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Introduction

¢«If you, like us, have applications in mind, it will take no effort
whatsoever to convince you that not all random fields occurring in
the ‘real world* are Gaussian. »

Robert Adler, Jonathan Iaylor

In continuous spatial modeling, the Gaussian fields are so dominant that all pro-
cesses not being Gaussian are generally classified into the broad generic category
of non-Gaussian fields.

There are several reasons for the underrepresentation of non-Gaussian ran-
dom fields in spatial modeling. It is not trivial to define a model that corresponds
to an actual random field. For a model not producing a random field there is no
valid distribution at an arbitrary location, and thus interpretation oft the model
and prediction with the model may not be possible. Even if the model defines a
valid random field, the posterior distribution of the field when observed at some
location is in general unknown, or at least practically impossible to deal with. An-
other difficulty is that in spatial statistics everything is based, for historical reasons,
on the covariance function while, generally a processes is not specified uniquely
by its covariance function.

An alternative to defining fields through the covariance function, is formu-
lating a stochastic partial differential equation (SPDE). If a linear PDE is driven
by Gaussian white noise, then a solution is a Gaussian field with some covari-
ance function depending on the differential equation; if the field is driven by a
Lévy noise, the resulting field will be non-Gaussian yet have the same covariance
function as its Gaussian counterpart. However, there might be several differential
equations generating different processes with the same covariance function. Thus,
formulating the problem as an SPDE provides, in general, more information than
the covariance function. The SPDE formulation also facilitates refined numerical
methods for PDEs that have been developed in numerical analysis.

In this thesis we introduce two new “non-Gaussian” random field models. In
Paper C, we build upon Bolin (2013) to create two different types of fields driven



Introduction

by Lévy noise, allowing for flexible marginal distribution and having the popular
Matérn covariance class.
In Paper E we combine two classical random field models: the Potts-field
(a discrete Markov random fields) and the classical latent Gaussian random field
model to generate a dependent mixture of, possible multivariate, random fields.
What follows in this section is a brief overview of some of the theory and
models used in this thesis and at the end there is a short introduction to each

paper.

0.1 Stochastic Process

This section gives a very brief introduction to the theory of stochastic processes,
which is the backbone of this thesis. Most of the material in this section is based
on the three books Adler & Taylor (2007), Azais & Wschebor (2009) and Lind-
gren (2012) .

A probability space (£2, F, P) consist of: a sample space {2, a family of events
F in (2, and a probability measure P on F. Let (B, B) be a measurable space,
then any measurable function

Y:(—B
is a random variable with probability distribution given by
P(Y(w) € A)
for A € B. Let (T, T) be a measurable space, then any function
X(w,t) : 2xT—>B

which is measurable for fixed t is a stochastic processes, with parameter space 7.
Thus, by definition, for each fixed ty € 7', X(w, to) is a random variable from (2
to B; for each fixed wy € (2, X(w,t) is a function from 7T to B, often denoted
realization, sample path, or trajectory.

From above definition it is not easy to define a stochastic process, the Kol-
mogorov extension theorem gives some assistance with this issue. Basically, the
theorem says that every consistent family of finite-dimensional distributions de-
fines a unique probability measure on (B7, B7) and thus a stochastic process.

2



0.2 Stationarity

One often needs to limit the study of stochastic process to certain subclass in order
to handle them both practically and theoretically. One of the most important
subclasses are the stationary processes.

Definition 1. A stochastic process X (, t) is strictly stationary if for any choice of
the positive integer 7z and {t;,...,t,} € 7" the joint distribution of {X(w, t; +
T),...,X(w,t, + T)} does not depended on .

There also exists a weaker (if the process has finite second moment) property
namely that of weak stationarity which only requires that the first two moments
are invariant to shift transformations. It should be noted that when dealing with
actual data, stationarity is often quite unrealistic.

0.3 Gaussian processes

Another common subclass are the Gaussian processes. A process is Gaussian if for
all finite sets of locations, the corresponding marginal distribution is multivariate
normal. Thus, the Gaussian process is completely specified by its two first mo-
ments: its mean function u(t) and its covariance function X(t, s) which must be
a non-negative definite function

Definition 2. A real function X(s, t) for s, t € 7, is non-negative definite if for

all finite sets of locations {ti,...t,} € T, the (covariance) matrix:
() X(t,t) ... X, t,)
Yy, t) X, ) ... X(,t,) M
Yy, t1) Xty ) ... Xty t,)

is non-negative definite.

An important property of the multivariate normal distribution is that its pre-
dictive distribution given that one has observed the process at some finite num-
ber locations is explicit. More precisely, if one has observed the process X(t) at
t = {t1,...t,}, then the distribution of the process ats = {s,...s,,} is normal
with mean

ws) + e 27 (X (1) — u(e)),
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where and covariance matrix
—1
DINEED IS IR I

Here, 33, ¢ denotes the covariance between the vectors X (s) and X (t).

0.4 Differentiability

Even though, the finite dimensional distribution determine a stochastic process,
many sample path properties are hard to investigate by just examining the finite
dimensional distribution. An important example of this is continuity and differ-
entiability of sample paths. Fortunately there are results that makes it easier to
determine if a process has continuous sample paths:

Theorem 1. Assume that the process X(w, t), where t € [0, 114, satisfies

K|h|?

— ? —_—
E[|X(t+h) — X(0))] < | Tog [h]|+"’

where p, 7 and K are positive constants, p < r. Then the processes has a version
with continuous sample paths.

If a processes is weakly stationary with covariance function 7, then by settin
p y y y g
p = 2, the theorem states that if

B |h|
) =0 = O<W>

for » > 2, then the he processes has a version with continuous sample paths.

Note that, the theorem above only states sufficient conditions. In fact if the
processes is Gaussian, the requirement can be greatly reduced to the dimension-
free condition:

Theorem 2. If a Gaussian process X(w, t), where t € [0, 1], with continuous
mean function, satisfies

K
p— 2 S
VIX(t+h) — X(0)7] < Tog [B]"

where 7 > 3. Then it has a version with continuous sample paths.



1. The Rice distribution

1 The Rice distribution

The behavior of a stochastic processes can often be different from what one would
expect. A good example of this is the behavior of the derivative for the process
at level crossings. For example, consider a stationary ergodic Gaussian processes
X(2), where the parameter space is 7 = R, with continuously differentiable sam-
ple paths. Since, fora fixed 4 € 7', X(#) and X’ (%)) are independent, one expects
that for

PIX'(¢) € BIX()) = u) = PIX'(¢) € B) = \/;H /B s,

where A is the variance of X’(¢). However, some care need to be taken when
conditioning on A = {X(#) = u} since P(A) = 0 and we are thus conditioning
on something that does not occur almost surely. To overcome this problem one
can try to give meaning to conditioning on A by defining it as

. -P(7A5)
P(|4) = lim ——=
Cld) = lim 0
where A has the following two properties: P(A5) > 0 for each dand limgs_,0 A5 —
A. A set of events belongs to Aj if it satisfies the two previously mentioned prop-
erties. For instance, A(IS = {x(#) € [u, u+ 0]} belongs to As. It can then be shown
that

/ 1 2
PBA — tim PAX(®) e ByNndy) 1 A/e_” "
o— TT. B

P(4y) V2

So we get the answer we expected. However, A} is not the only possible sequence
of events in As. Another possible A5 sequence of events is “there exists a 7 €
[£, £ + 0] such that x(#) = #” which we denote by A(ZS. Then

/ 2 2
P = lim PUX () € BYNAY) _ / x| s
— B

P(A(ZS) ﬁe 2 dx.

We now have two different answers (see Figure 1) to the same question, so which
of these two distributions, if any, is actually observed on trajectories of the process?
To answer that, one needs to study the empirical distribution, P, of the behavior
at u-level crossings in some interval [, 6]. Let IV, 5 () denote the number of #’s

5
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Figure 1: Two possible densities for the probability density function of X’(¢) given
that X () = u.

such that x(2) = u for r € [a,b], and let N, 4)(B, #) denote the number of £s
such that x(¢) = u,x'(¢) € Bfor ¢ € [a, b]. Then

A j)(B,A) N[u b](B7 u)
P(BIA) = — = . :
(BIA) P(A) N,y ()

The limit (|a— 6] — 00) of the above ratio defines (as a function of B) the dis-

tribution we want. By the ergodicity of the process, the limit equals %. It

is enough to consider [, 6] = [0, 1] since the process is stationary. The following
result summarize our discussion

Theorem 3. (Rice’s formula). For any stationary process {x(z),# € R} that has
continuously differentiable sample paths and density f;(g) (%), the crossing intensi-
ties are given by

o0

u(w) = E[Nio 1 ()] = / 2lfo w0, 2) o @



2. Lévy processes

A similar result, often referred to as a generalized Rice formula is giving a
similar expression for E[V}, 4 (B, »)]. In the Gaussian case plugging in the formula
from the theorem (and some calculations) leads to

_ EWon@ w0l _ [l 2
PO = Eonn ~ Jy2° " ’

Thus the empirical distribution will correspond to the limit of P(B|A3), and not
of, as some (including the author) would expect, P(B|A(13).

For more details about crossings and Rice’s formula see for instance (Azais
& Wschebor, 2009), (Lindgren, 2012), or the paper Kac & Slepian (1959), on
which this section is heavily influenced by.

2 Leévy processes

A Lévy process, L, on R™ is a process that is stochastic continuous with stationary
independent increments and Z(0) = 0. In R a Lévy process is not as straightfor-
ward to define as on R*. The following definition comes from Dalang & Walsh
(1992), a Lévy process (noise) L = (L(A), A € B(R?)) where B(R?) are the set
of all bounded Borel subset of R, is a family of random variables such that

1. LLAUB) = L(A) + L(B), if AN B = 0
2. L(Ay),...L(A,) are independent if Ay, . . . , A, are disjoing;
3. if A, | 0 then lim, o L(4,) = 0 in probability (stochastic continuous).

For a Lévy process the log-characteristic function x4(&) of L(A) has the form
1 .
(@ = AT~ 5PWE + [ 6%~ 1 = B < 1)t

where y is a signed measure, o® is a non-negative measure, and v, is a Lévy
measure, i.e., a non-negative o— finite measure s.t for all 4

va{x: |x| > 1} < oo, w(0) =0, and 22 v4(dx) < oo.
|z]<1
The formula above, is known as the Lévy-Khinchin formula (see Adler et al.
(1983)). Lévy-Khinchin notes that three measures (v, 0%, v,4) uniquely defines

7
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a Lévy processes and are refered to as the Lévy triplet. The first measure, ¥,
defines is the deterministic part of the process, the second measure, o2, represent
the Gaussian component of the process, and the third measure, vy, represent the
jump components of the processes.

The Levy triplet gives some basic understanding of the behavior of a specific
Lévy process. Example of very basic Lévy process in R? are:

1. (J4],0,0) which represent the regular Lebesgue measure,
2. (0,]A4|c?, 0) which represent a Brownian sheet,

3. (—|A|2, 0, |A|A6;) which represent a Poisson sheet.

2.1 NIG and GAL Lévy processes

The main Lévy processes studied in this thesis are the normal inverse Guassian
and the generalized asymmetric Laplace Lévy processes, which means that L(A4) is

either NIG or GAL distributed. The NIG and GAL distributions are special cases
of the generalized Hyperbolic (GH) distribution.
2.1.1 The generalized Hyperbolic distribution

The GH distribution has five parameters o, v € R, y,u, T € R, and a density
function

—1/2
£ = <W")z i ”2) HIE <Q¢ (V0P 1 (e — wz) ,

9]

_ 2(x=1)/2 1/ 2 .. .
where ¢; = THRKATIY and ¢; = 24/2 + 5. The parametrization above is

not the regular parametrization for the GH distribution; however, it is an conve-
nient parametrization when formulating a GH random variable (r.v.) as a normal
mean-variance mixture r.v., i.e. if X is a r.v. with a GH distribution then

x4 Y+ uV + VVZ,

where V' is generalized inverse Gaussian (GIG) distributed with parameters (p, 4, 6)

set to (1,2,v%) and Z ~ N(0, 1). The GIG(p,a, b) distribution has the density

8



2. Lévy processes

function

ROL
2K, (Vab)

where the parameters satisfy 2 > 0,6 > 0ifp > 0,2 > 0,6 > 0if p = 0,
anda > 0,6 > 0if p < 0. A useful property of the GH distribution is that
given an observation of GH r.v. X the conditional distribution of its random
mixture r.v. V' is again GIG distributed. This property is used in Paper C, when
estimating parameters and making predications, and in Paper E, for sampling of

frx) =

at level-crossings.

The reason for using the NIG and GAL distributions is that both are closed
under convolution (if certain parameters are fixed). A class of random variables is
closed under convolution if the sum of two random variables from this class also
belongs to the class. Ideally one would like a stronger alternative which is that a
sum of linear combinations of two independent copies has the same distribution.
Unfortunately, this property is very uncommon and, in fact, the only process with
that property and finite variance is the Gaussian process.

For moments and other properties of the GH distribution see Schoutens
(2003).

2.2 The NIG processes
The NIG distribution has four parameters (¥, 4, 0, V), and is a GH distribution

with A = —1/2. Its normal mean-variance mixture representation is given by
letting V' be inverse Gaussian distributed. An example of three symmetric (u = 0)
NIG distributions with varying v* is shown in Figure 2. The Lévy processes comes
from letting

L(A) £ NIG(y|A|, u, 5,2 |A]).

The Lévy triplet for a NIG process is (y|A4| + &, 0, v4) where

ZYO(]A‘/ smh(—x VK1 (o x|) dx,

(o4
va(x) = Y|||| 2K (o)),
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and @ = o 2/p? + 2072, It may seem counter intuitive that the NIG distri-
bution is a normal mean-variance distribution since it completely lacks Gaussian
component in its Lévy triplet.

The tail of the NIG distribution is proportional to

-3/2 “
|x| / exp (—a!x\ + gx) .

2.3 The GAL processes

The GAL distribution has four parameters (7, v, 4, 0), and is a GH distribution
with v = 0. An example of three symmetric (u = 0) GAL distributions with
varying T is shown in Figure 2. Its normal mean-variance mixture representation
is given by letting V' be Gamma distributed. The Lévy processes comes from
letting

d
L(A) = GAL(T|A|7 Y|A|7 4 0).

The corresponding Lévy triplet is given by (y|4| + &,0,, v4) where
%
e
—1|A|exp (Gx)x™1, x < 0,

valx) = o
t|A| exp (—Mx)x~', x > 0,

M —1) = G 1)),

where G = (\/%(uz + %02 — %((1)_1 and M = (\/%(uz + %02 + %{U)_l. Like

the NIG process the GAL process lacks Gaussian component in the Lévy triplet.
The tail of the GAL distribution is proportional to

‘x’f_l exp (—a’x‘ + %X> ;
where o = 072/ 2 + 207 2.

3 Spatial statistics

This section discuses some topics that, although relevant for any stochastic pro-
cess, are most prevalent in spatial statistics.

10



3. Spatial statistics

— =01 — =01
— 2= — =1
— 2 =100 — =100

Figure 2: Left: the NIG densities with varying V2. Right: the GAL densities with
varying 7. In both, o2 is chosen so that the variance for the distributions are one,
and u = y = 0. The NIG distribution is always differentiable, whereas the GAL
distribution is not differentiable if T < 1 and further it is unbounded if T < 1/2.

In spatial statistics, stochastic processes are typically refereed to as fields, i.e.
a stochastic process for which the dimension of the parameter space 7 is greater
than 1. This section, is by no mean indented to cover with (any) generality spatial
statistics. For this we refer to Gaetan & Guyon (2009), Cressie (1993) or Gelfand
& Diggle (2010), and for a more theoretical treatment of random fields see Adler
& Taylor (2007) and Ibragimov & Rozanov (1978).

3.1 Matérn covariance

This section introduces the most popular covariance function for stationary pro-
cess in spatial statistics. That is the Matérn covariance family (Matérn, 1960),
named after the Swedish statistician Bertil Matérn. The Matérn covariance func-
tion is defined by

217e?
3 = h||)YK., (x| |h]|),
(S,t) (47T)d/2F(V—|—d/2)}{2V(%|| ||) (%H ||)
where d is the dimension of the field, ||h|| = ||t — s|| is the distance between

the two points, I is the Gamma function and K,(.) denotes the modified Bessel
function of the second kind. The covariance function uses only the distance be-
tween the points thus the function is isotropic. Figure 3, displays a few different

11
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0.5 i

Figure 3: Matérn covariance functions for v = 1 (solid line), v = 0.5 (dotted
line) and v = 100 ( dashed line). Note the difference of the functions when the
argument is close to zero.

covariance function from the Matérn covariance family. The reason for the popu-
larity of the Matérn covariance is its flexible parametric form, which captures the
main properties needed for interpolation of stationary spatial processes: that is, »
controls the dependence range, o controlling the variability of the processes, and
finally v defining the level of differentiability of the covariance function which
correspond the smoothness of the stochastic processes.

Both in Paper C and D processes with Matérn covariances are used; it should
be noted that the parameter v is not estimated for these models, due to some diffi-
culties with numerical approximation, and some of the flexibility of the covariance
is lost.

3.2 Measurement error

When using stochastic process in practice, it is often unreasonable to assume that
one observe the process X(t) directly; usually the observations are noisy or the
model for X(t) does not capture the behavior of the true process. To improve the

12



3. Spatial statistics

SR - —
_ - ~e e 0.3 —0.5
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Figure 4: The effect of adding measurement error. The underlying process, X (z),
is stationary Gaussian with zero mean, and Matérn covariance function such that
V[X(#)] = 1. The three black dots represent the observations. The lines display
the posterior mean of the process for the varying variance of the measurement
errors.

agreement of the model with reality, one assumes that the measured observations
y(t), equals the process X(t) plus some measurement error. The adding of the
measurement error avoids over-fitting of the process to the data. Also, if the
estimated variance of the measurement error is high, then this is an indication
that the process does not represent the true process (or that the measurement
really are noisy). Figure 4 describes the effect of the measurement error variance
for fitting the process to data.

Modeling with measurement error generates a hierarchical model. At the top-
level is the distribution of the data model P(y(t)|X(t), ¥), that is the distribution
of the measurement given the process and some parameters. At the next level
is the process model distribution P(X(t)|0), that specifies the distribution of the
process of interest. By defining another layer with some prior distribution P(¥)
one creates a Bayesian hierarchical model.

13
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3.3 GMRF

An important subclass of Gaussian random fields are the Gaussian Markov ran-
dom fields (GMRFs). To properly define a GMREF for a discrete vector of random
variables, one needs the notation of neighborhood and neighborhood-system: For
the random variable x = [x1, . . ., x,,] with distribution £, a neighborhood of x; is
a set of indices ; such that £ (x;|x_;) = f(x;|xn7); the neighborhood system of x
is the set N = {NV;}Y .

A random variable
x ~ N(0, Q_l),

where Q is the precision matrix (the inverse of the covariance matrix), isa GMRF

for the neighborhood-system N if
Q=0+ j¢N:

This includes any multivariate normal random variables, however the useful case
is when most of the neighborhoods are small compared to the size of x. The
advantage with formulating a GMRF compared to the regular multivariate distri-
bution is, at least, twofold: firstly, it defines the distribution of the r.v. through its
conditional distributions, which typically is much easier to understand and deal
with compared to the joint distribution, although care needs to be taken so that
the conditional distributions form a valid joint distribution. Secondly, when the
neighborhoods are small, the precision matrix is sparse, and efficient numerical
methods can be used to simulate x and compute f(x).

GMREFs have been used especially in spatial statistics on lattice domains, when
defining neighborhoods for X(t) is natural. A frequently used GMRF model is the
Gaussian conditional autoregressive model (CAR), Besag (1974) is an influential
paper that popularized the models. The model can be though of as the lattice
counterpart of the autoregressive model that is fundamental in time series analysis.
For further details on GMRFs, see Rue & Held (2005).

3.4 The SPDE approach

A long time ago, Whittle (1954) linked the linear stochastic differential equation
(SPDE)

OE — A2X = W, (4)

14



3. Spatial statistics

to a Gaussian random field with Matérn covariance; the solution, X, of the dif-
ferential equation, where W is a Brownian sheet, is a Gaussian random field with
the Matérn covariance. Not so long ago, in Lindgren ez a/. (2011), the knowledge
of the link together with the finite element method Strang & Fix (1973), was
utilized to create computationally efficient methods for estimation and prediction
of the corresponding Gaussian random field. Basically, the idea is to approximate
X(s) with a sum of deterministic basis function with stochastic weights

X =Y ¢ (5)

=1

To define the weights distribution, one requires that the approximation satisfies
a weak formulation of the SPDE with respect to some test functions ¢;, 7 =
L,...,;m

/ pX(E) ds L 7 / HOW ds,
fori =1,...,n The equation above can be formulated in matrices form as

d
Kw=1z

where K; ; = f Gi(s) o — A/ zqoj(s) ds, w are the weights in equation (5) and
z ~ N(0,C™") where C; = f i(s)j(s) ds. After, some technical tricks, the
resulting distribution of w is a GMRF with sparse precision matrix.

Other advantages of the SPDE approach it is that the PDE formulation
is suitable to create non-stationary Gaussian processes, see (Bolin & Lindgren,
2011).

3.5 Fields generated with Lévy noise

A subset of the non-Gaussian random fields are the fields generated by a stochastic
integral with respect to a Lévy measure. For example, a stationary the random

field X (t) is obtained by

X(t) = /f(s —t) dM(s), (©)

where M is a Lévy measure. The function f* controls the dependence structure of
the process. In Aberg & Podgérski (2010), this type of process was studied where
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the convolution above was with respect to a Laplace measure, and the function
was chosen so that the covariance function of the process had Matérn covariance.
In the paper all parameters were fitted through the method of moments. In Bolin
(2013) it was shown that the SPDE approach, introduced above, can generate
random field, of the type defined in equation (6). If X(t) satisfies

0 — 22X (1) = ¢* M,

where M a Lévy measure, then it is, at least in distribution, equivalent to X(t) in
(6) where f"is the Green function of the PDE. In Bolin (2013), estimation of the
parameters was done through the maximum likelihood method.

Although the distribution of X(#) has no known explicit form, it is easy to
see from the characteristic function that X(#) has more flexible marginals than
its Gaussian counterpart. Since the finite marginal distributions determines a
stochastic process, it is reasonable to expect that the trajectories of X(t) should
behave different from the trajectories generated by a Gaussian processes with the
same covariance function. This assumption is verified in Adler ez 2l (2013),
where it is shown that for high level excursions of a process generated by Lévy
field without Gaussian component (recal Lévy-Khinchin formula) the behavior
is fundamentally different from a Gaussian field generated by the same moving
average function.

3.6 Interpolation

The most common problem in spatial statistics is the problem of interpolation.
From a statical perspective the question about interpolation is how to predict the
process at some locations, t, (usually unobserved) given that the process is ob-
served at t (possible with measurement error). It is not possible to mention statis-
tical interpolation without mentioning kriging. Kriging, named after the South
African mining engineer D. G. Krige (Krige, 1951), is the best linear unbiased
predictor (BLUP), where best refers to the prediction with the least mean square
error. It is by far the most used method in statistics for preforming interpolation.
Given a known mean function, u(t), and covariance function, X(t, s), kriging is
an explicit formula of the observed data y(t), namely:

() = p(ty) + B, B (0 — w(v)).

Note that this equivalent to the conditional mean for a Gaussian process, in
fact for a Gaussian process the kriging predictor is the best predictor linear or
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not. For non-Gaussian processes this is not the case. An illuminating, although
somewhat artificial, example on how poorly the BLUP can preform versus the
best predictor is given in Stein (1999).

For the models considered in Papers C and D we preform interpolation using
Gibbs sampling, by calculating the posterior mean of the random field at the lo-
cation t,. However, for a non symmetric distribution using the mean as a point
predictor might not always be what one actual is looking for, both from practical
and theoretical perspectives. Often the mode of the distribution is a better alter-
native, in the sense of what a non-statistician would consider as the best guess, i.e.
the most likely value.

4 Parametric inference

This section gives a brief overview of the method used in the preceding papers
for estimation of parameters. We do not assume that observations are from pro-
cesses here and thus use slightly different notation compared to earlier sections.
Throughout this section we assume that a random vector Y is observed at y.

Y belongs too parametric family if its distribution p(.; ) is completely deter-
mined by a vector of parameters ¥. Typically, the parameters are unknown and
thus it is necessary to estimate them for making inference about Y. The most
popular estimator is the maximum likelihood estimator, i.e. the estimator

N

¥ = argmax p(y; V).

If Vyp(y; 9) is available, a common estimator is the z-estimator ¥, satisfying

~

V(s D) = 0.

Ideally the estimator ¥, if not given analytically, is found using some standard
optimization or root finding method like for example the Newton method. How-
ever, in many, if not most, situations direct optimization of the likelihood is not
possible. Below, two methods, often used when the likelihood is unsuitable for
direct optimization, are presented: the EM-algorithm, and the less known Expec-
tation Conjugate Gradient algorithm.

4.1 EM-algorithm

The Expectation Maximization algorithm, first introduced in Dempster et al.
(1977), is an iterative procedure for maximizing the likelihood function. In many
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cases the likelihood for the data y is intractable, however the data augmented with
a r.v, X, often produces a tractable likelihood p(y, X; ). In these situations the
EM-algorithm is useful since it does not require evaluation of the data likelihood
but it is enough to use p(y, X; V).

The 7th iteration of the algorithm consists of two steps

e E — step : Compute the function

Q(, ¥~") = Ellog p(y, X; 9)| ¥ = y; 0~V

o M — step : Preform the maximisation

99 = argmax; Q(1, ﬂ(i_l)).

Here the £ — step denotes the Expectation step and M — szep denotes the Maxi-
mization step. Under mild conditions the EM-algorithm converges to a stationary
point, Wu (1983). The rate of convergence for the EM-algorithm is linear making
it an annoyingly slow optimization algorithm.

From a practical perspective the EM-algorithm is often stable and requires
no tuning of any parameters by the user, and these are likely two reasons for its
popularity.

For many models the £ — step is not explicitly available, an alternative is to
replace the Q with an Monte Carlo approximation. The modification to the EM-
algorithm is known as the MCEM algorithm,Wei & Tanner (1990). Typically,
for the algorithm to be practically useful the non-deterministic information of Q,
that needs to obtained through an MC sampler, should be contained in a few
sufficient statistics. In paper C, we utilize an MCEM-algorithm to estimate the
parameters for the Levy-random fields.

For a thorough introduction to the EM-algorithm we refer to Meng & Van Dyk
(1997).

4.2 Expectation Conjugate Gradient

A close relative to the EM-algorithm is the the Expectation Conjugate Graident
algorithm (ECG) Lange (1995a). The method is a regular conjugate gradient
method split into two steps:

1. E — step : Calculate the gradient of the log likelihood using that
Volog p(y; 9=1) = E[Vglog p(y, X; 0)| ¥ = 35 99~ V]| y— e
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2. § — step : take a CG step:

g1 = Vylogp(y; 9“7V,

)& i=1,
A D P L
gi—1 llg_al2 %1 z )

9 =9 4 o,

Here o > 0 is the step length.

Like the EM-algortihm, the ECG-algorithm does not require the ability to
calculate the full data log likelihood logp(y; ¥), in fact it enough to calculate
Vg log p(y; 9=V) which sometimes, see Paper D, can be easier than calculating
log p(y; ¥~ 1). An advantage over the EM-algorithm is that the S — step is often
much faster than the M — step, and since both algorithms have the same rate of
convergence, making the ECG-algorithm much faster in practice. Also there exist
methods for improving the rate of convergence of the ECG-algorithm see Lange
(1995b).

Approximating the £ — step as for MCEM algorithm results in a stochastic
gradient descent algorithm, which is an optimization method that has become
popular for the popular "big-data” problems, see Bottou (2004). A big advantage
over the MCEM algorithm is that one does not need to worry about sufficient
statistics since all we need to store is the gradient in each Monte Carlo iteration.

The stochastic gradient descent algorithm is used to estimate parameters in
paper D, and in a paper in progress we use the stochastic gradient for more general
spde models driven by the same noise as in Paper C.

5 Outline of the papers

Paper A: Maximizing leave-one-out likelihood for the location param-
eter of unbounded densities

In this paper a new type of estimator is introduced, it is developed to handle
estimation of distribution that is unbounded at the mode. For a density /" the
estimator, 0, is the argument that maximizes

[T, /G —0)
[,(5) = 2=/ T T
© X5 — 0)
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where £(0) = argmin,c¢; 1 [Xp—0]. In the paper, it is shown that the estimator

can be super-efficient, that is the rate of convergence can be faster then 7'/2,
which is the standard rate of an estimator. The rate of convergence is shown to
be nearly the optimal one, however if the estimator is optimal or not remains an
open problem. The intended application is to fit parameters of the generalized
asymmetric Laplace distribution, for which the distribution is singular in certain
section of the parameter space. The main contribution of the paper is an estimator
that is almost optimal for singular distribution and also, similarly to the maximum
likelihood method, is well suited for a multi-parameter setting.

Paper B: Convolution invariant subclasses of generalized hyperbolic
distributions

The invariance under convolution of a class of distribution is an important and
desired property, in particular, when dealing with irregular discretization of meshes
that are typical for the SPDE methods in section 3.4. Since the Gaussian mean
variance mixtures leads to important distributions, determining parametric mod-
els of convolution invariant classes is an important problem. In this paper, it is
proven that only two subclasses of the GH distributions are closed on the convo-
lution, namely the NIG and GAL distributions. This result has been previously
quoted (sometimes mistakenly) in literature, but not proven. The main contribu-
tion of this paper is rigorously proving the results.

Paper C: Non-Gaussian Matérn fields with an application to precipi-
tation modeling

This paper deals with random fields generated by Lévy noise introduced in Bolin
(2013). The marginal distributions of the fields are flexible, allowing for varying
shape, asymmetry and some flexibility in the tails. The main focus of the paper
is formulating models and methods so that the processes can be used for real
data; important contributions are: accounting for measurement error, stochastic
estimation methods for the parameters, and methods for efficiently preforming
prediction at unobserved locations. The model for the observed data y can be
formulated as a hierarchical model:

y ~ N(BB + Aw, o2I),
W|V ~ N({J«w Ev),
V ~ (V)

20



5. Outline of the papers

where 71(V) is either gamma distribution or inverse Gaussian distribution, and w
are the random weights of the basis approximation to the solution of the SPDE
discretization described in section 3.4. Using that the distributions of w|V,y and
V|w,y are explicit allows for efficient generation of the posterior distribution of
the random field. The posterior distribution is used in both estimation of the pa-
rameter (through MCEM-algorithm) and in prediction at unobserved locations.

Finally, the model is fitted to rain data for a region in Brazil. The predictive
ability of the models compared to regular Gaussian random fields and transformed
Gaussian random fields using by cross validation.

Paper D: A Gaussian mixture model for multivariate spatially depen-
dent data using discrete and continuous Markov random fields

This paper introduced a novel type of random fields, combining two random
fields models: the classical (multivariate) latent Gaussian random fields and a
Potts model (or discrete a Markov random field). A Potts model, x, is a discrete
valued random field, typically defined on a regular grid. The value of a node, x;
depends on the values of a predefined neighborhood N, typically used to cluster
nodes with same value. More specifically, the latent model is defined as a mixture
of multivariate Gaussian random fields and which field that is observed is deter-
mined through the Potts model. A simplified model can be described through the
following hierarchical model:

y, ~ N(a,‘,xiy Oﬁ)y
g ~N@, %), i=1,.. K,
x ~ mrf (o, B).

The conditional distribution of a node in the Markov random field is

exp (o + Bufi.r)
Sy exp (o + Bifi)

where f; ;. is the number of neighbourhoods of 7 with value 4.

Plxj = kN, o, B) =

There are many possible applications for the models, ranging from interpola-
tion of missing pixel values of images to detection of underlying soil types from
multivariate spatially dependent measurements of chemicals. Since many of in-
tended applications will have massive data sets, methods for efficient estimation
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are developed. Finally, an example where the model is used for smoothing of an
MR image is presented.

Paper E: Slepian model for moving averages driven by a non-Gaussian
noise

In this paper, a Slepian model of a non-Gaussian moving average model is stud-
ied. The main focus is an moving average models driven by symmetric GAL
noise. The Slepian model describes the behavior of a processes around a level
crossing. The distribution of the Slepian model is typically derived from Rice
formula described in section 1. Since a closed form of the Slepian model exists
only for Gaussian processes, the problem of finding effective ways to generate
Slepian models beyond the Gaussian domain is of great importance. We develop
efficient simulation method for moving average models driven by Laplace noise.
The simulation methods relies on the fact the Laplace noise can be represented
as subordinated Brownian motion, where the subordinate is a Gamma process.
More precisely, the moving average model can be written as a hierarchical model:

xt|L = /f(t - 5)L7

LK ~ N(0,K),
K ~ I'(tdt, 1),

Then discretizing the problem and using that K|L and L|x, K are known distri-
bution one can, after several steps, generate samples from the Slepian model using
a natural Gibbs sampler. The novelty in our approach is that we study Slepian
models for noise that is driving the considered stochastic process. By using such
the Slepian noise one can simultaneously analyse complex Slepian models at the
crossings by simply replacing in the original formulation of the models the origi-
nal noise by the Slepian noise.
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Paper A

Maximizing leave-one-out likelihood
for the location parameter of
unbounded densities

Krzysztof Podgérski' and Jonas Wallin?
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2 Centre Jfor Mathematical Sciences, Lund University, Lund, Sweden

Abstract

We propose an approach to estimation of the location parameter for a density that
is unbounded at the mode. The estimator maximizes a modified likelihood in
which the singular term in the full likelihood is left out, whenever the parameter
value approaches a neighborhood of the singularity location. The consistency and
super-efficiency of this maximum leave-one-out likelihood estimator is demon-
strated through a direct argument. The importance for estimation in parametric
families of distributions is discussed and illustrated by an example involving the
gamma mixture of normal distributions.

Key words: unbounded likelihood and location parameter and super-efficiency
and generalized asymmetric Laplace distribution
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1 Introduction

The classical problem of the location parameter estimation frequently serves as an
illustration of how the asymptotic theory can be used to identify an estimator with
some optimal properties. In particular, the asymptotics for the maximum likeli-
hood estimators (MLE) has been established not only under the so-called regular
conditions but also when the density has a cusp at its mode. The history here
goes back to the Ph.D. Thesis of Prakasa Rao, Rao (1966), and the subsequent
related paper Rao (1968), where consistency and super-efficiency of the MLE of
the location parameter have been demonstrated for a bounded density with a cusp
at the mode.

Estimation of the location can be also considered for an unbounded density.
This case has been first approached in Ibragimov & Khasminskii (1981a) and later
summarized in the influential monograph Ibragimov & Khasminskii (1981b),
where, to deal with the unboundedness of the likelihood, Bayesian estimation
has been considered. There, as well as in Rao (1966), weak convergence of the
log-likelihood ratio process to an appropriately defined Gaussian process has been
established yielding the consistency for the MLE, whenever this is well defined,
or otherwise for Bayesian-type estimators.

This work also deals with the unbounded density case but instead of resorting
to the Bayesian approach we modify the likelihood approach. A modification is
needed since the likelihood is unbounded at each data point and the classical MLE
is not even properly defined. To remedy this issue, we propose to leave a singular
term out from the full likelihood in a neighborhood of the datum location and
define an estimator 6 that maximizes the leave-one-out likelihood function. Un-
der rather natural conditions it is shown that & is consistent. Moreover, a lower
bound for the rate of convergence is established showing, in particular, that the
estimator is super-efficient, i.e. its rate is faster than in the classical case of n1/2,
The proof presented is completely self-contained, direct, and uses only elemen-
tary arguments. Consequently, it is formally independent of any other asymptotic
results, including these for the convergence of the likelihood ratio process. Nev-
ertheless, the intuitive reason for the supper-efficiency is the rate of convergence
the likelihood ratio process (or its moments as exploited in this work). Namely,
for the densities that are unbounded this rate is faster than under the standard
regular conditions, see Lemma 4.5 (this faster rate is tied to the asymptotics of the
density around the location parameter as presented in Lemma 4.4).

The idea of leaving out a trouble causing factor in the likelihood seems to be
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quite natural and, in fact, has been recently proposed in the problem of estimation
of parameters for a finite mixtures of normal densities in Seo & Kim (2012).
Despite general similarities between the approaches, neither the estimators nor
the results of that work translate to the setup of this paper.

The paper is organized as follows. Section 2 motivates the problem and, in
particular, points at convenience of the method when used in a general multi-
parameter setup. In Section 3, we present the assumptions and the main result
which is Theorem 3.1. In Section 4, we formulate and prove the lemmas that
eventually lead to the proof of Theorem 3.1 presented in Section 5. Finally, in the
Appendix, we present an example illustrating how a version of the EM algorithm
can be applied to maximize the leave-one-out likelihood.

2 Motivation

Although in this work we concentrate on the location parameter, the applica-
bility of the approach extends to the multiparameter context. The leave-one out
likelihood function presents only a slightly modified likelihood and thus the max-
imizers over other than location parameters would have the asymptotic properties
dictated by the classical MLE theory given, of course, that appropriate assump-
tions of the likelihood are satisfied. For this reason, the proposed estimation of
location in the unbounded density case is not only of a theoretical interest but also
have important implications for actual estimation problems. In fact, there are nat-
ural parametric families for which estimation in the presence of unboundedness
becomes an important practical issue. This study was inspired by investigation
of applicability of the EM algorithm to parameter estimation for linear models
involving the generalized Laplace distributions.

Recall a generalized Laplace random variable X admits the representation X =
6+ ul’ + ov/T'Z, where I' has Gamma distribution with the shape 7 and scale
one, while Z has the standard normal distribution, see Kotz ez 4/ (2001) for
details. This class is made of infinitely divisible distributions, is closed under the
convolutions and the corresponding Lévy motions are referred to as the Laplace
motions (in mathematical finance, specially in the symmetric case, these models
are naturally known as the gamma variance processes). The density of X is of the
form p(x)|x|* where « = 27 — 1 and p(x) being a function that is bounded and
non-negative around zero.

The explicit form of the density involves one of the Bessel functions so the
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distribution is also refered to as the Bessel function distribution. To maximize
the likelihood one has to resort to numerical methods and, for example, the EM
(expectation-maximization) algorithm can be conveniently employed to evaluate
the MLE of the parameters (0, u, o, 7). We refer to Protassov (2004) for a pre-
sentation of such an approach applied to a subclass of the generalized hyperbolic
distributions (the latter were introduced by Barndorff-Nielsen (1978) and include
also the generalized Laplace distributions). Since the range of values of tis a’priori
not known, one can not exclude a possibility of an unbounded density, which oc-
curs when 7 < 1/2, i.e. —1 < « < 0. In fact, the value of 7 is tied to the grid of
sampling for spatial or temporal models involving the Laplace motion — the finer
grid the smaller value of T which typically leads to an unbounded density.

The EM algorithm can be adopted to the leave-one-out likelihood by not
accounting in each loop for the observation that is closest to the evaluated values
of the location parameter. This is actually the EM algorithm applied to a penalized
log-likelihood where the penalty term is — log f (x, ), in which it resembles the
method of Chen ez a/. (2008). In these applications, the EM algorithm preserves
the fundamental monotonicity property entertained by the original EM method
of Dempster ez al. (1977). In the resulting approximations, the estimate of 4 has
the same super-efficient asymptotic behavior as demonstrated in this work, while
the estimates of y, o and 7 behave asymptotically in the same way as the MLE
under the standard regularity conditions. The formal argument supporting these
statements in full generality is left for another occasion. However in the Appendix
we do discuss main steps in such an EM approach when applied to the maximizing
for the leave-one-out likelihood for the generalized Laplace distributions.

It should be mentioned that the proposed method is useful also in the case
when the densities are bounded for all values in the interior of the parameters
range but may become unbounded if the parameters reach boundaries of the
range. Let us mention two examples when this is of importance. Firstly, for the
generalized Laplace distribution, if € [1/2,1) and o > 0, then the generalized
Laplace density is bounded. However, if the parameter value for o reaches the
boundary ¢ = 0, then the distribution approaches the gamma distribution with
the shape T € [1/2, 1) which constitutes an example of unbounded density. In
consequence, using the leave-one-out method allows to avoid ensuing problems.
The second case relates to the fact that the generalized Laplace distributions repre-
sent a special and the only unbounded density case of the generalized hyperbolic
distributions. Here again the leave-one-out method can be applied to deal with
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Figure 1: Lefi: The full log-likelihood (solid line) vs. the leave-one-out log-
likelihood (dashed line) used for the sample of the size z = 10 (76p) and » = 500
(Bottom). In the bottom figure the dashed line cannot be distinguished from the
lower envelope of the log-likelihood. Righz: Asymptotics and super-efficiency of
the estimator: the optimal rate — straight thin line, the estimated rate from Monte
Carlo simulation — thick line, a trajectory of the absolute estimation error |8n — 0ol
with increasing sample size — thin line. For comparison the rate of MLE under
regular assumptions is given by the dashed line.

the unboundedness due to the parameters approaching the values corresponding
to a generalized Laplace distribution.

For illustration of the leave-one-out likelihood and the discussed properties of
the estimator, we performed a small Monte Carlo (MC) study based on samples
generated from an asymmetric generalized Laplace distribution with (0p, u, 0, 1) =
(1,—0.5,1,0.4). In Figure 1 (Lef?), the full likelihood is compared to the leave-
one-out one (dashed line) in a small sample size case (z = 10, top) and a large
sample size case (2 = 500, bottom) cases. We can clearly observe the smoothing

effect offered by the method.

The asymptotic behavior of the estimator is illustrated in Figure 1 (Right),
where, on the logarithmic scale, we see the optimal rate (straight thin line) and
the rate for the proposed estimator obtained through MC simulations. The latter
is represented here by 90% MC-sample quantiles of |5, — 89| computed for 1000
MC samples and for a number of sizes 7 (thick line). For comparison, a trajectory
of |5, — 8| evaluated for the subsequently increased 7 values of a single large
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sample is represented by the thin line. Finally, the dashed line on the graph
corresponds to the regular rate of convergences 7~ '/2, from which we clearly see
a super-efficient rate of the estimator.

3 The maximum leave-one-out likelihood estimator and
its supperefficiency

3.1 Assumptions

Through the remainder of the paper, let Xj, ..., X, be an iid sample from a dis-
tribution given by a density f(x — 0p) that is differentiable everywhere except
for zero. Recall that the Fisher information for a location parameter associated
with a density f is defined as Z = E[((log /) (X))*] = E[f"*/f*(X)], where X
is a random variable with the distribution defined by f. In our case the Fisher
information is not finite due to the assumed unbounded behavior of f around
zero so instead we use the incomplete Fisher information defined for ¢ > 0 as

Tr(e) = E[f?/f*(X)||X] > €]. We assume that

Al f(x) = p(x)|x|*, o € (—1,0), p has bounded derivative on R\ {0} and, for

some €y > 0, is non-zero and continuous either on [—&g, 0] or on [0, ] .
A2 There exists & > 0 such that £(x) = O(|]x|~~") when |x| — oco.

A3 For some (and thus for all) € > 0 the Fisher information Z¢ () is finite.

3.2  Maximum leave-one-out likelihood estimator

Here we introduce the estimator and present several convenient representations
of the leave-one-out likelihood ratio process.
Let us denote
k(0) = argmin |X; — 8],

ke{1,...,n}
with the convention that if there are two indices we take the one for which corre-
sponding X5 is on the right hand side of 6. Define the estimator 6 = 5, as the
argument that maximizes

_ i Him /K= 9
10 =5h0) =~ - (1)
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3. The maximum leave-one-out likelihood estimator and its supperefficiency

Note here that /() is a cadlag function (the left hand side continuous) and con-
verging to zero at infinity so there is a maximizer (if there are more than one
maximizer, we choose, for example, the smallest one). We also observe that
Uy = Sn — 09 is the maximizer of

lu+ &)

I(&)
S Xz, — u— 80) H G —u— 0)
f Xiur-5) — 00) fOG—8p)

Z(u) = Z,(u) =

(B0, i k(u+-5)

By introducing the event C; 5 = {4(6) # 7} and its indicator function Ic, 5
we obtain the following convenient representations of the above functions

Hf(X—8 zo—Zlch II re -9, @)

and

Z(u) = Hf(X—5o Hf(X—u—(SO) ety —
3)

(St T o) (S, T1 105w ).

=1 i=1,i#l j=1,7#k

3.3  The main result

The purpose of this paper is to establish consistency of 5, which is done together
with getting a super-efficient rate of convergence in the following result.

Theorem 3.1. Let f satisfy the above assumptions and let 5, be the maximizer of
L, given by (1). Then 0, is a consistent estimator of 6y and for any 8 < 1/(1+ a):

lim #°(5, — &) £ 0. 4)

n—r00
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4 Lemmas and the proof of the theorem

Additionally to the notation and assumptions of the previous section, we also use
what follows. For A > 0 and L > 0:

Ay = Ayy = {_min X~ | > 2}, 5
ij=1,...,n

]
BL:BmL:{‘_nllaX |)(,—5()| <L}. 6)

In our argument the variable L is eventually increasing without bound so when-
ever the symbol O(L?) is used for some p, it means thatlimsup, , _ |O(L°)|/L° <
00. Finally, for compactness of our formulations, we define S, (x) = [uo—r, uo+
r].

We start with a result about the rate of convergence of the minimal distance
between X’s.

Lemma 4.1. Assume that a sequence of positive numbers A, has the following asymp-
totics for a certain ¢ > 0:

= 0 (s 5)
Then for A, = A, », defined through (5) we have
lim P(4,) = 1.

n—r 00

1 .
Proof. Since A, < D-n~' " 51 for some D > 0, it is enough to show the result
S B
for A, = D - n 7% ¢, Define

Co = {Xu1 € JIX = 20 X + 21}
=1

We first demonstrate that for a proof it is sufhicient to show that C = limsup,_,
C, is of probability zero, which is equivalent to saying that with probability one
the number of times that an observation X, is inside of U”_ [X; — A, X; + A,]
is finite.
To see this consider an outcome w from C¢. Then there exists 7y such that
for n > ny:
[Xpr1(w) — X(0)| > Ay i=1,... 7.
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4. Lemmas and the proof of the theorem

For such #g, let
g = min [Xj(w)— X;(e)|
ij=1,...,n
i#f

while 7; be such that for » > n; > ng we have A, < g. Take n > m
and note that the minimum of [Xj(w) — Xj(w)| over all pairs (7,5) such that
i,j=1,...,n,1 % is obtained as the minimum of the numbers standing on
the left hand side of the following inequalities

min  |X;(w) — Xi(w)| > A,,

izlzlv---,”o
i#j
; Ilnlnn ’)(z(w) _Xno-i-l((*))‘ > Ano 2 )\na
=1,..,n0
C min | Xi(w) — Xpy42(0)| > Augt1 > Au,
i=1,...,n9+1

. min 1‘)(1(0)) _Xn(a))‘ > An—l 2 An

i=1,...,n—

Consequently the outcome w has to be in A, for each 7z > n;, which proves that

C° C liminfA,.

n—r00

Thus if A denotes the right hand side event in the above and P(C¢) = 1, then

1 =P(C) <P = lim P([]4) < liminfP(4,) <
n—r 00 n—ro0
k>n
limsupP(4,) <1

n—r0o0

and consequently it is indeed enough to show that P(C) = 0.

To prove the latter, by the Borel-Canteli lemma, it is enough to show that
IP(C,)’s form a convergent series. To this end notice that by Assumption Al, the
density of X; is bounded except at 6p. Hence there exists sufficiently small > 0
and an interval neighborhood 7 of zero and of the diameter not exceeding # such
that f(x) = p(x)|x|* for x € [ is larger than the value f(y) for any y ¢ 7. Thus if
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a subset D C R has measure at most #, then
PX,+1 € D) = /p(x — o)|x — 8o|* dx
D
< /poc)\xr“ de < POC € [—ut Bo, u+ Bo)).
7

Using this fact, the convergence of 72, to zero, and independence of X, from
X, = (X1,...,X,), we obtain for sufficiently large 7:

P(Cy) =P (X1 € I — 20 X+ 4,]) =
=1

E(P (X1 € ([ JIXG = 40 X + 4] [X,)) <
=1

PX € [—nA, + 60, 72y + o).

Note that there exists X > 0 such that for sufficiently small # we have
P(X € [—u+ 8o, u+ 6o]) < Ku*™1, so for sufficiently large n:

P(C,) < K(nh,)*"! < K (n~ /=) = =1 =cloet)
and thus convergence of the series holds. O
The next lemma is a quite obvious consequence of Assumption A2.
Lemma 4.2. Ifn/L converges to zero, then for B, = B, 1, given in (6):

lim P(B,) = 1.

n—r0o0

Proof. By A2, the following inequality holds for some K > 0 and sufficiently
large L:
P(|X -8 <L)<1-KL™*

and the result follows immediately from
P(B) = P{_max |X;—b| < L,} < (1 - I(L;”)n,
which holds for sufficiently large 7. O
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4. Lemmas and the proof of the theorem

In the proof of the next result we use Assumption A3, i.e. the finiteness of
the partial Fisher information. Let us introduce the following function that is also
used in the proof of Lemma 4.4:

P |« 1/2
v =7 1/2()+—1n(x) "2 (), 7)
and note that it is bounded in neighborhood of zero. Moreover for x # 0:
1/2 I i O R
(F' ) = 5 7 =~ o). (8)

Lemma 4.3. There exists K > 0 such that for each xo € R, ¢ < 1 and r € (0, 5):

/ sup Vl/z(x) _f1/2 ‘ f1/2(x+x0) dx < KlatD/2. 9)

[=e,cle |h|<r

Proof. First by the Schwartz inequality

/ sup [fl/z(x)—fl/z(x—/a)[fl/z(x—l—xo) dx

=l |h|<r

1/2
< (/ sup (F/2(x) — F1/2 (e — h))? dx)

—c,cle |hl<r

X / ) f/ 2 1/2

=_ sup Ndy| dx .
2\ Jicea pi<r \Jo f1/?

By the Jensen inequality and then by the Fubini theorem
2
/ sup /h {;2 (x—p dy| dx
[~ [h<r \Jo f
h 12
</ sup /7/ f—(x—y)dy
c l<r \ Jo f
=[] ke b
:r/ 4/ |s|* 202 (s) ds dy.
0 [—etyytel”
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Note that for y € [0,7] we have —c +y < —c+r < —randy+¢ > ¢ > r.
Combining this with the boundedness of » in a neighborhood of zero, we obtain
that for some Kj and for each € > 0:

/ 2|s|%7 202 (s) ds < / 2s|%720%(s) ds
[—cty e [—r,r]¢

_ / 2Us[*202() s + / 22 ds—l—%If(E)

€

€
_ 1
< Ky /r 72 ds +Ezf(€)
Ko ot a1y, 1
< m’ra — ’ + 5If(&)
<K2rot—1

where K is some positive constant independent of 7 and ¢. From these inequalities
we obtain

/ sup Vl/z(x) —fl/z(x — /J)[fl/z(x + x0) dxe < Kr'4tV/2,

—c,cl’ |hl<r
which concludes the proof. U

The following result stands behind a super-efficient rate of convergence that
is eventually obtained in the proof of the main theorem.

Lemma 4.4. There exist B> 0 and K > 0 such that for each s € R:

f12x -y e
E [W <1 — K min(]s| 1 B). (10)

Proof. Let us set r(x, s) = (fl/z(x +5) —]“1/2(36))2 and note

2y _
E[fflg((x s)] </f(x)dx—|—/f(x—sdx [ s >
—1—E/r(x5)dx
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4. Lemmas and the proof of the theorem

Note that r(s) = f r(x, 5) dx is a continuous non-negative function taking value 2
at infinity, zero at s = 0, which is also its unique global minimum. Consequently,
it is enough to show that 7(s) is O(s*t).

Consider be a one-sided neighborhood of zero, say [0, gy], where v being
negative is separated from zero by, say, —L, L > 0. Then for positive s and x such
that x + s € [0, g9] we have

s 2 5 2
r(x,s) = (/ (/2 (¢ + ) d,:) — </ G+ D% 1y + 1) d,:)
0 0
s 2
2 L2 </ (X+If)a/2_1 dt)
0
412 [ /x W2 x\2\?
=2’ <<;+1> -(5) > :

Using this we get for positive s < &p/2:

60/2
/r(x, $) dx > / r(x, 5) dx
0

4L2 €0/ (2s)
> ?S(x—i-l/ ((}’+ 1)0{/2 _ya/2)2 d}/
0

412 1
2 _2/ ((y+ 1)0(/2 _yot/Z)Z d)’ . 50l+1'
o« Jo
The argument for negative s follows the same way. O

The preceding result is explicitly used only in the following lemma, which
plays a central role in our proof of the main result.

Lemma 4.5. There exist positive constants K1, K such that for all n € N, y and A
both in (0,1), if r € (0,1/6) and |ug| > v, then

E |Lyns sup ZV2@)| < 0L F (1 — Kiy' "+ Kor )2,

u€ S, (uo)

(11)

where a = max(0, (1 — 6)/2).
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Proof. We note that the left hand side does not depend on 6y so let us assume
that 09 = 0. Let us take arbitrary values A, r, y and # that satisfy the required
conditions (K7, K; will come later). By (3)

sup Z'/%(w) < (12)
uESr(uO)

Z[Cf,[) Hf—l/Z(Xl,) . Z sup [le,u Hfl/Z(Xj — u).
/=1 =1

k=1 4€S ) iy
j#k
Let us note that .
n n
C,Z,u = U C;C,u = m Ci,u-
ik i#k
Moreover, since in Aj all observations are at least A apart and in C; , the value X;
is not the closest to # the distance between X; and # must be at least A/2 which
gives
{IX; —u| > 2/2} D AN Cyy.

For u € S,(up), by the triangle inequality

def

Cigr = 11X —uol > 2/2 —r} D{|X; —u| > A/2}.

Thus foreach k=1,..., n

n

Iy, sup Ic: Hfl/z(Xz‘ —u) < sup Hfl/z(Xz‘ —uwlg,, ., (13)

uGSr(uo) ’ Z:17 uGSr(uo) l:1,
i~k £k
and foreach / = 1,...,n we have

n -
H —1/2 X[ >2/2
[AA[CIE,O 1 f / X) < 11 fl/z()(l) . (14)

itk ik
Combining (12), (13), and (14) we obtain

. . e [\X-\>/\/2

14, sup Z'2 () < E sup fl/z(Xi— wlc,, , 2 .

* uESr(uo) /e,l:l uESr(u()) i:HI, 0 ]:17f1/2()<})
ik Al
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4. Lemmas and the proof of the theorem

Fori=1,...,nlet us define

I %1522
12X

Yiu) = f170G - wlig,,, -

7, =

Then we obtain

Lnos, sup Z'V2w) <Y Y sup Vi) [] )Y
MGSr(Mo) k,lzl uESr(u()) izl,

ik,

oy

As a result and by independence, we obtain

| s 2P ap < Y ERE] swp T[] T
A)xNBr ueS, (up) k=1 u€ S, (up) i=1,
itk
7
=" E[N]-E| sup Yi(w E(u)f/i]
u€S,(uo) i=3

~ _ _ ~ 1n—2
< n? E[1;] E[ sup Yl(u)] E[ sup Yl(u)Yl} . (15)
u€ S, (up) u€ S, (ug)
In what follows, we bound each of the three expectations on the right hand side
of the above inequality.

First, by Assumption A2, E[Y;] < f_LLfl/z(x) dx = O(L%), where a =
max(0, (1 — 4)/2). To deal with the second expectation, notice that by Assump-
tion Al on f(x) there is a constant Ky > 0 such that f(x) < Ko min(|x¥|,1) <
Ko(A/2 — 27r)%, since 0 < A/2 — 2r < 1. Therefore, if |u — uy| < r and
|x — up| > A/2, then |x — u| > A/2 — 2r and thus

sup V() < Ko(A/2 — 2r)%% < Kor*?,
u€ S, (uy)
where the last inequality holds since A > 6.
The final expectation requires a few more steps. First, using the triangle in-

equality yields

Yi- sup Yi(w) < Vi | Viluo) + sup |Vi(uo + 5) — Vi(uo)| | .
u€ S, (uy) |h|<r
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Then from Lemma 4.3 there exists K, such that

E[fﬁ - sup |Y1(uo + h) — 171(%0)|]
|| <r

§/ sup Vl/z(s—ly) —fl/z(s)\-fl/z(s—i-uo) ds
[=A/2+7,A/2—7]

“lhl<r
< K27(1+O()/2

and from Lemma 4.4:
E[V; - Yi(u)] < 1~ K min(y'*%,6).
Putting all the three bounds together in (15) completes the proof. O

Chebyshev’s inequality combined with the inequality 1 + 2 < ¢ yields the
following corollary to the above lemma.

Corollary 4.1. There exist positive constants K and K; such thatforallz € N, y
and A both in (0, 1), if » € (0, A/6) and |«| > ¥, then

P([A;\HBL sup Z(u) > 1) < O(Ltz)r%”Ze—(n—Z)([(lyaJrl_[(27(1+o¢)/2),
u€ S, (u)

where 2 = max(0, (1 — 4)/2).

Lemma 4.5 will enter the proof of the main theorem through the following
result, which is a consequence of the above corollary.

Lemma 4.6. Let SL be the maximizer of 1(8) over [—L + 0y, L + 8ol. There exist
positive constants Ky and K such that for all n € N, v and A both in (0,1), if
r € (0,/6), then

P(A; N BN {]6, — 80| > v}) < (16)

+1y . Z2—1 2 —(n—2)(Kiy* T —K; (140)/2
(L) 3~ e 2 (i zr ),

where a = max(0, (1 — 6)/2).

Proof. From the definition of o7, i1y = 07 — 0o maximizes Z(x) over [—L,L] and
thus Z(u;) > Z(0) = 1. Consequently, if |#;| > y, then

sup Z(u) > 1.
u€[—7r,vI*'N[—L,L]
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5. Proof of Theorem 3.1

This leads to

P4, N B; N {[6; — 60| > v}) < PUy,ns, sup Zw) > 1).
u€[—vy,yI‘N[—L,L]

Let S,(u), #=1,...,2[L/r] + 1 be a cover of [—, y]° N [—L, L], such that
|up| > y. By Corollary 4.1:

P, N B, N{ sup Z(u) > 1})
u€[—v,yl°'N[—L,L]

2(L/r]+1
=P( |J {lyna sup  Z(u) > 1})
k=1 u€[—=v,v1‘NS (1)
2[L/r]1+1
< > PUyns, sup Z(w) > 1)
b=1 ”esr(”/e)

< OIYrs e DK T =Rt a),

5 Proof of Theorem 3.1

Here we present our proof of the main theorem.

Proof: Set f < 1/(1 + ). Let L, = nsﬁ, with s being a positive constant that
will be set later but at the moment we require only that Z, > #°/%. Further, let
A, be set so that Lemma 4.1 is satisfied.

Because of Lemmas 4.1 and 4.2, the events 4,,,, and B,=B, /s that are
defined through (5) and (6), respectively, have probabilities converging to one.

Consequently, it is sufficient to show that for each y > 0:
lim P(A,,, N B, N {#°|6, — 6| > y}) = 0.
n—»00
Let v, = y#? and note that since B, C B,

P(A,, O By N {8, — 60| > v,}) <

< P, 2,NBy1,N{¥n < 6,80 < L,})+P(B,N{[6,— | > L,}).
(17)
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Let us consider the first term on the right hand side and take a sequence 7, so

that , < A, /6. Then, by Lemma 4.6, for 2 = max(0, (1 — 4)/2):

lim sup P(A,, 3, N Buz, N {yn < 6, — 60| < L,})

n—r0o0

21 —(n— o, (+@)/2
< s O] )

n—00

By choosing 7, so that nr,(,l—i—a)/ 2 <n

chosen » > 0, ¢,and K > 0:

~ for some d > 0, we have for suitably

limsupP(4,,5, N B,z N {v, < |8,, — 0| <L} < li)m by
n o

n—00

= 0.

The second term on the right hand side of (17) also converges to zero as
shown next. Since {0, — 00| > L,} € {sup|,;5,, Z(#) > 1} and by a direct
application of Chebyshev’s inequality it is enough to show

lim E

n—r 00

Ip, sup Zl/z(u)
|u|>L,

= 0. (18)

To this end note that on B,, |Xj| < /% + |8|, thus for sufficiently large 7,
for |u| > L, and on B,:

X — | > Ju] — |X;| > L, — n’/* — 6| = OLy).
From this, Assumption A2, and by the choice of Z,:
I f 2 — w) < I, K1X; — u| T2 < O, PPV = O(n7).
In consequence,
Iy, sup Z'2w) < O, [ 720 = 60). (19)
|| > L i£k(50)

Using the representation (2), we have

n

I - =31, II r7-a

i£k(50) k=1 i=1,i#k
<> II 7o
k=1 i=1,i#k
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6. Concluding remarks

By Assumption A2, we also have
E(jx_a<2f (X — 8)) = O(L),

where ¢ = (1 — 4)* /2, which along with the mutual independence of X;’s yields

n—1

Elfs, T £77206 = 0| < n (B [Iy_gepmnf X = 5)])
i#k(80)

< nOn—l(nﬁ/b)‘
Putting this together with (19), for sufficiently large 7 we obtain

E|:IB,, sup ZI/Z(M)] SnO"‘l(;ﬁf//’—f),
[u|>Ln

where s as of now was not set yet. Thus by taking s > 3¢/b+ 1 we make the right
hand side converging to zero, which concludes the proof. O

6 Concluding remarks

We have demonstrated that the maximum /leave-one-out likelihood estimator is
consistent and has a superefficient rate of convergence. The rate of convergence
~1/(+9) which would be the optimal rate
of convergence. In fact, the proof of the main theorem yields a bit stronger result

does not differ by a power factor from 7

stating that the lower bound on the rate of convergence differs from the optimal
rate only by a certain power-of-logarithm factor. However, the presented proof
does not yield the optimal rate and an open question is if this rate is actually
reached by the estimator. In fact, this rate would be optimal for the minimal
variance estimation of the location as discussed in Polfeldt (1970b) and Polfeldt
(1970a), where an estimator achieving this rate is constructed. This optimal rate
is also obtained in Ibragimov & Khasminskii (1981b) for the Pitman estimators.

It is worth stressing again that the leave-one-out estimator unlike the other es-
timators has the advantage that it can be easily implemented through the MLE ap-
proach in a general multi-parameter setup, for example, when scale or/and shape
parameters are present. In the appendix it was demonstrated how the EM algo-
rithm applies when other than the location parameters are present in which case
maximizing likelihood is the most natural way to proceed.
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A  Appendix

Here we present a formalized approach to the maximizing the leave-one-out like-
lihood by means of the EM algorithm and in the presence of other than location
parameter. We focus on an example of a symmetric Laplace distribution while
a more complete presentation is left for some future research. Namely, we con-
sider estimation of a vector of parameters ¥ = (0, 0) of a symmetric (u = 0)
generalized Laplace distribution with some known shape parameter T < 0.5. See
Section 2 for the definitions and the notation. In our setup, the observed val-
ues are ¥V; = o/I3Z; — 6,i = 1,...,n and the complete set of variables is
X=(y,...,I,,1,...,Y,). As mentioned before, the density fy(y) of ¥/’s is
having the form p(y— 8)|y— 6|>"! for some bounded and non-vanishing around
zero function py.

To precisely formulate our algorithm we need some additional notation and
defintions. For a vectory = (y1,...,7,) € R”, the permutation of its elements
which leads to the order statistics of (|y1 — 0], ..., [y, — 0]) is denoted by ™(y),
and using this function we define RY = ny(R"). Slightly abusing notation we
also write 7°(x) for (1, ..., Yn, 7r’9(y)). Further, for Y? = 75(Y), we consider the
conditional distributions of: the vector YV = (}/1‘97 el Yn‘9_1) given )/(}9 =y €
R, denoted by gy(y|yo) and defined on R;i = {y: (0,y) € RY}; the vector X?
conditionally on YV = y € RY, denoted by ky(x[y) for x € R” x {y}; and,
finally, the distribution of X? given Yoﬁ =y forx € R% x {y} x R;Z and
denoted by Ay(x|y0).

We note the relation

( bo) = =2 - o)
901, - - s Yn—1)0) = F(ﬁ,yo)”_l 9U1 I\IYn—1),

where F(9,59) = 1 — f_‘}'r] 0__5|5‘ fo(s) ds. Thus if one wants to treat the leave-
one-out likelihood as an actual likelihood it has to be normalized and then it can
be viewed as equivalent to gy(y1, ..., ys—1[y0). From now on we consider the

maximization of ZY(0) = gy(y1, - - ., yu—1|p0)-

We follow a general scheme of the EM algorithm, see for example Wu (1983)
and report the following two fundamental facts that hold for any fixed value of
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A. Appendix

. . /
incomplete observations y € R”':

D) = / log 5 (ﬂ(x) %9) ko (xly) dx+

R x{y} (20)

- / log ko(=@)[x(y)) - by (xly) dx
R% x{y}

and
/ log /eg(nﬂ(X)‘ﬂﬂ(Y)) < kg (x|y) dx
R7 x{y}

< / log kg (7 (x)|7fl9, (y) - ky (x|y) dx.
R% x{y}

These two conditions guarantee the monotonicity of Ly({?n) in 7 of the algo-
rithm in which the updates 9, are based on the maximizing the first term of the
right hand side of (20), which we denote as QY (J|¥¢).

Let us now discuss how this maximization avoids being trapped in local max-
ima that are due to the unboundedness of the likelihood. In this discussion, we
consider the case of a symmetric generalized Laplace distribution given by fy. Let
5(y) be the density of gamma distribution with the shape parameter v < 0.5 and
the scale equal to one and define

o0 - (}/ 5)2 - _(y/7§/)2
1 s(y, U= s(y 2o’ d
/0 < 8 2noty 20%y \/27roJ2Y€ Tar

M(y,y'; 9|) =
fo ()
log(27r02) (y— 5)?
YA B Y
=Py, ) 2 752 N, 9),
where
0 /g2
LA
N
N(yl,ﬁ,): 0 2no’cy

fo (/) ’

[e’) ( ) ( ) (J// 5/)2
’(_ . ’(7 20/2'\/
/ lOg f — e d‘)/

fo (¥)

Py, Y) =
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Straight computations lead us to

Q)Y = ZM(yl 75019 — log fyOi)+

=0

— (11— 1)log (F(ﬁ,yg)/(n - 1)!)

_ZP()/ ) — = log(271'02) Z ()/, ) N(y; v )+

=0

—log fo(y) — (n = 1) log (F(W. )/ (n 1)!)

21)

If we would not consider the leave one out algorithm, the maximization
would be based on the function of 6 that is listed in the second line of the above.
This is a simple quadratic function of 6 and the maximum is easily found in the
explicit form. However, in the unbounded density case, the algorithm would typ-
ically be stuck in a value 8, = 5o and in the next step the solution would favor
the same 8n+1 = 7. In the leave-one-out version of the algorithm as discussed
above, the term in the last line of (21) will punish choosing the value 8,,+1 close
to yo as — log fp(3Y) converges to minus infinity at § approaching yg ". Tt would ef-
fectively be pushing away from taking 1, approaching any particular observation.
This would have a similar effect to taking out the term M(yY, y¥ ;s 9|¥) from the
second line of (21). In this sense, it would be a leave-one-out EM algorithm in
which we protect against sticking with 0 in any particular observation.
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generalized hyperbolic distributions
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Abstract

We show that the generalized Laplace distributions and the normal inverse Gaus-
sian distributions together with the corresponding two classes of variance mixing
distributions: the gamma distributions and the inverse Gaussian distributions are
the only subclasses of the generalized hyperbolic distributions and, respectively,
the generalized inverse Gaussian that are closed under convolution.

Key words: variance-mean normal mixture, generalized inverse Gaussian
distribution, inverse gamma distribution, generalized asymmetric Laplace
distribution, Bessel function distribution, gamma variance normal mixture
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1 Preliminaries

In continuous time stochastic modeling, parametric classes of infinitely divisible
distributions that are closed under convolution play a central role. Thus for any
parametric family it is of interest to identify its convolution invariant subclasses.
Within the generalized hyperbolic laws (GH), invariance under convolution of
the generalized asymmetric Laplace distributions (also known as Bessel function
or variance gamma distributions) and the normal inverse Gaussian (NIG) dis-
tributions is well known and frequently quoted in the literature, cf. Barndorff-
Nielsen (1978), Kotz et al. (2001), and Bibby & Serensen (2003). To quote
from Bibby & Serensen (2003): “However, in the case of the NIG and VG [vari-
ance gamma)] distributions, the convolution properties ... imply that the value of
the Lévy process will be NIG-distributed, respectively VG-distributed, at all time
points. This makes the NIG and VG Lévy processes more natural generalized
hyperbolic Lévy processes than the other generalized hyperbolic Lévy processes.”
Some authors also mention that within the GH distribution, there are no other
convolution invariant families, see Fajardo & Farias (2004) (this paper, in fact,
reports only the NIG class) or Hammerstein (2010). Despite these few mentions
we did not find in the literature any explicit and rigorous argument for the char-
acterizations of the convolution invariant GH subfamilies. The intention of this
note is to provide such a one.

A wide range of infinitely divisible distributions can be obtained by mixtures
of normal distributions. Such mixtures are distributed according to a density that
is represented as a weighted average of normal densities. The most common is the
variance mixture of normal densities, the density of which is given through

[e.e] 1
= — dF
) /0 7 ple/\/7) dF(y),

where ¢ is a standard normal density and 4F(y) an arbitrary probability distribu-
tion on [0, 0o) that serves as weights with which the densities are mixed together.
The variance mixture of normal distributions is equivalently given as the distri-
bution of X = /I'Z, where I is distributed according to F and independently
of a standard normal variable Z.

A further natural (and well-known) extension of mixing of normal densities
is given in the following definition.

Definition 3. A random variable X (and also the corresponding distribution) is
called a normal variance-mean mixture with a non-negative mixing variable I',
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1. Preliminaries

variance scale 0 > 0, mean scale u € R if
X =oVTZ+ul, (1)
where Z is a standard normal variable independent of I".

This note is dealing with particular subclasses of the normal variance-mean
mixtures obtained by restricting the distribution of I" to some parametric subclass.
Among discussed the most general is the class of generalized hyperbolic distribu-
tions with the generalized inverse Gaussian distributions as the corresponding
class of mixing distributions. For the purpose of settling notation and terminol-
ogy let us recall formal definitions of the two.

Generalized Inverse Gaussian (GIG) — This class of mixing distributions is
given by the density

_ (WX)M A—1 —(dxtx/x)/
f(x) = ZKA(\/QT)()x e

where the parameters satisfy

2, x>0,

¢>0,x>0,ifA>0,
G>0,y>0,ifA=0,
$>0,y>0,ifA<0.

The moment generating function of a GIG distribution is given by

(9 PR - 2)
M = <¢—2r> (/5

Let us mention two special cases.

, < /2. ®)

e The inverse Gaussian distribution (the first passage time by a Brownian
motion of a fixed level) is a GIG with A = —1/2.

e The gamma distribution is GIG with y = 0.

Generalized Hyperbolic (GH) — This class is obtained as normal variance-
mean mixtures (1) with I" distributed as a GIG distribution.
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The two special cases of GIG mentioned above specify two corresponding
classes of the GH distributions, namely the generalized asymmetric Laplace (GAL)
distributions with gamma as a mixing distribution and the normal inverse Gaus-
sian (NIG) distributions with inverse Gaussian mixing. For more detailed in-
formation we refer to Eberlein & Keller (1995), for the generalized hyperbolic
distributions, to Jergensen (1982) for the generalized inverse Gaussian distribu-
tions, and to Kotz ez al. (2001) for the generalized Laplace distributions.

2 Convolutions of normal variance-mean mixtures

Let us review some fundamental properties of the normal variance-mean mixtures.
First, observe that the variance-mean normal mixtures coincide if and only if their
mixing distributions are the same, see also Hammerstein (2010) for some related
results.

Proposition 1. Let X; = /112 + ul'y and X; = /122, + ul) be variance-
mean normal mixtures. Then they have the same distribution if and only if I'}
and I' are also identically distributed.

Proof: Let z = z(t,u) € C be a solution to 2°/2 + uz — it = 0. Then

E () =E (¢#7), (3)
whenever any of the sides is well defined.
However,
)

E
E (efl(zz/Z—l—uz))
E (gitf1) ’

which is the characteristic function of Xj. Since the same is true for X5, it follows

from (3) that both the characteristic functions are equal. O

Consider variance-mean mixtures X; = /112 + uly and Xp = /122, +
ul, where (I, Z)) and (I, Z;) are independent. Then

d
Xi+X% =12+ 1+ uI + 1) = /1 + 1hZ + u(ly + 1Y),
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3. Convolution invariance within GH distributions

where Z is a normal random variable and < stands for the equality of distribu-
tions. Hence the sum Xj + X} is also a variance-mean mixture with the same scale
u and the mixing variable I" = I'} + I'.

For u € R, let F, be a sub-family of normal variance-mean mixtures of the
form X =T Z + ul’, where I' € G. From the properties shown above we have
the following immediate result.

Proposition 2. For each u € R, F, is closed under convolution if and only if G
is closed under convolution.

3 Convolution invariance within GH distributions

As we have seen above, for the GH distributions it is sufficient to investigate the
closeness under convolution for the corresponding variance mixing distributions,
i.e. the GIG distributions. Thus next we investigate what subclasses of the GIG
distributions are convolution invariant.

Lemma 1. Let I} and I’ be two independent GIG distributed variables, with
corresponding parameters (1, ¢1, A1) and (x2, (b2, A2), where y; and y, are greater
then zero. For I' = I'} + I, to be again GIG, say, with parameters (), ¢, 1), it is
necessary that

¢ = min(sbla ¢2)7

x =G0+
A=+ +1/2

and, additionally,

(22n0) " PP K a0 Ko (Vo) = () 5202 K (D).
)

Proof. The equality ¢ = min(¢y, ¢») follows from the domain of the moment
generating function given in (2).

59



If I is GIG with parameters (), ), A), then for < ¢/2:

\/ (¢ — 200 (¢ — 2002 Ko, (/31 00Ky (\/ 2 2) 5
(=220 K/ xd)
_ K (Vo = 20) K3, (Vo (s — 20)
B (V@ = 29)) ’
or, equivalently,
arexp (Vo =20+ Vxa(a = 20— /x(@—20)) -
((,bl _ 21,))\1/2+1/4(¢2 _ 2t))xz/2+1/4
' () — 26)M/2+1/4
_ By (Vi —20) B, (Voo — 20) ©)

By (Vx(@—29) ’
where F,(x) = /2x/ne*K,(x) and

A= @/l Vi K WK et [ 1.

Using the asymptotics
/2
lim —xe"Kv(x) =1
X—>00 T

and letting ¢ decreasing to negative infinity of the both sides of (6), the right hand
side converges to one while the left hand side is converging either to zero or to

infinity as long as \/2y1 + /2)2 # /2.
We can now assume that /1 + /X2 = /- The left hand side of (6)

converges to the same value as

(¢ — zt)/\l/2+1/4(¢2 _ zt))\z/2+1/4

A- (2 — 2e)+1/4 )

when # — —o00, that is zero or infinity unless A; + A, + 1/2 = A. Under this
constraint one obtains by passing with # to —00 in (6) the additional relation as

given by (4). O
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3. Convolution invariance within GH distributions

In the previous lemma we have exploited the behaviour of the moment gen-
erating function at zero. In the next one, we examine its behaviour at the upper
boundary of the domain to derive further restrictions on the parameters.

Lemma 2. Let I'} and I, be two independent and identically distributed GIG
variables, with parameters (y, ¢, 1), where y is greater than zero. For I' = I} +1)
to be again GIG, and thus, by Lemma 1, having parameters (22y, ¢, 24 + 1/2),
it is necessary for A to be less then -1/4 and, additionally,

VEPHRG o (2Vx@=20) = G (Vi@ =20) £ < 42, ()
where G, (x) = x"K, (x).

Proof. We use equation (4) and the relation K_,(x) = K, (x), to re-write equation

(5) as
B- () — 20~ VAP 1/4] Gy (Vo —20)

(8)
Gl-a2-172 (24/x(¢ — 20))
where B= /1" 2—122+1/2| 'X_1/4+W_I/\+1/4‘.
For a positive v,
lim G,() = (2! ©
x—07F

so if # converges from below to ¢/2 and A is greater or equal to —1/4, then the
left hand side of (8) converges either to zero or is unbounded, while the right
hand side convergent to a non-zero constant. O

We are ready for the main result that completely describes the convolution
invariant families within the GIG distributions.

Theorem 4. Within the generalized inverse Gaussian distributions there are only
two subclasses that are closed under convolution: the gamma distributions and
the inverse Gaussian distributions.

Proof. Consider a subfamily of GIG distributions that is closed under convolution
and let (yo, ¢o, Ao) be the parameters of a member of this subfamily.

Assume that yp # 0. If Ay > —1/2, then the increasing sequence defined
through the recurrence relation A, = 24,1 + 1/2, is a sequence of parameters
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of some members in the family because of Lemma 2. Since A, increases without
bound the terms will be eventually positive, which is not permitted as shown in
Lemma 2.
Now assume that Ag < —1/2, so that for sufficiently large 7 leads to —A,, —
1 > 0. Differentiating both side of (7) with respect to /(¢ — 2¢), and using
the identity
[x"](v(x)]/ = —x""'K,_1(x), v> 0,

we obtain
\/7_T2M”+1/2G—2/\,,—3/2 <2 Xn( G — Zf)) (10)

= G, (Vo = 20) G (Voo —20))

Let now consider the limits in the above when # — ¢,/2. Since =1, — 1 > 0,
applying (9) yields

VA2 P(2p, — 3/2)27 52 = (=2, — 1)27 M 0(—A,)27 M
or, equivalently,

=1  TX=2,)
2%, —3/2  T(=2),—1/2)

\/7_1.22)\714‘1 (11)

On the other hand applying (9) in (7) yields

I'*(=2,)
2A,+1 n
V2 (=21, —1/2)’

which is only possible when A, = —1/2 contradicting that A, < —1.

We conclude that either Ay = —1/2, which corresponds to a member of
the inverse Gaussian distributions that is closed under convolutions, or yy =
0, which corresponds to another convolution closed family, namely that of the
gamma distributions. U

An immediate consequence is the following characterization.

Corollary 1. Within the class of the generalized hyperbolical distributions with
the support over the entire real line only two classes of distributions are closed un-
der the convolution: the generalized Laplace distributions and the normal inverse
Gaussian distributions.
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3. Convolution invariance within GH distributions
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Abstract

The recently proposed non-Gaussian Matérn random field models, generated
through stochastic partial differential equations, are extended by considering the
class of Generalized Hyperbolic processes as noise forcings. The models are also
extended to the standard geostatistical setting where irregularly spaced observa-
tions are modeled using measurement errors and covariates. A maximum likeli-
hood estimation technique based on the Monte Carlo Expectation Maximization
algorithm is presented, and it is shown how the model can be used to do pre-
dictions at unobserved locations. Finally, an application to precipitation data is
presented, and the performance of the non-Gaussian models is compared with
standard Gaussian and transformed Gaussian models through cross-validation.

Key words: Matérn covariances, SPDE, Markov random fields, Laplace, Normal
inverse Gaussian, MCEM algorithm
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1 Introduction

Latent Gaussian models are at the heart of modern spatial statistics. The prime
reasons for this are that they are both theoretically and practically easy to work
with; there exists a well-developed theory for likelihood-based estimation of pa-
rameters and the important problem of spatial reconstruction is easily solved us-
ing the standard kriging prediction which is optimal for Gaussian models. For
non-Gaussian datasets, the standard approach is to try to find some non-linear
transformation that enables the use of Gaussian models. This approach is com-
monly referred to as trans-Gaussian Kriging (Cressie, 1993) and common trans-
formations include the square root transform, (Cressie, 1993, Huerta et al., 2004,
Berrocal ez al., 2010, Sahu & Mardia, 2005) and the log transform (Cressie, 1993,
Cameletti ez al., 2013, Bolin & Lindgren, 2011). An effect of using such trans-
forms is that these induce a certain dependence structure between the mean and
the covariance for the data in the untransformed scale.

For example, consider the commonly used square root transformed latent
Gaussian model  /y; = X(s;) + ¢;, where y; are the observations, &; ~ N(0, o2)
is measurement noise, and X(s) is a Gaussian field with a stationary covariance
function and a mean value B(s)3 modeled using some covariates B(s). According
to this model, the mean and covariance of the data in the original scale is given by

Ely:] = Cx(0) + 2(B(s,)B),
Clys, 3] = 2Cx(s; — s)* + 4(B(s,)B)(B(s))B) Cx(s; —s)),

where Cy is the stationary covariance function of X(s) with the measurement
variance Oé added at 0. Viewing the equations above, it is not obvious how
to interpret the effect of the measurement error and the the mean field on the
observations and the usage of covariates for the mean induces a non-stationary
covariance function for the data.

Furthermore, the posterior variance of the process in the same scale as the
data is given by

VIX(s)*ly] = 2V[X(s)|y]* + 4E[X(s)[y]*V[X(s)]y].

Hence, the observations y and the mean field affects the kriging variance for the
transformed Gaussian model, through the term E[X(s)|y]. This dependence is
often not unreasonable for real data, and it has even been used to generate covari-
ance structures (Azais ez al., 2011). However, as the models grow more complex,
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1. Introduction

for example by introducing non-stationary covariance functions, spatially varying
measurement errors, or covariates, the effects of the transformation methods be-
come less transparent and more stale. In these situations, one would like to use
latent non-Gaussian models without resorting to transformations.

Compared to the Gaussian models, very little research has been devoted to
latent non-Gaussian models in geostatistics, and the aim of this work is therefore
to develop such models. We state three goals: First, we want to find a class of
non-Gaussian models that share some of the desirable properties of the Gaussian
models while allowing for heavier tails and asymmetry in the data. Secondly,
we want to provide tools for fitting these models to real data, assuming a latent
structure with covariates and measurement noise. Finally, we want to provide
tools for using the models for spatial reconstruction.

We will extend the work of Bolin (2013), where non-Gaussian models with
Matérn covariances (Matérn, 1960) formulated as stochastic partial differential
equations (SPDEs) driven by non-Gaussian noise were investigated. The work
consisted of providing an existence result for such SPDEs, and in some detail
study parameter estimation of SPDEs driven by generalized asymmetric Laplace
(GAL) noise. Although this is a good starting point for providing the tools
we seek, there are some major issues that have to be resolved in order to use
those methods for real applications: The estimation procedure proposed in Bolin
(2013) was based on using the Expectation Maximization (EM) algorithm, and it
works well as long as there is no measurement noise and all nodes in the field are
observed. Unfortunately, these requirements are too restrictive for practical appli-
cations. However, we will show that these requirements can be avoided, utilizing
an Monte-Carlo Expectation Maximization (MCEM) algorithm, and extend the
estimation technique to a larger class of non-Gaussian models.

The structure of the paper is as follows. In Section 2, a brief overview of
the methodology used for representing the SPDE models is given. This section
also introduces the class of models that is considered in this work, namely SPDE
models driven by either GAL noise or Normal inverse Gaussian (NIG) noise and
we argue that these two cases are the only relevant cases to consider in the class
of generalized hyperbolic distributions for non regular sampled observations. In
Section 3, we introduce the full hierarchical model that can be used for spatially
irregular observations with covariates and measurement error. In Section 4, the
MCEM parameter estimation procedure is derived and Section 5 shows how to
do spatial prediction and kriging variance estimation using these models. Section

69



C

6 contains an application of these models to a real dataset consisting of monthly
mean and max precipitation measurements, and results of the non-Gaussian mod-
els are compared with results obtained using standard Gaussian models and trans-
formed Gaussian models. Finally, Section 7 contains some concluding remarks
and ideas for future work.

2 Non-Gaussian SPDE-based models

The Gaussian Matérn fields are perhaps the most widely used models in spatial
statistics. These are stationary and isotropic Gaussian fields with a covariance
function on the form

1-v,2

2
Clh) = ————Gdh)Kxh]), heR%v>0, (1
(4m)2 (v + 5)

where 4 is the dimension of the domain, v is a shape parameter, x a scale param-
eter, ¢* a variance parameter, and K, is a modified Bessel function of the second
kind. Since the Matérn-type spatial structure has proven so useful in practice, we
want to construct models with this type of spatial structure but with non-Gaussian
marginal distributions. In order to do this, we use the fact that a Matérn field X (s)

can be viewed as a solution to the SPDE

O — A):X =M, 2)
where A = 2?21 88—:12 is the Laplacian, and o = v + 4/2 (Whittle, 1963).
The Gaussian Matérn fields are recovered by choosing M as Gaussian white noise
scaled by a variance parameter ¢, and the mathematical details of this construction
in the case when M is non-Gaussian are given in Bolin (2013).

To use these models in practice, we need a method for producing efficient
representations of their solutions. One such method is the Hilbert space approxi-
mation technique by Lindgren ez 4/. (2011) which was extended by Bolin (2013)
to the non-Gaussian case when M (s) is a type G Lévy process.

Recall that a Lévy process is of type G if its increments can be represented as
a Gaussian variance mixture V'/2Z where Z is a standard Gaussian variable and
V' is a non-negative infinitely divisible random variable. Rosinski (1991) showed
that every type G Lévy process can be represented as a series expansion, and for a
compact domain D € R? it can be written as M(s) = 2211 Zkg(m)%]l(s > s),
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2. Non-Gaussian SPDE-based models

where the function g is the generalized inverse of the tail Lévy measure for V, Z,
are iid N(0, 1) random variables, y; are iid standard exponential random variables,
s;, are iid uniform random variables on D, and

I(s > s) = {1 ifs; > s ; forall i < d,

0 otherwise.

Since V is infinitely divisible, there exists a non-decreasing Lévy process V (s) with
increments distributed the same as V. This process has the series representation
V() = 302, g(r)21(s > sp).

In the following sections, we briefly describe the Hilbert space approximation
technique for the case when M is a type G process, and then introduce a subclass
of the type G process that are suitable for the model (2).

2.1 Hilbert space approximations

Assume that M in (2) is a type G Lévy process. The starting point for the Hilbert
space approximation method is to consider the stochastic weak formulation of the
SPDE,

(& — A)2X() = M(¢), 3)

where ¢ is in some appropriate space of test functions and M(¢) is defined as
the linear functional M () = [ ¢s)M(ds) (see Bolin, 2013, Appendix A for
details). A finite element approximation of the solution X is then obtained by
representing it as a finite basis expansion X(s) = > ", w;®;(s), where {¢;} is a
set of predetermined basis functions and the stochastic weights are calculated by
requiring (3) to hold for only a specific set of test functions {¢};,7 = 1,...,n}.
By assuming that {¢);} = {¢,}, one obtains a method which is usually referred
to as the Galerkin method and this gives an expression for the distribution of the
stochastic weights conditionally on the variance process,

w|V ~N(K;'mK;'ZK, ). (4)

Here K, = C(C 'K)%? and the matrices K, C, and  have elements given by
Cj = (@i, i), Ky = 7 (@i ) + (Veoi, V), T = [ () g(9)V (ds), and
m; = f vi(s)V(ds).

In order to get a practically useful representation, we need to be able to eval-
uate the integrals X; and m; efficiently. Whether this is possible or not depends
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on the basis {¢;} and the variance process V'(s). For the purpose of this work
we choose to work with piecewise linear, compactly supported, finite element
bases induced by triangulations of the domain of interest. For bases of this type,
a mass-lumping procedure gives that m; = V; and 3 = diag(V3, V2,..., V}),

where
V= / V(ds) 5)
hi

and 4; is the area associated with ¢;(s). For further details, see Bolin (2013) and
Lindgren ez al. (2011).

2.2 The generalised hyperbolic processes

The most well known subclass of the type G Lévy process is the class of gener-
alised Hyperbolic processes generated by the Generalized Hyperbolic (GH) distri-
bution (see Barndorff-Nielsen, 1978, Eberlein & von Hammerstein, 2004). The
GH distribution covers a wide range of distributions including the NIG distri-
bution, the Normal inverse Gamma distribution, the GAL distribution, and the
t-distribution.

The generalised Hyperbolic distribution has five parameters o, v € RT, v, u
, T € R, and a density function

—1/2
f(x) = <\/(V0)2 + (X - Y)2> eﬁ(x—}’)

%)
Keipo <€2\/ (v0)? + (5 — wz) ,
where ¢; = #}ﬁm and ¢y = la 2+ ‘;—z A GH rv. X can be repre-
sented as
X=y+uV+oVvz, ©6)

where V is a generalized inverse Gaussian r.v. V ~ GIG(1,2,V*) and Z ~
N(0,1). The GIG(p, a, b) distribution has the density function

(a/b)ﬁﬂ
2K, (\/Z)

1 _@tb/x
e,

flo) = @)
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2. Non-Gaussian SPDE-based models

where the parameters satisfy 2 > 0,6 > 0if p > 0,2 > 0,6 > 0if p =
0,and 2 > 0,6 > 0if p < 0. Two special cases of the GIG distribution
are the inverse Gaussian (IG) distribution, obtained when p = —1/2, and the
Gamma distribution, obtained when 4 = 0. We denote the gamma distribution
by I'(p,a) = GIG(p,a,0) and the inverse Gaussian distribution by /G(a, b) =
GIG(—1/2,a, b). For more details of the GIG distribution see Jorgensen (1982).

A property of the GH distribution which is important for likelihood-based
parameter estimation is that the variance component V' is GIG distributed also
conditionally on X. However, integrals of the variance process V'(s) of a GH
process will in general not have known parametric distributions, and the random
variable V; in equation (5) will therefore not have known parametric distributions
in general. Without this property we are not able to derive likelihood-based pa-
rameter estimation procedures, nor make spatial predictions, for the models in
this work.

The random variables V; would have known parametric distributions if the
variance process belonged to a class of distributions that is closed under convo-
lution. There are only two special cases of the GH distribution for which the
variance components are closed under convolution (Podgérski & Wallin, 2013).
The first special case is the GAL distribution, in finance is known as the variance
gamma distribution, which was studied in the context of the SPDE models in
Bolin (2013), and the second is the NIG distribution. Thus, from now on, we
focus on the SPDE model (2) driven by either GAL noise or NIG noise.

Examples of marginal distributions for non-Gaussian Matérn fields, generated
by the SPDE model (2), are displayed in Figure 1. Compared with Gaussian
Matérn fields, the advantage with using NIG or GAL noise is that we can allow for
heavier tails and asymmetry in the marginal distributions. The main difference
between using GAL noise instead of NIG noise is that the probability density
function (pdf) for the NIG case always is differentiable, while the GAL case can
allow for sharper peaks at the mode.

For practical implementations of the models, the most important thing to
know about the GAL and NIG distributions is how they affect the Hilbert space
approximation procedure. For both distributions, we get that m and X in the
Hilbert space approximation (4) can be written as m; = yth; + uV;, and X =
diag(V1, ..., V,,) respectively. For the GAL distribution V(s) is a gamma process,
and the variance components V; are therefore gamma distributed, V; ~ I'(4;7, 1).
For the NIG distribution the V(s) is a Inverse Gaussian (IG) process, and the
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Figure 1: Examples of marginal probability density functions for X(s) from (3)
where M is either NIG or GAL noise. In Figure a) and b) the pdf is generated
by GAL noise with different values of 7 for the different curves in a) and different
values of u for the different curves in b). In Figure ¢) and d) the pdfis generated by
NIG noise with varying v* in a) and varying y in b). For all examples, the random
field X (s) has a stationary Matérn covariance function with shape parameter o =
2.

variance components are therefore IG distributed, V; ~ IG(v*h;, 2).

Remark 1. 1f we would work on regular lattices, there are certain distributions
in the GH family, such as the z-distribution, where one could imagine fixing the
distributions such that the variance process has known distributions for the lattice
points; however, having to work on regular lattices is a too strong restriction for
us to consider such models any further. Also, even in situations where one has
data on a regular lattice and only is interested in predictions to that same lattice,
it is not clear what the corresponding continuous model would be if a model of

this kind would be used.
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3. Model extensions, covariates, and measurement noise

3 Model extensions, covariates, and measurement noise

To use the models discussed above for real data, we assume a hierarchical model
structure. The field of interest, X(s), is modelled using one of the SPDE models,
with observations, y1, ..., yy, at locations sy, . . ., sy. In practice, these observa-
tions are often affected by measurement noise, and we thus need to include this
in the model. Furthermore, we allow covariates for the mean value of the field by
assuming that X(s) is on the form

X(s) = > Bis)Bi + &s), (8)
=1

where &(s) is a SPDE field and { By, . .., B, } are known covariates, note that &(s)
not necessarily has zero mean in the non-Gaussian case. Using the representation
(4) for &(s), where the noise process is on the form of (6), we obtain the following
hierarchical model, expressed in terms of the stochastic weights w for the basis
expansion of &(s)

y = BB +Aw + €,

w=K' (ray+Vy+o\/\_/Z> . ©)
Here A is the observation matrix with elements A;; = ¢;(s;) linking the measure-
ments to the latent field, B is a matrix containing the covariates {B;} evaluated
at the measurement locations, and € is a vector of iid N(0, 02) variables rep-
resenting the measurement noise. The vector Z contains iid standard Gaussian
variables and the distribution of V; is determined by the noise process, specifically
Vi ~ I'(th;, 1) for GAL noise and V; ~ IG(v*h;,2) for NIG noise and the V;
are independent, recall that /; = f ®i(s) ds. To recover the latent field X (s) at the
measurement locations, one has to calculate X = B3 + Aw.

For the SPDE representation of the Gaussian Matérn fields it is easy to in-
troduce non-stationarity in the model by allowing the covariance parameters to
vary with space. In practice, this is achieved by representing the covariance pa-
rameters as regressions on some smooth covariates, e.g. assuming that x(s) =
exp (Z Bx,i(s)ﬁx,i) where {B,;} are known covariates would generate a model
with a spatially varying covariance range. In the case of the model above, we have
several parameters for the noise process, and it might be of interest to allow for
these to vary with space as well, especially in cases when one has covariates that
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not only affect the mean value of the field. This can be achieved in the same
way as for the covariance parameters, by assuming regressions on some smooth
covariates. For example, we can replace y and ¢ in (9) by y(s) = > By ;(s)y; and
u(s) = > By i(s)u; respectively, where {B,;} and {B, ;} are smooth covariates.
Adding the covariates to (9) generates the following hierarchical model:

y = BB + Aw + €,

w=K;! (ﬂ;w +IvBu + G\/\_/Z) , (10
where Iy = diag(Vy, V2, ..., V,). The matrices B, and B, are respectively given
by {By,} and {B,} evaluated at the node locations. This is a highly flexible
model; however, one needs to be careful in defining the model so that the param-
eters are identifiable. One needs to be especially careful if using location covariates
for both X (B) and w (B,) since this easily leads to a non-identifiable model unless
the covariates are chosen carefully to avoid this issue.

4 Parameter estimation

Fitting the model above to data requires a parameter estimation method. In this
section, we discuss how the parameters © = {x,[3, o, T, vy, i, 0} can be es-
timated through likelihood methods for the NIG and GAL-driven SPDEs. The
idea is to modify the EM-algorithm in Bolin (2013). The modification needed
turns out to be the addition of Monte Carlo simulations to estimate the required
expectations. We begin with a brief overview of the MCEM-algorithm and then
cover the details needed to implement the procedure for our models.

4.1 Monte Carlo EM

The EM-algorithm (Dempster et al., 1977) is convenient to use when the data-
likelihood is difficult to work with but there exists some latent variables {w, V} so
that the augmented data {y, w, V} has a simpler likelihood (we utilize the same
variable names in this subsection as in the rest of the paper for readability, but
the result in this subsection is more general then for the models in this paper).
The EM-algorithms uses the augmented likelihood n(y, w, V|©) instead of the
original likelihood 7(y|©), but requires the ability to compute expectations of the
augmented likelihood.
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4. Parameter estimation

The pth iteration of the EM-algorithm is done in two steps denoted the E-step
and the M-step. In the E-step, one computes the function

0 (@, @<P>) — Ey [log oy, w,V|O)ly, 0P] , 11)

and in the M-step, one maximizes Q(O, ©®)) and obtains the (p + 1)th iterate
O¥*D. The new iterate has the property n(y|©@®*V) > r(y|©®) and under
quite general conditions the procedure converges to a local maximum of the like-
lihood (Wu, 1983).

In certain cases when the E-step cannot be calculated analytically, one can
use the MCEM algorithm, introduced in Wei & Tanner (1990). The idea of the
MCEM algorithm is to replace Q in the E-step with

k
1 L
MC @\ — = ) (i)
o) (@,@ ) k;bgn(y,w w?|0), (12)

where {w?, V@} is a sample from the distribution 7(V, wly, ©®)). In situations
where it is not possible sample from the joint density for a set of variables {w, V},
but the conditional densities are available one can use the Gibbs sampling algo-
rithm. The algorithm generates # samples from the joint density by sampling
sequentially w? [VU=D then V@ |w® for i = 1,...,k A downside is that the
samples {w® V@1*_ will not be independent and also a starting point V(@ is
required.

4.2 The E-step

For the model (10), the function Q in (11) cannot be calculated analytically, and
numerical integration is not feasible for the large dimensions of both w and V.
We therefore use the Monte Carlo method described above to evaluate the E step.

Ideally we would simulate from 7(V, wly, ©%) in the MC sampler, but the
joint distribution for {w, V} is not known. However, a key observation is that the
conditional distributions n(V|w,y, ©) and n(w|V,y, ©) are known, so we can use
a Gibbs sampler to sample from the joint density.

Note that ©(w|V,y, ©) « x(y|w,V, ©)n(w|V, ©) where, by construction,
{y|w,V, ©} and {w|V, ©} are Gaussian, and {w|V,y, O} is therefore also Gaus-
sian. The explicit form of (w|{V,y, ©}) is N(th, Q') where

m=Q (Qm + ATy~ B@) Q=Q+ A"A

O¢
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GAL NIG
p ht—1/2 -1
a  (Byw?/o® +2 Buw)?/o® +2

b K,w—B,y)?/c> K,w—B,y)?/c+h/

Table 1: The distribution of {V|w, O}, used in the Gibbs sampler, is GIG(p, a, b)
with parameters given in the table for the cases of NIG noise and GAL noise. Note
that the distribution is independent of Y in both cases.

_ 1.
m = K, ' (B,y + IyB,w), Q= gKaIVIKa.

The density of {V|w,y, ©} is proportional to
mlylw,V, ©)n(w|V, ©)n(V|O) x n(w|V, O)n(V|O).

For both GAL and NIG processes, ©(V|©) can be written as GIG(p, a, b) and we
therefore get

i—1 —-1/2
v (1177 (T
7 i
1
- exp ( ) (ITIVa - lTI\_,lb> +
1 _
— 55 Kaw — B,y - IvB,w) "Iy (K,w — B,y — IVBMp.))

2
— #j=3/2 1 [ (Kaw — Byy); -1
=11 exP(‘E(T”f Y
J
1 [ Buw)?
-3 (%) n),

which is a GIG distribution with parameters given in Table 1 for the NIG and
GAL cases.
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4. Parameter estimation

GAL NIG
T max; '—lth (Zle log V(i)) —1/2
— j”:l log I'(th;) ;
2 1Th'/ 24/ Th/22 424k TV
0 V2h'v!

Table 2: The parameter values that maximizes the function log 7(V|t, V?) for the
cases of GAL and NIG noise. Here V™! = % Zle (V)~1,

4.3 The M-step

To find the updating equations for the parameters, Q¢ should be maximized.

The log-likelihood log (y, V??, w?|®) can be divided into three terms
log n(y|lw?, V? @) + log n(w"? |[V?, @) + log n(V?|©). (13)

The first term on the right hand side is a function of @ only through {3, o.},
the second term only through {v, W, 0, x}, and the third term only through
{1, v}, together with that the first term is independent of V? enables us to rewrite
equation (13) as

log m(y? 1w, B, 02) + log tw? VP v, u, 5,5 + log a(V?|7,v).  (14)

Thus, the joint maximization of (14) for ® can be split into three separate steps,
where maximization over {7, v}, {B, o} and {, @, o, x} is performed indepen-
dently.

The part of the log-likelihood depending on {t, v} is

th' logV — > log I'(th;) for GAL,

log n(V|7,V*) = ¢ + _
gVl ) {nlog(v) +v21ThY2y — IhTVT'2 for NIG,

where ¢ is a constant. The maxima with respect to these parameters are given in
Table 2. Note that this is the only part of the M step where the estimation for the
NIG and GAL models differ. For the NIG model, the updating equation for v
is given analytically whereas one has to do numerical optimization to update tin

the GAL model.
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To update {B, 0.}, one should maximize ", log n(y, w'” |B, o), where

1

~ 55 (y—Aw—Bp)' (v - Aw - Bp)

lOg H(Y7 W|pa Oe) =

— nlog(og) — glog(Zn).

The function is maximized by B = (B'B)~!b, and Oﬁ = (H, — BTﬁ) where

b, =

x| =
x| =

k k
Y y—aw)TB,  Ho=% (- Aw) Ty - Aw).
i=1 i=1

In the third step, we find the maximum of the likelihood for {v, @, o, x},
which only requires maximization of Y, log 7w [V® ~, . &, %). The estima-
tion needs to be done jointly for these parameters, and in general there is no
closed form solution. However, it is possible to split this estimation step into two
conditional maximization steps as described in Bolin (2013). An alternative is
to use the fact that we can calculate the maximum of the function for a fixed x
by maximizing >, log 7(w® V@ v, w, 0,5) over {, W, o}. For a fixed x, this
function is maximized by

- o2 )

where
k T T k ;
Qur = 1 B, LxB. B, I?Y 12[ (KaW())Tl?u ]
ar — 7 ) 7 NTT— ’
k<~ | BB, B/I,B, k= [(Kaw?)TIGB,
L&
H = Z E (K, (’))TI\_,<,1)Ka (2)

Inserting these expressions for {, W, o} into Y, log 7(w® VP v, w, 5, %) yields
an equation which is maximized numerically with respect to x to find the new
values for {7, W, 0, x}. For o = 2, this equation is given by

& T
—log(|Ky|) + > log(H —b Qpﬂ,b)
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4. Parameter estimation

and similar, though more involved expressions can be found for other even values
of o since K, can be written as a matrix polynomial in these cases.

A potential problem with the MCEM algorithm is that it could require a lot
of memory if all values of {V®W w?} for i = 1,..., needed to be stored in
order to evaluate the M step. However, as seen above, we only need to store a
number of sufficient statistics in order to evaluate the M step. For o = 2, these
are given by

k k k
d@wHTgew?, Y ew) 1B, > (Gw)) B,
=1 =1

=1

k k k
> @wWHTIL6w?, D Gw)) 1B, > (Cw?)) B,
=1 =1

=1

k k k
S Gw) I i6w?, S Bl B, S BII, By
i=1 i=1 i=1

Thus, for o = 2, we only need to store nine values to evaluate the M step. As o
increases number of sufficient statistics required for storage will increase, but for
any reasonable value of o the number of sufficient statistics is much smaller than
the number of elements in {V?, w(?}.

Remark 2. For the GIG distribution, E(V™!) can be unbounded when |p| is
small and 4 — 0. This makes the estimation of x and y problematic when
min (|th — 1/2[) is small for the GAL model. The same problem exists for the
EM algorithm in Bolin (2013), and that work gives some suggestions on how to
improve the estimation in this situation.

4.4 Rao-Blackwellization

For each MC sample in the E-step, a sample w'?, from n(wly, ©, V), is required.
Sampling w requires a Cholesky decomposition of Q which in general has a
computational cost of O(n%/?) for the SPDE models on R?, where 7 is the num-
ber of elements in w. The Cholesky factorization dominates the total computa-
tional cost of the E-step, which in turn dominates the total computational cost
of the MCEM algorithm. Thus, in order to reduce the computational cost of the
estimation it is crucial to reduce the number of MC simulations in the E-step.

A common trick that can be used to reduce the number of required MC
simulations to achieve a certain variance of the estimator is to note that for any
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function 4 and any two random variables X and Y, one has that E[E[/(X)|Y]] =
E[/(X)] and V[E[A(X)|Y]] < V[h(X)]. When this is used in estimation, it is
usually referred to as Rao-Blackwellization (see Robert & Casella, 2004) due to
its association with the Rao-Blackwell Theorem (see Ferguson, 1967).

To apply Rao-Blackwellization to @M, we note that Q (6, %)) can be
written as E [E [log n(y, V, w|©) %] |y, ©?)], where * denotes {y, w, O}, the
inner expectation is taken over V, and the outer expectation is taken over w.
Viewing the log likelihood in equation (13) as a function of V, one sees that

Ellog n(y, V,w|O)|x] = ((Kaw — BY'r)TE[IVq |x](Kow — Byy)

20

+MTBZE[IV\*]BW) — Eflog (V] , Y)|4]
up to an additive constant, as a function of V, where the last term is

27'h T VE[V! for NIG noi
Ellog x(V]z, W)a] = c 4 >, 1 VELV ), for NIG nois,
th' E[log V|, for GAL noise.

We therefore have the option to replace Q¢ with

k
Q™ (e, ") = éz E [Iog oY, V,w?|0)[Y,w?, 6% |,

=1

which is a Rao-Blackwelliztion of Q¢ (O, e )). Here, the expectations E[V]*],
E[V~!|x], and E[log V|*] can be computed numerically using the following for-
mulas for the expectations of a GIG(p, a, b) random variable V'

Ky (V)

% (var)

Ellog(V)] = log(\/2/b) + %logl([, (\/E) .

E[V?] = (b/a)*? LeR

The expectation E[log(V)] can be approximated by approximating

((%log]([? (\/E) ~ (long_H; (@) —log K, (\/E)) /€

for some small € > 0.

82



5. Prediction

5 Prediction

One of the main problems in spatial statistics is prediction of the latent field at
locations where there are no observations. The two main characteristics that are
reported in such predictions are the mean and variance of the predictive distribu-
tion. In this section, we show how to generate these two quantities for predictions,
using the models described previously, at a set of locations sy, . . ., s,.

Let A, be a p X 7 observation matrix, constructed the same way as the obser-
vation matrix in Section 3, for the locations sy, ... ,s,. The desired mean values
and variances are E[A,w|y, O] and V[A,wly, O] respectively. Since the density of
wly is not known, the mean and variance cannot be calculated analytically, and
we therefore utilize MC methods to approximate the mean as E[A,wly, O] ~
x Zle A,w") and the variance as V[A,wly, O] ~ } Zle (A,w—E[A,wly, O])?,
where w is generated using the Gibbs-sampler described in Section 4.2.

Rao-Blackwelliztion can again be used to reduce the variance of the MC esti-
mates. For the mean, write

E[A,wly, O] = /prn(w|y, O)dw

w

= / /APWTL'(W‘V, y, ©)n(Vly, ©) dV dw
wJV
1 & ‘
= /V Amr(Vly, 0)dV ~ 4 > A,
i=1

which is a Rao-Blackwelliztion of E[A,wly, ©] where m is the conditional mean

of w, defined in Section 4.2. Since the Gibbs-sampler uses m" to simulate w®,

the Rao-Blackwelliztion can be produced from the MC sampler in the estima-
tion step with no extra cost. The Rao-Blackwellization for the variance of the
prediction is derived similarly as

V[A,wly, O] = / A, (w— W) (w— W) A n(A,wly, ©)dw

k
~—1 1 Ara\ 1
= /V A,Q A n(Vly,0)dV ~ ZE A (Q(’)> A,.
=1
(15)
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Figure 2: The figure shows the convergence of the Rao-Blackwellization estimator
(red lines) and the regular Monte-Carlo estimator (blue lines) when estimating
the conditional mean of a field at two distinct locations. For the first location
(left panel), the Rao-Blackwellization improves the convergence, whereas the Rao-
Blackwellization has no noticeable effect for the second location (right panel).

It would seem as one needs to calculate the inverse of Q”, which is computation-
ally expensive, to use Rao-Blackwellization of the variances. However, because of
the structure of A,, only the elements of the inverse of Q? that corresponds to

the non-zero elements in Q(i) are needed to evaluate (15). Using the methods in
Campbell & Davis (1995), one can compute these elements at a computational
cost of O(#*/?), making Rao-Blackwellization for the variances computationally
feasible.

To illustrate the effect of the Rao-Blackwellization, we examine the conver-
gence of the Monte-Carlo estimator and the Rao-Blackwellization for the estima-
tion of two conditional means at two distinct locations, 7; = E[A;wl]y, ©] and
my = E[Aywly, O], of the precipitation data used in Section 6. The results can
be seen in Figure 2, the convergence of the estimation of 72; is seen in the left
panel and the convergence of the estimation of 2, is seen in the right panel. As
seen in the figure, the Rao-Blackwelliztion has a large effect on the convergence
for m; whereas it has no visible effect on the convergence for 7. The reason for
this difference is that the largest part of variance of the MC method for 72; comes
from w|V whereas the largest part of variance for 7, comes from the variance of

V]w.
6 An application to precipitation modeling

As an example of how the models presented earlier can be used for real data, we
choose a dataset containing precipitation measurement over Parana, Brazil from
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6. An application to precipitation modeling

Figure 3: The figures displays the rain measurement for October over Parana,
Brazil. To the left is the maximum daily precipitation of the month and to the
right is monthly average. The two encircled locations are those locations where
the predictive distributions are studied in the Figures 4 and 5; the left location is
denoted s; and the right s;.

2012!. Rainfall data over Parana has been previously been studied in a statistical
framework by Diggle & Ribeiro Jr (2002). We study both the monthly average
and the monthly maximum precipitation, for the month October, see Figure 3.
The reason for choosing these two datasets is that one would suspect that Gaussian
models could fit well for the monthly average, but not for the monthly maximum,
and we want to investigate the difference in distribution for two cases and how
well the the proposed models can fit these distributions.

6.1 Models

We will compare four different models for the data. The first three are models for
the data in the original scale and the fourth is a Gaussian model for square-root
transformed data. For the first three models, we assume that the measurements
are generated as y; = X(s;) + ¢;, where € is Gaussian measurement noise with
variance o2 and X(s) = [, s*]B + &(s) is the latent precipitation field. Here &
is a mean-zero Matérn field and s* denotes longitude and latitude standardized

'Avialble in R-package INLA (http://www.r-inla.org/), see the tutorial available ar
http://wuw.r-inla.org/examples/tutorials/spde-tutorial
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by removing the mean and dividing with standard deviation over the region. We
fix the shape parameter « of the Matérn covariance function at two, but estimate
the other parameters from the data. The three different models are obtained by
choosing the forcing noise in the SPDE (2) as either Gaussian noise, GAL noise,
or NIG noise.

The estimated parameters are presented in Table 3. In general, it is difficult
to interpret all parameters for the non-Gaussian models. However a few things
can be noted: For the maximum case, ¢ is almost zero for the NIG and GAL
models, indicating that forcing noise is almost Gamma and inverse Gaussian noise
respectively, and the variance of the measurement noise for the NIG and GAL
models is smaller than the measurement noise variance for the Gaussian model.
Also, x for the non-Gaussian models is larger than for the Gaussian model, which
indicates a shorter dependence range for the non-Gaussian models. Finally, the
estimates for the covariates for the mean, 3, are quite different for the different
models.

We choose two of the measurement locations, encircled in Figure 3, where
we investigate the posterior distribution of the latent precipitation field, X, and
the observations, X + €. The reason for also studying X + € is that this quan-
tity is what is observed if one removes the measurement at one location and then
predicts the process at that location, as done in cross-validation. The posterior
pdfs are presented in Figures 4 and 5. Note that we do not display X for the
transformed Gaussian model since the latent field has no clear interpretation in
this case. As expected, we observe no large differences in the pdfs for the different
models for the monthly average data. However, the results for the monthly max-
imum data are more interesting. For the location s;, there is no large difference
between the different models, and the reason for this is likely that all measure-
ments near the location sy are all similar to each other, which indicates a smooth
field that could be well-approximated with a Gaussian field. One the other hand,
the measurements are varying much more near the s, location. This causes the
non-Gaussian pdfs to be highly skewed, as the prediction at the location s, will
be more uncertain, but this skewness cannot be captured by the Gaussian model.
Recall that all models have stationary Matérn covariance functions, so this ability
to capture varying smoothness of the latent field is an interesting feature of the
non-Gaussian models.
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Figure 4: The posterior densities for X and X + € at the locations s; and s; for the
monthly maxima data for the Gaussian model (solid), the NIG model (dotted),
the GAL model (dashed), and the transformed Gaussian model (dash-dotted).

The location of the points sy, s; are displayed in Figure 3.

6.2 Model selection using cross-validation

We can conclude that there is a difference between the different model estimates,
and a natural question is therefore which of the models that has the best fit to the
data. We focus the model comparison on the accuracy of the spatial predictions

and their corresponding error estimates.
To compare the different models ability to do spatial prediction, we use cross-

validation. The dataset is divided into ten equally large groups y,, ..., yyy, by
doing a random permutation of the dataset and then choosing the first tenth
of the dataset as y,, the second tenth as y,, etc. Foreach £ = 1,...,10, the

expectations E(y,|y_;) and the variances V(y,|y,_,) are calculated, which are
the spatial predictions and their variances for the locations in group 4 using all

87



Figure 5: The posterior densities for X and X+ € at the locations s; and s; for the
monthly mean data for the Gaussian model (solid), the NIG model (dotted), the
GAL model (dashed), and the transformed Gaussian model (dash-dotted). The

location of the points sy, s, are displayed in Figure 3.

data except the data in that group. By calculating these values for all groups,
predictions are performed at all measurement locations, and by subtracting the
measurements from these predictions we obtain a complete set of cross-validation
residuals r. By dividing each value in r with the predicted kriging variance for that
location, we obtain a set of standardized residuals r, which should have variance
one if the model is correct.

We displays four statistics from the cross-validation predictions: The variance
of the residuals; the variance of the standardised residuals, which should be close
to one; the continuous ranked probability score (CRPS) (Matheson & Winkler,
1976), which probably is the most employed scoring role in probabilistic forecasts;
and the energy score (ES), which is a multivariate extension of the CRPS.
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7. Conclusions

Define V;, Z(l), f/i(z) as independent random variables with distribution F; =

m(yily_ £G)) where k() is the group that observation 7 belongs to, the CRPS is then
given by

CRPS =m ' <EE.[

=1

1
— Bl - g
y 1] SExl

)A/'i(l) _ z@)u) ) (16)

where the expected values are approximated using MC approximation.

The results are presented in Table 4. For the monthly maximum data, the
GAL model fits best, according to all four statistics, and there are no large differ-
ences between the other model, with the possible exception that the transformed
Gaussian model overestimates the prediction variance.

For the monthly mean data, it is clear the transformed model does not fit
the data very well but the other three models perform similarly. However, the
Gaussian model seems to be slightly better than the other models according the
the cross-validation statistics, and since it uses fewer parameter than the other
models it is the best choice for this case.

7 Conclusions

In this work, we have extended the models of Bolin (2013) to a larger class of
non-gaussian models and have shown how to handle missing data, covariates, and
measurement noise, which is crucial for practical applications in geostatistics.

The models and the estimation procedure can be extend and improved in
several directions. For example, as previously mentioned, for models defined on
regular grids the full generalized hyperbolic class could be used and thus give a
very large class of non-Gaussian fields on lattices. Also, the estimation procedure
was derived assuming that the field was observed under Gaussian measurement
error, but it would require only small modification to extend it to Generalised hy-
perbolic measurement noise, and this could improve the results for the presented
application.

It is well-known that the convergence of the EM algorithm is slow, which
often means that a large number of iterations are needed to achieve convergence
of the parameter estimates, and the algorithm in this article is no exception. The
author plans to study other stochastic estimation methods to improve the speed
of the estimation. Changing to other estimation methods could also solve the
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problem that we are currently only able to estimate the parameters when o is an
even integer.

Unlike for Gaussian models, the models described here are not completely
determined by the mean and covariance structures. This allows for interesting
characteristics when applying other PDEs to the G-type processes. For example,
one can create a spatio-temporal model that is not time reversible by considering
a spatio-temporal extension of the models discussed here. This work has been a
fist step in showing how one can use fully parametric non-Gaussian latent models
in geostatistics, and although the results are promising, the main advantages are
likely to occur when models like these are used in spatio-temporal applications.
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7. Conclusions

mean
Gauss tGauss NIG GAL
x 1.40 1 2.0 2.0
® 2.75 1 - -
O¢ 1.3 0.3 1.3 1.3
6.0 2.7 8 11
B —0.1 —0.0 —0.36 —0.2
—0.16 0.0 0.36 0.5
v - - -1.8 -1.0
o - - 8.3 2.3
Vv - - 0.2 -
T - - - 15
max
Gauss tGauss NIG GAL
x 2.6 1.9 5.8 5.9
® 11.6 2.5 - -
O¢ 16.3 1.1 14 .4 13.5
—-79 7.8 36 28
B -3 —0.3 —6 -5
0.3 0.0 —6 -3
v - - 312 74
o - - 0.0 0.0
Vv - - 0.7 -
T - - - 17

Table 3: Parameter estimates for the different models for the precipitation max
and mean data. Note that the tGauss parameters are for transformed data while
Gauss, NIG, and GAL parameters are for raw data and hence should not be
compared directly. This is, for example, the reason for the large differences in

measurement noise variances.
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max mean

Gauss tGauss NIG GAL Gauss tGauss NIG GAL

V(r,) 0.99 0.89 099 1.00 0.99 0.67 1.05 1.02
V(r) 327 334 330 295 2.05 2,12 212 2.06
ES 301 304 310 287  24.0 245 242 24.0
CRPS 9.8 9.7 9.7 9.3 076 0.79 0.77 0.76

Table 4: Crossvalidation results for the different models. Here, r denotes the
actual model residuals and r, denotes the same residuals standardized by the esti-
mated kriging variances. CRPS denotes the continuous ranked probability score
of r.
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A Gaussian mixture model for
multivariate spatially dependent data
using discrete and continuous Markov
random fields

DAVID BOLIN!, JONAS WALLIN? AND FINN LINDGREN?

Y Department of Mathematical Sciences, Chalmers University of Technology,
Gothenburg, Sweden
2 Centre for Mathematical Sciences, Lund University, Lund, Sweden
3 Mathematical Sciences, University of Bath, Bath, United Kingdom

Abstract

A novel class of models is introduced with application ranging from land-use
classification to brain imaging and geostatistics. The model class, denoted latent
Gaussian random filed mixture models (LGFM models), combines the Markov
random field mixture model with latent Gaussian random field models. The
latent model, which is observed under measurement noise, is defined as a mixture
of several, possible multivariate, Gaussian random fields. Which of the fields that
is observed at each location is modeled using a discrete Markov random field.
In order to use the method for massive data sets that arises in many possible
areas of application, such as brain imaging, a computationally efficient parameter
estimation method is required. Such an estimation method, based on a stochastic
gradient algorithm, is developed and the model is tested on a magnetic resonance
imaging application.

Key words: Gaussian mixture; Markov random fields; Random fields; Stochastic
gradients
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1 Introduction

Gaussian mixture models (GMMs) have successfully been used for classification in
several areas of application ranging from video surveillance (Stauffer & Grimson,
1999) to speaker identification (Reynolds & Rose, 1995). Also in geostatistics
and statistical image analysis, classification and image segmentation is often per-
formed using GMMs in combination with the Expectation Maximization (EM)
algorithm (Dempster ez al., 1977) for estimation. Let Y, . .., Y,, be observations
of some, possibly multivariate, process Y(s) at locations sy, . . ., s,,. The classical
GMM can then be formulated as

K
T(Yi[0) =) wim(V;|9), (1)
k=1
independently for all 7 = 1,...m, where K is the number of classes, w;, de-

notes the prior probability of Y; belonging to class 4, and 7;(Y;|9;) denotes the
distribution of class , which is assumed to be Gaussian, N(w,, 33;).

A drawback with classification based on the classical GMM is that any spatial
dependency of the data is ignored. A common strategy to account for spatial
dependency in the data is allow for dependency in the allocation variables (w;),
which can be done in several ways. One way is to model the class probabilities,
wj, using a logistic normal model

o exp(7ix)

Wi = ) (2)
ZJ‘ €Xp 7)jj

where 7], are assumed to be latent Gaussian fields (Fernandez & Green, 2002).
Estimation under this model is difficult, and one generally has to resort to compu-
tationally expensive MCMC methods. Furthermore, for classification problems,
the model is not ideal as the spatial model forces the posterior weights to be
smoothly varying, which often can reduce the predictive power of the model.

Another way to allow for dependency in the mixture weights is to note that
in the random variable Y; defined in (1) equals, in distribution,

K

> zuGa, 3)

k=1

where G;; ~ N(,, 24) and z;, = 1(x; = k) is an indicator function for the event
x; = k, where x; is a multinomial distributed r.v. defined though the probabilities
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P(x; = k) = wj. Using this formulation of the GMM, spatial dependency can
be introduced by assuming that x = {x;} is a discrete MRF (see e.g. Held ez /.,
1997, Zhang et al., 2001, Van Leemput ez al., 1999). We refer to this model as a
MRF mixture model.

Allowing for spatial dependency in the mixture weights is often reasonable
and improves the classification for spatial problems. However, from a modeling
perspective the MRF mixture models are not ideal since the data within each class
is assumed to be independent observations of the same Gaussian distribution,
while one would also like to allow for spatial dependency of the data within each
class. Consider, for example, land-use classification from satellite images, where
the classes in the mixture are assumed to correspond to distinct land types such
as forest, fields, water, etc. For a given class, say forest, the measured values will
depend on, for example, vegetation density and vegetation composition which
makes the assumption of independent measurements within the class unrealistic.

In geostatistics, the most common approach to model spatially dependent
darta is to use latent Gaussian random fields (see e.g. Cressie, 1991, Cressie &
Wikle, 2011). Collecting all measurements {Y;} in a vector Y, a latent Gaussian
model can be written as

Y =BB + AE + ¢, (4)

where & is a (multivariate) mean-zero Gaussian random field, A is a matrix that
connects the measurements to the latent field, and ¢; is Gaussian measurement
noise. The matrix B contains covariates for the mean evaluated at the measure-
ment locations, and the latent field evaluated at the measurement locations is
given by X = B3 + AZ. This modeling approach is often preferable if the latent
process is smoothly varying and it is highly useful for noise reduction and spatial
interpolation in cases of partial observations (Stein, 1999). However, the latent
Gaussian random fields are poorly equipped to deal with the discontinuity of both
process and covariance common for data in classification problems.

The aim of this work is twofold. First, we want to provide a new class of
models that extends the MRF mixture models and can be used for spatial model-
ing of data that is usually studied in spatial classification problems. The goal is to
provide a model class that can be used for classification but also for noise reduc-
tion and spatial interpolation. The model class we propose, which we will refer to
as the latent Gaussian random field mixture(LGFM) models, combines the MRF
mixture models and the latent Gaussian models, by assuming that the latent field
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is a MRF mixture of Gaussian random fields. The possible application areas for
this model class is much larger than those for the MRF mixture models and ranges
from geostatistics and land-use classification problems to brain imaging and MRI
modeling and estimation.

The second goal of this work is to provide an efficient estimation method
for the LGFM and MRF mixture models that simplifies their usage for applica-
tions with massive datasets. The main computational bottle neck for estimation,
through likelihood methods, for both the LGFM models and the MRF models
is computing the normalizing constants. For the MRF models there exists sev-
eral ways to handle this issue the two most common method are either gradient
estimation or through pseudo likelihood estimation (Guyon, 1995). Recently,
gradient methods for large scale GRF models have been developed for likelihood
estimation that efficiently deals with the normalizing constants (Anitescu et /.,
2012, Stein et al., 2013). We propose a stochastic version of the EM gradient
method (Lange, 1995) based on pseudo-likelihoods. The method handles the
normalizing constant for both the LGFM and the MRF mixture model.

The structure of this work is as follows. In Section 2, the model class is intro-
duced and connections to other related models are discussed. Section 3 contains
an introduction to a particular choice of the model components which is suitable
for modeling of large datasets. Section 4 introduces an estimation procedure that
is suitable for this model class but also for the standard MRF mixture models and
the latent Gaussian models in cases of large datasets. In Section 5, the model class
is used for noise reduction in magnetic resonance (MR) imaging. Finally, Section
6 contains a discussion of possible extensions and further work.

2 Latent Gaussian random field mixture models

Let Y be the vector of, possibly multivariate, observations. The general structure
of the LGFM models is then

YZ' = X(SZ‘) + g,
K
L CEDPFAC) A0
k=1 )

Xi(s) = > Byy(s)By + &4(6).

j=1

102



2. Latent Gaussian random field mixture models

Here, € is mean-zero Gaussian measurement noise and X(s) is the latent process.
The latent process is described as a mixture of X Gaussian random field models,
Xi,...,Xg, and z is an indicator field that determines which class that is present
at each location. Each Gaussian component is modeled using some covariates
By; for the mean and a mean-zero Gaussian random field &, with some covari-
ance structure, which may be different for the different classes. This general class
contains several interesting models, and some examples with X = 2 are shown
in Figure 1. In the examples, X, are independent stationary Gaussian Matérn
fields. The indicator field z is obtained as z1(s) = Iz()>0(5), 22(5) = Lz(»<0(s)
where Z(s5) is a Gaussian Matérn field, i.e. z;(s) = 1 and 2,(s) = 0 for all s where
Z(s) > 0and z;(s) = 0 and z,(s) = 1 otherwise. In Panels (a) and (b), Z(s) is
independent of X}. Panel (a) shows an example where X; and X, have the same
covariance function but different mean values and Panel (b) shows an example
where Xj and X, have the same mean values but different correlation ranges. One
can also imagine that z depends on some of the latent fields. Panels (c) and (d)
are the same as Panels (a) and (b) except that Z = Xj. Thus, X; is only observed
if it is positive and otherwise X, is observed.

There is a connection to the popular linear coregionalization models (LCM)
(Zhang, 2007) in geostatistics. In our notation, an LCM can be written as

K
Y(s) = wis) + Y &lsy),

k=0

and this model is thus a special case of the LGFM models when z,(s) = 1 for all
kands.

For spatial classification problems, the domain for s is often discrete, e.g. pix-
els in satellite images or voxels in MR images. In such situations, the model can
be written more compactly as

K
Y=z (Biff, +AE,) +e, (©)
k=1

where - denotes element-wise multiplication, B is a matrix containing the covari-

ates evaluated at the measurement locations, and A is a measurement matrix that

determines which components in &, that are observed. The latent field evalu-
L , _ K

ated at the measurement locations is now given by X = 3~ z; - (BB, + AZ,),

which is a spatially correlated mixture of Gaussian random fields. Thus, there
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Figure 1: Examples of spatial mixture models with K = 2. The latent fields X;
and X, are independent stationary Gaussian Matérn fields and z is obtained as
z1(5) = Z() > 0, zp(5) = Z(s) < 0 where Z(s) is a Gaussian Matérn field. In
Panel (a), X7 and X, have the same covariance function but different mean values
and X(s) is independent of Xj. In Panel (b), X; and X, have the same mean values
but different correlation ranges and X(s) is independent of X}. Panels (c) and (d)
are the same as Panels (a) and (b) respectively, except that Z = X;.
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3. Model components

is a clear connection between this model and the MRF mixture models; a MRF
mixture model with spatially dependent components is obtained by choosing z as
the indicator field of a discrete MRE

For practical applications of the model one is typically interested in estimates
of the latent field X given the data. For spatial prediction and noise reduction,
EX|Y, ¥), where W is an estimate of the model parameters, is used as a point-
estimate of the latent field and V(X]Y, W) is used as a measure of the uncertainty
in that prediction. To calculate these, we note that

EX]Y, ¥) = E[EX]Y,z, ¥)|¥,Y],
VXY, ¥) = E[VX]Y, z, ¥)|¥,Y] + VIEX]Y, z, ¥)| ¥, Y].

Here, E(X|Y,z, ¥) and V(X|Y,z, ¥) can be calculated analytically since these
are posterior means and covariances for Gaussian distributions. The outer expec-
tation and variances, taken over z, are typically not known analytically but can
be estimated using Monte Carlo integration by sampling from n(z|Y, ¥). While
sampling z, E(z|Y, ¥) can be estimated and used to classify the data.

Since the model class is mainly targeted at applications on discrete domains,
we choose to study the discrete model in more detail and leave the practical de-
tails of the continuous models for further research. In the following section, we
outline a reasonable choice for the different components in the model that makes
the model applicable to large spatial problems. And in Section 4, an estimation
procedure for this particular model is presented.

3 Model components

In this section, we present a particular choice for the model components in (6)
which is suitable for modeling of massive multivariate spatial datasets. To increase
the computational efficiency of the model, Markov properties are used both for
the indicator process s and for the latent fields €.

3.1 A discrete MRF model for z

A suitable model for the indicator field, z, determining the class belongings for
each pixel, is a discrete MRE We let x be a discrete MRF taking valuesin {1, ..., K}
and define z;; = 1(x; = k). The joint distribution of x can be formulated using

the Gibbs distribution p(x) = Z -1 exp(—W(x)) where W(x) = >, Ve (x) is the
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Figure 2: A fist order neighborhood structure (a) and corresponding sets of con-
ditionally independent pixels (b).

sum of the potential for all cliques generated by the neighborhood structure and
Z = Zw exp(— W (w)).

There are many potential choices for the neighborhood structure, but we use
a simple first-order neighborhood N, which on a regular lattice in R? consists of
the four closest nodes, in euclidean distance, and in R? consists of the six closest
nodes. In R?, this neighborhood structure is illustrated in Figure 2 (a) where o
denotes the neighbors of the pixel x. For this neighborhood structure, there are
only first and second-order cliques, and we use the potentials V7, (x) = o when
x, = k, and Vi (x) = B, when x,, = kand x, = k.

Hence, the model has parameters o = {o} and B = {8, } where o deter-
mines the prior probabilities for each class # and (3 are interaction parameters that
governs the strength of the spatial dependency. Since only the difference between
the os effect the model, we fix o to zero. Simplified models are obtained by either
fixing as to zero or by assuming that all £, are equal to some common parameter

B.

3.2 A Gaussian random field model for &

We assume that §, ~ N(0,Q, ') is a multivariate spatial Gaussian random field
with a covariance structure that is separable with respect to space the dimension
of the data. This means that Q, can be written as Q, = Q,,; ® Q,,, where Q,,
is determined by a spatial covariance model and Q,, is the multivariate part. The
motivation behind this particular choice is that if there is no spatial dependence
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3. Model components

in the data, one can choose Q,, as the identity matrix and the model reduces to a
standard MRF mixture model. Since the precision matrix Q ;, corresponds to the
covariance matrices 3 in the MRF mixture model, we do not assume any special
structure of this matrix. It is therefore parametrized as Q4 = R;de/e where

exp(n1) m ng oo T
Ry = 0 oplp) 7 : 7)
0 0 .
0 0 0 0 exp(Nyut1)/2)

is the unique Choesky factor of Q, with 4(d + 1)/2 parameters 7,

In general, there are no restrictions on the spatial structure of the process,
specified through Q,. However, since we want to use the method for large prob-
lems we choose a model so that Q, is sparse. For a discrete domain, we can then
choose any type of GMRF model, e.g. the popular CAR models (Besag, 1974).
The particular choice we use is a CAR model that corresponds to a Gaussian
Matérn field. Constructing the spatial precision matrix using the SPDE connec-
tion (Lindgren ez al., 2011) between the discrete CAR models and the continuous
Matérn fields allows us to use separate discretizations for z and &, which is desir-
able if the data is such that the process & is smoothly varying compared to the
resolution for z. The basic idea is to use a basis expansion &(s) = Z:‘l:1 vi(s)wj,
where {¢;} are known compactly supported piecewise linear basis functions and
w = {w;} is a zero mean multivariate normal distribution with precision matrix
Q, = (KC 'K, where K = (G + »*C) with G; = (Vo;, V), C; = (¢;, 1)
and ¢ as a positive scaling constant. The number of basis functions, 7, can be cho-
sen smaller than the number of locations in the domain for z in order to increase
the computational efficiency of the model.

This particular choice of Q, corresponds to a Matérn field with shape param-
eter & = 2, which for models in R? results in the exponential covariance function.
Since the parameter x* needs to be positive, we parametrize it as 3> = exp(xq).
The constant ¢, in the precision matrix, is chosen so that the spatial part have
variance one, which achieved for ¢ = I'(2 — D/2) (4m)~P/2,P~4 ) where D de-
notes the dimension of the spatial domain. This way, Q, determined the spatial
correlation and Q, controls the variances.

The particular choice of covariance structure presented here is a so called pro-
portional correlation model (Chiles & Delfiner, 1999) as the resulting stationary
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covariance function for & can be written as C(h) = Q; lp(h), h € R?. There are
several fully parametric alternatives to this model, such multivariate Matérn fields
(Hu et al., 2013).

3.3 The measurement noise €

We assume that the measurement noise € is mean-zero Gaussian white noise with
a spatially constant variance. One can either assume that the noise is the same
for each dimension of the data, 3. = ¢°I,,, or one can allow for a separate
variance for each dimension of the data, ¥, = diag(c?, . .., 031) ®I,. Here, I,
denotes an 7 X m identity matrix. Since the variance parameters o; are positive,
we parametrize them as 0; = exp(oj)

4 Parameter estimation

Parameter estimation for MRF mixture models is difficult, and allowing for spatial
dependency within each class introduces further complications. Furthermore, we
want these models to be useful for massive multivariate problems in R?, which
are common in MR imaging, and this makes computational efficiency of the
estimation procedure paramount.

The MRF mixture models are typically either estimated with some modified
version of the EM algorithm or through Monte Carlo (MC) methods. Both of
these procedures are too computationally demanding to be useful for the LGFM
models. Instead, we base our estimation on the EM gradient (EMG) algorithm.
The main idea behind this method is that if one can easily calculate the gradi-
ent Vleg L(W¥;z,Y) of the augmented likelihood, then knowing the posterior
n(z|y, ¥) one can compute the exact gradient of the log likelihood log L(¥;Y) as

Vleg L(¥;Y) =V log n(Y| W) = #NI)V/E(Y,ZPI!) dz
[ (Y, z|P)
_/WVlogn(Y,zN’)dz

= / n(z|Y, ¥)V log n(Y,z|¥) dz =
E, [V log n(Y, z| W)Y, \Il] .
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4. Parameter estimation

The idea is then to use the exact gradient in a gradient descent method. At step p
in the ECG algorithm, the gradient of the likelihood is calculated and a step

GOt = 0 1 8§V log L(W;Y)

where S is a matrix determining the step size. Taking § = yI where I is the
identity matrix, we obtain an ordinary gradient descent method which has linear
convergence. Ideally, we would like to take S as the inverse of the Hessian matrix
H to obtain a Newton method with quadratic convergence. Often, one cannot
compute the true Hessian matrix of the log-likelihood, and Lange (1995) instead
proposed using

S = E,(Alog n(Y,z| W)Y, ¥). (8)

The motivation behind this choice of scaling matrix is that from dealing with
spatial data we have experienced that the two first conditional moments often are
little affected by changes in the parameters, which would indicate that S is a good
approximation of the true hessian with the advantage of being readily available in
most situations.

In the MRF mixture models, we cannot evaluate the gradient of the likelihood
analytically, and one can then use MC sampling to estimate the gradient as

T
1
Vleg L(¥;Y) = E, [Vlog n(Y,z|®)|Y, ¥| ~ T > Vg (Y, 2| W),

t=1

where 2 are draws from m(z|Y, ®¥). In a similar fashion, one can use MC sam-
pling to evaluate the approximate Hessian that is used to determine the step size

T
1
~ (2)
S~ = E Alog n(Y, 2" |P).

t=1

We refer to this estimation procedure as the MCEMG algorithm.

To simplify the presentation, we split this section in three parts. In the first
part, we go through the details of the estimation for the MRF mixture model, pre-
senting a version of the method based on pseudo-likelihoods. In the second part
we cover estimation for the latent Gaussian model, and one should note here that
the estimation method is an attractive alternative for estimation of latent Gaussian
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models for massive datasets since it avoids all calculations of log-determinants,
which is usually the computational bottleneck in maximum-likelihood estima-
tion procedures for such problems. Finally, we combine the results for the MRF
mixture models and the latent Gaussian models to and estimation procedure for

the full LGFM model.

4.1 Estimation of the MRF mixture model

As a first step towards an estimation method for the LGFM models, we in this
section discuss parameter estimation of the MRF mixture models. To make the
results of this section more easily applicable to the LGFM model, we parametrize
the Gaussian distributions using the mean and cholesky factor of the precision
matrix. Let 9, = {@,, Q,} where Q, = 2;1 is parametrized as Q, = R};@de
and R has the form (7). Thus, the model parameters that need to be estimated
are ¥ = {o, 3,0}, where @ = {0;,...,9x} contains all parameters for the
Gaussian distributions, 9, = {@;, M, }.

Maximum likelihood estimation for this model is difficult since there is no
simple form for the data likelihood. However, if we augment the data with the
hidden class belongings, the augmented likelihood has a simpler form, L(¥;2,Y) =
n(z|et, B)n(Y|z,®). This suggest that we could use an EM algorithm (Dempster
et al., 1977) where one would iterate calculating the function

Q (\11 w) —E [logL(\I!;z,Y)|Y, \W] , 9)

where W% denotes the current estimate of W at the pth iteration of the algorithm
and then maximize Q (\Il, \Il(f’)) with respect to ¥ in order to obtain the next
estimate of the parameter vector.

Unfortunately, the normalizing constant Z for the MRF distribution de-
pends on the parameters and is intractable for large problems. Thus, we can-
not evaluate 7(z|et,3). A solution to this problem is to replace n(z|et, ) with
a pseudo-likelihood, 7,(z|ct, ), which is a product of the full conditionals of x.
Let fir = > JEN, Bk denote the sum of the neighboring pixels to zj, the condi-
tional class probability of a pixel 7 can then be written as P(x; = k[, o, B) =
E(zi|fr, o, B) o< exp (0(/? + ,B/(ﬁk), and the pseudo-likelihood is

m,(2lo, B) = [ [ 7l j € Ny o1, B)
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4. Parameter estimation

>_rexp(o + Bifir)

To avoid bias due to this procedure, only conditionally independent pixels are
included in the product simultaneously, and the coding method (Besag, 1974) is
used to combine the estimates based on different combinations of conditionally

“11 exp(X ezt + 3 fuznfie)

independent sets of pixels. Since the neighborhood structure in Figure 2 (a) is
used, two sets of conditionally independent pixels are obtained using the checker-
board pattern shown in Figure 2 (b), where the black nodes are conditionally
independent given the white nodes and vice versa.

The function we need to calculate the expectation of to obtain Q (ﬂ, 19(]’)>
is
log PL(W;2,Y) =log n(¥|z,9) + > oz + Y Brziafie (10)

ki ki
— Z log (Z exp(oy + [3@%)) )
i k

Using the pseudo likelihood for the MRF part of Q, the function can be written
as

Q(¥, ¥P) =E(log(r,(z|ot, B) + D > E(ey|¥, 9% log n(¥;9y).
i k

We cannot evalute the expectation of the pseudo likelihood analytically, thus
we replace it with an Monte Carlo approximation. The MC approximation re-
quires sampling from the posterior distribution. using Bayes formula and the
independence assumption, one has

E (zit | fie, Y. @) o< p (3 | O) exp (o4 + Bufir) = exp (% + Pufn)

with & = o + log n(¥;]9y). Thus, the posterior distribution is simply a non-
stationary extension of the original MRF model. We therefore can use Gibbs
sampling to simulate samples 2,7 = 1,..., T, from the posterior. Divid-
ing the nodes using the checkerboard pattern in Figure 2 (b), and denoting the
black nodes z, and the white nodes z,,, Gibbs sampling of the joint z is per-
formed by iterating sampling z(uf) from n(zw|z§j_1) .Y, ¥) and sampling zgj) from
n(zy|29 )Y, W).
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Now, this is about as far as one gets with the EM algorithm since the M
step is highly problematic. Versions of the MRF mixture model has been used
several times in tissue classification of magnetic resonance images (Held ez al.,
1997, Zhang et al., 2001, Van Leemput et al., 1999), and in these situations the
model is usually fitted to data using an EM estimator for the Gaussian parameters
together with an iterated conditional modes (ICM) estimator for the MRF pa-
rameters. Convergence of this mixed estimation procedure is not easy to motivate
theoretically, and the method can be computationally demanding.

However, the EM gradient method is straight-forward to implement. The
derivatives need to evaluate the gradient are presented in Appendix A. At step
2 in the EM gradient algorithm, we run the Gibbs sampler to approximate the
gradient and the scaling S and then take a step ®¢T) = &) 1§V log PL(W; Y).
Thus, there is no need for numerical optimization or Taylor approximations to
calculate the parameter updates, as is needed if an EM algorithm is used. Note
that Vlog PL(¥';Y) = VO(¥, ¥')|g_g, thus the function maximized in the

gradient algorithm is the same function maximized in the EM-algorithm.

4.2 Estimation of the latent Gaussian model

As a second step towards the estimation procedure for the full LGFM models, we
in this section discuss the estimation of the latent Gaussian model (4) where & is
given introduced in Section 3.2 and € is introduced in Section 3.3. To simplify
the presentation, we assume that the measurement noise has a common variance
for all dimensions of the data, and the extension to separate noise variances is
trivial.

Let ¥ = {W,m, 0, x} be the vector containing all model parameters. Since
the model is Gaussian, likelihood estimation of all parameters can be performed
by numerical optimization of log 7(¥|Y), which has a closed form (see e.g. Bolin
& Lindgren, 2011). Even though this procedure is commonly used and theoreti-
cally straight-forward, it is computationally demanding. The problem is that one
needs to calculate the determinant of Q =Q+ #ATA and solve the quadratic

form YTAQ_IATY each time the optimizer evaluates the likelihood. This is
most efficiently done using sparse Cholesky factorization and backsubstitution;
however, even though one has a separable covariance structure, this does not help
when calculating the Cholesky factor, which makes the evaluation of the likeli-

hood highly computationally demanding for large multivariate spatial problems.
The need to calculate the determinant of Q is avoided if the EMG method
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4. Parameter estimation

is used. Hence, the likelihood is augmented with the latent variable & and we
calculate the gradient and the scaling matrix S by the procedure described above.
The augmented log-likelihood is

[ =log (Y, E|¥) = — moy — 2:Too(Y_Bp —AE) (Y — BB — A%)+
(11)

1 1
+ 5 log|Q| - 78 QE, (12)

and the derivatives needed to evaluate the gradient of the log-likelihood L(¥;Y)
are presented in Appendix B.

The gradient method replaces computing |Q| with computing various traces
and there are two computational issues that have to be solved for the method to be

applicable to large data sets. The first is to solve g = Q_lb for a vector b, which
can be done using sparse cholesky factorizations and backsubstitution. However,
in order to reduce the computationally complexity we instead use the precon-
ditioned conjugate gradient method (PCG) with a robust incomplete Cholesky
preconditioner (Ajiz & Jennings, 1984) to solve the equation.

The second issue is to solve the various traces of inverse matrices present in
the expressions for the gradients. Recent work in spatial statistics (Anitescu ez 4l.,
2012, Stein et al., 2013) has proposed solving this issue using stochastic pro-
gramming. The basic idea is to note that E[uTQu] = (Q) for any vector u
of independent random variables #; with mean zero and variance one (Hutchin-
son, 1990). Thus, we can rewrite all the traces in the gradient V/ as expecta-
tions, which can ben be approximated using Monte Carlo integration. For exam-

ple tr (Q_l g—%) =E [uTg—%‘Q:lu] is replaced with £~! Zle u;—g—%Q:lui.
The standard choice for u; is to use mean-zero Bernoulli random variables but
for spatial problems the variance of the estimator can be reduced by for example
using the probing vectors proposed by Aune ez l. (2012). The PCG method is
used to efficiently calculate Q; 'u;.

The resulting approximation, V/, of the gradient V/ is a random function
with E [V/,] = V/. Shapiro ez al. (2009) shows that, under mild conditions, the
local minimum of V/, converges to a local minimum of V/ with probability one
as £ — 00. Using the iterative methods in combination with the EM gradient
method results in a highly computationally efficient method for estimating latent
Gaussian models.
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4.3 Estimation of the LGFM model

With the estimators for the MRF mixture model and the latent Gaussian model
derived, it is now simply a matter of combining these two for making the esti-
mator for the LGFM model. We augment the data-likelihood by both the MRF
z and the GRFs § = {&,,...,&,}, and let / = log n(Y,z, §|¥) where ¥ now

denotes all model parameters. To calculate the required gradient, we note that
Vieg L(¥;Y) = / n(z, E|Y, W)V log n(Y, z, | ¥) dzdg

:/n(z]Y, \Il)/n(ﬁlz,Y, W)V log n(Y, z,E| W) dE dz

=E, (Ez (Vlogn(Y,z,E|¥) | 2,Y,¥) | Y, ¥)
=E, (V log n(z|at, B)+
+E¢ (Vlog n(Y,&|z,0) |z, Y, ‘Il) 'Y, ‘Il) .

As in previous section, the expectation with respect to z must be approximated
using MC sampling. However, since the expectation with respect to & is known
analytically, see Appendix B, we can use Rao-Blackwellization to calculate gradient
as
1 T
Vieg L(¥:Y) == > (v log 7z |ot, B)+

t=1

+ Eg (v log 7(Y, £|2, o) | 29, Y, q:)) .

Thus we can use the gradients calculated in the previous sections with two minor
changes.

The first difference is that the Gaussian likelihood (11) for each, independent,
field €, is replaced with

(Y(i) _ B(kt)ﬁ . A(ki)ak)'l' (Y(i) _ B/(:)ﬁ _ A,(él)gle)
2¢%9

1 1 ;
+ 5 log|Qul = 58/ Q& — oo

log 7(Y, &2, &) = —

where m/(:) =d> i Bk and Y®, A(g) and B(g) are constructed by taking Y, A, and B

and only keeping the rows that corresponds to the pixels with z(;) = 1. Thus, m,
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5. An application to magnetic resonance imaging

A and B are replaced with m(kt), A(g) and B(kt) respectively in the Gaussian gradients
presented in Appendix B.

The second difference is how 2 is simulated. Unlike for the regular MRF
mixture model, Y| is not a vector independent variables and the sampling
method for z in the MRF mixture model therefore has to be modified. To sim-
ulate 2, we introduce an extra step in the Gibbs sampler for the MRF mixture
model as follows

1. Sample the Gaussian fields {E,}\? from their respective distributions
(Y, 27V, ®).

2. Sample z{? from n(zw|z(;_1),Y, {€,}9,®).
3. Sample zg) from n(z,|2?, Y, {€,}?}, ©).

Since Y|{&,}, W is a vector of independent variables, the second and third step
of the Gibbs sampler are performed in the same way as for the MRF mixture
model. It should also be noted that the sampled fields {&,}” are not used in the
optimization other than to generate 2.

The simulation from 7(§ ,|Y, 2=V, W) is typically solved using Cholesky fac-
torisation of Q, = Q, + é(A(;))TA(i); however, this is not possible for large data
sets. We instead use the following method, from (Papandreou & Yuille, 2011),
which avoids the calculation of Cholesky factors entirely,

1. Generate x = ((KC_I/z) ® de) x; + %‘(A/(Z))sz where x; and x; are

vectors of independent N (0, 1) random variables.
2. Solve Qkik =x+ é(Ag))T(Y(i) _ Bg)ﬁ)-

Also here, the PCG method with a robust incomplete Cholesky preconditioner is
used to solve the linear equation in the second step.

5 An application to magnetic resonance imaging

There are a number of possible applications to brain imaging that could be con-
sidered for this model class. However, in this section we only present a simple
application to noise reduction. The MR image we analyze is a subset of data that
previously has been used for CT substitute generation and is described in detail
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Figure 3: A noisy MR image of size 166 x 124 pixels.

in Johansson ez al. (2011). The image is taken with a radial UTE sequence with a
10 degree flip angle, a repetition time of 6 ms, and an echo time of 0.07 ms. The
UTE images were reconstructed to a matrix with 192 x 192 x 192 voxels with
isotropic resolution and a voxel size of 1.33 mm. For simplicity, we analyse only
one slice of this data, which is of size 192 x 192 pixels. After removing parts of
the slice that only contains areas outside the head, we obtain the image shown in
Figure 3 which is of size 166 x 124 pixels.

As seen in the figure, the data is somewhat noisy and the goal is therefore use
statistical techniques to reduce the noise in the image. As a first method, we use a
standard latent Gaussian model, which can be described as the LGFM model in
Section 3 with K = 1. The resulting estimate, X, is shown in Figure 4 (a) and
the kriging residuals, X — ¥, are shown in Figure 4 (b). If the model was correct,
there should be no spatial structure in the residuals. However, we clearly see the
contour of the head in the residuals, which means that this simple latent Gaussian
model likely is insufficient for doing noise reduction of this image.

As an alternative to the latent Gaussian model, we fit a LGFM model with
three mixture components. The reason for choosing three components is to keep
the model simple while being able to separate the air outside the head and the
bone from the other tissue types, as these two classes clearly stands out in the
image. In order to keep the model simple, the MRF parameters o, are fixed to
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5. An application to magnetic resonance imaging

LGM LGFM; LGFM,; LGFM;

0.0256  0.0550  0.0132  0.0005
0.0396  0.0303 0.0303  0.0303
2.8437 4.1980 194.14  0.0081
1.3568 1.5297  0.3857  3.2251

‘Crﬂq\)ﬁ)

Table 1: Parameter estimates for the latent Gaussian model (LGM) and the three
mixture components of the LGFM model. The spatial dependency parameter 3
for MRF in the LGFM model was assumed to be the same for all classes, and was
estimated to 2.73, and the prior parameters o, were fixed to zero. The estimation
was done on data standardized to have variance one.

zero and a common 3 parameter is assumed for all classes. Estimates of the other
parameters are shown in Table 1, which also shows the parameter estimates for
the latent Gaussian model as a reference.

Starting values for the LGFM estimation are obtained by first doing a classifi-
cation of the data using a standard Gaussian mixture model and then estimating
a latent Gaussian model for each class in the estimated mixture. The classification
using the LGFM model is shown in Figure 5, Panel (a) and the corresponding
classification is show in Panel (b). One should note that this classification is un-
supervised and obtained as a byproduct while fitting the LGFM model, and it
clearly finds the desired regions in the image. Panel (c) shows the difference be-
tween the LGFM estimate and the LGM estimate in Figure 4 (a), and one sees
that the difference is quite large, especially near the tissue boundaries. Finally,
Panel (d) shows the kriging residuals of the LGFM model in the same color scale
as the residuals of the latent Gaussian model in Figure 4 (b), and although there
is still some structure in the residuals, the result is much better.

Thus, the LGFM model performs much better than the latent Gaussian
model, and one of the reasons for this is that the model parameters are allowed
to very between the classes. This behavior could also be obtained by using a
non-stationary latent Gaussian model, where the parameters are allowed to vary
with space. However, the second important reason for the better behavior of
the LGFM model, which is much harder to obtain using a non-stationary latent
Gaussian model or an adaptive smoother is that the estimate for each class only
uses data that is classified as beloning to that class. This allows for much sharper
changes in the resulting estimate, and such behavior cannot be obtained in any
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Figure 4: Estimated MR image using a latent Gaussian model (a) and the kriging
residuals (b).

simple way using an ordinary latent Gaussian model.

In this example, the main purpose was noise reduction and using the LGFM
model we obtained a classification of the image as a byproduct. If the main objec-
tive was segmentation, a method worth mentioning is the popular adaptive seg-
mentation method by Wells III ez 2. (1996). It is worth noting that this method
fits into the general LGFM framework. In our notation, their model that is used
for classification can be written as

K
log(Y) = &, + ) _ zuGit (13)
k=1

where the field € is denoted a bias field and the second part is a standard gaussian
mixture model (z is not a MRF in this model). This model can be reformulated
as a transformed LGFM model, without measurement noise and with dependent
mixture fields §,; = &, 4Gy;. An important difference that should be noted is that
Wells III et al. (1996) assumes that the covariance matrix for £ is a known band
matrix and makes no attempts at estimating it, while we estimate the covariance
function for each class.
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Figure 5: Estimated MR image using a LGFM model with three classes (a) and
the corresponding classification (b). Panel (c) shows the difference between this
estimate and the estimate using a latent Gaussian model, the color scale has been
truncated to the middle 98% of the values to improve the visibility, which means
that the largest differences are truncated in the color scale. Panel (d) shows the
kriging residuals for the LGFM model, which shows much less spatial structure
than the corresponding residuals for the latent Gaussian model. The color scale
in Panel (d) has been set to match the color scale in Figure 4 (b).
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6 Discussion

This work has introduced the class of LGFM models as well as a computationally
efficient stochastic gradient parameter estimation method for the model class.

There are a number of directions in which this work can be extended. The
methods were tested on a simple noise reduction application in brain imaging
and we are working on more applications, such as substitute CT generation and
land-use classification. We focused on a particular model here that is suitable for
modeling of massive data sets on regular grids, but it would also be interesting
to test the model for more typical geostatistical problems in continuous space.
This would not require much work though the particular MRF model for the
allocation process would have to be modified.

The proposed estimation method is not only useful for the LGFM models but
also for regular MRF mixture models and latent Gaussian models. We have not
shown any theoretical properties of the estimator here and to the authors knowl-
edge, there are no applicable results available to show consistency of the estimator
for the proposed model class. Comets & Gidas (1992) showed consistency for
the maximum likelihood estimator for the MRF mixture models, but the consis-
tency of the maximum likelihood estimator for the LGFM models, the pseudo
likelihood estimators for the MRF mixture models, and the pseudo likelihood
estimators for the LGEM models are to the authors knowledge unknown, and
certainly something for further research.

Finally, the basic estimation method is straightforward to implement. How-
ever, we used several sophisticated techniques to reduce the computational cost
of the estimation, which increases the complexity of the implementation. We are
therefore working on a software package that implements these methods that will
simplify the practical usage of the methods.
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A MREF gradients

Let / = log (PL(W;2,Y)), where PL is the pseudo likelihood of the MRF mixture
model (10), the derivatives in the gradient are then given by

ol _ Zz-/e B Z exp(ay + Bifir)

0oy > exploy + Bifa)
al o exp(y + Baflf
818k = Z:szﬁk ZZ: Z[ CXp(O(/ +/Blfzv/)

Vel = zuQu(Y; — )

7

ol 1 T0
8—% :Zzﬂe <]Idiag_5(yi_“/e) 8Q7]Zf (Yl_p'/e)> .

Here I, is one if 7; is an element on the main diagonal of Ry and zero other-
wise. We have

0Qq _ ﬂde+RT%
3%‘ O i

(14)

where the derivative %—ni’? is a matrix with all elements zero except the element

that corresponds to m,;. These expressions can be obtained with almost no extra
cost while running the Gibbs sampler to sample z. The derivatives needed to
evaluate the scaling matrix S are

8%/ _ Z <—H exp(, + Bifir,)
Do Doy, =\ 7% explay + Bifa)
ol + Pufiv) explow, + Bofiv) >
Q- explay + Bifi))?
ol Z o exp(o, + Bufie )fii,
0B, 0B, =\ TR expla + Bif)
+ €xp (akl + ﬁklﬁkl) €Xp (O(/@Z + ﬁkzﬁkz )ﬁklﬁkz )
Qo exploy + Bifi))?
*1 _ Z <—H CXp(O(/el + ngﬁkl )ﬁkl
Doy 0f, =\ 705 explay + Bifi)
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B. Gaussian gradients

L ooy + Pufiv) explo, + Biofiv)fin >
O, explay + Bifi))?

where I, —, controls that that factor is only included when &1 = ;. We also need
the the derivatives of the parameters for the independent Gaussian distributions:

Ay l=— Z z: Q.

2 2
aar;;e Vil = zi:zik%jm_ o)
where
PQu . ankJraR;;aRd,ejLaR};ade (15)

a._. o — Yi=pldia
Onj Oy, " Oy Oy Oy, Oy O M,

Except for the derivatives with respect to @, all these derivatives are also need for
the estimation of the LGFM model.

B Gaussian gradients
Let / = log n(Y, | W), the expectation of the derivatives then needed to evaluate

the gradients of the Gaussian likelihood (log 7(Y|®)) are

E {g—:m o] =nd(D}4 — 1) + de u (K7'C) + £'Q,0Q%
0 J

o (%@QQ‘I),
E[ﬂm\p 4, — L& Tan

67]] —ldiag — E
L 0Q, Ao
_Etr<57)j ©QQ >

{ ﬁl‘Y ql] 20T (Y— BE — A?;) :
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T e
+tr (ATAQ_I)) — m.

Here, %Qd is given by (14), ), € is the expected value of € given the current param-

eter estimates, & = Q éAT — BB), and Q = (1 — D/4)Q, — ce“K. For
the scaling S, we also need expectation of the second derivatives:

82 X0 2x0 —1
{axzzw\p} =?d i (K7'C) + eduw (Q'C) +

20 0% (%@3—‘1‘@‘1>,
X0

907 2° In o
1 9’ Qy A1
~ 2"\ 950, 2 >
o* 2T . 0Q, 1
E[axoar;j ]Y,\Il] = o ®Q§+tr<—aﬁj ®QQ )
82
E[—zsz,\I:]z —2o0gTB
op

E [;—;/m \Il} = — 2200 ((Y — BB - Aé)T (Y- BB - AZ)

+or (ATAQ_1)>
SELIS 'Y

9? ..
Here 5 mgdnj is given by (15) and

0Q,  (D—47
8){0 N 8

Q, + ¢(3 — D)*K — ce™C.
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Abstract

In analysis of extreme behavior of a time series or a stochastic process the Rice
formula is often used to obtain the distribution of the process at the instants of
high level crossings. For the purpose of simulation or analysis it is convenient
to have a Slepian model corresponding to the behavior of the original process
sampled at the level crossings. Here a Slepian model is understood as any explicitly
defined stochastic process that is distributed according to the crossing level biased
sampling distribution. The original Slepian model developed for a stationary
Gaussian process is very helpful in analyzing behavior of the process at extreme
levels. Here, Slepian models are derived describing the distributional form of a
moving average driven by a non-Gaussian noise as observed at level crossings. Our
leading non-Gaussian examples are moving averages driven by a Laplace noise.
A method of sampling from the corresponding biased sampling distribution of
the underlying gamma process is obtained. This is used for efficient simulation
of the behavior of a non-Gaussian process at the extreme level crossing. It is
observed that the asymptotic behavior of the process at high level crossings that is
fundamentally different from that in the Gaussian case.

Key words: Rice formula, level crossings, generalized Laplace distribution,
moving average process, extreme episodes, biased sampling distribution.
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1 Introduction

In the physical world, a random function is often described as a sequence of local
maxima or minima, constituting a series of random waves. In fact, not only the
visual impression of the process but also many technologically important impli-
cations in such fields as metal fatigue caused by random vibrations, failure caused
by excess load on a construction, etc., depend on the character of the process rep-
resented in such a random wave form. The basic objects in this theory are level
crossings and local extremes, see Podgérski ez al. (2000) for computation of var-
ious crossing distributions, Baxevani ez /. (2003) for spatial wave characteristics,
and Ditlevsen (1985) for an overview of other engineering applications.

A Slepian model is a random function representation of the conditional be-
havior of a stochastic process after events defined by level or curve crossings. In
general, a Slepian model contains one regression term with random coefficients
which describe the dependence on initial conditions such as the slope at the cross-
ing, the value of the process at a predetermined point, etc, and one residual term,
which describes the deviations from the path set out by the initial conditions. In
its classical form, such a model was first introduced in Slepian (1963) to describe
the behavior of a stationary Gaussian process after a zero crossing.

The model found applications in more theoretical studies of various asymp-
totic sample path properties of a Gaussian random process, or a function of a
vector valued Gaussian process, see Kac & Slepian (1959), Aronowich & Adler
(1988), or Lindgren (1989). Considerable work has been done on studying sam-
ple properties of Gaussian or related fields around high local maximum or level
set, see Wilson & Adler (1982) and, for more recent work, Azais & Wschebor
(2009).

Typically, the Slepian model is defined for ergodic processes when the dis-
tribution of the model coincides with the long-run empirical distribution of the
stochastic model. However, the Slepian model was also defined for a non-stationary
Gaussian process to study properties of the process under conditioning that local
maximum occurs at time zero, see Gadrich & Adler (1993) and Grigoriu (1989)
for an engineering application. It is worth to mention here that in the approach
presented in this paper, we analyze non-Gaussian models obtained by a random
distortion of the Brownian motion through conditioning on the distortion which
leads to (conditionally) non-stationary Gaussian process and through this our
work connects with Gadrich & Adler (1993).

In many practical situations, the assumption of Gaussianity is not supported
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2. Preliminaries

by empirical data and therefore derivation of a Slepian model for non-Gaussian
processes is desirable. This need has driven growing interest in studying level
crossing distributions for non-Gaussian models, for example, see Adler er al.
(2013) for results on the high level crossings and van de Lindt & Niedzwecki
(2005) for an example of practical context in which a Slepian model for data
exhibiting non-Gaussian features is of interest. In this paper, we present an ap-
proach to obtain an effective Slepian models for a class of non-Gaussian models
driven by a Laplace motion, i.e. a non-Gaussian Lévy motion obtained by sub-
ordination of Brownian motion by a gamma process. This class has proven to be
sufficiently flexible to account for most non-Gaussian features observed in practi-
cal applications and some work has been done on the level crossing distributions
derived from a generalized Rice formula applied to these processes, see Aberg &
Podgérski (2010), Aberg er 4l (2009), Galtier (2011).

The focus of this work is two-fold, firstly, we propose derivation general
Slepian models by obtaining Slepian models of the noise that is driving the con-
sidered models, secondly, we show how conditioning on a variable or process can
help in derivation of a convenient Slepian model for a non-Gaussian model. The
novelity of the approach is its focus on the Slepian models of the noise. An al-
ternative approach to building a Slepian model would be through a hierarichical
approach to which one could employ a non-stationary Slepian models as discussed
in Gadrich & Adler (1993). We prefer to consider a Slepian model of noise for
which we found a convenient simulation method through a Gibbs sampler. One
advantage of having a Slepian noise is a possibility of simultaneous studies of
various random functionals of such a noise without necessity of constructing a
separate Slepian model for each of the functionals. These benefits are illustrated
by examples and numerical studies. Our interest in simulations of Slepian mod-
els is paralleling applied engineering papers on this subject. They are useful, in
particular, to study non-linear dynamical systems where such Slepian models can
be considered as input to the system to study their responses at particular crossing
events. For such application our approach is more direct than the one presented

in Adler ez 2l (2013).
2 Preliminaries

We consider a stationary random process X having a.s. absolutely continuous
samples and such that the joint probability distribution function (pdf) f; ; of
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X(0), X(0) exists. For € R, the u-level upcrossing set within interval [0, 1] is
defined as

Clu) = {s €[0,1]: X(s) = u, X(s) > u}.

Let V(u) be the number of elements in C(#). For a properly defined statement A
on trajectories of another stationary stochastic process Y, define V(A4|u) to be the
number of s € C(#) such that Y (s+ -) € A. The generalized Rice’s formula yields

+00
E[N(w)] = / z]g-(’X(z, u) dz,
0

where X denotes X(0) and X denotes X (0). Equivalently

+oo
E[N(u)] :// zﬁg’X‘K(z, ul k) fx (k) dz dk,
0

where conditioning on the random variable or vector K is used to simplify evalu-
ation of the integral. Here and in what follows whenever the limits of integration
are not shown in the notation they are understood to be over the entire set of
possible values of the corresponding variable. The focus of this paper is on the
Laplace moving average (LMA) processes for which X is a certain, possibly vector
valued, functional of the gamma process that serves as the subordinator in the
representation of the Laplace motion as a subordinated Brownian motion, Kotz
et al. (2001).
Similarly, one can consider

“+o0
E[N(A|w)] = / P(Y € AIX = 2,X = u) - of; y(z,u) dz =
0

—+00 .
= // PYeAX=2zX=uK= /e)-z]g-(X|K(z,u|k)f1((k) dz df
0 ba

and use this to evaluate the #-level upcrossing distribution P* of Y, see, for ex-
ample, Zihle (1984) for derivation of this formula for a general class of stochastic
processes. The upcrossing distribution 2, is defined as the ratio of the average
number of the #-upcrossings at which a trajectory event occurs to the average
number of all #-uppcrosings, i.e. for a trajectory event A we consider

_ EINUA[w)]

PYA) = FING (1)
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2. Preliminaries

Consequently, one has the following representation of u-level upcrossing distri-
butions involving the conditioning on K:

PY(A) =
. +o00
/ / PYeAX =zX=uK ==k - 2 x| w|R)fic (B) dlz
0 | _

+o0
/ /0 ofy i | )fic (k) e dle

+00 .
/ / P(Y € AIX = 2,X = u, K = k) - 2fy ey el )ficyx (k| ) dz db
= £ J0 *

+oo (2)
// zf;'(‘K’X(zVe, ”)fK\X(M”) dz dk
JO

A stochastic process Y, such that its finite dimensional distributions corre-
spond to these given by the upcrossing distribution is referred to as a Slepian
model of V" at the #-up-crossings, i.e. for each measurable A in the space of tra-
jectories, Y, satisfies

P(Y, € A) = P*(A).

If the Slepian model can be expressed in an explicit form, it can be used for deriv-
ing approximations for probabilities of interest as well as simulating trajectories
interpreted as sample of the original process observed at instants of the #-level up-
crossings. It can also help to analyze asymptotic behavior of the process crossing
high level and thus providing an insight into behavior of the process at extremal
episodes.

Example 1. One can take Y = X and then a Slepian process X,, describes behav-
ior of X at its own up-crossings of .

Example 2. Another case is to take ¥ = K for which a Slepian model X, has
distribution given by the density

—+00
fie, (k) o / ofi i (3l 1) fc e | 20) .
0

Example 3. A joint Slepian model for X and K is a random vector with the
distribution given by

iy 3, Uk 2) o 2y e (al, 1) x (k| ).

We observe that the distribution of K, given X,, = z is the same as the distribution
of K given X = zand X = u.
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Generalizing Example 3 one can conveniently write a scheme for obtaining a
Slepian model for a process Y. Namely, let a process Y (-|£, z, #) has distribution
equal to that of ¥ conditionally on K = 4, X = zand X = «. Then

() = Y(|K,, X, (0), ). (3)

In this note we discuss a Slepian model for the Laplace moving average (LMA)

X() = /g(s — 1) dL(s)

obtained by conditioning on the random time change process K () (subordina-
tor) in the representation of the Laplace motion L(¢) = B(K(z)), where B is the
Brownian motion and K is a gamma process, see Kotz ez al. (2001). As explained
above the key to deriving such a Slepian model is obtaining the biased sample dis-
tribution of K,, i.e. that of the gamma process observed at the # level up-crossings
of the moving average process X. Our approach provides an alternative to com-
puting crossing level distributions as compared to the results presented in Galtier
(2011), Aberg & Podgérski (2010), Aberg er al. (2009), where the approximation
to the joint distribution of the process and derivative at zero were used for the
purpose. The benefits of considering Slepian models is that they provide a unified
frame for handling level crossing distributions for a variety of the variables and
functionals of stochastic processes.

To achieve this, we proceed as follows. Firstly, we consider a representation
X(t|k, z, u) of X(¢) conditionally that K(-) = £(-), X(0) = # and X(0) = z. Here
k(-) stands for a realization of the process K (z), + € R. Secondly, we obtain an
effective way of sampling from K,,(z) and X,,(0). Then finally, we obtain a Slepian
model through X, (¢) = X(t‘Ku('),Xu, u).

Practically and for simulation purposes, the actual conditioning will be with
respect to a vector valued K having iid Gamma coordinates, which serves as a dis-
cretized version of the subordinator K. A Gibbs sampler will be applied to obtain
distributions from the so structured Slepian model. This main contribution is
presented in Section 5.2. First however, in the next section, we study level cross-
ing distributions of a simpler although related non-Gaussian process obtained by
random scaling of a Gaussian process. This can be viewed also as the moving
average process with respect to a random time model B(K - ¢) = VK B(t), where
K is a numerical random variable independent of B. In the concluding section of
the paper we study the behavior of the Laplace moving average process at the high
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3. Random scaling model

level crossings, while the appendix contains all technical details of the presented
results.

3 Random scaling model

Here, we discuss the Slepian model for a non-ergodic and non-Gaussian station-
ary process. Recall that for a stationary Gaussian process Z with variance one and
variance of its derivative also equal to one the Slepian model process Z, around
u-upcrossing of Z is given by

Z,(8) = ur(t) — Ri(t) + A(D) = ur(t) — Z,00)i(t) + Ar), t € R,  (4)

where 7 be the covariance function of Z, R is a standard Rayleigh variable inde-
pendent from a non-stationary Gaussian process A having covariance

(2, 8) = r(t — 5) — r(D)r(s) — 7 ()7 (5).

See Leadbetter et al. (1983) for further details.

The above model can be viewed as the one obtained from (3). Namely, it
is easy to verify that the process Z(¢|z,u) = ur(t) + z#(¢t) + A(#) has the same
distribution as Z(¢) conditionally on Z(0) = # and Z (0) = z. Moreover, for the
Gaussian case 7, has the Rayleigh distribution thus following (3), i.e. considering
Z(¢|Z,, ) yields the right hand side of (4).

Let us consider first a non-random scaling of Z, i.e. a process X (¢) = VEZ(®),
t € R, where £ > 0 is a deterministic constant. For X at its own up-crossings of
u the following process clearly defines a Slepian model

X,(8) = ur(t) — VERY () + VEA@W) = ur(t) — X, 000/ (t) + VEA®).

When the non-random scaling v/% is replaced by a random one and we con-
sider the process

X(2) = VK Z(2), ®)

where random X is independent of a process X, a simple analogy would suggest
that the following process defines a Slepian model for X:

X0) = ur(t) — VKR#(t) + VKA®). (©)

135



However this is not the case because X (¢) conditionally on (K = £, X = 2z, X =
u) is represented by u r(¢r) —z #(£) + VRA(#) and in this (£, 2) has to be replaced by

the Slepian model (Ku,Xu). We note that X, 2 V/K,R, where R is a Rayleigh ran-
dom variable independent of everything else, and a random variable X}, is ‘biased’
to account for the fact that the behavior observed at # up-crossings for specific
u makes certain scalings more likely than other — the phenomenon frequently
referred to as ‘sampling bias’.

As shown in the Appendix A, a Slepian model for the pair of variables (K, X)
is given by (K,, X,) = (K, /K,R), where R is having the Rayleigh distribution
and is independent of K, with the distribution given by

Foll) = o S fieh).

The distribution of K, represents the biased sampling distribution of the original
random scaling K when the sampling is at the up-crossing of the level #.
Following (3), a Slepian model for X, is given by

X, (0) = ur(®) — VKR 7(6)+ VKAW = ur(t) —X,00) #7(6) + VKAQD, (7)

where A(z) is the non-stationary Gaussian process described above independent
of K, and R. Thus the Slepian model given in (7) corresponds to the application
of the conditioning in the Rice formula as presented in (2).

If for the scaling K we assume a gamma distribution, with the shape and scale
parameters p and 2/a, respectively, then its biased sampling distribution is given

by
22 . ak + u* [k
fr, (k) = TN B exp <—f> ,

where the modified Bessel function of the third kind (sometimes also referred to

as the second kind) with index p is defined as

1 fuN\e [ w?
= — | — _P_l —r — —
Ky (u) 5 (2) /0 t exp < t 4t> dt, u>0.

This means that it belongs to the class of the generalized inverse Gaussian (GIG)
distributions, see the Appendix B for basic properties and notation. More gen-
erally, the GIG distributions have a convenient invariance property: if we con-
sider the scaling K that is GIG(p, , b), then its biased sampling distribution is
GIG(p, a, b+ u?).
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4. Non-ergodicity effect

Finally, the fiistribution of K, given X, = zis GIG (p, a, b+ u* + 2%) and the
distribution of X, is

f@ oz (Vor+2) K (Vab+ @ +2), 5> 0. ®)

Consequently, we can write an alternative form of the Slepian model

X6 = ur(e) — X,0) 1)+ /KA, ©)

where X, has the~distributi0n given by (8) and K, is sampled from GIG(p,a, b +
tfz + X2), i.e. K, is a variable sampled from the distribution of K|, given that
X,00) = z.

4 Non-ergodicity effect

The random scaling process (5) is not ergodic and thus the derived Slepian model
X,(¢) does not represent the distribution of the process as observed at the level
up-crossings based on an individual trajectory. This due to the fact that the long
sampling distribution for a non-ergodic case is random, i.e. it varies randomly
from trajectory to trajectory. Nevertheless, the Slepian model distribution P*
given in (2) still represents the ratio of two expected values to which the following
interpretation can be attached.

Consider S independent trajectories of X and let N7 ;(A|«) stands for the
number of upcrossings in [0, 7] marked by the property A for the i-th trajectory
while V7 ;(#) denotes the total number of upcrossings in [0, 7] for this trajectory.
With this notation, the proportion of #-upcrossings with property A in interval
[0, 7] among all #-upcrossings is given by

_ X NriAlw) /N i),

Pr 5(Alu) 5

By the pointwise ergodic theorem, which is valid as long as the underlying process
is stationary, for each 7, N7 ;(A|u) and N7 ;(u) converge when T increases without
bound almost surely to some random variables N;(A|«) and N;j(u), respectively.
These variables for different 7’s are independent identically distributed and satisfy

E(N;(A|w) = E(N(Alu)),
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E(Nj(u)) = E(N(w),

while, in general,

Ni(z‘l|u)> E(N(A|u)
E ( N )T ENG)
By the Law of Large Numbers

. Ni(A
Jim Jtim st = £ () 10
and
lim lim P (A]@:M (11)
T—00 S—00 s E(N(”)) .

Due to the lack of ergodicity, the two limits are not the same while the crossing
level distribution P*(A) is defined as the latter one. Thus the Slepian model
approximates the proportion of the corresponding number of crossings if they
are looked for many independent trajectories over a long but fixed time interval
[0, 7], where 7" is chosen the same for all trajectories.

On the other hand, it should be remembered that, except for the ergodic case,
the Slepian model that represents P#(A) can not be interpreted as the averaged in-
dividual trajectory up-crossings distributions because this would be rather equal to
E (M (Alu) /Ny (u)) The latter is in fact the averaged values of crossing distribu-
tions as presented by the model given in (6). In this interpretation and using (10),
the model (6) provides the distribution at level crossings observed at independent
and complete, i.e. not restricted to a finite interval, sample trajectories.

The moving average model that is discussed in the next section is ergodic and
thus these issues with Slepian model interpretation do not longer apply. In fact,
in the moving average case, N;(A|u) and N;(u) are non-random and equal to their
respective expected values, i.e. N;(A|#) = E(N(A|u)) and N;j(u) = E(N(w)) so
that the limits in (10) and (11) becomes the same.

5 Slepian model for the noise

5.1 Slepian noise model for Gaussian moving average

A moving average process is a convolution of a kernel function g, say, with a
infinitesimal “white noise” process having variance equal to the discretization step,
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5. Slepian model for the noise

say ds. Throughout the paper we assume normalization of the process in its value
and its argument so that the variances of the process and of its derivative are equal
to one or, equivalently, [ ¢* = [¢* = 1. Here and in what follows, [ f stands

for the Lebesgue integral of £, i.e. ff = ff(t) dt
The Gaussian moving average (GMA) is given by

[e.e]
X(@) = / 2(s — 2) dB(s) (12)
—00

and its derivative X is given as the moving average with ¢ as the kernel. Consider
a fixed level # € R and the probability distribution * on events A4 in the space of
real continuous functions on R given in (1). For a stationary Gaussian process, a
Slepian model is presented in (4). However for the purposes of this presentation
we derive another while equivalent Slepian model that explicitly use the moving
average form of the underlying process.

We first ask for a Slepian model dB,,(x) for the noise dB(x) at the crossing
levels # of X. As argued in the Appendix A.2, the biased sampling distribution of
dB(x) is represented by the distribution of the following stochastic process B,(2),
reR:

B,(®) :u/ g+R/ g—/ g~/gdB—/ g-/gdB+B(t), tER, (13)
0 0 0 0

where random variable R has the Rayleigh distribution and is independent of
dB(¢t), while B,(¢) is understood as a random measure of [0,¢], (if # < 0 the
measure is understood as the minus measure of [#,0]). From this representation
we can clearly distinguish three component of the Slepian model for the noise:
the level and kernel dependent non-random component

t
Fu,g(t) = ”/0 g,

the kernel only dependent random component

G,(t) = <R—/gdB>-/tg—/gdB-/tg,
0 0

and purely random noise represented by Brownian motion B(¢). We note that G,
and B are stochastically dependent and G, conditionally on B is a linear combina-
tion of non-random functions with one random coefficient distributed according
to a Rayleigh distribution.
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Example 4 (Gaussian kernel). Let us consider the (normalized) kernel g(r) =
\/Ee_tz / 204, + € R. Direct calculations lead to the following form of the
Slepian model

B, (1) = Fu () + Gg(1) + B(2),

where

F,q(2) =21 u &, \/_t

G, (1) = (\/71?4— \/7/ dB(u ) sgn(z)-

<e_t2 — 1> — \/E/eﬂz dB(s) - & <\/Et> ,

where @y(s5) = 27)~1/2 fS /2 gy,

In Figure 1, we show simulations of samples from this Slepian model for
the motion for different levels # and compare them with corresponding samples
from a regular Brownian motion. From them we observe that the behavior of
B, (#) depends on the value of a level #. In particular, for a high level # the main
contribution to B, comes from the deterministic part.

There are several benefits of looking at the level crossing distributions through
the Slepian model of the noise. Having this biased sampling representation of the
noise, the Slepian model for any process that can be obtained as a functional of
the Brownian motion B is simply given by replacing B with B,. Decomposition
into three components: level depending, kernel depending, and noise, allows
separate studies of different aspect of process behavior at the crossing levels. This
is particularly beneficiary if the process under consideration is a linear functional
of the noise. More precisely, consider a vector of stochastic processes Y(z) =
N @®),...,Y,(#), t € R such that they arise as a result of some functionals
acting on increments 4B of a Brownian motion:

Yi(t) = Hi(t,dB), i = 1,...,n,

then the joint Slepian model Y,,(#) for Y(#) at the instants when the moving aver-
age process X (#) up-crosses level # is obtained by considering

Yu,i(t) = ]_[i(tadBu)7 1= 17 ceen
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5. Slepian model for the noise

4

Figure 1: Top-Lefi: Six samples from a regular Brownian motion that were used
in computing samples from the Slepian model of B, (). Bottom-Lefi: Ten G,(¢)’s
computed for each of the six Brownian motion samples using ten randomly sam-
pled values R from Rayleigh distributions (the same R’s has been used for all six
plots). Middle-Top: Level dependent deterministic part of the Slepian model ob-
tained for for four levels: » = 0.5,1,3,5. Middle-Bottom: Samples from the
Slepian model for the level # = 5, a single path of Brownian motion, and ten dif-
ferent values of the Rayleigh variable. Righs: Six samples of the Slepian model for
B, corresponding to the samples of Brownian motion. Crossing levels: # = 0.5
(top) and # = 5 (bottom). A single value for Rayleigh variable is used for all
samples.
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Figure 2: Lef: Six samples from (X, Y): the Gaussian moving average X — (top)
and corresponding samples form the Laplace moving average ¥ — (bortom). Sam-
ples are based on five samples of the Brownian motion and a single sample of
the gamma process that is used for samples related to Y process. Middle: Sam-
ples from the joint Slepian model at the crossings of X at level: # = 0.5. Righ:
Analogous samples at the crossings of level # = 5.

In particular, if functionals H;(z, B) are linear in B, we obtain joint decomposition

Yiu(t) = u- Hi(t,g dt) + <R— /gdB> - Hi(t, g dt)+ (14)

—/gdB'Hl'(t,gdt)—l—Yi(t), i=1,...,n

Example 5. To illustrate the convenience of the approach to level up-crossing dis-
tributions through the Slepian model of the underlying noise process, we consider
a pair of linear functionals of @B, Y = (Y1, 13), defined as follows.

The first component Y1(z), # € R, is the filtered original process X(z) by
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5. Slepian model for the noise

means of a filter 4(z), so that

Yl(t)://](s—t) dX(s)://y*g(s—t) dB(s).

The second process arises from linear scheme that alter Gaussian distribution of
the moving average process. Namely, we consider the moving average driven by
a Lévy motion build upon the Laplace distribution — the Laplace motion. The
Laplace motion can be obtained through subordination of the Brownian motion
by the gamma motion. For a kernel / and the Lévy process K such that K (1) has
the gamma distribution with shape t and scale 1/t (for negative ¢, the process
—K () is an independent copy of K(#),# > 0), we define the Laplace moving
average

Y3(t) = /f(s — 1) dBo K ().

The direct approach to the joint distribution of (Y7, ¥3) at up-crossings of
X would require analysis of the joint distribution of (Y7, ¥2) together with the
distribution of X(0) and X (0). This is not straightforward due to non-Gaussianity
of Y. However, our approach through the Slepian model of 4B as given in (14)
yields

Y1.06) =u- hxr(t) + (R—/gdB) -h*g*é(t)—l—
—/gdB-/o*r(t)—l—Yl(t),
Y5.,(¢) :u-/f(s—t) dG o K(s)+

+ <R—/gdB> -/f(s—t)dgo[((s)—l—

_/gdB./f(s—t)dGOK(f)—i-Yz(l‘)7

where G(¢) = fot 2 <é(t) = ¢(—1), and r = g * g is the covariance of X. The ob-
tained decomposition clearly reveal more complex dependence structure between
processes.
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Figure 3: The joint Slepian model for Gaussian (z0p) and Laplace (botzom) moving
averages. The Laplace case have random dependence on the underlying gamma
motion K — here only single sample from this process has been taken for all
graphs. Lefi: Level dependent components in the Slepian model, » = 0.5, 1, 3, 5.
Middle: The kernel dependent component for ten randomly chosen values of the

Rayleigh variable R). Right: Effect of Rayleigh variable on a single sample from
the joint Slepian model at level # = 5 — randomly sampled ten values of R.

For illustration, we take X as in Example 4 and consider ¥; = X, while
Y, = Y, where
Y(2) :/g(s—t) dB o K (s), (15)

which could be viewed as a modified X by random distortion of time through the
gamma process K. We have the following formulas

2 1/4 2 2
X,() =u-e "% - <R +2 <%> /se_‘ dB(s)) e 2y
T
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5. Slepian model for the noise

2\ /4 , )
— (E) /e—f dB(s) - e ? + X(p),

Y,(t) =2 u- / e 4@, (ﬁK@)) +

2 2\ /4 ) ) )
+ \/; R+2 <7_r> /56_5 dB(s) ./e_(j_t) de K70

o\ 1/4 i ,
—2<7—r> / e dB() - / O ddy (VIKG) + Y0,

Using the above relation, we illustrate particular components of the Slepian model
for the joint up-crossing distribution of (7, ¥3). We have chosen v = 0.5 for the
shape parameter of the gamma process. The samples of underlying Brownian
motion are the same as those in Figure 1.

In Figure 2 (7op), we observe samples simulated from bivariate process (X (z),
Y (#)) (to facilitate better visual comparison we have used the same sample of the
underlying gamma process for all six samples of the Laplace moving average).
They reveal complex dependence between processes and leptokurtic behavior of
Y, which shows much larger extreme values than X. In the middle and right
columns we see sample from the Slepian model at level # = 0.5 and » = 5,
respectively. The level crossing occurs at # = 0 as seen at the top middle/right
graphs. We observe in the bottom graphs that the random time change introduced
by the gamma motion is adding to variability of ¥ at the crossing instants of X.
For large level  the variability relatively to the level is reduced however the process
Y still significantly overshoots the crossing value # = 5.

Our approach allows for investigating the role of particular components in
the model that is illustrated in Figure 3, where the level dependent and the
Rayleigh/kernel depend components are presented. We observe that the influence
of Rayleigh variable for large level # is not significant and that major contribution
to the Slepian model comes from the level dependent component.

5.2 Slepian noise model at crossings of a non-Gaussian moving av-

€rages

We have discussed Slepian models for the noise at crossings of a stationary Gaus-
sian moving averages. Our interest will turn now to the case of crossings by a
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moving average driven by a non-Gaussian noise 4L(s):

X)) = /g(s — 1) dL(s) = /g(s — 1) dBo K(s), (16)

where K (#) is a gamma process with shape T and scale 1/1, i.e. K(1) has the
gamma distribution with these parameters. The choice of a gamma process as a
subordinator is dictated by convenience of a simple parameterization, but in gen-
eral one can consider other classes of non-negative second order Lévy processes.
In Section 3, we have considered a simple example of random transformation
of time given through 4B(Kr) = VKdB(#) and we have seen that the Slepian
model K, for K was giving a general way of describing arbitrary Slepian models
in that case. The case considered now is more complex and the key to deriving
the Slepian model is obtaining the biased sample distribution of K, (#), i.e. of the
gamma process observed at the # level up-crossings of the moving average process
(16).

Let us consider an arbitrary process ¥ and a process Y (-4, z, #) with the
distribution equal to conditional distribution of ¥ given X' = &, where £ is a
trajectory of gamma process K, X(0) = z, and X(0) = u Then, as it was
previously observed, if one have a joint Slepian model ([(M,Xu) for (K ,X ), then a
Slepian model for ¥ can be obtained through

Yu(t) - Y(t‘Kme ”)7

where for shortness X, = X,(0). This approach splits finding a Slepian model
for Y into two separate tasks: firstly, finding Y'(-|£, 2z, u), then, secondly finding
a Slepian model (K,, X,). While finding Y'(-|£, 2, u) is specific for a given process
Y and need to be addressed in each case individually, while obtaining a Slepian
model (K, X,) is universal and is considered next.

It is easier to consider an extended model (Z,, K, X,) and express a Slepian
model for sampling from the crossing level distribution of this vector by a conve-
nient Gibbs sampler. Namely, the model will based on alternate Gibbs samples
from K,, conditionally on dL,, X, and dL,, X, conditionally on K,,. As shown in
Appendix A.4, these two conditional distributions are given by

fKu|dLu,Xu(/€U7 z) N]ZL,MK“,X“(W@ z)ﬁzum(zw
f;lLu,Xu\Ku(Lz‘k) N]ZL,MK“,X“(W@ Z)JS'(MWJZM)
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5. Slepian model for the noise

It follows directly by the above conditional arguments and properties stated
in Appendix A.3, (19) and Appendix A.4, (20) and (21) that a Slepian model of
L at the u-crossings of ¥ can be written in the form

G () — ¢ G,
Ly - SO rGe) v,
1 =7, \/ [ &2dK,
G (t) — . Ge (1) X,
n &, () — rx,Gi, (2) n

1—7%, V[ 2K,
G

t .
+ Ku(Z) /rKu 8K, — &K, dB o Ku+
rKu

1—

+

1 Kui? /71@ gk, — gk, dBo K, + Bo K,(¢), (17)
— %
where, for k = K, . = [ggdk/\[ [ Zdk [ dk, g = ¢/\) [ ks & =

g/ [ Bdk, Gy(0) = [o gudk, Gi(2) = [ gudk.

Although the structure of the Slepian model is more complex as compared
with the Gaussian case, one can still identify analogous components of the model.
More precisely, we have the level and K, depending component

G, (1) — g, G, (1) u

Fug.x,(t) = ;
o0 -, I g4k,

linear combination of functions depending only on K, where the coefficients are
random variables

G, (1) — g, G, (0) X, — [ dBo K, N

-7, J [ $dk,

LT, Gy, (t) — G, (¢t) [gdBo K,

l—rlz(u /fgzd](u’

and, finally, time distorted random noise

Gy k,,8(1) =

Bo K,(2).
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Using this notation, we can write
L, :Fu,g,l(u + GJ(WB—I—BOK,,. (18)

We observe that in this decomposition, in contrast to the stationary Gaussian
case, all terms are dependent on the level #. However, the dependence of the
second and third term is only through K,. The second term is a linear combina-
tion of two functions of time # that become deterministic if conditioned on X,
while the random coefficients of this combination are no longer independent as
they were in the Gaussian case. Finally, we observe that our Gibbs sampler simu-
lates at the same time (Xu, K., L,) and thus allows for evaluation each of the three
components in (18).

6 Asymptotics for Slepian models for large level cross-
ings

The behavior of the process at large level crossings is often of interest for risk
assessments at extreme events. Here we show how the derived Slepian models can
be utilized to investigate such behavior.

6.1 Behavior at extreme values for the random scaling case

The obtained Slepian model allows for a discussion of asymptotic behavior at a
high level crossing of the process. Recall that for a stationary Gaussian process
with continuously differentiable trajectories and covariance satisfying 7(r) = 1 —
2 /2 + o(#*) we have the following result, see Leadbetter ez al. (1983). For each
T > 0, with probability one

lim sup !u (Xu(t/u) — u) + /2R t‘ = 0.

Uu—r 00 0<r<t
The obtained Slepian models will be used to extend this result to a more general
classes of stochastic processes.

Example 6 (continued). For illustration, let us again consider the Slepian model
for X(#) given by (5). In order to obtain the asymptotic behavior in (7) for large
u, we need to investigate the asymptotic distribution of K. It is verified in Ap-
pendix B.2 that the following normalization

K, —u/\/a
NTEL
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6. Asymptotics for Slepian models for large level crossings

yields asymptotic mean zero and variance one while in probability the so stan-
dardized variable converges to zero. The same holds for

VK, — il a

/ZPZ_IW

This asymptotics for K, leads to the following behavior after high level cross-
ing for the Slepian model given in (7):

lim sup [X,(¢/vu)—u+7/2—Re|=0.

Uu—r 00 0<1<t

To see this let us first note that

sup | A(t/vu)| < t/v/u sup |A'(t//u)|.
t<tT <<t

By assumed regularity of the underlying Gaussian process, A’(0) = 0 and A’ is
continuous with probability one, thus M, = sup,._|A’(¢/\/u)| converges almost
surely to zero, when # increases without bound.

Thus

|X,(t/\/u) — u+ )2 — Rit| <
< |(# /v = 1) = VER /D) + /2= Re|+
+ \/Esgp\A(t/\/?t)\

< <; + TR> sup ‘1 —i—r(t/\/ﬁ)! +
t<7T
[2p+1 Vu
Pﬂ /Ku_?

4
MENEST

and the right hand side converges to zero because 7(¢) is continuous at zero and
7(0) = —1,

X

+ T

(rsuplervol + .
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6.2 Gaussian noise at high level crossings

Here we use the Slepian model given in (1) to obtain an asymptotic result about
the noise behavior at high level crossings. Let us define the process

£ = u (B,, (2) _B (2) B ff;};)

and assume that both g and ¢ are continuous at zero. Then
sup

£,() — £(0) <R— /g43> -t—g(O)/gdB- '
0<:<t

T/u -
§T<o 16) — g(0)] ds /g43'+

t/u
[7126) = (0)] s

7 R—/gdBD.

By continuity of g and ¢ the right hand side converges to zero when # increases
without bound, i.e.

gu(2) — ¢(0) <R—/gdB> -t—g(O)/gdB-t

By adding some conditions on the smoothness of g and ¢ around zero (for
example if ¢ satisfies a Lipschitz condition), this asymptotic result can be made
more exact. We will not discuss it here but we point, for a high level #, at a crude
approximation of B,,(#) in the neighborhood of 0:

<

_l’_

lim sup =0.

U0 (<4< 7

B,(t) =~ g(0)u -t + B(z).
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A. Slepian models — proofs

A Slepian models — proofs

A.1 Slepian model for random scaling

We derive a Slepian model for the simple case discussed in Example 3. Invoking
the generalized Rice formula for the process Y (z) = VKX yields

E (x/EXJr(o){\/EX(.) e AMVEX(0) = u)
E (VEX+HO)[VEX©O) = )
B /OOO /000 Vkz - P(A|z, k, u) 'f)‘(\K,\/I?X (z|k7 ”>fK|\/EX(k‘”) dz db

/0 /0 iz fige i (2l w) fi yox ko) de dk

PA) =

)

where P(A|z, k, u) = P (\/%X(-) € AX(0) = 2, K = k, VEX(0) = u)
We note that X = X(0) is independent of (X, VKX(0)) and

Feviox #0 = eufie®) - i/ VB/VE= cie” 5 eV
This yields

/DO /m P (ﬂX(.) € AVEX(©0) = 1, X(0) = 2, K = /e) 225 (k) d db
0 0

/ 2% ds / T L (k) dk

Jo Jo

= [ J P (w0 — VA O+ VEAQ) € A) 2 e il di i,

PA) =

u2
where ¢! = fooo ¢~ 2 fx (k) dk and the Gaussian process A(z) is as described in
Introduction. This leads to the Slepian model

Z(1) = ur(e) — VKR (8) + K, A®),

where K,,, R, and A(#) are mutually independent and distributed as follows: the

u2
distribution of K}, is given by the density fx, (k) = c,e™ 2 fx(k), R is having the
Rayleigh distribution.
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A.2  Slepian model for homogeneous Gaussian noise

Here we derive a Slepian model for the homogeneous Gaussian noise that is driv-
ing a moving average process. Such a noise can be viewed as a stochastic measure
defined through a Brownian motion B(z), r € R, obtained from a regular Brow-
nian motion by reflecting it independently at # = 0, so that B(#) represents the
measure of [0, #] for > 0 (for negative # it equals to the minus measure of [z, 0]).
This identification of the measures and processes is kept throughout the paper.
The biased sampling distribution for the finite dimensional distributions of the
Gaussian process B at the u-level up-crossings of X(z) = f 2(s — 1) dB(s) are ob-
tained below by considering the conditional distribution of B(z), B(s), for some
fixed # and s, |¢| > ||, given X(0) = % and X(0) = .
The covariance matrix of the normally distributed vector (B(z), B(s), X (0), X(0))

is given by

2] a G@t) g(t) — g(0)
5 a Is| G(s)  g(s) — £(0)
G(r) G(s) 1 0 ’
2(t) —g(0) g(s) —g0) 0 1

where @ = |s] if s and # have the same sign and zero otherwise, while G(z) = fot g
The ‘ones’ on the diagonal are the consequence of the assumption: [ [g|> =
[ |g]* = 1. Direct verification of the covariances leads to the following represen-
tation of the Gaussian noise B given X (0) = #, X(0) = z:

B(t|u,2) = u- G(2) +z- (g(£) — g(0)) — G(z) / 2dB— (¢(r) — g(0) / gdB+ B().

From the Rice formula it follows that this is a Slepian process for B at the
up-crossing level distribution given give that the derivative X,, at the up-crossings
is equal to z. Taking into account that the Rayleigh distribution is representing
the biased sampling distribution of the derivative and using (3), a Slepian model
for the noise is given by

B,(¢) =u- G(t) + R - (g(2) — £(0)) — G(2) / 2dB — (g(#) — ¢(0)) / ¢dB
+ B(2),

where random variable R has the Rayleigh distribution and is independent of B.
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A. Slepian models — proofs

A.3 Conditional Slepian model of noise given subordinator, and deriva-
tive

An extension of the representation of the noise from the previous section to a non-
homogeneous Gaussian noise is important for derivation of the Slepian model
when a moving average with respect to the Laplace noise is crossing a level #. For-
mally, we are interested in the conditional Slepian model L, of the non-Gaussian
noise L given that K, = 4 and X, = z, where K, and X, are some Slepian mod-
els for the subordinator K and the derivative X(0). Here, the crossing levels are
marked by the non-Gaussian moving average given in (16).

As presented in (3), this conditional distribution is equivalent to that of L
given K = k, X = z,and X = «. This in turn can be presented through
conditioning a non-stationary Gaussian moving average process

Xu(e) = / o5 — ) dBU(),

where 4(s) is a non-decreasing function, i.e. we consider a moving-average integral
with respect to stochastic measure By, defined on intervals as

B(s,s + ds]| = B(k(s), k(s + ds)]

and as before we use the same notation to denote the corresponding independent
increment process By. In what follows, we use f fdk for f [ (@)dk(z).
The joint distribution of (By(2), By(s), X (0), X(0)) has the covariance matrix

k@) @ [oedk [, gdk
f(%gdk fggd/e fg‘dk fggdk
Jo &dk 3 gdk [ ggdk [ gk
where 2 = |A(s)| if the signs of 4(z) and k(s) are the same and zero otherwise.
For compactness of the presentation, let set 7, = [ ggdk/\/ [ &*dk [ g*dk, g =
g/ | &k, g =g/ [ Pdk, Gu(0) = [, gudk, Gu(t) = [, gudk.
Direct verification of the covariances proves the following conditional Slepian
model for the non-homogenous noise L, conditionally on X, = z, K, = % from

which samples can be taken for the Gibbs sampler scheme can be written in the
form
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Gi(t) — iGule) +G/€<t>—rk6k<r> z

Bk(t|u,z) = +
1—77 [ g2k 1—r [ &2dk
G.(t . G t .
1 A )2 /mg/e — g dB, + k—()z / 7e8k — Lk dBy + By(r). (19)
— 7 lL—n

A4 Slepian model of noise, subordinator, and derivative based on
Gibbs sampler

Here, we discuss a Slepian model (Z,, K, X,) that is based on a Gibbs sampler.
Let us consider the gamma process K, i.e. the Lévy process such that K'(1) has the
gamma distribution with shape tand scale 1/t (for negative ¢, the process —K ()
is an independent copy of K(z),# > 0). For the computational and practical
reasons it is more convenient to consider a discretized version of the problem. We
consider a uniformly spaced grid d# (for compactness of the notation, we use dt
both for the grid and for its diameter) and assume that the stochastic measures are
approximated by the Lebesgue measure multiplied by the random increment of
a considered stochastic measure over an individual cell of the grid. In particular,
dL is a vector of values of the noise increments over this grid, X are random
gamma variances distributed with shape td¢ and scale 1/t while Z is a vector of
independent standard normal random variables so that JL = VK Z, where the
multiplication is coordinate-wise. We also use K, and 4L, as notation for Slepian
models of K and dL, respectively.

Further if ¢ is a function, then f ¢ is a vector of values of the Lebesgue inte-
grals of g over the cells of the grid d¢. With the assumed discretization and a slight
abuse of the notation, we write f gdL = f ¢ - dL, where - stands for the inner
product of the two vectors. Consequently, we write X = [ f/L = [ fv/KZ and

X=[fdlL= [fVKZ.

We first notice that (K,|dL, = dl, X, = z) 2 (K|dL = dl,.X = z,X = u),
where each of the sides denotes a conditional distribution. Since, both X and X
are deterministic functions of L thus we can assume from now on that [ fd/ = z

and [ fil = u. The Bayes formula yields

N
Fic i kldll,2) o< for el Rfic () o <H kl?a't—S/Ze—(Z/ei/r—d/f/k,')h) 7
i=1

(20)

156



A. Slepian models — proofs

which corresponds to the distributed of a vector of independent variables dis-
tributed as GIG(wdt — 1/2,2/ 7, dI?).
The Gibbs sampler from the Slepian model (Z,,, KM,X,,) will be based on al-

ternate samples from the conditional distributions:

B~ (K,|dL, = dIV™V, X, = 2071
(i, 29) ~ (L X, | K, = ),

As we have seen above, the first sampling is reduced to sampling from independent
GIG distributions for which there exists a uniformly bounded rejection algorithm,
see Hormann & Leydold (2013). Let us next discuss how to sample from dZ,,, X,
given that K, = k. We note that it is equivalent to sampling z from X,, given that
K, = k and then / from 4L, given that X, = z,K, = k which is the same as
sampling from dL given that X = z, K = k, X = u, which was discussed in the
previous section, see (19).

Further extending our notation for the discretized model, for any integrable
function g we write [ g dk as the inner product between the vector of the Lebesgue
integrals of g over the grid cells and the vector of values of the gamma vector

K = k. Using this convention we define r = [ ggdk/\/ [ *dk [ g>dk and for a
function g we write G,(A4) = ng dk = f 14¢ dk and G (¢, A) = fA g: dk, where
gi(s) = gls — ). .

It follows directly from the Rice formula that the distribution of (X,|K,, = &)
is given by the density

N2
@)~z exp <—(Z 2 ) e

where

a:u.,wgzdwwgzdk,

b =201 —72)/;;2 dk.

Sampling from this density can be done through a accept reject algorichm.
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A.5 Generation of Slepian noise distribution

The purpose of this section is to approximate the integral for the palm equation
(2) by MC approximation for the case when X () is the Laplace motion. In general
when dealing with the non Gaussian case the evaluation of (2) the distribution
fx i is not known and thus evaluating the integral directly is not possible. For
models driven by Laplace moving average it is possible to approximate the process
with a piecewise constant process; that is we approximate

X)) = /g(t — 5)dL(s)

with

N
X(0) =) 1 < t)glt — ti1/2) (dL() — dL(t;))

=1

where #; is assumed to be evenly spaced time points in the interval of interest.
split the time into intervals and let the process be constant on each interval. Then
define K as constant on each interval and taking the value of a Gamma random
variable. Now one can in theory evaluate the integrals numerically. But, in general
the number of intervals used to discretion of the time will make the numerical
integration infeasible.

An natural approach is then to replace the numerical integration with a MC-
integration, that is sample gamma r.v and evaluate fo+oo P(Y € AIX = 2,X =
u, K =Fk) - zﬁ(’X‘K(z, u|k) dz and fo+oo Z]?(,XU((Z’ u|k) dz numerically. However,
if u is large then this method will be ineffective as the mass of (2) is where K
is large. Instead we sample from a distribution proportional to fy, i (u| B)fx (k).
This avoids the problem of sampling from the regular Gamma distribution. The
samples from fy| k(u|R)fx (k) is generated through the Gibbs sampler described
below.

The 7th iteration of the Gibbs sampler consists of two steps

AP ~ Loy i Gl )
K~ farCldl?)

where 4L is the Laplace noise driving the process. Both distributions are explicit
namely multivariate normal for 4/ and Generalised inverse Gaussian for k. We
describe both steps in greater detail below
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B. Generalized inverse Gaussian distribution

B Generalized inverse Gaussian distribution

B.1 Definition and basic properties

The generalized inverse Gaussian distribution with parameters p € R, 2 > 0, and
b > 0, for shortness GIG(p, a, b), is given by the pdf

(d/b)pﬁ
2K, (\/%)

] _@db/x
Wl 2,

flo) =

The parameters satisfy

a>0,6>0,ifp >0,
a>0,6>0,ifp=0,
a>0,b>0,ifp <O0.

The moment generating function of a GIG distribution is given by

a >P/2 (\/ b(a — Zt))
,t
a—2t K,(Vab)

The following formulas for the expectations of a GIG(p, a, b) random variable
X hold

M@ = < < a)2. (22)

L \Ve) <\/_b) LeER
K (Vab) 23
Ellog(X)] = log(y/2/b) + alog[( <\/%) ;

= (bja)™

where 0log K, /Op(x) is the derivative of the Bessel function K}, (x) with respect of
its order p and evaluated at value (p, x), cf. Jorgensen (1982). Consequently, by
setting R, (x) = K1 1(x) /K, (x) we obtain

ELY) = /=&, (Vab),
E[x-1] \/E B 4
e
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This together with the following recurrence relation
Ry(x) = 2p/x + 1/R,_1(x),
see Jorgensen (1982), yields

EX~'l =7 (EX] —2p/a). (25)

NTIRNY

The special case of p = 1 corresponds to the reciprocal inverse Gaussian and the
following simple forms of expectations hold

B.2 Asymptotic behavior when 4 is increasing without bound

In our considerations of high level crossings, we need the asymptotic behavior
of GIG(p,a,b) when b is increasing without bound. For this we will use the
following property of Bessel function K}, as its arguments increases without bound

. 2 z_xx o d_]’ _
xlgrgox <V neK})(x) <1+x) =

where 2, = (4p* —1)/8 and b, = (4p* — 1)(4p* —9) /128, see Olver et al. (2010).
We note first that the following behavior of the expected values

N 2L 1 () - ()

apr1 —ay  2p+1
a a

) (26)
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B. Generalized inverse Gaussian distribution

Jo o (Ko (Vb
E(\/)_()—\/EZ\/E ’Ml N%, 27)

where the relation ~ means that the ratio of the two expressions converges to one

when & converges to infinity.
Similarly, we analyze the variance of X:

b (52 (V) G (V)
N\ () g (va)
A CIC R

< (o (V7)1 (VD))

It remains to investigate the behavior of R, 1(x) — R,(x) for x increasing without
bound.
Consequently,

V(X) =

R = R ~ (1422 + 0672)) (1425 067 ) +

2
-1+ LARENGT ‘2)>
1
;(&ZP+2 + ap — 24p+1)

This gives the following asymptotics for the variance (when & increases without

bound):
Vb
A2
By examining the moment generating function, it can be verified that the

standardized variable (X — E(X))//V (X) converges in probability to zero. Con-
sequently, in probability,
=
lim —2L° =

b— o0 i/ b
\/ 7@

while the mean and variance of the so standardized variable converge to zero and

V(X) ~

one, respectively.
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Similarly for VX, due to (26) and (27), we have

VX)L \/Z
ST T <E<X>— pal

() B0

Va o

2p+1

~

a

Thus the variable
VE -

has the asymptotic mean and variance equal to zero and one, respectively, while it
is converging to zero in probability.

EN
XIS~
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