waveguide is solely related
to the zeroth order propagating mode and therefore the problem can be treated as a
2D scattering problem. A parallel plate waveguide has been used to determine the
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total cross section and a parallel plate capacitor to find the static polarizability of
various resonant scattering objects. The accuracy of the measurements is improved
by applying a convex optimization problem to identify the passive system. The left
hand side of the sum rule from dynamic measurements is on the average about 80%
of the polarizability in the right hand side measured in the parallel plate capacitor.
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Appendix A Cylindrical wave mode expansion

The scattered fields inside the parallel plate waveguide are decomposed to TE and
TM modes:

TE modes : { B, = Epp;i_ Esd .
H,=Hp+ Hyp + H.2

TM modes : { E,=E,p+ E‘b&f’_ E.2
Hs - Hpﬁ + H¢¢

According to (2.6) and Fig. 1c, n = p, 2- By, = EJ™ and H; x i = —Hy2 for both
TE and TM modes. This reduces (2.6) to

o oo b 27
Prot = ;—%Re {E; Z Z//e’m (EfMcosg — no(HgE + HgM))pdgb dz}, (
m=0 n=0 0

where the integral is on a circular cylindrical surface defined by /22 +y? = p =
constant. The expansion of the fields in cylindrical waves for the mn mode is given
by [2]

kQ
EzTXn(% ¢,2) = —jBun—L-HP (k,p) cos(me) cos(@z) (A.2)
WLE b
k nm
H¢Tl\rx/{n(p7 ¢7 ) mn ;HT(nQ) (kpp) COS(m¢) COS(TZ) (AS)
Hon(p:0,2) = JAmn L H (pp) sin(mo) cos(2), (A4

where m = (0,1, ...) is the index for the cylindrical wave and n for the waveguide
modes, A,,, and B,,, are the frequency dependent expansion coefficients for TE
(n=1,2,...) and TM (n=0,1,...) modes, respectively and k, = /k* — () is the
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nm

7 2) and

wavenumber in the p direction. Vertical variations are solely based on cos(
by integrating the variations over the z-axis we get

b

Cp = /cos(n%z) dz = {b forn =0 (A.5)

0 forn > 0.
0

It should be pointed out that all higher modes have zero contribution and only
the zeroth order mode remains and thus, k, = k. The ¢—dependence in (A.1) is
in the exponential coefficient and also in cos(m¢) which is hidden in the fields. By
using = = pcos(¢) and using the integral representation of the Bessel function we
get [13, p. 140]

2

/ &FPe0s? cos(mep) do = 2™ I (kp), (A.6)
0
where J,,,(kp) is the Bessel function of the first kind and order m. Using (A.5)

and (A.6) and the fact that only the zeroth order mode contributes in the optical
theorem, the total power in (A.1) is simplified to

Py = % Re {E5 Y 27" keo Buuob[HS (kp)Jy, (kp) — HE (kp)Jum (kp)]}, (A7)
0

m=0

where ¢y is the speed of light in vacuum. The statement inside the bracket is
similar to Wronskian of the Bessel functions. By expanding the Hankel functions
to Bessel and Neumann functions and using the Wronskian [1], i.e., [Hf,%)Jjn(kp) -

HY (kp)J(kp)] = %kp the total power can be simplified to

1 & 4
Frot = TR > Re {Z B keobBuo }- (A.8)
m=0

This is valid for any p and by normalizing the total power with the incident
power flux, |Eg|?/2n, the total cross section can be written as

EG fs(k)
ot = —4bRe { =2 A9
Otot e{jk’E0‘2}7 ( )

where we used the definition in (2.8).

Appendix B Transmission in the waveguide

The TEM horn antenna inside the waveguide is used for smooth transition from the
antenna port to the waveguide. The reflection coefficient, |S11| in Fig. 7 shows that
the antenna has the best performance up to 12 GHz. Since the signal to noise ratio
inside the waveguide is not a major issue, the matching of —5dB at higher frequen-
cies is also acceptable. The transmission inside the waveguide | Sy | is shown in Fig. 7
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Figure 7: Measured values of |Sg;| in the presence (solid) and the absence (dashed)
of the object is shown in the figure on the left. The figure on the right side shows
the |S11| in the absence of the object.

for the first example in the presence and the absence of the object. The transmission
is maximum for the lower frequencies since the antenna is better matched and the
gain is higher. The other effect that declines the performance is the existence of
the higher order modes for higher frequencies. It is obvious from the figure that the
transmission is clearly different in the absence and the presence of the object, even
for higher frequencies where the scattering is very low and the antenna performance
is not as good as the lower frequencies.
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