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Abstract

Understanding the interaction between electromagnetic waves and matter is
vital in applications ranging from classical optics to antenna theory. This
paper derives physical limitations on the scattering of electromagnetic vector
spherical waves. The assumptions made are that the heterogeneous scatterer
is passive, and has constitutive relations which are on convolution form in
the time domain and anisotropic in the static limit. The resulting bounds
limit the reflection coefficient of the modes over a frequency interval, and can
thus be interpreted as limitations on the absorption of power from a single
mode. They can be used within a wide range of applications, and are partic-
ularly useful for electrically small scatterers. The derivation follows a general
approach to derive sum rules and physical limitations on passive systems on
convolution form. The time domain versions of the vector spherical waves are
used to describe the passivity of the scatterer, and a set of integral identities
for Herglotz functions are applied to derive sum rules from which the physical
limitations follow.

1 Introduction

Understanding how electromagnetic fields interact with matter is vital in classical
science, like optics and scattering theory, but also in modern applications like wire-
less communication, cloaking and metamaterials. When interacting with various
objects, electromagnetic waves may be scattered and/or absorbed. If the objects
are small compared to the wavelength, this interaction is limited. An early paper
addressing these limits is Purcell’s [19], discussing radiation emission and absorption
by interstellar dust. Results similar to Purcell’s can also be found in [3|. Limita-
tions on antenna performance where introduced by Chu in [5]. Sohl et al. derives
limitations on the extinction cross sections of arbitrary heterogeneous, anisotropic
objects in [23], results that are directly applicable to antenna theory [8]. A sum-
mary of some important results on physical limitations on antennas can be found in
Hansen’s book [12]. More general dispersion relations for electromagnetic as well as
quantum-mechanical scattering are discussed in e.g., [13, 17| and references therein.

Electromagnetic fields can be decomposed into orthogonal vector spherical waves
[11], also referred to as partial waves, (electric and magnetic) multipoles, or (TM
and TE) modes. Such a decomposition is very beneficial in scattering theory. In
wireless communication, these orthogonal modes are closely related to the orthogonal
communication channels of multiple-input multiple-output (MIMO) systems [7].

The present paper seems to be the first to derive physical limitations on the
scattering and absorption of electromagnetic vector spherical waves. To do so, a
general approach to obtain sum rules and physical limitations for passive systems
on convolution form put forth in [2] is used. At the core of this approach is a set
of integral identities for Herglotz functions, a class of functions that is intimately
linked to the transfer functions of passive systems.

The main results of this paper are physical limitations on the reflection coeffi-
cients of the modes for arbitrary heterogeneous, passive scatterers with constitutive



relations on convolution form, and anisotropic in the static limit. The bounds state
that the reflection coefficient cannot be arbitrarily small over a frequency interval
of non-zero length; how small it can be depends upon the smallest sphere circum-
scribing the scatterer, its static material properties and the fractional bandwidth.
An interpretation of the bounds on the reflection coefficients is as bounds on the
maximum absorption of power from a single mode. The bounds are particularly
useful for electrically small scatterers, and so they are well suited to analyse sub-
wavelength particles designed to be resonant in one or more frequency bands, like
antennas and metamaterials.

This paper is divided into sections as follows: First, in Section 2, the general
approach to derive sum rules and physical limitations for passive systems presented
in [2] is reviewed. In order to use this method and obtain the bounds in this paper,
expressions for the vector spherical waves in both the time and frequency domains
are needed. This is the topic of Section 3. In Section 4, the scattering matrix is
introduced, and the physical limitations are derived. After this comes two examples
in Section 5, one which discusses absorption of power in nanoshells, and another
which considers limitations on antenna performance. Last come some concluding
remarks in Section 6.

2 A general approach to obtain sum rules and phys-
ical limitations on passive systems

The derivation of the physical limitations on scattering of vector spherical waves in
this paper follows a general approach to obtain sum rules and physical limitations
for passive systems on convolution form presented in [2|. This section summarises
this general approach in order to put the following sections in the right context. The
general approach is described more thoroughly in [2], where all the necessary proofs
can be found.

There are three major steps to obtain sum rules for a physical system: First,
the transfer function of the system is related to a Herglotz function h. Secondly,
the low-frequency asymptotic expansion of the transfer function is determined. This
step commonly uses physical arguments, and is specific to each application. Then
a set of integral identities for Herglotz functions, relating weighted integrals of h
to its low-frequency asymptotic expansion, is used. FEssentially, this relates the
dynamical behaviour of the physical system to its static properties. In the third step,
physical limitations are derived by estimating the integral. Variational principles can
sometimes be applied to the static parameters if they are unknown.

2.1 Herglotz functions and integral identities

Here the class of Herglotz functions is reviewed briefly, and the integral identities
used to obtain sum rules for passive systems are presented. A Herglotz function A
is defined as a function holomorphic in C* = {z,Im z > 0}, satisfying Imh(z) > 0
there. Furthermore, many Herglotz functions appearing in various applications are
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Figure 1: The cone {w: ¥ < argw < 7 — 9} for some ¢ € (0, 7/2].

of the form h(w) = a + hy(w), where h; exhibits the symmetry hy(w) = —hj(—w")
and « € R [2]. Such a function h is called symmetric in this paper, and it satisfies
the low-frequency expansion

N
hw) = a+ Z Agp 1w P o(w ), as w0, (2.1)
n=0

for some integer N > 0. Here A_; < 0 and all A, are real. The limit w—=0 is
a short-hand notation for |w| — 0 for w in the cone ¥ < argw < 7 — ¥ for any
v € (0,7/2], see Figure 1. The asymptotic expansion (2.1) is clearly valid as w — 0
for any argument in the case h is holomorphic in a neighbourhood of the origin.
There is a set of integral identities for a symmetric Herglotz function h [2]:

2 OOI h / s
lim lim —/ m h(w +1w)dw/:A2p—1_5p,lﬁa p=12...,N. (2.2)

e—0t w’—0t+ T w’zp
Here §,, denotes the Kronecker delta and § = lim, o hA(w)/w > 0, which always
exists finitely. The Herglotz function A is not necessarily holomorphic in a neigh-
bourhood of the real line, but the distributional limit lim,» g+ h(w' + iw”) o h(w")
exists. The notation w’ = Rew and w” = Imw is used throughout this paper. The

left-hand side of (2.2) is the integral of Im h(w’) /w'® in the distributional sense, i.e.,
contributions from possible singularities in the interval (0, c0) are included [2].

2.2  Sum rules for passive systems

Having introduced Herglotz functions, it remains to discuss the link between this
class of functions and the transfer functions of passive systems on convolution form,
i.e., the first step of the general approach. The results presented here relies mainly
on the work by Youla et. al. [26], Zemanian [27-29] and Wohlers and Beltrami [25].
See also the book [17] by Nussenzveig. How the integral identities (2.2) can be used
to derive sum rules for such systems once the low-frequency asymptotic behaviour
of the transfer function has been determined is also explained in this section.
Consider a general mathematical model of a physical system in the time domain,
u(t) = Ro(t), where v and u are the input and output signals, respectively, related
to each other by the operator R. The context of distributions is natural, since



generalised functions such as the delta function should be allowed; hence, the domain
D(R) of the operator R is assumed to be some subset of the space of distributions
D’. The assumptions of linearity, continuity, and time-translational invariance imply
that the operator is on convolution form [28], i.e.,

u(t) = Ro(t) = w*v(t). (2.3)

Such a system is fully described by its impulse response w. Many physical systems
obey causality, which intuitively means that the output cannot precede the input.
For the mathematical model (2.3) it means that suppw C [0, c0) [28].

Another crucial assumption is that of passivity; if the power of the input (output)
signal at the time ¢ is |v(¢)]? (Ju(t)|?), the power absorbed by the system is |v(t)]* —
|u(t)|?. In this paper, a system is defined to be passive if the energy expression

T
o) = [ oo - futo)ar 2.
is non-negative for all 7" € R and v € D, where D denotes smooth functions of
compact support [25,29].) Only input signals v € D are considered in order for
the integral to be well-defined. However, this is often enough to ensure that the
corresponding energy expressions are non-negative for other admissible input signals
ve D(R).

One might expect that passive systems must be causal, and it turns out that
this expectation is correct for operators on convolution form [26,29]. Also, passivity
implies that the impulse response is a distribution of slow growth [25,29], w € &'
and hence Fourier transformable in the distributional sense. In this paper, the
Fourier transform for all such distributions f is defined through (Ff,¢) = (f, F)
for all ¢ € S. Here S denotes the set of smooth functions of rapid descent, (f, ¢)
is the value in C that f € &' assigns to ¢ € S [28], and the Fourier transform of
¢ is defined as Fo(w) = [ p(t)e dt. The frequency domain version of (2.3) is

(w) = w(w)v(w), where the transfer function of the system is given by
w(w) = (Fw)(w),

and ¥ = Fv and u = Fu are the input and output signals, respectively [2].

Passivity implies that the region of convergence for @ contains C* and @ is holo-
morphic there. Furthermore, the transfer-function @w(w) is bounded in magnitude
by one for w € C* [25,29]. The transfer function @ is not necessarily holomorphic
in a neighbourhood of the real axis, but w(w') = lim»_ow(w +iw") is well-defined
for almost all w’ € R and bounded in magnitude by one [16].

One more assumption on the physical system is convenient (but not necessary):
It is assumed that it maps real-valued input signals to real-valued output, which
means that w is real. This implies the symmetry

W(w) =" (—w"), Imw >0, (2.5)

!This is not the only way to classify passive systems, see [2, 26, 28].



where the superscript * is used to denote the complex conjugate.

A Herglotz function can be constructed from @ in two ways, either with the
inverse Cayley transform of +w, or by taking the complex logarithm of w [2|. The
latter way is chosen here. It requires that the zeros of w are removed, which is done
with a Blaschke-product. The Herglotz function is therefore

w(w)

h(w) = —ilog (W) , (2.6)

Bw) =] % 27

Wn

where

is a Blaschke product [16], repeating the possible zeros w, of w in C* according to
their multiplicity. The logarithm is defined in [2]. The symmetry (2.5) implies that
h(w) is symmetric in the sense discussed in Section 2.1, with o = arg w(iw”).

The integral identities (2.2) applied to the function in (2.6) yield

. .2 [ 1

B i 2 [ i & At b, P L2 29
where it has been used that |B(w' +iw”)| — 1 as w” — 0 for almost all v’ € R [16].2
The low-frequency asymptotic expansion in (2.1) may be related to the behaviour
of W(w) as w—0, where as before w—0 is short-hand notation for |w| — 0 for w
in the cone ¥ < argw < m — o for any ¥ € (0,7/2]. The cone assures that the
low-frequency limit is only dependent on the behaviour of w(t) for arbitrarily large
times t [2]. If, however, w(w) is holomorphic in a neighbourhood of the origin,
the low frequency limit is identical whatever the argument of w. The asymptotic
behaviour of w(w) as w—0 must be found by physical arguments specific to each
application, and constitutes the second step of the general three-step approach [2].
In the third step, physical limitations may be derived by considering integrals over
finite frequency intervals, since the integrand in (2.8) is non-negative. In some cases,
variational principles are used to bound the expansion coefficients A, of h when they
are unknown.

3 Vector spherical waves in the time and frequency
domains

Expansions of the electric and magnetic fields in vector spherical waves are widely
employed in the frequency domain, see e.g., [11]. Their counterparts in the time

2It might be that w(w) has an accumulation point of zeros for one or more w; € R, in which
case B(w; +iw”) does not tend to 1 as w” — 0. Then the Blaschke product must be included for
the left-hand side to make sense, i.e., (2.8) reads [2]:

2/°° 1B i)
€

lim lim -— — :
e—0t W/ =0t T w2 (W + W)

dw' = Asp_1 — 6,18, p=1,2...,N. (2.9)

Equation (2.8) is understood to be replaced by (2.9) whenever necessary throughout this paper.



Figure 2: The scatterer is contained in a sphere of radius a centered at the origin.
Outside this sphere, the electric and magnetic fields are expanded in outgoing and

. . . 1 2 . .
incoming vector spherical waves, ult and ul ), with index v.

domain have been treated by Shlivinski and Heyman [20,21]|. Both the time and
frequency domain vector spherical waves are considered in this section, since they
are both required in Section 4 to derive physical limitations for passive scatterers
according to the general approach described in Section 2; the time domain waves
are necessary in order to rigorously describe passive scatterers and find their corre-
sponding Herglotz functions, whereas the frequency domain counterparts are needed
to derive the low-frequency behaviour of the scatterer and determine sum rules and
physical limitations. A tilde (7) is used in the remainder of this paper to denote func-
tions in the frequency domain, and it is also convenient to employ the wavenumber
k = w/c, so that f(k) = Ff(w). Here c is the speed of light in free space.

Consider an object in free space, and let a be the radius of a sphere (centered
at the origin) containing the object, see Figure 2. Outside this sphere, the electric

)

field is expanded in outgoing and incoming vector spherical waves, denoted u) and

u&z), respectively:

E(r k) = kymo Y _ 1727700 (k)ul) (kr) + 1727702 (k)ul? (k). (3.1)

Here 19 is the wave impedance in free space. The spatial coordinate is denoted
r, and in the rest of the paper the notation r = |r| and # = 7/r is employed.
For a definition of the vector spherical waves, see Appendix A.1. The multi-index
v = {1,s,m,l} is introduced to simplify the notation, and the factors k:\/%il“”
are included for consistency with the time domain expansion described below. The

corresponding magnetic field is

H(r k)= % > i (kywl” (k) + 1D (k) (kr),  (3.2)

where the dual multi-index v = {7, s, m, [} with 7 = 3 — 7 has been introduced.
Outgoing vector spherical waves in the time domain are described thoroughly
in [20,21]. A short description, also covering incoming waves, is included here for
clarity. Assuming that the fields vanish as ¢ — —oo, the inverse Laplace transform
may be applied to (3.1)-(3.2) with & = is/c and the integration curve over s suf-
ficiently far into the right half-plane. Using the explicit expressions (A.1) for the



vector spherical waves yields the transverse electric field Er = E — #(7 - E):

T

Ew,k):@Z D) TR (sr /<) + B2 () RS (s7/c)| A7), (3.3)

where l
1 —n
Rg,l)(8> = Z Drys
n=0

L (s) = (=1 R (=)

l
RY)(s) = RY)y(s) + SR (s), J=1.2

and D,,; = (I+n)!/(2"n!(l—n)!) according to (A.6). The vector spherical harmonics
A, are defined in Appendix A.1. Applying the inverse Laplace transform yields

Br(r.t) = V%Z[ OB~ r/e) + REBD(E+ /)] A, (3.

7,0 YV

J) .
l

T,

Here the operators R/ : D — D in the time domain are defined by

l
REVF(E) = (1)1 Das (£54) 1)
n=0
RN (8) = RYL S () £ 14, RY (1),

where the upper (lower) signs are for j = 1 (j = 2). The inverse to differentiation d,*

is chosen so that d; ' f(¢) is the distributional primitive to f that vanishes at t = —oo0,
i.e., d; L f(t) f f(t") dt’ for regular functions f. A similar representation is used
for the magnetic ﬁeld giving

1

HT(’T‘,t) =

= 3[R @ — /o) + REWD (/)] (-1 Ag()

Recall that by (t) are assumed to be distributions in general. In the case they
are regular functions, the electromagnetic power passing in the negative r-direction
through a spherical shell of radius r at the time ¢ is

P(r,t) = /Q r? (—=#) - [Ex(r,t) x Hry(r,t)]dQ;

_ _/ 2 Eq(r,t) - [Ho(r,£) x #] dQ,
Q

/ [ZZR%VJ (tFr/c)A 'r'] [ZZRSW (tFr/c)A,(7)] A,
Qs v j=1 v j=1

where Q. = {(0,¢) : 0 < 0 < 71,0 < ¢ < 27} is the unit sphere and d€Q; =
sinf df d¢. Here (A.2) has been employed, and the upper (lower) signs are for j = 1



(7 = 2). The orthogonality relation (A.3) ensures that the two sums over v may be
replaced by one. Also, all cross-terms in j cancel each other:

P@J):-E:E:[Ryhymﬁynmﬂ[Rgﬂyxtxrﬂﬁ.

)

v gj=1

The power P(r,t) may be divided into one radiating part, and another part apper-
taining to the reactive near-field:

P(r,t) = Puaa(r,t) + Preact (7, 1), (3.4)
where
Peaa(r,t) =Y b2t +r/c)? — b (t —r/c)]? (3.5)

is only dependent on r via t F r/c. The reactive power Pieac(r,t) tends to zero as
r — 00, and furthermore it has a zero mean for all » > a, i.e.,

l/ Prenea(r, ) dt = 0. (3.6)

[e.9]

This result is derived in [21], where also Praq and Pieaet are described in more detail.
An illustration of the radiative and reactive power flow for TM-modes of orders [ = 2
and [ = 5 can be found in Figure 1 and Figure 2 in [21]. It is made clear there that
the reactive power becomes larger for higher order modes if the radiative power is
the same.

4 The scattering matrix Sgq

This section introduces the scattering matrix Sg, which for a given scatterer relates
the outgoing wave amplitudes l;f,l)(k) to the incoming 55,2)(k:) The equivalent to
the scattering matrix in the time domain is also covered. The elements of the
scattering matrix are related to passive systems (as described in Section 2.2) in
case the scatterer is passive. This is described in more detail below, using the time
domain expressions for the vector spherical waves presented in Section 3. Herglotz
functions corresponding to (2.6) and their low-frequency expansions of the type (2.1)
are derived next. In the end of the section all this is used to obtain sum rules and
physical bounds on the diagonal elements of Ss.

Assume that the scatterer is linear, continuous, and time-translational invariant,
1.€., that the constitutive relations relating the electric and magnetic flux densities
D(t) and B(t) to the electric and magnetic fields E(t) and H (t) are on convolution
form, as discussed in Section 2.2. In this case the relation between the outgoing and
incoming amplitudes b(yl)(t) and b (t) must also be on convolution form, b,(,l)(t) =
Yo Suur ¥ b,(f,) (t). With matrix notation,

bW (1) = Sg % b (1), (4.1)



where b(") = [bgl) bg) .| and b@ is defined analogously. The order of the multi-
index is specified in Appendix A.1. In the frequency domain, (4.1) reads

b (k) = Ss(k)™ (), (4.2)

where Sg(k) is the infinite dimensional scattering matrix.

4.1 Implications of passivity on Sg

It is now shown that the elements of Sg(t—2a/c) are the impulse responses of passive
systems in case the scatterer is passive; in this case the total radiative power that
has passed through a sphere of radius r > a before the time 7" must be non-negative.
This means

/_ Praa(r,t)dt = /Z]b (t+7/c))? — bV (t —r/c)|*dt > 0,

for all T € R and r > a, where (3.5) has been used. Recall that it is only necessary

to consider smooth, compactly supported incoming wave amplitudes b € D, as
discussed in Section 2.2. Using (4.1) and letting the incoming field consist of only
one vector spherical wave give

T T
/Prad,l/(r;t)dt_/ b (t+r/c)— Z]S,,,,/*b —r/c)]*dt >0,

—00

forall T'€ R, r > a and v/. Note that the above energy expression closely resembles
that in (2.4), except for the time shifts —2r/c in the outgoing waves. Hence S,/ (t —
2a/c) is the impulse response of a passive operator for all v, 2/, and so its Fourier-
transform e2*%5,, (k) is holomorphic and bounded in magnitude by one for k € C*,
see Section 2.2 and [2,25,29]. Furthermore, ¢*2S,, , (k) satisfies the symmetry (2.5).

The time shift —2a/c can be understood intuitively in the sense that the outgoing
wave can appear at r = a as soon as the incoming wavefront has reached r = a, see
Figure 3. This is discussed from a somewhat different perspective in [17].

4.2 Low-frequency asymptotic behaviour of Sg

To derive equalities of the type (2.8), the low-frequency asymptotic expansion of the
Ss-matrix is required. For this reason, consider the alternative decomposition of the
electric field in outgoing and regular vector spherical waves:

E(r.k) =k »_i27d0 (k)yul) (kr) +i277d0 (k) (kr). (4.3)

Here v, (kr) denotes regular vector spherical waves, defined as v, (kr) = (u,(,l)(k:r) +

u£2)(kr))/2 (see Appendix A.1). The relation corresponding to (4.2) is d(l)(k) =
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Figure 3: An incoming spherical wave b,(jg,)(t +r/c): a) impinges on the scatterer,
b) interacts with the scatterer, and c) creates outgoing waves ) S, ./ * b (t—r/c).
Note that the picture is over-simplified, but it makes it believable that S, (t—2a/c)
is the impulse response of a passive operator for all v and /.

T(k)gl(v)(k), where T is the so called transition, or T—, matrix. Evidently, Sg =
9T + I, where I is the infinite dimensional identity matrix.

The advantage of a decomposition in regular and outgoing waves is that a plane
wave E; impinging on the scatterer is regular everywhere, while the produced scat-
tered field E has to satisfy the radiation condition. Accordlngly, in this situation
E equals the sum over v,, while E is the sum over ul(, . Consider a plane wave
Eo(t — 7 - k/c) propagating in the k- direction, corresponding to €' kEo(k) in the
frequency domain. Here k = kk and as usual Eo(k) = (FEy)(w) with k = w/c.

The radiating part of the scattered field is described by the far-field amplitude
F, vz,

5 ikr 5
F(t— 7“/(:,7“)_1_00172)7 Bu(hr) — e F(k,T)

E (1) =
(t.) ) s

+0(r?), as r — 00.

(4.4)
Due to the assumption of convolution form for the constitutive relations, a scattering
dyadic S may be defined:

F(t,7) =S(-, 7, k)« Eo(t), F(k,#)=S(k,# k) Eo(k). (4.5)

The elements of the T-matrix can be deduced from the scattering dyadic:

ik M-Sk k) - (ke N .
- X / / A7) - S(k: 7 k) - Ay () dQp A (4.6)

See Appendix A.2 for details.
Assume that the medium of the scatterer is anisotropic in the static limit (k = 0),
so that the constitutive relations are

D(0,r) = coe(0,7) - E(0, )
B(Ov T) = MOU(O> T) ’ H(07 T)'
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Here D(k,r) denotes the electric flux density and B(k,r) the magnetic flux den-
sity at the point r and wavenumber k. The relative permittivity and permeability
dyadics are denoted €(k,r) and p(k, r), respectively, and ey and pp are the permit-
tivity and permeability of free space, respectively. The low frequency expansion of
S(k,#, k) is then
. . k2 .
S(k,7. k) E = - {f" x [(% " E) x ff«}+ [7m (K x E)] x ff*}+(’)(k¢3), ask — 0,
(4.7)
where F is a constant vector. The electric polarizability dyadic =, relates the electric
dipole moment induced in the scatterer to an applied static homogeneous electric
field E(0), viz., p = €oY,-E(0). Similarly, the magnetic dipole moment induced by
an applied static homogeneous magnetic field H(0) is given by m = ~,- H(0). The
polarizability dyadics are thoroughly discussed in [15] and [23]. Now let E = A, (k).
From (4.6) and (4.7) it follows that

Syu(k) =0, +12p,,Ka® + O(k*), as k — 0, (4.8)

where
1 ~ / ~
_ -, T+T -, ~
s = Gz || AT et A ) (17 Aol) - A () A5 a8
Here (A.2) was used, and recall that the dual multi-index is 7 = {7, s, m,{} with
T=3—-1T.

Let Yeur = & - Yo - &, Yeuy = & - Yo - Y and so on, and use the identities (A.5).
This gives explicit expressions for p, ,:

1
Py = W5l,15l’,15'r,7'”y{m/e},nn’7 (49)

where m (e) should be chosen for 7 =1 (7 = 2) and

x, fors=1 m=1
n=.v, fors=2 m=1
z, fors=1, m =0,

and similarly for n’. Note that p,,,,» = 0 for non-dipole modes (I > 2 or I’ > 2), and
that p,,» =0 for 7 = 1 (7 = 2) when the scatterer is non-magnetic (non-electric).

4.3 The polarizability dyadics and bounds on p,,

It is clear now that the polarizability dyadics are of vital importance. Until now, the
only assumptions made on the constitutive relations of the scatterer is that they are
on convolution form in the time domain and passive, and furthermore anisotropic
in the static limit. If the scatterer is heterogeneous, these assumptions are made for
all points r within the scatterer. It is common to assume that the permittivity and
permeability dyadics are symmetric in the static limit, i.e., €(0,7) = €(0,7)T and



12

1(0,7) = p(0,7)T. This implies that the polarizability dyadics are also symmet-
ric [23], and hence diagonal for a suitable choice of coordinates. Closed form expres-
sions for the polarizability dyadics exists for anisotropic homogeneous spheroidal
scatterers, see |23] and references therein. For the simple case of an isotropic sphere
of radius a, they are

€(0) —1
= 47a’ I
Ye = A4 €(0) +2
pn(0) — 1
= 4na® I
T =) 2

where I is the identity dyadic.

Furthermore, under the assumption of symmetry it can be shown that v, and =,,
are non-decreasing as functions of €(0, 7) and p(0, ) [22]. More specifically, consider
two objects with permittivity €(0,7) and €'(0,r), respectively. If €(0,7) — €(0,r)
is a positive semidefinite dyadic for all » in the object, then . — ~, is positive
semidefinite as well. The same holds for ~,,, with €(0, ) replaced by w(0,7). The
diagonal elements of ~, and ~,, for any scatterer (satisfying the aforementioned
assumptions) contained in the sphere of radius a are therefore bounded by 4ma® for
the high contrast sphere. Following (4.9), the parameters p,, are non-decreasing as
functions of €(0,r) and p(0,r), and thus bounded from above by p,, = 2/3.

If the scatterer is contained within a non-spherical geometry, the diagonal ele-
ments of v, and -, are bounded by the largest eigenvalue v; < 4ma® of the high-
contrast polarizability dyadic v, of that geometry. Therefore a sharper bound on
Puws given by p,, < v1/(6ma®) < 2/3, can be determined. The high-contrast polar-
izability dyadics «., of many geometries can be calculated numerically, see [10] for
some examples.

A widely used material model is the perfect electric conductor (PEC). For a
PEC inclusion, €(0) = oo and u(0) = 0. Consequently, v, (7,,) is non-decreasing
(non-increasing) as the volume of the PEC inclusion increases [22].

4.4 Sum rules and physical limitations on Sg

Now it has been shown that ei%agl,,l,/(k) is a holomorphic function bounded in mag-
nitude by one in C* for all v and v/, due to the passivity assumption. Furthermore,
its low frequency asymptotic expansion has been determined in (4.8) and (4.9). It
remains to define a Herglotz function and derive sum rules of the type (2.8). The
Herglotz function corresponding to (2.6) is
. eiQkaS«MV/ (/{3)

hu,u’(k) = 110g <W> .

Here B,, is a Blaschke products of the form (2.7) for each pair (v,2). Since
ei?keS, (k) — 1 as k — 0 when S, is a diagonal element of the scattering matrix,
the low-frequency expansion may be calculated separately for that factor and the
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Blaschke product (cf., [2]):

huo (k) = 2ka + 2p,,k°a® + O(k*) + 2 Z - Im qu, as k— 0. (4.10)
n q=1,3,.
This is not necessarily possible for the off diagonal terms h, ,/, where v # v/, since
then S,/ (k) tends to zero as k — 0. Only terms with odd ¢ appear in (4.10) due
to the symmetry (2.5).

Note that the low-frequency asymptotic expansions (4.7) and (4.10) are valid
as k — 0 for all arguments of k, and especially as k—~0. With the notation of
Section 2.1, N = 2 and hence two sum rules of the type (2.8) (using p = 1,2) can
be deduced:

1 [~ 1 1 »
lim lim —/ —In— Ak’ = 5 Zlm— (4.11)
e—ot kot Jo K|S, (K + k")
and
R B | 1 ;s 1 1
Jim, k%ﬁ%@/g o G e p”v”+§znzlmﬁ (4.12)

Here k' = Re k and £” = Im k, in consistency with previous notation. As discussed in
Section 2.1, the left-hand sides may be interpreted as integrals of —In |S,,, (k')|/k'?"
in the distributional sense, ¢.e., contributions from possible singularities in the in-
terval (0, 00) should be included.

Both sum rules incorporate the radius a of the circumscribing sphere, and the
second depends on the material and shape of the scatterer via p,, given by (4.9).
The parameter ,, = limy . hy,(k)/k is greater than or equal to zero. Evidently,
By, > 0 applies if the chosen circumscribing sphere is larger than the smallest
circumscribing sphere, but it is expected that 3,, = 0 if a is chosen as small as
possible. This is true for isotropic spherical scatterers with material described by
e.g., the Debye or Lorentz models. It is hard to prove this statement for an arbitrary
scatterer, so it is assumed that (3,, can be larger than zero.

In order to derive physical limitations, consider a finite wavenumber interval, K =
[ko(1 — Bk /2), ko(1 + B /2)], with center wavenumber kg and fractional bandwidth
B < 2. Letting Sy = supy ek |5',,,l,(k’)\, it follows that?

Bi In Syt
SEM0 < pa ZI (4.13)
and g ;
BKIH a 3 3 1 kO
- < kjapuy + 5 > Im e (4.14)

3Here Sy = supycxc |S,.. (k)| should be interpreted as the supremum over those k' € K such

that S, (k') is well-defined (recall that it is well-defined for almost all & € R). Also note here
that the inequalities (4.13)—(4.14) are valid even if (4.11)—(4.12) must be interpreted as (2.9).
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Figure 4: Interpretation of the bound (4.15). In the figure, bounds for a given cen-
ter wavenumber kg are depicted for two different values of Sy (and thus two different
values of B). The bound states that the magnitude of all reflection coefficients
S, have to intersect the boxes, when the scatterer satisfies the aforementioned as-
sumptions; also shown in the figure is one attainable and one unattainable reflection
coefficient.

Here it has been used that kgpfl f/c 1/k* dk > By for p = 0,1,... Note also that
ko' [, 1/k* dk ~ By when Bg < 1.
The sum in the right-hand side of (4.13) is non-positive (since Im k,, > 0 for all
k), and so
BK In So_l
m

An alternative bound not containing the sum over all zeros can also be derived (see
Appendix A.3):

S ]C()CL.

Brln S;t
Ko ;150 < koa — /1 +CH+ 1 —¢ (4.15)
1
- (gm,) (Ka® — K3a®) + O(KY), s by — 0.

Here the material and geometry of the scatterer are contained in p,, via ( =
3koa(1—p,, kia®)/2 and « = /1 + (2. The term kja®/3 in the bound stems from the
circumscribing sphere. The bound (4.15) states that, somewhere on the wavenumber
interval /C, the reflection coefficient §V7y(k’) for mode v must be larger in magnitude
than some value prescribed by the fractional bandwidth By, the radius of the small-
est circumscribing sphere a, and the material properties of the scatterer via p,,,, see
Figure 4.

An interpretation of the bound is as a limitation on the absorption of a vector
spherical wave over a bandwidth. To see this, consider the total energy e(co) ab-
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sorbed by the scatterer when the incoming field consists of only the mode v/, and
bf,z,)(t) is assumed to be in L?. By (3.4)—(3.6), it is (with r > a)

e(00) = / Po(r ) dt = / Proas(r,£) dt — / D202 =3 (S0 + b2 (1) dt

[e.e] — o0 —

The expression for e(co) may be rewritten with Parseval’s equation:

1 * 5 / R / /
c(oc) = 5o [ PP (1 =18k >|2) .

Hence 1 — 3 |S,./(K)[? is the normalised energy of the incoming mode v/ that is
absorbed by the scatterer at wavenumber £’; all of the incoming energy is absorbed
if 3 |5, (K)|* = 0, while no energy is absorbed in the case > |5, (K)]* = 1.
The absorbed normalised energy is obviously less than or equal to 1 — |S,, (k)|
Also recall that S,,,l,/(k’) — 0, as k' — 0, when v # 1/, due to (4.8).

5 Examples

5.1 Nanoshells

A nanoshell is a dielectric core covered by a thin coat of metal. By varying the
core radius, shell thickness, and materials, they can be constructed to scatter or
absorb large parts of incoming electromagnetic waves in the visible light and near-
infrared (NIR) spectra. Applications include e.g., biomedical imaging and treatment
of tumours.

In cancer treatment, the nanoshells are shuttled into the tumour using a so called
“Trojan horse™method [4]. Hereafter they are illuminated by laser light, causing
most of the cancer cells to die, see Figure 1 in [4]. Tt is thus desirable to design
nanoshells that absorb large parts of the laser energy. In [4, 18], the nanoshells are
spherical cores of silicon dioxide (SiO2) covered with gold. The radius of the core is
typically around 60 nm, and the gold shell is 5 — 20 nm thick. The bound in (4.15) is
well suited to study this problem, since the normalised absorbed energy from mode
v is bounded by 1—[S,,,|? as discussed in Section 4.4. An illustration can be found
in Figure 5.

5.2 Physical limitations on antennas

As discussed in Section 4.4, (4.15) places a bound on the absorption of a spherical
wave over a bandwidth, which makes it a good candidate to find limits on the
performance of antennas. Furthermore, the communications channels of multiple-
input multiple-output (MIMO) antenna systems are coupled to orthogonal sets of
vector spherical waves [7]. It is unusual to compute the Sg-matrix elements of an
antenna. Instead, consider the setup depicted in Figure 6. The antenna is fed the
power P, (k) by a transmission line, and a matching network is employed in order
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Figure 5: The reflection coefficient S, of the electric dipole modes (7 = 2,1 = 1)
for a nanoshell of outer radius a = 75nm, consisting of a spherical silicon dioxide
core covered by a layer of gold of thickness d = 5 and 10 nm, respectively. Here A
denotes the wavelength. The bound is (4.15) with p,, = 2/3, and it states that
the curves have to intersect the boxes. The reflection coefficient gl,’l, was calculated
from the closed form expression, using a Matlab-script for a Lorentz-Drude model
for gold by Ung et al. [24]. Silicon dioxide is modeled as having negligible losses

and a refractive index of n =~ 1.5, which is a good model at least for wavelengths
400-1100 nm [14].

to minimise the reflection coefficient I'(k). The power rejected due to mismatch is
|(k)|? P (k), and obviously the radiated power is bounded as

Prad(k) < (1 - |F(k)|2)Pl (k)v

with equality if there are no ohmic losses in the antenna.
Many antennas can be modeled by the resonance circuit in Figure 7 in a frequency
interval close to their respective resonance frequencies [9]. Here the quality factor is

7' (ko)

=k
Q 0C 2R )

(5.1)

where kg is the resonance wavenumber of the antenna, 7 its input impedance, and
R = Z(ko) the (real-valued) input impedance at the resonance. A prime denotes
differentiation with respect to the argument. Using Fano’s bounds on optimal match-
ing [6], it is straightforward to show that |9

BxInTy! 1

- al (5.2)
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Figure 7: For many antennas, the impedance Z..(k) of the resonance circuit is a
good approximation for the antenna input impedance Z(k) close to its resonance
wavenumber kg [9]. The quality factor @ is given by (5.1).

applies whatever the matching network is. Here Iy = maxgex |I'(k)|. The wavenum-
ber interval is K = [ko(1 — Bk /2), ko(1 + Bk /2)], with center wavenumber kq and
fractional bandwidth By.

The input impedance Z(k) of an antenna, and hence also the quality factor @ in
(5.1), may be calculated numerically. Equation (5.2) provides a means to compare
the bound (4.15) to the quality factor of an antenna; since 1 — |I'|* places a bound
on the radiated power in terms of the input power, and 1— |5, , | limits the absorbed
power from a single mode v, I" and \S,,,, are on equal footing. In Figure 8, the bound
in (4.15) is compared to the inverse of the numerically determined quality factor @
of four wire antennas.

6 Conclusions

Electromagnetic waves may be scattered and/or absorbed when they interact with
various objects. Understanding this interaction is vital in many applications, from
classical optics to antenna theory. One way to analyse it is to apply physical lim-
itations to it; in essence, the physical limitations state what can and cannot be
expected from a certain physical system.

There are several publications addressing physical limitations in scattering and
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Figure 8: The lines are the bound (4.15) for p = 2/3 and p = 0, respectively.
Four wire antennas were used in the example, with wires modeled as perfect electric
conductors of diameter 2mm. The radii of the loops are 60 mm (giving a = 62 mm),
and the heights of the umbrellas are 100mm (so that ¢ = 52mm). Here a is
the radius of the smallest circumscribing sphere. The loop with resonance at
koa ~ 0.46 is in series with a 100 F capacitance, causing it to radiate much like
a pure magnetic dipole close to the resonance. The input impedances and resonance
wavenumbers for the antennas were calculated using the commercial software E-
Field (http://www.efieldsolutions.com). The inverse of @ given by (5.1) is depicted
for the four antennas at their respective resonance wavenumbers ky. The electric
polarizability dyadics «, were calculated using a Method of Moments code, and from
them the bounds on p,, shown in the figure could be determined.

antenna theory, see e.g., [3,5,8,12,19, 23]. However, the present paper seems to be
the first to derive physical limitations on the scattering of electromagnetic vector
spherical waves. The vector spherical waves constitute a means to expand a given
electromagnetic wave in orthogonal waves, and are commonly used [11,20,21]|. In
wireless communication, they are intimately linked to the orthogonal communication
channels of multiple-input multiple-output (MIMO) systems [7].

The derivation makes use of a general approach to obtain sum rules and physical
limitations on passive physical systems on convolution form presented in [2|. The
limitations in this paper are valid for all heterogeneous passive scatterers with con-
stitutive relations on convolution form in the time domain, and anisotropic in the
static limit. They state that the reflection coefficients cannot be arbitrarily small
over a whole wavenumber interval; how small is determined by the center wavenum-
ber and fractional bandwidth, the radius of the smallest sphere circumscribing the
scatterer, and its static material properties.

The bounds can be interpreted as limits on the absorption of power from the
respective modes. They are particularly useful for the electrically small scatterers,
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and can therefore be employed to analyse sub-wavelength structures designed to
be resonant in one or more frequency bands. Two examples are nanoshells and
antennas, discussed in the examples in this paper.
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Appendix Appendix

A.1 Definition of vector spherical waves

The incoming (j = 2) and outgoing (j = 1) vector spherical waves [11] are defined
as

ul) (k1) = b (kr) Ay g (7)

- kerhy? (kr))’ ) b (kr )
ugs)ml(kr):%Azsml(r)jtx/l(l—kl) l k(r >A35ml(r).

Here hl(j) denotes the spherical Hankel function of the j:th kind and order [, and a
prime denotes differentiation with respect to the argument kr. The regular vector
spherical waves v, are almost identical; for them the spherical Hankel functions have
been replaced by spherical Bessel functions j; = (hl(l) +h§2))/2. The vector spherical
harmonics A, are defined by

(A.1)

( 1
A () = ———=V x (rYeu (7
Lomi (T) ) (rYeam(7))
1
Ao (T VYo (7
2omi(F) = =y TV Yo (7)
L A3sml</f') = ’f'}/sml(/'q)

Here Yy, are the (scalar) spherical harmonics

2 — 0, 2l—|—1 cosm
o\/ Pz (COSQ){ sinmi }

and P/ are associated Legendre polynomials [1]. The polar angle is denoted 6 while
¢ is the azimuth angle. The upper (lower) expression is for s = 1 (s = 2), and the
range of the indices are [ = 1,2,... , m=0,1,...,[, 7=1,2, s =1 when m =0
and s = 1,2 otherwise. The multi-index v = {7, s,m,(} is introduced to simplify
the notation. It is ordered such that v =2(I> +1 — 1+ (=1)*m) + 7.

Note that

T Alsml(lf‘) =7r- A2sml(lf‘) =0
r X Agsml(’f‘) = 0,
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for which reason 7 = 1 (odd v) identifies a TE mode (magnetic 2'-pole) while 7 = 2
(even v) identifies a TM mode (electric 2-pole) when the electric and magnetic fields
are defined by (3.1) and (3.2), respectively. Furthermore,

(A.2)

The vector spherical harmonics are orthonormal on the unit sphere. More specif-
ically, they satisfy

/ A(7) - Ay (7) A = 6100, (A.3)
Qs

where ;. = {(0,¢) : 0 < 0 < 1,0 < ¢ < 2r} is the unit sphere and d€; =
sin @ df d¢. Define the L2-norm || - || for vector-valued functions on ;.

G = /Q G(#) - G*(7) dQ;.
If the norm of G is finite, it may be expanded in vector spherical harmonics:
G(P)=> c,A,F), (A.4)
where the coefficients ¢, are given by
S /Q G(r)- A, (7)dQ;,

and the sum in the right hand side of (A.4) converges in the norm || - ||.
The following expressions for the Cartesian unit vectors are used in (4.9):

. 41 . 8 .
T =\/—Asz11(7) + ) = Ase11(7)
3 3
) 47 . 8 .
Y= ?A3011(7°) + ?A2011('r‘) (A.5)
R 41 R 8 R
z =1/ =As0(T) + ) = Aze01(7)
\ 3 3

There are expansions for the Hankel functions, used to determine the polynomials
Ri]l) in (3.3):

l
Wy, _ €~ (+n)t
h(2) 1”122171!([—71)‘( 2iz)
" A6
L@ jHle—iz ! (I+n)! ik (4-6)
l (’Z)i P Zln‘(l_n>‘( Z)
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A.2 Derivation of (4.6)
The scattered field E; is the sum over w) in (4.3), viz.,

Ey(k7) = Vi Y dP(k)A, (#)

(1+00r™h), as r — 00,

where (A.1) and (A.6) have been used. From the above equation it is clear that the
far-field amplitude F'(k,7) in (4.4) is given by

F(k, mZd A, (7).

Using (4.5), multiplying with A,/ (7*) and integrating over the unit sphere yield

~ ~ ~

A, (#)- Sk, 7, k) - Eo(k)dQs = /mod ) (k), (A.7)

due to (A.3).
The coefficients d,(j)(k) are given by

V0d W (k \/%ZTW, V,,(k):EZTV,VN(k)EO(k) A, (k),

where the expansion coefficients dy,, (k) of a plane wave ¢™*E(k) have been used.
Inserting this into (A.7) gives

[ A(@)- 807,80 Bol0) 4% = 553 Torun () Bo(l) - Aur ()

l///

which must be valid for all k and E,. Letting Eo(k, k) = A,n(k)p(k) for some
¢ € § and integrating once more over the unit sphere leads to

s 5 4r -
//Ayl(’l") . S(k’, T, k?) . AV///(’C)QO(]{?) dQ;. dec = ETI’/7V"’(I€)SD(I{:)’

and (4.6) is proven.

A.3 Derivation of (4.15)

First set ko/k,, = 0, —i0,,, where 6, € R and 6 > 0. With 6, =) 60 (4.13) takes

the form
BK In S_

s
Furthermore, it follows that > Tmkd/k2 <> 07 < 63, since

< koa — bp. (A.8)

kS Ok 5 k3
Imﬁ = TE [(Im,)* — (Rek,)*Imk,| < T

(Im k,)* = 6"
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Hence (4.14) becomes

BrlnS;t 3
s
Combining (A.8) and (A.9) yields
-1 —1\ 3
s 3 T

with solution (4.15).
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