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Abstract

In this paper an inverse source problem is investigated. The measurement
set-up is a reflector antenna covered by a radome. Equivalent currents are
reconstructed on a surface shaped as the radome in order to diagnose the
radome’s interaction with the radiated field. To tackle this inverse source
problem an analysis of a full-wave integral representation, with the equivalent
currents as unknowns, is used. The extinction theorem and its associated inte-
gral equation ensure that the reconstructed currents represent sources within
the radome. The axially symmetric experimental set-up reduces the compu-
tational complexity of the problem. The resulting linear system is inverted
by using a singular value decomposition. We visualize how the presence of
the radome alters the components of the equivalent currents. The method
enables us to determine the phase shift of the field due to the transmission of
the radome, i.e., the IPD (insertion phase delay). Also, disturbances due to
defects, not observable in the measured near field, are localized in the equiva-
lent currents. The results are also compared with earlier results where a scalar
integral representation was employed.

1 Introduction

The aim of this paper is to calculate and visualize the sources of a measured electric
field on a radome-shaped surface. The electric field is originating from an antenna
inside the radome and is measured in the near-field zone outside the radome. The
electrical size of the radome is 29 wavelengths at the frequency 8.0 GHz.

This kind of calculations are important in diagnosing antennas, designing ra-
domes, etc., since the field close to the body of interest is difficult to measure directly.
By doing so, the interaction between the source and the measurement probe can
give incorrect results [14,36,49|. In the process of designing a radome, the electric
field close to the antenna is requested as an input to software calculating the field
propagation through the radome wall [2,39]. To get reliable results, it is crucial
that the representation of the field radiated from the antenna, i.e., the input data,
is well known. To determine the performance of the radome it is eligible to quantify
e.g., beam deflection, transmission efficiency, pattern distortion, and the electrical
thickness of the radome wall, i.e., the insertion phase delay (IPD). It is also of
interest to see how the mounting device and e.g., lightning conductors and Pitot
tubes, often placed on radomes, interact with the electric field.

One of the first techniques developed to solve the inverse source problems of
this kind employs the plane wave expansion [10,25,37|. The method works very
well when the equivalent currents are reconstructed on a planar surface. One recent
area of application is the determination of the specific absorption rate of mobile
phones [12]. A modal expansion of the field can be utilized if the reconstruction
surface is cylindrical or spherical [14, 26, 31]. This method has been used to calculate
the insertion phase delay (IPD) and to detect defects on a spherical radome [13].
More general geometries, e.g., needle shaped objects and flat disks, can be handled
by expanding the field in spheroidal wave functions [44]. A combination of the plane



wave spectrum and the modal expansion has been utilized in [7, 8] and [50] where
flat antenna structures are diagnosed and safety perimeter of base stations’ antennas
is investigated, respectively.

To be able to handle a wider class of geometries, diagnostic techniques based
on integral representations, which are solved by a method of moment approach, are
applied. The drawback is the computational complexity. If the object on which the
currents are to be reconstructed is metallic, i.e., a perfect electric conductor (PEC),
either the electric or magnetic field integral equation (EFIE or MFIE) can be em-
ployed [47] or combinations thereof 34, 40]. The equivalence principle is conveniently
used when analyzing flat antenna structures [23,24,38|. An integral representation
together with a priori information of the object and iterative solvers is used by [22]
and [11] to find the electric current on the walls of a PEC for diagnose of a pyramidal
horn antenna and a monopole placed on the chassis of a car.

In this paper we propose a technique using the integral representations to relate
the unknown equivalent currents to a known measured near field. In addition to
the integral representation, we also use an integral equation, originating from the
extinction theorem [9]. By using the extinction theorem together with the integral
representation we secure that the sources of the reconstructed currents only exist
inside the enclosing volume [46]. The equivalent currents can be reconstructed on a
surface arbitrarily close to the antenna. No a priori information of the material of
the object just inside the surface is utilized.

2 Prerequisites

In this section, we review the basic equations employed in this paper. We start with
a general geometry, and specialize to a body of revolution in Section 2.2.

2.1 General case

The surface integral representation expresses the electromagnetic field in a homo-
geneous, isotropic region in terms of its values on the closed bounding surface.
We engage the integral representations to a domain outside a closed, bounded sur-
face Siaq. Carefully employing the Silver-Miiller radiation conditions, the solution
of the Maxwell equations satisfy the following integral representation [17,29,42, 46]

// (—jw,uo,u g(ri,r2) [R(ry) x H(ri)] + R Vlg(rl,rg){vls- [n(ry) x H(rl)]}

J
Wepe
Srad
— Vig(ry,re) X [ﬁ(rl) X E(Tl)]) ds; = {E<r2) "2 .out's1de Srad
0 79 inside Siaq
(2.1)
where the time convention used is ¢!, and the surface divergence is denoted V- [9].
The variable of integration is denoted r; and the observation point 75, see Figure 1.
The relative permittivity ¢ and the relative permeability © may depend on the
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Figure 1: The surface S,.q of integration. The unit normal to the surface is . The
variable of integration is denoted r; and the observation point rs.

angular frequency w, i.e., the material can be dispersive, but they are constants as
a functions of space (homogeneous material). The scalar free space Green function

1S .
e—Jk:\rg—'r'l\

g(ry,m2) = (2.2)

Amt|ry — 7|
where the wave number of the material is k¥ = w,/€ofig€ft. The representation (2.1)
states that if the electromagnetic field on S;.q is known, the electromagnetic field
outside S;,q can be determined [15,30,46]. If these integrals are evaluated at a
point ry lying in the volume enclosed by S;.q these integrals cancel each other
(extinction). It is important to notice that this does not necessarily mean that the
field FE is identically zero inside S;.q, it only states that the values of the integrals
cancel.

The electric and magnetic equivalent surface current densities, J and M, are
introduced to simplify the notation and they are defined as [5]

J(r)=n(r) x H(r)
{ M(r) =—n(r) x E(r) (2:3)

The lower (or upper) representation in (2.1) is transformed into an integral equa-
tion letting ro approach S..q, ¢f., Figure 1. However, care must be taken since
the integrands become singular when r5 approaches the surface [9,17,28,46|. The
equation consists of three components, two describing the tangential field and one
describing the normal component of the field. Since the normal component can
be determined by the knowledge of the tangential parts, this representation has
redundancies, i.e., the normal component is eliminated [29].



To this end, (2.1) splits into a surface integral representation of the electric field

//{—jwuou g(ry,r)J(rq) +j%06 Vlg(rl,r2)[v15 ) J(Tl)}
P (2.4)

+ Vig(ry,re) X M(rl)} dS; = E(r9) 79 outside Spaq

and a surface integral equation in J and M

n(ry) x //{jwﬂoﬂ g(ri,m2)J(r1) — jfoe Vig(ry, m2) [VIS : J(Tlﬂ
Srad (25)

1
- Vlg(T'1,7“2) X M("“l)} dsS; = §M("°2) T2 € Siad

When necessary, the integrals in the surface integral equation are interpreted as
Cauchy’s principal value [9, 35].

The integral equation is written in a weak form, ¢.e., it is multiplied by a test
function and integrated over its domain [6, 20, 28, 34]. The representation (2.4) does
not need this treatment since ry consists of a discrete number of points outside S;.q,
i.e., r1 and 5 do not coincide. The weak formulation of (2.5) is derived in Appendix
A, where the test function is denoted by W, giving

quou /// \IJ ’I"Q T'1,’l"2).](7‘1> dSl dSQ

rad SI"Ld
/// VQS 7“2 (7'1,7“2> [vls J(’I"l)} dSl dSQ
(,UEOE
tad Srqd
/// \I’ ’T'2 Vlg 'r1,7°2) X M('I"lﬂ dSl dSQ
ad Srad

——//'hrg ) X W(ry)] - M(rs) dS2 =0 (2.6)

rdd

2.2 Body of revolution

From now on the equations are adapted to a body of revolution (BOR) in vacuum,
i.e., ¢ =1 and p = 1. The surface is parameterized by the azimuth angle ¢ and the
height coordinate along the surface v, i.e., the position vector r can be expressed

r(p,v) = p(v) cos p éx + p(v) sinp e, + z(v) &,. The normalized basis vectors are
then

or

or
P(p) = 70

dp

= —sinpeyx +cospe, and v(p,v /‘

and {n, @, v} forms a right-handed triple of unit vectors. The curvilinear compo-
nents of the magnetic equivalent surface current and electric field are denoted as
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Figure 2: The regions of integration in (2.9).

E¥ = —M"Y and EY = M?, ¢f., (2.3), where M¥ = M - ¢, and MYV = M - v. The

magnetic field and the electric equivalent current are related in a similar way. The

explicit expressions of the normalized basis vectors, surface divergence, the gradient

of the Green function, and other useful formulas are derived in Appendix B.

Two functions, aﬁlj and ay,;, are used as basis functions. They are defined as
an; = ff(v) ™o

@l = )™ 20

The height of the radome, v, is discretized into points, v;, where j = 1,..., N,.

The functions ff/ "(v) can be chosen as a constant, linear, cubic, spline functions
etc., with support in a neighborhood of v; [6,34]. For the results in this paper,
both ff/ "(v) are chosen as piecewise linear functions, i.e., one-dimensional rooftops.
Observe that ¢/v in f¢/¥ denotes a superscript and not an exponential. In the
azimuthal direction, a global function, €™, i.e., a Fourier basis, is used due to the
symmetry of the body, and m is an integer index. The current is expanded as

J =) {Jhah, + nyan,) (2.8)
i

The magnetic current M is expanded in a similar way, but with expansion coeffi-
cients M;’;év.

Galerkin’s method is used [6]. That is, the test functions are according to (2.7)
U” = (a7)* and ¥). = (a),)* where complex conjugation is denoted by a star and
the indicies run through the same integers as m and j. The surface divergence, the
tangential components of the test function and the current are explicitly derived
and listed in Appendix C.

The surface integral representation (2.4) is applied to the measurement set-up
described in Section 3, i.e., r5 belongs to a cylindrical surface Speas, see Figure 2.
This surface has axial symmetry with constant radius and is parameterized by o



and vs, in the same manner as the surface S;.q is. The height is discretized into
points, vy, where ¢ = 1,..., NJ***. None of the integrals contains singularities since
r1 and 7o will not c01n01de From equation (2.4) we get

{ } { —Jwpio // r1,72)J (1) dS1+J— //Vlg r1,72)[Vis - J(r1)] dS;

rad

v - E(rs) EY (i, v9)
Vig(r 77’ >< M(r (15; ~ == ’ Ty € Eﬁneas
// atrm) > My as: = |20 < [T
rad
(2.9)
where the tangential components are projected using scalar multiplication.
Since the currents are expanded in the Fourier series, the right hand side of (2.9)
is expanded in the same way, i.e., the Fourier expansion of E¥/V is

E?I¥(@q,03) Z B (py)e¥?

n=—oo
where

I .
B (v3) = 2—/ E#1Y (g, v5)e 7" dpy (2.10)
0

™

and n is an integer index. Observe that /v in E¥/V denotes a superscript and not
an exponential. The Fourier series reduce the dimensions of the problem by one
degree |27, 34,45|.

Equation (2.9) consists of nine different angular integrals. These integrals are
non-singular and are derived and listed in Appendix D. Equation (2.9) is organized
as a system of matrices, i.e.,

EEiREEEIEIEEIE

where the right hand side consists of the Fourier coefficients of the electric field. The
details of the derivation and the explicit expressions of the matrix elements [Z*]
and [X*] are given in Appendix F.

The integral equation in (2.6) also contains nine different integrals in the angular
direction. These are the same as in the integral representation, i.e., (2.9), but they
now contain singularities. The integrals are derived and listed in Appendix D.
Equation (2.6) is also organized as a system of matrices, i.e.,

2 e L (][] e

The details of the derivation and the explicit expressions of the matrix elements
[Z’“l} and [qu are given in Appendix G.

Combining the matrix systems for the integral representation (2.11) and (2.12)
gives, in short-hand notation,
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Figure 3: (a) Photo of the cylindrical near-field range at SAAB Bofors Dynamics,
Sweden. The antenna under test is rotated and the probe is moved in the vertical
direction. A close up of the reflector antenna is shown in the upper right corner.
(b) The dimensions of the reflector antenna, the radome, and the cylinder where the
electric near field is measured.

The magnitude of the entries of the matrices may differ by several orders of magni-
tude. To avoid numerical errors, the system is solved for one current at a time,

—[Z]7M[X][M] =

~
I

(2.13)

when J is eliminated. In the first line, J is expressed as a function of M utiliz-
ing the integral equation. The matrix [Z] is quadratic and inverted numerically in
MATLAB. The second equation is ill-posed. The matrix is no longer quadratic and
to solve for M, the linear system is inverted and regularized by the singular value
decomposition (SVD) in MATLAB [45]. Besides numerical errors also noise and
measurement, errors show up. Here, the SVD helps in suppressing the amplification
of noise in the inversion [3]. In our initial investigation we have not encountered any
problems with spurious modes [41] or by using the numerical inversion of MATLAB
or the SVD. However, a more detailed investigation of the ill-posed equations is
needed. Specifically, a discussion of how to chose the cut-off value, i.e., the magni-
tude of the largest singular value that is excluded, needs to be addressed further.

3 Near-field measurements

The experimental set-up and the measured electric field is described in [32]. How-
ever, for convenience, the necessary information is summarized. The measurement



set-up is shown in Figure 3. A reflector antenna, fed by a symmetrically mounted
wave-guide, generates the electromagnetic field. The diameter of the antenna is
0.32m, and the main lobe of the antenna is vertically polarized relative to the hor-
izontal plane. The radome surface is axially symmetric and its radius, in terms of
the height coordinate, is modeled by

(2) 0.213m —0.728m < z < —0.663 m
Z) =
P — (b2’ +d) +/(bz' +d)2 — a(z')2 —2c2’ —e —0.663m < 2 < 0.342m

where 2/ = z + 0.728 m and the constants are a = 0.122, b = 0.048, ¢ = —0.018 m,
d = 0.148m, and e = —0.108 m?, respectively. The height of the radome corresponds
to 29 wavelengths for the frequency 8.0 GHz. The material of the radome has a
relative permittivity of about 4.32 and its loss tangent is about 0.0144. The thickness
of the wall of the radome varies over the surface in the interval 7.6 — 8.2 mm.

The surface Spaq in (2.6) and (2.9) is defined by the radome surface, closed with
smooth top and bottom surfaces. These added surfaces are needed since the integral
representation applies to a closed surface and the measurements are performed under
non-ideal conditions. The turntable, on which the antenna and radome are located,
see Figure 3a, reflects some of the radiation, which is taken care of by the added
bottom surface. The top surface takes care of the electric field that is reflected on
the inside of the radome and then radiated through the top hole. If these factors are
neglected, unwanted edge effects occur, since the electric fields originating from the
turntable and the top of the radome are forced to originate from the radome itself.
The radome surface is divided into 8 cells per wavelength in the height direction,
and in each cell 4 points are chosen where the integrations are evaluated.

The electric field is measured on a cylindrical surface by moving the probe in
the z-direction and rotating the radome and the antenna under test, see Figure 3.
This surface is located in the near-field zone [4]. The near-field measurement probe
consists of a waveguide for which no compensation is made in the final data. With
this measurement set-up, the data on the top and the bottom of the cylindrical
surface cannot be collected. It would have been preferable to measure the fields
on an infinite cylinder. However, the size of the cylinder is chosen such that the
turntable below the radome does not have a major influence on the measurements
and such that the fields above z = 800 mm are negligible. In the azimuth angle,
120 points are measured in steps of 3°. The z-dimension is divided into 129 points,
every two points, v, and v, are separated by 12.5 mm.

Three different measurement configurations are considered; antenna without
radome, antenna together with radome, and antenna together with defect radome.
The defect radome has two copper plates attached to its surface. These are lo-
cated in the forward direction where the main lobe hits the radome and centered at
the heights 41.5cm and 65.5 cm above the bottom of the radome. The side of the
squared copper plates is 6 cm, corresponding to 1.6 wavelengths at 8.0 GHz.

The absolute values of the measured co- and cross-polarized electric fields, £V and
E¥, respectively, are shown in Figures 4-5, where |EV|qg = 20log (|EV|/|EY|max) and
|E¥|ag = 201og (|E¥|/|EY|max), respectively. That is, all fields are normalized with



(a)

Figure 4: The co-component, |EY|qg, of the experimentally measured near-field
data at 8.0 GHz, normalized with the largest value of | EV| when no radome is present.
(a) No radome present. (b) Radome present. (¢) Defect radome present.

Figure 5: The cross-component, |E¥|4p, of the experimentally measured near-field
data at 8.0 GHz, normalized with the largest value of | EV| when no radome is present.
(a) No radome present. (b) Radome present. (¢) Defect radome present.
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Figure 6: The Fourier transformed measured field, |EV|qp, at 8.0 GHz. All values
are normalized with the largest value of |EY| when no radome is present. a) No
radome present. (b) Radome present. (c¢) Defect radome present.
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Figure 7: The Fourier transformed measured field, |E¥|4p, at 8.0 GHz. All values
are normalized with the largest value of |EY| when no radome is present. a) No
radome present. (b) Radome present. (c¢) Defect radome present.

the largest value of |EY| when no radome is present. In particular, E¥ has a quite
complicated pattern. The diffraction is explained as environmental reflections and
an off-centered antenna feed. Observe that the amplitude of the azimuth component
is smaller than the amplitude of the height component, i.e., measurement errors are
more likely to show up here. The differences between the three different antenna
and radome cases arise from constructive and destructive interference between the
radiated field and the scattered field. The absolute value of the Fourier transformed
measured fields are shown in dB-scale in Figures 6-7. According to these figures,
the spectrum is truncated at n = 30, above which the energy contents is too low.

4 Results

The measured field on the cylindrical surface at 8.0 GHz, cf., Figures 4 and 5, is
transformed back onto a surface corresponding to the radome surface. Figures 8
and 9 show the recreated electric fields, |EY|qp and |E¥|qp, respectively, in the main
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Figure 8: The recreated |E"|qg-component on the front side of the radome. All
values are normalized with the largest value of |EY| when the defect radome is
present. (a) No radome present. (b) Radome present. (c¢) Defect radome present.
The arrows point out the locations of the copper plates.

lobe for the different configurations. Observe that all values are normalized with the
largest value of |EY| when the defect radome is present. The figures show that the
near field close to the antenna is complex and hard to predict. In the case, when no
radome is located around the antenna, the electric fields are calculated on a surface
shaped as the radome, see Figures 8a and 9a. The case when the radome is present,
see Figures 8b and 9b, shows that the radome interacts with the antenna and hence
disturbs the radiated field. How this interaction affects the amplitude is depicted
n Figures 10a and b7 where (|E1\1/o radome' - |E;/adome|) and (lErcfo radome| - |E:;dome|)
are shown in a linear scale and normalized with the maximum difference for each
component. Both components of the electric field are reduced in amplitude in the
main lobe whereas the field strength outside the main lobe is increased when the
radome is introduced. This is most likely due to transmission loss in the radome
wall and scattering against the inside wall.

The effect of the attached copper plates are detected as shown in Figures 8c
and 9¢, where the lower plate appears clearly. Observe that the copper plates cannot
be localized directly in the near-field data, compare Figures 4c and 5¢ to Figures 8c
and 9c. The near-field data only shows that the field is disturbed, not the locations
of the disturbances. The upper plate is hard to discern in Figures 8c and 9c since
it is located in a region with small field magnitudes. However, the influence of the
upper copper plate can be detected in the cross section graphs, see Figures 11a
and b. To determine the exact position of the defects several cross section graphs
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Figure 9: The recreated |E?|qg-component on the front side of the radome. All
values are normalized with the largest value of |EV| when the defect radome is
present. (a) No radome present. (b) Radome present. (c) Defect radome present.
The arrows point out the locations of the copper plates.

have to be examined. It is interesting to see that even though the magnitude of the
cross-polarization is small, the locations of the copper plates can be found.

The presence of the radome also creates some backscattering (flash lobes) as seen
in Figures 11 ¢—d, 12, and 13. In Figures 11 ¢—d, a cross section at an angle 180°
from the center of the main lobe, i.e., in the middle of the back side, is viewed.
Figures 12 and 13 depict both components on the back side of the radome for all
three configurations in a dB-scale. In these figures it is also observed that the flash
lobes are altered when the copper plates are present.

The copper plates can also be detected by subtracting the field of the defect
radome and the field of the non-defect radome. This result is shown in dB-scale in
Figure 14 for both the components of the electric field, i.e., |EY, jome — Edof radomedB
and |EY ;e — Bt radomelans €ach component normalized with the maximum differ-
ence for each component. The reconstruction of the E¥-component, cf., Figure 14b,
only shows the effects of some parts of the copper plates. The reason is that parts of
the copper plates are located in an area where the amplitude of the E¥-component
is small, ¢f., Figure 5 and 9a.

Figure 14a indicates that there is an amplitude difference between the configu-
rations slightly above the location of the lower copper plate. To visualize what is
happening, the difference (|EY jomel = |ESef radome|)s NOrmalized with its maximum
value, in a linear scale, is depicted in Figure 15. The scale is truncated in order to
see the small field difference above the copper plate. Here it becomes clear that the
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Figure 10: The subtraction between the fields with and without radome present.

In (a) (‘E;l/o radome‘ - ‘E;/adomeD/maXHEgo radome’ - |E:adomeH is ShOW.Il and in
(b) (lEfo radome‘ - |E£dome’)/max||Erfo radome’ - |E;€Ldome”' The front side of the

radome, 7.e., the side with the main lobe, is viewed. The scale is linear.

area, where the copper plate is attached, has a reduced electric field, when the defect
radome is present. The area above the copper plate has instead an increased electric
field, when the defect radome is present. This is most likely due to scattering of the
copper plate.

So far only the amplitudes of the reconstructed fields has been investigated. How-
ever, even the phase can give useful information. The phase of the E¥-component,
i.e., ZEY, where Z denotes the argument, is depicted in Figure 16 for all configura-
tions. The vertical lines above the main lobe in Figure 16a are due to phase jumps,
and are caused by the low amplitude of the fields in these areas.

Just showing the phase as in Figure 16 does not give very much information.
What is interesting is to study the phase difference (antenna - antenna with radome)
for the two recreated components, see Figure 17. It reveals how the phase is changed
due to the influence of the radome. It is observed that the phase shift in the main
lobe is almost constant, for both components. This confirms that the radome is well
adapted to the frequency 8.0 GHz. Since the amplitude of E¥ is low, cf., Figures 5
and 9, its phase contains much noise, and it is therefore somewhat more unreliable
than ZEV.

In Figure 18, a cross section in the middle of the main lobe of the phase difference
in Figure 17 is depicted. The cross section of ZE¥ is shown for a slightly acentric
angle, since the amplitude in the center of the main lobe is very low, see Figure 9. In
areas where the field is strong, the phase shift does not fluctuate as much. Outside
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Figure 11: Cross sections of the reconstructed field components. (a) |EY|qp in the
main lobe. (b) |E¥|qp in the main lobe. (c¢) |EY|qp on the back of the radome.
(d) |E®|qp on the back of the radome. All values are normalized with the maximum
value of |EV| when the defect radome is present. The black line corresponds to no
radome, the blue line has the radome present and the red line represents the defect
radome. The positions of the copper plates on the defect radome are marked by
thick lines on the horizontal axis.
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(a) (b) ()

Figure 12: The recreated |EY|qg-component on the back side of the radome. All
values are normalized with the maximum value of |EY|, on the front side, when the
defect radome is present. (a) No radome present. (b) Radome present. (c) Defect
radome present.

(a)

(b) ()

Figure 13: The recreated |E¥|qg-component on the back side of the radome. All
values are normalized with the maximum value of |EY|, on the front side, when the
defect radome is present. (a) No radome present. (b) Radome present. (c) Defect
radome present.
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1-12.5

-25

(a) (b)

Figure 14: The logarithmic differences revealing the copper plates,
(a) 20 1Og{’ ;/adome_E(‘ifef radome‘/ maX|E;/adome_Egef radome|}7 and (b) 20 10g{|Efadome_

¥ ¢ P :
EZ ¢ radomel / Max|EY — E¥ - omel } 01 the front side of the radome. The arrows

point out the locations of the copper plates.

0.5
amplitude
difference
10
-0.5

Figure 15: The difference (’E;,adomel - |E(‘i,ef radomel)/ maXHE;,adome‘ - ’E(‘i]ef radome” in
a linear scale on the front side of the radome. The scale is truncated in order to see

the small field amplitude above the copper plate, marked with an arrow.
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(a)

\

()

/
\

Figure 16: The recreated phase of the EY-component on the front side of the
radome in a linear scale. a) No radome present. b) Radome present. ¢) Defect
radome present.

Figure 17: The IPD, i.e., the phase difference between the field when no radome
is present and the field when the radome is present, on the front side of the radome.
a) (AEV - ZElyadome)' b) (AE(P — LEY,

no radome no radome radome) :
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N
~
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(e

phase difference / rad

-0.5 -0.3 -0.1
radome height / m

phase difference / rad
o

-0.4 -0.2
radome height / m

-0.6

Figure 18: Cross section in the middle of the main lobe of the IPD depicted in
Figure 17. The blue line corresponds to (ZEY, — ZEY 1ome) and the red to

no radome radome

(LEY. dome — ZE% 1ome)s Tespectively. The insert shows the area with reliable data.
T
10
-

Figure 19: The phase difference between the field when the radome is present and
the field when the defect radome is present, on the front side of the radome. The

arrows pOint out the copper plates. a) (AE;,adome —Z gllef radome)' b) (ZE;fldome -
ZE(Siaef radome) :
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phase difference / rad
o

- i — i
-0.4 -0.3 -0.2 -0.1
radome height / m

Figure 20: Cross section in the middle of the main lobe of the phase differences
depicted in Figure 19. The axis describing the radome height is truncated and shows
only the region where the phase information is reliable, cf., Figure 18. The blue line

Corresponds to (AE;/adome A t\i/ef radome) and the red to (ZE:rgdome - ZE;fo radome)7
respectively.

this areas the amplitude is low and the phase is not well defined, i.e., dominated by
noise, and it will not give valid information. This means that when looking at the
main lobe, the only area that contains reliable values is z € [—0.5, —0.05].

The phase shift arising when the radome is introduced, i.e., the phase shift
viewed in Figures 17 and 18, is called the IPD (Insertion Phase Delay). It is one
of the parameters that quantifies the performance of the radome, and depending on
the polarization, two different IPD are defined [19]

T = |T|ZIPD (4.1)

where T = FE;/E; is the complex transmission coefficient. The incoming field is
denoted Ej;, and the transmitted F;. The phase shift is only known modulus 27. To
validate the calculation of the IPD, an estimation of the thickness of the radome
wall is carried out. Under the assumption of negligible reflections the IPD can be
expressed as [18, 21]

IPD = g{Re Vé&(l —jtand) cos by — cos Hi}d (4.2)

C

for both polarizations, where w is the angular frequency, c is the speed of light in
vacuum, 6; is the incident angle, and 6; is the transmission angle of the field on the
inside of the radome wall. Approximate values of the relative permittivity, €, &~ 4.32,
and the loss tangent, tan d ~ 0.0144, are used. The thickness of the radome wall is
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()

Figure 21: A comparison between the code based on the scalar and full vector
integral representation when no radome is present. All values are shown i dB-scale
and normalized with the maximum value of |EY|. (a) Vector code, |E¥|qp. (b) Scalar
code, |E?/ cosf|qp. (c) Difference, |EV — E%/ cos 0| 4.

denoted d. The incident angle is approximated to 40°, c¢f., Figure 3b. The measured
radome thickness, d, varies over the surface in the interval 7.6 — 8.2 mm. The phase
shift in the main lobe is crudely approximated from Figure 18 to be 1.7rad for both
components/polarizations. Solving for d in (4.2) results in a radome thickness of
8.4mm. The agreement is quite well considering the approximations made.

An investigation of the phase difference (radome - defect radome), see Figures 19
and 20, reveals that its harder to localize the actual positions of the copper plates by
using the phase instead of only the amplitude, cf., Figures 8 and 9. Nevertheless, the
upper copper plate is visible in the 3-D visualization in Figure 19a, and by looking
at a cross section over the main lobe of the phase difference, the position of the
upper copper plate is located for both components, see Figure 20. We only show
the interval, where the phase is not too contaminated by noise, cf., Figure 18. The
upper copper plate is located on the boundary to where noise dominates. Thus, if
the positions of the copper plate were not known in advance, the phase shift might
be interpreted as noise. The lower copper plate also introduces a phase shift, but
these effects are hard to interpret and not confined to the exact position of the plate.

4.1 Verification

To verify the code, the new results for the EY-component is compared with the
results given by the scalar integral representation, see [32,33]. The comparison is
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shown in Figure 21 for the case when no radome is present. In the scalar case, the
E”-component is calculated whereas in the vector code it is the component tangential
to the surface, i.e., EV. To compensate for this the E”-component is divided by cos 8,
where 6 is the angle between the z-axis and the radome surface. In Figure 21 all
fields are normalized with the maximum value of |EV| and shown in dB-scale. We
notice that the field pattern given by both codes are very similar. The amplitudes
are higher in the vector case, and the largest difference, about —19dB, occurs in
the main lobe where both field-components are strong. This is evident since the
interaction between both field components, £V and E¥, is taken into account in
the vector calculations. Whereas, in the scalar case, £¥ was assumed to be zero.
Verification of the scalar code has been made in [32]. Specifically, the reconstructed
fields on the radome surface was transformed to the far field. Comparison with
measured far field shows good agreement.

5 Conclusions

The aim of this paper is to reconstruct equivalent currents on a surface bounding the
sources of an electromagnetic field. A vector-valued surface integral representation
is utilized together with the extinction theorem. The surface integral representa-
tion gives a linear map between the equivalent surface currents and the near-field
data for general geometries. It is shown that this map can be inverted for axially
symmetric geometries with the measured near field. The theory can be adapted
to geometries lacking symmetry axes. However, it is not a feasible approach for
radome applications today due to the computational demand to solve the integral
equations. An alternative approach would be to address this problem using fast
multipoles methods [43].

In previous papers only the dominating vertical co-component of the measured
field has been used in the reconstruction by using a scalar integral representation,
where comparison with measured far field shows good agreement [32,33]. In this
paper it is shown that both components of the equivalent currents can be recon-
structed by using a full-wave surface integral representation. The results for the
cross-component show that also this component provides useful insight of the com-
plex field close to the antenna and the field altered by the radome. It is illustrated
how the radome interacts with the electric field. In particular, transmission losses in
the radome wall and reflections on the inside decrease the field in the main lobe, and
new side and flash lobes appear. Both components of the experimentally measured
field can also be used to locate the effect of defects, ¢.e., copper plates, not directly
visible in the measured near-field data. Furthermore, the copper plates introduce
scattering and alter the flash lobes.

Also, the phase of the reconstructed fields is investigated. The IPD, 7.e., the
phase difference, arising when the radome is located between the antenna and the
measurement probe, is visualized. The results give a good estimate of the thickness
of the radome wall. The effects of the copper plates are visible in the phase shift.
However, the exact location of the defects is hard to determine solely from the phase
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images.

By comparison with the results given by the scalar integral representation, it
is concluded that the patterns of the electric field, obtained by the different codes,
are similar. The amplitude does however differ somewhat between the codes. This
result is expected since in the scalar case assumes zero azimuthal component of
the measured electric field. However, in this paper, the interaction between both
components is taken into consideration.

This paper shows the potentials of the approach in radome diagnostics. Next
step is to analyze if the electric equivalent current, i.e., the magnetic field, on the
radome surface gives some more information. Moreover, investigations with different
frequencies are expected. To localize the exact positions of the defects, a deeper
analyze of 3D-pictures, cf., Figures 8c and 9c, and cross-section graphs, cf., Figure
11, combined with the phase shift data, is planned. To use this method in verifying
radomes, i.e., calculating the IPD, more analysis of the phase and its noise levels is
needed.
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Appendix A Investigation of the weak formulation

In this appendix, the weak formulation of (2.5) is evaluated. The aim is to show
that all singularities are removable, and the final result is presented in (2.6).

The weak formulation is attained by multiplying with a test function and inte-
grating over the domain. We chose to multiply with the test function

Pt = _p x U

The reason for this choice will become clear as we proceed.

Term 1:

/ T (1) (’fb(m) « / / g(rl,rg)J(rl)d&) ds,
Srad Srad

// (// g(ry,m2)J (rq d51> . {ﬁ(TZ) % \Ilort(IrQ)} ds,
/d/ /md‘y (r2) - g(r1,m2)J (1) dS1 dS;

rad Srad

The integral causes no numerical problems since the singularity in g(r,72) is inte-
grable.

Term 2:
// WO (py) - ( n(ry) // Vig T1,T2)[V15 J(rl)} dSl) dS;
rad Iad
// \Ilort ,r2 < /’-.2 X VQ // g(r1, 72 [V].S J(Tl)] dSl) dSQ

J/

K(r2)

/ W (ra)- ((r2) x {Vas + o) [(ra) - V2] () ) s

rad

// W () - [(ra) X Vask ()] dSs — / W(rs) - VasK(r5) dS,

Srad

//advzs U (ry) K (ry)] dSs; — / [Vas - B (ry)] K (ry) dS,

ra

i /ﬁO(TQ) . [\II(T'Q 7'2 dF // VQS TQ (’I"Q) dS2

r

—
=
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(a) (b)

Figure 22: (a) The surface S;.q and its outward unit vector n. (b) The surface S’
bounded by the curve I'. The unit normal vectors are; n, - tangent to I' and 5, 1
tangent to S’ and normal to I'. That is ny = n, x n.

/// [Vas - W(r2)]g(r1,72) [Vis - T (r1)] dSy dS,

rmd Sr'xd

The nabla operator is divided into one part intrinsic to the surface and one part oper-
ating in the direction normal to the surface in step 1, i.e., Vaog = Vo —n(rs) [R(12) -
V] 19, 48]. In step 2 the identity Vs (fa) = f(Vs-a)+ (Vsf) - a is utilized [48].
Step 3 uses the theorem of Gauss on surfaces where no(r2) and I' are depicted in
Figure 22 [29]. The line integral over the closed surface is zero, since there is no
bounding curve on S;.q [1].

Term 3:

// \Ilort . (’fb / Vlg 7‘1,’)"2) X M(’l"l) d51> dSQ

rad (Al)
//\IJ ’l"2 / Vlg 7“1,7”2 X M(’I“1> dSl dSQ

rmd

The gradient of the Green functlon cannot easily be moved to the test function.
However, it is shown below that the singularity is removable.
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We start by rewriting the expression, i.e.,

//\II T'2 / Vlg 7’1,7"2 X M(’I"l) dSl dSQ

Iad rad
//\I’ ’I”Q // Vlg 7“177"2 [’fl( ) X Ms(’l“l)} dSl dSQ
rad rad
//\I’ 7"2 // ’I"1 Vlg 7”1,’)"2) (’I"l)} dSl dSQ
rdd rdd
//‘I/ 7"2 //MS Tl Vlg 'I“l,Tg) ( ):| dSl dSQ

where Mg(rl) is introduced as M (ry) = n(ry) x J\le(frl), in step 1.
The gradient of the Green’s function is, cf., (2.2)

(A.2)

—jklr2—r1] To — T 1
Vig(ri,re) = 1k
19(r1,72) s |re — 1|2 [|r2—r1|+‘] ]

ro—1T1
|ro—

singularity Tra—ril that needs to be dealt with.

To remove the singularity in the first term of (A.2), we show that ¥(ry)-n(ry) <
K|ry—mrq] as 71 — ry and K is a constant. A Taylor expansion of n(r) at ry gives

W(ry) -n(r)) =¥(ry) -n(ry) + ¥(ry) - [C (rg — 7’1)}

as r; — 7o and the differential is
Onk(r1) Onx(r1) Onxk(ri)

The singularity in e is integrable. However, the first term has an additionally

ox’! oy’ 0z'
C = Ony(r1) Ony(ri) Ony(ri)
oz’ oy’ 0z'
8nz(T1) an(rl) anq(rl)
ox’ 8y/ 0z’ T1="72

The first term is zero since the test function is tangential to the surface which gives
| W (ry) - n(ry)| < K(ry— 1) as 71 — 7o and the singularity in the first term of the
integral is removed.

To remove the singular part in the second term in (A.2), we show that Vig(71,rs)-

n(ry) < K‘ and thus integrable.This is true since
[n(ry) - [r2 — 7] L
LRk STEE (S 81

when r; — 79 and L is a positive constant [9)].

Term 4:

// W (py) - M (7y) dSs = // n(r2) X ¥(rs)] - M(rs) dSs

rad rad

This term does not contain any singularity.
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Appendix B Parametrization of the surface

The surface is parameterized by the azimuth angle ¢ and the height coordinate along
the surface v, i.e., the position vector r can be expressed as

r(p,v) = p(v) cosp éx + p(v)sinp e, + z(v) &,

Evaluation of |ry — 74| in cylindrical coordinates give

|7 (2, 02) — 7(1,v1)| =V/C(v1,v2) — 2p(01)p(v2) cos(1 — ) (B.1)

where C'(vy,v2) = p*(v1) + p?(v2) + [2(v2) — 2(v1)]%
Normalized basis vectors, convenient for the problem, are

7 0r/|8_7‘| —sing é, + cosp e
90 agp - SD X 90 y
. or 8r
v=o-/los
where
_|or| _lor| ap(v)\” dz(v)\”
o) = 5| = o) hv<v>=%—\/( ) (2

The Jacobian is given by

or (97"

T ()= oo " v

= plo >\/ (agﬂj’))Q v (aggj’))Q — halo)ha()

and the differential area element is

dS = TJ(v)dpdv = p(v)h,(v) dpdo

The normalized basis vectors of the coordinate system are explicitly

. 1 or
90(90) = ( )a(’p SIDQOGX —FCOSQOey
. 1 or , . , . . Lo
v(p,0) = h—(v)% = h—(v) {p'(v)cospex+p'(v)sinpey + 2'(v)e,} (B.2)
R R X 1 . . R
n(p,v) = @(p) X v(p,v) = RO) {Z'(v)cospex+ 2 (v)sinpe, — p'(v)e,}

and the scalar products between them are

P(p1) - @(p2) = cos(p1 — pa)
' (v2)
hv(’l)g)

(p2,v2) = — sin(¢1 — ¥2)

S

P(p1) -
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(g2, v2) = _hv(vz)

P(p1) -1
lion, 1) - Plea) = 1rer sl — o)
A~ A~ 1 / /
v(p1,01) - A2, v2) = m {0/ (v1)2' (v2) cos(r — @a) — 2'(v1)p(v2) }
A 1 !/ /
(1, v1) - O(p2, v2) Fre (01) Frw (09) {2'(v1)p'(va) cos(p1 — pa) — p'(v1)2"(va2) }
The surface divergence for the parametrization and coordinate system described
above is [16]
1 0 0
Vs Flpv) = 2o {0 g oo + 5 o) Rle)] ) (B3)

where F, = F -, v = o, v. That is, the surface divergences of the tangential basis

vectors in (B.2) are given by
Vi ple) = g [n(1] =0
L9 [y = 210 o
J(v)

VS 0(907 )_ j(’U) BN

The Green function is parametrized as, cf., (2.2),
*jk\/C (v1,v2)=2p(v1)p(v2) cos(p1—¢2)

1
9(p1 = P2, v1,02) =
dm \/C (v1,v2) = 2p(v1)p(v2) cos(p1 — p2)
as is the gradient of the Green function
) Ty —T
Vig(re, m1) = g(r2, 1) (1 + jk|re — 1) ﬁ

— o, V1, V2) D (1 — @2, v1,02)

+ [p(v2) sin o — p(vr) sing: ] &,

g
{ p(vy) cos g — p(v1) cos 4,01] éy

T [2(es) — 2(0y)] }

where we used the notation
+ [2(v2) —
(B.5)

C('Ul, 'U2> =

p’(v1) + p*(va) z(vy))?
1+ jkr/C(v1,v2) — 2p(v1)p(va) cos(o1 — 2)
)

C(v1,v2) = 2p(v1)p(v2) cos(pr — 2)

D(Sol - @27”17”2) -
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In the coordinate system, {¢, v, 1} the components of Vig(¢1 — o, v1, o) are

Vig = @(r1) - Vig(re, 1) = —gD p(vs) sin(pr — o)
Vig = @(7'1) -Vig(ra,m1)
_ p'(vi)p(v2) p(vi)p(v1) = 2'(v1) [2(v2) = 2(v1)]
= !JD{W cos(p1 — p2) — oo (07) }
Vigl = n(r)-Vig(ra,m)

Z'(v1)p(v2) p(v1)2'(v1) + p'(v1) [2(v2) — 2(v1)
— gD{—hV(U1) cos(p — p2) — (o)) }
(B.

6)
The arguments of Vig(¢1 — @2, v1,v2), (1 — p2,v1,v2) and D(p1 — o, v1,v7) are
suppressed for simplicity.

Appendix C Expansion in basis functions

The test functions and the currents are expanded in the basis functions described
n (2.7). The two test functions are chosen as

v = (a7,)" = f{(v) e_jmpﬁb
U= (ay,)" = fi(v)e 7D

where the star denotes complex conjugation. This gives, cf., (B.3),

<p _ f‘p( ) —Jmp
Vs Wi = p(v)
Vs 0, = O )
5T T T () v

and

nx W= —f(v) e g
with the integer indices : = 1,..., N, and n.
The current J is expanded as

J:Z{J AT A A
= Z {J2; 1L ()™ + Ty, [ (v) ™%}

{ﬁ WE— ) e

which gives, ¢f., (B.3),

_ 'mso'fq;()ﬂ" L 9 v)fi(v)| Jy,
TR {3 S0+ s o] 73, )
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and

nxJ = Z{J:;] FEw)emen — Iy fY (v) PR}

with the integer indices j = 1,..., N, and m, and J%-V denoting the expansion
coefficients. The magnetic current M is expanded in a similar way with expansion
coefficients M,,;.

C.1 Evaluation of a cross product

In this appendix the cross product in (2.9) is evaluated, i.e.,

vlg(r%rl) X M(’Pl) = 9(901 - <P27U17U2)D(901 - 902,U1,Uz)

2 (v1)p(v2) p(v1)2' (v1) + p'(v1) [2(v2) — 2(01)]7 .
) ({ [W cos(p1 — pa) — he(or) }v(gpl, v1)
+ [_p (;:1251(;)2> cos(p1 + pa) + 2 el - 251();1)[2@2) = ]ﬁ(%,vl)}

§ ( eJmsm

N { [_ z/(;:izgl(;z) cos(p1 — o) + p(v1)2'(v1) + 251();3)[41)2) — 2(v1)] ] oo1)

~ plen)sin(or — p2)lor o) b >, m)

(C.1)
where (2.8) and (B.6) are used. The function D(¢; — @9, v1,v9) is labeled in (B.5).

Appendix D Integration over ¢

The integration in the angular direction of (2.6) and (2.9) is investigated in detail.
Nine different integrals I,/5 — I;;1 appear. The integrals from (2.6) and (2.9) have the
same form, but the ones in (2.6) contain singularities and are denoted by upper-case
indices. One of the integrals is studied in detail, while the others are listed at the
end of this section. The cross product in (2.6) and (2.9) is evaluated separately in
Appendix C.1.

The relevant integral is

2727

ho = //9(801 — (o, U1, V) "2 cos (1 — ipa) dipy dipy
00

A change of variable, o1 = @9 + ¢, gives

2 2

Iy, = /9@57 7J17U2)ejm¢> (3()S(<Z5)/€'j(mn)w2 dey do

0 0
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The inner integral is zero if m # n. Therefore, the only interesting case is n = m,
giving

I, =27 | g(¢,v1,v9) [cos(ma) + jsin(me)] cos(¢p) d¢

™

=27

2m
/
= 47r/g(qb, v1, V) cos(me) cos(¢p) do
0
0

g(@,v1,v9) cos([m — 1]¢) do + 27r/g((b, v1,v) cos([m + 1]¢) cos d¢
0
using that g(¢, vy, v2) is an even function in ¢.
The rest of the integrals in the angular direction of (2.9) are derived in the same
manner and listed below.

2w 2T n
I, = // g1 — o, 01, 12)™P17%2) Ay de, = 47T/9<¢7 V1, V2) cos(me) de
00 0

22T

b= // g(p1 — o, Ul,vz)ejm(wwz) cos(p1 — p2) dp1 des
00

™

= 47r/g(qb, v1, Ug) cos(ma) cos(¢) dp = 2w [Gm_l(vl, V) + Gy (1, Ug)]

0
27w 2T

L= // g(p1 — o, U1,U2)ejm(%_¢2) sin(p1 — g2) dpr deo
00

™

= 47j /g(gb, v1, v2) sin(mo) sin(¢) d¢ = 27j [Gm_l(vl, vg) — Gy (v1, Ug)]

0
22T

Iy = // 9(p1 — @2, v1,v2) D1 — @2, v1,v2)™ 792 doy depy
00

™

= 47r/g(¢, v1, v2) D(@, v1,v9) cos(me) dp = 4 G, (v1, v2)

0
227

o= // 9(1 = ©2,01,02) D(p1 — @3, 01, v2)™ 1 72) cos(01 — p2) dipy dip
00

™

:47r/g(q§, v1, V2) D (¢, v1,v9) cos(me) cos(¢) do

0
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=27 [gm—l(vh UQ) + gm+1<vla UQ)}
272w

I = //9(<P1 — 02,01, 02) D(1 — @2, 01, v2)@™ P ) sin(ipy — p3) dipy dipy
00

™

= 4] /g<¢7 U1, UQ)D<¢7 U1, UQ) Sln(m¢) Sln(¢) de
0

= 27Tj [gm_l(vl, UQ) - gm+1 (Ula UZ)}
272w

le = //9(<P1 — 02,01, 02) D(101 — @2, 01, 02)e™E %) cos (o1 — p2) sin(ipr — o) gy dipa
00

= 27j /g(gzﬁ, v1, V2) D (@, v1,v9) sin(ma) sin(2¢) do
0
= 7j [Gn—2(v1,v2) — G2 (v1,02)]

221
b= //9(901 — 2,01, 02) D1 — a2, 01, UQ)Gjm(wfw) 0052(801 — ¢2) dp1 dgs
00

™

= 27r/g(gz§, v1,v2) D (¢, v1, v2) cos(me) [1 + cos(2¢)] de

0

= 270G (v1,v2) + W[gmfZ(Ula vy) + gm+2(711,?f2)}
272w

hi= //9(901 — 2,01, V2) D(p1 — 2, 01, U2)€’jm(wﬂp2) Sin2(901 — 2) dp1deps
00

™

= 2ﬂ/g(¢, v1,v2) D (¢, v1,v2) cos(me) [1 — cos(2¢)] do

0
= 270G (v1,v2) — W[gmd(vl, V2) + Gma2(v1, 712)}

The new Green functions are defined as

™

G (v1,v2) :/g(¢,v1,vg)cos(m¢) do
0 (D.1)

™

G (v1,v9) = /g(cb,vbvg)D(éba vy, V) cos(mg) do

0

where ¢ = @1 — 9, the function D is defined in (B.5), and m is an integer index.
Observe that these Green functions are not singular as r; and 7, are always different.

The angular integrals of (2.6), Ix — I, have the same appearance as I, — I,.
However, the Green functions contain singularities and are denoted by g,,(v1, v2)



32

and ¢,,(v1,v2). The numerical treatment of these singularities is addressed in Ap-
pendix E.

Appendix E Singularities in the Greens functions

Two new Greens functions, i.e.,

( ™

gm(v1,v2) = /g(gb, v1, vg) cos(me) d¢

0

Im (V1, V2) /g ¢, v1,02)D(@,v1,v9) cos(me) de
0

\

are defined in the derivation of the integral equation (2.6), where g(¢,vy,vq) is
defined in (2.2), D(¢,v1,v2) in (B.5), and m is an integer index. These Green func-
tions contain singularities. In this appendix, one way of handling these singularities
is shown.

Integrals containing g, have the form [[ f(v1,v2)gm(v1, ve) dvy dvg. The inte-
grand g,,(v1,v9) has a logarithmic singularity, i.e., g, (vi,vs) ~ In|vy — vy|, i.e., the

integral is of the type [6]
b
/ f(z)Inzdx

Changing variables x = y?gives an integral where the singularity is removed, i.e.,

b
/ f(y*) Iny® 2ydy
Ja

The second Green function contains a singularity of the third order, i.e.,

eIk 1 +jkR
gm<U17U2>:/ (¢, v1,v2) D(, v1,v2) cos(me) dg = / 4 R ]COS(TWb) do
where R = |ry — ry|. This Green function occurs in two different combinations,
either as

Qm—l(Uh U2) - 9m+1(111, Uz)

or
f(v1,v2) gm (v1,02) + h(v1,V2) [gm—1(v1, V2) + Gms1(v1, v2)]
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The first combination can be rewritten as

™

Fm—1 (V1,V2) — Gmy1(v1,v2) = 2/9(¢=”1,U2)D(¢701702) sin(me) sin(¢) dg

0

(& J/

1 r e~ikR j sin(mao) sin(¢
:%/{ B —|—Jk‘6 kR} ( R)Q ()dgb
0 ~

singularity removed

T 1 22 sin(ma) sin(¢)

- =z - s : —jkR

o / { ==+ 7 T w
0 —— ~—

singularity removed analytically solved

That is, the singularities are removed.
The second combination is rewritten as

f(v1,v2) gm (v1,v2) + A(v1, v2) [Fm-1(v1, V2) + Gimga (1, v2)]

™

= /g(¢, v, v2) D (¢, v1,v9) [f(vl,’vz) + h(vy, va) COS(¢)] cos(mg) dg

0
T 1 efij -1 1 .
- = 1 jhon)
/47T{ R + R +jke
0 — ~
singularity removed  analytically solved
1 sin? (M
) [f(Ul,UQ) + h(vy,v9) Cos(gzﬁ)} [ﬁ _9 R(22 ) } do

singularity removed

Continuing with the term that still contains a singularity gives

™

_ikR _ .
/ %{% + % + jk eﬂkR} [f(Uh v9) + h(vy, v2) cos(qﬁ)} % do
0

s

—3 .92 Q
:/i{e JkR_l+l+jke_ij}[f(U1,’U2)+h(U1,U2) —2h(v1,v2)sm (2)}dq§

R R R R R
0 TV

singularity removed

This means that the only term where the singularities are not removed so far is
[ g(é,v1,02)D(¢, v1,v2)[f (v1,v2) + h(v1,v2)] dp. To remove this last singularity we
0

investigate the triple integral, i.e., [[[...d¢dv; dvs instead of performing the in-
tegrations over ¢ and v separately. The actual expressions of the terms containing
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this last singularity are,cf., Appendix G,

// —p(v1)2' (v2) g (v1,02)

[P (02) = @a)[2(0) — (o)) Tt IO a) g g

2
//—Z U1 02 Im (71171}2)

o)) + ) [ — ()] ) ) g, g,

Both integrals are treated in the same way, i.e., only the first one is investigated in
detail. Only the part of the Green functions containing the singularity is investigated

//j —p(v1)2 (v2)g(d, v1,v2) D (b, vy, V)

[p(w)z (v2) = 0 (va)[2(02) = 2(01)] | (6, 01, v2) DB, 1, v2) Ao vy dly

-/ // ()l — plo1)) 9 02)20) — (o] e g oy

(E.1)
Now, both p(v;) and z(v;) are expanded in its Taylor series about v; = vs.

p(v1) = p(vg) + p'(v2)(v1 — v2) + P"(202) (v1 — v2)* 4+ O((v1 — v2)?)
//(U2)
2

That is, in the vicinity of ve, (E.1) can be written as

/ / j [Z,(W)[—p'(vg)(vl — ) — p”(2v2> (01— v}

2" (vg)

= P ()= () (01 = v) = T (0 = )] | ddur du,

P
. 1 f / 1" / " QG_ij [1 +JkR}
=5 /// [—2(v2)p" (v2) + p'(v2)2" (v2) ] (v1 — v2) o d¢ dv; duy

/// '(v2) + p/(v2) 2" (v2)] (01%2”2)2

—_—

singularity removed

(v1 — v2)? + O((v1 — v2)?)

z(v1) = 2(v9) + 2'(v2)(v1 — v2) + :

e *[1 4 jkR]

e iR _ 1 1 :
: { —— + =+ jke—JkR} deb dv, dv,
S—— ~~

singularity removed analytically solved

and all the singularities are removed.
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Appendix F Matrix expression of the integral rep-
resentation

In this section equation (2.9), i.e.,

o] (e [[otrirpam as vl [[Sgr S gt as

Srad
_ v E(r2) | _ |EY(p2,02)
+/ Vlg(rth) X M<T1> dSl}_ |:9A0 A E(TQ)l - |:E§0(<,02,’U2) ro € Srneas
<~

1
—jwpoh +j— L+ I3 =FE
WE€Q

is rewritten into a system of matrices. Start by writing Iy, I and I3 as
o 1la v 12a 79
_ llb gv 12b 70
(L2);; = Zi; "I} + 257 T;
(I3);; = Xy M + X MY
for the v-component and
o 2la 7v 22a 79
_ 21b gv 22b 7
(L2);; = 255" J + 257 ;
(Iy);; = X33 My + X7 M
for the ¢-component. The indices are j = 1,...,J, where J =N, andt=1,...,1,
where I = N**. This gives the matrix system,
: ]
— Jjwpo [l + = [I] + [I5] =
WEq

[ —jwno [Z2M] + L [Z2M] —jwmo [Z”? 1 = [2] ] { "] }

_jwﬂo [Z21a]_|_w%0[221b] _jWMO [ZQ2a %60[22%} [Jso]
Lo feet [ ] = [
<~

|G ) [ = Lt et ] [ ) =L ] e

for all m. Expressions for the matrix elements [qu and [X ’“l} are derived in the
next section.
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F.1 The impedance matrices

For a given value of the index m, the impedance matrices in (F.1) are given by
Ziljl — _jwqu}jla + L Z1Ib where

Z* = i [ B 0nen {p @)+ ) )L} vy
= 2/f~V v1)p(v1) 2 (v1) G (v1, v2) dvy
Zi" = ) /8@1 (v1)f Ul)]{PI(UZ)P(Uz)[i + p'(v2) p(v2) Iy
2 (v2)

[2(e2) = (o)l = p(01)p (v2) 1. } doy

0
=2/a o) 5 (00)] [2(02) = 2(00)]Gon(w1, v2) o
\ U1
and 7?2 = —jwpoZ;7* + wJeO Z?> where
Zi1j2a = /fgo U1 U1> (’Ul)] dUl =0
7 = vt/ﬁvl o { o)+ p(e)plea)
2)
+ 2 (02) [2(v2) — 2(v1)] 1a — p(vl)p’(vg)le} dv,
= Qjm/ff(vl)hv(vl) [z(vg) - z(vl)]gm(vl,vg) duvy
\
and Z7! = —jopo Z3* + w%Oijlb where

ijla = /fV v1)p(v1)p (v1) 1. doy

) [Gm_l(vl, UQ) — Gm+1 (Ul, /UQ)i| dUl

vy
) 0
=] /P(Ul)a—[ (v1) [} (01)] [Gm—1(v1,v2) = Gya (v1,02)] duy
and Z7? = —jwpo 27" + wj—etoj?b where
Z;7 = /ff(vl)hv(vl)l)(m)[b duy
= /ff(vl)hv(vl)P(Ul)[Gm—l(U1,U2) + Gm—l—l(Ul,UQ)} duvy

22 =jm [ f(e)p(eby (o)l du

= —m/ff(vl)P(Ul)hv(Ul)[gm1(UlaU2) — Gmi1(v1,02)] duy
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p(“l)z (Ul)P (v2) = p' (V1) (v2) [2(v2) — 2(v1)] + p'(v1)p(v2) 2 (v2) | Iy dun
=J/f~ v1)p(v1)p (V1) p(v2) [Gn1(v1,v2) = Grns1 (v1, 02) ] dvs

12
X2 =

(v1)p(v1)hy (Vg ( p(v1)2' (v2) 14
¥ [p@z)z () = e 02) = (001, ) o
= [ 7000 01) (20001160 01,25) + 0] [Grcs(012) + G, 02)] ) b
X2 = [ £ (epto) (= wptea) i+ [p(en)2 00) + #on)leten) = (o]
- o)) do
= [ £3te0p(en) (=22 )t (01, 12
T [p() (1) + 0 (00)[(w2) — 2(01)]] [Gonr (01, 2) + G (01, w)}) dvy
X% == [ e (wp(en) ) - (o)) I do
=i [ £ w00 [2(en) = 200)] [Gonos (01, 22) = G (01, 2)] o

where the integrals I, — [; are given in Appendix D and the Green functions are
defined in (D.1).
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Appendix G Matrix expression of the integral equa-
tion

In this section equation (2.6), i.e.,

quo /// \I’ 7’2 ’r'l,’l"2>J(’l"1> dSl ng

Iad Srad
we /// VQS 7“2 ("“177°2)[V1S J("‘l)} dS; dS;
0
rad Srad
/// ‘I’ 7“2 Vg 1"177"2> X M('I”l)] dSl dSQ (Gl)
rdd Sl‘dd

__// A(rs) X B(ry)] - M(ry) dSy = 0

rad

) 1 1
jwpo Ly —j—1Is — Ig — =17 =0
WE€Q 2

is rewritten into a system of matrices. Start by writing I,-I; as
(L) = Zif N T} + Z2A ¢
(Is)y; = 2P0 + 2P J7

Aqgv A
(Ig);; = X A MY + X 2AM?
(I7)

¥
_ 11B v 12B (%)
L), = XLBMY + X280

ij
when ¥ = W . and
( ) — ZQlAJV + Z22AJ<,0
([5> — ZQlBJv + Z?ZBJQ&
( ) X21AMV + XZQJ2AM;O
(1), = XEPAL + X220
when ¥ = W7 . The indices are j = 1,...,J, where J = N, and i = 1,..., I, where
I = N,. This give the matrix system,

fomo (14 = =115 = (1) = 5 (1] =
|:jWMO [leA] _ ﬁ [ZHB} jW//JO [ZIQA] _ ﬁ [ZIQB} ‘| |: [JV] :|
jWMO [Z21A] _ WJ_GO [Zle} jWPJO [ZZQA] o [ZZQB} [Jgo]

weg

+| 2 Penad Z1 frms] ] 1 freed || Bl | = |

—

1\}
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B B[]+ [ Gl B ][0 ] [0l] e
for all m. Expressions for the matrix elements [Z*] and [X*'] are derived in the
next section.

G.1 The impedance matrices

For a given value of the index m, the impedance matrices in (G.2) are given by
Zl = jwpZi* — 250 where

( Zih = / fz-v(w)f]'v(vl)/?(%)P(Ul){P’(W)P’(Ul) I + 2 (v1)2 (v2) IA} dvy dv,
2
718 = / / ]ai[ (00) £} (01)] Ia don do,
_47T// (o) (v ]a‘zl[ (0) £ (01)] g don du

and Z}? = jupo Z}H — L7125 where

weg g

— i | / f;<v2>f-v<v1>p<v2>p<v1>{ﬂ(w)ﬂ(w)w ¥ z'<v1>z'<v2>gm} doy do

N\

\

( ZIA = —/ £ (2) 7 (v1) p' (v2) p(v2) p(01) oy (v1) T Ay dog
—jir | / i (0s) £ (0 ()p(02)plon) o (10) 221 9251 i
22 =i [ [ 5o [ptua) £ (] 00 L don
\ = jdmm // 90s p(v2) £ (vg }f”(vl)hv(vl)gm dvy dwy

21 _ 21A _ i 2IB
and Z7 = jwpoZ;; " — ;2 where

(728 = / / 12 () £ (0)p(02)0 (02)p(02) oy (02) I vy o
—j47T/ [ (v2) f} (Ul)P(Ul)P (v1) (02 (02) I Qv oy

2
Z2”3 —jm // 17 (va)h 122

[ (v1) 7 (v1)] Ia doy doy
= —j4mm // 17 (v2) hy(v2) %[,o(vl)f;(vl)} G dvy dvg
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and Z2 = jopo 2" — 7228 where

weg )
[ 7224 _ / £7 (02) £2 (1) p(02) o (02) (01 ) e (1) T oy vy
_47r//f‘P 02) £ (00) p(02) s (02) (01 )y () L It 1;9’”“ do, dv,
2% _ / / £ (02) ££ (01) o (v2) By (01) T doy vy
= tmm? [ [ £ 00 w3y 00) g do do

\

and AL = —X 1A — 2 X1IB where

X“A / I3 (1) £ (v2) p(v1) p(v2)
[=p (01)p' (v2) = p'(v1)p (v2) [2(v2) — 2(v1)] + p(v1)p(v2)2'(v2)] I dvy duy

—47TJ//f v1) £ (v2) p(v1) p(v2)
<

A= P02 00 (02) — (00)9' (02) [2(02) = 2(01)] + 9 (01)p(e2) 2 (v2) }

) gm—l(UhUQ) - Qm+1(01, U2)

9 dUl d’UQ
\ Xille =0
and X2 = —X12A 1XHB where

i = [ g0 s ptoptesiin () (~pton) s
[0/ (02) = 02)[202) = {00} ) ooy

= dn // ff(vl)fiv(U2)P(U1)P(U2)hv(?}1)<—P(Ul)zl(v2) Gm (U1, v2)

[ 0) = penletun) = s(on)] Bt Sl te)) gy,

| X3 = - / 13 (02) 12 (02)p(v2) iy (v2) o
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and Xél = —ijlA — %ijlB where
Xz = [[ o szeptenptunn,a) (2 (o)ptes)
+ [p(v1)2 (1) + p' (01)[2(v2) — 2(v1)]] T — Z’(v1)p(v2)11) dvy dvy

=4 [[ D) (—z'(vop(vg) G (01, 02)

gmfl(vla U2) + Slm+1(U17 U2)
2

+ [p(v1)2' (v1) + ' (01)[2(v2) — 2(01)]] ) dvy dusy

X2B — o / F2(02) £ (02)plv3) ey (v2) vy

22 y22A _ 1y22B
and X7° = — X7 5X;; where

( XEjQA = _/ f;'o(Ul)ff(UQ)P(Ul)P(W)hv(U1)hv(1}2) [Z(Uz) — Z(U1>][F dv, dvy

= —47Tj/ £ (1) £ (02) p(o1) p(v2) by (01) g (v2) [2(02) — 2(v1)]

) 9m-1(U1,U2) - gm+1(U17 Uz)
2

dv1 d?)g

22B __
[ X228 =0

where the integrals [y — I; are given in Appendix D and the Green functions are
singular versions of the ones defined in (D.1). The numerical treatment of the
singularities in the integrals is addressed in Appendix E.
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