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It was pointed out in a publication [1] by one of
the authors that the employment of the BCS wave
function in the nuclear case leads to an ensemble
average for the energy that is of the order of
magnitude Ag larger than the energy for the par-
ticular component of the wave function that cor-
responds to the correct number of particles. As
long as one compares ensembles characterized
by approximately the same mean square devia-
tion in particle number this correction is not im-
portant. However, when in the "blocking" picture
states of different seniority are compared (as-
sociated with very different oz) the correction for
the fluetuation effect is of a similar order of mag-
nitude as the entire "blocking" correction, it was
argued in ref. 1. In this reference it was suggest-
ed that one could correct for the particle number
fluctuation effect according to the following simple
prescription. Consider the ensemble wave function
split up according to particle number p

W(n) = % cp(n) ¢p(n) 1

where n = (p).

G

Let €(n, p) be defined as the energy associated
with the p-component. One can then employ an
expansion
: ~ 32 ¢
(€)= Em) + 3 (G-m?) [ZE0D e
ap

p=n

It was argued in ref. 1 that {32 C‘(n,p)/apz}pm
might be approximated by 82(¢)/an2. Detailed
computations carried out by Mang et al. [2] in-
dicate, however, that this approximation is not
very satisfactory (the average deviation in their
calculations being of the order of 25%).

We have now estimated {32 C‘(n,p)/apz}pm by
a projection method suggested by Michailov [3]
(a method similar to that employed by Bay-
man [4]).

First, C(n,p) is defined by

$ ac (I m |y
§ dz w2 Py

where [1,0) denotes the usual BCS wave function

é(n: p) = @)
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and p the number operator. By the transforma-
tion z = eP the path of integration is changed from
a circle around the origin in the z-plane to a
straight line (extending along the imaginary axis
from -ir to +ir in the case that p = 7).

We now take formally the derivative with re-
spect to p and obtain

I o2 dp (PP
p=n= [ dp PPy
[ do gy [ o ap <ep@“n)>
T Sty

(32 E,p)
U op2

(4)

Let us define p(ﬁ- 7
flp) = (e ) (5)
The saddle point of f(p) lies at p =0, correspond-
ing to f'(0) = 0. Note also that f(0) = 1. We
furthermore define

K(g) = Ho)A(o) = (P® ") (6)
The integrals
[ Ao do, [ 02f(0) do, [F(OH(p) dp and

[ 02 f(0H(p) dp

are now evaluated using the saddle point method.
As a final result we obtain

9 "
0, el

For the model employed here the last term is
negligible, due to the largeness of H(0) the BCS
energy ().

In terms of the U and V factors one obtains for
the even ground state

F™0) = 4 ? UIZ/V% . (8)

and
H"(0) = -8G 220 U A U3, (9)
V¢V' v Vv v v

The same expression holds in the blocked case
provided, firstly, that the levels occupied by the
odd particles are excluded in the sums, and
secondly that U, and V ,are recalculated corre-
sponding to new A and A.

To test the method employed it is of interest
to evaluate &(n, #) directly from eq. (3).

One then finds

56

o L0
Elnym) = HO) {1~ gy o))
= (E) - L g2 H"g’) .. (10)
g

The correction term to the BCS energy (&) is thus
identical with the first order estimate of
-3 o2 {82 En, P)/B;DZ}p___n.

For the degenerate model (V2 = n/2Q = const. ,
U2=1-n/29 = const.) we have

H'(0) = 86 (@ -1) Utve (11)

£7(0) = 0% = 4022 (12)
We thus obtain

2
[E’_%@ “lg( - 1/9) (13)
3 pZ p=n

which, incidentally, for this case exactly equals
22(¢)BCS /an2.

However, in the other model considered in
ref. 1, the so-called "continuous" or "uniform"
model, consisting of equally spaced, doubly de-
generate levels, extending from -S to +S, with
S > A, the employment of the projection method
leads to a new result. We obtain

a) for v = 0 case:

242
H"(0) =—5— - §7 p8gG (14)
2
oy = T4, (15)
b) for the v = 1 case with epjoc = 0
2
H(0) =225+ 5 G - Lrpac (16)
o2 =mpa-1 (1m)

where A can be obtained from ag by the approx-
mate relation

A = Ag exp (-1/2p4) (18)

Employing G/Ag =+, 1/pbg =3, and S>> Aq one
obtains

A=~ 0704, (19)

Table 1
Six-level model

2 .
92 1 9% sey 1 9 DN cexact
Ae A ¢ <é> ()4 apz €30 3 ¢
0.2 2,98 5,92 -8.84 -10.09 -10.35 -10.34
1 2.56 4.44 -4.65 =593 (-6.11) -6.10 -6.19
2 1,65 2.13 -2,98 -4,13 -4.12 -4 .40
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Table 2
Sixteen-level model
No, of 2
No. of No. of ' 9 1. 23°C N _1 23\ Wahlborn's
” blocked Iy 5 (& (ENY-3 & (&) -3

levels  particles levels apz on results
16 16 0 442 5,95 -11,19 -14.43 (-14.47) -14 .17 -14.,37
17% 17% 1 3.50 3.78 -8.67 -11.82 ~11.43 -12 .42
17* 17* 0 469 6,11 -12,71 -16,16 ~15.87 -
16 16 2 0.96 0.35 -6.93 -9.41 ~-9.02 -9,63
16 16 E@ - £(0) 4.26 5.03 4.65 4.74
17 17 E) - E(0) 3,04 4,34 445 -

* Note the different number of levels and particles for this case,

The quantity +02{32 & (n, p)/apz} p=p aSSumes the
value 0.94 A in the even case and 0.85 A in the
odd case. The theoretical odd-even mass differ-
ence should thus from here receive a correction
of +0.09 Ag. The corresponding corrections are
0.79 Ag, 0.53 Aj and +0.26 Ao, respectively if
the estimate {32 'E(n, p)/3p } —p ¥ 3)/an is em-
ployed. Thus, the correctlon for particle number
fluctuations in determining odd-even mass differ-
ences for the uniform model is less important
than previously believed (cf., however, table 2,
valid for a finite case).

Finally we have tested the model on a few
other numerical examples. In table I we compare
the results based on eq. (2) with those of an exact
diagonalization for the case of six equally spaced
levels with the level separation energy A€ = 0.2,
1, and 2G, respectively. Energies are given in
units of G and measured with respect to the G = 0
case. The term {92¢/3p2}),—, is evaluated only to
leading order. 1t is found in this case that 80-85%
of the discrepancy with the exact result is elimi-
nated by the simple procedure suggested. It is
also found that the replacement of 32 (f/ap with
d)/on does not significantly alter the result. As
in this case there are altogether only 64 terms in
the BCS wave function, of which 20 correspond to
the correct particle number, it is amazingthat
the method of steepest decent on the whole gives
so good a result. A more detailed comparison of
aZC/apZ and 9 )\/0n should not be made for this
case.

A more realistic example may be provided by
the sixteen-level model of table 2 with A€ = 2G.
As no exact results are available, we compare

with the results obtained by Wahlborn based on a
variational method (last column of table). The
energies are given in units of G and with refer-
ence to the case G = 0. In the case v = 0 (senior-
ity zero) we obtain a value very near to Wahl-
born's. In column seven the value in parenthesis
corresponds to a redetermination of U, and V,
to make CCOTT rather than (¢) minimum, as sug-
gested in ref. 1, eq. (34). (Note the missing
factor 2 in eqs (35) and (36a). Thus, K should
equal G - 29 6/81)2 )} It appears that for this
larger system containing 216 terms in the BCS
wave function, the suggested estimate of aZé‘/apz
gives a result significantly improved compared
to that based on 9)/dn. Note that the odd-even
mass difference ¢(1) - ¢(0) comes out nearly the
same in the two cases and close to Ag.

We are grateful to Mr. S.Wahlborn for com-
municating to us his results prior to publication.
We also acknowledge a stimulating discussion
with Dr. E. Mottelson.
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