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Abstract

In this paper we introduce an approach to analyze the interaction between
antennas and the propagation channel. We study both the antennas and the
propagation channel by means of the spherical vector wave mode expansion of
the electromagnetic field. Then we use the expansion coefficients to study some
properties of general antennas in those fields by means of the antenna scat-
tering matrix. The focus is on the spatio-polar characterization of antennas,
channels and their interactions. We provide closed form expressions for the
covariance of the field multi-modes as function of the Power Angle Spectrum
(PAS) and the channel cross-polarization ratio (XPR). A new interpretation of
the Mean Effective Gains (MEG) of antennas is also provided. The maximum
MEG is obtained by conjugate mode matching between the antennas and the
channel; we also prove the (intuitive) results that the optimum decorrelation
of the antenna signals is obtained by the excitation of orthogonal spherical
vector modes.

1 Introduction

Space has been declared by many as the “final frontier" in wireless communications,
while others recognize its exploitation as just “important and fruitful". In any
case, its importance is without a doubt indisputable. Then, a natural question
is: How can we “squeeze" the last bit of information from the “Space"? In order
to answer this question and many others, we need to understand the fundamental
issues of the problem posed. In particular the physical properties of both antennas
and propagation channels. More precisely, here, we are interested in the interplay
between antennas and the radio propagation channel. Our final goal is to understand
the actual physical implications of the spatial and polarization selectivity of the
propagation channel on the communication link capacity.

In most practical situations the radio propagation channel is selective in both
space and polarization!, i.e., within some volume it is more likely to receive signals
from some directions rather than others as well as with some polarization rather
than others. This has, as we are going to see, a great impact on the modes excited
in the channel and therefore also on the antennas we should use in those channels.
Hence, it is important to study the properties of the field incident at the antenna in
order to understand the interaction between the antenna field the field of the waves
impinging at it.

There have been other papers aiming to describe the interaction between the an-
tennas and the channel in terms of multimode expansions [25], [26], [24], [23], [20],
[19], |13], [14]. However, these approaches are restricted to the scalar case, where
the polarization characteristics of the channel are omitted. This of course, does not
suffice for the full understanding of the physics involved in the interaction between
the wireless communication channel and the antennas. The limitations of such an

!Selectivity in time is of course also of great relevance, but we are not going to deal with it
here, see [3] for further reference on channel properties.



approach are detrimental to both the theoretical treatment of electromagnetic fields,
since they are inherently vector fields, and the practical applications, since polar-
ization diversity is gaining more and more importance for wireless communications
and requires proper modelling [21].

A natural way to express the polarization, angle, and spatial diversity inherent
to MIMO systems [28], [10], is by describing the properties of both antennas and
channels by means of the spherical vector wave expansion of the electromagnetic
field, which is a particular solution to Maxwell equations [17], [15]. This expansion
gives a condensed interpretation of the radiation properties of an antenna. Although
this mode expansion is infinite, in practice, it is sufficient to consider a finite set of
modes due to the high Q-factors (strong reactive near field), and hence high losses
and low bandwidth, associated with high order modes [5]. Moreover, the spherical
vector waves expansion and the scattering matrix representation of an antenna are
the cornerstone of the theory and practice of near-field antenna measurements |15].
This approach has also recently been successfully applied to the problem of the inter-
action of antennas with the radio channel, where as a first assumption an isotropic
unpolarized field? was assumed for the incoming field [11]. It was shown there that
for the isotropic field® the excited spherical modes are all of equal magnitude.

In this paper we model the field incident at the antenna by a mixed Gaussian
vector field consisting of an unpolarized stochastic component with non-isotropic
power angular spectra (PAS) and a deterministic (polarized) component. The power
imbalance of orthogonal polarizations is modelled by the channel cross-polarization
ratio (XPR). The Gaussianity of the field is defined with respect to the complex
vector field amplitudes of the incident field. We develop a model for the correlation
between the field components under these assumptions. We then use this model
to derive the statistical properties of the expansion coefficients in spherical vector
modes for general Gaussian fields and the properties of optimal antennas in those
fields.

Our paper aims at developing some insights into the physics involved in the wire-
less communication, and, in the process, provide criteria and methods for optimally
matching antennas to a given channel. The key contributions of our paper on the
latter aspect can be summarized as follows:

e we show that maximum Mean Effective Gain (MEG) and the maximum re-
ceived (transmitted) power of an antenna is achieved by conjugate mode
matching

e we show that independent signals are achieved by eigenmode reception (trans-
mission) over the strongest multimodes.

Other relevant contributions are the following:

>The coherence matrix J of the field with orthogonal field components E,, and Ejs has elements
Jop = (EaEj). We say then that the field is polarized when det(J)= 0 and that the field is
unpolarized when J,3 = Jgo = 0.

3In this paper, an isotropic field is understood as a field where the AoAs (angle of arrivals) are
uniformly distributed over the sphere of unit radius.



e we show that in a Gaussian electromagnetic field (the propagation channel)
each multimode coefficient in the spherical vector wave expansion is a Gaussian
variate and as a consequence we prove that the envelope of each multimode
coefficient in the spherical vector wave expansion is a Ricean variate.

e we derive closed-form expressions for the mode correlation matrix for arbitrary
PAS of incoming waves and for the normalized power of single modes in terms
of the PAS of incoming waves and the channel XPR.

The remainder of the paper is organized as follows. In Section 2, we give a brief
description of the statistical properties of the model used for the incident field. In
Section 3, we express the same in terms of the expansion coefficients, where we also
provide closed form expressions for the elements of the spherical vector wave mode
correlation matrix. Section 4 describes the scattering matrix representation of the
joint antenna-channel properties, and we also derive some fundamental properties of
antennas such as Mean Effective Gain. In Section 5, we provide simulation results
where we study the interaction between a Gaussian channel with Laplacian PAS
and patch and tripole antennas. The conclusions are summarized in Section 6.

2 Incident Field

The wireless communication channel is often modelled as the superposition of ran-
dom waves. Under certain conditions the envelope of the resulting signal is dis-
tributed according to the Rayleigh probability density function (pdf) while the
phases are uniformly distributed. This results in an unpolarized total field. More
specifically, Rayleigh fading may be seen as an ensemble of Gaussian random waves,
made up from superpositions of plane waves with random phases at each position in
space. The directions of arrivals (DoAs) are in general non-isotropically distributed
on the sphere of unit radius. Thus, the electric field E at position r, can be expressed
through the plane wave spectrum (PWS) representation

E(r) = / Bo(f)e a0, (2.1)

where the integral is taken over the sphere of unit radius, df2 is the elementary solid
angle, Eq(k) denotes the random complex PWS of the field E(r) at the observation
point in space r, k = 27/\ is the wave number, k is the unit wave vector in
the direction of the plane wave propagation, A is the wave length, and the time
convention e is assumed.

The more general Ricean fading model assumes a deterministic, and therefore
polarized, component in addition to the random component. In general, its ampli-
tude is larger than the amplitude of each the single unpolarized waves. In this case,
the PWS of the total field is given by the vector

Eo(k) = Epo(k) + Eunpo(k), (2.2)



where Epol(l%) is the deterministic component while Eunpol(l%) is the zero mean ran-
dom field component with (E,np0(k)) = 0 and (.) denotes the ensemble average
see, e.g., [22], p.285). We model Eq(k) as a stochastic process that assigns to every
observation ¢ of E; the family of functions Eo(k ). Hence, ¢ is the actual real-
ization (observation) of the random variable E,. Then, representing E, through
orthogonal PWS field components Eo, (k) and Egs(k), the average of the polariza-
tion components are

(Eoa(k)) = Epoia(ko)* (k — ko), (2:3)

for the EOQ(I;:) component, where F ola(iﬂo) is one of the two orthogonal components
of the polarized field component that arrives from direction ko; a similar expression
applies to the Eyz(k) component. The symbol 62(k) = 6(6)(¢)/sin(f) denotes the
Dirac-delta in spherical coordinates defined on the sphere of unit radius.

We postulate the following correlation model for the PWS, which is an extension
of the model in [4], [18], [9]:

1. The phases of the co-polarized PWS components are uncorrelated for different
DoAs, k and k'. This is the random PWS field for which the two orthogo-
nal components, Eunpola(l%) and Eunpola(l%/) or Eunpow(lzz) and Eunpolg(fc/) are
uncorrelated.

2. The phases of the cross-polarized PWS are uncorrelated for different DoAs, k
and 12:/, with the exception of one fixed direction ko. This is the deterministic
PWS field component, for which the two orthogonal components Epola(fc) and
Epolﬁ(l%,) or Epow(if) and Epola(l%,) are correlated.

Therefore, if EOQ(I%) and EOB(E), are the complex PWS components of the ran-
dom electric field in two orthogonal polarizations, then

~/

(Ea(k)E5(K)) = Epola(ko)Epom(ko)52(’% — k)3 (k' — ko)

(| Bunpor.a (B)[2)8%(k — & )dus, (2.4)

where d,4, denotes the Kronecker-delta function and the asterisk (.)*denotes complex
conjugate.

The above stated conditions define both the auto- and cross-correlation proper-
ties of the random PWS field E, i.e., the second order properties of the modelled
stochastic field, at different DoAs E and k. Tt is worthwhile to note that the physical
meaning of the cross-correlation of the incoming field evaluated at different DoAs
defined in (2.4), relies on the assumption that the vector field components them-
selves are described by Gaussian stochastic processes in the direction of arrivals. It
should be observed that (2.4) is independent from the choice of coordinate system.
However, in practice, it is often convenient to define the directional properties of
both the antenna and the propagation channel in some spec1ﬁc coordinate system.

Hence, the PAS of the unpolarized field component along 6 or qb, which are the
two orthogonal orientations in the spherical coordinate system are defined according



to the definition given in [18]. The PAS depends upon the directions of arrival €2,
where ) is used interchangeably to denote the set of spherical coordinates (0, ¢) and
the solid angle and describe the DoA defined by the vector k expressed in the same
system. Commonly, the PASs of field components along 6 and QS are denoted FPy((2)
and P,(£2), respectively. Then, the PAS of the unpolarized field component is given
by ,
k
(| Banpor o (D)) = =
where k is the wave number of the incoming plane wave, 7 is the free-space impedance
Punpol g is the power that would be received by an 1s0trop1c antenna polarlzed along
6 a similar expression applies for the component along @, (| Eunpol.s(Q)|°). The pdfs
po(Q2) and p4(9) satisfy the normalization [ p,(Q)dQ2 = 1, where « stands for either
6 or ¢.
Similarly, the PAS of the polarized field component along 6 and (f» in spherical
coordinates is

Punpol 0p0(Q> (25)

4

(Epasf@)f) = 15
where P, is the average power that would be received by an isotropic antenna
polarized along 6 at the incidence direction, €2y, of the polarized, deterministic
component where §%(Q2) = §(0)d(¢)/sin(0) is the Dirac-delta; a similar expression
applies for the component along @, (|Epors(?)]%).

Ricean channels are characterized by the Ricean K-factor, which is defined as
the ratio of the power in the deterministic component to the power of the stochastic
component of the received signals. Here, we follow the same formalism and define
the effective Ricean K-factor as the ratio of the power in the polarized component
to the power in the unpolarized component

Pooro6% (2 — Qp), (2.6)

Ppol _ XunpolKG + Kd)

K =
Punpol Xunpol + 1

(2.7)

Proo
where Ppol = Pol@ +Pol¢7 Punpol = Punp010 + Punpol¢7 KH = 2% and K(b =

Punpol 4
Pyo
L 11‘” are the K-factors of field components in the direction of 8 or (/b respectively.
unpo
Punpol 0

Xunpol = P is the XPR of the unpolarized field component. The effective Ricean
factor is a measure of the power in the polarized component relative to the power
of the unpolarized component.

The “effective" cross-polarization ratio of the channel XPR of the total field is
defined as the ratio between the power in the ] polarization to the power in the ¢§
polarization

Pty + Punpoly Ko +1
T Pooio + Papors R, 1

The fundamental statistical properties of the Gaussian vector field can then be
summarized by the following quantities:

(2.8)

4We also use 71 to denote radiation efficiency.



e PAS of the field at two orthogonal polarizations, Py(§2) and P,(2)
e XPR of the channel, y

e Ricean K-factor

The PAS of the unpolarized field plays a key role in propagation modelling since it
describes, together with the power of the polarized component, the polarization- and
spatial selectivity of the channel. Models of the PAS are usually derived by extensive
measurements and reflect an average behavior of the propagation channel. They are
usually used in both link and system level simulations of communications systems
exploiting smart antennas or in general MIMO antenna systems [21]. However,
they also find their use in computations of the mean effective gain of antennas
(MEG), which is a measure of the performance of antennas in different propagation
environments [27]. Below it is shown to be a fundamental measure of the antenna-
channel interaction.

3 Spherical vector wave expansion of the incident
field

The field impinging on an antenna can be modelled by the spherical vector wave
expansion formalism. Hence, the total incident field is expanded in regular spherical
vector waves Vo, (kr) [17], [15]

E=kV20) > > frmVem(kr), (3.1)

=1 m=—1 7=1

for |r| > a, where a is the radius of a sphere circumscribing the antenna and f,,;
are the expansion coefficients corresponding to multi-poles or modes described by
indices (7, m, ). Whenever necessary, the multi-index ¢ is identified with the ordered
number ¢ = 2(12 +1 — 1+ m) + 7. Hence, the expansion coefficients f, can be
represented by the vector f. The multi-poles are classified as either TE (7 = 1) or
TM (7 = 2). The azimuthal and radial dependencies are given by the m and [ index,
respectively. The factor k+/27 is used to power normalize the expansion coefficients.
The regular spherical vector waves v,,,;(kr) are briefly described in Appendix A.

The plane wave expansion coefficients in regular spherical vector waves can then
be expressed as the sum of the polarized and unpolarized components

fo= [Pt e, (3.2)
where the expansion coefficients for the polarized field component are given by

47T(_i)l—7'+1

k—\/Z—nEPol(EO) - A; (ko) (3.3)

fpol —
L



where we have used (2.3). For the unpolarized field component expansion coefficients

are
funpol 47[_( l T
L k\/_
where the functions A,(#) are the spherical vector harmonics, see Appendix A.
Clearly the expansion coefficients are obtained as a linear combination of indi-
vidual plane waves.

/ Bunpat(B) - A7 (R, (3.4)

3.1 Statistical properties of mode expansion coeflicients

Now, since the incident field is assumed to be a random field, we are interested in
characterizing the statistics of the multimode expansion coefficients, f,, which are
summarized in the following propositions.

Proposition 1. In a multipath propagation environment characterized by a mized
field with both a random Gaussian, unpolarized, field component and one determinis-
tic, polarized, field component, the correlation matriz of expansion coefficients of the
total received field in reqular spherical vector waves is given by the sum of the mode
correlation matrices corresponding to the polarized and the unpolarized components,
respectively

Rf - fpolff){ol + <funpolqunpol> (35)

where f o and f 00 are the vectors with elements fP°' and ™', respectively. The
elements of the correlation matrices are given by,

R = R+ RUPL (3.6)

where Ri?l denotes the mode cross-correlation of the polarized deterministic compo-
nent given by

RPN = 4p(—i) T (3.7)
- (Pog AL 5(Q0) Ay o(Q)

+2Re{\/P09P0¢AL9 QO o Qo) }

+Fos AL 4(820)Av 6 (E0)),

where Re denotes real part. In (3.7) we have used that |E9E;; = %\/PMPM) and
that ¢ is a phase angle that depends on the polarization, e.g., v = 0, for a linearly
polarized wave and v = +75 for circularly polarized waves. Rf;pd denotes the cross-
mode correlation corresponding to the unpolarized component given by

R = dm(—) 3.5)
[ (@22 @)Ara(®)
+Pspy(2) Ay () Av 4(2)d1,

where we have used the definition of the PAS of the incoming waves at two perpen-
dicular polarizations (2.6). The derivation is given in Appendiz B.CJ



Lemma 3.1. In a multipath propagation environment characterized by a mized field
with both random Gaussian, unpolarized, field components and one deterministic,
polarized, field component, the expansion coefficients of the total received field in
reqular spherical vector waves, f,, are Gaussian variates with mean

47T(_i)177+1

k—\/%(Eo(ffo) CAY) = [P (3.9)

<fL> =

and variance , ,
(L7 = [P+ (£, (3.10)
where the mode powers of the polarized component are given by
prt = |l (3.11)
= 4m(v/ Poo | A6(Q0)] + v/ Pos | Ais(Q0)]),
and the mode powers of the unpolarized component are given by
Pl = (| oy (3.12)
— un / Pups() | 4,0(Q)[?

T Pups(Q) A () S

Hence, the second moments, i.e., the mode powers, are given by
P, = pret 4 proeol, (3.13)
as shown in Appendiz C.0]

Remark 1. In a multipath propagation environment characterized by a mized field
with both random Gaussian, unpolarized, field components and one deterministic,
polarized, field component, the envelope of the expansion coefficients of the total
received field in reqular spherical vector waves, |f,|, are Ricean variates with K-factor

pol
PL

= Pbunpol :

K, (3.14)

This result follows directly from Lemma 1.U]

It is now clear that the power of the mode with index ¢ corresponding to the
polarized component depends upon both the AoA and the power of incoming waves
from that direction at each polarization (3.11). Similarly, the power of the mode
with index ¢ corresponding to the unpolarized component depends upon both the
distribution of AoA and the average power at each polarization (3.12). The physical
meaning is straightforward, the mode power is the power that would be received on
average by an ideal antenna able to receive only the mode with index ¢.

In the special case when only the unpolarized field component is present, it
follows from (3.12) that the mode cross-correlation is given by R, = R Hence,



the mode power is PPl = Ruwpel - Fyrther, for the isotropic model we arrive at,
R, = 270m 0y, where we have used the orthogonality properties of the spherical

harmonics and used the following normalization for the power densities, P = P, =
1

’ For the analysis, in this paper, of the antenna-channel interaction, the working
assumption is that the incident field is an finite sum of plane waves. It is, however,
well known that a plane has infinite power, but, for all practical applications the
total received power as well as the number of useful multimodes is finite. Indeed, all
practical antennas can be defined by a finite set of spherical vector wave expansion
coefficients [15], [16]. Moreover, for electrically small antennas according to the
Chu-Fano theory, only the lower order expansion coefficients are of interest, since
the influence of higher order modes is negligible [5], [§].

Now, from the orthogonality property of the spherical vector harmonics we obtain
that the total available power is given by

Pp = GUH%=%NRﬂ (3.15)

_ ZPLpol 4}})Lunpol7

=1

where Pr = Pyl + Punpol- The factor 4 is introduced to take into account that f is
obtained for regular waves, while we are only interested in the power of the incoming
waves.

We can further normalize the total field power to the unity®, Pr = 1, and then
we can rewrite the relative mode power in the following way

pol unpol
PP 4+ P

L:P

. 3.16
pol + Punpol ( )

Hence, after some algebraic manipulations the mode power can be expressed as

A /X|AL,9(Q>|2pe<Q>

1+x 1+ Ky

VL¢GDFP¢KDdQ
1+K¢

(3.17)

Am
Aol (02
+1+X< 1+K| o(Qo)l + | 0)

Equation (3.17) corresponds to the mean effective gain (MEG) [2], with the
difference that instead of the partial gains we have the absolute values of the com-
ponents of the spherical vector harmonics, 47 |AL79|2 and 4 |AL7¢)|27 respectively. The
physical meaning of the mode power in a Gaussian field becomes apparent. Indeed,

SHere it is important to observe the normalization of the total multi-pole power,
S, Zin:il S P = L(i:2) ,which directly follows from the addition theorem of spherical
vector waves in Appendix A.
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the mode power corresponds to the mode "link gain" between the multi-poles and
the source to the incoming field. Hence, by exciting the appropriate modes the
quality of the communication link is maximized.

4 Scattering matrix of an antenna and optimal an-
tenna communication performance in fading chan-
nels

In the previous section we showed that the expansion coefficients into spherical
vector waves are also Gaussian variates as a result of the model used for the incident
field. In this section we present the link between the incident field and the antenna
with the purpose of investigating its properties in random fields.

All of the properties of an N-port antenna as transmitting, receiving or scattering
device are contained in the scattering matrix [15]. The scattering matrix of an
antenna relates the incoming signals, v and waves, a, with the outgoing signals, w
and waves b. The scattering matrix is given by

FN><N RN><oo ,UN><1 ,wN><1
< Too><N Gooxoo > < aooxl ) = ( boo><1 )7 (41)
where T' is the matrix containing the complex antenna reflection coefficients, R is
the matrix containing the antenna receiving coefficients, T is the matrix containing
the antenna transmitting coefficients and S is the matrix containing the antenna
scattering coefficients.

The total electric field assomated with the antenna is here expanded in incoming,
Tml(/{?'l“) and outgoing, u Tml(k’r) spherical vector waves or modes [15]

= k\/_z Z ZaTmluTml (kr) —|—b7mluTml(k:r) (4.2)

=1 m=—1 7=1

where a,,,; (incoming waves a) and b, (outgoing waves b) are the corresponding
multipole coefficients. A brief description of the spherical vector waves is given in
Appendix A.

In order to analyze the interaction of the antenna with a random propagation
channel we first determine the transmission matrix as a projection of the far-field
of the antenna on the spherical vector harmonics, A,,,;, in transmitting regime.
Hence, the far-field F,,(#) of port n is given by

= k’\/_z Z Z Hr2- TTTmln Tml( )Unv (43)

=1 m=—1 7=1

where A,,,;(#) is defined in Appendix A, # is the unitary spatial coordinate and v,
is the signal incident on port n with corresponding power normalization, ||v||*> = 1.
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Further, applying the orthogonality properties of spherical vector harmonics, we
obtain the transmission coefficients of the antenna

i—l—2+7 i} ) A
T’rml,nvn - /{J—\/% /ATml(T‘) . Fn(’r)dQ (44)

Evoking the Lorentz reciprocity theorem we arrive at the matrix containing the
receiving coefficients [15]

Rn,Tml = (_1)mTT(7m)l,n' (45)

Since we are interested in the receiving regime we set, v = 0 for the incoming
signals. Then, from the scattering matrix we can now infer the relationship between
the outgoing signals and the incoming waves for a lossless N-port antenna

w = Ra, (4.6)

where a, is a vector containing the expansion coefficients of incoming waves.

It is worthwhile to note that, even if the treatment focuses on the receiver regime
of the antenna, the exposed theory applies also to the transmission regime due to
the reciprocity conditions (4.5). Furthermore, in the previous sections we studied
the spherical vector wave expansion of Gaussian fields, more exactly we studied the
model of the superposition of plane waves for the incident field at a spherical volume.
The expansion coefficients a,, are related to the expansion coefficients f,, of regular
waves, with multipole index ¢, as 2a, = f,, and therefore Pr = Ha||f: = zlleH;
This result follows from the properties of the spherical vector wave functions and
the fact that the outgoing an incoming waves carry the same power in free space
(empty minimal sphere), i.e., |a|% = ||b||%, where the scattering matrix S = I.

Expressions (4.3)-(4.6) can readily be used for the analysis of the interaction
between an N-port antenna system with the far-field radiation patterns, F',,(#) and
a random propagation channel denoted by a. These relationships enable the eval-
uation of communication performance of multiple antennas in a given propagation
channel. Also, they constitute a tool for evaluating communication performance
bounds of generic antennas in the context of Gaussian channels as we will show in
Section 4. A.

The scattering matrix formalism is valid for any signals w, v and waves a, b,
including waves that can be modelled by random variables, while the antenna ma-
trices I', R, T and S are deterministic in general. In the following we show some
results applicable for general propagation channels and antennas modelled by the
scattering matrix.

Next we present some results for optimal antennas in a general channel but
also in multimode Gaussian channels described in Sec. 3. We are looking at the
link communication performance of an antenna in Gaussian field generated by a
transmitting device, which has propagated through the channel. We assume that
the receiving and transmitting antennas are separated at a sufficient distance so
that no mutual coupling occurs. We analyze both the total link power and the
cross-correlation between signal received at different antenna ports.
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4.1 Maximum received power

In wireless communications the link quality is of great importance for the successful
transmission of information. Link quality is directly connected to link gain, which in
turn, among other parameters, depends on path gain, antenna characteristics and
transmitted power. The following proposition summarizes the general conditions
under which we can increase link communication power in terms of transmission
and reception coefficients of field multimodes.

Proposition 2. The optimal "instantaneous” power of the outgoing signals, HwHQ,
of an N-port antenna in a random field, a, is

N
max |wlz =47 Y 1. [lall%. (4.7)

n=1

The optimal value is achieved for matched transmission (reception) coefficients,

*

W a
R, = /4mn, ¥ ——, (4.8)
lall g
where n, s the radiation efficiency of port n and ¢, s an arbitrary phase. The
derivation is given in Appendiz D.(]

The physical interpretation is straightforward: the received power (or similarly
the transmitted power due to reciprocity) is maximized if the incoming (outgo-
ing) waves are conjugate matched by the receiver (transmitter) coefficients. This
of course requires the knowledge of each realization of the incoming field. It is
worthwhile to notice that in practice, when a specific geometry, physically realizable
materials and matching networks are considered, the number of multimodes that
could possibly be excited is not arbitrary. As we mentioned earlier, higher modes
will suffer from losses that depend on the ratio between the radius of the minimum
sphere enclosing the antenna to the radiation wavelength. Hence, for electrically
small antennas only low order multipoles are of interest [5], [12].

Proposition 3. The average of the optimal power of the outgoing signals, Hsz, of
an N-port antenna in a random field, a is

N N
(max [|wl[3) = 47 ((|la|7) > nu=47Pg Y - (4.9)
n=1 n=1

This result follows directly from Proposition 2.0J

Equation (4.9) gives the average of the maximized received power, which is in
general different from the maximum average power, i.e., (max [Jw||3) # max(|jw]|3).

In many practical situations we would like to assess the communication perfor-
mance of antennas, or in general any radiating device, in actual multipath prop-
agation channels, e.g., testing the communication performance of mobile handsets
in wireless networks. A parameter that actually takes into account both the an-
tenna and the channel is the MEG [27]. Here, we present a definition based on the
spherical vector wave expansion.
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Definition 4.1. Let an antenna be described by the scattering matriz (4.1), then
we define the Mean Effective Gain (MEG) of the antenna as the ratio of the average
power of the outgoing signals, (HwH%% to the average power of the incoming waves,

(lalz)
Gy = ~—EL (4.10)

O

Proposition 4. The MEG of an N-port antenna in a random field, a, is upper
bounded by

N
G <4m > m,, (4.11)
n=1

where equality is achieved by conjugate mode matching. The result follows directly
from Proposition 3.0]

This result corroborates a similar result shown in [2].

4.2 Minimum correlation

In the previous section we studied the conditions that provide maximum power
for the output waves. In this section we instead focus on the cross-correlation
characteristics of the output waves.

Consider the following correlation definition

R, =RR.,R", (4.12)

where R, = (ww?) is the correlation matrix of outgoing waves of dimensions
N x N and R, = (aa™) is the mode correlation with dimensions co x oc.

It is known that in order to maximize the diversity gain of a system with mul-
tiples antennas, the received signals, w, at the different antenna ports, should be
uncorrelated [21]. Hence, R,, must be diagonal. Proposition 5 summarizes the
general conditions under which we can achieve this diagonalization.

Proposition 5. The correlation matriz of the outgoing signals, w, of an N-port
antenna in a random field, a, is diagonalized as,

N
47
Ru=—Aax D s 4.13

by the reception matriz,

1
ip 4 ’ H
R =e" | — > | ULy, (4.14)

where Aq N is diagonal matriz containing the N strongest and distinct eigenval-
ues of R, and U, n s the matriz containing the corresponding eigenvectors. The
derivation is given in Appendiz E.0]
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The physical interpretation of Proposition 8 is that in order to diagonalize the
correlation matrix of the received signals, R, and at the same time obtain the
largest possible power, then the columns of the receiving matrix R should be chosen
so that they equal the eigenvectors of the matrix R, corresponding to its IV strongest
and distinct eigenvalues.

Remark 2. The received power of the minimum correlation N-port antenna in a
random field, a, is therefore

4
(lwlz) = <7 D mtrhay. (4.15)

O

5 Numerical examples

It is well understood that the same antenna performs differently depending on the op-
erating environment, i.e., an antenna that is good in one propagation environments
might not operate equally well in other environments. Therefore, knowing the prop-
erties of the propagation channel is indispensable if communication performance is
to be optimized. In this context, channel modelling naturally becomes an important
link in the antenna design process. In general, channel modeling is a wide field of
research and realistic channel models can be quite complex, see e.g., [27], [3], [7].
However, since we here just aim at illustrating the role of spatio-polar selectivity in
the antenna-channel interaction we are going to present simulation results based on
a simple channel model where a two dimensional Laplacian distribution in spherical
coordinates is assumed for the AoA for each of the two orthogonal polarizations,
ie.,
_ V2lo—pg| _ V2|¢=0s)|
p@,qﬁx(Q? Qb) = pQX(9>p¢X(¢) - Ae 70 ¢ sin 07 (51)

where 0 € [0,7], ¢ € [0,27) and x stands for either of @ or ¢, polarization, and
the shape is controlled by the distribution parameters {jtgx, Oox, ftox; Tpx ). The XPR
expressed in dB takes on three values, i.e., x € [—10,0, 10], which is approximately
the span of variation of the XPR of the incident field measured in cellular com-
munication channels. Further, in order to simplify the analysis we assume that
0 = 0gx = 0px € [0.1,1,10]. It is worthwhile to observe that the isotropic model is
obtained as a limit case of the 2D Laplacian model (5.1) by letting, gy, 0gx — 00,

sin
4

Do.o(0,0) = ,0€[0,7],¢ €]0,2m). (5.2)
Moreover, with the isotropic AoA distribution, a zero dB channel XPR is usually
assumed, i.e. Y = 0dB, meaning that the power in the two orthogonal polarizations
is the same. The presented models produce a Rayleigh probability density function
for the envelopes of the received signals.
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5.1 The rectangular microstrip element in a Gaussian field
with Laplacian PAS

The rectangular microstrip element or patch antenna is a good example of an an-
tenna widely used in many applications due to its versatility, e.g., in terms of diver-
sity of patterns and polarizations. Here, we use a numerical model of a probe fed
patch antenna on a dielectric substrate simulated with the efield electromagnetic
solver [1]. The coaxial probe is modelled by a wire with a delta voltage source. All
parts are centered at the origin of a right handed Cartesian coordinate system. The
geometrical parameters of the antenna are as follows: length L = 30 mm, width
W = 18 mm and feed position from center, D = 4 mm. The square ground plane is
of dimension L, = 60 mm, the substrate thickness is 7' = 3 mm with relative dielec-
tric constant ¢ = 2.0. The antenna resonance frequency is 3.25 GHz. We consider
two different orientations of the patch: in the first, the antenna substrate is on the
horizontal, z-y plane; in the second the substrate is vertically oriented (obtained by
rotating the z-axis towards the x-axis), which we denote as horizontal patch and
vertical patch, respectively.

The spherical vector wave mode expansion coefficients of the horizontal patch
and vertical patch antennas are given in Fig. 2 a) and b), respectively. Observe
that only the mode indices excited by the antennas are shown. As can be seen
the multi-pole modes that are predominantly excited by the patch antennas are the
dipole moments with multi-indices from 1 to 6.

The corresponding average powers of the modes excited by the random field
generated accordingly to the Laplacian probability density functions (5.1) are shown
in Fig. 3. At first glance the behavior of the modes seems rather “chaotic", however,
a closer look reveals a systematic behavior as predicted by the theory provided in
previous sections. Several observations follow from the plots in Fig. 3. Firstly,
we can observe that the powers of the different modes become more uniform as
the r.m.s. angle spread, o, increases, i.e., the channel becomes less selective in
the multi-mode domain. This is a consequence of the well-known fact that the
more uniform the distribution of AoAs on the sphere of unit radius, the smaller the
significance of particular orientation in space. Secondly, the average mode powers
show a symmetric dependence in the 7 index as a function of the channel cross-
polarization ratio, x when expressed in dB. For example, compare plots a), d) and
g): as x changes from -10 dB to 10 dB, the power of the TE modes (7 = 1) and
TM modes (7 = 2) interchange values for fixed m and [ indices. Thus, the dipole
mode with + = 1 for y = —10 dB has the same power as the dipole mode with ¢ = 2
for yx = 10 dB and vice-versa, while for Yy = 0 dB both powers are equal. The same
applies for dipole pairs 3 and 4 and 5 and 6, etc. Hence, selectivity /non-selectivity
in the spatio-polar domain is equivalent to the selectivity /non-selective in the mode
domain.

In Section 4 we gave a definition of the MEG in terms of the spherical vector
wave expansion coefficients. As we stated there, the MEG is a figure of merit of
the interaction of the antenna with the channel. The physical meaning is straight-
forward, the more multimodes excited by the antenna match the corresponding
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€r:2.2 T

Figure 1: The horizontal patch antenna. The vertical patch is obtained by a
rotation around the y-axis towards the x-axis

Coaxial feed

channel modes, the better the antenna performance will be in terms of link gain.
This is illustrated in Fig. 4, where the cdf (cumulative distribution function) of the

[l
. ) (lallz)’
zontally oriented patch and the vertically oriented patch antennas are represented

by the discontinuous and continuous lines, respectively. As can be seen the MEG
is different for all the 9 propagation scenarios considered. This can be explained by
the fact that the directivity of the two considered antennas have not been suitably
matched to the PAS of the incoming field. Or looking at it from the point of view of
the spherical vector waves, the multimodes excited by the antenna (Fig. 2) do not
match the corresponding channel multimodes (Fig. 3). In general, for some channel
realizations the "matching" is bad, while for others it is much better, which gives
place to the "fading" behavior. The dynamic range varies between 20 to 40 dB.
Also in Section 4 we showed the conditions for link gain maximization: multi-
mode conjugate mode matching, (4.11). An example of the conjugate mode match-
ing for idealized antennas is given which is illustrated in Fig. 3. The plots depict
the "instantaneous" link gain of antennas that are mode-matched only to the TM
dipole modes. Here we can see that even if the MEG in this case does not equal
10log,o(4m) ~ 11dB as it would be obtained by the full mode matching, a con-

normalized "instantaneous" link gain® G; = is shown. Curves for the hori-

5We assume 100 % efficient antennas, i.e., 1, = 1 for all n antenna ports.
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Figure 2: Spherical vector wave expansion coefficients of a) horizontal patch an-
tenna and b) the vertical patch antenna.

siderable increase in performance is observed and it is independent from the chan-
nel cross-polarization ratio, x and only slightly dependent on the angle spread, o.
This immediately suggests that, in principle, if an antenna is constructed such as
it conjugate-matches the three lowest dipoles a considerable link power improved
could be obtained in most cases compared with the two patches.

5.2 The elementary "Tripole" in a Gaussian field with Lapla-
cian PAS

Here, we have chosen to investigate the spatio-polar performance of antennas by
means of the "tripole" antenna [6]. The main reason for choosing this antenna is
that it combines the three lowest modes of the electromagnetic field but still might
provide full polarization flexibility as we saw from the previous section. The tripole
antenna is a polarization diversity antenna system.

Fig. 5 shows the statistics of the normalized squared envelope corresponding
to the three-orthogonal dipoles that correspond to the first three electrical modes
of the multi-pole expansion, |fL|2, with ¢+ = 2 corresponding to the multi-index set
{2,-1,1},:=6to{2,1,1} and ¢ = 4 to {2,0, 1} ,respectively, where the multi-index
t, is ordered and identified with the number + = 2(I> +1 — 1+ m) + 7. Cumulative
distribution functions (cdf) of the three polarization branches of the tripole antenna
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Figure 3: Average mode power versus mode index for the random field simulated
according to (5.1).

are shown for different values of the channel cross-polarization ratio, y and the o-
parameter of the Laplace distribution of the AoA. Observe that, as expected, the
powers of the two horizontal dipoles, |f2|> and | fg|* are identically distributed, while
the power of the vertical dipole, | f4]?, (depicted by the discontinuous line) is shifted
some dBs to the left or the right depending on the channel XPR.

From a closer analysis of Fig. 5, we see that the average power of the three
modes satisfies the following inequalities at all angle spread values o,

(o) = (I fs]") > (| ful?), for x = —10dB (5.3)
(21 = (1 fsl?) = (| fal?), for x = 0dB (5.4)
() = (I fs]”) < (| fal?), for x = 10dB. (5.5)

This is a result of power imbalance between the 0 and qAb polarizations, quantified
by the channel XPR, y, even when the total field is unpolarized as it is the case in
our simulations. Hence, in this type of channels, the polarization imbalance has a
larger impact on the mode power than the angle spread. On the other hand, the
angle spread has a major impact on the correlation of the different multimodes. Fig.
5 shows the elements of the correlation matrix R,,.

Here we can observe that mode correlation increases for low angular spreads,
while it decreases for more isotropic channels. This, of course, is a known result.
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Figure 4: Cumulative distribution functions (cdf) of the normalized instanta-
neous gain of the horizontal patch (——), the vertical patch (— ) and the conju-
gate matched antennas, (---). Results are shown for different values of the channel

cross-polarization ratio, y and the o-parameter of the Laplace distribution of the
AoA.

However, the new aspect here is that we can achieve uncorrelated signals based on
the mode analysis of the channel as shown in Section 4. Here, we have limited
our analysis to the three lowest modes for illustrative purposes only. In general (as
shown in Section 4) the degrees of freedom for diversity and spatial multiplexing
transmission are limited by the minimum of the number of excited modes and the
number of antenna ports.

Since we have three modes that can be excited at three antenna ports, the
solution to decorrelated signal is given by (4.14), which states that the transmission
matrix should be equal to the Hermitian transpose of the matrix containing the
eigenvectors of the correlation matrix of the multi-poles. By doing so we indeed
achieve uncorrelated signals. The fading variation of the combined antenna diversity
branches is identical to the Maximum Ratio Combining (MRC) applied to the multi-
poles. The cdf of the MRC signal is shown in Fig. 6 and is identical to the cdf of
TM-2 matched signal, i.e., in this case mode matching and MRC are equivalent.
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Figure 5: Cumulative distribution functions (cdf) of w of the vertical dipole and
the two horizontal dipole elements of the tripole antenna denoted by (——), (— )
and ( - — -—), respectively. Results are shown for different values of the channel
cross-polarization ratio, y and the o-parameter of the Laplace distribution of the
AoA, where ¢ = {rml} is the multi-pole multi-index.

6 Summary

In this paper we have introduced a new approach to analyze the interaction between
antennas and the propagation channel. Our method employs the scattering matrix
of the antenna and the spherical vector wave expansion of the electromagnetic field.
The focus is on the spatio-polar characterization of the antennas, the channel and
their interaction. The key contribution of our paper can be summarized as follows:
we show that in a Gaussian electromagnetic field (the propagation channel) each
multimode coefficient in the spherical vector wave expansion is a (Gaussian variate,
as a consequence the envelope of each multimode coefficient in the spherical vector
wave expansion is a Ricean variate. We derive closed-form expressions for the mode
correlation matrix for arbitrary power angular spectra (PAS) of incoming waves, we
derive closed-form expressions for the normalized power of single modes in terms
of the PAS of incoming waves and the channel cross-polarization ratio (XPR). We
then show that maximum received (transmitted) power is achieved by conjugate
mode matching and that independent signals are achieved by eigenmode (reception)
transmission over the strongest multimodes. A definition of the MEG of antennas
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Figure 6: Elements of the covariance matrix R,, where « = {Tml} is the multi-pole
multi-index where 2 = {2, —1,1},4 ={2,0,1} and 6 = {2,1,1}.

based on scattering matrix parameters is provided and we show that maximum MEG
is achieved by conjugate mode matching. The results presented here provide not only
limits on the achievable performance of antennas in random propagation channels,
but also provide a framework for a detailed analysis of antenna-channel interaction.
Future work will investigate MIMO systems and whether this framework can also
be used for antenna synthesis.
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Appendix A. Spherical vector waves

The regular spherical vector waves are given by

Vi) = () A7), (6.1)
Vami(kr) = WAQM(W) (6.2)
l(l+1)Jl(]€kr)A3ml(k ),

where the time convention e“! is used and j;(kr) are the regular spherical Bessel
functions.
Similarly, the incoming (p = 1) and outgoing (p = 2) spherical vector waves,

(k:r) are given by

‘rml
ul) (k) = b (kr) Ay (k7), (6.3)
L h(P) L X
ug;,)ﬂ(kr) = WAMI(/W) (6.4)
0P (k
0+1) k( T)Agml(k ),

where hl(p )(kr) are the spherical Hankel functions of the p-th kind.
The functions A, (k7) are the spherical vector harmonics that satisfy the com-
plex valued inner product, i.e. orthogonality on the unit sphere [15],

/ATml(’f') ’ Aj—’m’l’OQ)dQ - 5TT’6mm’5ll’. (65)

The addition theorem for the vector spherical harmonics is

2041
S A7) - AT (7)dS = 4; (6.6)

Appendix B. Proof of Proposition 1

Proof. The correlation matrix for the expansion coefficients, i.e., mode correlation
is computed as

RLL’ = <fb*fu>- (67)

Now, in order to simplify the notation we use the integral representation obtained
in the limiting case of a continuum of incoming waves. Hence, the coefficients can
be computed as

l 7+1 R
fo= /E0 (k) - A (k)dQ, (6.8)
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Hence,

87T2(_i)lfl/f7'+7'/
Ry — e (6.9)

g / / (Eo- A"E - A )dOdQY

87'['2( ')l*l/7T+T/
n/f2

By E} >

<E¢Eé*>A* A'

Further, by inserting the spatial correlation conditions (2.4) we obtain that the mode
correlation can be expressed as the sum of the mode correlation corresponding to
the polarized and the unpolarized components

R =R+ RIP, (6.10)
where mode correlation of the polarized component is given by
RYS = Ar (=) T (Pog AL () Avp(Q0)
+2Re { v/ Foo Pos Al () Av o (0)e™ |

+Pog A%, (20) Ay 5(0)), (6.11)

where /Py FPoy = n% |E9E; and ¢ is a phase angle that depends on the polariza-
tion, e.g., 1 = 0, for a linearly polarized wave and ¢ = £Zfor circularly polarized
waves. Similarly, the mode correlation corresponding to the unpolarized component
can be calculated as follows

RUPO — (=it (6.12)

; / Pupa(Q) A% () A ()
+Pypy(Q2) Ay 4 (Q2) Av 4(2)dC,

which concludes the proof. ]

Appendix C. Derivation of Lemma 1

Proof. The spherical vector wave multimode expansion coefficients are given by
(3.2)-(3.4), where we have assumed a mixed field with both random Gaussian, un-
polarized, field components and one deterministic, polarized, field component. The
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Gaussianity of the multipole modes follows directly from the Gaussianity assump-
tion of the incident field and the fact that Gaussian variables remain Gaussian under
summation and affine transformations in general.

The mean is directly obtained from the fact that the average of the expansion
coefficients corresponding to the unpolarized waves is zero, {f*P°!) = 0. Hence, the
average of the expansion coefficients is given by

47r(_i)l—7'+1
k~/2n
The second moment of the mode distribution follows from Proposition 1 by

considering the diagonal elements of correlation matrix for the expansion coefficients,

i.e. the mode correlation. Hence, the second moment or the mode power can be

expressed as the sum of the mode power corresponding to the linearly polarized
(¢» = 0) and the unpolarized components

(f*f) = P, = PPl 4 prowol (6.14)
where P, = R,,, PP = RP and Pl = Runwol O

L

(f) = (Eo- A7) = fF. (6.13)

Appendix D. Proof of Proposition 2

Proof. From (4.6) we can write the total power of the outgoing signals from the
N-port antenna

lwlz = |Rall; (6.15)

2
= Z ZRn,LaL

where we have introduced the multi-index ¢ — {7Tml}, ordered and identified with
the number ¢ = 2(I>+1—1+m)+7. By the Cauchy-Schwartz-Buniakovskii inequality

lwllm <> (Rl llall- (6.16)

Equality is achieved for R, , = c,a}, where ¢, is a constant. From (4.1) and using
normalization, |v,|> = 1 and

1
2nk?

we get for the transmission coefficients

Z |Tb,n|2 = 4mny,. (6.18)

b

/Fn('ﬁ) - F7(7)dQ = 47, (6.17)

Using the Lorentz condition for reciprocal antennas (4.5) we find out the constants

Cn
41y,

lallf

, (6.19)

¢, = e
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where ¢, is an arbitrary phase. Then, we finally arrive at the inequality that

concludes the proof
N

2 2
lwl7 < 47 0 lal-

n=1

Appendix E. Proof of Proposition 5

Proof. Given the correlation matrix of outgoing waves
R. =RR,R",

perform the diagonalization, R, = UA, U which leads to

R, =RUA,U'RY,

(6.20)

]

(6.21)

(6.22)

where U A%*>® now choose R =cU% | where U, y is a matrix containing N

first eigenvectors of U, corresponding the ordered eigenvalues in A,
R, = |c?UL,UA U,y
= ’C’Q Aa,N-
Now, using the normalization |v,|° = 1 and

1
2nk?

/Fn(ﬁ) - F (#)dQ = 47,
we get for the transmission coefficients

S Tl = 4,

(6.23)

(6.24)

(6.25)

where we have made use of the multi-index notation, ¢ — {7ml}, ordered and

identified with the number ¢ = 2(I> + 1 — 1+ m) + 7. Hence, since
RRY = P Ul U,y = || I,
and

N
trRR? = |c[>? N = 47TZ77m
n=1

we get for the final result

2

ip 4 H
R =e N Z | Ugn-
n=1

(6.26)

(6.27)

(6.28)
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