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Abstract

This paper concerns scattering of an electromagnetic wave by a bounded object

located inside a parallel plate waveguide. The exciting �eld in the waveguide

is either an arbitrary source located at a �nite distance from the obstacle or

a plane wave generated in the far zone. In the latter case, the generating

�eld corresponds to the lowest propagating mode (TEM) in the waveguide.

The analytic treatment of the problem relies on an extension of the null �eld

approach, or T-matrix method, originally developed by Peter Waterman, and

later generalized to deal with object close to an interface. The present pa-

per generalizes this approach further to deal with obstacles inside a parallel

waveguide. This problem shows features that re�ect both the two-dimensional

geometry, as well as the three-dimensional scattering characteristics. The anal-

ysis is illustrated by several numerical examples.

1 Introduction

Recent theoretical progress in the development of useful scattering identities �
sum rules [2, 14, 15, 28] � have initiated several attempts to verify these identities
experimentally [15, 22�26]. These sum rules relate the dynamical behavior of the
scattering and absorption behavior of the scatterer to the static properties of the
scatterer (polarizability dyadics). A detailed investigation of the static properties of
an obstacle between two parallel plates has been reported recently [20].

The scattering identities have successfully been veri�ed in free space [23�26]. In
many respects, the parallel plate waveguide shows a more controlled environment for
these measurements. Initial investigations show that this geometry is accessible [15,
22].

The analysis of wave propagation in a parallel plate waveguide shows many
similarities with wave propagation in strati�ed media. An excellent introduction to
the topic of wave propagation in strati�ed media is found in [10]. The presence of
the parallel plates is usually solved by the introduction of an appropriate Green's
dyadic. In particular, wave propagation in an empty parallel plate waveguide from
a given source con�guration can be solved with this technique.

The complexity of the solution increases dramatically if an obstacle is intro-
duced in the waveguide. In the vicinity of the scatterer, the scattered �eld behaves
as a solution of a three-dimensional scattering problem. However, far away from
the scatterer, the �eld does not decline as 1/r, as it does for a three-dimensional
problem, but vanishes as 1/

√
ρ, where the distance to the vertical axis is denoted ρ.

Nevertheless, far away from the scatterer, the problem is still a three-dimensional
scattering problem, since there are variations in the �elds in the vertical direction.
Only at frequencies below the �rst cuto� frequency, de�ned by k0d = π, where k0 is
the wave number in vacuum, and d is the distance between the plates, the problem
is two-dimensional, in that there are no variations in the vertical direction of the
�elds below this frequency.

Again, the introduction of an appropriate Green's dyadic can be useful in the
solution of the scattering problem. However, in this paper, we do not pursue this
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line of solution technique further. Instead, we use the free space Green's dyadic,
and solve the problem with parallel plates and scatterer simultaneously. The entire
solution employs the integral representation of the solution. This integral represen-
tation approach to solve the scattering problem was originally introduced by Peter
Waterman [30], and it has proven to be a very powerful and useful technique to solve
a large variety of scattering problems, not only electromagnetic, but also acoustic
and elastodynamic problems.

This paper solves the complex wave propagation problem in a planar waveguide
with �nite obstacles, and the present geometry is an extension of the results with
buried obstacle close to a planar interface � layered or not [4, 5, 8, 17�19, 21]. Similar
technique to solve the electromagnetic scattering problem by obstacles inside a cylin-
drical waveguide has also been reported [7]. Problems with two planar surfaces have
been addressed before, but not for the electromagnetic problem [16]. The present
scattering problem is to some extent equivalent to a scattering problem with in�nite
number of images of the scatterer distributed periodically in space. The bookkeep-
ing problems associated with such an approach are, however, an inconceivable task,
and the solution of the problem asks for a more systematic approach. This paper
such an attempt.

The results presented in this paper are inclined towards microwave applications.
There are, however, no such limitations in the results. The technique applies equally
well to applications at higher frequencies, e.g., THz and IR, such as the computation
of the scattering e�ects of impurities in thin �lms etc.

2 Formulation of the problem

A �nite scatterer with bounding surface Ss de�nes the region Vs. Two in�nite,
perfectly conducting planes, S+ and S−, con�ne the two disjoint regions Ve and Vs,
see Figure 1. These planes are parameterized by z = z+ and z = z−, respectively,
and without loss of generality, it is assumed that z+ > 0 and z− < 0. The location
of the origin O is arbitrary, but it is important for the analysis that it is located
somewhere in Vs. The regions above S+ and below S− are denoted by V+ and V−,
respectively. The sources of the problem are assumed to be locates in Vi ⊂ Ve,
between the surfaces S+ and S−.

To proceed, he time-harmonic electric and magnetic �elds satisfy the free-space
Maxwell equations in Ve (we use the time convention exp{−iωt}),{

∇×E(r) = ik0η0H(r)

∇× η0H(r) = −ik0E(r)
r ∈ Ve (2.1)

where k0 = ω/c0 and η0 are the angular wave number and wave impedance in free
space, respectively. The boundary conditions on the bounding surfaces are{

ẑ ×E(r) = 0, r ∈ S+ ∪ S−
ν̂ ×E(r) = 0, r ∈ Ss

(2.2)
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Figure 1: The geometry of the direct scattering problem with two perfectly con-
ducting planes S+ and S− and a scatterer with bounding surface Ss.

The scatterer Vs is here assumed to be a perfectly conducting body. This assumption
can easily be relaxed, see below. With an appropriate radiation condition in Ve at
large lateral distances, (2.1) has a unique solution.

2.1 Integral representation of the solution

Let Ei denote the incident electric �eld with sources located in Ve, and de�ne the
scattered electric �eldEs = E−Ei. The incident �eldEi is the �eld with no obstacle
or plates present. With the directions of the unit normals de�ned as in Figure 1,
the solution of (2.1) and (2.2) satis�es the surface integral representation [29]

− 1

ik0

∇×
(
∇×

∫∫
S+∪S−∪Ss

g(k0, |r − r′|)(ν̂(r′)× η0H(r′)) dS ′
)

+∇×
∫∫

S+∪S−∪Ss

g(k0, |r − r′|) (ν̂(r′)×E(r′)) dS ′ =

{
Es(r), r ∈ Ve

−Ei(r), r ∈ V+ ∪ V− ∪ Vs

where the free-space Green's function for the scalar Helmholtz equation is

g(k0, |r − r′|) =
eik0|r−r′|

4π|r − r′|

The integral representation also contains a surface integral evaluated at large lat-
eral distances, but proper radiation conditions at large lateral distances make this
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integral vanish. Due to (2.2), the surface integral representation simpli�es to

− 1

ik0

∇×
(
∇×

∫∫
S+∪S−∪Ss

Ge(k0, |r−r′|) ·K(r′) dS ′
)

=

{
Es(r), r ∈ Ve

−Ei(r), r ∈ V+ ∪ V− ∪ Vs

(2.3)
where K = ν̂ × η0H , and the electric Green's dyadic

Ge(k0, |r − r′|) =

(
I3 +

1

k2
0

∇∇
)
g(k0, |r − r′|)

This surface integral representation is the starting point in the null-�eld approach,
which is the approach that we adopt to solve this scattering problem.

3 Basis functions and expansions

3.1 Spherical vector waves

We introduce the out-going or radiating spherical vector waves, un(kr), de�ned
as [6] (uτσml(kr) = uτn(kr) = un(kr))

u1n(kr) = h
(1)
l (kr)A1n(r̂)

u2n(kr) =
(krh

(1)
l (kr))′

kr
A2n(r̂) +

√
l(l + 1)

h
(1)
l (kr)

kr
A3n(r̂)

(3.1)

and regular spherical vector waves vτσml(kr) as
v1n(kr) = jl(kr)A1n(r̂)

v2n(kr) =
(krjl(kr))

′

kr
A2n(r̂) +

√
l(l + 1)

jl(kr)

kr
A3n(r̂)

(3.2)

where jl(kr) and h
(1)
l (kr) denote the spherical Bessel functions and the spherical

Hankel functions of the �rst kind, respectively, and where the vector spherical har-
monics,

Aτσml(r̂) = Aτn(r̂) = An(r̂)


τ = 1, 2, 3

σ = e, o

m = 0, 1, . . . , l − 1, l

l = 0, 1, 2, 3, . . .

where r̂ = r/|r|. The index n is a multi-index that consists of three or four di�erent
indices, i.e., n = σml or n = τσml, depending on the context, where τ = 1, 2, 3,
σ = e, o, m = 0, 1, 2, . . . , l, and l = 0, 1, 2, . . .. Their de�nitions are,

A1n(r̂) =
1√

l(l + 1)
∇× (rYn(r̂)) =

1√
l(l + 1)

∇Yn(r̂)× r

A2n(r̂) =
1√

l(l + 1)
r∇Yn(r̂)

A3n(r̂) = r̂Yn(r̂)
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The spherical harmonics, Yn(r̂) = Yσml(θ, φ), are de�ned by [6]

Yσml(θ, φ) = ClmP
m
l (cos θ)

{
cosmφ
sinmφ

}
where

Clm =

√
εm
2π

√
2l + 1

2

(l −m)!

(l +m)!

and the Neumann factor is de�ned as εm = 2 − δm0. The spherical harmonics are
orthonormal on the unit sphere Ω, i.e.,∫∫

Ω

Yn(r̂)Yn′(r̂) dΩ = δnn′ = δσσ′δmm′δll′

3.2 Planar vector waves

In a geometry where the medium is laterally homogeneous in the variables x and
y, it is natural to decompose the electromagnetic �eld outside the source region in
a spectrum of planar vector waves. The plane wave decomposition amounts to a
Fourier transformation of the electric and magnetic �elds and �ux densities with
respect to the lateral variables x and y. The Fourier transform of a time-harmonic
�eld, e.g., the electric �eld E(r, ω), is denoted by

E(z,kt, ω) =

∫∫
R2

E(r, ω)e−ikt·ρ dx dy

where the transverse (tangential) wave vector and the spatial position vector in the
plane are

kt = x̂kx + ŷky = ktê‖, ρ = xx̂+ yŷ

The length of the transverse wave vector is always a real non-negative number, viz.,

kt =
√
k2
x + k2

y ≥ 0

The unit vector of the transverse wave vector in the x-y-plane is ê‖ = kt/kt.
The inverse Fourier transform is de�ned by

E(r, ω) =
1

4π2

∫∫
R2

E(z,kt, ω)eikt·ρ dkx dky (3.3)

Notice that the same letter is used to denote the Fourier transform of the �eld and
the �eld itself. The arguments and the dimensions of the �elds di�er. The argument
of the �eld shows what �eld is intended.
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This solution is most conveniently expressed in terms of the two sets of dimension-

less, vector-valued plane waves, ϕ±j (kt; r), and, ϕ±j
†
(kt; r), j = 1, 2, which are de-

�ned as:
ϕ±1 (kt; r) =

ẑ × kt

4πikt

eikt·ρ±ikzz

ϕ±2 (kt; r) =
∓ktkz + k2

t ẑ

4πk0kt

eikt·ρ±ikzz


ϕ±1
†
(kt; r) = − ẑ × kt

4πikt

e−ikt·ρ±ikzz

ϕ±2
†
(kt; r) =

±ktkz + k2
t ẑ

4πk0kt

e−ikt·ρ±ikzz

(3.4)
where, as above, kt = |kt|, and kz is de�ned by

kz =
(
k2

0 − k2
t

)1/2
=


√
k2

0 − k2
t for kt < k0

i
√
k2

t − k2
0 for kt > k0

Both solutions, ϕ±j (kt; r), and, ϕ±j
†
(kt; r), j = 1, 2, satisfy the electric �eld equa-

tion, i.e.,
∇×

(
∇×ϕ±j (kt; r)

)
− k2

0ϕ
±
j (kt; r) = 0

The plus super index denotes an exponentially decreasing inhomogeneous (evanes-
cent) wave as z → ∞, and similarly for the minus super index as z → −∞. The
index j = 1 labels the TE-waves, and j = 2 labels the TM-waves. Notice that the
symbol dagger (†) corresponds to the transformation kt → −kt, i.e.,

ϕ±j
†
(kt; r) = ϕ±j (−kt; r)

and that k± ·ϕ±j (kt; r) = k∓ ·ϕ±j
†
(kt; r) = 0, where k± = kt ± kzẑ.

Notice also that an alternative de�nition of the planar vector waves is
ϕ±1 (kt; r) =

1

4πkt

∇×
(
ẑeikt·ρ±ikzz

)
ϕ±2 (kt; r) =

1

4πk0kt

∇×
(
∇×

(
ẑeikt·ρ±ikzz

)) (3.5)

which implies{
∇×ϕ±1 (kt; r) = k0ϕ

±
2 (kt; r)

∇×ϕ±2 (kt; r) = k0ϕ
±
1 (kt; r)

{
∇×ϕ±1

†
(kt; r) = k0ϕ

±
2
†
(kt; r)

∇×ϕ±2
†
(kt; r) = k0ϕ

±
1
†
(kt; r)

Notice also that

ẑeikt·ρ±ikzz =
4πk0

kt

ẑ
(
ẑ ·ϕ±2 (kt; r)

)
These planar vector waves satisfy the following orthogonality relations on S,
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which is the plane z = z0, see Appendix A:

∫∫
S

ϕ∓j (kt; r) ·ϕ±j′
†
(k′t; r) dx dy =

1

4
δjj′δ(kt − k′t)∫∫

S

(
ẑ ×ϕ∓j (kt; r)

)
·ϕ±j′

†
(k′t; r) dx dy = ∓ kz

4ik0

δjj′δ(kt − k′t)∫∫
S

(
ẑ ×ϕ±j (kt; r)

)
·ϕ±j′

†
(k′t; r) dx dy = ±(−1)j

kz
4ik0

e±2ikzz0δjj′δ(kt − k′t)

(3.6)
where the dual index j is de�ned 1 = 2 and 2 = 1.

3.3 Green's dyadic decompositions

The Green's dyadic, Ge(k0, |r − r′|), is decomposed in spherical vector waves [6]

Ge(k0, |r − r′|) = ik0

∑
n

vn(k0r<)un(k0r>) = ik0

∑
n

un(k0r>)vn(k0r<) (3.7)

where r< (r>) is the position vector with the smallest (largest) distance to the origin,
i.e., if r < r′ then r< = r and r> = r′. The summation is over the divergence-free
vector spherical vector waves, τ = 1, 2. Moreover, we need the decomposition of the
Green's dyadic in planar vector waves [6]

Ge(k0, |r − r′|) = 2ik0

∑
j=1,2

∫∫
R2

ϕ±j (kt; r)ϕ∓j
†
(kt; r

′)
k0

kz

dkx dky
k2

0

(3.8)

where the upper (lower) indices are used if z > z′ (z < z′).

3.4 Transformation between solutions

To connect the spherical vector waves and the planar vector waves, we need trans-
formation properties between the two sets of solutions. The results that are relevant
in the analysis below are [6, p. 183]

un(k0r) = 2
∑
j=1,2

∫∫
R2

B±nj(kt)ϕ
±
j (kt; r)

k0

kz

dkx dky
k2

0

, z ≷ 0 (3.9)

where

B±nj(kt) = i−l+τAn ((kt ± kzẑ)/k0) ·
(
δj1
ẑ × kt

kt

+ iδj2
±ktkz − k2

t ẑ

k0kt

)
(3.10)

The explicit components are

B+
nj(kt) = i−lClm

{
−iδτj∆

m
l (kz/k0)

{
cosmβ
sinmβ

}

− δτjπml (kz/k0)

{
− sinmβ
cosmβ

}}
(3.11)
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where the dual index to j is de�ned 1 = 2 and 2 = 1, and where kt = kt(x̂ cos β +
ŷ sin β), and

Clm =

√
εm
2π

√
2l + 1

2

(l −m)!

(l +m)!

and

∆m
l (t) = −(1− t2)

1/2√
l(l + 1)

Pm
l
′(t), πml (t) =

m√
l(l + 1) (1− t2)1/2

Pm
l (t) (3.12)

The coe�cients B−nj(kt) are obtained from B+
nj(kt) by the use of the parity

relation Pm
l (−t) = (−1)l+mPm

l (t))

B−nj(kt) = i−l(−1)l+mClm

{
iδτj∆

m
l (kz/k0)

{
cosmβ
sinmβ

}

− δτjπml (kz/k0)

{
− sinmβ
cosmβ

}}
or, in a more compact notation

B−nj(kt) = (−1)l+m+j+τ+1B+
nj(kt), j = 1, 2

The coe�cients B±nj(kt) for di�erent τ and j indices are not independent, i.e.,

B±1σml1(kt) = B±2σml2(kt), B±2σml1(kt) = B±1σml2(kt)

or in terms of the dual indices of τ and j.

B±τσmlj(kt) = B±
τσmlj

(kt) (3.13)

where the dual index j and τ are de�ned 1 = 2 and 2 = 1.
There is also a useful transformation between planar vector waves and regular

spherical vector waves. This transformation is [6, p. 183]

ϕ±j (kt; r) =
∑
n

B±†nj (kt)vn(k0r) (3.14)

where

B±†nj (kt) = il−τAn ((kt ± kzẑ)/k0) ·
(
δj1
ẑ × kt

kt

− iδj2
±ktkz − k2

t ẑ

k0kt

)
This expansion is uniformly convergent in compact domains of R3. Notice that

B±†nj (−kt) = B∓nj(kt) (3.15)

where we employed the parity of the vector spherical harmonics, Aτσml(−r̂) =
(−1)l+τ−1Aτσml(r̂).
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z = z+ S+

z = z− S−

ν̂
O

z

Si

Vi

Ve

V+

V−

R

Figure 2: The geometry of the sources of the incident �eld between the two perfectly
conducting planes S+ and S−. Notice, no scatterers or plates are physically present
in this geometry.

4 Incident electric �eld

The sources of the incident �eld are assumed to be located between the plates S±
and outside the scatterer Vs. We assume they are con�ned to the region Vi ⊂ Ve.
Denote by VR the largest spherical region centered at the origin not including Vi,
see Figure 2.

Due to the completeness of the planar vector waves and the spherical vector
waves, the incident electric �eld is assumed to have the following expansions in the
three regions, V± and Vs:

Ei(r) =
∑
j=1,2

∫∫
R2

a±j (kt)ϕ
±
j (kt; r)

dkx dky
k2

0

, r ∈ V± (4.1)

where the upper (lower) sign holds for V+ (V−), and

Ei(r) =
∑
n

anvn(k0r), r ∈ VR (4.2)

where VR is a sphere of radius R that does not include the circumscribing sphere of
the source region. These expansions represent the same incident �eld with di�erent
domains of convergence. In order to be consistent, the expansion coe�cients are
related to each other. We claim1

an =
∑
j=1,2

∫∫
R2

a±j (kt)B
±†
nj (kt)

dkx dky
k2

0

(4.3)

1At this stage it is only an assumption. No formal proof exists. The relation holds for the
examples in Section 11.
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5 Utilizing the surface integral representation

The position vector, r, can take four principle positions, r ∈ V±, r ∈ Vs, and
r ∈ Ve. We now explore these possibilities. The decompositions of the Green's
dyadic in spherical and planar vector waves, see (3.7) and (3.8) are now used.

5.1 Above and below the upper and lower surfaces S±

When the position vector is either in V+ or in V−, the lower line of (2.3) using (3.7),
(3.8), (3.9), and (4.1) yield∑

j=1,2

∫∫
R2

a±j (kt)ϕ
±
j (kt; r)

dkx dky
k2

0

= 2k2
0

∑
j=1,2

∫∫
R2

ϕ±j (kt; r)

∫∫
S+∪S−

ϕ∓j
†
(kt; r

′) ·K(r′) dS ′
k0

kz

dkx dky
k2

0

+ 2k2
0

∑
j=1,2

∫∫
R2

ϕ±j (kt; r)
∑
n

B±nj(kt)

∫∫
Ss

vn(k0r
′) ·K(r′) dS ′

k0

kz

dkx dky
k2

0

, r ∈ V±

Note that we have changed the order of the surface integral and the sum over n.
Since the planar vector waves are linearly independent, we have

a+
j (kt) = 2k2

0

k0

kz

∫∫
S+∪S−

ϕ−j
†
(kt; r

′) ·K(r′) dS ′

+ 2k2
0

k0

kz

∑
n

B+
nj(kt)

∫∫
Ss

vn(k0r
′) ·K(r′) dS ′

a−j (kt) = 2k2
0

k0

kz

∫∫
S+∪S−

ϕ+
j
†
(kt; r

′) ·K(r′) dS ′

+ 2k2
0

k0

kz

∑
n

B−nj(kt)

∫∫
Ss

vn(k0r
′) ·K(r′) dS ′

(5.1)

This is the general expression of the expansion coe�cients a±j (kt) in terms of
the surface �eld K(r). From these two expressions we conclude that ã± = −a∓j ,
where ã± denotes a±j with kz ↔ −kz. To see this, use the de�nition of the planar
vector waves in Section 3.2 and the de�nition of B±nj(kt) in (3.10) to conclude that

ϕ∓j
†
(kt; r)↔ ϕ±j

†
(kt; r) and B±nj(kt)↔ B∓nj(kt) when kz ↔ −kz. Thus, we get

ã±j (kt) = −2k2
0

k0

kz

∫∫
S+∪S−

ϕ±j
†
(kt; r

′) ·K(r′) dS ′

− 2k2
0

k0

kz

∑
n

B∓nj(kt)

∫∫
Ss

vn(k0r
′) ·K(r′) dS ′ = −a∓j (kt)
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5.2 Inside the largest inscribed sphere of Vs

When the position vector is inside the largest sphere enclosed in Vs, the lower line
of (2.3) using (3.7), (3.9), and (4.1) yield

∑
n

anvn(k0r) = k2
0

∑
n

vn(k0r)

∫∫
Ss

un(k0r
′) ·K(r′) dS ′

+ 2k2
0

∑
n

vn(k0r)
∑
j=1,2

∫∫
R2

B+
nj(kt)

∫∫
S+

ϕ+
j (kt; r

′) ·K(r′) dS ′
k0

kz

dkx dky
k2

0

+ 2k2
0

∑
n

vn(k0r)
∑
j=1,2

∫∫
R2

B−nj(kt)

∫∫
S−

ϕ−j (kt; r
′) ·K(r′) dS ′

k0

kz

dkx dky
k2

0

Note that we have changed the order of the surface integral and the sum over n.
Since the regular spherical vector waves, vn(k0r), are linearly independent, we have

an = k2
0

∫∫
Ss

un(k0r
′) ·K(r′) dS ′

+ 2k2
0

∑
j=1,2

∫∫
R2

B+
nj(kt)

∫∫
S+

ϕ+
j (kt; r

′) ·K(r′) dS ′
k0

kz

dkx dky
k2

0

+ 2k2
0

∑
j=1,2

∫∫
R2

B−nj(kt)

∫∫
S−

ϕ−j (kt; r
′) ·K(r′) dS ′

k0

kz

dkx dky
k2

0

(5.2)

Alternatively, expand the Green's dyadic into planar vector waves, (3.8), and
use (3.14). We get

an = k2
0

∫∫
Ss

un(k0r
′) ·K(r′) dS ′

+ 2k2
0

∑
j=1,2

∫∫
R2

B−†nj (kt)

∫∫
S+

ϕ+
j
†
(kt; r

′) ·K(r′) dS ′
k0

kz

dkx dky
k2

0

+ 2k2
0

∑
j=1,2

∫∫
R2

B+†
nj (kt)

∫∫
S−

ϕ−j
†
(kt; r

′) ·K(r′) dS ′
k0

kz

dkx dky
k2

0

The symmetry properties ϕ±j
†
(kt; r) = ϕ±j (−kt; r) and B±†nj (−kt) = B∓nj(kt) show

that these expressions are identical.
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5.3 In Ve outside the smallest sphere that circumscribes Vs

When the position vector is outside the circumscribing sphere of Ss in Ve, the upper
line of (2.3) using (3.7), (3.8), (3.9), and (4.1) yield

Es(r) =
∑
n

fnun(k0r)

+
∑
j=1,2

∫∫
R2

f+
j (kt)ϕ

+
j (kt; r)

dkx dky
k2

0

+
∑
j=1,2

∫∫
R2

f−j (kt)ϕ
−
j (kt; r)

dkx dky
k2

0

(5.3)

where 
fn = −k2

0

∫∫
Ss

vn(k0r
′) ·K(r′) dS ′

f±j (kt) = −2k2
0

k0

kz

∫∫
S∓

ϕ∓j
†
(kt; r

′) ·K(r′) dS ′
(5.4)

6 Expansion and elimination of the surface �elds

Expand the currents on the surfaces in planar vector waves and a complete set of
tangential vector functions, ν̂ ×ψn, on Ss. More precisely, we assume

K(r) =



∑
j=1,2

∫∫
R2

α+
j (kt)ẑ ×ϕ−j (kt; r)

dkx dky
k2

0

, r ∈ S+

∑
j=1,2

∫∫
R2

α−j (kt)ẑ ×ϕ+
j

(kt; r)
dkx dky
k2

0

, r ∈ S−

∑
n

αnν̂(r)×ψn(r), r ∈ Ss

where the dual index j is de�ned 1 = 2 and 2 = 1.
Introduce the dimension-less Q-matrices of the scatterer. They are de�ned as

Q′nn′ = k2
0

∫∫
Ss

un · (ν̂ ×ψn′) dS, Qnn′ = k2
0

∫∫
Ss

vn · (ν̂ ×ψn′) dS

The orthogonality relations imply, see (3.6) (S is de�ned as z = z0)

∫∫
S

ϕ±j′
†
(kt; r) ·

(
ẑ ×ϕ∓

j
(k′t; r)

)
dx dy = ∓ kz

4ik0

δjj′δ(kt − k′t)∫∫
S

ϕ∓j′
†
(kt; r) ·

(
ẑ ×ϕ∓

j
(k′t; r)

)
dx dy = ±(−1)j

kz
4ik0

e∓2ikzz0δjj′δ(kt − k′t)

Equation (5.1) implies

a+
j (kt) =

1

2i

(
(−1)jα+

j (kt)e
−2ikzz+ + α−j (kt)

)
+ 2

k0

kz

∑
nn′

B+
nj(kt)Qnn′αn′
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and

a−j (kt) =
1

2i

(
−α+

j (kt)− (−1)jα−j (kt)e
2ikzz−

)
+ 2

k0

kz

∑
nn′

B−nj(kt)Qnn′αn′

Denoting the distance between the plates by d = z+ − z−, the last two expressions
lead to

α+
j (kt) = −2i

a−j (kt) + a+
j (kt)(−1)je2ikzz−

1− e−2ikzd

+ 4i
k0

kz

∑
nn′

B−nj(kt) +B+
nj(kt)(−1)je2ikzz−

1− e−2ikzd
Qnn′αn′

and

α−j (kt) = 2i
a+
j (kt) + a−j (kt)(−1)je−2ikzz+

1− e−2ikzd

− 4i
k0

kz

∑
nn′

B+
nj(kt) +B−nj(kt)(−1)je−2ikzz+

1− e−2ikzd
Qnn′αn′

Furthermore, from Appendix A, we get∫∫
S

ϕ±j′(kt; r) ·
(
ẑ ×ϕ∓

j
(k′t; r)

)
dx dy = ∓ kz

4ik0

δjj′δ(kt + k′t) (6.1)

and (5.2) imply

an =
∑
n′

Q′nn′αn′ − γn

where

γn =
1

2i

∑
j=1,2

∫∫
R2

(
α+
j (kt)B

−†
nj (kt)− α−j (kt)B

+†
nj (kt)

) dkx dky
k2

0

(6.2)

The expansion coe�cients αn are formally extracted as

αn =
∑
n′

Q′
−1
nn′ (an′ + γn′)

which leads to the expressions

α+
j (kt) = −2i

a−j (kt) + a+
j (kt)(−1)je2ikzz−

1− e−2ikzd

− 4i
k0

kz

∑
nn′

B−nj(kt) +B+
nj(kt)(−1)je2ikzz−

1− e−2ikzd
Tnn′ (an′ + γn′) (6.3)
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and

α−j (kt) = 2i
a+
j (kt) + a−j (kt)(−1)je−2ikzz+

1− e−2ikzd

+ 4i
k0

kz

∑
nn′

B+
nj(kt) +B−nj(kt)(−1)je−2ikzz+

1− e−2ikzd
Tnn′ (an′ + γn′) (6.4)

where the T-matrix of the scatterer is

Tnn′ = −
∑
n′′

Qnn′′Q
′−1
n′′n′

Insert the formulas of α±j (kt) from above in the expression for γn in (6.2), and we
get an in�nite set of equations that can be solved for γn for every speci�ed incident
�eld, i.e.,

cn = dn +
∑
n′n′′

Ann′Tn′n′′cn′′ (6.5)

where the array cn = an + γn, and the dn vector is

dn = −
∑
j=1,2

∫∫
R2

a+
j (kt)

B+†
nj (kt) + (−1)je2ikzz−B−†nj (kt)

1− e−2ikzd

dkx dky
k2

0

−
∑
j=1,2

∫∫
R2

a−j (kt)
B−†nj (kt) + (−1)je−2ikzz+B+†

nj (kt)

1− e−2ikzd

dkx dky
k2

0

+ an (6.6)

and the Ann′ matrix is

Ann′ = −2
∑
j=1,2

∫∫
R2

B−†nj (kt)
B−n′j(kt) + (−1)je2ikzz−B+

n′j(kt)

1− e−2ikzd

k0

kz

dkx dky
k2

0

− 2
∑
j=1,2

∫∫
R2

B+†
nj (kt)

B+
n′j(kt) + (−1)je−2ikzz+B−n′j(kt)

1− e−2ikzd

k0

kz

dkx dky
k2

0

(6.7)

The A matrix is independent of the excitation and the scatterer, and the entries can
be computed once and for all and stored for later use, see Appendix B. We also
conclude, using (3.15) and symmetry to a change of variables kt → −kt, that the
matrix Ann′ is symmetric, i.e., Ann′ = An′n.

Above, we assumed the scatterer was a perfectly conducting body. The main
reason for this was to simplify the theoretical work. At this point, if any other, more
general, scatterer is present, the only change that has to be made, is to replace the
transition matrix of the scatterer with the appropriate one. Therefore, the results
above hold for any scatterer � single or multiple, homogeneous or not � only the
transition matrix is known.
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Finally, we get the expansion coe�cients of the scattered �eld as, see (5.4)
fn =

∑
n′

Tnn′cn′

f±j (kt) = ∓ 1

2i
α∓j (kt)

(6.8)

7 The primary and secondary �elds

Equations (5.3), (6.8), (6.3), and (6.4) then give the scattered �eld

Es(r) = Edir
s (r) +Eanom

s (r)

where

Edir
s (r) = −

∑
j=1,2

∫∫
R2

a+
j (kt) + a−j (kt)(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j (kt; r)

dkx dky
k2

0

−
∑
j=1,2

∫∫
R2

a−j (kt) + a+
j (kt)(−1)je2ikzz−

1− e−2ikzd
ϕ−j (kt; r)

dkx dky
k2

0

and

Eanom
s (r) =

∑
nn′

Tnn′cn′

{
un(k0r)

− 2
∑
j=1,2

∫∫
R2

B+
nj(kt) +B−nj(kt)(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j (kt; r)

k0

kz

dkx dky
k2

0

− 2
∑
j=1,2

∫∫
R2

B−nj(kt) +B+
nj(kt)(−1)je2ikzz−

1− e−2ikzd
ϕ−j (kt; r)

k0

kz

dkx dky
k2

0

}

The total electric �eld E(r) between the plates can be decomposed in several
ways. The incident �eld is Ei(r), and the scattered �eld consists of two parts,
Edir

s (r) and Eanom
s (r). As an alternative to this decomposition of the electric �eld

in an incident and a scattered �eld, we introduce a decomposition in terms of a
primary and secondary �eld, i.e.,

E(r) = Ei(r) +Es(r) = Eprim(r) +Esec(r)

where {
Eprim(r) = Ei(r) +Edir

s (r)

Esec(r) = Eanom
s (r)

The �eld Ei(r) is the total electric �eld in the absence of both the surfaces S+ and
S−, and the scatterer Ss. The scattered electric �eld Es(r) is the additional �eld
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due to these surfaces. In the second decomposition, Eprim(r) is the total electric
�eld in the absence of the scatterer (surfaces S+ and S− present), and Esec(r) is
the correction due to the presence of the scatterer. The explicit expression of these
�elds are

Eprim(r) = Ei(r)−
∑
j=1,2

∫∫
R2

a+
j (kt) + a−j (kt)(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j (kt; r)

dkx dky
k2

0

−
∑
j=1,2

∫∫
R2

a−j (kt) + a+
j (kt)(−1)je2ikzz−

1− e−2ikzd
ϕ−j (kt; r)

dkx dky
k2

0

(7.1)
and

Esec(r) =
∑
nn′

Tnn′cn′

{
un(k0r)

− 2
∑
j=1,2

∫∫
R2

B+
nj(kt) +B−nj(kt)(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j (kt; r)

k0

kz

dkx dky
k2

0

− 2
∑
j=1,2

∫∫
R2

B−nj(kt) +B+
nj(kt)(−1)je2ikzz−

1− e−2ikzd
ϕ−j (kt; r)

k0

kz

dkx dky
k2

0

}

=
∑
nn′

Tnn′cn′F n(r) (7.2)

where the F n(r) vector has the generic form

F n(r) = 2
∑
j=1,2

∫∫
R2

B±nj(kt)ϕ
±
j (kt; r)

k0

kz

dkx dky
k2

0

− 2
∑
j=1,2

∫∫
R2

B+
nj(kt) +B−nj(kt)(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j (kt; r)

k0

kz

dkx dky
k2

0

− 2
∑
j=1,2

∫∫
R2

B−nj(kt) +B+
nj(kt)(−1)je2ikzz−

1− e−2ikzd
ϕ−j (kt; r)

k0

kz

dkx dky
k2

0

(7.3)

where the sign ± in the �rst B±nj(kt) factor depends on whether z ≷ 0, see (3.9).
As a check of the boundary condition, let z = z±. We then have (r± = ρ+ z±ẑ)

Eprim(r±)
∣∣
tan

=
∑
j=1,2

∫∫
R2

a±j (kt) ϕ
±
j (kt; r±)

∣∣
tan

dkx dky
k2

0

−
∑
j=1,2

∫∫
R2

a+
j (kt) + a−j (kt)(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j (kt; r±)

∣∣
tan

dkx dky
k2

0

−
∑
j=1,2

∫∫
R2

a−j (kt) + a+
j (kt)(−1)je2ikzz−

1− e−2ikzd
ϕ−j (kt; r±)

∣∣
tan

dkx dky
k2

0

= 0
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since
ϕ−j (kt; r±)

∣∣
tan

= −(−1)j ϕ+
j (kt; r±)

∣∣
tan

e−2ikzz±

In a similar fashion, for the secondary �eld we get, see (3.9)

F n(r±)|tan = 2
∑
j=1,2

∫∫
R2

B±nj(kt) ϕ
±
j (kt; r±)

∣∣
tan

k0

kz

dkx dky
k2

0

− 2
∑
j=1,2

∫∫
R2

B+
nj(kt) +B−nj(kt)(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j (kt; r±)

∣∣
tan

k0

kz

dkx dky
k2

0

− 2
∑
j=1,2

∫∫
R2

B−nj(kt) +B+
nj(kt)(−1)je2ikzz−

1− e−2ikzd
ϕ−j (kt; r±)

∣∣
tan

k0

kz

dkx dky
k2

0

= 0

This formally solves the scattering problem for a given incident �eld. The com-
putational �ow is:

1. For a given incident �eld, determine the expansion coe�cients an and a±j ,
see (4.1) and (4.2)

2. Compute the dn vector in (6.6) and the Ann′ matrix in (6.7)
3. Determine the T-matrix of the scatterer, and solve the matrix equation (6.5)

for cn
4. Compute the F n(r) vector for the points r of interest, see (7.3), and compute

the secondary �eld Esec(r) in (7.2)

8 Evaluation of the �elds

The �elds in (7.1) and (7.2) are given as integral expressions of the transverse wave
number kt. Our aim here is to evaluate these integrals in terms of pole contributions
(residue calculus).

The integrands have simple poles at

ktp = ±
(
k2

0 −
p2π2

d2

)1/2

, p = 0, 1, 2, . . . (8.1)

In particular, kt0 = ±k0. At these poles, kz is

kz =
pπ

d
⇔ e−2ikzd = 1

These poles are identi�ed as the parallel plate waveguide modes [11, 27], see Figure 3,
which shows the locations of the poles.

8.1 Absence of branch point at kt = ±k0
Most integrands also seem to have a branch point at kt = ±k0 corresponding to
kz = 0. These branch points are, however, arti�cial, since for �xed value of kt, the
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Re kt

Im kt

−k0

k0

Figure 3: The locations of the poles ktp. The �rst poles are kt0 = ±k0. The red
and green contours depict the curves where Im kz = 0. The poles on the real axis
are the propagating waveguide modes, and the ones on the imaginary axis are the
modes under cuto�. In this particular case, the number of propagating modes are
four.

integrands are even in kz ↔ −kz. In fact, if ã± denotes a±j with kz ↔ −kz, we have
from above that ã± = −a∓j , and from the de�nition of the planar vector waves in
Section 3.2 we conclude that ϕ±j (kt; r)↔ ϕ∓j (kt; r) when kz ↔ −kz.

The integrand of Eprim in (7.1) is even in kz ↔ −kz, since{
a±j ϕ

±
j −

a+
j + a−j (−1)je−2ikzz+

1− e−2ikzd
ϕ+
j −

a−j + a+
j (−1)je2ikzz−

1− e−2ikzd
ϕ−j

}

−

{
−a∓j ϕ∓j +

a−j + a+
j (−1)je2ikzz+

1− e2ikzd
ϕ−j +

a+
j + a−j (−1)je−2ikzz−

1− e2ikzd
ϕ+
j

}

= a+
j ϕ

+
j −

a+
j + a−j (−1)je−2ikzz+ − a−j (−1)je−2ikzz+ − a+

j e−2ikzd

1− e−2ikzd
ϕ+
j

+ a−j ϕ
−
j −

a+
j (−1)je2ikzz− + a−j − a−j e−2ikzd − a+

j (−1)je2ikzz−

1− e−2ikzd
ϕ−j = 0

where the second bracket on the left-hand side is the transformed quantity of the
�rst bracket.

Similarly, we also have for Esec or the F n(r) in (7.3), using B±nj(kt) ↔ B∓nj(kt)
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when kz ↔ −kz{
B±njϕ

±
j −

B+
nj +B−nj(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j −

B−nj +B+
nj(−1)je2ikzz−

1− e−2ikzd
ϕ−j

}

+

{
B∓njϕ

∓
j −

B−nj +B+
nj(−1)je2ikzz+

1− e2ikzd
ϕ−j −

B+
nj +B−nj(−1)je−2ikzz−

1− e2ikzd
ϕ+
j

}

= B+
njϕ

+
j −

B+
nj +B−nj(−1)je−2ikzz+ −B+

nje
−2ikzd −B−nj(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j

+B−njϕ
−
j −

B−nj +B+
nj(−1)je2ikzz− −B−nje−2ikzd −B+

nj(−1)je2ikzz−

1− e−2ikzd
ϕ−j = 0

We therefore conclude that the only singularities in these integrals are simple poles.

8.2 Interaction terms

The interaction between the scatterer and the parallel plates is quanti�ed by the
dn vector in (6.6) and the Ann′ matrix in (6.7), which both have an integrand that
have the same simple poles as the integrand of the scattered �eld. Moreover, to
investigate whether kt = k0 is a branch point of the integrand of the dn vector or
not, we evaluate{
−a+

j

(−1)je2ikzz−B−†nj +B+†
nj

1− e−2ikzd
− a−j

(−1)je−2ikzz+B+†
nj +B−†nj

1− e−2ikzd
+ a±j B

±†
nj

}

−

{
a−j

(−1)je−2ikzz−B+†
nj +B−†nj

1− e2ikzd
+ a+

j

(−1)je2ikzz+B−†nj +B+†
nj

1− e2ikzd
− a∓j B

∓†
nj

}
= 0

The choice of the plus or minus sign in this expression depends on whether ẑ ·r0 ≷ 0.
This shows that the integrand of the dn vector is even as kz → −kz. The explicit
evaluation of the dn vector depends on the explicit form of the incident �eld. We
postpone these calculations to Section 11.

Similarly, for the Ann′ matrix{
−B−†nj

(−1)je2ikzz−B+
n′j +B−n′j

1− e−2ikzd
−B+†

nj

B+
n′j + (−1)je−2ikzz+B−n′j

1− e−2ikzd

}

+

{
−B+†

nj

(−1)je−2ikzz−B−n′j +B+
n′j

1− e2ikzd
−B−†nj

B−n′j + (−1)je2ikzz+B+
n′j

1− e2ikzd

}
= −B−†nj B−n′j −B

+†
nj B

+
n′j

This shows that the Ann′ matrix does not show any even symmetry as kz → −kz.
The explicit evaluation of these integrals in Ann′ , which are independent of the
excitation, is found in Appendix B.
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8.3 The primary �eld

The primary �eld depends on the explicit form of the incident �eld, i.e., it depends
on a±j (kt) and an. We postpone the treatment of this �eld to the examples in
Section 11.

8.4 The secondary �eld

The secondary �eld assumes the value Esec(r) =
∑

nn′ Tnn′cn′F n(r). We evaluate
the F n(r) in terms of residue contributions in the upper half kt-plane. This is
analyzed in detail in Appendix C. In terms of the circular cylindrical coordinate
system, the components are, see (C.7), (C.8), and (C.9) in Appendix C

F n(r) = ρ̂Fnρ(r) + φ̂Fnφ(r) + ẑFnz(r)

where

ρ̂ · F n(r) = − 1

k0

φ̂ · ∇Gn(r)− 1

k2
0

ρ̂ · ∇ ∂

∂z
Hn

=
iπ

2k0d

∞∑
p=1

εp

{
∂g+

n (ktp, φ)

∂φ
eiπpz−/d sin(πp(z − z−)/d)

H
(1)
m (ktpρ)

ktpρ

−
∂g−n (ktp, φ)

∂φ
e−iπpz+/d sin(πp(z − z+)/d)

H
(1)
m (ktpρ)

ktpρ

+ i
pπ

k0d
g+
n (ktp, φ)eiπpz−/d sin(πp(z − z−)/d)H(1)

m

′
(ktpρ)

+ i
pπ

k0d
g−n (ktp, φ)e−iπpz+/d sin(πp(z − z+)/d)H(1)

m

′
(ktpρ)

}

and

φ̂ · F n(r) =
1

k0

ρ̂ · ∇Gn(r)− 1

k2
0

φ̂ · ∇ ∂

∂z
Hn

=
iπ

2k0d

∞∑
p=1

εp

{
−g+

n (ktp, φ)eiπpz−/d sin(πp(z − z−)/d)H(1)
m

′
(ktpρ)

+ g−n (ktp, φ)e−iπpz+/d sin(πp(z − z+)/d)H(1)
m

′
(ktpρ)

+ i
pπ

k0d

∂g+
n (ktp, φ)

∂φ
eiπpz−/d sin(πp(z − z−)/d)

H
(1)
m (ktpρ)

ktpρ

+ i
pπ

k0d

∂g−n (ktp, φ)

∂φ
e−iπpz+/d sin(πp(z − z+)/d)

H
(1)
m (ktpρ)

ktpρ

}
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and

ẑ · F n(r) =
π

2k0d

∞∑
p=0

εp
ktp

k0

{
g+
n (ktp, φ)eiπpz−/d cos(πp(z − z−)/d)

+ g−n (ktp, φ)e−iπpz+/d cos(πp(z − z+)/d)

}
H(1)
m (ktpρ)

where the functions g±n (kt, φ) are, see (C.2)

g±n (kt, φ) = i−l+m(±1)l+mClm

×
(
∓iδτ1∆m

l (kz/k0)

{
cosmφ
sinmφ

}
− δτ2π

m
l (kz/k0)

{
− sinmφ
cosmφ

})
and the transverse wave number ktp is de�ned in (8.1). Only a �nite number of terms,
identi�ed as propagating modes [11, 27], contribute to the sum at large distances
from the scatterer, i.e., only those integers p satisfying p ≤ k0d/π, since the Hankel
functions are exponentially decreasing for purely imaginary arguments. The explicit
evaluation of these integrals for frequencies below �rst cuto� frequency, i.e., k0d < π,
is made in Appendix E.1.

9 Scattered power and scattering cross section

The power transport of the scattered �eld is determined by the Poynting vector.
The expression relevant for the power transport, using (C.15), is

Ps =
1

2
Re

∫∫
ρ=constant

(Esec ×Hsec∗) · ρ̂ dS =
1

2k0η0

Re i

∫∫
ρ=constant

(Esec × (∇×Esec∗)) · ρ̂ dS

= − 1

2k0η0

Im
∑

nn′n′′n′′′

Tnn′cn′T
∗
n′′n′′′c

∗
n′′′

∫∫
ρ=constant

(F n × (∇× F ∗n′′)) · ρ̂ dS

=
1

2η0

d2π

(k0d)3

∑
nn′n′′n′′′

Tnn′cn′

2I++

nn′′
(k0) +

[k0d/π]∑
p=1

Inn′′(ktp)

T ∗n′′n′′′c
∗
n′′′

For an incident plane wave, see Section 11.2, the scattering cross section becomes

σs =
2η0Ps

|E0|2

=
d2π

2 (k0d)3 |E0|2
∑

nn′n′′n′′′

Tnn′cn′

4I++

nn′′
(k0) + 2

[k0d/π]∑
p=1

Inn′′(ktp)

T ∗n′′n′′′c
∗
n′′′

Note that the dimension of the scattering cross section is area, which, once again,
shows that the problem is a three-dimensional problem, but shows many two-
dimensional features.
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10 Far �eld amplitude and the optical theorem

Let S be an arbitrary (cylindrical) surface between the plates that encloses the
obstacle Vs. Provided the sources of the incident �eld, Vi, see Figure 2, lie outside
the surface S, e.g., plane wave incidence, we have from the Maxwell equations

1

2
Re

∫∫
S

(E ×H∗) · ν̂ dS =
1

2
Re

∫∫
Ss

(E ×H∗) · ν̂ dS = −Pa

The right hand side is minus the power absorbed by the scatterer, Pa. For a PEC
body this quantity is zero. The expression simply expresses power conservation in
the scattering process. Separate in primary and secondary �elds, and we get

2Pa = −Re

∫∫
S

(
Esec ×Hsec∗ +Eprim ×Hsec∗ +Esec∗ ×Hprim

)
· ν̂ dS

since with Vi outside S

Re

∫∫
S

(
Eprim ×Hprim∗) · ν̂ dS = 0

where the incident �eld is, see (11.4)

Eprim(r) = ẑE0eik0k̂i·r

The value of integral on the right hand side is independent on the surface S
as long as it encloses Vs, but not the sources of the incident �eld. Eventually, we
evaluate the integral for a surface far away from the scatterer. Rewrite as

2Pa + 2Ps = −ReE0

∫∫
S

(
ẑ ×Hsec∗ +

1

η0

Esec∗ × (k̂i × ẑ)

)
· ν̂ eik0k̂i·r dS

= −ReE∗0

∫∫
S

(
ẑ ×Hsec +

1

η0

Esec × (k̂i × ẑ)

)
· ν̂ e−ik0k̂i·r dS

where we speci�ed to a special incident �eld (plane wave incidence), where k̂i · ẑ = 0,
see (11.4), and introduced the scattered power

Ps =
1

2
Re

∫∫
S

(Esec ×Hsec∗) · ν̂ dS

Insert (7.2), and we get

2Pa + 2Ps = − 1

η0

ReE∗0
∑
nn′

Tnn′cn′

×
∫∫
S

(
1

ik0

ẑ × (∇× F n(r)) + F n(r)× (k̂i × ẑ)

)
· ν̂ e−ik0k̂i·r dS
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Specialize to a cylindrical surface, ρ = constant, ν̂ = ρ̂.

2Pa + 2Ps = − 1

η0

ReE∗0
∑
nn′

Tnn′cn′

×
∫∫

ρ=constant

(
1

ik0

(
∂

∂ρ
(ẑ · F n(r))− ∂

∂z
(ρ̂ · F n(r))

)
+ (F n(r) · ẑ)(k̂i · ρ̂)

)
e−ik0k̂i·r dS

= − 1

η0

ReE∗0
∑
nn′

Tnn′cn′

∫∫
ρ=constant

(
1

ik0

∂

∂ρ
(ẑ · F n(r)) + (F n(r) · ẑ)(k̂i · ρ̂)

)
e−ik0k̂i·r dS

since the term containing the z derivative vanishes when integrating in the z variable.
The component ẑ · F n(r) is explicitly given in Section 8.4 and in Appendix C.

ẑ · F n(r) =
π

2k0d

∞∑
p=0

εp
ktp

k0

{
g+
n (ktp, φ)eiπpz−/d cos(πp(z − z−)/d)

+ g−n (ktp, φ)e−iπpz+/d cos(πp(z − z+)/d)

}
H(1)
m (ktpρ)

Again, we conclude that the integration in the z variable gives zero contribution
except for the fundamental mode p = 0, i.e.,

Pa + Ps = − πρ

2k0η0

ReE∗0
∑
nn′

Tnn′cn′

×
∫ 2π

0

(
−iH(1)

m

′
(k0ρ) +H(1)

m (k0ρ)(k̂i · ρ̂)
)
g+
n (k0, φ) e−ik0k̂i·r dφ

since g+
n (k0, φ) = g−n (k0, φ), see (E.1). Explicitly, we have

g±n (k0, φ) = −i−l+mClm

×
(

iδτ1∆m
l (0)

{
cosmφ
sinmφ

}
+ δτ2π

m
l (0)

{
− sinmφ
cosmφ

})
The Hankel function has an asymptotic behavior for large arguments [1], viz.,

H(1)
m (z) =

(
2

πz

)1/2

ei(z−mπ2 −
π
4 ) (1 +O(1/z))

This leads to the asymptotic evaluation of the following integral (cosφ = k̂i · ρ̂): In
the limit as ρ→∞, we have

lim
ρ→∞

k0ρ

(
2

πk0ρ

)1/2

e−i(mπ2 +π
4 )
∫ 2π

0

g(φ) (1 + cosφ) eik0ρ(1−cosφ) dφ

= k0

(
2

πk0

)1/2

e−i(mπ2 +π
4 )2g(0)

(
2πi

k0

)1/2

= 4g(0)i−m
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The extinction power becomes

Pa + Ps = − 1

2η0

4π

k2
0

ReE∗0
∑
nn′

i−mTnn′cn′g
+
n (k0, 0)

We can identify the optical theorem, by noting that, to leading order in 1/(k0ρ),
the secondary �eld, integrated in the z direction between the plates, is, see (7.2)
and (C.9)∫ z+

z−

ẑ ·Esec(ρk̂i + zẑ) dz =
∑
nn′

Tnn′cn′

∫ z+

z−

ẑ · F n(ρk̂i + zẑ) dz

=

√
2

iπk0ρ

π

k0

eik0ρ
∑
nn′

i−mTnn′cn′g
+
n (k0, 0)

(
1 +O

(
(k0ρ)−1

))
Introduce the far �eld amplitude, P (k̂i), similar to the one de�ned in two di-

mension, see e.g., [9].

P (k̂i) = lim
ρ→∞

√
iπk0ρ

2
e−ik0ρ

∫ z+

z−

ẑ ·Esec(ρk̂i + zẑ) dz =
π

k0

∑
nn′

i−mTnn′cn′g
+
n (k0, 0)

we get

Pa + Ps = − 1

2η0

4

k0

Re
{
E∗0P (k̂i)

}
If we de�ne scattering, absorption, and extinction cross section by division of the
incident excitation power per area, |E0|2/(2η0), we obtain the optical theorem

σext = σa + σs = − 4

k0

Re

{
E∗0P (k̂i)

|E0|2

}
(10.1)

This is formally the same as the optical theorem in two dimensions [9].

11 Examples of excitations

Several examples of explicit sources are of interest. In this section we examine the
vertical electric dipole and the plane wave.

11.1 Vertical electric dipole

A �rst explicit example of an incident �eld is a vertical electric dipole located at
r0 = ρ0 + z0ẑ = ρ0 (cosφ0x̂+ sinφ0ŷ) + z0ẑ, where z− < z0 < z+. The expansion
coe�cients, a±j (kt), of the incident �eld of this �eld in terms of planar spherical
waves can be found from the transformation expression in (3.9) specialized to τ = 2,
l = 1, m = 0, and σ = e.

Ei(r) = u2e01(k0(r − r0)) =
∑
j=1,2

∫∫
R2

a±j (kt)ϕ
±
j (kt; r)

dkx dky
k2

0

, z ≷ z0 (11.1)
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where

a±j (kt) = 2
k0

kz
B±2e01j(kt)δj2e−i(kt±kz ẑ)·r0 = 2

√
3

8π

kt

kz
δj2e−i(kt±kz ẑ)·r0

The expansion coe�cients, an, in terms of regular spherical vector waves are

an = P2e01n(−d)

where the translation matrix Pnn′ is explicitly given in [6].
The primary �eld becomes, see (7.1)

Eprim(r) = 2

√
3

8π

∫∫
R2

−sign(z − z0)ktkz + k2
t ẑ

4πk0kt

eikt·(ρ−ρ0)+ikz |z−z0| kt

kz

dkx dky
k2

0

− 2

√
3

8π

∫∫
R2

e−ikzz0 + eikzz0e−2ikzz+

1− e−2ikzd

−ktkz + k2
t ẑ

4πk0kt

eikt·(ρ−ρ0)+ikzz
kt

kz

dkx dky
k2

0

− 2

√
3

8π

∫∫
R2

e−ikzz0e2ikzz− + eikzz0

1− e−2ikzd

ktkz + k2
t ẑ

4πk0kt

eikt·(ρ−ρ0)−ikzz
kt

kz

dkx dky
k2

0

In particular, the vertical component is, see (C.1)

Edir(r) · ẑ =

√
3

8π

∫∫
R2

kt

k0

J0(kt|ρ− ρ0|)eikz |z−z0| kt

kz

dkx dky
k2

0

−
√

3

8π

∫ ∞
0

e−ikzz0 + eikzz0e−2ikzz+

1− e−2ikzd

kt

k0

J0(kt|ρ− ρ0|)eikzz
kt

kz

kt dkt

k2
0

−
√

3

8π

∫ ∞
0

e−ikzz0e2ikzz− + eikzz0

1− e−2ikzd

kt

k0

J0(kt|ρ− ρ0|)e−ikzz
kt

kz

kt dkt

k2
0

After using 2J0(z) = H
(1)
0 (z) + H

(2)
0 (z) and H

(2)
n (ze−iπ) = −einπH

(1)
n (z), this ex-

pression leads to the following expression of the vertical component of the primary
electric �eld, see also [10, p. 147]:

Eprim(r) · ẑ = C0

∫
C

k3
t

kz
H

(1)
0 (kt|ρ− ρ0|)

{
eikz |z−z0| + A(kt)e

ikzz +B(kt)e
−ikzz

}
dkt

where the contour C is depicted in Figure 4, and
A(kt) = −e−ikzz0 + eikzz0e−2ikzz+

1− e−2ikzd

B(kt) = −e−ikzz0e2ikzz− + eikzz0

1− e−2ikzd

and

C0 =

√
3

8π

1

2k3
0
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Re kt

Im kt

−k0

k0C

C1

Figure 4: The two complex contours C1 and C. The contour C1 starts at the origin,
and the contour C starts at in�nity along the negative real axis. Both contours end
at in�nity along the positive real axis. The branch cuts are depicted in red.

Note that the function(
eikz |z−z0| + A(kt)e

ikzz +B(kt)e
−ikzz

)
/kz

is an even function in kz, and therefore has no branch point at kt = ±k0 (kz = 0).
Calculus of residues gives

Eprim(r) · ẑ = πC0

∞∑
p=0

εp
kt

2
p

2d
H

(1)
0 (ktp|ρ− ρ0|)

{(
e−ipπz0/d + eipπz0/de−2ipπz+/d

)
eipπz/d

+
(
e−ipπz0/de2ipπz−/d + eipπz0/d

)
e−ipπz/d

}

=

√
3

8π

π

2k0d

∞∑
p=0

εp
kt

2
p

k2
0

H
(1)
0 (ktp|ρ− ρ0|)

{
e−ipπ(z0−z−)/d cos(πp(z − z−)/d)

+ e−ipπ(z+−z0)/d cos(πp(z − z+)/d)

}
(11.2)

The explicit values of the remaining kt integral evaluated below the �rst cuto�
frequency is found in Appendix E.2.
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Similarly, the horizontal components are, see (C.1)

Eprim
t (r) = i

√
3

8π
∇t

∫ ∞
0

sign(z − z0)

k0

J0(kt|ρ− ρ0|)eikz |z−z0|kt dkt

k2
0

− i

√
3

8π
∇t

∫ ∞
0

e−ikzz0 + eikzz0e−2ikzz+

1− e−2ikzd

1

k0

J0(kt|ρ− ρ0|)eikzz
kt dkt

k2
0

+ i

√
3

8π
∇t

∫ ∞
0

e−ikzz0e2ikzz− + eikzz0

1− e−2ikzd

1

k0

J0(kt|ρ− ρ0|)e−ikzz
kt dkt

k2
0

or

Eprim
t (r) = iC0sign(z − z0)∇t

∫
C

ktH
(1)
0 (kt|ρ− ρ0|)eikz |z−z0| dkt

+ iC0∇t

∫
C

A(kt)ktH
(1)
0 (kt|ρ− ρ0|)eikzz dkt

− iC0∇t

∫
C

B(kt)ktH
(1)
0 (kt|ρ− ρ0|)e−ikzz dkt

To evaluate the scattered �eld by this source, we also need to �nd the dn vector,
see (6.6)

dn = −2

√
3

8π

∫∫
R2

{
e−ikzz0

B+†
n2 (kt) + e2ikzz−B−†n2 (kt)

1− e−2ikzd

+ eikzz0
B−†n2 (kt) + e−2ikzz+B+†

n2 (kt)

1− e−2ikzd
− e∓ikzz0B±†n2 (kt)

}
e−ikt·r0 kt

kz

dkx dky
k2

0

The choice of the plus or minus sign in this expression depends on whether ẑ ·r0 ≷ 0.
From (C.1) we get

1

2π

∫ 2π

0

{
cosmβ
sinmβ

}
eikt·ρ dβ = im

{
cosmφ
sinmφ

}
Jm(ktρ)

which gives

dn = −4π

√
3

8π

∫ ∞
0

{
e−ikzz0

e2ikzz−g+
n (kt, φ0) + g−n (kt, φ0)

1− e−2ikzd

+ eikzz0
e−2ikzz+g−n (kt, φ0) + g+

n (kt, φ0)

1− e−2ikzd
− e∓ikzz0g∓n (kt, φ0)

}
Jm(ktρ0)

k2
t

kz

dkt

k2
0

where g±n (kt, φ) are de�ned in (C.2).
The remaining integration in the kt variable can be transformed into a contour

integration. Proceed as above, and we get

dn = −2π

√
3

8π

∫
C

{
e−ikzz0

e2ikzz−g+
n (kt, φ0) + g−n (kt, φ0)

1− e−2ikzd

+ eikzz0
e−2ikzz+g−n (kt, φ0) + g+

n (kt, φ0)

1− e−2ikzd
− e∓ikzz0g∓n (kt, φ0)

}
H(1)
m (ktρ0)

k2
t

kz

dkt

k2
0
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Calculus of residues gives

dn =
π2

k0d

√
3

8π

∞∑
p=0

εp
ktp

k0

{
e−ipπz0/d

(
e2ipπz−/dg+

n (ktp, φ0) + g−n (ktp, φ0)
)

+ eipπz0/d
(
e−2ipπz+/dg−n (ktp, φ0) + g+

n (ktp, φ0)
)}
H(1)
m (ktpρ0)

=

√
3

8π

2π2

k0d

∞∑
p=0

εp
ktp

k0

{
eipπz−/dg+

n (ktp, φ0) cos(πp(z0 − z−)/d)

+ e−ipπz+/dg−n (ktp, φ0) cos(πp(z+ − z0)/d)

}
H(1)
m (ktpρ0)

The explicit values of the remaining kt integral evaluated below the �rst cuto�
frequency is found in Appendix E.3.

11.2 Plane wave incidence

As a second illustration of the results, we specialize to an incident �eld of a TEM
wave excitation. We orient the x-axis such that the wave propagates in this direction,
i.e., kt = k0x̂. The appropriate expansion coe�cients are:2

a±j (kt) = −δj2E0k
2
0πδ(kt − k0x̂)

(
1− e−2ikzd

)
and, see the consistency relation in (4.3)

an = 0

The incident �eld then is, see (4.1)

Ei(r) =
∑
j=1,2

∫∫
R2

a±j (kt)ϕ
±
j (kt; r)

dkx dky
k2

0

= 0, r ∈ V±

with analytic continuation into the region between the plates, and, see (7.1)

Edir
s (r) = −

∑
j=1,2

∫∫
R2

a+
j (kt) + a−j (kt)(−1)je−2ikzz+

1− e−2ikzd
ϕ+
j (kt; r)

dkx dky
k2

0

−
∑
j=1,2

∫∫
R2

a−j (kt) + a+
j (kt)(−1)je2ikzz−

1− e−2ikzd
ϕ−j (kt; r)

dkx dky
k2

0

= ẑE0eik0x (11.3)

Then the primary electric �eld becomes

Eprim(r) = Ei(r) +Edir
s (r) = ẑE0eik0x (11.4)

2To be more precise, replace a±j (kt) =
(
1− e−2ikzd

)
â±j (kt) everywhere in the analysis, and

then let â±j (kt) = −δj2E0k
2
0πδ(kt − k0x̂).
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The dn vector, see (6.6), is

dn = 2πE0

(
B+†
n2 (k0x̂) +B−†n2 (k0x̂)

)
= 2πE0

(
B+
n2(−k0x̂) +B−n2(−k0x̂)

)
Insert the Bn2(kt) from (3.11), and we obtain

dn = −2πE0i−l(−1)mClm

{(
1 + (−1)l+m

)
δτ1π

m
l (0)δσo

+ i
(
1− (−1)l+m

)
δτ2∆m

l (0)δσe

}
or, see Appendix E

dn = −4πE0i−l(−1)mClm {δτ1π
m
l (0)δσo + iδτ2∆m

l (0)δσe}

12 Numerical examples

In a few numerical examples, the analysis presented in this paper is illustrated. The
veri�cation of the numerical code has been veri�ed with the optical theorem and
the sum rule, see (10.1) and (12.2), both with good agreement.

12.1 Vertical electric dipole excitation

Let the source be a vertical electric dipole located at r0 = −x0x̂+ z0ẑ. This source
was analyzed in Section 11.1. In all examples x0/d = 10.

The absolute value of the vertical component of the electric �eld of the primary
�eld, |ẑ · Eprim(r)|, see (11.2), as a function of frequency k0d (up to �ve times
the �rst cuto� frequency) is shown in Figure 5. The frequency interval below the
second cuto�, k0d ∈ [0, 2π], the red and the blue curves show no oscillations due to
symmetry in the excitation, z0/d = 0.

The absolute value of the vertical component of the secondary electric �eld,
|ẑ · Esec(r)|, at the point r = xx̂ + zẑ, as a function of frequency, k0d, (up to
three times the �rst cuto� frequency) for a perfectly conducting sphere is depicted
in Figure 6. The �elds at two di�erent vertical positions are shown, and only the
contribution due to the propagating modes is included � no evanescent modes. The
incident �eld is given by (11.1), and the curves are normalized with the absolute
value of the vertical component of the primary �eld evaluated at the origin. In the
normalization �eld, only the contribution of the fundamental mode is included, i.e.,
all higher modes are ignored in the normalization �eld, since these higher modes show
strong oscillatory behavior, see Figure 5, and for this reason they are unsuitable as
normalization �elds. In the frequency interval below the second cuto�, k0d ∈ [0, 2π],
the two curves are identical due to symmetry of the excitation, and there is no
variation in the vertical component of scattered �eld.

If the sphere contains a dielectric material, which has a resonance below the �rst
cuto�, k0d = π, the situation is di�erent. This situation is depicted in Figure 7. In
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Figure 5: The absolute value of the vertical primary �eld, |ẑ · Eprim(r)|, at a
�xed point r as a function of frequency, k0d, for a vertical electrical dipole located
at r0 = −x0x̂ + z0ẑ, where x0/d = 10 and z0/d = 0 (red and blue curves), and
x0/d = 10 and z0/d = 0.2 (black curve). The curve shows the contribution to
the primary �eld due to the propagating modes. The locations of the planes are
z+/d = 0.5 and z−/d = −0.5, and the �eld point is r = xx̂ + zẑ, where x/d = 10
and z/d = 0 (red curve) and z/d = 0.3 (blue and black curves). The green curve
shows the contribution of the fundamental mode alone.

this example, we adopt a Lorentz model for the permittivity, i.e.,

ε(ω) = 1−
ω2

p

ω2 − ω2
0 + iνω

(12.1)

The explicit data of the example are given in the caption. Figure 7 shows a sharp
resonance peak at about k0d ≈ 0.33, which corresponds to k0a ≈ 0.15. The curve is
normalized in the same way as the curves in Figure 6.

In the next example, we illustrate the scattered power scattered by a perfectly
conducting sphere excited by a vertical dipole, see (11.1). The result is shown in
Figure 8. The result is normalized by the power �ow of the fundamental mode of
the primary �eld at the origin, see (11.2). The contributions of the higher modes
are excluded in the normalization �eld, since these contributions oscillate to a great
extent, see Figure 5.

12.2 Plane wave excitation

In the last numerical example, the �rst propagating mode is taken as the exciting
�eld, which is a vertically polarized plane wave, see (11.4). In Figure 9, the scattering
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Figure 6: The absolute value of the vertical component of the secondary �eld,
|ẑ ·Esec(r)|, at the point r = xx̂+ zẑ, where x/d = 10, as a function of frequency,
k0d, for a vertical electrical dipole, see (11.1), located at r0 = −x0x̂ + z0ẑ, where
x0/d = 10 and z0/d = 0. The locations of the planes are z+/d = 0.5 and z−/d =
−0.5, and two di�erent positions are shown, z/d = 0 (solid line) and z/d = 0.3
(dashed line). The scatterer is a perfectly conducting sphere of radius a/d = 0.45
located at the origin.

cross section is depicted as a function of k0d for a perfectly conducting sphere of
radius a. The scattering cross section is here equal to the extinction cross section.
The results of two di�erent radii are depicted. In this example, the frequency interval
is such that the �rst three modes propagate at the highest frequency, i.e., 0 ≤ k0d ≤
3π. The explicit data of the example are given in the caption.

Scattering by a perfectly conducting sphere in free space shows a resonance at
about k0a ≈ 1 [9]. As seen in Figure 9, the resonance is located at a slightly lower
frequency, k0a ≈ 0.68, when the sphere is con�ned between two parallel plates.
Moreover, in free space, the scattering cross section remains almost constant after
the �rst resonance. Located between the parallel plates, the scattering by the sphere
shows interesting additional resonance behavior.

12.2.1 Sum rule

The appropriate sum rule for an incident plane wave, see (11.3), is [28]∫ ∞
0

σext(k)

k2
dk =

π

2

(
ê∗ · γe · ê+ (k̂i × ê)∗ · γm · (k̂i × ê)

)
(12.2)

This identity holds also for the parallel plate waveguide, provided the fundamental
mode is considered. This identity is veri�ed by numerical simulations for a dielectric
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Figure 7: The absolute value of the vertical component of the secondary �eld,
|ẑ · Esec(r)|, at the point r = xx̂ + zẑ, where x/d = 10 and z/d = 0.3, as a
function of frequency, k0d, for a vertical electrical dipole, see (11.1), located at
r0 = −x0x̂+ z0ẑ, where x0/d = 10 and z0/d = 0. The curve shows the contribution
due to the propagating modes. The locations of the planes are z+/d = 0.5 and
z−/d = −0.5, and the scatterer is a non-magnetic, µ = 1, dielectric sphere of radius
a/d = 0.45 located at the origin. The data of the permittivity in the Lorentz
model (12.1) are ωp = 0.7c0/a, ω0 = 0.2c0/a, and ν = 0.05c0/a.

(Lorentz model) sphere to three decimal places.

13 Conclusions

By the use of the integral representation of the scattered �eld, the solution to a
complex electromagnetic scattering problem of an obstacle inside a parallel plate
waveguide has been solved. The solution is an extension of the null �eld method,
originally proposed by Peter Waterman, to geometries with two planar interfaces.
Similar geometries have been addressed in the past, see e.g., [17�19, 21], but this
problem shows more complexity. The approach is well suited to numerical imple-
mentation, and a series of numerical examples shows the usefulness of the method.
Several ways of testing the numerical are suggested, e.g., the optical theorem (appro-
priately formulated) and the sum rule. All these veri�cations show good agreement.
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Figure 8: The scattered power Ps by a perfectly conducting sphere, centered at
the origin, as a function of frequency, k0d, for a vertical electrical dipole, see (11.1),
located at r0 = −x0x̂ + z0ẑ, where x0/d = 10 and z0/d = 0. The locations of the
planes are z+/d = 0.5 and z−/d = −0.5.
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Appendix A Orthogonality relations

From the de�nitions of the planar vector waves in (3.4)
ϕ±1 (kt; r) =

ẑ × kt

4πikt

eikt·ρ±ikzz

ϕ±2 (kt; r) =
∓ktkz + k2

t ẑ

4πk0kt

eikt·ρ±ikzz


ϕ±1
†
(kt; r) = − ẑ × kt

4πikt

e−ikt·ρ±ikzz

ϕ±2
†
(kt; r) =

±ktkz + k2
t ẑ

4πk0kt

e−ikt·ρ±ikzz

we get∫∫
S

ϕ∓j (kt; r) ·ϕ±j′
†
(k′t; r) dx dy =

δjj′

16π2

∫∫
R2

ei(kt−k′t)·ρ dx dy =
δjj′

4
δ(kt − k′t)

Moreover, we have
ẑ ×ϕ±1 (kt; r) = − kt

4πikt

eikt·ρ±ikzz

ẑ ×ϕ±2 (kt; r) = ∓ ẑ × ktkz
4πk0kt

eikt·ρ±ikzz
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Figure 9: The scattering cross section, σs, for a PEC sphere of radius a, centered
at the origin, as a function of k0d and vertically polarized incident plane wave. The
cross section is scaled with d2. The locations of the planes are z+/d = 0.5 and
z−/d = −0.5.

From these expression, we derive∫∫
S

ϕ±j′
†
(k′t; r) ·

(
ẑ ×ϕ∓j (kt; r)

)
dx dy = ∓ kz

4ik0

δjj′δ(kt − k′t)

and ∫∫
S

ϕ±j′
†
(k′t; r) ·

(
ẑ ×ϕ±j (kt; r)

)
dx dy = ±(−1)j

kz
4ik0

e±2ikzz0δjj′δ(kt − k′t)

where the dual index j is de�ned 1 = 2 and 2 = 1.
Furthermore, we get∫∫

S

ϕ±j′(kt; r) ·
(
ẑ ×ϕ∓

j
(k′t; r)

)
dx dy = ∓ kz

4ik0

δjj′δ(kt + k′t)

The orthogonality relations in (3.6) and (6.1) are then proved.
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Appendix B The Ann′ matrix

The evaluation of the integrals in the A matrix in (6.7)

Ann′ = −2
∑
j=1,2

∫∫
R2

B−†nj (kt)
B−n′j(kt) + (−1)je2ikzz−B+

n′j(kt)

1− e−2ikzd

k0

kz

dkx dky
k2

0

− 2
∑
j=1,2

∫∫
R2

B+†
nj (kt)

B+
n′j(kt) + (−1)je−2ikzz+B−n′j(kt)

1− e−2ikzd

k0

kz

dkx dky
k2

0

is somewhat technical, and we prefer to collect the results in this appendix.
We proceed in two steps in cylinder coordinates (kt, β) of kt, i.e.,

kt = kt(x̂ cos β + ŷ sin β)

The �rst step involves the β integration. De�ne (upper and lower signs on the left-
and right-hand sides are read together)

G±nn′(t) =
∑
j=1,2

∫ 2π

0

B±†nj (kt)B
±
n′j(kt) dβ

and

H±nn′(t) =
∑
j=1,2

∫ 2π

0

(−1)jB±†nj (kt)B
∓
n′j(kt) dβ

where kz = k0t. We get

Ann′ = −2

∫ 1

i∞

e2ik0z−tH−nn′(t) +G−nn′(t) +G+
nn′(t) + e−2ik0z+tH+

nn′(t)

1− e−2ik0dt
dt

where we have used kt dkt = −kz dkz = −kzk0 dt.
The functions G±nn′(t) and H±nn′(t) are readily computed by orthogonality over

the interval [0, 2π). The integrands in G±nn′(t) are

B±†n1 (kt)B
±
n′1(kt) = il−l

′
ClmCl′m′(±1)l+m+l′+m′

×
{
±iδτ1∆m

l (t)

{
cosmβ
sinmβ

}
− δτ2π

m
l (t)

{
− sinmβ
cosmβ

}}
×
{
∓iδτ ′1∆m′

l′ (t)

{
cosm′β
sinm′β

}
− δτ ′2πm

′

l′ (t)

{
− sinm′β
cosm′β

}}
B±†n2 (kt)B

±
n′2(kt) = il−l

′
ClmCl′m′(±1)l+m+l′+m′

×
{
−δτ1π

m
l (t)

{
− sinmβ
cosmβ

}
± iδτ2∆m

l (t)

{
cosmβ
sinmβ

}}
×
{
−δτ ′1πm

′

l′ (t)

{
− sinm′β
cosm′β

}
∓ iδτ ′2∆m′

l′ (t)

{
cosm′β
sinm′β

}}
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This results in

G±nn′(t) =C ′ll′mδmm′ i
l−l′(±1)l+l

′
{
δσσ′δττ ′ (∆

m
l (t)∆m

l′ (t) + πml (t)πml′ (t))

±iδσσ′δττ ′(−1)σ (∆m
l (t)πml′ (t) + πml (t)∆m

l′ (t))
}

where the dual indices σ and τ , e = o, o = e and 1 = 2, 2 = 1, have been employed,
and where

C ′ll′m =

√
2l + 1

2

(l −m)!

(l +m)!

√
2l′ + 1

2

(l′ −m)!

(l′ +m)!
, (−1)σ =

{
−1, σ = e

1, σ = o

The integrands in H±nn′(t) are

B±†n1 (kt)B
∓
n′1(kt) = il−l

′
ClmCl′m′(±1)l+m(∓1)l

′+m′

×
{
±iδτ1∆m

l (t)

{
cosmβ
sinmβ

}
− δτ2π

m
l (t)

{
− sinmβ
cosmβ

}}
×
{
±iδτ ′1∆m′

l′ (t)

{
cosm′β
sinm′β

}
− δτ ′2πm

′

l′ (t)

{
− sinm′β
cosm′β

}}
B±†n2 (kt)B

∓
n′2(kt) = il−l

′
ClmCl′m′(±1)l+m(∓1)l

′+m′

×
{
−δτ1π

m
l (t)

{
− sinmβ
cosmβ

}
± iδτ2∆m

l (t)

{
cosmβ
sinmβ

}}
×
{
−δτ ′1πm

′

l′ (t)

{
− sinm′β
cosm′β

}
± iδτ ′2∆m′

l′ (t)

{
cosm′β
sinm′β

}}
This results in

H±nn′(t) = C ′ll′mδmm′ i
l−l′(±1)l+m(∓1)l

′+m

×
{
δσσ′δττ ′(−1)τ+1 (∆m

l (t)∆m
l′ (t) + πml (t)πml′ (t))

± iδσσ′δττ ′(−1)σ+τ (∆m
l (t)πml′ (t) + πml (t)∆m

l′ (t))
}

Notice that G+
nn′(t) = G−n′n(t) and H±n′n(t) is symmetric, i.e., H±nn′(t) = H±n′n(t).

The structure of the Ann′ matrix in the τ and σ indices is

Ann′ = δmm′


1e 2o 1o 2e

1e A1
ll′m A2

ll′m 0 0
2o A3

ll′m A4
ll′m 0 0

1o 0 0 A1
ll′m A5

ll′m
2e 0 0 A6

ll′m A4
ll′m


and we observe that the index pairs {1e, 2o} and {1o, 2e} do not couple.
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All entries in the Ann′ matrix can be written in terms of a combination of the
integrals

I1
ll′m(k0z, k0d) =

∫ 1

i∞

∆m
l (t)∆m

l′ (t) + πml (t)πml′ (t)

1− e−2ik0dt
e−2ik0zt dt

=
l+l′∑
k=0

ak(l, l
′,m)

∫ 1

i∞

tke−2ik0zt

1− e−2ik0dt
dt

and

I2
ll′m(k0z, k0d) =

∫ 1

i∞

∆m
l (t)πml′ (t) + πml (t)∆m

l′ (t)

1− e−2ik0dt
e−2ik0zt dt

=
l+l′−1∑
k=0

bk(l, l
′,m)

∫ 1

i∞

tke−2ik0zt

1− e−2ik0dt
dt

for some real-valued coe�cients ak(l, l
′,m) and bk(l, l

′,m). This is clear since,
see (3.12)

∆m
l (t) = −(1− t2)

1/2√
l(l + 1)

Pm
l
′(t), πml (t) =

m√
l(l + 1) (1− t2)1/2

Pm
l (t)

with special case

∆0
l (t) = − 1√

l(l + 1)
P 1
l (t), π0

l (t) = 0

and

∆m
l (t)∆m

l′ (t) + πml (t)πml′ (t) =
l+l′∑
k=0

ak(l, l
′,m)tk

∆m
l (t)πml′ (t) + πml (t)∆m

l′ (t) =
l+l′−1∑
k=0

bk(l, l
′,m)tk

Both integrals I1
ll′m(k0z, k0d) and I2

ll′m(k0z, k0d) are symmetric in the l and l′ indices.
The matrix entries of Ann′ therefore are

Aτσmlτσ′l′m′ = −2δσσ′δmm′C
′
ll′mil−l

′

{
(−1)l+m+τ+1I1

ll′m(−k0z−, k0d) + I1
ll′m(0, k0d)

+ (−1)l+l
′
I1
ll′m(0, k0d) + (−1)l

′+m+τ+1I1
ll′m(k0z+, k0d)

}
and

Aτσmlτσ′l′m′ = −2iδσσ′δmm′C
′
ll′mil−l

′
(−1)σ

{
−(−1)l+m+τI2

ll′m(−k0z−, k0d)

+I2
ll′m(0, k0d)− (−1)l+l

′
I2
ll′m(0, k0d) + (−1)l

′+m+τI2
ll′m(k0z+, k0d)

}
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The integrals I1
ll′m(k0z, k0d) and I2

ll′m(k0z, k0d) can both be evaluated in terms of
the Lerch function [13], see Section B.1.

B.1 Lerch function

The main result in this section is that for b > a > 0, n = 0, 1, 2, . . .

In(a, b) =

∫ 1

i∞

tne−iat

1− e−ibt
dt = ei(b−a)

n+1∑
k=1

ikn!

(n+ 1− k)!bk
Φ(eib, k, 1− a/b)

where the Lerch function is [13]

Φ(β, ν, µ) =
∞∑
n=0

βn

(µ+ n)ν

From [13, p. 353] we have∫ ∞
0

xν−1e−µx

1− βe−x
dx = Γ(ν)

∞∑
n=0

βn

(µ+ n)ν
, Reµ > 0, |β| ≤ 1, β 6= 1,Re ν > 0

The sum on the right-hand side is Lerch function

Φ(β, ν, µ) =
∞∑
n=0

βn

(µ+ n)ν

Introduce the parametrization of the integration path t = 1 + ix, x ∈ [0,∞).

In(a, b) = i

∫ ∞
0

(1 + ix)nei(b−a)(1+ix)

1− eib(1+ix)
dx = iei(b−a)

∫ ∞
0

(1 + ix)ne−(b−a)x

1− eibe−bx
dx

The binomial expansion of the numerator implies

In(a, b) = iei(b−a)

n∑
k=0

(
n
k

)
ik
∫ ∞

0

xke−(b−a)x

1− eibe−bx
dx

= iei(b−a)

n∑
k=0

(
n
k

)
ik
∫ ∞

0

b−k−1yke−(1−a/b)y

1− eibe−y
dy

and in terms of Lerch function, we get

In(a, b) = ei(b−a)

n∑
k=0

ik+1n!

(n− k)!bk+1
Φ(eib, k + 1, 1− a/b)

The integrals I1
ll′m(k0z, k0d) and I2

ll′m(k0z, k0d) are

I1
ll′m(k0z, k0d) =

l+l′∑
k=0

ak(l, l
′,m)Ik(2k0z, 2k0d)

and

I2
ll′m(k0z, k0d) =

l+l′−1∑
k=0

bk(l, l
′,m)Ik(2k0z, 2k0d)
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Appendix C The F n(r) vector

The F n(r) vector has the formal form, see (7.3) and (3.5)

F n(r) =
1

k0

ẑ ×∇Gn(r) +
1

k2
0

∇× (ẑ ×∇Hn(r))

where

Gn(r) = − 1

2π

∫∫
R2

{
B±n1(kt)e

ikt·ρ+ikz |z| − B+
n1(kt)−B−n1(kt)e

−2ikzz+

1− e−2ikzd
eikt·ρ+ikzz

− B−n1(kt)−B+
n1(kt)e

2ikzz−

1− e−2ikzd
eikt·ρ−ikzz

}
dkx dky
kzkt

and using (3.13)

Hn(r) = − 1

2π

∫∫
R2

{
B±n1(kt)e

ikt·ρ+ikz |z| − B+
n1(kt) +B−n1(kt)e

−2ikzz+

1− e−2ikzd
eikt·ρ+ikzz

− B−n1(kt) +B+
n1(kt)e

2ikzz−

1− e−2ikzd
eikt·ρ−ikzz

}
dkx dky
kzkt

and the dual index of n is de�ned as n = τσml.
Both these functions satisfy

∇2Gn(r) = −k2
0Gn(r), ∇2Hn(r) = −k2

0Hn(r)

and
∇2

tGn(r) = −k2
tGn(r), ∇2

tHn(r) = −k2
tHn(r)

Perform the integration in polar coordinates, kt = kt(cos βx̂ + sin βŷ), and the
integration in β gives

Gn(r) = −
∫ ∞

0

{
g±n (kt, φ)eikz |z|

−
g+
n (kt, φ)

(
eikzz − eikz(2z−−z)

)
+ g−n (kt, φ)

(
e−ikzz − eikz(z−2z+)

)
1− e−2ikzd

}
Jm(ktρ)

dkt

kz

and

Hn(r) = −
∫ ∞

0

{
g±n (kt, φ)eikz |z|

−
g+
n (kt, φ)

(
eikzz + eikz(2z−−z)

)
+ g−n (kt, φ)

(
e−ikzz + eikz(z−2z+)

)
1− e−2ikzd

}
Jm(ktρ)

dkt

kz
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where we used [1]

1

2π

∫ 2π

0

{
cosmβ
sinmβ

}
eikt·ρ dβ = im

{
cosmφ
sinmφ

}
Jm(ktρ) (C.1)

and

g±n (kt, φ) = i−l+m+τ (±1)l+mClm

×
(
∓δτ1∆m

l (kz/k0)

{
cosmφ
sinmφ

}
+ δτ2π

m
l (kz/k0)

{
− sinmφ
cosmφ

})
(C.2)

Notice that as functions of the complex kt variable these functions have symme-
try relations, e.g., g±n (kte

−iπ, φ) = e−i(m+1)πg±n (kt, φ), since sin
(
ze−iπ

)
= e−iπ sin z,

and cos
(
ze−iπ

)
= cos z. Moreover, g±n (kt, φ) → g∓n (kt, φ) as kz → −kz. For real

argument (both kt and kz real), we also have (g±n (kt, φ))∗ = g∓n (kt, φ).
The remaining integral in the kt variable is performed by calculus of residues. A

typical integral is∫ ∞
0

Jm(ktρ)h(kt) dkt =
1

2

∫ ∞
0

(
H(1)
m (ktρ) +H(2)

m (ktρ)
)
h(kt) dkt

=
1

2

∫ ∞
0

(
H(1)
m (ktρ)− eimπH(1)

m (ktρeiπ)
)
h(kt) dkt

=
1

2

∫ ∞
0

H(1)
m (ktρ)h(kt) dkt +

1

2
ei(m+1)π

∫ 0

−∞
H(1)
m (ktρ)h(kte

−iπ) dkt

where we used H
(2)
m (ktρe−iπ) = −eimπH

(1)
m (ktρ). If h(kte

−iπ) = e−i(m+1)πh(kt), then∫
C1

Jm(ktρ)h(kt) dkt =

∫ ∞
0

Jm(ktρ)h(kt) dkt

=
1

2

∫ ∞
−∞

H(1)
m (ktρ)h(kt) dkt =

1

2

∫
C

H(1)
m (ktρ)h(kt) dkt

where the contours C1 and C are depicted in Figure 4. Rewrite in terms of the
contour integral C as

Gn(r) = −1

2

∫
C

{
g±n (kt, φ)eikz |z|

−
g+
n (kt, φ)

(
eikzz − eikz(2z−−z)

)
+ g−n (kt, φ)

(
e−ikzz − eikz(z−2z+)

)
1− e−2ikzd

}
H(1)
m (ktρ)

dkt

kz

and

Hn(r) = −1

2

∫
C

{
g±n (kt, φ)eikz |z|

−
g+
n (kt, φ)

(
eikzz + eikz(2z−−z)

)
+ g−n (kt, φ)

(
e−ikzz + eikz(z−2z+)

)
1− e−2ikzd

}
H(1)
m (ktρ)

dkt

kz
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Closing the contour in the upper kt plane gives residue contributions at the poles
kt = ktp, but the branch cut for H0(ktρ) is not crossed. The contributions of the

residues at the poles, kt = ktp = (k2
0 − p2π2/d2)

1/2
are, cf., the residues in Section D

Gn(r) = − π

4k0d

∞∑
p=1

εp
k0

ktp

{
g+
n (ktp, φ)

(
eiπpz/d − e−iπp(z−2z−)/d

)
+ g−n (ktp, φ)

(
e−iπpz/d − e−iπp(2z+−z)/d

)}
H(1)
m (ktpρ)

= − iπ

2k0d

∞∑
p=1

εp
k0

ktp

{
g+
n (ktp, φ)eiπpz−/d sin(πp(z − z−)/d)

− g−n (ktp, φ)e−iπpz+/d sin(πp(z − z+)/d)

}
H(1)
m (ktpρ)

(C.3)

and

Hn(r) = − π

4k0d

∞∑
p=0

εp
k0

ktp

{
g+
n (ktp, φ)

(
eiπpz/d + e−iπp(z−2z−)/d

)
+ g−n (ktp, φ)

(
e−iπpz/d + e−iπp(2z+−z)/d

)}
H(1)
m (ktpρ)

= − π

2k0d

∞∑
p=0

εp
k0

ktp

{
g+
n (ktp, φ)eiπpz−/d cos(πp(z − z−)/d)

+ g−n (ktp, φ)e−iπpz+/d cos(πp(z − z+)/d)

}
H(1)
m (ktpρ)

(C.4)

Only a �nite number of terms contribute in the sum is not exponentially decreasing,
i.e., only those p values satisfying p ≤ k0d/π, contribute to the radiated �eld. The
functions Gn(r) and Hn(r) satisfy

∇× (ẑ ×∇Gn) = ẑ∇2Gn −
∂

∂z
∇Gn = −ẑk2

0Gn −∇
∂

∂z
Gn

and

∇× (ẑ ×∇Hn) = −ẑk2
0Hn −∇

∂

∂z
Hn

This implies {
ẑ · (∇× (ẑ ×∇Gn)) = ∇2

tGn = −k2
tGn(r)

ẑ · (∇× (ẑ ×∇Hn)) = ∇2
tHn = −k2

tHn(r)
(C.5)

Notice that on r± = ρ+ z±ẑ

Gn(r±) = 0, ∇tGn(r±) = 0,
∂

∂z
Hn(r±) = 0 (C.6)
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In terms of the circular cylindrical coordinate system, the components are

F n(r) = ρ̂Fnρ(r) + φ̂Fnφ(r) + ẑFnz(r)

where

ρ̂ · F n(r) = − 1

k0

φ̂ · ∇Gn(r)− 1

k2
0

ρ̂ · ∇ ∂

∂z
Hn

=
iπ

2k0d

∞∑
p=1

εp

{
∂g+

n (ktp, φ)

∂φ
eiπpz−/d sin(πp(z − z−)/d)

H
(1)
m (ktpρ)

ktpρ

−
∂g−n (ktp, φ)

∂φ
e−iπpz+/d sin(πp(z − z+)/d)

H
(1)
m (ktpρ)

ktpρ

+ i
pπ

k0d
g+
n (ktp, φ)eiπpz−/d sin(πp(z − z−)/d)H(1)

m

′
(ktpρ)

+ i
pπ

k0d
g−n (ktp, φ)e−iπpz+/d sin(πp(z − z+)/d)H(1)

m

′
(ktpρ)

}
(C.7)

and

φ̂ · F n(r) =
1

k0

ρ̂ · ∇Gn(r)− 1

k2
0

φ̂ · ∇ ∂

∂z
Hn

=
iπ

2k0d

∞∑
p=1

εp

{
−g+

n (ktp, φ)eiπpz−/d sin(πp(z − z−)/d)H(1)
m

′
(ktpρ)

+ g−n (ktp, φ)e−iπpz+/d sin(πp(z − z+)/d)H(1)
m

′
(ktpρ)

+ i
pπ

k0d

∂g+
n (ktp, φ)

∂φ
eiπpz−/d sin(πp(z − z−)/d)

H
(1)
m (ktpρ)

ktpρ

+ i
pπ

k0d

∂g−n (ktp, φ)

∂φ
e−iπpz+/d sin(πp(z − z+)/d)

H
(1)
m (ktpρ)

ktpρ

}
(C.8)

and

ẑ · F n(r) =
π

2k0d

∞∑
p=0

εp
ktp

k0

{
g+
n (ktp, φ)eiπpz−/d cos(πp(z − z−)/d)

+ g−n (ktp, φ)e−iπpz+/d cos(πp(z − z+)/d)

}
H(1)
m (ktpρ)

(C.9)
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C.1 Power �ux

To compute the power �ux in the ν̂ direction, we need to evaluate the following
integral: (ν̂ · ẑ = 0)

1

k0

ν̂ · (F n × (∇× F ∗n′)) = ν̂ ·

{(
1

k0

ẑ ×∇Gn +
1

k2
0

∇× (ẑ ×∇Hn)

)

×
(

1

k2
0

∇× (ẑ ×∇G∗n′) +
1

k0

ẑ ×∇H∗
n′

)}
=

1

k3
0

ν̂ · {(ẑ ×∇Gn)× (∇× (ẑ ×∇G∗n′))}

+
1

k4
0

ν̂ · {(∇× (ẑ ×∇Hn))× (∇× (ẑ ×∇G∗n′))}

+
1

k3
0

ν̂ ·
{

(∇× (ẑ ×∇Hn))×
(
ẑ ×∇H∗

n′

)}
Rewrite as, see (C.5)

1

k0

ν̂ · (F n × (∇× F ∗n′)) =
1

k3
0

(ν̂ · ∇tGn)∇2
tG
∗
n′ −

1

k3
0

(
ν̂ · ∇tH

∗
n′

)
∇2

tHn

+
1

k4
0

ν̂ ·
{(
ẑk2

0Hn +∇ ∂

∂z
Hn

)
×
(
ẑk2

0G
∗
n′ +∇

∂

∂z
G∗n′

)}
=

1

k3
0

(ν̂ · ∇tGn)∇2
tG
∗
n′ −

1

k3
0

(
ν̂ · ∇tH

∗
n′

)
∇2

tHn

− 1

k2
0

ν̂ ·
{
Hn∇t ×

(
ẑ
∂

∂z
G∗n′

)
−G∗n′∇t ×

(
ẑ
∂

∂z
Hn

)}
+

1

k4
0

ν̂ ·
{
∇×

(
∂

∂z
Hn∇

∂

∂z
G∗n′

)}
(C.10)

If we integrate over a cylindrical surface between the two parallel plates, z = z±,
the last term vanishes due to Stokes' theorem, and the fact that ∂zHn vanishes on
z = z±, see (C.6). The second last term also vanishes, since the term can rewrite as

ν̂ ·
{
Hn∇t ×

(
ẑ
∂

∂z
G∗n′

)
−G∗n′∇t ×

(
ẑ
∂

∂z
Hn

)}
=ν̂ ·

{
Hn∇t ×

(
ẑ
∂

∂z
G∗n′

)
+

∂

∂z
Hn∇t × (ẑG∗n′)−∇t ×

(
ẑ

(
∂

∂z
Hn

)
G∗n′

)}
=
∂

∂z
ν̂ · {Hn∇t × (ẑG∗n′)} − ν̂ ·

{
∇t ×

(
ẑ

(
∂

∂z
Hn

)
G∗n′

)}
and both these terms vanish when integrating over a cylindrical surface between the
two parallel plates, z = z± � the �rst term due to an exact z derivative and the
fact that ∇tG

∗
n′ vanishes on z = z±, and the second term vanishes due to Stokes'

theorem and the fact that G∗n′ vanishes on z = z±, see (C.6). The conclusion of this
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analysis is that only the �rst two terms in (C.10) contribute to the �nal result of an
integral over a cylindrical surface between the two parallel plates, z = z±.

To evaluate the power �ux through a cylindrical surface, we need to evaluate
four canonical integrals w.r.t. z, viz., (d = z+ − z−, p, p′ = 0, 1, 2, . . .)∫ z+

z−

sin (πp(z − z−)/d) sin (πp′(z − z−)/d) dz

=

∫ z+

z−

sin (πp(z − z+)/d) sin (πp′(z − z+)/d) dz

=
d

π

∫ π

0

sin pt sin p′t dt =
d

2
δpp′(1− δp0)∫ z+

z−

sin (πp(z − z−)/d) sin (πp′(z − z+)/d) dz

=

∫ z+

z−

sin (πp(z − z+)/d) sin (πp′(z − z−)/d) dz

=
d

π

∫ π

0

sin pt sin p′(t− π) dt = (−1)p
d

2
δpp′(1− δp0)

and ∫ z+

z−

cos (πp(z − z−)/d) cos (πp′(z − z−)/d) dz

=

∫ z+

z−

cos (πp(z − z+)/d) cos (πp′(z − z+)/d) dz

=
d

π

∫ π

0

cos pt cos p′t dt =
d

εp
δpp′

where εp is the Neumann factor, and similarly∫ z+

z−

cos (πp(z − z−)/d) cos (πp′(z − z+)/d) dz

=

∫ z+

z−

cos (πp(z − z+)/d) cos (πp′(z − z−)/d) dz

=
d

π

∫ π

0

cos pt cos p′(t− π) dt = (−1)p
d

εp
δpp′

The two canonical integrals w.r.t. z, then become (d = z+−z−, p, p′ = 0, 1, 2, . . .)∫ z+

z−

{
a− sin (πp(z − z−)/d) + a+ sin (πp(z − z+)/d)

}
{
b− sin (πp′(z − z−)/d) + b+ sin (πp′(z − z+)/d)

}
dz

=
d

2
δpp′(1− δp0)

(
a+b+ + a−b− + (−1)p(a+b− + a+b−)

)
=
d

2
δpp′(1− δp0)

(
a+ + (−1)pa−

) (
b+ + (−1)pb−

)
(C.11)
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and ∫ z+

z−

{
a− cos (πp(z − z−)/d) + a+ cos (πp(z − z+)/d)

}
{
b− cos (πp′(z − z−)/d) + b+ cos (πp′(z − z+)/d)

}
dz

=
d

εp
δpp′
(
a+b+ + a−b− + (−1)p(a+b− + a+b−)

)
=
d

εp
δpp′
(
a+ + (−1)pa−

) (
b+ + (−1)pb−

)
(C.12)

Only considering the propagating modes, i.e., only terms in the sums with in-
tegers p < k0d/π, the power �ux P through a cylindrical surface S, ρ = constant,
ν̂ = ρ̂, then becomes, see (C.10), (C.3), (C.4), (C.11), and (C.12)

1

k0

∫∫
S

ρ̂ · (F n × (∇× F ∗n′)) dS =
1

k3
0

∫∫
S

ρ̂ ·
{
∇tGn∇2

tG
∗
n′ −∇2

tHn∇tH
∗
n′

}
dS

=ρd

(
π

2k0d

)2 [k0d/π]∑
p=0

εp
ktp

k0

H(1)
m (ktpρ)H

(1)
m′
′∗

(ktpρ)

×
∫ 2π

0

(
g+
n (ktp, φ)eiπpz−/d + (−1)pg−n (ktp, φ)e−iπpz+/d

)
(
g+

n′
∗
(ktp, φ)e−iπpz−/d + (−1)pg−

n′
∗
(ktp, φ)eiπpz+/d

)
dφ

− 2ρd

(
π

2k0d

)2 [k0d/π]∑
p=1

ktp

k0

H(1)
m

′
(ktpρ)H

(1)
m′
∗
(ktpρ)

×
∫ 2π

0

(
g+
n (ktp, φ)eiπpz−/d − (−1)pg−n (ktp, φ)e−iπpz+/d

)
(
g+
n′
∗
(ktp, φ)e−iπpz−/d − (−1)pg−n′

∗
(ktp, φ)eiπpz+/d

)
dφ

Note that the value of the �ux is independent of the surface S as long as the surface
encloses the scatterer Ss. We will use this fact, and evaluate the �ux in the limit as
the cylindrical surface approaches in�nity, i.e., ρ→∞.

It is convenient to introduce the following notion (read the �rst (second) ± on
the left-hand side together with the �rst (second) ± sign on the right-hand side):

I±±nn′ (ktp) =

∫ 2π

0

g±n (ktp, φ)g±n′
∗
(ktp, φ) dφ

Since for propagating modes (g±n (kt, φ))∗ = g∓n (kt, φ), we have(
I+±
nn′ (ktp)

)∗
= I−∓nn′ (ktp),

(
I−±nn′ (ktp)

)∗
= I+∓

nn′ (ktp) (C.13)

We also have the symmetries(
I+±
nn′ (ktp)

)∗
= I±+

n′n (ktp),
(
I−±nn′ (ktp)

)∗
= I±−n′n (ktp) (C.14)
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Explicit values of I±±nn′ (ktp) for m > 0

I+±
nn′(ktp) = πδmm′ i

l′−lClmCl′m(±1)l
′+m{

δσσ′ {±δτ1δτ ′1∆m
l (pπ/k0d)∆m

l′ (pπ/k0d) + δτ2δτ ′2π
m
l (pπ/k0d)πml′ (pπ/k0d)}

− iδσσ′(−1)σ {δτ1δτ ′2∆m
l (pπ/k0d)πml′ (pπ/k0d)± δτ2δτ ′1π

m
l (pπ/k0d)∆m

l′ (pπ/k0d)}

}

and

I−±nn′(ktp) = πδmm′ i
l′−lClmCl′m(−1)l+m(±1)l

′+m{
δσσ′ {∓δτ1δτ ′1∆m

l (pπ/k0d)∆m
l′ (pπ/k0d) + δτ2δτ ′2π

m
l (pπ/k0d)πml′ (pπ/k0d)}

+ iδσσ′(−1)σ {δτ1δτ ′2∆m
l (pπ/k0d)πml′ (pπ/k0d)∓ δτ2δτ ′1π

m
l (pπ/k0d)∆m

l′ (pπ/k0d)}

}

where the function g±n (kt, φ) in (C.2) has been used, and where

(−1)σ =

{
−1, σ = e

1, σ = o

The explicit values for m = 0 are

I+±
nn′ (ktp) = ±2πδmm′ i

l′−lClmCl′m(±1)l
′
δσeδσ′eδτ1δτ ′1∆m

l (pπ/k0d)∆m
l′ (pπ/k0d)

and

I−±nn′ (ktp) = ∓2πδmm′ i
l′−lClmCl′m(−1)l(±1)l

′
δσeδσ′eδτ1δτ ′1∆m

l (pπ/k0d)∆m
l′ (pπ/k0d)

This integral is diagonal in the m index, and we get

1

k0

∫∫
S

ρ̂ · (F n × (∇× F ∗n′)) dS

=ρd

(
π

2k0d

)2 [k0d/π]∑
p=0

εp
ktp

k0

H(1)
m (ktpρ)H(1)

m

′∗
(ktpρ)

×
(
I++

nn′
(ktp) + I−−

nn′
(ktp) + I+−

nn′
(ktp)e

2πipz−/d + I−+

nn′
(ktp)e

−2πipz+/d
)

− 2ρd

(
π

2k0d

)2 [k0d/π]∑
p=1

ktp

k0

H(1)
m

′
(ktpρ)H(1)

m

∗
(ktpρ)

×
(
I++
nn′ (ktp) + I−−nn′ (ktp)− I+−

nn′ (ktp)e
2πipz−/d − I−+

nn′ (ktp)e
−2πipz+/d

)
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We extract the �rst mode, p = 0, ktp = k0, since this is special is special and
always propagate. The result is (use I++

nn′ (k0) = I+−
nn′ (k0) = I−+

nn′ (k0) = I−−nn′ (k0))

1

k0

∫∫
S

ρ̂ · (F n × (∇× F ∗n′)) dS

=4ρd

(
π

2k0d

)2

H(1)
m (k0ρ)H(1)

m

′∗
(k0ρ)I++

nn′
(k0)

+ 2ρd

(
π

2k0d

)2 [k0d/π]∑
p=1

ktp

k0

H(1)
m (ktpρ)H(1)

m

′∗
(ktpρ)

×
(
I++

nn′
(ktp) + I−−

nn′
(ktp) + I+−

nn′
(ktp)e

2πipz+/d + I−+

nn′
(ktp)e

−2πipz+/d
)

− 2ρd

(
π

2k0d

)2 [k0d/π]∑
p=1

ktp

k0

H(1)
m

′
(ktpρ)H(1)

m

∗
(ktpρ)

×
(
I++
nn′ (ktp) + I−−nn′ (ktp)− I+−

nn′ (ktp)e
2πipz+/d − I−+

nn′ (ktp)e
−2πipz+/d

)
Notice that all entries of I++

nn′
(k0) are real-valued, since πml (0) has only non-zero

values for l +m even, and ∆m
l (0) has only non-zero values for l +m odd.

Keeping only the dominant contribution as ρ→∞ (use the asymptotic value of
the Hankel function as ρ→∞ [3, 12]) gives

1

k0

∫∫
S

ρ̂ · (F n × (∇× F ∗n′)) dS = − id2π

(k0d)3

{
2I++

nn′
(k0)

+

[k0d/π]∑
p=1

(
I++

nn′
(ktp) + I−−

nn′
(ktp) + I+−

nn′
(ktp)e

2πipz+/d + I−+

nn′
(ktp)e

−2πipz+/d

+ I++
nn′ (ktp) + I−−nn′ (ktp)− I+−

nn′ (ktp)e
2πipz+/d − I−+

nn′ (ktp)e
−2πipz+/d

)}

The I±±nn′ (ktp) in terms of the τσ indices are (m > 0, for m = 0 only τσ = 1e
survives)

I++
nn′ = πδmm′ i

l′−lClmCl′m


1e 2o 1o 2e

1e ∆m
l ∆m

l′ i∆m
l π

m
l′ 0 0

2o −iπml ∆m
l′ πml π

m
l′ 0 0

1o 0 0 ∆m
l ∆m

l′ −i∆m
l π

m
l′

2e 0 0 iπml ∆m
l′ πml π

m
l′



I+−
nn′ = πδmm′ i

l′−lClmCl′m(−1)l
′+m


1e 2o 1o 2e

1e −∆m
l ∆m

l′ i∆m
l π

m
l′ 0 0

2o iπml ∆m
l′ πml π

m
l′ 0 0

1o 0 0 −∆m
l ∆m

l′ −i∆m
l π

m
l′

2e 0 0 −iπml ∆m
l′ πml π

m
l′


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I−+
nn′ = πδmm′ i

l′−lClmCl′m(−1)l+m


1e 2o 1o 2e

1e −∆m
l ∆m

l′ −i∆m
l π

m
l′ 0 0

2o −iπml ∆m
l′ πml π

m
l′ 0 0

1o 0 0 −∆m
l ∆m

l′ i∆m
l π

m
l′

2e 0 0 iπml ∆m
l′ πml π

m
l′



I−−nn′ = πδmm′ i
l′−lClmCl′m(−1)l+l

′


1e 2o 1o 2e

1e ∆m
l ∆m

l′ −i∆m
l π

m
l′ 0 0

2o iπml ∆m
l′ πml π

m
l′ 0 0

1o 0 0 ∆m
l ∆m

l′ i∆m
l π

m
l′

2e 0 0 −iπml ∆m
l′ πml π

m
l′


and the matrices with dual indices:

I++

nn′
= πδmm′ i

l′−lClmCl′m


1e 2o 1o 2e

1e πml π
m
l′ iπml ∆m

l′ 0 0
2o −i∆m

l π
m
l′ ∆m

l ∆m
l′ 0 0

1o 0 0 πml π
m
l′ −iπml ∆m

l′

2e 0 0 i∆m
l π

m
l′ ∆m

l ∆m
l′



I+−
nn′

= πδmm′ i
l′−lClmCl′m(−1)l

′+m


1e 2o 1o 2e

1e πml π
m
l′ −iπml ∆m

l′ 0 0
2o −i∆m

l π
m
l′ −∆m

l ∆m
l′ 0 0

1o 0 0 πml π
m
l′ iπml ∆m

l′

2e 0 0 i∆m
l π

m
l′ −∆m

l ∆m
l′



I−+

nn′
= πδmm′ i

l′−lClmCl′m(−1)l+m


1e 2o 1o 2e

1e πml π
m
l′ iπml ∆m

l′ 0 0
2o i∆m

l π
m
l′ −∆m

l ∆m
l′ 0 0

1o 0 0 πml π
m
l′ −iπml ∆m

l′

2e 0 0 −i∆m
l π

m
l′ −∆m

l ∆m
l′



I−−
nn′

= πδmm′ i
l′−lClmCl′m(−1)l+l

′


1e 2o 1o 2e

1e πml π
m
l′ −iπml ∆m

l′ 0 0
2o i∆m

l π
m
l′ ∆m

l ∆m
l′ 0 0

1o 0 0 πml π
m
l′ iπml ∆m

l′

2e 0 0 −i∆m
l π

m
l′ ∆m

l ∆m
l′


The following sum has to be evaluated (the row and column indices are sup-
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pressed, m > 0, for m = 0 only τσ = 1e and τσ = 2e survive):

Inn′(ktp) = I++

nn′
(ktp) + I−−

nn′
(ktp) + I+−

nn′
(ktp)e

2πipz+/d + I−+

nn′
(ktp)e

−2πipz+/d

+ I++
nn′ (ktp) + I−−nn′ (ktp)− I+−

nn′ (ktp)e
2πipz+/d − I−+

nn′ (ktp)e
−2πipz+/d

= πδmm′ i
l′−lClmCl′m


χll′m iψll′m 0 0
−iψll′m χll′m 0 0

0 0 χll′m −iψll′m
0 0 iψll′m χll′m



+ πδmm′ i
l′−lClmCl′m(−1)l+l

′


χll′m −iψll′m 0 0
iψll′m χll′m 0 0

0 0 χll′m iψll′m
0 0 −iψll′m χll′m



+ πδmm′ i
l′−lClmCl′m(−1)l

′+m


χll′m −iψll′m 0 0
−iψll′m −χll′m 0 0

0 0 χll′m iψll′m
0 0 iψll′m −χll′m

 e2πipz+/d

+ πδmm′ i
l′−lClmCl′m(−1)l+m


χll′m iψll′m 0 0
iψll′m −χll′m 0 0

0 0 χll′m −iψll′m
0 0 −iψll′m −χll′m

 e−2πipz+/d

where the new combinations χll′m = ∆m
l ∆m

l′ + πml π
m
l′ and ψll′m = ∆m

l π
m
l′ + πml ∆m

l′

have been introduced. Notice that these functions are all symmetric in l and l′, and
that for propagating modes Inn′ = I∗n′n.

The relevant sum in the computation of the �ux density is

1

k0

∫∫
S

ρ̂ · (F n × (∇× F ∗n′)) dS − 1

k0

∫∫
S

ρ̂ · (F ∗n′ × (∇× F n)) dS

= − id2π

(k0d)3

2I++

nn′
(k0) + 2I++

n′n

∗
(k0) +

[k0d/π]∑
p=1

(
Inn′(ktp) + I∗n′n(ktp)

)
=

2id2π

(k0d)3

2I++

nn′
(k0) +

[k0d/π]∑
p=1

Inn′(ktp)


(C.15)

Appendix D Calculus of residues

The generic denominator of the integrals has the form

f(kt) =
(
1− e−2ikzd

)
kz

The derivative is

df(kt)

dkt

=
(
2ikzde−2ikzd + 1− e−2ikzd

) dkz
dkt

= −
(
2ikzde−2ikzd + 1− e−2ikzd

) kt

kz
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which at the poles, kt = ktp in (8.1), assumes the values

df(ktp)

dkt

=

{
∓2i (k2

0d
2 − p2π2)

1/2
, p = 1, 2, . . .

∓4ik0d, p = 0

where the upper (lower) sign holds for the poles on the red (green) contour in
Figure 4. More compactly, with the Neumann factor, εp = 2− δp0

df(ktp)

dkt

= ∓ 4i

εp

(
k2

0d
2 − p2π2

)1/2
, p = 0, 1, 2, . . .

The residues then become

Res
1

(1− e−2ikzd) kz

∣∣∣∣
kt=ktp

=
∓εp

4i (k2
0d

2 − p2π2)
1/2
, p = 0, 1, 2, . . . (D.1)

Similarly,

Res
1

1− e−2ikzd

∣∣∣∣
kt=ktp

=
∓pπ

2id (k2
0d

2 − p2π2)
1/2
, p = 0, 1, 2, . . . (D.2)

and for p = 0

Res
1

kz

∣∣∣∣
kt=kt0

= − kz
kt

∣∣∣∣
kt=kt0

= 0 (D.3)

Appendix E Evaluation of integrals at frequencies

below �rst cuto�

As a �rst illustration of the results, we specialize to an incident �eld with a frequency
below the �rst cuto� frequency k0d = π, i.e., at frequencies in the interval 0 < f <
c0/2d. Under this condition, only one pole, p = 0 in (8.1) (kt = k0), contributes to
the radiated �eld � all other poles give exponentially decreasing contributions in
the lateral direction. This pole has residues, see (D.1) and (D.3)

Res
1

(1− e−2ikzd) kz

∣∣∣∣
kt=k0

= − 1

4ik0d
, Res

1

kz

∣∣∣∣
kt=k0

= 0

Both the vertical component of F n(r) and the dn vector contain the functions
g±n (kt, φ), which at kt = k0 simplify to, see (C.2)

g±n (k0, φ) = i−l+m(±1)l+mClm

×
(
∓iδτ1∆m

l (0)

{
cosmφ
sinmφ

}
− δτ2π

m
l (0)

{
− sinmφ
cosmφ

})
and from Section 3.4 we get

∆m
l (0) = − 1√

l(l + 1)
Pm
l
′(0), πml (0) =

m√
l(l + 1)

Pm
l (0)
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where

Pm
l (0) =

 (−1)(l−m)/2 (l +m)!

2l
(
l−m

2

)
!
(
l+m

2

)
!
, l +m even

0, l +m odd

and

Pm
l
′(0) =

{
0, l +m even

(l +m)Pm
l−1(0) = −(l −m+ 1)Pm

l+1(0), l +m odd

This implies

g±n (k0, φ) = −i−l+mClm

×
(

iδτ1∆m
l (0)

{
cosmφ
sinmφ

}
+ δτ2π

m
l (0)

{
− sinmφ
cosmφ

})
(E.1)

E.1 The vertical component of F n(r)

The vertical component of the F n(r) vector is, see (C.9)

ẑ · F n(r) = π
g+
n (k0, φ) + g−n (k0, φ)

2k0d
H(1)
m (k0ρ)

which simpli�es to

ẑ · F n(r) = − i−l+mπClm
k0d

×
(
δτ1π

m
l (0)

{
− sinmφ
cosmφ

}
+ iδτ2∆m

l (0)

{
cosmφ
sinmφ

})
H(1)
m (k0ρ)

At r = xx̂ this expression simpli�es further to

ẑ · F n(xx̂) = − i−l+mπClm
k0d

(δτ1δσoπ
m
l (0) + iδτ2δσe∆

m
l (0))H(1)

m (k0x)

This quantity is non-zero only for the combinations {τ, σ, l +m} = {1, o, even} and
{τ, σ, l +m} = {2, e, odd}.

E.2 The primary �eld

The primary �eld at a frequency below the �rst cuto� frequency k0d = π, i.e., at
frequencies in the interval 0 < f < c0/2d is now evaluated. Then only the pole at
kt = k0 contributes when the contour is closed in the upper half complex kt plane.
The result is

Eprim(r) · ẑ = 2πi
C0k

3
0

ik0d
H

(1)
0 (k0|ρ− ρ0|) =

√
3

8π

π

k0d
H

(1)
0 (k0|ρ− ρ0|)
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E.3 The dn vector

The evaluation of the dn vector below cuto� follows the same procedure. We have

dn = 2π2

√
3

8π

g+
n (k0, φ0) + g−n (k0, φ0)

k0d
H(1)
m (k0ρ0)

With the results and notation from above, we get

dn = −4π2

√
3

8π

i−l+mClm
k0d

×
(
δτ1π

m
l (0)

{
− sinmφ0

cosmφ0

}
+ iδτ2∆m

l (0)

{
cosmφ0

sinmφ0

})
H(1)
m (k0ρ0)

At r = −x0x̂ this expression simpli�es to

dn = −4π2

√
3

8π

i−l−mClm
k0d

(δτ1δσoπ
m
l (0) + iδτ2δσe∆

m
l (0))H(1)

m (k0x0)

Again, this quantity is non-zero only for the combinations {τ, σ, l+m} = {1, o, even}
and {τ, σ, l +m} = {2, e, odd}.
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