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Abstract

Forward scattering of antennas is related to antenna performance via the for-
ward scattering sum rule. The forward scattering sum rule is an integral
identity that shows that a weighted integral of the extinction cross section
over all spectrum is proportional to the static polarizabiliy of the antenna
structure. Here, the forward scattering sum rule is experimentally veri�ed for
loaded, short circuit, and open circuit cylindrical dipole antennas. It is also
shown that the absorption e�ciency cannot be greater than 1/2 for recipro-
cal linearly polarized lossless matched antennas with a symmetric radiation
pattern.

1 Introduction

The interaction between an electromagnetic wave and a receiving antenna can be
decomposed into absorption and scattering. The absorption properties are most
important in the majority of antenna applications and they are also related to the
radiation properties for reciprocal antennas [16]. There are also interests in the
scattering of receiving antennas and it has been shown that the forward scattering
sum rule is related to antenna properties such as bandwidth [8�10].

Investigations of antenna scattering goes back to the work by King [12], and its
use to measure the input impedance has been investigated in [15, 20]. The analysis
of minimum scattering antennas by Green in [5] shows that the scattering of small,
single mode, and matched antennas scatter and absorb equal amounts of power.
In [2], Andersen and Frandsen show that the absorption e�ciency can take any
number between zero and one. They also use forward scattering to introduce a
bound on the absorption e�ciency expressed in the scattering directivity. In [19],
Steyskal considers absorption in large aperture antennas, and shows that a semi-
transparent antenna is a requirement for an absorption e�ciency greater than 1/2.

Forward scattering is particularly interesting as the forward scattered �eld is
directly related the extinction cross section via the optical theorem. The forward
scattering sum rule [6, 11, 18] shows that a weighted integral of the extinction cross
section over all spectrum equals the static polarizabiliy of the scatterer times a
constant. This provides a link between the static properties of the antenna structure
and the dynamic properties of the antenna. It is used to derive physical bounds on
resonance antennas in [8�10] and ultra-wideband antennas in [17].

In this paper, we determine the forward scattered �eld for loaded, short circuit,
and open circuit dipole antennas experimentally. The results verify the forward
scattering sum rule [6, 18]. They also show that loaded and short circuit antennas
have equal integrated extinction, whereas the open circuit antenna has less. This
is also understood from the polarizability as the open circuit corresponds to two
separate cylinders, whereas the loaded and short circuit antennas correspond to a
single cylinder. Moreover, it is shown that the geometrical average between the
absorption cross sections in the forward and backward directions is bounded by the
extinction cross section and the mismatch. In particular, it shows that matched an-
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Figure 1: Receiving and transmitting antennas connected to a transmission line
with characteristic impedance Z0. a) receiving antenna with the incident �eld

Ei(r) = êE0e
ikk̂·r, received voltage V1, and a matched load. b) transmitting

antenna with the incident voltage V2, re�ected voltage V1, and radiated �eld
E(r) = f(r̂)V2

eikr

r
. The antenna is connected to a power supply that is matched to

the transmission line.

tennas with a symmetric radiation patterns in the forward and backward directions
cannot absorb more power than it scatters.

This paper is organized as follows. In Sec. 2, forward scattering of loaded and
unloaded antennas are analyzed. Forward scattering measurements and the forward
scattering sum rule are discussed in Secs 3 and 4, respectively. Experimental and
numerical results for a cylindrical dipole are presented in Sec. 5. Conclusions are
given in Sec. 6.

2 Antenna forward scattering

The interaction between an antenna and an electromagnetic wave can be decom-
posed into scattering and absorption. Consider an incoming linearly polarized plane
wave Ei(r) = êE0e

ikk̂·r, where k̂ and ê are unit vectors describing the propaga-
tion direction and polarization, respectively, r the position vector, k = ω/c0 the
wavenumber, c0 the speed of light in vacuum, i2 = −1, and the time convention
e−iωt is used. The scattered power, Ps, is given by the scattering cross section,
σs(k̂, ê), times the incident power �ux Pin = |E0|2/(2ζ0), i.e., Ps = σsPin, where
ζ0 denotes the free-space impedance. Similarly, the absorbed power is Pa = σaPin,
where σa = σa(k̂, ê) is the absorption cross section.

The antenna is assumed to be lossless and connected to a lossless transmission
line with characteristic impedance Z0, see Fig. 1. Decompose the voltage in the
transmission line into incident and re�ected (or received) voltages V2 and V1, re-
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spectively. Note that incident and re�ected voltages refers to the antenna, i.e., the
incident voltage propagates from the power supply towards the antenna. They are
related by the re�ection coe�cient of the antenna Γ = (Z − Z0)/(Z + Z0), where
Z is the antenna input impedance. The antenna is analyzed using incident plane
waves and incident voltages.

To start, consider a receiving antenna with a load matched to the transmission
line, see Fig. 1a. Conservation of power implies that the received power in the load
equals the absorbed power for lossless antennas, i.e.,

|V1|2

2Z0

= σaPin =
σa|E0|2

2ζ0
(2.1)

that expresses the absorption cross section (partial e�ective aperture) as

σa(k̂, ê) =
|V1|2ζ0
|E0|2Z0

. (2.2)

Absorption and radiation properties are related to each other for reciprocal antennas.
This o�ers an additional expression for the absorption cross section. Use that the
radiated �eld is proportional to the incident voltage on the transmission line, V2,
and can be written as

E(r) = F (r̂)
eikr

r
= f(r̂)V2

eikr

r
(2.3)

in an arbitrary direction r̂ = r/r as r = |r| → ∞, see Fig 1b, where the far �eld F
has dimension volt and f is dimensionless. The corresponding partial directivity [3]
for the polarization ê is

D(r̂, ê) =
|f(r̂) · ê|24π∫
|f(r̂)|2 dΩ

=
|f(r̂) · ê|24πZ0

ζ0(1− |Γ |2)
, (2.4)

where the integration in the denominator is over the unit sphere, and it is used that
the total radiated power can be written

|V2|2(1− |Γ |2)
2Z0

=
|V2|2

2ζ0

∫
|f(r̂)|2 dΩ. (2.5)

The partial directivity in the direction k̂ is hence related to the absorption cross
section (partial e�ective aperture) in the direction −k̂ via the relation [16]

σa(−k̂, ê) =
D(k̂, ê)(1− |Γ |2)π

k2
=
|f(k̂) · ê|2Z04π

2

ζ0k2
. (2.6)

It turns out that it is convenient to consider the geometric average between
the absorption cross sections in the directions k̂ and −k̂. Combining the expres-
sions (2.2) and (2.6) gives

σ̃a(k̂, ê) =

√
σa(−k̂, ê)σa(k̂, ê) =

∣∣∣∣∣ ê · f(k̂)V12π

kE0

∣∣∣∣∣ . (2.7)
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Figure 2: Antenna forward scattering. The antenna is connected to a transmission
line with characteristic impedance Z0 and electric length δ that is terminated in a
load with impedance ZL.

The above results are valid for arbitrary lossless antennas connected to a trans-
mission line that is terminated in a matched load. We analyze the scattering
and absorption properties of the antenna by terminating the transmission line of
electric length δ in a load with impedance ZL, giving the re�ection coe�cient
ΓL = (ZL−Z0)/(ZL +Z0), see Fig. 2. The scattering of this antenna can be decom-
posed into scattering from the antenna and scattering from the load that terminates
the transmission line. The received voltage in the transmission line is V1,0 = V1 in
the case with a matched load ZL = Z0. The received voltage is re-radiated if the
transmission line is not terminated in a matched load. This part is given by

V2,ΓL
= V1e

i2kδ ΓL

1− ei2kδΓLΓ
(2.8)

and the re-radiated far �eld is f(r̂)V2,ΓL
.

The scattered far �eld, F s,ΓL
(r̂), in the direction r̂ can be written as the sum

F s,ΓL
(r̂) = F s,0(r̂) + f(r̂)V1

ei2kδΓL

1− ei2kδΓLΓ
, (2.9)

where F s,0(r̂) denotes the scattered far �eld with a matched load, i.e., ΓL = 0 and
f(r̂) is the far �eld of the antenna normalized to a unit voltage excitation (2.3).

The extinction cross section σext is the sum of the scattering and absorption cross
sections, σext = σs + σa. The optical theorem [13, 18] shows that σext is related to
the forward scattered �eld as

σext,ΓL
= 4π Im

{
ê · F s,ΓL

(k̂)

E0k

}
= σext,0 + 2σ̃a Im

{
eiϕ

ei2kδΓL

1− ei2kδΓLΓ

}
, (2.10)

where ϕ = arg(ê · fV1/E0).
Use all re�ection coe�cients, ei2kδΓL, in (2.10) to show that the extinction cross

section is bounded as

0 ≤ min
|ΓL|≤1

σext,ΓL
= σext,0 + 2σ̃a min

|ξ|≤1
Im

{
ξeiϕ

1− Γξ

}
= σext,0 − 2σ̃a

1 + Im{Γ e−iϕ}
1− |Γ |2

≤ σext,0 −
2σ̃a

1 + |Γ |
, (2.11)
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where the last inequality becomes an equality if arg{Γ e−iϕ} = −π/2, see also App. A.
The inequality (2.11) simpli�es to a bound on the average absorption cross section

σ̃a ≤ σext,0
1 + |Γ |

2
. (2.12)

Note that this shows that the absorption e�ciency [2] of reciprocal lossless matched
linearly polarized antennas with symmetric radiation patterns are bounded as η =
σa(k0)/σext,0(k0) ≤ 1/2. A linearly polarized antenna can hence only have η > 1/2
if it is mismatched or if it has an unsymmetric radiation pattern. The bound (2.12)
is of interest for cloaking of sensors [1], as it shows that it is di�cult to reduce the
scattering without mismatching the antenna.

It is noted that observations of F s,ΓL
applied to di�erent loads, ΓL, can be used

to determine σ̃a and Γ for the antenna. Use (2.9) and solve for σa and Γ . Here, we
restrict the analysis to the cases with δ = 0 and matched (ΓL = 0), short (ΓL = −1),
and open (ΓL = +1) circuit loads. This gives{

∆s = 4πê · (F s,−1 − F s,0)/(kE0) = −2σ̃aeiϕ
1+Γ

∆o = 4πê · (F s,+1 − F s,0)/(kE0) = 2σ̃aeiϕ

1−Γ
(2.13)

for the open and short circuit cases, respectively, with the solution

σ̃a =

∣∣∣∣ ∆s∆o

∆s −∆o

∣∣∣∣ and Γ =
∆o +∆s

∆o −∆s

. (2.14)

The input impedance is also determined to Z = −Z0∆o/∆s. These results are
related to the common backscattering technique [12, 15, 20].

3 Forward scattering measurement

It is not possible to measure the forward scattered �eld directly. Instead, the scat-
tered �eld is determined from the di�erence between the measured �elds with and
without the scattering object present. This requires a high signal to noise ratio as
the incident �eld dominates over the scattered �eld.

The measurement setup for the forward scattered �eld is illustrated in Fig. 3.
The transmitting and receiving antennas faces each other at the distance 2d. First,
the co-polarized �eld, Er,0, without the scatterer present is recorded. The scatterer
(AUT) is placed in the center between the transmitting and receiving antennas and
the co-polarized �eld Er,s is recorded. The scattered �eld at the receiving antenna is
Es = Er,s−Er,0. Use the far-�eld approximation to estimate the incident �eld at the
scattering object. The electric �eld at the distance r from the transmitter is written
E(r) = V0e

ikr/r, where the voltage V0 quanti�es the amplitude of the transmitted
�eld. The incident �eld at the scattering object is E0 = E(d) = V0e

ikd/d and the
received �eld without the scattering object is Er,0 = E(2d) = V0e

i2kd/(2d) giving

E0 = 2Er,0e
−ikd. (3.1)
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Figure 3: Forward scattering setup. A spherical wave from the transmitter (T)
illuminates the antenna under test (AUT) and the receiver (R). It induces a spherical
wave originating from the AUT.

The far-�eld approximation is used to express the scattered far-�eld in the received
scattered �eld, i.e.,

Es = Fs
eikd

d
and Fs = de−ikdEs. (3.2)

Finally, the optical theorem [13, 18] is used to determine the extinction cross section
from the forward scattered �eld as σext = Imh, where

h = 4π
Fs

kE0

=
2πd

k

(
Er,s

Er,0

− 1

)
. (3.3)

4 Forward scattering sum rule

Causality implies that h(k) is a holomorphic function of k for Im k > 0, see [6, 9, 18].
This together with the sign Imh(k) ≥ 0 classi�es h(k) as a Herglotz function [4, 14].
The low-frequency asymptotic behavior, h ∼ γk +O(k2), where

γ = ê · γe · ê+ (k̂ × ê) · γm · (k̂ × ê) (4.1)

and γe and γm are the electro- and magneto-static polarizability dyadics, respec-
tively, and the high-frequency asymptotic [6, 11] are used to show that σext = Imh
satis�es the forward scattering sum rule [4, 6, 9, 18]

2

π

∫ ∞
0

σext(k; k̂, ê)

k2
dk = γ. (4.2)

The integral (4.2) is employed in various ways to produce bounds for di�erent an-
tenna applications, e.g., resonant and constant partial-realized gain in [8�10] and
ultra-wide band cases in [17].

5 Cylindrical dipoles

The forward scattering is illustrated for short circuit, open circuit, and loaded dipole
antennas. The short circuit dipole is made of a cylindrical copper wire with diam-
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Figure 4: The dipole used during the measurements.

eter d = 3.57 mm and length ` ≈ 150 mm. The open circuit and (loaded) dipoles
are composed of two cylinders with lengths 73.7 mm and 73.5 mm (74.2 mm and
74.4 mm), respectively, separated by a 1.1 mm gap. A 50Ω lumped resistance is
placed between the cylinders for the loaded dipole.

The measurements are conducted in the anechoic room at Aalborg University,
which is 7 × 7 × 10 m3. An Emco 3115 horn antenna is used as the transmitting
antenna, and a dual polarized horn from ETS, located approximately 5.5 m from the
transmitting horn, is used for receiving. The antenna under investigation is centered
in the room and �xed by a thin �shing line attached to the ceilings. Altogether
3 dipoles are measured � one which is loaded with 50 Ω, one open and one shorted,
see Fig 4.

The forward scattered �eld is measured as described in Sec. 3 and simulated using
the method of moments (MoM). The real and imaginary parts of h are depicted in
Figs 5, 6, and 7 for the loaded, short circuit, and open circuit dipoles, respectively.
It is observed that the resonance frequencies of the short circuit and loaded dipoles
are around 0.9 GHz whereas the resonance for the opens circuit dipole is at 1.5 GHz.
The linear low-frequency asymptotic behavior, h = γk +O(k2), is also noted in the
�gures. Moreover, it is seen that the proportionally constants, γ, are similar for
the short circuit and loaded dipoles and smaller for the open circuit dipole. The
di�erence between the low-frequency asymptotic behavior of σext = Imh for the
loaded and short and open circuit dipoles can also be seen, i.e., σa ≈ 0 for the open
and short circuit dipoles giving σext = O(k4) as k → 0.

The integrated extinction in (4.2) is also determined: loaded 644 cm3, short
circuit 644 cm3, and open circuit 265 cm3 for the numerical data in 0 < f ≤ 6 GHz,
see Tab. 1. The corresponding measured data gives: loaded 605 cm3, short circuit
670 cm3, and open circuit 322 cm3, where the frequency interval 0.5 GHz ≤ f ≤
6 GHz is used. Note that the weight factor k−2 in (4.2) makes that experimental
data very sensitive to noise at low frequencies.
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Figure 5: Measured (rough curves) and simulated (smooth curves) forward scat-
tering of a 50Ω loaded cylindrical dipole antenna with lengths `1 = 74.2 mm and
`2 = 74.4 mm, diameters d = 3.57 mm and separation 1.1 mm.
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Figure 6: Measured (rough curves) and simulated (smooth curves) forward scat-
tering of a cylinder with length ` = 150 mm and diameter d = 3.57 mm.

The polarizabilities of the dipoles are determined by the separation of charge
for the antenna structures placed in an external, homogeneous electrostatic �eld
using the MoM1 [7]. The equipotential surfaces of the external electric �eld parallel
with the dipoles, i.e., E = E0ẑ, are depicted in Fig. 8. It is observed that the short
circuit and loaded antennas are similar in the static limit, i.e., the resistive load that
connects the cylinders produces a single object with constant potential. The open
circuit dipole is divided into two cylinders with di�erent potentials. The numerical
values are γ = ẑ · γe · ẑ ≈ 661 cm3 for the solid cylinder and γ ≈ 291 cm3 for the
two cylinders.

The forward scattering data for the loaded (Fig. 5), short- (Fig. 6), and open-
circuit (Fig. 7) dipoles are used to determine the absorption cross section and re-

1see also http://www.mathworks.com/matlabcentral/�leexchange/26806-antennaq
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Figure 7: Measured (rough curves) and simulated (smooth curves) forward scat-
tering of two cylinders with lengths `1 = 73.7 mm and `2 = 73.5 mm, diameters
d = 3.57 mm and separation 1.1 mm.

loaded short open
simulation: γ/ cm3 661 661 291

simulation: 2
π

∫ k2
0

σext(k)
k2

dk/ cm3 644 644 265

measurement: 2
π

∫ k2
k1

σext(k)
k2

dk/ cm3 605 670 322

Table 1: Numerical and experimental results for the loaded, short-, and open circuit
dipole antennas. The simulations and measurements are for 0 ≤ f ≤ 6 GHz and
0.5 ≤ f ≤ 6 GHz, respectively.

�ection coe�cient for the loaded antenna through the relation (2.14). The resulting
absorption cross section is depicted in Fig. 9. It is observed that the measured
and simulated results are similar. The absorption cross section is maximal for
f0 ≈ 0.9 GHz with σa(f0) ≈ 160 cm2. This is approximately half of the extinc-
tion cross section depicted in Fig. 5. The corresponding re�ection coe�cient is
depicted in Fig. 10. Here, it is seen that the antenna is not perfectly matched at
f0 ≈ 0.9 GHz. A matched dipole has a radiation resistance close to 74 Ω and not
50 Ω as is used here. It is also observed that the re�ection coe�cient is close to one
for f � f0. The simulated and measured results show similar features, but the noise
increases compared to the forward scattering results in Figs 5, 6, and 7.

The absorption e�ciency η = σa/σext is depicted in Fig. 11. Here, it is observed
that η(f0) ≈ 0.45 and η(f) ≈ 1 for f � f0. This is in agreement with the results
in (2.12) as the dipole antenna is mismatched. The dipole acts as a probe in the
frequency range f � f0.
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Figure 8: Equipotential surfaces and electric �eld lines for the short circuit and
loaded dipoles (left) and open circuit dipole (right).

0 0.5 1 1.5 2 2.5 3
0

50

100

150

f/GHz

¾ /cm2a

Figure 9: Measured (rough curves) and simulated (smooth curves) absorption cross
sections, σa, for the loaded dipole antenna as determined from (2.14).

6 Conclusions

An experimental veri�cation of the forward scattering sum rule for loaded, short
circuit, and open circuit cylindrical dipole antennas is presented. The experimental
results agree well with the MoM simulations. The integrated extinction [6, 18] is
within 10% from the electrostatic polarizability. Moreover, it is shown that the
combination of the loaded, short circuit, and open circuit antennas can be used to
determine the input impedance and the average of the absorption cross sections in
the forward and backward directions. We also use the optical theorem to show a
bound on the absorption e�ciency of linearly polarized antennas. In particular, it
shows that matched antennas with a symmetric radiation pattern cannot have an
absorption e�ciency greater than 1/2.
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Figure 10: Measured (rough curves) and simulated (smooth curves) re�ection co-
e�cients, |Γ |, for the loaded dipole antenna determined using (2.14).

Appendix A An inequality

The second equality in (2.11) is analyzed using the map ξ → g1(ξ) = ξ/(1−ξz) of the
unit circle |ξ| ≤ 1, where z = e−iφΓ and |z| < 1. This is a conformal map mapping
circles into circles. Hence, it is �rst observed that min Im{g1(ξ)} is at the boundary
|ξ| = 1. This simpli�es the problem to minimization of min|ξ|=1 Im {g2(ξ)}, where
g2(ξ) = 1/(ξ − z). We also note that the �nal inequality in (2.11) can be easily
derived using the speci�c value ξ = x+ i

√
1− x2, where x = Re{z} giving

min
|ξ|=1

Im

{
1

ξ − z

}
≤ Im

{
1

i
√

1− x2 − iy

}
=

−1√
1− x2 − y

≤ −1

1 +
√
x2 + y2

=
−1

1 + |z|
. (A.1)
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