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In this thesis, we investigate two different 
topics related to the physics of nanoscale 
systems. The first topic concerns quantum 
correlations, in particular how to generate 
and detect entangled electrons. The second 
topic concerns temperature fluctuations, es-
pecially how to utilize them for nanoscale 
calorimetry. The first part of the thesis in-
cludes an introduction to the research field 
and an overview of the main findings of the 
papers. In the second part, the five papers 
of the thesis are found in their entirety.
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γ γ γ

γ ¯ = (exp[ε/( )]± )−

+ − ε

¯ = .

γ



|Ψ( )〉 〈Ψ( )|Ψ( )〉 =
ˆ

Ψ |Ψ( )〉
ˆ ˆ|Ψ( )〉 = Ψ|Ψ( )〉 ˆ

〈ˆ〉 = 〈Ψ( )|ˆ|Ψ( )〉 = {ˆ|Ψ( )〉〈Ψ( )}.

σ ( ) =

√
〈( ˆ) 〉 =

√
〈ˆ 〉 − 〈ˆ〉 , ˆ ≡ ˆ − 〈 〉 .

ˆ ˆ [ˆ, ˆ] ≡ ˆˆ−ˆˆ �=

σ ( )σ ( ) ≥ |〈[ˆ, ˆ]〉 |,



|Φ 〉
Φ

|Ψ( )〉 =
∑

( )|Φ 〉, ( ) = 〈Φ |Ψ( )〉,

( ) = | ( )| Φ
ˆ ˆ|Φ 〉 = Φ |Φ 〉

|Φ 〉 = | ... 〉,

|φ 〉

F =
⊕∞

= ±H⊗
H +

−

|φ 〉 ˆ†

ˆ

ˆ†| ... ... 〉=
√

+ | ... + ... 〉, ˆ | ... ... 〉=√ | ... − ... 〉.

ˆ ≡ ˆ†ˆ

[ˆ ,ˆ†]± = δ , [ˆ ,ˆ ]± = [ˆ†,ˆ†]± = ,

[ˆ, ˆ]± ≡ ˆˆ ± ˆˆ +
− δ

ˆ†ˆ† = ˆ ˆ = .



| 〉 | 〉

±

σ̂ =

( )
, σ̂ =

(
−
)
, σ̂ =

(
−

)
,

ˆ† =
(
σ̂ + σ̂

)
≡ σ̂+, ˆ =

(
σ̂ − σ̂

)
≡ σ̂−.

ˆ = εˆ†ˆ +
∑

ε ˆ†ˆ +
∑(

ˆ†ˆ + ∗ˆ†ˆ
)
,

ˆ ˆ

ˆ = εˆ†ˆ ˆ =
∑

ε ˆ†ˆ

ˆ =
∑ (

ˆ†ˆ + ∗ˆ†ˆ
)

ρ̂( ) = |Ψ( )〉〈Ψ( )|
ρ̂( )



ρ̂ ( )

ρ̂ ( ) = {ρ̂( )} =
∑

〈ϕ |Ψ( )〉〈Ψ( )|ϕ 〉,

|ϕ 〉
ρ̂ ( )

|Ψ( )〉 ≥

ρ̂( ) =
∑

|Ψ ( )〉〈Ψ ( )|,
∑

= .

〈ˆ〉 =
∑

〈Ψ ( )|ˆ|Ψ ( )〉 = {ˆρ̂( )}.

{ρ̂( )} = ρ̂( ) ≥ ρ̂( )

ρ̂( ) = (I+ ζ( )a( ) · σ) ,

I a( ) σ =
(σ̂ , σ̂ , σ̂ ) ≤ ζ( ) ≤

ρ̂( ) = ρ̂( ) = ρ̂

ρ̂ =
−β(ˆ − ˆ†ˆ)

{ −β(ˆ − ˆ†ˆ)}
,



β = /( )

¯ = {ˆ†ˆρ̂ } =
β(ε− ) ± ,

+
− = ≤ ¯ ≤

≤ ¯ < ∞
± ∓

= {ρ̂( ) },

= <
ρ̂ = I/ =

= +|ζ|

( ) = − {ρ̂( ) log ρ̂( )},

= − ∑
log

ˆ ( )



� |Ψ( )〉 = ˆ ( )|Ψ( )〉,

ρ̂ ( )
= −

�
[ ˆ ( ), ρ̂ ( )].

ˆ( , ) = T← −
�

∫
ˆ ( ′) ′

,

T← ˆ ( )
|Ψ( )〉 = ˆ( , )|Ψ( )〉

ρ̂ ( ) = ˆ( , )ρ̂ ( )ˆ †( , ) ≡ Φ , ρ̂( ) Φ ,

H
Φ , ⊗

H ⊗



(a) (b)

ˆ ρ̂ ( )
ˆ ρ̂ ( )

ˆ ρ̂( ) ˆ

Φ ,

ρ̂ ( )

ρ̂ ( )

ρ̂ ( ) = {ρ̂( )} = {ˆ( , )ρ̂ ( )⊗ |Ψ 〉〈Ψ |ˆ †( , )} ≡ Φ , ρ̂ ( ),

ρ̂( ) = ρ̂ ( ) ⊗ |Ψ 〉〈Ψ |
ˆ †( , )

Φ ,

( ) ≡ 〈ϕ |ˆ( , )|Ψ 〉 |ϕ 〉

ρ̂ ( ) =
∑

( )ρ̂ ( ) †( ),
∑ †( ) ( ) = .



Φ−, ≥

ρ̂ ( )
= L ρ̂ ( ),

L
Φ , Φ , = Φ + ,

L = L

ρ̂ ( )
= Lρ̂ ( ) = −

�
[ ˆ , ρ̂ ( )] +

∑
Γ

[
ˆ ρ̂ ( )ˆ† − {ˆ†ˆ , ρ̂ ( )}

]
.

ˆ
ˆ

ˆ Γ
D ρ̂ ( ) =

Γ
[
ˆ ρ̂ ( )ˆ† − {ˆ†ˆ , ρ̂ ( )}

]

ρ̂ ( ) = L ρ̂ ( ),

ρ̂ ( ) λα

L

ρ̂

Lρ̂ = .



ˆ

ˆ( )
= ˆ†ˆ, Γ = Γ( ),

/Γ( )

¯

ˆ( ) = ˆ, Γ
( )

= Γ( ± ¯)

ˆ( ) = ˆ†, Γ
( )

= Γ¯.

J ρ̂ ( ) = γ( ± ¯)ˆρ̂ ( )ˆ†, J ρ̂ ( ) = γ¯ˆ†ρ̂ ( )ˆ,

Γ
( )

= βεΓ
( )
,

ε

ρ̂( )
= −

�
ε[ˆ†ˆ, ρ̂] + γ( ∓ ¯)

[
ˆρ̂( )ˆ† − {ˆ†ˆ, ρ̂}

]
+ γ¯

[
ˆ†ρ̂( )ˆ− {ˆˆ†, ρ̂}

]
,



( , )

(
( )
( )

)
= γ

(
−¯ − ¯
¯ − + ¯

)(
( )
( )

)
,

( ) = 〈 |ρ̂( )| 〉 ( ) = 〈 |ρ̂( )| 〉

( , )

( , , )



M( , ) = 〈 〉 =
∑

( , ) ,

χ

〈 〉

〈 〉 =
∂ M( , )

∂

∣∣∣∣
=

,

M( , ) =
∑ 〈 〉

!
〈 〉

〈( ) 〉 = 〈 〉− 〈 〉 〈( ) 〉 = 〈 〉− 〈 〉〈 〉+
〈 〉

χ

Π̂( , )
ρ̂( , )

ρ̂( ) =
∑

Π̂( , )ρ̂( )Π̂†( , ) =
∑

ρ̂( , ).

{ρ̂( , )} = ( , ) ρ̂( , )

ρ̂( , )
= (L − J )ρ̂( , ) + J ρ̂( + , ),



J

ρ̂( , )
= L( )ρ̂( , ) = (L − J )ρ̂( , ) + J ρ̂( , ),

ρ̂( , ) =
∑

ρ̂( , )

ρ̂( , ) = L( ) ρ̂( ).

ρ̂( ) = ρ̂

M( , ) = {ρ̂( , )}.

M( , ) =

⎛
⎝ ξ γ /

ξ cosh
[
ξγ
]
+ ( + ξ ) sinh

[
ξγ
]
⎞
⎠
∓

ξ =
√

± ( − )¯( ∓ ¯)



M( , ) = {ρ̂( , )} = { L( ) ρ̂( )} ≈ λ( ) {ρ̂( )},

λ( ) L L
λ( )

( , ) = log[M( , )] = λ( ),

〈〈 〉〉 =
∂ ( , )

∂

∣∣∣∣
=

,

( , ) =
∑ 〈〈 〉〉

!
〈〈 〉〉 =

>

〈〈 〉〉 = 〈 〉 , 〈〈 〉〉 = 〈( ) 〉 , 〈〈 〉〉 = 〈( ) 〉 .

( , ) = γ ( − ),

γ

( ) = lim→∞ 〈〈 〉〉 .

( , ) =
γ (

∓ ±
√

± ( − )¯( ∓ ¯)
)
.



〈〈 〉〉 = γ ¯( ∓ ¯) 〈〈 〉〉 = γ ¯( ∓
¯)[¯ +( ∓¯) ]

¯ 
F

F ≡ 〈〈 〉〉
〈〈 〉〉 = + ( ∓ ) .

F < F >

( , ) =
∫

( , ) −

log ( , ) ≈ ( ∗, )− ∗ ,

∗( )

∂ ( , )

∂

∣∣∣∣
= ∗

= .

( , )
¯ 

log ( , ) ≈
(

− log

[
〈 〉

])
− 〈 〉,

〈 〉 = ¯γ

(ω)

C = 〈{ J ( ), J ( )}〉 J = J − 〈J 〉

(ω) =

∫
ω 〈{ J ( ), J ( )}〉,



{ˆ, ˆ} = ˆˆ + ˆˆ

ω =

α β

αβ(ω) =

∫
ω 〈{ J α( ), J β( )}〉,

J α,β( ) α, β

(ω) = ω

∫ ∞
sin(ω ) 〈〈 〉〉 .

(ω) = 〈J 〉 ∓ γ

γ + ω
〈J 〉 ,

( )(τ)

( )(τ) ( )(τ)

( )(τ) =
〈J L J 〉
〈J 〉 ,

( )(τ)
( )( ) > ( )(τ) ( )( ) < ( )(τ)
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γ F
¯ (ω) ¯ = . ω 〈J 〉

( )(τ) τ ¯ = .
W(τ) ¯ = . τ 〈τ〉

( )(τ)

(ω) = 〈J 〉+ 〈J 〉
∫ ∞

−∞
τ ωτ ( ( )(τ)− ).

( )(τ) = ∓ −γ|τ |.

( )( ) =

τ � /γ
( )(τ) → τ → ∞

( )(τ)
( )(τ)

W(τ) =
〈J (L−J ) J 〉

〈J 〉 .



W(τ) = 〈τ〉∂τχ(−∞, τ),

〈τ〉 =
∫∞W(τ)τ τ

W(τ) = γ( − α )
sinh

[αγ ]
α

−γ /

W(τ) = γα(α − )
− + α + ( + α ) cosh[αγ ] + α sinh[αγ ](

α cosh
[αγ ]+ ( + α ) sinh

[αγ ]) γ /

α = lim→−∞
√

± ( − )¯( ∓ ¯) = | ∓ ¯|

W( ) =

W( ) = γ¯( + ¯)

( )( ) =
W( )

〈J 〉 [ −W( )]
,

( )(τ)

( )(τ)

( )(τ)



( )(τ)





|Ψ〉

|Ψ〉 = √ (|+〉 |−〉 − |−〉 |+〉 ) ,

+ −

a a
ˆ(a) = σ̂a = a · σ a

ˆ(a)



a
b

(a,b) = 〈Ψ|σ̂a ⊗ σ̂b|Ψ〉 = −a · b.

λ (a, λ), (b, λ)
a b a b

λ (λ)
λ

(a,b) =

∫
λ (a, λ) (b, λ) (λ).

B ≡ | (a,b) + (a′,b) + (a,b′)− (a′,b′)| ≤ ,



B a,a′,b,b′

B
√

± ±

(a,b) =
++ − +− − −+ + −−
++ + +− + −+ + −− ,

±±



(a) (b)

A B A

B

CA

B

C

H H

|Ψ〉 ∈ H ⊗H

|Ψ〉 = |Φ〉 ⊗ | 〉 ,

|Φ〉 ∈ H | 〉 ∈ H

ˆ
a

ˆ
b

(a,b) = 〈Ψ|ˆa ⊗ ˆ
b|Ψ〉 = 〈Φ|ˆa|Φ〉 〈 |ˆb| 〉 ,



|Ψ〉 =
∑
=

α |Φ 〉 ⊗ | 〉 ,
∑
=

α = ,

{|Φ 〉 } = {| 〉 } = H H = min( , )
α ≥

(ρ̂ ) =
{
( ρ̂)

}
= (ρ̂ ) =

{
( ρ̂)

}
=
∑
=

α ≤ .

|Ψ±〉 = √ (|+−〉 ± | −+〉) , |Φ±〉 = √ (|++〉 ± | − −〉) ,

|Ψ−〉



ˆ = ˆ ⊗ ˆ ,

ˆ ˆ

ˆ = ˆ ⊗ ˆ ,

ˆ ˆ

ρ̂ =
∑

ρ̂
( ) ⊗ ρ̂

( )
,

∑
= .

ρ̂
( )

ρ̂
( )

=

(a,b) = 〈Ψ|ˆa ⊗ ˆ
b|Ψ〉 =

∑ {
ˆ
aρ̂

( )
} {

ˆ
bρ̂

( )
}
.

ρ̂ = λˆ/ + ( − λ)|Ψ−〉〈Ψ−|,

≤ λ <
/ ≤ λ < /

√



ρ̂ =

⎛
⎝∑ | 〉 | 〉 〈 | 〈 |

⎞
⎠ =

∑
| 〉 | 〉 〈 | 〈 |



γ = , , +, −, +, − γ = , γ = +, − ≡ α
γ = +, − ≡ β

γ

εγ

Γ Γ
εγ



II.

t 21
A B
+

2

1

E

III.I.

2

1+

(a) (b)

ε + ε + ≈ εα + εβ + αβ ,

γγ′ γ γ′

+ + + −
− + − −

Γα,Γβ

Γα,Γβ � Γ ,Γ � βα /�

≥ �

= ∼



ˆ = ˆ + ˆ + ˆ + ˆ,

ˆ =
∑
γ

εγ
†̂
γ γ̂ , ˆ =

∑
γ

εγˆ
†
γ
ˆ
γ +

∑
γγ′

γγ′ˆ†
γ′ˆ

†
γ
ˆ
γ
ˆ
γ′ ,

ˆ =
∑
γ

γ
ˆ†
γ γ̂ + , ˆ =

∑
γγ

γγ′ˆ†γˆγ′ + .

γ̂
ˆ
γ

εγ γ γγ′

ˆ

ˆ = ˆ + ˆ + ˆ +
∑
αβ

(
βα

ˆ†
β
ˆ†
α
ˆ ˆ +

)

α = +, − β = +, −
βα

βα =
β α

βα
− α β

αβ
,

/ βα = (ε +ε + −[ε +εβ+ β ])
− +(ε +ε + −[ε +εα+ α])

−

αβ α β

βα



 A B
+

2

1

E

1 A 1 B

2 B2 A

+ A

A

+ B

B

A B

+

|Ψ〉 = ˆ†ˆ†| 〉 = | 〉

|Ψ〉 = (ˆ − ˆ )|Ψ〉 =
∑
αβ

βα
ˆ†
β
ˆ†
α| 〉 =

∑
αβ

βα |αβ〉.

+ = cos θ − = cos θ
| | = | + | + | − |

|Ψ〉 = ( ⊗ )|Ψ〉 , =

(
cos θ sin θ
− sin θ cos θ

)
,

|Ψ〉 = | 〉 | 〉 − | 〉 | 〉 ,

= / = / |Ψ〉
|Ψ〉

|Ψ〉

ρ̂( )
= −

�
[ ˆ , ρ̂( )] +

∑
γ

Γγ

[(
γD−χγ [

ˆ†
γ , ρ̂( )] + ( − γ)Dχγ [

ˆ
γ , ρ̂( )]

)

+
ΓϕD [ˆ†γ γ , ρ̂( )]

]
,

ρ̂( ) D[ˆ, ρ̂] = ˆρ̂ˆ† −
{ˆ†ˆ, ρ̂} γ γ



γ = γ = ,

γ = γ = ±, ±

Γϕ

(ρ̂)

(ρ̂) = ρ̂

(ρ̂) > ρ̂

(ρ̂)

(ρ̂) = ( {ρ̂}) = ( {ρ̂}) = −
∑

α log
(
α
)
,

α



(ρ̂) ρ̂
ρ̂

(|Ψ〉〈Ψ|) =
√

( − {ρ̂ }).

(ρ̂) = min
|Ψ 〉

∑
(|Ψ 〉〈Ψ |), ρ̂ =

∑
|Ψ 〉〈Ψ |.

(ρ̂) = max( , λ − λ − λ − λ ),

λ
√√

ρ̂(σ ⊗ σ )ρ̂∗(σ ⊗ σ )
√
ρ̂

∗

(|Ψ〉 〈Ψ| ) =
| | · | |

| | + | | .

= (|Ψ〉 〈Ψ| ) =
, �=



(a) (b)

En
ta
ng
le
r

A+

B–

B+

A–

cA1

cA2

cA+

cA–

cB+

cB–

cB1

cB2

SA SB

^ ^

^ ^ ^ ^

^ ^

Γ

a b
+ − −ζ ,

≤ ζ , ≤

θ θ

ˆ
(†)
+ ,ˆ

(†)
− ,ˆ

(†)
+ ,ˆ

(†)
−

ˆ
(†)

,ˆ
(†)

,ˆ
(†)

,ˆ
(†)



+ −

Γ ρ̂

+ −

ω

αβ ≡
∫

〈{ J α( ), J β( )}〉,

J α( ) α J β( )
β α, β = ±

ˆα = †̂
αˆ α ˆα = †̂

αˆ α

αβ = Γ
[
〈ˆαˆβ〉 − 〈ˆα〉〈ˆβ〉

]
.

(
ˆ +

ˆ −

)
=

(
ˆ
ˆ

)
, =

( √
ϕ

√
(ϕ −φ )

√
(ϕ +ϕ ) −

√
(ϕ +ϕ −φ )

)
,



= − ϕ γ

γ = , ,
φ

αβ = Γ
(
Aα ⊗ Bβ ρ̂

)
ρ̂

A± = (I± a · σ) B± = (I± b · σ) ,

a b
I σ

E {ρ̂ } = ζ {ρ̂ }+( − ζ ) I

E(ρ̂ ) = (E ⊗ E )ρ̂ ,

ζ , = , ( −η , ) ≤ , ≤
, η ,

, {A±⊗B±E(ρ̂ )} = {E (A±)⊗
E (B±)ρ̂ }

±± =
Γ {(I± ζ a · σ)⊗ (I± ζ b · σ)ρ̂ } ,

ζ = ζ =
ρ̂



B = | (a,b) + (a,b′)− (a′,b) + (a′,b′)| ≤ ,

B (a,b) ≡ 〈σ̂a ⊗ σ̂b〉

a b a,b a′,b′

(a,b) =
++ − +− − −+ + −−
++ + +− + −+ + −− ,

ζ = ζ =

χγ

γ

ρ̂( )
= −

�
[ ˆ , ρ̂( )] +

∑
γ

Γγ

[(
γD−χγ [

ˆ†
γ , ρ̂( )] + ( − γ)Dχγ [

ˆ
γ , ρ̂( )]

)

+
ΓϕD [ˆ†γ γ , ρ̂( )]

]
,

Dχ[ˆ, ρ̂] =
χˆρ̂ˆ† − {ˆ†ˆ, ρ̂}

χ =
∑
αβ

( (χα+χβ−χ −χ ) − ) αβ



α = +, − β = +, −

αβ =
| βα | (Γα + Γβ + Γϕ)

� (Γα + Γβ + Γϕ) + ε αβ

,

ε αβ ≡ εα+εβ+ αβ−(ε +ε + )

αβ αβ

α β

αβ = αβ =
∂ χ

∂( χα)∂( χβ)

∣∣∣∣
χα=χβ=

.

ζ = ζ =

θ

+ = cos θ , − = cos θ

− = sin θ , + = − sin θ ,

= + + −
= + + −

| + / − | = | − / + |
| + / − | = | − / + |

∝ ∝

B =
√

+ sin θ,



θ = arctan( / ) − ≤ θ ≤

W

〈W〉 = {W ρ̂} > max
ρ̂

{W ρ̂ } 〈W〉 = {W ρ̂} < min
ρ̂

{W ρ̂ }

ρ̂
ρ̂

{W ρ̂} < {W ρ̂ } ≥ ∀ρ̂ .



W

W
A

BSeparable
states

Entangled
states

Detectable
  states

B =

W = σ ⊗ σ + σ ⊗ σ

Γ

+ +

W =
∑
=

( + ζ a · σ)⊗ ( + ζ b · σ).

a b
ζ ζ



W

ρ̂ = W

= W

W

{W ρ̂}
ρ̂

θ
θ

ζ ζ
W

|ψ 〉 = sinα|++〉 − cosα|−−〉,
|ψ 〉 = cosα|++〉+ sinα|−−〉,
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√
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γ), γγ′ˆ†γˆγ′ + ∗

γγ′ˆ
†
γ′ˆγ ]

= − ˆ
γδ′ [ˆγ′ →ˆγ ]( γδ′

∗
γγ′ˆ

†
γ′ˆδ′+

∗
γδ′ γγ′ˆ†

δ′
ˆ
γ′)



ˆ
γδ′ [ˆγ′ → ˆγ ] ˆ

γδ′ ˆγ′ ˆγ
δ′ γ γ

γ′ δ �= γ δ′ = γ′

δ �= γ, δ′ �= γ′

[ˆδδ′( δδ′ˆ
†
δ
ˆ
δ′ − ∗

δδ′
ˆ†
δ′
ˆ
δ), γγ′ˆ†γˆγ′ + ∗

γγ′ˆ
†
γ′ˆγ ]

=

(
εδ + γδ − εδ′ − γδ′

−
εδ + γ′δ − εδ′ − γ′δ′

)

×
(

δδ′ γγ′ˆ†δˆ
†
γ
ˆ
γ′ˆδ′ +

∗
δδ′

∗
γγ′ˆ

†
δ′
ˆ†
γ′ˆγˆδ

+ ∗
δδ′ γγ′ˆ†

δ′
ˆ†
γ
ˆ
γ′ˆδ + δδ′

∗
γγ′ˆ

†
δ
ˆ†
γ′ˆγˆδ′

)

α β

βα

ˆ ˆ

βα =
β α

βα
− α β

αβ
.

/ βα =

(
ε + − εβ − β

−
ε + β − εα − αβ

+
ε + − εα − α

−
ε + α − εβ − αβ

)



/ αβ =

(
ε + − εβ − β

−
ε + β − εα − αβ

+
ε + − εα − α

−
ε + α − εβ − αβ

)
.

/ βα / αβ∑
( − − − )

≡ εα+εβ+ αβ = ε +ε + ≡∑
−

ˆ = ˆ ′ +
∑
αβ

(
βα

ˆ†
β
ˆ†
α
ˆ ˆ + ∗

βα
ˆ†ˆ†ˆ

α
ˆ
β

)
.

ˆ ′ ˆ

ˆ
ˆ
γγ′

Γα Γβ



FR
ED

R
IK

 B
R

A
N

G
E 

 
Q

uantum
 C

orrelations and T
em

perature Fluctuations in N
anoscale System

s 
2019

Departement of Physics
Faculty of Science

Lund University 
ISBN 978-91-7895-046-1

Quantum Correlations and 
Temperature Fluctuations in 
Nanoscale Systems
FREDRIK BRANGE 

FACULTY OF SCIENCE | LUND UNIVERSITY

In this thesis, we investigate two different 
topics related to the physics of nanoscale 
systems. The first topic concerns quantum 
correlations, in particular how to generate 
and detect entangled electrons. The second 
topic concerns temperature fluctuations, es-
pecially how to utilize them for nanoscale 
calorimetry. The first part of the thesis in-
cludes an introduction to the research field 
and an overview of the main findings of the 
papers. In the second part, the five papers 
of the thesis are found in their entirety.
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