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Abstract

A plane wave impinges on a perfectly conducting thick screen perforated with
a periodic array of apertures with arbitrary cross-section. The transmission
and reflection coefficients are determined by a mode matching technique, ear-
lier used by other authors for the case where the apertures have the geom-
etry of a classical waveguide. The fields outside the screen are expanded in
plane waves, while the fields inside the apertures are expanded in waveguide
modes, obtained by the finite element method (FEM). Excellent agreement
between computed and measured transmission is found for a thick screen at
the X-band (8.2− 12.4 GHz). Moreover, the present method and the spectral
Galerkin method (which assumes that the thickness of the screen is zero) is
compared for very thin screens, e.g., for a frequency selective surface (FSS).
Investigation of the thickness dependence is also done, and it is found that the
bandwidth decreases when the thickness of the screen is increased. Finally
two complex geometries, hexagonal and tripole apertures, are studied.

1 Introduction

In this paper we consider a perfectly conducting thick screen that is perforated with
apertures with arbitrary cross-section. A plane wave impinges on the screen, and the
reflection and transmission coefficients are computed by a mode matching technique
where the tangential electric and magnetic fields are matched at the surfaces of
the screen. In the present method, the fields outside the screen are expanded in
tangential plane waves, e.g., Floquet waves. Inside the apertures, the fields are
expanded in waveguide modes that are computed by the finite element method
(FEM).

An important application of thick screens is low observable radomes [13]. Here,
the radome wall acts as a bandpass filter for electromagnetic waves such that only in-
band waves are transmitted. The outband frequencies are reflected from the radome
which reduces the radar cross-section (RCS) of the antenna that is shielded by the
radome. The bandwidth of the thick screen can be increased by introducing patches
that partly cover the aperture area [13].

In 1980, McPhedran, Derrick and Botten studied thick screens (they called them
crossed gratings) with rectangular apertures [7]. However, their approach is limited
to geometries where explicit expressions for the waveguide modes are available. In
the PhD thesis of Roberts [8], annular apertures were considered (see also [10]).
Then, in 1994, circular apertures were studied [11], and measurements in the far
infrared were made. In this paper the geometry of the aperture is arbitrary. This is
possible since we do not rely on explicit expressions for the waveguide modes. Instead
we use the FEM to obtain appropriate waveguide modes. We do compare some of
the numerical calculations with measurements performed at radar frequencies, i.e.,
the X-band (8.2 − 12.4 GHz).

In the next section we recapitulate the mode matching technique developed by
other authors [7, 8]. In Section 3 we discuss the computation of the waveguide
modes and the FEM. The numerical results are presented in Section 4, where we
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Figure 1: The geometry.

verify the method by measurements and the spectral Galerkin method [12]. Finally,
computations for screens with hexagonal and tripole apertures are presented as
examples of complex geometries.

2 Methods

The geometry of the screen is depicted in Figure 1. The z-axis is assumed to be
orthogonal to the surface of the perfectly conducting screen. The upper surface
of the screen coincide with z = −h/2, and the lower with z = h/2. The screen
is perforated with apertures of arbitrary cross-section. These apertures are spaced
periodically along the x-axis with period a. The other axis of periodicity makes
an angle φ0 with the x-axis and the apertures are spaced periodically along this
second axis with period b, see Figure 1. Hence, the array of apertures is divided into
identical cells. The cell at the origin is called the unit cell, and is denoted S ∈ R

2.
We define the area of the unit cell as AS := ab sinφ0. Moreover, the cross-section of
the aperture at the unit cell is denoted Ω ∈ R

2, Ω ⊂ S.
A plane wave, with wave vector k0 := x̂k0 sin θ cosφ + ŷk0 sin θ sinφ + ẑk0 cos θ,

impinges on the screen. Here, θ and φ are the spherical angles of incidence, that is θ
is the polar angle measured from the z-axis and φ is the azimuthal angle measured
from the x-axis towards the y-axis. The wave number k0 is given by k0 := ω/c0,
where ω := 2πf , f is the frequency and c0 is the speed of light in vacuum.
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2.1 The Floquet waves

We introduce τmn := x̂αm+ ŷβmn, where the Floquet mode indices are given by [13]

αm :=
2πm

a
+ k0x, βmn :=

2πn

b sinφ0

− 2πm

a
cotφ0 + k0y

Here, k0x and k0y is the x and y-component, respectively, of the wave vector k0 =
x̂k0x + ŷk0y + ẑk0z. Thus k2

0 = k2
0x + k2

0y + k2
0z = α2

m + β2
mn + γ2

mn. We define the
scalar function

R±
mn(r) :=

1√
AS

ei(τmn·ρ±γmnz)

where ρ := x̂x + ŷy and r := ρ + ẑz. The principal square root branch is chosen
such that the imaginary part of γmn is non-negative. We introduce the Floquet waves
(denoted Rayleigh modes in [8])

R±
1mn(r) := R±

2mn(r) × ẑ

R±
2mn(r) := τ̂mnR

±
mn(r)

where τ̂mn := τmn/|τmn|. In fact, the Floquet waves are tangential plane waves.
For l = 1 and l = 2, R±

lmn(r) represents TE and TM polarized waves, respectively.
Notice that the Floquet waves R+

lmn(r) and R−
lmn(r) propagate in negative and

positive direction, respectively. Also, notice that R+
lmn(r) and R−

lmn(r) are equal for
z = 0. Therefore we introduce Rlmn(ρ) := R+

lmn(ρ) = R−
lmn(ρ). The Floquet waves

are orthonormal in the sense that∫
S

Rlmn(ρ) · R∗
l′m′n′(ρ) dx dy = δll′δmm′δnn′

where ∗ denotes complex conjugate. Also, the Floquet waves fulfill the relation

ẑ × (∇× R±
lmn(r)) = ∓iγmnR

±
lmn(r) (2.1)

2.2 Derivation of the normal component

The Floquet waves are tangential plane waves, i.e., they do not contain the z-
component of the expanded field. However, the z-component can be derived from
the tangential component, that is, if Exy is a given tangential plane wave then the

z-component, Ez, can be derived from Exy by a relation E = T ·Exy. In this section

we derive the dyadic T which gives the total field from the tangential field.
First, we notice that for normal incidence, that is for θ = 0, the z-component

vanishes. Thus, without loss of generality we assume that θ > 0. The electric
field corresponding to a plane wave is denoted E(r). The wave propagates in the
direction of the wave vector k. We define

E(r) := P (ξ)eik·r
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where

P (ξ) :=
ẑ × k

|ẑ × k| cos ξ +
k × (ẑ × k)

|k × (ẑ × k)| sin ξ

is the polarisation of the plane wave. Here ξ is the polarisation angle, that is,
ξ = 0◦ when the wave is TE-polarized, and ξ = 90◦ when the wave is TM-polarized.
We decompose the electric field according to E(r) = Exy(r) + ẑEz(r). Here, the

tangential field is easily obtained by applying the dyadic I2 := x̂x̂+ŷŷ, i.e., Exy(r) =

I2 · P (ξ)eik·r. Hence, we have

ẑEz(r) = E(r) − Exy(r) = (I − I2) · P (ξ)eik·r = ẑẑ · P (ξ)eik·r

which can be simplified to

Ez(r) =
kxy
k

eik·r sin ξ

where kxy := (k2
x + k2

y)
1/2 is the length of the tangential wave vector kxy := I2 · k.

On the other hand, by direct calculations it is found that

Exy(r) =
[
ẑ × kxy cos ξ − kxy

kz
k

sin ξ
]eik·r

kxy

Thus, we have

−kxy

kz
· Exy(r) =

kxy
k

eik·r sin ξ = Ez(r)

and, hence, E = T · Exy where

T := I − ẑkxy

kz
(2.2)

For a wave propagating in the negative z-direction kz in T changes sign to −kz.

2.3 Expansion of the fields outside the structure

Above the screen, that is in the region z > h/2, the transverse part of the total
electric field is denoted E+

xy(r). On the other hand, the transversal part of the total
field in the region z < −h/2 is denoted E−

xy(r). These fields are expanded in Floquet
waves as

Exy =




E+
xy(r) =

∑
lmn

E+
lmnR

+
lmn(r), z > h/2

Ei
xy(r) + E−

xy(r) = Ei
xy(r) +

∑
lmn

E−
lmnR

−
lmn(r), z < −h/2

(2.3)
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where the summation ranges over
∑

lmn =
∑2

l=1

∑∞
m=−∞

∑∞
n=−∞, and where Ei

xy(r)
is the transversal part of the incident field, which is defined by

Ei
xy(r) :=

∑
lmn

Ei
lmnR

+
lmn(r)

where the coefficients Ei
lmn are known. The corresponding expansions of the mag-

netic field are derived from the Faraday’s law of induction,

∇× E(r) = iωB(r)

To see this we start with

ẑ × η0Hxy(r) = ẑ × η0H(r) =
1

ik0

ẑ × (∇× E(r))

where the Faraday’s law of induction and the relation B = µ0H was used. To

proceed, we use the dyadic T , which gives the total field from the tangential one,
see Eq. (2.2),

ẑ × η0Hxy =
1

ik0

ẑ × (∇× T · Exy) (2.4)

In this context, T = I ∓ ẑτmn/γmn, where the upper and lower sign corresponds to
waves propagating in positive and negative z-direction, respectively. Thus we have


T · R±

1mn(r) = R±
1mn(r)

T · R±
2mn(r) = R±

2mn(r) ∓ ẑτmn

γmn

R±
mn(r)

Relation (2.1) now yields


ẑ × (∇× T · R±
1mn(r)) = ∓iγmnR

±
1mn(r)

ẑ × (∇× T · R±
2mn(r)) = ∓ ik2

0

γmn

R±
2mn(r)

where we made use of the fact that

ẑ × (∇× (∓ẑτmnR
±
mn(r)/γmn)) = ±iτ 2

mnR
±
2mn(r)/γmn

From the expansions (2.3), and from Eq. (2.4), we get

η0 ẑ × Hxy(r) =




η0 ẑ × H+
xy(r) = − ∑

lmn

YlmnE
+
lmnR

+
lmn(r), z > h/2

η0 ẑ × H i
xy(r) + η0 ẑ × H−

xy(r)

= η0 ẑ × H i
xy(r) +

∑
lmn

YlmnE
−
lmnR

−
lmn(r), z < −h/2

where η0 := (µ0/ε0)
1/2 is the wave impedance of free space and Ylmn := (γmn/k0)

3−2l.
Moreover, we have

η0 ẑ × H i
xy(r) = −

∑
lmn

YlmnE
i
lmnR

+
lmn(r)
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2.4 Expansion of the field in the apertures

In the previous subsection the fields outside the structure were expanded in Floquet
waves. Now, we consider the field inside the apertures. If the apertures have the
geometry of a classical waveguide, the field is expanded in appropriate waveguide
modes, and explicit expressions for the modes are then used. Several of the classic
waveguide geometries have been considered in the literature, for instance, rectangu-
lar apertures [7], annular apertures [8–10] and circular apertures [11]. However, for a
general cross-section of the apertures, explicit expressions for the waveguide modes
are not available. Instead, we compute these modes with the FEM, see Section 3.

We assume that the media inside the waveguide is homogeneous and isotropic.
The relative permittivity of the media is denoted ε(ω), while the relative perme-
ability is denoted µ(ω). The wave number in the waveguide is denoted k(ω) =
k0(µ(ω)ε(ω))1/2 and η(ω) = (µ(ω)/ε(ω))1/2 is the relative wave impedance.

Moreover, we assume that ET
p (ρ) is a complete set of modes defined on the

cross-section of the aperture at the unit cell, i.e., ρ ∈ Ω. For classical waveguide
geometries these modes are given explicitly, but for general geometry of the apertures
they are computed by the FEM as described in Section 3. The tangential electric
field is expanded in the waveguide modes as (ρ ∈ Ω, −h/2 ≤ z ≤ h/2)

ET (r) =
∑
p∈χ

[
Ap sin(kzpz) + Bp cos(kzpz)

]
ET

p (ρ) (2.5)

where p = (l, n) belongs to the index-set of the waveguide modes, χ, and where l
and n are integers defining the type of the mode. Here, l = 0 represents the TEM
mode, l = 1 a TE mode, and l = 2 a TM mode. When the apertures have the
geometry of a classical waveguide, and the FEM is not used, it is convenient to let n
be a multi-index, cf. [7–10]. From the expansion (2.5) the magnetic field is derived,
see Section 3.1,

η0η(ω)ẑ × HT (r) =
∑
p∈χ

νp
[
Ap cos(kzpz) −Bp sin(kzpz)

]
ET

p (ρ) (2.6)

where νp = i(kzp/k(ω))l(5−3l)/2, l = 0, 1, 2.

2.5 Enforcing the boundary conditions

We have expressions for the electric and magnetic fields outside the structure and
inside the apertures. We enforce the boundary conditions at the interfaces z = ±h/2.
The boundary conditions say that the tangential electric field is continuous over the
entire interfaces, while the magnetic field is continuous over the apertures, that is

Exy(ρ ± ẑh/2) = ET (ρ ± ẑh/2), ρ ∈ S

ẑ × Hxy(ρ ± ẑh/2) = ẑ × HT (ρ ± ẑh/2), ρ ∈ Ω
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We introduce

eilmn := Ei
lmne

−iγmnh/2

e±lmn := E±
lmne

iγmnh/2

aEp := Ap sin(kzph/2)

bEp := Bp cos(kzph/2)

aHp := Ap cos(kzph/2)

bHp := Bp sin(kzph/2)

Enforcing the continuity condition of the electric field at the interface z = h/2 yields

∑
lmn

e+
lmnRlmn(ρ) =

{∑
p(a

E
p + bEp )ET

p (ρ), ρ ∈ Ω

0, ρ ∈ ΩPEC = S \ Ω
(2.7a)

while the condition at z = −h/2 yields

∑
lmn

(e−lmn + eilmn)Rlmn(ρ) =

{∑
p(−aEp + bEp )ET

p (ρ), ρ ∈ Ω

0, ρ ∈ ΩPEC
(2.7b)

Moreover, the continuity condition of the magnetic field at the apertures at z = h/2,
implies

−
∑
lmn

Ylmne
+
lmnRlmn(ρ) =

∑
p

νp(a
H
p − bHp )ET

p (ρ), ρ ∈ Ω (2.7c)

while, at the interface z = −h/2, we get∑
lmn

Ylmn(e
−
lmn − eilmn)Rlmn(ρ) =

∑
p

νp(a
H
p + bHp )ET

p (ρ), ρ ∈ Ω (2.7d)

2.6 The linear system for the waveguide coefficients

To obtain a linear system of equations for the waveguide coefficients we eliminate
the plane wave coefficients e±lmn. First, we multiply Eq. (2.7a) with R∗

l′m′n′(ρ)· and
integrate over the unit cell S. We get

e+
l′m′n′ =

∑
p

(aEp + bEp )ET
p ∗ Rl′m′n′ (2.8a)

where the orthogonal property of the Floquet waves was used and

ET
p ∗ Rl′m′n′ :=

∫
S

ET
p (ρ) · R∗

l′m′n′(ρ) dS .

Similarly, Eq. (2.7b) yields

e−l′m′n′ + eil′m′n′ =
∑
p

(−aEp + bEp )ET
p ∗ Rl′m′n′ (2.8b)
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Furthermore, we multiply Eq. (2.7c) and Eq. (2.7d) with ET
p′(ρ)·, and integrate over

Ω,

−
∑
lmn

Ylmne
+
lmnE

T
p′ ∗ R∗

lmn = νp′(a
H
p′ − bHp′ ) (2.9a)

∑
lmn

Ylmn(e
−
lmn − eilmn)E

T
p′ ∗ R∗

lmn = νp′(a
H
p′ + bHp′ ) (2.9b)

The coefficients e±lmn are eliminated by Eqs. (2.8a) and (2.8b),∑
p

(aEp + bEp )Ip
′

p + νp′(a
H
p′ − bHp′ ) = 0

∑
p

(−aEp + bEp )Ip
′

p − νp′(a
H
p′ + bHp′ ) = 2

∑
lmn

Ylmne
i
lmnE

T
p′ ∗ R∗

lmn

where Ip
′

p :=
∑

l′′m′′n′′ Yl′′m′′n′′ET
p′ ∗R∗

l′′m′′n′′ET
p ∗Rl′′m′′n′′ . By adding and subtracting

these equations we obtain∑
p

aEp I
p′
p + νp′a

H
p′ = −

∑
lmn

Ylmne
i
lmnE

T
p′ ∗ R∗

lmn∑
p

bEp I
p′
p − νp′b

H
p′ =

∑
lmn

Ylmne
i
lmnE

T
p′ ∗ R∗

lmn

or ∑
p

Ap

(
sin(kzph/2)Ip

′
p + νp cos(kzph/2)δpp′

)
= −Jp′ (2.10a)

∑
p

Bp

(
cos(kzph/2)Ip

′
p − νp sin(kzph/2)δpp′

)
= Jp′ (2.10b)

where Jp′ :=
∑

lmn Ylmne
i
lmnE

T
p′ ∗ R∗

lmn. Hence, we obtain two non-coupled systems
of equations for the waveguide coefficients Ap and Bp. The linear systems (2.10a)
and (2.10b) are solved by inverting the matrices. Once the waveguide coefficients
Ap and Bp are known, the plane wave coefficients e±lmn are easily obtained from Eqs.
(2.8a) and (2.8b).

2.7 The scattering matrices

Since the incident field is given by an arbitrary Floquet wave (or a sum of Floquet
waves), it is straightforward to define the reflection and transmission matrices [13]
of the structure. These scattering matrices are used when the periodic structure is
cascaded together with other structures, for instance dielectric layers or FSS:s, to
form more general structures. The scattering matrices contain generalized reflection
and transmission coefficients, so that a specific column in the matrix is valid for a
specific incident Floquet wave, while a specific row corresponds to a specific scattered
Floquet wave.
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To this end it is necessary to pay special attention to the phase of the reflected
and transmitted fields. If we define the coefficients of the incident field as

Ei
lmn = eiγmnh/2δllimminni

then the phase center of the incident field is located at z = −h/2, that is, the phase
of the incident field is zero at the point r = −ẑh/2. The integers li, mi, and ni

defines the specific Floquet wave that the incident field consists of. Thus, we have
eilmn = δllimminni . We calculate the waveguide coefficients Ap and Bp for the specific
incident field, and then the coefficients of the reflected field is given by Eq. (2.8b) as

e−lmn = −eilmn +
∑
p∈χ

(
−Ap sin(kzph/2) + Bp cos(kzph/2)

)
ET

p ∗ Rlmn

On the other hand, the reflected field is given by

E−
xy(r) =

∑
lmn

E−
lmnR

−
lmn(r) =

∑
lmn

E−
lmne

iγmnh/2︸ ︷︷ ︸
Refl. coeff.

e−iγmnh/2R−
lmn(r)︸ ︷︷ ︸

Correct phase center

where the phase center of e−iγmnh/2R−
lmn(r) is located at z = −h/2. Hence, the

reflection coefficient, related to the interface z = −h/2, is given by E−
lmne

iγmnh/2,
which equals e−lmn. Similarly, the plane wave coefficients of the transmitted field are
given by Eq. (2.8a) as

e+
lmn =

∑
p∈χ

(
Ap sin(kzph/2) + Bp cos(kzph/2)

)
ET

p ∗ Rlmn

The transmitted field is given by

E+
xy(r) =

∑
lmn

E+
lmnR

+
lmn(r) =

∑
lmn

E+
lmne

iγmnh/2︸ ︷︷ ︸
Trans. coeff.

e−iγmnh/2R+
lmn(r)︸ ︷︷ ︸

Correct phase center

where the phase center of e−iγmnh/2R+
lmn(r) is located at z = h/2. Thus, the trans-

mission coefficient, related to the interface z = h/2, is defined as E+
lmne

iγmnh/2, that
is e+

lmn.
To describe how the scattering matrices are build up, we use the following pseudo

code.

do col=1,size of scattering matrices

define incident field from col

define right hand side

calculate Ap and Bp

do row=1,size of scattering matrices

define l, m and n from row

reflection matrix(row,col)=e−lmn

transmission matrix(row,col)=e+
lmn

end do

end do
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Figure 2: Geometry for a waveguide

3 Waveguide modes and FEM

According to the previous section the electromagnetic fields inside the apertures are
expanded in waveguide modes. In this section we describe how the waveguide modes
are obtained by solving a scalar eigenvalue problem by the FEM.

3.1 Waveguide theory

The geometry for a cylindric waveguide with arbitrary cross-section is depicted in
Figure 2. The boundary surface is denoted S, the cross-section is denoted Ω and its
cross-sectional contour is denoted Γ. Figure 3(a) shows a waveguide with a simply
connected cross-section Ω, while Figure 3(b) shows a waveguide with a boundary
contour Γ that consists of two non-connected parts. The outward normal of the
waveguide, n̂, is a function of x and y, but is independent of the variable z. The
boundary surface is a perfect conductor and it is assumed that the waveguide is
either empty or else filled with a homogeneous isotropic medium with electrical
parameters ε(ω) and µ(ω). We further assume that there are no sources in the
waveguide.

Standard waveguide theory gives that the z-dependence of all field vectors in the
waveguide is given by e±ikzz, where kz is the propagation constant and the + (−)
sign indicates propagation along the positive (negative) z-direction.

In the waveguide in Figure 3(a) two different modes, the transverse electric (TE)
mode and the transverse magnetic (TM) mode, can exist. In the waveguide with
an inner conductor, cf. Fig. 3(b), the transverse electromagnetic (TEM) mode can
also exist, see [2]. Thus Hz = 0 for the TM modes, Ez = 0 for the TE modes, and
both Hz = 0 and Ez = 0 for the TEM mode.

The field components for the TM modes are derived from the eigenvalue problem,
see for example [4], given by Helmholtz’s equation with a homogeneous Dirichlet
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Figure 3: Waveguide cross-section

boundary condition, {
∇2

Tv2n(ρ) + k2
t2nv2n(ρ) = 0, ρ ∈ Ω,

v2n(ρ) = 0, ρ ∈ Γ,
(3.1)

where k2
t2n = k2 − k2

z2n and ∇2
T is the transverse part of the ∇2-operator, i.e.,

∇2
T = ∇2 − ∂2

∂z2 . The TE modes are derived from the corresponding eigenvalue
problem with a homogeneous Neumann boundary condition,{

∇2
Tv1n(ρ) + k2

t1nv1n(ρ) = 0, ρ ∈ Ω,
∂v1n
∂n

(ρ) = 0, ρ ∈ Γ.
(3.2)

The sets of eigenfunctions {vln}∞n=1 are complete and orthogonal. We normalize
them as ∫∫

Ω

vln(ρ)vln′(ρ) dx dy = δn,n′ . (3.3)

The electric fields corresponding to the eigenfunctions are given by

E±
ln(r, ω) =

{
ET

ln(ρ, ω)e±ikzlnz, l = 1 (TE mode),(
ET

ln(ρ, ω) ± vln(ρ)ẑ
)
e±ikzlnz, l = 2 (TM mode),

(3.4)

where the transverse eigenmodes are given by

ET
ln(ρ, ω) =

i

k2
tln(ω)

{
−k(ω)η(ω)ẑ ×∇Tvln(ρ), l = 1 (TE mode),

kzln(ω)∇Tvln(ρ), l = 2 (TM mode).
(3.5)

The magnetic fields corresponding to the eigenfunctions are given by

η0H
±
ln(r, ω) =

{(
±η0H

T
ln(ρ, ω) + vln(ρ)ẑ

)
e±ikzlnz, l = 1 (TE mode),

±η0H
T
ln(ρ, ω)e±ikzlnz, l = 2 (TM mode),

(3.6)
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Figure 4: Examples of geometries for the waveguide: (a) Rectangular. (b) Circular.
(c) Cross. (d) Annular. (e) Hexagonal. (f) Tripole.

where the transverse eigenmodes are given by

η0H
T
ln(ρ, ω) =

i

k2
tln(ω)

{
kzln(ω)∇Tvln(ρ), l = 1 (TE mode),
k(ω)
η(ω)

ẑ ×∇Tvln(ρ), l = 2 (TM mode).
(3.7)

The TEM mode exists if the cross-section contour Γ consists of more than one
non-connected part, see Fig. 3(b) or 4(d,e). The field components for the TEM
mode are derived from the Laplace equation with a Dirichlet boundary condition,
see for example [4]. For a cross-section that consists of two parts Γ1 and Γ2, the
equation and boundary condition read{

∇2
Tψ(ρ) = 0, ρ ∈ Ω,

ψ(ρ) = ψi, ρ ∈ Γi, i = 1, 2,
(3.8)

where ψi is a real constant. We normalize the potential ψ as∫∫
Ω

∇Tψ(ρ) · ∇Tψ(ρ) dx dy = 1. (3.9)

The corresponding electric and magnetic fields are given by

E±
ln(r, ω) = ET

ln(ρ, ω)e±ikzlnz

H±
ln(r, ω) = ±HT

ln(ρ, ω)e±ikzlnz
l = 0 (TEM mode), (3.10)

where the corresponding transverse electric and magnetic fields are given by

ET
ln(ρ, ω) = −∇Tψ(ρ),

±η0H
T
ln(ρ, ω) = ∓ 1

η(ω)
ẑ ×∇Tψ(ρ),

l = 0 (TEM mode). (3.11)
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Figure 5: Examples of modes and fields in a cross-shaped waveguide: (a) The lowest
TM mode. (b) The third TM mode. (c) The lowest TE mode. (d) The second TE
mode.

The magnetic waveguide modes can be expressed in electric waveguide modes as

−η(ω)η0ẑ × HT
ln(ρ, ω) =




ET
ln(ρ, ω), l = 0 (TEM mode),

kzln

k(ω)
ET

ln(ρ, ω), l = 1 (TE mode),
k(ω)
kzln

ET
ln(ρ, ω), l = 2 (TM mode).

(3.12)

3.2 Known waveguide modes

In the previous section we saw that one can obtain the transverse electric fields
ET

ln(ρ, ω) for the waveguide modes by first solving the eigenvalue problems in Eqs.
(3.2), (3.1) and then using Eq. (3.5). If the TEM mode is involved we also need to
solve Eq. (3.8) and use Eq. (3.11). In Figure 4 we have depicted six examples of
cross-sections for a waveguide. For simple geometries, e.g., rectangular, circular and
annular, there are well-known analytic expressions for the waveguide modes, cf. [2].
Structures with rectangular apertures are treated in Appendix A and structures
with circular apertures with inner conductor are treated in Appendix B.
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3.3 Unknown modes and FEM

For waveguides with more complicated cross-sections there are generally no closed
form expressions for the waveguide fields. Instead these fields need to be determined
numerically, and in this paper we utilize the FEM for this purpose. FEM is a
very suitable method for the two-dimensional eigenvalue problems in Eqs. (3.2) and
(3.1). A simple and quick introduction to the application of FEM to electromagnetic
problems is given in [6].

There are several commercial FEM programs that are suited for two-dimensional
eigenvalue problems. We have chosen FEMLAB, see [3], which is a toolbox to
MATLAB. FEMLAB provides graphic tools to describe complicated domains and
it automatically generates triangular meshes. It also discretizes the PDEs, finds
discrete solutions and plots the results.

Figure 5 shows four examples of waveguide modes for a cross-shaped waveguide.
In (a) and (b) we plot the lowest and the third TM mode, and in (c) and (d) we
plot the lowest and the second TE mode. The gray scale in Figure 5 illustrates the
solution to the eigenvalue problem, v2n(ρ) in (3.1) for the TM modes and v1n(ρ)
in (3.2) for the TE modes. The arrows in the Figure 5 show the corresponding
transverse electric field ET

ln, see (3.5).

4 Numerical results

4.1 Measured and calculated transmission

In this section we compare measured and calculated transmission for a copper sheet,
that is perforated with rectangular apertures, see Figure 4. The sheet is 1.1 mm thick
and the rectangular apertures are cx = 18.0 mm wide and cy = 5.5 mm high. The
rectangular apertures are oriented such that the x-axis is parallel to the long side.
The periodicity is given by a = 23.25 mm, b = 15.55 mm and φ0 = 90◦.

In Figure 6 we present the measured and calculated transmitted power for TM-
incidence with the azimuthal angle φ = 90◦. The computed curves are calculated
with both known waveguide modes (see Appendix A) and modes produced by FEM.
In the calculations we use Floquet waves with index |m|, |n| ≤ 10, i.e., the number
of Floquet waves are 2(2 × 10 + 1)2 = 882 . When we use known waveguide modes
we take modes with highest index 5, i.e., 60 modes, and when we use FEM modes
we take the 14 lowest propagating modes, i.e., TE10, TE20, TE30, TE01, TE11, TE21,
TE40, TE31, TE50, TE41, TM11, TM21, TM31, TM41. The cutoff frequency for the
first propagating mode, i.e., TE10, is fcutoff = 8.33 GHz. No other modes propagate
in the current frequency band, 8 − 12 GHz.

We see from Figure 6 that we have good agreement between measured and com-
puted power transmission and between curves which are calculated with known
waveguide modes and modes produced by the FEM.

Figure 6 also shows how the transmission depends on the angle of incident. Since
we plot the power transmission for three different angles θ = 0◦, 30◦, 60◦, we can see
that the passband for the transmission is falling in frequency then the angle of
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Figure 6: Comparison between measured and calculated transmission. The curves
show the power transmission coefficient for TM-incidence on a screen perforated
with rectangular apertures as a function of frequency. The solid curve is measured,
the curve with rings is calculated with known waveguide modes and the curve with
the cross is calculated with FEM modes. (a) θ = 0◦, (b) θ = 30◦, (c) θ = 60◦.
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Figure 7: Comparison between different methods for calculating the transmission.
The curves show the power transmission coefficient for TE-incidence on a screen
perforated with annular apertures as a function of frequency. The solid curve is
calculated with the spectral Galerkin method, the curve with rings is calculated
with known waveguide modes and the curve with the cross is calculated with FEM
modes.

incident increases.

4.2 Thin screens (FSS)

In this subsection we investigate how the present method handles thin screens,
i.e., frequency selective surfaces. Numerous methods have been used to analyze
thin screens, among other, we mention the equivalent circuit method, the mutual-
impedance method and the integral equation method [13]. Here, we compare the
present method with an integral equation method called the spectral Galerkin meth-
od [12]. In the spectral Galerkin method the thickness of the screen is assumed to be
zero. We consider a screen with thickness 18µm, perforated with annular apertures.
The chosen thickness, 18µm, is a typical thickness of the copper layer on the printed
circuit board, often used in FSS measurements.

In Figure 7 the power transmission for a thin screen with annular apertures
is depicted, see Figure 4. The outer radius is co = 6 mm and the inner radius is
ci = 5 mm. The periodicity is given by a = 24.40 mm, b = 17.25 mm and φ0 = 45◦.
The structure is illuminated with a TE-polarized plane wave at normal incidence,
i.e., θ = φ = 0. Three curves are presented in Figure 7 and these are calculated
with three different methods. One curve is calculated with the spectral Galerkin
method [12], where the thickness of the structure is assumed to be zero, that is
h = 0. The other two curves are obtained by mode matching with known waveguide
modes (see Appendix B) and modes produced by FEM. In both calculations we use
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Figure 8: The dependence of thickness. The curves show the power transmission
coefficient as a function of frequency, for a TE-wave incident on a screen perforated
with annular apertures. The thicknesses of the screens are indicated in the figure.

the thickness h = 18µm. We use Floquet waves with index |m|, |n| ≤ 14, i.e., the
number of Floquet waves are 2(2 × 14 + 1)2 = 1682. When we use known modes
we take modes with highest index 5, corresponding to 120 modes, and when we use
FEM modes we take the 19 lowest propagating modes.

Since the aperture have a annular cross-section that consist of two non-connecting
parts, a TEM mode can propagate in the aperture. The TEM mode propagates for
all frequencies, and the cutoff frequency for the next propagating mode (a double
mode) is fcutoff = 8.7 GHz. No other modes propagate in the current frequency
band, 0 − 12 GHz.

Figure 7 verifies the present method for thin screens. Notice that more waveguide
modes are needed to obtain correct result when the structure is thin, compared to
thicker screens. This depends on the fact that the evanescent modes (modes that
decrease exponentially) contribute more for thin structures. The number of modes
is determined by adding modes until the result does not change.

4.3 Thick screens

In this subsection we investigate how the transmission depends on the thickness of
the screen. In Figure 8 we see the power transmission for a structure with annular
apertures. We have used the same parameters as in Section 4.2, except that we let
the thickness vary from h = 18µm to 1.8 mm. We see that the bandwidth decreases
when the thickness of the screen is increased, and that the passband is falling slightly
in frequency when the screen becomes thicker. It is also concluded that if h is smaller
than 0.18 mm, we have moderate changes in the transmission.
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TE, φ = 0 TE, θ = 45◦
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Figure 9: Transmission through hexagonal apertures. The curves shows the power
transmission coefficient for TE-incidence as a function of frequency. In (a) we have
φ = 0◦ and varying θ; 1◦, 30◦, 60◦, and in (b) we have θ = 45◦ and varying φ;
0◦, 30◦, 60◦.

4.4 Hexagonal and tripole apertures

In this section we investigate the transmission of two types of screens with complex
geometries, namely hexagonal and tripole apertures, see Figure 4. In these cases
we do not have any closed form expressions for the waveguide fields. Therefore we
calculate the waveguide fields numerically by the FEM.

In Figure 9, the power transmission of a thick screen perforated with hexagonal
apertures is depicted, see Figure 4. The outer radius is co = 6 mm, the inner radius is
ci = 5 mm and the thickness is h = 1.1 mm. The periodicity is given by a = 18 mm,
b = 18 mm and φ0 = 60◦. Figure 9(b) indicates that the band of transmission is
independent of φ.

Since the aperture have a hexagonal cross-section that consist of two non-con-
necting parts, a TEM mode can propagate in the aperture. The TEM mode prop-
agates for all frequencies, and the cutoff frequency for the next propagating mode
(a double mode) is fcutoff = 10.0 GHz. No other modes propagate in the current
frequency band, 8 − 12 GHz. In the calculations we have used Floquet waves with
index |m|, |n| ≤ 4, and the 6 lowest propagating modes.

In Figure 10 we see the power transmission of a thick screen perforated with the
tripole apertures depicted in Figure 4(f). The length is cl = 7.5 mm, the width is
cb = 0.5 mm and the thickness is h = 1.1 mm. The periodicity is given by a = 15 mm,
b = 15 mm and φ0 = 60◦. The structure is illuminated with both a TE- and a
TM-polarized plane wave. In Figure 10(a) and (b) we have φ = 0◦ and a varying
θ = 1◦, 20◦, 40◦, 60◦. The Figure 10(a) shows that the bandwidth becomes narrower
for TE when we increase the angle of incidence, but in Figure 10(b) we can see that
the bandwidth becomes broader for TM when we increase the angle of incidence.
In Figures 10(c) and (d) we have θ = 45◦ and a varying φ = 0◦, 15◦, 30◦, 60◦. The
Figures 10(c) and (d) show that the band of transmission is independent of φ.

In the tripole aperture can no TEM mode propagate, since the cross-section
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Figure 10: Transmission through tripole apertures. The curves show the power
transmission coefficient as a function of frequency. In (a) and (c) we have TE-
incidence, and in (b) and (d) we have TM-incidence. In (a) and (b) we have φ = 0◦

and varying θ; 1◦, 20◦, 40◦, 60◦. In (c) and (d) we have θ = 45◦ and varying φ;
0◦, 15◦, 30◦, 60◦.
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consist of only one simply connecting parts. The cutoff frequency for the first prop-
agating mode (a double mode) is fcutoff = 9.22 GHz. No other modes propagate in
the current frequency band, 8 − 12 GHz. In the calculations we have used Floquet
waves with index |m|, |n| ≤ 2, and the 5 lowest propagating modes.

If we compare Figure 9 and 10 we see that hexagonal apertures have larger
bandwidth than tripole apertures.

5 Conclusions

In this paper thick screens perforated with periodic arrays of apertures are consid-
ered. The fields outside the structure are expanded in plane waves, while the field
inside the apertures are expanded in appropriate waveguide modes. The boundary
conditions for the tangential electric and magnetic fields are applied to get a lin-
ear system of equations for the coefficients of the waveguide modes. We solve this
system of equations by matrix inversion, and obtain the transmitted and reflected
fields.

Four geometries of the apertures are considered in the numerical calculations,
namely rectangular, annular, tripole, and hexagonal. For respective case we have
calculated the transmission as a function of frequency. For a thick structure (1.1 mm)
perforated with rectangular apertures, excellent agreement with measurements was
found. We also calculated the transmission for extreme thin structures (18µm). The
result of the present method was in accordance with the result of an established in-
tegral equation method, i.e., the spectral Galerkin method [12], where the thickness
of the screen is assumed to be zero. Hence, the present method was verified for thin
structures. We have also investigate how the transmission depends on the thickness
of the screen. It is concluded that the bandwidth deceases when the thickness of the
screen is increased. Finally, we studied the transmission of two types of screen with
complex geometries, namely hexagonal and tripole apertures. In all computations
we have stated how many Floquet waves and waveguide modes we need for the result
to converge.

In context of thickness dependence, it has been discussed if one can use a carbon
fabric instead of copper layer in conventional (thin) FSS structures. A carbon fabric
is thicker than a copper layer (≈ 18µm). We have used the method in this paper
to see if thickness has any important effect. The conductivity of the carbon fabric
is finite, but was in the calculations approximated with an infinite conductivity.

The conclusions from the study is that thick screens are appropriate for low
observable radomes with small bandwidth. The transmission inside the band is very
good, attenuation outside the band is extremely good and the angle of incidence
dependence is acceptable. However, for radomes where moderate or large bandwidth
is required, a patch which partly covers the aperture area should be included at
each end of the aperture, forming a so called artificial puck plate (APP) structure
[13]. These APP structures have excellent properties regarding bandwidth, scan
independence and polarisation independence [13]. This project is to be considered
as a first step of the development of a computer code for APP structures with
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arbitrary cross-section.
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Appendix A Rectangular apertures

When the apertures are rectangular, the field in the apertures can be expanded in
classical waveguide modes, which usually are used to describe the field in a rec-
tangular waveguide. The rectangular apertures are right-angled and the sides of
apertures are parallel with the x- and the y-axis, respectively. The width of the
apertures (along the x-axis) is denoted cx, while the height is denoted cy. The
waveguide modes ET

lmn are defined as, see for example [2],

ET
1mn(ρ) := gmn

[
x̂
nπ

cy
cos

(mπx

cx

)
sin

(nπy
cy

)
− ŷ

mπ

cx
sin

(mπx

cx

)
cos

(nπy
cy

)]
,

ET
2mn(ρ) := gmn

[
x̂
mπ

cx
cos

(mπx

cx

)
sin

(nπy
cy

)
+ ŷ

nπ

cy
sin

(mπx

cx

)
cos

(nπy
cy

)]
,

where gmn := ((2 − δm0)(2 − δn0)/cxcy)
1/2((mπ/cx)

2 + (nπ/cy)
2)−1/2 is a factor of

normalization. The waveguide modes are orthonormal in the meaning that∫
Ω

ET
lmn(ρ) · ET

l′m′n′(ρ) dx dy = δll′δmm′δnn′ .

Note that l = 1 corresponds to the TE modes, while l = 2 corresponds to the TM
modes. For TE modes m = 0, 1, 2, . . . , n = 0, 1, 2, . . . and (m,n) �= (0, 0), and
for TM modes m = 1, 2, . . . and n = 1, 2, . . . . For rectangular apertures kzp :=
(k2 − (mπ/cx)

2 − (nπ/cy)
2)1/2, see (2.5).

A.1 Convolutions

In this section we consider the convolution between the rectangular waveguide modes
and the Floquet waves, i.e., ET

lmn ∗ Rl′m′n′ , which we have defined as

ET
lmn ∗ Rl′m′n′ =

∫
S

ET
lmn(ρ) · Rl′m′n′(ρ) dx dy,

where Ω is the cross-section of the waveguide, Ω = {0 < x < cx, 0 < y < cy}. Since
the space dependence in both the waveguide modes and the Floquet waves can be
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expressed in exponential functions, the integral above can be calculated analytically.
The following integrals are useful

Γ(1)
m (α, c) :=

∫ c

0

cos(mπξ/c)e−iαξ dξ,

Γ(2)
m (α, c) :=

∫ c

0

sin(mπξ/c)e−iαξ dξ.

We replace the cosine- and the sinus functions with (complex) exponential functions
and get

Γ(1)
m (α, c) =

ic2α(1 − (−1)me−iαc)

m2π2 − α2c2
,

Γ(2)
m (α, c) =

cmπ(1 − (−1)me−iαc)

m2π2 − α2c2
.

Thus the explicit expressions for the convolutions read

ET
1mn ∗ R1m′n′ =

gmn√
AS

(nπ
cy

βm′n′

τm′n′
Γ1 +

mπ

cx

αm′

τm′n′
Γ2

)
,

ET
1mn ∗ R2m′n′ =

gmn√
AS

(nπ
cy

αm′

τm′n′
Γ1 −

mπ

cx

βm′n′

τm′n′
Γ2

)
,

ET
2mn ∗ R1m′n′ =

gmn√
AS

(mπ

cx

βm′n′

τm′n′
Γ1 −

nπ

cy

αm′

τm′n′
Γ2

)
,

ET
2mn ∗ R2m′n′ =

gmn√
AS

(mπ

cx

αm′

τm′n′
Γ1 +

nπ

cy

βm′n′

τm′n′
Γ2

)
,

where Γ1 := Γ
(1)
m (αm′ , cx)Γ

(2)
n (βm′n′ , cy) and Γ2 := Γ

(2)
m (αm′ , cx)Γ

(1)
n (βm′n′ , cy).

Appendix B Annular apertures

Another well-known waveguide geometry is the coaxial cable. The cable has concen-
tric circular inner and outer conductors. The fields propagate between the conduc-
tors. The coaxial cable can, unlike the rectangular waveguide, support a mode, the
TEM mode, which propagates for all frequencies. The radii of the outer and inner
boundary surface are denoted ρa and ρb, respectively. We introduce the dimension-
less quantity d := ρa/ρb, which always is greater than one, d > 1. Before we define
the waveguide modes, we do some definitions. We let χmn be the zeros to the func-
tion Jm(dx)Ym(x) − Ym(dx)Jm(x), where Jm(x) and Ym(x) are Bessel functions of
the first and second kind, respectively. We have that m ≥ 0, while n ≥ 1. Further
we let χ′

mn be the zeros to the function J ′
m(dx)Y ′

m(x)−Y ′
m(dx)J ′

m(x). The zeros χmn

and χ′
mn are determined numerically, by e.g., the Newton-Raphsons method. Nu-

merical values of χmn and χ′
mn, for different values of d, are given by Marcuvitz [5].

We also define the functions

Zm(
χmnρ

ρb
) :=

√
πεm
2

Jm(χmnρ
ρb

)Ym(χmn) − Ym(χmnρ
ρb

)Jm(χmn)√(
Jm(χmn)
Jm(dχmn)

)2

− 1



23

and

Im(
χ′
mnρ

ρb
) :=

√
πεm
2

Jm(χ
′
mnρ
ρb

)Y ′
m(χ′

mn) − Ym(χ
′
mnρ
ρb

)J ′
m(χ′

mn)√(
J ′

m(χ′
mn)

J ′
m(dχ′

mn)

)2
(

1 −
[

m
dχ′

mn

]2
)
−

(
1 −

[
m

χ′
mn

]2
) ,

where εm := 2 − δm0.
The TEM mode we define as

ET
0000(ρ) :=

1√
2π log d

ρ̂

ρ
,

while the remaining modes are given by

ET
1mn1(ρ) :=

m

ρ
Im(

χ′
mnρ

ρb
) sin(mφ)ρ̂ +

χ′
mn

ρb
I ′m(

χ′
mnρ

ρb
) cos(mφ)φ̂,

ET
1mn2(ρ) := −m

ρ
Im(

χ′
mnρ

ρb
) cos(mφ)ρ̂ +

χ′
mn

ρb
I ′m(

χ′
mnρ

ρb
) sin(mφ)φ̂,

ET
2mn1(ρ) := −χmn

ρb
Z ′
m(

χmnρ

ρb
) sin(mφ)ρ̂− m

ρ
Zm(

χmnρ

ρb
) cos(mφ)φ̂

and

ET
2mn2(ρ) := −χmn

ρb
Z ′
m(

χmnρ

ρb
) cos(mφ)ρ̂ +

m

ρ
Zm(

χmnρ

ρb
) sin(mφ)φ̂,

where m ≥ 0 and n ≥ 1. The modes ET
lmns form a complete system over the

aperture ρb ≤ ρ ≤ ρa and 0 ≤ φ < 2π. As before l = 1 and l = 2 represent TE and
TM modes, respectively. The index s indicates if the mode is horizontal (s = 1)
or vertical (s = 2). A horizontal mode has no φ-component on the x-axis, while a
vertical mode has no ρ-component on the x-axis. Finally the modes are orthonormal
in the meaning that∫ ρa

ρb

∫ 2π

0

ET
lmns(ρ) · ET

l′m′n′s′(ρ) ρ dρ dφ = δll′δmm′δnn′δss′ .

B.1 Convolutions

The convolution between a waveguide mode ET
lmns(ρ), for a coaxial cable, and a

Floquet wave Rl′m′n′(ρ) is defined as

ET
lmns ∗ Rl′m′n′ :=

∫ ρa

ρb

ρ dρ

∫ 2π

0

dφET
lmns(ρ) · R∗

l′m′n′(ρ).

We note that the Floquet waves can be written as

R∗
1mn(ρ) =

x̂ sinϕmn − ŷ cosϕmn√
AS

e−iρτmn cos(φ−ϕmn),

R∗
2mn(ρ) =

x̂ cosϕmn + ŷ sinϕmn√
AS

e−iρτmn cos(φ−ϕmn)
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or

R∗
1mn(ρ) = − ρ̂ sin(φ− ϕmn) + φ̂ cos(φ− ϕmn)√

AS

e−iρτmn cos(φ−ϕmn),

R∗
2mn(ρ) =

ρ̂ cos(φ− ϕmn) − φ̂ sin(φ− ϕmn)√
AS

e−iρτmn cos(φ−ϕmn),

where we have introduced τmn and ϕmn as the polar coordinates for the vector τmn,{
αm = τmn cosϕmn,
βmn = τmn sinϕmn.

In the following section we derive all the convolutions which we need for the nu-
merical calculations, see also thesis [8]. As an alternative to these relatively long
derivations one can present a short handbook over the convolutions. The disad-
vantage with such a handbook is that it is of no value if it contains misprints and
therefore we have chosen to give the derivations.

B.1.1 TEM mode

First we consider the convolution between the TEM mode and a Floquet wave. We
note that

ρET
0000(ρ) =

ρ̂√
2π log c

,

and hence

ET
0000 ∗ R1m′n′ = −

∫ ρa

ρb

dρ

∫ 2π

0

dφ
sin(φ− ϕmn)√

2πAS log c
e−iρτmn cos(ϕmn−φ),

ET
0000 ∗ R2m′n′ =

∫ ρa

ρb

dρ

∫ 2π

0

dφ
cos(φ− ϕmn)√

2πAS log c
e−iρτmn cos(ϕmn−φ).

The integration over ρ can be done easily and we get

ET
0000 ∗ R1m′n′ =

−i√
2πAS log c

∫ 2π

0

tanφ(e−iρbτmn cosφ − e−iρaτmn cosφ) dφ,

ET
0000 ∗ R2m′n′ =

i√
2πAS log c

∫ 2π

0

(e−iρbτmn cosφ − e−iρaτmn cosφ) dφ,

where we have replaced φ − ϕ with φ. This replacement can be done thanks to
integration over a whole period. The first integral is zero, since the integrand is
odd. The second integral can be calculated with help of∫ 2π

0

e−iξ cosφ dφ =

∫ 2π

0

cos(ξ cosφ) dφ = 2πJ0(ξ),

where in the last identity we have used 9.1.18 in Handbook of Mathematical Functions
[1]. To sum up we have

ET
0000 ∗ R1m′n′ = 0,

ET
0000 ∗ R2m′n′ = i

√
2π

AS log c

J0(τm′n′ρa) − J0(τm′n′ρb)

τm′n′
.
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B.1.2 TE modes

We now consider the convolution between Floquet waves and TE modes, ET
1mns(ρ).

We have that

ET
1mn1 ∗ R1m′n′ = − 1√

AS

∫ ρa

ρb

dρ

∫ 2π

0

dφ

{
mIm(

χ′
mnρ

ρb
) sin(mφ) sin(φ− ϕm′n′)

+
χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
) cos(mφ) cos(φ− ϕm′n′)

}
e−iρτm′n′ cos(φ−ϕm′n′ ).

We start with the variable substitution φ− ϕm′n′ → φ and we get

ET
1mn1 ∗ R1m′n′ = − 1√

AS

∫ ρa

ρb

dρ

∫ 2π−ϕm′n′

−ϕm′n′

dφ

×
{
mIm(

χ′
mnρ

ρb
) sin(m(φ + ϕm′n′)) sinφ

+
χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
) cos(m(φ + ϕm′n′)) cosφ

}
e−iρτm′n′ cosφ.

We use the relations{
cos(m(φ + ϕm′n′)) = cos(mφ) cos(mϕm′n′) − sin(mφ) sin(mϕm′n′)

sin(m(φ + ϕm′n′)) = sin(mφ) cos(mϕm′n′) + cos(mφ) sin(mϕm′n′)
(B.1)

and note that φ-integral of odd integrands are zero. We have

ET
1mn1 ∗ R1m′n′ = − 1√

AS

cos(mϕm′n′)

∫ ρa

ρb

dρ

∫ 2π

0

dφ

×
{
mIm(

χ′
mnρ

ρb
) sin(mφ) sinφ

+
χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
) cos(mφ) cosφ

}
e−iρτm′n′ cosφ,

where we have changed the interval of integration to 0 ≤ φ ≤ 2π. Now we apply
the relations 


cos(mφ) cosφ =

1

2

(
cos((m− 1)φ) + cos((m + 1)φ)

)
,

sin(mφ) sinφ =
1

2

(
cos((m− 1)φ) − cos((m + 1)φ)

)
,

(B.2)

and use that the integrand is an even function of φ around φ = π. We get

ET
1mn1 ∗ R1m′n′ = − 1√

AS

cos(mϕm′n′)

∫ ρa

ρb

dρ

∫ π

0

dφ

×
{
mIm(

χ′
mnρ

ρb
)
(
cos((m− 1)φ) − cos((m + 1)φ)

)
+

χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
)
(
cos((m− 1)φ) + cos((m + 1)φ)

)}
e−iρτm′n′ cosφ.



26

With the help of 9.1.21 in [1] we can do the integration over φ. We get

ET
1mn1 ∗ R1m′n′ = − π√

AS

cos(mϕm′n′)(−i)m−1

×
∫ ρa

ρb

{
mIm(

χ′
mnρ

ρb
)
(
Jm−1(ρτm′n′) + Jm+1(ρτm′n′)

)
+

χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
)
(
Jm−1(ρτm′n′) − Jm+1(ρτm′n′)

)}
dρ,

which can be simplified with help of 9.1.27 in [1] to

ET
1mn1 ∗ R1m′n′ = − 2π√

AS

cos(mϕm′n′)(−i)m−1

×
∫ ρa

ρb

{
m2

ρτm′n′
Im(

χ′
mnρ

ρb
)Jm(ρτm′n′) +

χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
)J ′

m(ρτm′n′)

}
dρ.

This expression can be simplified to

ET
1mn1 ∗ R1m′n′ = − 2π√

AS

(χ′
mn)

2ρb(−i)m−1 cos(mϕm′n′)

× Im(χ′
mn)J

′
m(ρbτm′n′) − cIm(cχ′

mn)J
′
m(ρaτm′n′)

ρ2
bτ

2
m′n′ − (χ′

mn)
2

.

Further it yields that

ET
1mn2 ∗ R1m′n′ = tan(mϕm′n′)ET

1mn1 ∗ R1m′n′ .

We now consider the convolution between the TE mode ET
1mn1 and the Floquet

wave R2m′n′ . We use the same technique as before to get

ET
1mn1 ∗ R2m′n′ =

1√
AS

∫ ρa

ρb

dρ

∫ 2π

0

dφ

{
mIm(

χ′
mnρ

ρb
) sin(mφ) cos(φ− ϕm′n′)

− χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
) cos(mφ) sin(φ− ϕm′n′)

}
e−iρτm′n′ cos(φ−ϕm′n′ ).

We do the variable substitution φ− ϕm′n′ → φ and obtain

ET
1mn1 ∗ R2m′n′ =

1√
AS

∫ ρa

ρb

dρ

∫ 2π−ϕm′n′

−ϕm′n′

dφ

×
{
mIm(

χ′
mnρ

ρb
) sin(m(φ + ϕm′n′)) cosφ

− χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
) cos(m(φ + ϕm′n′)) sinφ

}
e−iρτm′n′ cosφ.
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As before we use the relations in (B.1) and note that the φ-integral with odd inte-
grand is zero. We have

ET
1mn1 ∗ R2m′n′ =

1√
AS

sin(mϕm′n′)

∫ ρa

ρb

dρ

∫ 2π

0

dφ

{
mIm(

χ′
mnρ

ρb
)

× cos(mφ) cosφ +
χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
) sin(mφ) sinφ

}
e−iρτm′n′ cosφ,

where we have changed the interval of integration to 0 ≤ φ ≤ 2π. As before we
apply (B.2) and use that the integrand is even as function of φ around φ = π,

ET
1mn1 ∗ R2m′n′ =

1√
AS

sin(mϕm′n′)

∫ ρa

ρb

dρ

∫ π

0

dφ

×
{
mIm(

χ′
mnρ

ρb
)
(
cos((m− 1)φ) + cos((m + 1)φ)

)
+

χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
)
(
cos((m− 1)φ) − cos((m + 1)φ)

)}
e−iρτm′n′ cosφ.

We perform the integration over φ and get

ET
1mn1 ∗ R2m′n′ =

π√
AS

sin(mϕm′n′)(−i)m−1

×
∫ ρa

ρb

{
mIm(

χ′
mnρ

ρb
)
(
Jm−1(ρτm′n′) − Jm+1(ρτm′n′)

)
+

χ′
mnρ

ρb
I ′m(

χ′
mnρ

ρb
)
(
Jm−1(ρτm′n′) + Jm+1(ρτm′n′)

)}
dρ.

With the help of 9.1.27 in [1] this can be simplified to

ET
1mn1 ∗ R2m′n′ =

2π√
AS

sin(mϕm′n′)m(−i)m−1

×
∫ ρa

ρb

{
Im(

χ′
mnρ

ρb
)J ′

m(ρτm′n′) +
χ′
mn

τm′n′ρb
I ′m(

χ′
mnρ

ρb
)Jm(ρτm′n′)

}
dρ.

We now observe that the integrand can be written as

1

τm′n′

∂

∂ρ

{
Im(

χ′
mnρ

ρb
)Jm(ρτm′n′)

}
and the remaining integration is easy to do. We get

ET
1mn1 ∗ R2m′n′ =

2π√
AS

sin(mϕm′n′)m(−i)m−1

× Im(cχ′
mn)Jm(ρaτm′n′) − Im(χ′

mn)Jm(ρbτm′n′)

τm′n′
.

Further it yields that

ET
1mn2 ∗ R2m′n′ = − cot(mϕm′n′)ET

1mn1 ∗ R2m′n′ .
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B.1.3 TM modes

Next we study the convolution between the TM mode ET
2mn1 and the Floquet wave

R2m′n′ . We have

ET
2mn1 ∗ R2m′n′ =

1√
AS

∫ ρa

ρb

dρ

∫ 2π

0

dφ

{
mZm(

χmnρ

ρb
) cos(mφ) sin(φ− ϕm′n′)

− χmnρ

ρb
Z ′
m(

χmnρ

ρb
) sin(mφ) cos(φ− ϕm′n′)

}
e−iρτm′n′ cos(φ−ϕm′n′ ).

The variable substitution φ− ϕm′n′ → φ gives

ET
2mn1 ∗ R2m′n′ =

1√
AS

∫ ρa

ρb

dρ

∫ 2π−ϕm′n′

−ϕm′n′

dφ

×
{
mZm(

χmnρ

ρb
) cos(m(φ + ϕm′n′)) sinφ

− χmnρ

ρb
Z ′
m(

χmnρ

ρb
) sin(m(φ + ϕm′n′)) cosφ

}
e−iρτm′n′ cosφ,

which can be simplified with the help of (B.1) to

ET
2mn1 ∗ R2m′n′ = − 1√

AS

sin(mϕm′n′)

∫ ρa

ρb

dρ

∫ 2π

0

dφ

{
mZm(

χmnρ

ρb
)

× sin(mφ) sinφ +
χmnρ

ρb
Z ′
m(

χmnρ

ρb
) cos(mφ) cosφ

}
e−iρτm′n′ cosφ,

where we have used that the φ-integrals with odd integrands are zero. Further we
use (B.2) and get

ET
2mn1 ∗ R2m′n′ = − 1√

AS

sin(mϕm′n′)

∫ ρa

ρb

dρ

∫ π

0

dφ

×
{
mZm(

χmnρ

ρb
)
(
cos((m− 1)φ) − cos((m + 1)φ)

)
+

χmnρ

ρb
Z ′
m(

χmnρ

ρb
)
(
cos((m− 1)φ) + cos((m + 1)φ)

)}
e−iρτm′n′ cosφ.

With the help of 9.1.21 in [1] we can carry out the integration over φ. We get that

ET
2mn1 ∗ R2m′n′ = − π√

AS

sin(mϕm′n′)(−i)m−1

×
∫ ρa

ρb

{
mZm(

χmnρ

ρb
)
(
Jm−1(ρτm′n′) + Jm+1(ρτm′n′)

)
+

χmnρ

ρb
Z ′
m(

χmnρ

ρb
)
(
Jm−1(ρτm′n′) − Jm+1(ρτm′n′)

)}
dρ,
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which can be simplified, with the help of 9.1.27 in [1], to

ET
2mn1∗R2m′n′ = − 2π√

AS

sin(mϕm′n′)(−i)m−1

×
∫ ρa

ρb

{
m2

ρτm′n′
Zm(

χmnρ

ρb
)Jm(ρτm′n′) +

χmnρ

ρb
Z ′
m(

χmnρ

ρb
)J ′

m(ρτm′n′)

}
dρ.

This expression can be simplified to

ET
2mn1 ∗ R2m′n′ = − 2π√

AS

χmnρb(−i)m−1 sin(mϕm′n′)ρbτm′n′

× cZ ′
m(cχmn)Jm(ρaτm′n′) − Z ′

m(χmn)Jm(ρbτm′n′)

ρ2
bτ

2
m′n′ − χ2

mn

.

In conclusion it yields that

ET
2mn2 ∗ R2m′n′ = cot(mϕm′n′)ET

2mn1 ∗ R2m′n′ .
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