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Abstract

We present some general estimates of the scattered electromagnetic fields for a
general bounded scattering domain €2 in the anisotropic materials setting. In
particular, it is shown that the [|-| 12(q,.c3)-norm and sup-norm of the scattered
field in an arbitrary finite exterior domain €5 are bounded by the H(curl, )
norm of the incident field. Moreover, several estimates of the traces of the
scattered field on the boundary and a circumscribing sphere are presented.

1 Introduction

Estimates of the scattered field in terms of the excited (incident) field play a crucial
role in controlling how much energy an obstacle scatters. In some applications the
aim is to maximize this energy in some specified directions or sectors. In other situa-
tions, the objective is to create a scatterer such that the scattered energy is as small
as possible — preferably zero. In particular, invisibility devices, so called cloaks,
which have attracted quite some attention lately, see e.g., [6,7], is an application
where the goal is to enclose the scatterer such that the scattered field is as small
as possible. To be successful in this endeavor, the control of the scattered field is
needed.

In Section 2, the scattering problem is formulated in a variational setting and the
existence and uniqueness of the solution to the scattering problem for an anisotropic
scatterer is proved. Some of this technique is well known, see e.g., Refs [9,12]. One
of the cornerstones in this approach is the coercivity and the a-prior: estimates of
the solution to the problem. Existence and uniqueness of the scattering problem
are proved in Section 3, and the estimates of the scattered field are presented in
Section 4. The paper is closed with some conclusions in Section 5 followed by a few
appendices with definitions and more technical details.

2 Formulation of the scattering problem

In this section, we present the geometry of the problem, the scattered field, and its
solution in a weak setting.

2.1 The interior problem with anisotropic material

Let  be a bounded, open simply connected set in R® with C' boundary, 0Q.
The outward pointing unit normal is denoted by ©. We denote the exterior of the
domain Q2 by Q. = R3\ Q, which is assumed to be vacuous and simply connected.
See Figure 1 for a typical geometry.

ISeveral of the results presented in this paper holds also for Lipschitz boundaries.



Figure 1: Typical geometry of the scattering problem in this paper. The domain
), its boundary 0f2, and the least circumscribing sphere 0€)r are shown.

The Maxwell equations in the anisotropic case are given by? (we adopt the time
convention e w?)

{v x E(x) = ikop(x) - H(x) o (2.1)

V x H(x) = —ikoe(x) - E(x)

The wave number in vacuum is ky = w/co, where w is the angular frequency of the
fields, and c¢q is the speed of light in vacuum. The dimensionless entries of €(x) and
p(x) are elements in L>°(£2; C). Throughout this paper vectors in C?® are typed in
italic boldface, and linear transformations (dyadics) on C? in roman boldface. Unit
vectors are denoted by a caret (7).

We are looking for solutions E and H of (2.1) in the space H(curl, ), see
Appendix A for details and definitions of function spaces. A weak formulation of
this problem is given in Section 3. The boundary conditions on 02, that connect
the solutions in the domains €2 and €2, are introduced in the formulation of the
exterior problem, and the pertinent radiation conditions presented in Section 2.3.

The incident field, FE; or H;, is assumed to have its sources in a bounded re-
gion € C Q, i.e, QN = (. Outside this region, the fields satisfy the time-
harmonic Maxwell equations in vacuum, and they are assumed to have traces on

2We use scaled electric and magnetic fields in this paper, i.e., the SI-unit fields Eg; and Hg;
are related to the fields E and H used in this paper by

Esi(a) - ’f/(;), Hgi(x) = }j%

where the permittivity and permeability of vacuum are denoted by €y and g, respectively.



082 belonging to H—1/2(div, 9Q), more precisely (v(E;),~v(H;)) € H~Y2(div, 98) x
H=/2(div, 09), see Appendix A. Otherwise, the incident fields are arbitrary.

The material properties, for the given fixed frequency ko > 0, are assumed to
be bounded and passive, i.e., €, u € L®(Q; C3*3) and the material properties are
assumed to satisfy the coercivity condition

(Z)T . (—iko (8 —€') " <3 - ,U»T)) . (Z) > ¢ (Jal? + |b?) (2.2)

almost everywhere for all fields a, b € C3 and a given constant ¢, > 0, which depends
on the frequency. The dagger T denotes the conjugate transpose. This condition is
equivalent to the assumption that the material is lossy almost everywhere in (2.

2.2 The exterior problem

The presence of the material in the domain €2 distorts the incident fields E; and
H;. This distortion is denoted by the scattered fields, E; and Hg, which belong to
Hyoe(curl, Qo).

In €2, the sum of the incident and the scattered fields is defined as the total
field, i.e.,

x €

E(x) = Ei(x) + Es(x)
Hx) = H(x) + Hy(x)

The boundary conditions on 0f2 are
(2.3)

v (Ei+ Ey) =v_(E)
v+(Hi+ Hy) =~v_(H)

where the trace operator from the outside (inside) of Q is denoted by v, (v_).
The trace operator is given as y_(E) = U x E|,, if E is in C(Q;C?), and analo-
gous for the trace from the outside, «v,. The traces belong to H=12(div, 09), see
Theorem A.1.

The exterior Calderén operator or the admittance operator C is defined as the
mapping of the tangential component of the scattered electric field to the tangential
component of the scattered magnetic field on the boundary of 2. We use the solution
of a specific exterior problem to make the definition precise. This solution is found
in the following section.



2.3 An auxiliary exterior problem (R)

Consider the following exterior problem where the tangential component of the scat-
tered electric field on the boundary is given by a fixed vector m € H~/?(div, 09),?

1) (B, Hy) € Hloc(curl,ﬁe) X Hloc(curl,ﬁe)

V x Ey(x) = ikgH(x)
) { V x Hi(x) = —ikpE.(z) © %
& x Ey(z) — Hy(z) = o(1/z) (Problem(R))  (2.4)
3) ¢ or as T — 00

T x Hy(x) + Ey(x) = o(1/x)
4) v, (E,) = m € H *(div,0Q)
This problem has a unique solution [1, 3].

Definition 2.1. The exterior Calderon operator C° is defined as
C®:m sy, (Hy),  H Y*div,00) — H?(div,09),
where m = v (Es) and the fields Es and Hy satisfy Problem (R) in (2.4).

We notice that the exterior Calderon operator C° is uniquely defined for all
m € H~'/?(div,0Q), since Problem (R) has a unique solution in Hjo.(curl, Q) x
Hyoo(curl, Q) for any m € HY/?(div,00) and ~,(H,) € HY?(div,09). If we
want to emphasize dependence on the bounding surface of the scatterer, we adopt the
notation C%,. Details on the space H~'/2(div, Q) and its dual space H~1/2(curl, )
are given in Monk [9].

Theorem 2.1. The exterior Calderon operator defined in Definition 2.1 has the
following properties [3, 15]:

1. The exterior Calderdn operator satisfies the positivity condition

Re [ C°(m)- (& xm)dS >0  forallm e H Y?(div,0Q).  (2.5)
o0

where AS denotes the surface measure of OS2, and the bar denotes the complex
conjugate.

2. The exterior Calderon operator satisfies

(C°)? = =1 on HY/?(div, 0Q),

3. The exterior Calderdn operator is an isomorphism in H~/?(div,0Q), and con-
sequently there exist constants 0 < cc < Cq, such that

cellmllg-12aaiv,00) < 1C° (M) | g-12(a1v,00) < Cellm|g-1/2aiv,00)

3The source m can be interpreted as a magnetic current density.



4. The exterior Calderon operator is independent of the material properties inside
the domain €.

From item 2 we conclude that the norm of the exterior Calderén operator satisfies
|C°l fr-1/2(aiv.00) = 1, and also that the constants in item 3 can be chosen as c¢ =

NCN i-172(aiv,00) and Co = [|C°[l g-1/2(aiv 00 -

2.4 Sesquilinear form and weak formulation

The sesquilinear form for an anisotropic obstacle is [3, 15| defined next.

Definition 2.2.

A(u,v):/{kio(m) -p,1~(V><u)—ik:06-e~u} dv

“ (2.6)
- /71'_('0) -C%v_(w)) dS, wu,v € H(curl,)
o

where the trace operators w_ and v_ on H(curl, Q) are defined in Theorem A.1, and
where dS denotes the surface measure on the bounding surface 02, and dv denotes
the volume measure in R3.

Substituting m = v_(wu) in the inequality (2.5) gives

—Re/ﬂ'(u) L C(y_(w)) dS > 0

The sesquilinear form is continuous, bounded and coercive on H(curl,2). The con-
tinuity and boundedness follows immediately from the properties of the material in
Q, and from (for the definition of the space H~/2(curl, 09), see Appendix A)

| [ 700 Cor-w) 48] < Calm—()-vemnom 17— @)l
o0

S CCCWC’)/ H’U HH(Curl,Q) HuHH(curl,Q)

where we have used the continuity properties of the trace operators w_ and v_ on
H(curl, ©2) in Theorem A.1. The coercivity is proved in [15], but will be restated in
the next section in a slightly more distinct formulation. We note that the sesquilinear
form couples the interior problem with the solution to the exterior problem through
the exterior Calderon operator C°.

The scattering problem can now be written in a weak form, i.e., the interior
problem (2.1) supplied with the boundary conditions (2.3), which couples the interior
problem with the exterior problem (2.4), supplied with its radiation conditions.

A(E,v) = f(v), Yve H(curl,Q) (2.7)



where

flv) = / (v, (H)) — (v, (E)) - 7—(0) dS, Vo € H(curl, Q)

Note that the given incident fields E;, H; act as a bounded linear functional on
H(curl, Q).
3 Existence and uniqueness of solution

In this section, we characterize the sesquilinear form, which yields existence and
uniqueness of solution due to Lax-Milgram’s theorem (for proofs see [15]).

3.1 Coercivity

We have the following coercivity properties for the sesquilinear form (2.6):

Proposition 3.1. For fized frequency kg, the sesquilinear form A in (2.6) is coercive
on H(curl, Q) in the following sense

Re A(u, u) > OIHU’H%Q(Q;C?’) + Cof|V x ’U’H%Q(Q;C?’) = CA”’U’H%{(curl,Q) (3.1)
where the constants

C, = igf min (Eig (—iko (e(2) — €'(2)))) > cm

and
Cy = SUp max (Eig (—iko (u(2) — p'(2))))
= inf min (Eig (iko‘1 <u‘1(§3) - lf”@))))
and Cy = min(Cy, Cy).

The following Corollary follows at once, since |A(u,u)| dominates Re A(u, u).

Corollary 3.1.

|A(u, u)| > OIH’UJH%%Q;@S) + G|V x UH%Q(Q;C?’) = CA”’U’H%{(curl,Q)

3.2 Existence of solution

The weak formulation (2.7) has, for given material properties in the domain Q, a
unique solution due to Lax-Milgram’s theorem, see Theorem A.2 in Appendix A
and [5].



Theorem 3.1. Equation (2.7) has a unique solution E in H(curl, Q) satisfying

1Bl mreune) < C (v (Hi)ll 120 .00) + 17 (Bl -1/2 (v 00)

where the constant C depends on the material parameters in ), the geometry (the
shape of Q), and the frequency. In fact, C = CcCr/Ca, where Cy is given in
Proposition 3.1.

Proof. The right-hand side of (2.7) is bounded by

Pl = sw | [ (7, (H) =y, (B) - 7(0) d

”"-’”H(curl,ﬂ):1

< max(1,Co)Cx (||'Y+(Hi)||H—1/2(div,aQ) + ||’Y+(Ei)”H—1/2(div,aQ))

which immediately implies the result of the theorem by the use of Proposition 3.1
and Lax-Milgram’s theorem, see Theorem A.2. Notice that max(1,C¢) = Cgo by
Theorem 2.1. [

The right-hand side of (2.7), and consequently the bound in Theorem 3.1, is
bounded by the energy of the incident field in the scattering domain. We state this
in a Corollary.

Corollary 3.2. Equation (2.7) has a unique solution E in H(curl,Q) satisfying
||E||H(curl,ﬂ) S C (HEiHH(curl,Q) + ||Hi||H(curl,Q))
where C' = CcCC.,,/Cjy.

Proof. The statement follows at once, since the trace norm is bounded by the norm,
see Theorem A.1. O

If the incident field is the plane wave, i.e.,

{ El(a:) = .E'()eikoki'm

A - z € R?
HI(ZB) = k; x Eerkoki'm

~

where Eq - k; = 0, then we have the following corollary:

Corollary 3.3. If the incident field is a plane wave, then equation (2.7) has a unique
solution E in H(curl, ) satisfying

||E||H(Curl,Q) < C|E0| |Q|1/2

where C' = 2C¢ (1 + kg)l/2 C:C,/Ca. The volume of Q is denoted by |€].

Proof. The proof follows from Corollary 3.2, and the following bound on the terms
in the right-hand side of the result in Corollary 3.2, i.e.,

2
1Bl 2 ey = 1 Hilloreuney < (1+K5) [Bol” 1€



From the existence of the interior electric field, we construct the corresponding
magnetic field H(x) as?

H@) = n'(@) (VxE@)
V x H(x) = —ikoe(x) - E(x)

With the internal fields E(x) and H(x), we apply the trace operator from the
inside, v_, and construct the tangential scattered electric field from the outside,
v, (Es) = v_(E — E;). An application of the Calderén operator on ~y, (Es) then
gives the proper exterior solution.

3.3 Alternative existence proof

Theorem 3.2. Equation (2.7) has a unique solution E in H(curl, Q) satisfying

| E#curno) < C|lEi|| m(cu,0)
where the constants C' =1+ C5/Ca, and where
C3 = max (k‘0||e — Is|| oo (873, kot — IgHLoo(Q;(cBXS))
and Cy is given in Proposition 5.1.

Notice that the constant C' in this estimate does not contain the constants C¢g,
Cr and C, as in Corollary 3.2.

Proof. Apply the disturbance of the interior field due to the scatterer, i.e., the
difference between the internal solution and the incident field, v’ = u — E; to the
sesquilinear form (2.6). We get

Au',v) = /71'(1;) -C*(y_(E)) dS
o0

_/{kivxv.u1.Vin—ik06-e-Ei} dv, Vv € H(curl,Q)
0

The weak formulation of the difference between the internal solution and the incident
field, E' = E — E; then is

A(E',v) = h(v), Yo € H(curl,Q)

4This construction is consistent, since —ikoe(x) - E(x) is the weak curl of H(xz) = -—p = (x) -

lk()
V x E(x). In fact, we have
(H,V X &) 12(0,c0) + iko (€(®) - B(2), @) 120,08y = 0 Vo € D(2;C?)

since A(E,¢) =0, V¢ € D(Q;C3?).



where the right-hand side is a linear, bounded functional on H (curl, 2). In fact,

h(v) = / T @) C°(v_(E)) dS

[2}9]

—/{kavu Vin—ikoﬁ-e-Ei}dv
0

+ [ )~ oy (B) - 7] ds

o9
or since v_(E;) = v, (E)

h(v) = lko/ (e_Ig)Edfu—kio M x0)- ('~ L) - (V x B) du

lko/v E, dv——/ <0 - (VXE)dv+/7+(H) (o) dS
Q a0
which we rewrite as
1

h(v) = 1k0/ (e—13)- E; dv — ™ (Vxwv)- (p ' =1I3) - (V x E;) dv

We have here used the properties of the incident electric field, viz., V x (V x E};) =
k(2)Ei; and

ko

ko [5-Bido—~ [V x0)-(VxB)do+ [~ (H) 7 (0) dS
7 /
ko

/ {vx(VxE)}dv+/7+(H) w_(v) dS

o0

:/,}.Q{ﬁxHi} dS+/7+(Hi)-7r(v) dS =0

o0N o0

This leads to the estimate

|h(v)] < kollvl|2ico)ll€ — I3l oo (so8x3) [| Bl L2 (009
+ k’o_l”v X ’UHLz(Q;CiS)H.u‘_l - I3HL°°(Q;(C3><3)”V X EiHL2(Q;(C3)

and due to the assumptions made on the material parameters, we get
|h(v)| < CSHUHH(Curl,Q)HEiHH(Curl,Q)
where the constant

C3 = max (koll€ — Ts| o (ueoxs), ko Ile ™" — Tsl| oo ueoxay)
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Consequently, the norm of A in the dual space of H(curl, Q) is

||| 7 (cur ) = sup \h(v)] < C3|| Ei|| g(eun,0)

|’l) |H(curl,Q):1

Therefore, by Lax-Milgram’s theorem, we can estimate the disturbance as

||E/||H(curl,Q) S CHEiHH(curLQ) (32)

where C' = (C3/C}4, where C4 is given in Proposition 3.1, and the proposition is
proved by the use of E = E' + E;. O]

We have also proved

Corollary 3.4. The solution E' = E — E; salisfies

||E/||H(curl,Q) S CHEiHH(curLQ)

where the constants C' = C3/Cy, where Cs is given in Theorem 3.2, and Cy is given
in Proposition 3.1.

Corollary 3.5. If the incident field is a plane wave, then equation (2.7) has a unique
solution E in H(curl, Q) satisfying

| Bl t(curo) < C|Eo| !Q!”z

where C' = (1 4+ C3/Cy) (1 + kg)l/z. The volume of Q is denoted by |2

Proof. The proof follows from Theorem 3.2, and

1B cuney < (1 +K5) [Eol* 92

4 Representation of the scattered fields

Outside any circumscribing sphere of the domain 2, ¢.e., any sphere with radius
x > R, the scattered field can be represented in an infinite series of spherical vector
waves U, (kox). The spherical vector waves are defined in Appendix B, see also [15].

We start with some general expressions and representations of the scattered field
in Q.. The scattered field Eq(x), i.e., the general solution to Problem (R) in (2.4),
has an integral representation [4, 13]

Be) =1V x {Vx [Lglla - o) Oty (B)&) a5}
00 (4.1)
+ V x /Igg(|m —2|) -y, (B)(Z) dS, xzeR*\Q
o0
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where we have used the notation

eikoy

9(y) = Ty

Moreover, outside the least circumscribing sphere (radius R) of €2, the solution
can be represented in terms of outgoing spherical vector waves [13].

CC) - Z anuTn(kOm)
™ >R (42
Hs(w) = _k_o Z anv X Um(/fow) = _IZ ffnu?n(k0w>

where n is a multi-index, and where the index 7 is the dual index of 7, defined by
1 =2 and 2 = 1. The explicit expressions of the electric and magnetic fields in (4.2)
for x > R are, see Appendix B

Es(w) Z (flngl(kox) Aln(ﬁ:)

n

‘|‘f2n (éléo )A2n T v l+ k2 2 A3n i)))

(4.3)
H,(x) = —iZ(fln (gl; Ao, (&) + 11+ 1 kQ 2 Ag,( ))
\ + anéng(;x)Aln(ﬁ:)>
and
7+(Es)(w) =T X Es(w) - Z flnglgfo(;v) A2n<ﬁ:) f2n€llgz(;x) Aln(i))
C(v4(Ey))(x) = v, (H;)(w) = & x Hy(x) (4.4)
§i (ko) A &i(ko) .
\ ; (fln i A () = fon lk:o A2n(33)>
and

m(B)(@) = 3 (fn e An@) + 0 S0 40 @))

w15 (5 A o)+ 2, 8, )

Here, A,, are vector spherical harmonics, see Appendix B and [15]. The coeflicients
frn are determined by [13], i.e.,

Fon = —k2 / Vo (ko) - C° (v, (Ey))(x) dS + ik2 / Vi (ko) - v, (Es)(x) dS (4.5)

o0 o0
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>
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089

Figure 2: Typical geometry of the geometry in Lemm 4.1.

where v,,(kox) denotes the regular spherical vector waves, see [15]. In fact, the
representations in (4.2) and (4.5) are direct consequences of the expansion [2]

ISQ(R) = lkO Z urn(k0w>>v7'n(k0w<) = 1]{;0 Z UTn(k0w<)uTn(k0w>)

n n
=123 =123

where R = |z — @'|, and where the argument - (x.) denotes the vector with the
larger (smaller) magnitude of @ and x’. The coefficients f,, do not dependent on
which surface 02 they are evaluated on in the following respect:

Lemma 4.1. Let Q C Q; C Qs be two open sets in R3, and assume that 09, and
0y are CYY surfaces, see Figure 2 for a typical geometry. Then

fon=—kj / Vra (ko) - C%(v, (Es)) () dS + iky / vz (ko) - 4 (Es)(x) dS

=4 [ venlhoe)  C* (7, (B)(@) S + ik [ wralhoz) v, (B)(@) dS
002 002

Note that the Calderon operators and the trace operators on the surfaces 0€2; and
0€)y are different, but, to avoid cumbersome notation, we adopt the same symbols
on the two surfaces.

Proof. We start by noting that for € )., we have

ikoHy(x) = V x Ey(x) V x (V x Ey(x)) = k}E(x)
kovzn(kox) = V X v (ko) V X (V X 0 (ko)) = kv, (ko)
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By the divergence theorem (Gauss’ theorem), the difference between the integrals
in the lemma are

18 [ onnlhoz) - € (B)@) 45 + 8 [ vrallo) v, (Bu)(@) dS

00200 002 -00
= —iky / v(x) - (vrn(kox) X (V X Eg(x)) + (V X vp(kox)) X Eg(x)) dS
02—

= —ik‘o/Q . V- (Vrn(kox) X (V X Eg(x)) + (V X v (kox)) X Eg(x)) dv

However, the integrand in the last integral is zero, since for & € Q, \ Q) C Q., we

have
V- (Urn(kox) X (V X Eg(x)) + (V X v (ko)) X Ey(x))
= (V X (ko)) x (V x Eg(x)) — kv (kox) - Ey(x)
+ k3 v (ko) - Eg(z) — (V X v (ko)) x (V x Ey(x)) =0
and the lemma is proved. O

From this lemma, we see that the coefficients f., only depend on the bounding
surface Jf2, the material inside €2, and the incident field (due to the dependence on

CG('Y-s—(ES)) and 7+(ES))-

4.1 Surface field estimates
Proposition 4.1. The scattered field on the surface OS2 satisfies
1Y+ (B tr-172(0iv,00) < CllEil| a5 (cur0)

and
||Ce(’7+<ES))HH*1/2(div,8ﬂ) < CCCHEiHH(curl,Q)

where the constants C' = C,C3/Cy, and where
C5 = max (ko€ — Is|| L (ocox3), ko [0~ — Isl| oo (0%

C4 1s given in Proposition 3.1, and Cq is the operator norm of the exterior Calderon
operator, which depend only of the shape of 2, and the frequency k.

Proof. We apply the result of Corollary 3.4, i.e.,
I E | gewe) < ClEi Hew,n)

where C' = C3/C}y, and where the disturbance of the interior field due to the scatterer
is E' = E — E;. The trace space norm dependence on the volume norm, H (curl, ),
and the boundary conditions imply

17 (Bl =172 a0 00) = 17 (E)[a-112(01v,00) < CHIE [ 11cun ) < CLCI B 1eur.o
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The bound on the exterior Calderén operator gives
1C (Y (B ir-1/2(av,00) = 1C°(Y (Bl -172(aiv.00) < CeCH |l E || m(eun0
< CeCO,C| Eil meur,0)
and the proposition is proved. O
If the incident field is a plane wave, the following corollary holds:

Corollary 4.1. For an incident plane wave, the scattered field on the surface OS2
satisfies
1/2
174 (Bl -12@ivony < C (L+K5) " [Eol [/

and
1/2

1C° (v (B 1-1/2aiv.00) < CcC (1+k3) " | Eol |92

where the constants C is giwen in Proposition 4.1. The volume of () is denoted by

62

Proof. The result follows immediately from the proof of Corollary 3.3. O

4.2 Scattered field estimates

Proposition 4.2. We have for any bounded domain s C Qe
| Es || 200008 < Cul| Ei|| b (cur,0)
and

sup |Ey(z)| < C5||E1”H(cur1,ﬂ)

.’.UGQS

where
Cy=0C H (CC”F1<J’.7 ')HH—l/Q(curl,aQ) + HFQ(w? ) HH—l/Q(curl,BQ)) HL2(QS;(C3)

CY5 =C Sug (OCHFl(w? ')HH*l/Z(curl,BQ) + ||F2(m? ')”H*l/Q(CurLBQ))
xells

C' is given in Proposition 4.1, and
Fi(z,2) = kiv x {V x Lyg(|lz — 2/|)}
0
Fy(z, 2') = V x Iyg(|z — ='|)
Proof. The integral representation of the scattered field in (4.1) reads

B.(e) = [ Fil@.a) - C*(y, (B)() dS

+ /Fg(a;,az/) v (E)(x') dS', =€ Qe
59



15

where

Fi(z,2) = kiov ¥ {V x Lg(|lz — 2'|)}

Fo(z,2') =V x Iyg(|lz — o))
Since v, (E;) and C¢(y . (Ey)) are bounded in H~'/2(div, Q), we only have to verify
that F;(x,2’), i = 1,2, are bounded in the dual space H~'/?(curl, 9Q), see e.g., |3, p.
38|, for all x € Q. In fact, the kernels are infinitely differentiable whenever @ ¢ 02,
which implies

|Es(z)| < [|Fi(, ')HH*1/2(cur1,8ﬂ)|’Ce(7+(ES))”H*l/Q(div,BQ)
+ [|Fa(z, '>||H—1/2(cur1,a§z)||’Y+(Es))||H—1/2(div,aQ)
< C(@) 1Y (B r-172(av.00)

where
C/(CC) = CCHFl(w7 ')|’H*1/2(curl,89) + HFQ("B> .>HH*1/2(Curl,GQ)
Taking sup over all € ) yields
sup |Ey(x)| < sup C(@)[|17, (Eo)lla-1/2aiv00) < C"CllEi] m(can0)

e e

where

C" = sup C'(x)

ey

and where we have employed the result in Proposition 4.1. This ends the second
estimate in the proposition.
The first estimate also follows immediately. We have

2
VB2 oic0) = / By()? dv < C|C" s | B2 e
Qs

where we have employed the result in Proposition 4.1, and the proposition follows.
O

Corollary 4.2. Plane incident fields yield
|Bulzzaen < Ca (14 k)" [ Bol 102" 0] V2

and
sup | Ey(@)| < Cs (1+ k2) "% | Eo| 0]

:EEQS

where constants Cy, Cy are given in Proposition 4.2.

Proof. The result follows immediately from Proposition 4.2 and the proof of Corol-
lary 3.3. [



16

4.3 Far field amplitude
The far field amplitude, F(z), defined by [4]

F(z) = lim ze """ E(x)

T—00

is generally given in terms of the traces on the enclosing surface by
k o
Fla) =il x / [y (By) — & %, (F)} e 4% 4
s

From the expansion of the scattered electric field outside the least circumscribing
sphere, (4.2), we also have

~ 1 —i —T)m 5
F(z) = k—oz frne 2202 A () (4.6)

where the coefficients fi,, and fs, are determined by the orthonormal properties of
the vector spherical harmonics, 7.e.,

fon = kel 0427)7/2 / A.(&)- F(#) dT

where T is the unit sphere in R3.

From (4.3) and (4.4), we get by orthogonality of the vector spherical harmonics,
and the definition of the trace norm ||-||%_, , see (B.2) in Appendix B and
Ref. 8.

(div,0Bz)

Lemma 4.2. The norm of the far field amplitude is
1
|F|[F = 72 S Il + 1 foal}
0 n

where the norm on the unit sphere T is defined in (B.1) in Appendiz B. Outside
the least circumscribing sphere, x > R, the norms of the tangential fields are (B, =
B(0, ) denotes the ball of radius x, centered at the origin, and k = kox)

1
B s = 3 IO ol + I o}

1€ (K)|? | fanl
H’Y(Es)Hirl/%div,aBz) Z{ VI ) &) | finl* + w/ll +|l lil

(4.7)
and

1
I o) = g I Ul + 166 1o}

1 n
Hv(Hs)HiI1/2(div,831)—k—82{M AT 6 o }

1+l +1)
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and the full fields have the norms

1B a0, = kigz{m(m)r? il + (m ) + 10+ 1 ) fon }

The result of this lemma can also be rewritten in a more symmetric form that is
more useful in the analysis. We have

“'Y(HS)Hi[—l/?(div,aBz) = Z{ V1 "’l [+1 |tl | |§l | |f1n|

n 1) | f2n|”
iti(k)|* /1 +1(1+1)

1 g
N 0

In Ref. 8 the following lemma is proved, and for convenience the proof is repeated:

(4.8)

where

tl(li) =

Lemma 4.3. For each fized k, the sequence t;(rk), | =1,2,3,... satisfies

c(r) < [tu(r)] < C(r)

where the constants 0 < c¢(k) < C(k) are independent I, but they depend on k.
Moreover, for fized kg > 0, ke(k) and KC(k) are uniformly bounded from above and
below for all k > Kyg.

Proof. Since neither §(2) nor §/(z) have any real zeroes z = x, t;(x) stay away from
zero and infinity for all finite [, and it suffices to check if the limit as [ — oo is not
zero or infinite to prove the lemma. The Riccati-Bessel function & (z) is an entire
function of z, and it has a finite series representation [11]

l
IZ 1 T l + k 1
5 ( ) _ i(l+1)m/2 Z k‘ 212)

and it satisfies the recursion relation

20+1

() = 6a() —26(), Eld) = 20T6(E) ~ Ea(e)

which implies

) _ 1 &)
&(k) K &i(k)
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We now focus on how the quotient f;(k) = &41(k)/& (k) grows as | — oo. From the
recursion formula we have

20+1 1 o1
fl(li) = - — fl_l(li)7 fo(:‘i) = -1+ E

Repeated use of this recursion formula leads to (continued fraction)

) = L 0w 00 )

which implies

/ [
223 =~ (1+0(1/1)
and
l 9 1
lti(r)| = T (1+0(1/1%) — —as [ — 0
and the lemma is proved. O

Lemma 4.4. The norm of the exterior Calderdn operator is ||C°|| y-1/2(qiv.00) =
sup, max{|t;(x)|, 1/|ti(k)|}. The norm depends on k = kox.

Proof. We have

] 1C(Y(E) | rr-1/2(av.08.)
|C ||H*1/2(div,8Bl.) = sup E
VB 17200 05, 20 V(B -1/2(01v.08.,)
H'Y(HS)HH*U?(div,@BI)
= sup
VB -1 /20050 o, 20 1V (B 11172 08,

The result of the lemma follows by comparing coefficients in (4.7) and (4.8) applying
Lemma 4.3, which certifies the boundedness of the expression. O

In Figure 3, we depict the norm [|C°|;-1/2(4iv0p,) as a function of the radius,
or the frequency of the applied field. The shape of the plot is due to the coupling
between the different modes in the expansions in the norms in (4.7) and (4.8). Each
local minima at the cusps correspond to a shift from one mode the the next one.
Larger radius and higher frequencies correspond to higher order modes at which the
mapping between the tangential electric and magnetic fields is the strongest. The
minimum at kgz =~ 0.6490 is the root of

1 V3kV1 + K2

1
| = = YT o B0 4 2kt 4 21 =0
K

lt1] V1= K2+ K2

Lemma 4.5. Outside the least circumscribing sphere, x > R, we have for any
spherical surface R < 11 < a9

2||F||% < ||7+(ES)||%§(8B(0,:p2);(c3) + ||’Y+(Hs)||%g(33(0,12);<c3)
< 7+ (B 2080,00)5c8) + 1V (H) 72 08(0,20):09
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H ce HH*I/Q(div,&Bz)

A

30 1

25 1

20

M
===

15 1

i . |

10 1

2=

rrCk k= kox

—

2 4 6 8 10

Figure 3: The norm of the exterior Calderén operator ||C°(| y-1/2(giv,95,) for a sphere
of radius z is depicted. The minimum of ||C°|| y-1/2(giv05,)(kow) = 1.541 is obtained
at kox ~ 0.6490. Below the minimum point |¢;| gives the maximum, and above this
value 1/|t;| gives the maximum. The dashed lines depict the function 1/[¢;(kox)| for
1=1,2,3,...,10.

and
| Esl 22 0B(0,22):c3) < | Esllz20B(0,21):0%)
| H || 2(6B(0,22):c3) < |1 Hs||L2(0B(0,21):0%)
The limats ' ‘
Tim [l (B[ 20000 = 1m [y (Hs)l| 2200.,09)
= lim | Eq|[ > 00,:09) = lim | H |2 (00,:09) = [|F'[|r
— 00 Tr—0Q
hold.

Proof. The lemma follows immediately from Lemma 4.2 and Lemma C.1 in Ap-
pendix C. O

Similarly, for the H~'/2(div, 9Q) norm, we have

Lemma 4.6. Outside the least circumscribing sphere, x > R, we have for any
spherical surface R < x1 < 29
2 2
||F||H*1/2(div,F)+||F||H*1/2(curl,I‘)
< ||'Y+(ES)||§171/2(d1v,,9312) + ||'Y+(Hs)”iplﬂ(div,a]gw)
< ||’Y+(ES)||§-1—1/2(div,ale) + ||7+(HS)H?—I—l/?(div,ale)
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The limit
HFH?{*1/2(div,F)+HFH§{*1/2(curl,F)
= ’}LIEOH’Y(ES)H?{—lﬂ(div,an) + H’Y(Hs)H?{—l/%div,an)
holds.

Proof. From Lemmas 4.2, we have

H'Y(ES)”?{fl/Z(div 9By) + ||’Y(H‘)||§{fl/2(div 9By)

1) fonl” \fzn\ AT+

& (R)[” [ fin]
k‘% a {m+\/1+ll+1 & (k | ’f%’}

€(s)" + L+ 11+ D)) |G ()
k2z T+ 1(1+1)

+

(‘fln‘2 + |f2n|2)

(I+1)
_kQZﬁ(mfﬂfﬁ):

||F||H—1/2(div,F) + ||F||H—1/2(cur1,r)

Since, by Lemma C.1, the functions |&/(x)|* + |&(k)]° and |&(x)|* are decreasing
functions of k, the lemma follows. Moreover, in the limit Kk — oo, we obtain

Hh_{goH’Y(ES)H?{—l/?(div,aBm) + ”'Y(HSM@—U?(diVﬁBm)
= HF”?‘I*/?(div,F) + ||F”§I*1/2(cur1,r)

by Lemma C.1, once again. O

5 Conclusions

In this paper, we present some general estimates of the total and scattered fields in a
general anisotropic setting. The exterior Calderén operator is employed to solve the
exterior scattering problem. The estimates of the fields are expressed in the natural
norms H (curl, Q) and H~/2(div, 9Q), for volume and surface estimates, respectively.
Estimates on an enclosing spherical surface are treated in detail. Moreover, pointwise
estimates of the scattered field in the supremum norm and the L? norm on an exterior
volume are given.

Appendix A Function spaces

In this appendix, we list the various function spaces used in this paper. Let € be a
bounded, open, simply connected set in R?® with Lipschitz and connected boundary

o0.
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The space C() is the space of continuous functions in 2. We also use Cy(f2)
which consists of all uniformly continuous functions, which are zero at the boundary.
The space C*°(Q2) is the space of infinitely continuously differentiable functions in
2, and C§°(2) are the functions in this space with compact support in €2, which we
also denote D(9Q).

Several function spaces with square integrable functions are used in this paper.
The basic space is (u: Q C R3 — C)

def

L}(Q) = {u(m) : u Lebesgue integrable in €, / lu(x)]> dv < oo}

with scalar product and norm

Q

where bar denotes the complex conjugate. Slmllarly for vector-valued spaces we
have the scalar product

(u, V) r2(0,c8) = /u(a:) -v(x) dv
Q
and the norm

/2
1/2
1l z20cs) = {/ lu(x dv} = (u, u) 0o
where - and | - | denotes the Euclidean scalar product and norm in C?, respectively.

We also define the function spaces
H(div,Q) & {u e L}(2;C%) : V-u e L}(Q)}
{H(curl, 0) < {ue L(C): V xue L(Q;C%)
which are Hilbert spaces with norms

1/2
H(div,Q) l (£2;C3) l/ (%))

/
Jelli e (||uHL2 o + IV X ulzgen)

The curl and the divergence are defined in the weak sense as

(VX u, @) = (w0, V X @) r20,08), V¢ € D(;C?)
(V-u,0)r20) = —(u, Vo) 12(0,09), Vo € D(Q)

In the exterior region, we define spaces of locally integrable functions as
Hie(div, Q) € {u € D'(Q; C%) : ¢u € H(div, ),V ¢ € D(R?)}
{ Hige(curl, Q) & {u e D'(Q;C% : &V xu € H(curl, ),V ¢ € D(R?)}
where Q, = R3\ Q and D’(Q.) is the space of distributions.
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A.1 Trace and lifting operators

On the boundary, we have the L? spaces

_ {u ; /|u(a:)|2 ds < oo}
o0

where dS denotes the surface measure of 9€2. For the vector-valued functions, we

have
L*(09;C?) = { /|u 2ds < oo}

L2(0Q; C?) = {u cu-v =0 and /]'u,(a:)|2 dsS < oo}
o0

\

The scalar products and norms are

(u, V) £2(00) :/U(m)@ ds,  |lullrze) {/!u } ’

o0

and

1/2
(u,v)Lz(ag;@) = /’u,(az) . v(m) dS, ||'U'HL2(8Q;(C3) = {/ |’u,(33)|2 dS}
00

0N

The appropriate trace spaces which we use in this paper are H~/?(div, 9Q) and
H~2(curl, 09) defined by

HV(div, 9Q) < {u € H3(09;C3), - u=0, divoou € H—%(aﬁ)}

H™'?(curl, 00) < {u, € H 2(0CY), b-u =0, curlpgu € H—%(asz)}

where the surface divergence, divyg, and the surface rotation, curlyq, are defined by
duality and restriction

(divaou, ) r2(00) = —(u, gradygd) 2(a0.cs), Vo € D(092)
Cuﬂag’u, =U- (V X ’U,)|8Q
and the surface gradient, grad,q, is defined by the orthogonal projection of V on
the surface 01, i.e., gradyne = w(V¢), where 7 is defined in Theorem A.1 below.
With the assumptions made on the boundary 992, H~/?(curl,0Q) is the dual of
H=2(div,0Q), i.e., (H™2(div,0Q))" = HV/?(curl, 9Q).
The following theorem is proved in [10]:
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Theorem A.1. 1. The trace mapping 7™ : H(curl,Q) — H~Y2(curl, o), that
assigns to any u € H(curl, Q) its tangential component U X (u X ©), is con-
tinuous and surjective from H(curl, Q) onto H~/2(curl,d0Q). That is

7 ()l =172cun00) < Cxllwllaeue), Vo € H(curl, Q)

2. The trace mapping v : H(curl, Q) — H~Y2(div,09), that takes uw € H(curl, Q)
to its (rotated) tangential component ¥ X w, is continuous and surjective from
H(curl, Q) onto H=Y/%(div,09). That is

||7(u)||H—1/2(div,8Q) < CvHuHH(curl,Q)a Vu € H(Curl, Q)

3. In both cases, a continuous lifting with zero divergence for these trace op-
erators in H(curl, Q) exists. More precisely, there exists an operator R :
H=2(div,09Q) ~— H(curl,Q) such that for every m € H~'/?(div,0Q) there
erists a w € H(curl, Q) satisfying v(u) = m, and

IR(m) || ey < Cllmlg12@von), Ym e H2(div, 09)
Moreover, for any uw,v € H(curl, ), the following Stokes” formula holds:

(V X ’u,,’U)Lz(Q;Cg) - (U, V x U)LQ(Q;(CZi) = (7(u)a 7"-('U))LQ({;‘Q;(@)

A.2 Lax-Milgram’s theorem

We conclude this appendix by stating the Lax-Milgram theorem [5].

Theorem A.2 (Lax-Milgram). Assume that H is a Hilbert space, with norm ||-||g.
Moreover, assume
B:HxHw—C

18 a sesquilinear functional on H, for which there exists constants a,b > 0, such that
|B[U,UH SCLHU||H||U||H7 VU7U€H

and
bllul|} < |Blu,u]l, VYue H

Finally, let f: H— C be a bounded linear functional on H.
Then there exists a unique v € H such that

Blu,v] = f(v), VoveH.

satisfying
1
[ullg < || flla

where H' denotes the dual space of H with norm ||| g
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Appendix B Vector spherical harmonics and spher-
ical vector waves

The vector spherical harmonics are defined as [2]

(A (= L OeV () e L OV (8 x @
Aw(@) = =SV X (@¥(2)) = —me=s V(@) X
)= — x T
An(@) = 10+1) V(@)
A (&) = Y, (&)

where the spherical harmonics are denoted by Y, (&). The index n is a multi-index
for the integer indices | = 1,2,3,..., m = 0,1,...,l, and o = e,0 (even and odd
in the azimuthal angle). From these definitions we see that the first two vector
spherical harmonics, Ay, (%) and A, (&), are tangential to the unit sphere I' in R?
and they are related as

T X Aln(i) = A2n<i)
T X Ag(x) = — Ay, (2)
The vector spherical harmonics form an orthonormal set over the unit sphere I'
in R3, i.e.,
/A'rn(i) ' AT’n’ (:AB) dI' = 5nn’5TT’
r

where dI' is the surface measure on the unit sphere.
The L*-norm and the scalar product on the unit sphere I'in R?, ||-||r and < -, - >r
are

|w||2 = / lu(z)|” dI < u,v >p= /u(é) -v(x) dT (B.1)

Any u(2) € L?(T") has the expansion
w(@) = > bnAm(E)

n
7=1,2,3

2
lulf =" lbml

n
r=1,2,3

with norm

For a tangential field, u(x) - € = 0, the summation is only over 7 = 1, 2.
Moreover, any u() € H~/2(div, 0B,) has the expansion [8, 9]

w(@) = > brnArn()

n
7=1,2
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with norm

7—3/2 2
3o @ivom,) = 22 D, (L4104 1) b,

n
7=1,2

(B.2)

_ 2 binl? + /14 11+ 1) [ban
xz{\/1+ll+1‘1‘+ Till+1 |2’}

The radiating solutions to the Maxwell equations in vacuum are defined as (out-
going spherical vector waves)

&1 (ko)

kolC

Ay (2)

an(bo) = kov (&Ejjfum)

Here, we use the Riccati-Bessel functions &(x) = xhl(l)(x) where hl(l)(koa:) is the
spherical Hankel function of the first kind [11]. These vector waves satisfy

U1n<k’0$) =

V x (v X u‘rn(kow)) - kguq-n<k0$) = 0, T = 1, 2

and they also satisfy the radiation condition in (2.4). Another representation of the
definition of the vector waves is

u1n<k0 ) gl;{?;f) Aln(ﬁj)

A simple consequence of these definitions is

1
’U,ln(kow) = k—OV X ’U,Qn(/{?()w)

1
u2n(/€0w) = k—OV X ’U,ln(kow)

In a similar way, the regular spherical vector waves v, (kox) are defined [2].
Vi (ko) = jz(/fox)Aln( )

von (ko) = k—OV X (Ji(kor) A1n(T))

where j;(kox) is the spherical Bessel function of the first kind [11].

Appendix C Modulus of the spherical Hankel func-
tions

Some useful monotonicity properties of the modulus of the spherical Hankel func-
tions are derived in this appendix.
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Lemma C.1. Define &,(z) = a:h%m)(x) for © > 0. Then for each fixed positive
integer n, the function®

€a(2)?

and the combinations

@) + [a(2)?

|€;($)’2 + n(n + 1) |£n(£li)‘

T2

are decreasing functions on the positive real axis. The limits as x — oo are

2
lim |6, (x)* = lim |¢,(«)" = lim {|§Z($)\2 +n(n + 1)W_Zfﬂ} =!

X

Proof. This non-trivial result is most conveniently proved with Nicholson’s inte-
gral [14, (1) on p. 444]

H02) ()

4 oo

’2 = ji(z) + ni(z) = —/ Ko(2xzsinht) cosh[(2n + 1)t] dt, x>0
rz J,

where Ky(z) is the modified Bessel function [11]. Since Ky(z) is real-valued and

. » . 1.2
decreasing on the positive real axis,% |h\? (2)[?
positive real axis,” i.e.,

is a decreasing function on the

d 2
— KD <0, x>0
L)
To prove that |xh%1’2)(:v) | are decreasing functions, again use Nicholson’s integral
and integrate by parts. We get

_dar

(@2200) + 4t (a) = 2

/ Ko(2x sinht) cosh[(2n + 1)¢] dt
dx 0

4 [e.@]
== / {Ko(2x sinht) + 2z sinh t K (22 sinh ¢) } cosh[(2n + 1)¢] dt
T Jo

4 -
== { tanh ¢ cosh[(2n + 1)t] Ky(2z sinh ¢)[;=5°
m

+ % /000 Koy(2x sinh t) {COSh[(2n +1)t] — % (tanh ¢ cosh[(2n + 1)t]>} dt}

5\xh$5)(m)|, j = 1,2, are identical functions on the real axis.
6This is obvious from the integral representation

Ko(fﬂ) :/ efzcosht dt
0

TIn fact, |h4? (2)[? and 2|h$? (2)|? are decreasing for all real n.
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The first term on the right-hand side vanishes, and we obtain

d .,

L (200) + o2 0)
4 o

_4 / Ko(2zsinh £) cosh[(2n + 1)¢] tanh  {tanh ¢ — (2n + 1) tanh[(2n + 1)1]} dt
T Jo

The integrand is negative, since
(2n + 1) tanh[(2n + 1)t] — tanht

is positive for ¢ > 0 and n a positive integer, and we conclude that

2= L 22) £ atn2(@) <0, 23>0

d
- (1,2)
dz ‘xh” () dz

and the first part of the lemma is proved.
Using the differential equations, we obtain

d

D@ = @D @) @D @) + @D @) @ @)
= (M 1) O @ D) + (b o) ot )
- () e

From this identity we see that |(zh\(2))’|> is not monotonic,® but, on the other
hand forn =1,2,...

4 {y< WO (@) | + \xhg>(x)}2} - M;—I b M (@)[P <0, =>0

dz 2
and

&+ ntn+ ) 00

n(n+1) d 2 d 2
= (— — 1) I |zh 1)(:c)| +n(n+ 1)£ |:1:h£11)(:1:)‘ —n(n+1)2x ‘hg)(:c)

2 "

:(M

2

| 2

d
—1+4+n(n+ 1)> e ‘xhg)(x)f —n(n+1)2x |h£})(x)‘2 <0, >0
x
and the remaining two parts of the monotonicity are proved. The limit values
are easily proved by the properties of the spherical Hankel functions for large real
arguments. O

8In fact, it has a minimum at = = \/n(n + 1).
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