LUND UNIVERSITY

Frequency Selective Structures with Stochastic Deviations

Karlsson, Anders; Sjoberg, Daniel; Widenberg, Bjorn

2003

Link to publication

Citation for published version (APA):
Karlsson, A., Sjoberg, D., & Widenberg, B. (2003). Frequency Selective Structures with Stochastic Deviations.
(Technical Report LUTEDX/(TEAT-7113)/1-16/(2003); Vol. TEAT-7113). [Publisher information missing].

Total number of authors:
3

General rights

Unless other specific re-use rights are stated the following general rights apply:

Copyright and moral rights for the publications made accessible in the public portal are retained by the authors
and/or other copyright owners and it is a condition of accessing publications that users recognise and abide by the
legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study
or research.

* You may not further distribute the material or use it for any profit-making activity or commercial gain

* You may freely distribute the URL identifying the publication in the public portal

Read more about Creative commons licenses: https://creativecommons.org/licenses/

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove
access to the work immediately and investigate your claim.

LUND UNIVERSITY

PO Box 117
221 00 Lund
+46 46-222 00 00


https://portal.research.lu.se/en/publications/8efe4f8c-bb0e-45c6-8f3c-77f015a5a4e7

Download date: 05. Dec. 2025



CODEN:LUTEDX/TEAT-7113)/1-16/(2003)

Frequency Selective Structures with
Stochastic Deviations

Anders Karlsson, Daniel Sjoberg, and Bjorn Widenberg

Department of Electroscience
Electromagnetic Theory

Lund Institute of Technology
Sweden




Anders Karlsson
Daniel Sjoberg
Bjorn Widenberg

Department of Electroscience
Electromagnetic Theory
Lund Institute of Technology
P.O. Box 118

SE-221 00 Lund

Sweden

Editor: Gerhard Kristensson
© A. Karlsson et al., Lund, April 25, 2003



Abstract

This paper deals with the performance of frequency selective structures with
defects. A frequency selective structure is in this case a periodic pattern of
apertures in a conducting plate. The plate can be of arbitrary thickness. The
defects can be by deviations in the placing of the apertures, in the material
parameters, or in the shape of the apertures. First the perturbation to the far-
field pattern from a deviation in one aperture is analyzed. Then a statistical
analysis is performed for a frequency selective structure where the apertures
have a stochastic variation.

1 Introduction

A plane Frequency Selective Structure (FSS) is a periodic structure of infinitely
many identical cells. The structure acts as a filter for an incident electromagnetic
plane wave. For certain frequencies the induced currents in the cells interfere con-
structively such that all of the incident power is transmitted through the structure,
whereas waves with other frequencies are partly, or entirely, reflected. This paper
presents a simple method that can handle perturbations in the periodic pattern and
that can estimate the effects these perturbations have on the filtering property. The
method gives the surface fields, as well as the far-fields, from the perturbed region.
It is also shown how a stochastic distribution of perturbations can be analyzed.

A number of different techniques have been developed during the years to analyze
unperturbed frequency selective structures. The Method of Moments (MoM), cf. [5,
6], the Finite Difference Time-Domain (FDTD) technique [3], and the Finite Element
Method (FEM) [2,7], are three of the most common methods. The philosophy
behind the perturbation method in this paper is that the numerical method and
code used for the unperturbed periodic structure can, without modifications, be
used to estimate the effects of perturbations to the periodic structure. Thus it is the
chosen method for the unperturbed problem that sets the limits for what structures
that can be handled. The methods mentioned above are very general and can e.g.,
handle periodic patterns of metal strips, periodic patterns of apertures in conducing
planes, and periodic patterns that include dielectric parts.

2 Unperturbed FSS

A frequency selective structure is a periodic pattern of identical cells. For simplicity
it is assumed that the structure is parallel to the xy—plane and is periodic in the
x—direction with a period a and in the perpendicular direction, the y—direction,
with a period b. Structures that are periodic in non-perpendicular directions can be
handled in the same manner, ¢f. [7]. The FSS has a finite thickness and is assumed
to occupy the region —h < z < 0, c¢f. Figure 1. The FSS is assumed to be excited
by an incident plane wave

Ei(r) = Eye*m, (2.1)
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Figure 1: The frequency selective plate. The apertures may be filled with a dielec-
tric material.

where the time dependence e™* is assumed and where k; = (k;,, kiy, ki) is the wave

vector. For simplicity the incident wave is assumed to be incident from below, i.e.,
with k;, > 0. Due to the periodicity of the geometry, the reflected and transmitted
fields are periodic vector functions in the z— and y—directions. The periodicity is
utilized by the numerical programs and the scattering region is reduced to one cell.

3 FSS with a single perturbed cell

If one or more cells are perturbed, a field that is not periodic will be superimposed the
periodic field. This causes numerical problems since the scattering region no longer
can be reduced to one cell. However, if the perturbation is small the interaction of
the perturbed field with the surrounding cells can be neglected and the scattering
region can be reduced to one cell. It is this approximation that makes the problem
numerically feasible.

First consider an FSS where the cell Sy is perturbed, but all of the other cells
are unperturbed. The total electric and magnetic fields at the surfaces of the cell
are denoted E, H, the corresponding fields for the unperturbed case are denoted
E°, H°, and the perturbation fields are denoted E¥, H”. Thus

E=E"+ E*,

0 P (3.1)
H=H"+H",

where the unperturbed fields are assumed to be known. The perturbation is assumed

to be small enough for the following approximation to hold:

The tangential electric and magnetic surface fields on the surface of the perturbed
cell are the same as the corresponding fields for an FSS where all of the cells are
1dentical with the perturbed cell.

The approximation is referred to as the single cell approximation and is illus-
trated in Figure 2. The numerical examples in the numerical section indicate that
this is a relevant approximation, even for quite large perturbations. There are two
important features of this approximation; firstly the approximation is independent
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Figure 2: The single cell approximation. a) The periodic structure with one per-
turbed cell. b) The unperturbed periodic structure. ¢) The periodic structure with
all of the cells perturbed. The surface field in the perturbed cell in a is approxi-
mately the same as the surface field in the corresponding cell in ¢. The perturbation
of the surface field in the perturbed cell is approximately the difference between the
surface fields in the corresponding cells in ¢ and b.

of the numerical method that is used for the solution of the scattering problem, and
secondly, the perturbation is obtained by numerically solving the surface fields for
two different periodic structures. A numerical method that can handle the unper-
turbed structure can also handle the perturbation and hence no new numerical code
is needed.

In the case of a large perturbation, the single cell approximation becomes inac-
curate. It is then possible to introduce supercells in order to obtain the perturbed
fields. A supercell is depicted in Figure 3. It consists of the perturbed cell and at
least one of the cells surrounding the perturbed cell. To obtain the perturbation to
the field one creates a periodic structure of supercells. The perturbed surface field
of the perturbed cell is given by E” = E — E°, where in this case E is the surface
field from the periodic structure with each cell being a supercell. The supercells
can be handled by an FDTD program for periodic structures without modification.
Methods based on FEM or on MoM have to be slightly modified. In Appendix B it
is seen how a method based on FEM is modified to handle supercells. Obviously the
numerical calculations with supercells are more CPU-time consuming than without
supercells. By comparing the single cell calculation with a supercell calculation, it
should be possible to get a good estimate of the error. In the rest of the paper the
approximation based on supercells is referred to as the supercell approximation, in
contrast to the single cell approximation.

4 FSS with several perturbed cells

Now consider an FSS with more than one perturbed cell. If the perturbed cells
are densely distributed, then if the supercell approximation is used, all of the cells
in the supercell should be unaltered and a periodic structure with that supercell is
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Figure 3: The supercell approximation. The surface field in the perturbed cell
in the structure in Figure 2 is approximately the same as the surface field in the
corresponding cell in the above structure. The approximation obtained from the su-
percell structure is better than the one obtained from the single cell approximation,
cf. Figure 2.

formed, cf. Figure 4. Otherwise, if the perturbed cells are sparsely distributed and it
is unlikely that two neighboring cells are perturbed, supercells where the other cells
are unperturbed are accurate. When the perturbed cells have stochastic variations
and when their distribution is stochastic the methods described in Section 3 are
applicable.

5 Far-field amplitude

The perturbation of the far-field can be determined from the integral representation
of the field. First consider an FSS with no dielectric layers. The perturbation to
the far-field from one perturbed cell yields
ikr
E r)= F(7r). 5.1
(r) = F(7) (51)
The far-field amplitude is different above and below the FSS. In both cases the
expression for the perturbation reads

FP(#) =i ¢ x / /S o x BP (1) — o (o x HP(#))]e 7 48", (5.2)



For the far-field above the FSS (z > 0) Sy is the surface of the cell at z = 0 and
n = z, and for the far-field below the FSS (z < —h) Sk is the surface of the cell at
z=—hand n = —z.

6 Translated aperture

The simplest case of perturbation is a displacement of the cell number p a vector
dr, = (dzp, 0yp, 0). The displacement is assumed to be small enough for the single
cell approximation to hold. The difference between the case with all of the apertures
displaced and the case with no cells displaced is simply due to the translation of the
coordinate system. The surface fields of the displaced cell are given by

Ex(r) = e B (r),

Hr(r) = e*om HY(r), (6.1)

where again E° and H° are the tangential field for the unperturbed cell. The
corresponding perturbations to the surface fields are

Er(r) = (™" —1)Ez(r),

e, (6.2)
Hi(r) = (e*7 — 1) Eq(r).
The far-field amplitude is given by
F() = 27 FO(), (6.3)

where F° is the far-field amplitude for a cell that is not translated and where
q=Fk;— k7. (6.4)

Hence k is the wave number and # = r/r. In all directions where q - 67, = n27 the
perturbation to the far-field is zero. Since d7, is small this only happens for n = 0,
i.e., in the forward direction (k; — k7 = 0) and in the specular reflection direction,
kv = (kiy, kiy, —ki.). If the first order term in powers of delta is kept, it is seen that

Ep(r) = i(k; - or,) E7(r),
HY(r) =i(k; - or,)E%(r), (6.5)
FP(#) =i(k; - o7,) FO(7).

The perturbations to the far-field in the forward direction and in the specular re-

flection direction are of second order in 47, and can not be obtained by the single
cell approximation. They require a supercell approximation.

7 FSS with a dielectric layer

Often the metallic F'SS is coated with a dielectric layer. For simplicity it is assumed
that the upper part of the metallic surface is at z = 0 and that the layer 0 < z < 2z



is occupied by a homogeneous dielectric material with permittivity €,. There are
two ways to obtain the perturbation to the far-field when the layer is present. The
first alternative is to calculate the surface fields on the upper surface of the dielectric
layer, i.e., at z = zq, directly. This is probably a good approximation if the layer is
much thinner than the width of the cell. If the layer is thick it is better to calculate
the surface fields on the metal surface and then calculate the far-field amplitude.
To take the effect of the dielectric layer into account one may use an expansion in
plane waves, in combination with the method of stationary phase. The expression
for the far-field in the upper half space, z > z is given by

EU(’I"> —_ Flff) 1kr,
(7.1)
F() = 2mi ) a (k)T (k)5 (k: 0)

where T} are the transmission coefficients for the dielectric layer, ¢, are vector
plane waves, and a; are plane wave coefficients. The explicit expressions for these
quantities and a derivation of the expressions are given in Appendix A.

8 Stochastic variation of several apertures

Consider an FSS with a number of perturbed cells. If the apertures are not identical,
the transmitted and reflected power are affected. Consider the case when the shape
and position of the cells have some stochastic variation. The variation is considered
to be small enough for the approximations done in the previous section to hold. The
far-field amplitude above the structure from cell number n is given by

F,(#) = F'(v) + FP(#) = F°(#) + 6F°(#) + AF,(7), (8.1)

where F°(7) is the far-field amplitude for one cell of the unperturbed structure,
SF°(7) is the mean value of the perturbation of the far-field, and AF,(#) is the
part of the perturbed far-field that has mean value zero. Thus

< F,(#) >= F'(#) + 6F"(#). (8.2)

Let r,, be the location of the centers of the cells in the FSS and let k;, = k7 be
the wave vector of the scattered field. The centers of the cells are defined by the
unperturbed structure and are not affected by a perturbation of the cell. Let the
structure be finite with N = N, x N, cells and disregard from the fact that the cells
at the border of the structure are different. Following [4] the average electromagnetic
power flow density from the FSS is given by

N
1 1 .
— < |EM)]?P>= —— < ar g (#)]? > 8.3
e < VB0 >= 5 < 12T >, (8.3)



where q = k; — kr. The following relation holds

N
<D eI, (#)? >=N < |AF,(#)] > +|F°(7) + 6F°(#)|* ZZe‘q =)
n=1n/=1
(8.4)
The sum on the right hand side can be summed. Since n is a multiindex and
r, = (ngya,nyb,0) it is seen that

N N N Ny Ny
|Zeiq.rn|2 _ Z Z eiq~(rn—rn/) _ | Z eiqxnwa|2| Z eiqynyb|2. (85)
n=1

n=1n/=1 ny=1 ny=1

Each series is summed as

1qznza2_ SlIl( qua/2)
_Z P = it | (8.6)

and it follows that

igrn|2 _ sin(Nzq.a/2) o sin(Nyq,b/2) o
|Ze "= sin(qza/2) g sin(gy,b/2) ™ (87)

As the structure becomes infinitely large in both the z— and y—direction then using
Feijer’s method, cf. [1]

, 1 (sin(Nyqea/2)\>
lim — | ————=> ) =270 :
Nethe N, ( sin(gza/2) 70(z). (88)
it is seen that
]}ggo—l E |2 = 4?6 (g, )0 (gy)- (8.9)

The scattered power per unit sohd angle is
Us(?) = — < r}|Es(r)]* > . (8.10)
The incident power is given by
P, = L\EOPNA\EZ- 2| (8.11)
210

The corresponding power scattering coefficient per unit solid angle (differential scat-
tering cross section) reads

U(r) 1 <<]AFn(f')]>2

P k2Alk; - 2| | Ey|? (812
|FO(#) + 0F°(7)| sin(Npqea/2)\ > [ sin(N,q,b/2)\> '
+ % ) ( ))

| El|? sin(g,a/2) sin(g,b/2)



As the structure becomes infinitely large this becomes

T RAk t 4725(q,)8(q,) ) . (8.13
B k2 Ak, - 2| FPE B2 (¢2)0(qy) (8.13)

When the perturbation is a translation dr,, = (dx,,0y,,0) explicit expressions
can be obtained. Thus the far-field amplitude from one cell is

F,(7) = e FO(7), (8.14)
and .
FO(7) + 0F°() =< e '™ > FO(7"), (8.15)
AFH(’IA") — (e—iq.érn_ < e—iq.ér" >)FO(’IA") .
Then

UF) _IEGE | e
P R2A|El|k;: - 2|

| , , (8.16)
L (el (i)

+] < e > |2

As the structure becomes infinitely large this becomes

Ugr)  |[F(r)P
P R2A|E 2|k, - 2|

(1—|<e ™ > 24| <e 7 > 247%5(q,)d(q,)) -

(8.17)

9 Numerical examples

In this section it is indicated that the perturbed surface fields are localized fields
that in most cases are negligible in the cells surrounding the perturbed cell. This is
done by calculating the perturbation to the tangential electric and magnetic fields
on the surface of the perturbed cell, using the single cell approximation. In this case
the unperturbed cell consists of a circular aperture in a perfectly conducting plate.
The thickness of the plate is one mm, the radius of the aperture is 15 mm, the cell
is quadratic 23 x 23 mm, and the center of the aperture coincides with the center
of the cell. The incident electric field is a linearly polarized plane wave at normal
incidence, with the electric field in the x—direction, i.e., the horizontal direction in
the figure. The frequency is 10 GHz. The perturbed cell has its aperture displaced
either a distance 4 mm to the right or 4 mm upwards.

The surface fields were calculated by a method that utilizes FEM in combina-
tion with a mode matching technique, ¢f. [7]. The perturbed fields, E%(r) and
HZE(r), were obtained by first solving the unperturbed periodic case to get Eq.(r)
and HY(r), and then solving the periodic case with all cells displaced to obtain
Ey(r) and Hpy (7). It was checked that the latter fields only differ by a phase shift
k - 6r compared to the unperturbed fields, cf. Subsection 6. The resulting fields,



Figure 4: The surface fields of the tangential electric and magnetic fields of cells
with circular apertures. The incident field, the geometry, and the figures are de-
scribed in Section 9.
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EZ(r) and HL(r), are shown in Figure 4. Let (i, j) denote the subfigure in row i and
colon j. The unperturbed tangential electric field EY is shown in figure (1,1) and
the corresponding magnetic field HY. in figure (2,1). In figures (1,2) and (2,2) the
tangential electric and magnetic fields E7 and Hr are shown for the periodic case
with all of the apertures displaced horizontally a vector ér = dx&, with dz = 4 mm.
The perturbation to the tangential electric and magnetic fields, E; and H 5 , are
shown in figures (1,3) and (2,3), respectively. The case with a perturbation ér = dyy
with 0y = 4mm is shown in figures (3,2), (3,3), (4,2), and (4,4). Then the figures
(3,2) and (4,2) depict the electric and magnetic fields for the periodic case with all
of the apertures displaced and figures (4,2) and (4,3) depict the perturbations to
the tangential electric and magnetic fields.

As seen from the plots in Figure 4, the perturbation of the fields are concentrated
to the area close to the edge of the aperture. The perturbation is close to zero at
the border between the cells.

It is anticipated that the perturbation to the surface fields are negligible in the
other cells. To check this, one should make a calculation with supercells. This can
be done by the method described in Appendix B and such calculations are to be
presented in a coming paper.
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Appendix A FSS with dielectric layers

Consider the case where there is a dielectric layer of thickness zy above the FSS.
The tangential components of E and H are considered to be known on the surface
z = 0 of one cell. The corresponding far-field amplitude is to be determined. Let
the surface of the cell be at z = 0. The interface between the dielectric layer and air
is at z = z9. The quantities defined in the region 0 < z < z; are denoted with an
index 1 and quantities in the region z > 2y have no index. A plane wave expansion
of the upwards travelling field in region 1 is given by

o0

o0 2

7=1

where the plane waves are given by

¢y (ki;m) = ﬁ e,

1
by(ki;r) = —a—e™ 7.
A

(A.2)
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Here 8 and « are the spherical angles such that
ki = ki (sin v cos 3, sin asin 3, cos ), (A.3)

and .
/8: <—Slnﬁ,COSﬁ,O),
& = (cos acos 3, cos asin 3, — sin ),

(A4)

where cos a > 0 since the wave is travelling upwards. The plane waves satisfy

\Y = k1¢,,
X b =R, (A.5)
V X ¢y = k1.
The plane wave expansion of the Green dyadic reads
2 oo oo 1
G(r,vik) =21 / / —;(k1; 7)) (ky; ') dkydly, (A.6)
j=1 klz

where the dagger means that i is exchanged for —i in Eq. (A.2). From the integral
representation of the electric field and the expansion of the Green dyadic the plane
wave expansion coefficients are obtained as

1 A / A ! / !

ar (ki) = 2i-— /kl(anl)-qb;(kl;r)anvxEl)-qﬂ(kl;r)ds :
1z

S

1 ~ / ~ ! / /

(ki) = 217 /kl(n < Ey)- ol (kyir!) + (3 x V' x Ey) - h(ky: ') dS
1z

S

(A.7)
The transmitted field is obtained by utilizing the boundary conditions at the
plane surface at z = 2

oo o0

O / = ) Ty 010 s sy (A9)

where k; and k are related by Snell’s law, i.e.,

k(]a: - klx - km kOy = kly - kya

_ /kQ—kQ—k:Q ko = k2 — k2 — L2 (A.9)
o x Yo 1z — 1 p y-

The transmission coefficients are given by

2k1z .
— ki — koz)),
k. + ko exp(izo(k1 02))

2kk1k.
k2ky, + kiko,

b (A.10)

2= exp(izo (k1. — koz))-
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The far-field amplitude is obtained by letting r = |r| — oo. The Fourier integral is
then evaluated by the stationary phase method. The result is

o F(I’A’.) ikr
EO(T‘) = ?6 s
2 (A.11)
F(#) =271 a;(k1)T;(k);(k;0).
j=1
A.1 Stationary phase method
The electric field reads
E(r) = / / Fk)eltFarth2) g okl (A.12)

When r — oo the integral can be evaluated by the stationary phase method. The

k. integral is considered first. The exponent has a stationary point when

d k.,

i.e., when k,/k, = x/z. The second derivative of the exponent is

d? z K z z?
The integral is then given by
Ey(r) = 7 2mi v f(K)eik="/=2) gikuy g (A.15)
0 —2/k.(1 + 22/ 22 v '
where
k? — k2
k,= oL (A.16)
The stationary point is obtained from
d 9 Ky
d—]%(kyy‘i‘kz(l' /Z+Z>>):y—ﬂ\/l’2+z2:0 (Al?)
Hence k; . i !
2= _=2__ (A.18)
x Y z r
The second derivative of the exponent yields
d? ) rk
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46
9

() (b)

Figure 5: Two examples of unit cells that contain more than one aperture:
(a) Four apertures. (b) Two apertures: an annular and a crossed dipole aperture.

The integral is then given by

ori 1/2 E2 g2\ V2 /et
E — —97i Y k iky(x*/24+2 ikyy‘ AQO
O(T) (—Z/kz(l + $2/2’2)) ( ™ rk ) f( )e € ( )

Since k,/x = ky/y = k./z it follows that k - r = kr and k,/x = k/r. Hence

Bor) = 2 p(k)oh (A21)

where )
£0) = 1 D2 s k) T3 ()68 ks 0) (A.22)

The final expression is .
Eo(r) = QW;’“Z F(k)e (A.23)

Appendix B Supercells

In [7] a method that can handle frequency selective structures with apertures was
described. The method is based on FEM and expansions in Floquet modes. The
drawback is that the method can only handle cells with a single aperture. In this
appendix it is shown how the method can be generalized to handle supercells.
Consider a frequency selective structure where the unit cell contains M apertures
Q1,Q9,...,Qy. An example of such a cell with two different apertures; €2; as an
annular aperture, and )y as a a crossed dipole aperture, is given in Figure 5. The
structure may contain dielectric layers on both sides of the metallic plate. In the
regions outside the structure and in the dielectric layers, the fields are expanded
in Floquet modes, whereas in the apertures the fields are expanded in waveguide
modes. For general structures these modes are determined numerically by FEM.
The waveguide mode amplitudes and the amplitudes for the Floquet modes are
related to each other by scattering matrices. In this appendix it is shown how the
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scattering matrix between the waveguide mode amplitudes and the Floquet mode
amplitudes in an adjacent dielectric layer can be obtained.
The fields inside the dielectric layer are expanded in Floquet modes

B3 (1) = 3 (a0 + a0 750 Ry (),
Imn
H (’I") _ Z(a+ eivf;mz —a- e—ivfnnz) a ( ) (B1>
T - Ilmn Imn Timn\P)-
Imn

The explicit expressions for the Floquet modes RY,,,, and T7,,,, are given in [7].
The fields inside the apertures are expanded in waveguide modes. In aperture €,

the expansion is

i i+ ikbiz i— —ikbiz i
EY(r) = (e 4 0o ) ER (p),

bi - i+ ikbiz i— —ikPizy\ pybi (B-2)
HT ('I") = Z(bvne me— bvne o )HTUTL(p)7

where the waveguide modes E. (p) are an orthonormal set of vector waves, cf. [7].

At the interface z = zy the tangential electric field is continuous over the entire
interface D, while the magnetic field is continuous over the apertures, i.e., the
boundary conditions read

. EY(p,z), p€Q,i=12...,N,
ET(pa ZO) =
0, peD\(QUQQU...UQy), (B.3)
Hi(p,z) = HY(p, %), pcQi=1,2,... N.
Introducing .
Ay (2) = €70
BiA(:) = e,

and enforcing the continuity condition of the fields at the interface z = 2, yield

S (Bt (20) + Bin(20)) E%(p), p €,
S (A (20) + Ao (20)) R () = {7 Pl P

)

(B.4)

Imn 0, pGD\(QlLJQQUUQN),
D (AL (20) = A (20) Tiyn(p) = Y (Bi(20) — Bl (20)) HY,(p),  p € Q.
Imn un

(B.5)

To obtain a linear system of equations for the coefficients, the inner product is
taken between Eq. (B.5a) and T4/, and between Eq. (B.5b) and Eb , i =
1,2,..., N. The inner product integrals are

A a ax
len,l’m’n’ = / z - (RTlmn X TTl’m’n’) ds
D

_ / R, (T, x 2)dS (B.6)
D
Y E3

l/al 2% }/la*

m/n a ax mn

- o / ( Timn ° Tl’m’n’) ds = . 5ll’5mm’5nn’7
D
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. X sz*
z)n o' T / Z- (E%zvn HI"J)TZ:n ) ds = i51}1}’61171 ) (B7)
’ Qi o

and

fm,l/m’n/ - / (E}”}‘lvn X TTl’m n’ )dS
i (B.8)

. Y i
/ E%zvn (T%7’m’n’ X Z) ds = l / (E%UTL RTl’m 'n! ) dS?
Q o Ja

where D is the entire surface of the cell. With these definitions, the linear system
for the coefficients is

R(AT+A7) = Z CY{B; + B;),
i (B.9)
Cj(A"—A)=Q;(Bf -B;), i=12,...,N,

The matrices R and Q; are quadratic, but the matrix C; is not necessarily quadratic.
The linear system is rewritten as

{ A" =3 R 'C{(Bf +B;) - A",
B+

F=Q 'C:(A"-A)+B; i=12,...,N. (B.10)

The lower expression is inserted in the upper expression in (B.9). This gives

R(AT+ A7) =) [CIQ;'C;(A" - A7) +2C!B;]

& (R+) _CIQI'CHA = —( th Q'C: A++QZCtB*
PN A — — R+th *1C th *IC

R+Zc§. Q7'Ch)” ZCZB;.
J i

(B.11)
When this expression is inserted in the lower expression in (B.10) the following
relation is obtained

Bf = Q' 'CIHI+ R+th IO TR - th o)

(B.12)
+2Q7'CI(R+ ) C§. Q'CH Y C;;B,; + B;.
' k
By introducing a scattering matrix, the linear system can be written as
A:r Sil’l 81172 e SiLNJrl A’:
B _ Sa.1 Sye -+ Syng B, (B.13)

+ 1 1 1 -
By SNt1,1 SNt12 -0 SNiinN+1 By
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where the elements of the scattering matrix are

(Sii=- R+ZCt Q;'C)) th Q;7'C))

St =2 R+ZC§. o),

s, =i O RS (pay
S£+1,i+1:2Q: 'Ci( R+ZC§ Q;~ 1Cj) 'Cl+ 1L

J

Siiien = 2Q 'Ci(R+ Z c'Q;~'C;) 'Cy.
J

\

This is the supercell correspondence of the single cell scattering matrix that is derived
in [7]. The rest of the analysis used in [7] can now be applied.
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