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#HANNEL %STIMATION IN THE 5PLINK OF AN /&$- 3YSTEM

*AN
*AAP VAN DE "EEK�� /VE %DFORS�� 0ER /LA "¶RJESSON��
-ATTIAS 7AHLQVIST� AND #HRISTER �STBERG�

�,ULE¥ 5NIVERSITY OF 4ECHNOLOGY �4ELIA 2ESEARCH !"
,ULE¥� 3WEDEN ,ULE¥� 3WEDEN

!BSTRACT Ô 4HIS PAPER DEALS WITH THE DESIGN OF
LINEAR PILOT BASED CHANNEL ESTIMATORS IN THE UPLINK
OF AN /&$-
BASED MULTIUSER SYSTEM� 7E EVALU

ATE SUCH ESTIMATORS AND PILOT PATTERNS� SHOWING BY
MEANS OF EXAMPLES THE IMPORTANCE OF CAREFUL PILOT
POSITIONING�

� )NTRODUCTION

4HE /&$- TECHNIQUE ;�= HAS PROVED ITS POTENTIAL IN
WIRED SYSTEMS AND IN BROADCAST LOW
RATE WIRELESS SYS

TEMS EMPLOYING DIdERENTIAL MODULATION SCHEMES ;�� �=�
#OHERENT /&$- TRANSMISSION ;�=� REQUIRES ESTIMATION
AND TRACKING OF THE FADING CHANNEL�
4HE AIM OF THIS PAPER IS TO PRESENT AND EVALUATE

A CHANNEL ESTIMATION STRATEGY FOR MULTI
USER WIRELESS
COMMUNICATION SYSTEMS BASED ON /&$-� )N THE DOWN

LINK OF SUCH A SYSTEM ALL USERS CAN USE PILOT SYMBOLS
TRANSMITTED BY THE BASE STATION ON ALL SUBCARRIERS AND
THE CHANNEL ESTIMATION RESEMBLES THE BROADCAST CASE�
)N THE UPLINK� HOWEVER� THE BASE STATION NEEDS TO TRACK
ONE PHYSICAL CHANNEL FOR EACH USER AND CAN ONLY EXPLOIT
THE PILOT SYMBOLS TRANSMITTED BY THIS PARTICULAR USER�
4HE DESIGN OF SUCH A SYSTEM INVOLVES TWO IMPORTANT
STEPS� &IRST� THE ALLOCATION OF SUBCARRIERS TO THE USERS IS
CRUCIAL WITH REGARD TO THE CHANNEL ESTIMATION� 3ECOND�
BOTH THE PATTERN AND AMOUNT OF PILOTS IS IMPORTANT�
4HE /&$- MODULATION TECHNIQUE ALLOWS A CHANNEL

ESTIMATOR TO USE BOTH TIME AND FREQUENCY CORRELATION
BETWEEN CHANNEL ATTENUATIONS� )N ;�= TIME AND FRE

QUENCY CORRELATION HAS BEEN USED SEPARATELY 
 A COM

BINED SCHEME USING TWO SEPARATE &)2
7IENER
çLTERS�
ONE IN THE FREQUENCY DIRECTION AND THE OTHER IN THE
TIME DIRECTION�
)N THIS PAPER� WE PRESENT AND ANALYSE A CLASS OF BLOCK


ORIENTED CHANNEL ESTIMATORS IN THE UP
LINK OF AN /&$-
SYSTEM� 4HIS CLASS CONSISTS OF OF LINEAR ESTIMATORS USING
PILOT SYMBOLS TRANSMITTED BY THE USER TERMINAL� 4HE
MATERIAL PRESENTED IN THIS PAPER IS AN EXCERPT OF A MORE
COMPREHENSIVE CASE STUDY OF AN /&$-
BASED MULTI

USER SYSTEM ;�� �� �=�

� 3YSTEM MODEL

&IGURE � ILLUSTRATES THE BASEBAND /&$- SYSTEM MODEL
WE USE IN THE SEQUEL� 7E CONSIDER THE TRANSMISSION OF
COMPLEX NUMBERS� TAKEN FROM SOME SIGNAL CONSTELLA

TION� 3PECIçCALLY� WE CONCENTRATE ON �
03+�
4HE DATA XK ARE MODULATED ON . SUBCARRIERS BY AN

INVERSE DISCRETE &OURIER TRANSFORM �)$&4	 AND THE LAST
, SAMPLES ARE COPIED AND PUT AS A PREAMBLE �CYCLIC PRE

çX	 ;�= TO FORM THE /&$- SYMBOL � 4HIS DATA VECTOR IS
TRANSMITTED OVER THE CHANNEL� WHOSE IMPULSE RESPONSE

&IGURE �� "ASEBAND /&$- SYSTEM MODEL�

IS SHORTER THAN , SAMPLES� 4HE CYCLIC PREçX IS REMOVED
AT THE RECEIVER AND THE SIGNAL IS DEMODULATED WITH A
DISCRETE &OURIER TRANSFORM �$&4	� 4HE INSERTION OF A
CYCLIC PREçX AVOIDS )3) AND PRESERVES THE ORTHOGONALITY
BETWEEN THE TONES� RESULTING IN THE SIMPLE INPUT
OUTPUT
RELATION ;�=

YK � HKXK � NK� K � �� � � � � . ` �� ��	

WHERE HK IS THE CHANNEL ATTENUATION AT THE KTH SUBCAR

RIER AND NK IS ADDITIVE WHITE COMPLEX 'AUSSIAN NOISE�
)N SPITE OF THE LOSS OF TRANSMISSION POWER AND BAND

WIDTH ASSOCIATED WITH THE CYCLIC PREçX� THE SIMPLE
CHANNEL ESTIMATION AND EQUALIZATION GENERALLY MOTIVATE
ITS USE�

� 5SER ALLOCATION AND CHANNEL
CORRELATION

!S A FRAME
WORK FOR THE ONCOMING ANALYSIS� WE ADOPT
THE FOLLOWING SCHEME� %ACH USER IS ASSIGNED + PARAL

LEL RECTANGULAR TRANSMISSION BLOCKS �SIZE NT b NF DATA
SYMBOLS IN EACH BLOCK	� !FTER THE TRANSMISSION OF NT
/&$- SYMBOLS� THE + TRANSMISSION BLOCKS ARE RELO

CATED IN FREQUENCY� SIMILAR TO A FREQUENCY HOPPING SYS

TEM� &IGURE � SHOWS THE RELEVANT PARAMETERS IN THE
CONTEXT OF THE USER ALLOCATION STRUCTURE�
4HE LARGER THE TRANSMISSION BLOCKS ARE� THE MORE

CHANNEL CORRELATION CAN BE USED BY THE CHANNEL ESTI

MATOR� (OWEVER� IN A REAL SYSTEM� WE WANT TO EXPLOIT
AS MUCH AS POSSIBLE OF THE AVAILABLE CHANNEL DIVERSITY�
4HEREFORE THE OPTIMAL BLOCK SIZE SHOULD BE DETERMINED
BY EVALUATION OF A CODED AND INTERLEAVED SYSTEM� %VEN
IF CHANNEL ESTIMATION PERFORMS BEST FOR LARGE TRANSMIS

SION BLOCKS� THE DIVERSITY GAIN OBTAINED BY CHOOSING
SMALLER BLOCKS� THUS ALLOWING AN INCREASED HOPPING FRE

QUENCY� MAY IMPROVE THE OVERALL PERFORMANCE� !NOTHER
ASPECT ASSOCIATED WITH THE CHOICE OF THE BLOCK SIZE IS THE
GRANULARITY IN THE BIT RATE ASSIGNED TO EACH USER� 3INCE
ONE TRANSMISSION BLOCK IS THE SMALLEST UNIT ALLOCATED�
THE BLOCK SIZE WILL USUALLY DETERMINE THE âEXIBILITY IN
THE INDIVIDUAL ASSIGNMENT OF DATA RATES TO MOBILE TER

MINALS� ! FULL ANALYSIS OF ALL THESE ASPECTS IS BEYOND
THE SCOPE OF THIS PAPER�

�



&IGURE �� #HANNEL ALLOCATION SCHEME IN TIME AND FRE

QUENCY� %ACH USER IS ASSIGNED + SIMULTANEOUS TRANS

MISSION BLOCKS OF SIZE NT SYMBOLS AND NF SUBCARRIERS�

&IGURE �� 4IME
FREQUENCY CORRELATION �MAGNITUDE	 FOR
A UNIFORM CHANNEL� . � ����� , � ���� FD � ���

"EFORE WE START THE CHANNEL ESTIMATION ANALYSIS WE
INTRODUCE TWO CHANNEL TYPES AND THEIR CORRESPONDING
STATISTICAL PROPERTIES�

%XAMPLE � !SSUME THAT THE CHANNEL CONSISTS OF IN

DEPENDENT IMPULSES� EACH FADING ACCORDING TO *AKESÚ
MODEL ;��= WITH A MAXIMUM RELATIVE $OPPLER FREQUENCY
FD AND THAT THE CHANNEL HAS A UNIFORM POWER
DELAY PRO

çLE OF THE SAME LENGTH AS THE CYCLIC PREçX� &URTHER� AS

SUME THAT THE TIME DELAY OF EACH IMPULSE IS UNIFORMLY
DISTRIBUTED OVER THE CYCLIC PREçX AND INDEPENDENT OF ITS
FADING AMPLITUDE� 4HEN THE CORRELATION BETWEEN CHAN

NEL ATTENUATIONS SEPARATED BY aT SYMBOLS AND aF SUB

CARRIERS IS

R �aT�aF 	 � RT �aT	 RF �aF 	 ��	

WHERE THE CORRELATION DEPENDING ON THE TIME SEPARATION
IS ;��=

RT �aT	 � *�

t
�{FDaT

. � ,

.

u
��	

AND THE CORRELATION DEPENDING ON THE FREQUENCY SEPARA

TION IS

RF �aF 	 �

�
� IF aF � �
�`EJ�{,aF�.

J�{,aF�.
IF aF �� �

� ��	

&IGURE � DISPLAYS THIS TIME
FREQUENCY CORRELATION FOR
. � ����� , � ���� AND FD � ���

%XAMPLE � 7E MODIFY THE CHANNEL FROM %XAMPLE �
SO THAT IT HAS AN EXPONENTIALLY DECAYING POWER
DELAY
PROçLE AND A LOWER $OPPLER FREQUENCY� 4HE CORRELATION

&IGURE �� 4IME
FREQUENCY CORRELATION �MAGNITUDE	 FOR A
CHANNEL WITH EXPONENTIALLY DECAYING POWER
DELAY PRO

çLE� . � ����� , � ���� FD � ��� ~RMS � ���

BETWEEN CHANNEL ATTENUATIONS SEPARATED BY SYMBOLS AND
SUB
CARRIERS IS GIVEN BY ��	 WHERE RT �aT	 IS THE SAME
AS IN THE PREVIOUS EXAMPLE AND

RF �aF 	 �
�` E`,�

�

~RMS
�J�{aF�.	r

�

~RMS
� J�{

aF

.

s `
�` E`,�~RMS

a � ��	

4HE PARAMETER ~RMS IN ��	 DETERMINES THE DECAY OF
THE POWER
DELAY PROçLE� &IGURE � DISPLAYS THIS TIME

FREQUENCY CORRELATION FOR . � ����� , � ���� FD � ���
~RMS � ��� .OTE THAT THE $OPPLER FREQUENCY IS LOWER
THAN IN %XAMPLE ��

4HE COHERENCE TIME aT� AND COHERENCE BANDWIDTH
aF� OF THE CHANNELS ARE GIVEN BY THE 
�D"
CROSSINGS OF
THE TWO FACTORS RT �aT	 AND RF �aF 	� RESPECTIVELY� &OR
THE CHANNEL OF %XAMPLE � THESE WIDTHS BECOME

aT� {
����.

�. � ,	 FD
� ���� ��	

AND

aF� {
���.

,
� ���� ��	

&OR THE SAKE OF CHANNEL ESTIMATION� WE WISH TO SHAPE
EACH BLOCK �SIZE NT b NF 	 SUCH THAT THE CORRELATION BE

TWEEN CHANNEL ATTENUATIONS WITHIN EACH BLOCK IS EX

PLOITED IN A GOOD WAY IN THE CHANNEL ESTIMATION� )N

TUITIVELY� THE TRANSMISSION BLOCK SHOULD BE SHAPED SO
THAT IT RESEMBLES THE SHAPE OF THE PEAK OF THE CORRELA

TION FUNCTION AS MUCH AS POSSIBLE� ,ET US EXPRESS THE
SHAPE OF THE CHANNEL CORRELATION FUNCTION BY THE RATIO

# � aT�

aF�

�
���,

�. � ,	 FD
� ���

~ C
FD
� ��	

WHERE ~ C � ,� �. � ,	 IS THE LENGTH OF CYCLIC PREçX
RELATIVE TO THE TOTAL SYMBOL LENGTH� 7E CHOOSE TO SHAPE
THE TRANSMISSION BLOCK SO THAT IT REâECTS THE SHAPE OF
THE CORRELATION� I�E� NT

NF
{ #� .OTICE THAT THIS DOES NOT

AdECT THE ABSOLUTE SIZE OF EACH BLOCK�

%XAMPLE � #ONSIDER A SYSTEM WITH . � ���� SUB

CARRIERS AND , � ��� SAMPLES IN THE CYCLIC PREçX�
4HE CHANNEL IS ASSUMED TO HAVE A UNIFORM POWER
DELAY
SPREAD IN THE INTERVAL ;�� ,= AND A MAXIMAL RELATIVE
$OPPLER FREQUENCY FD � ��� 4HUS ~ C � ��� AND�
FROM EXPRESSION ��	� # � ��� ���

���� { ���� "ASED ON

�



THIS WE CHOOSE TRANSMISSION BLOCKS THAT ARE ABOUT TWICE
AS LONG IN THE TIME DIRECTION AS WIDE IN THE FREQUENCY
DIRECTION �MEASURED IN THE NUMBER OF SUBCARRIERS AND
/&$- SYMBOLS	�

� #HANNEL ESTIMATION
#ONSIDER ONE BLOCK CONSISTING OF NF SUBCARRIERS DURING
NT /&$- SYMBOLS� I�E�� A TOTAL OF NTbNF TRANSMITTED
DATA SYMBOLS� !SSUME THAT 0 OF THESE DATA SYMBOLS ARE
KNOWN PILOT SYMBOLS WITH UNIT ENERGY� &INALLY� ASSUME
THAT THE CHANNEL COVARIANCE MATRIX IS KNOWN� )N THE
NEXT SECTION WE WILL SEE THAT THIS LAST ASSUMPTION IS
NOT CRITICAL�
7ITHOUT LOSS OF GENERALITY� WE BASE OUR ESTIMATORS ON

THE LEAST
SQUARES �,3	 ESTIMATE OF THE CHANNEL ATTENU

ATIONS AT THE PILOT POSITIONS� 4HIS ,3 ESTIMATE IS GIVEN
BY ;��= BHLS�0 � 8`�0 Y0 ��	

WHERE SUBSCRIPT 0 DENOTES THAT WE ADDRESS PILOT POSI

TIONS� 80 IS A 0 b 0 DIAGONAL MATRIX WHOSE DIAGONAL
ENTRIES ARE THE KNOWN PILOT SYMBOLS AND Y0 IS A 0 b �
VECTOR CONTAINING THE RECEIVED PILOT SYMBOLS� 5SING ��	�
WE GET BHLS�0 � H0 � EN0 ���	

WHERE EN0 � 8`�0 N0 IS A NOISE VECTOR� 4HUS� THE CO

VARIANCE PROPERTIES OF H0 ARE TRANSFERRED TO BH0 AND ITS
AUTO
COVARIANCE MATRIX BECOMES

2
BHLS�0

BHLS�0
� 2HLS�0HLS�0

� }�N)� ���	

7E NOW CONSIDER THE CLASS OF LINEAR ESTIMATORSBH �7BHLS�0 � ���	

ESTIMATING ALL CHANNEL ATTENUATIONS H WITHIN THE BLOCK�
USING A WEIGHTING MATRIX7� )N PARTICULAR WE ARE INTER

ESTED IN THE LINEAR ESTIMATOR THAT MINIMIZES THE MEAN

SQUARED ERROR� 4HE LINEAR MINIMUM MEAN
SQUARED ER

ROR �,--3%	 ESTIMATOR IS GIVEN BY THE WEIGHTING MA

TRIX ;��=

7 � 2
HBHLS�0

2`�
BHLS�0

BHLS�0
� ���	

WHERE 2
HBHLS�0

DENOTES THE CROSS
COVARIANCE MATRIX BE

TWEEN ALL ATTENUATIONS H AND THE ,3 ESTIMATES OF THE
ATTENUATIONS AT THE PILOT POSITIONS BHLS�0 �
4HE ERROR ASSOCIATED WITH THE LINEAR ESTIMATOR ���	

HAS COVARIANCE MATRIX

2EE � 2HH `2HBHLS�0
7( ` ���	

72(
HBHLS�0

�72
BHLS�0

BHLS�0
7( �

3INCE THE TRUE CHANNEL CORRELATION PROPERTIES USUALLY
ARE NOT KNOWN TO THE RECEIVER� A MISMATCH BETWEEN THE
DESIGN CORRELATION AND THE TRUE CORRELATION IS EXPECTED�
)N THE SPECIAL CASE WHERE WE EMPLOY THE TRUE CHANNEL

CORRELATION �NO MISMATCH	 IN THE DESIGN OF 7 EXPRES

SION ���	 REDUCES TO

2EE � 2HH `72(
HBHLS�0

�

!LTHOUGH THE MEAN
SQUARED ERROR IS EASILY CALCULATED
BY THE ABOVE FORMULAE� THE BOTTOM LINE PERFORMANCE

MEASURE IN COMMUNICATION SYSTEM IS ITS AVERAGE BIT

ERROR RATE �"%2	� %VALUATING A CODED SYSTEM WITH IN

TERLEAVING IS BEYOND THE SCOPE OF THIS PAPER� BUT WE WILL
USE THE ABOVE FORMULAE IN CONJUNCTION WITH THE ANALYT

ICAL EXPRESSIONS FROM ;��= TO EVALUATE THE PERFORMANCE
IN TERMS OF UNCODED "%2�

� 0ERFORMANCE EXAMPLES
)N THIS SECTION WE SHOW A FEW EXAMPLES ON LINEAR CHAN

NEL ESTIMATORS� BASED ON THE PREVIOUSLY DESCRIBED CON

CEPT� AND THEIR PERFORMANCE IN TERMS OF UNCODED �
03+
BIT
ERROR RATE �"%2	� 7E HAVE CHOSEN TO EXAMPLIFY BY
ASSUMING THAT THE EXPONENTIALLY DECAYING CHANNEL IN
%XAMPLE � IS THE TRUE CHANNEL OF THE SYSTEM� AND INI

TIALLY� THAT THERE IS NO CORRELATION MISMATCH� AND ALL
TRANSMITTED SYMBOLS ARE PILOTS� &URTHER� WE HAVE CHO

SEN TO SET THE BLOCK SIZE TO � TONES AND �� /&$-
SYMBOLS� WHICH COINCIDES WITH THE COHERENCE TIME AND
COHERENCE BANDWIDTH OF %XAMPLE �� 4HE 3.2 OF THE
SYSTEM IS SET TO %B�.� � �� D"�

%XAMPLE � )N AN IDEAL CHANNEL ESTIMATION SITUATION
WE KNOW THE TRUE CHANNEL CORRELATION AND ALL DATA
TRANSMITTED IS KNOWN TO THE RECEIVER �PILOTS	� &IGURE
� SHOWS THE �
03+ "%2� OVER ONE TRANSMISSION BLOCK�
UNDER THESE IDEAL CONDITIONS�

7E CAN NOT EXPECT TO KNOW THE CHANNEL CORRELATION
BEFOREHAND AND WE THEREFORE PRESENT AN EXAMPLE WHERE
THERE IS MISMATCH IN BOTH FREQUENCY CORRELATION AND
TIME CORRELATION�

%XAMPLE � !S AN EXAMPLE DESIGN MISMATCH WE APPLY
AN ESTIMATOR DESIGNED FOR THE CHANNEL IN %XAMPLE � TO
THE CHANNEL IN %XAMPLE �� 4HE "%2 IS SHOWN IN &IGURE
��

#OMPARING THE "%2 OF %XAMPLE � WITH THE "%2 OF
%XAMPLE �� A MISMATCHED ESTIMATOR DESIGN DOES NOT
NECESSARILY HAVE ANY GREAT EdECT ON THE PERFORMANCE OF
THE SYSTEM�
7E CONTINUE OUR SERIES OF EXAMPLES BY REMOVING

THE IDEAL PILOT CONDITION AND EVALUATE THE PERFORMANCE
WHEN ONLY A SMALL FRACTION OF THE SYMBOLS ARE PILOTS�
7E WILL USE TWO DIdERENT PILOT PATTERNS TO ILLUMINATE
THE IMPACT OF PILOT POSITIONING� 4HE TWO CHOSEN PILOT
PATTERNS ARE DISPLAYED IN &IGURE ��
4HE PILOT DENSITIES OF THE TWO PATTERNS ARE ���� AND

����� RESPECTIVELY� 4HAT IS� ABOUT ��� AND ��� OF THE
POSITIONS ARE AVAILABLE FOR DATA TRANSMISSION� 7E USE
THE CORRELATION MISMATCH FROM %XAMPLE �� AND APPLY
THE TWO SLIGHTLY DIdERENT PILOT PATTERNS�

%XAMPLE � 5SING PILOT PATTERN � IN THE CHANNEL ES

TIMATION� THE AVERAGE "%2 IS MORE THAN FOUR TIMES
HIGHER� &IGURE �� COMPARED TO THE IDEAL SITUATION WITH
ALL PILOTS� &IGURE ��

%XAMPLE � 5SING PILOT PATTERN �� INSTEAD OF PILOT PAT

TERN �� IN THE CHANNEL ESTIMATION WE REDUCE THE "%2
CONSIDERABLY� 4HE RESULTING "%2 IS DISPLAYED IN &IGURE
��

#OMPARING THE LAST TWO EXAMPLES� WE SEE THAT ONLY
SMALL CHANGES IN THE PILOT PATTERN MAY RESULT IN A "%2
REDUCTION BY A FACTOR TWO�

�



&IGURE �� 5NCODED �
03+ "%2 WITHOUT CORRELATION
MISMATCH AND ALL SYMBOLS AS PILOTS�

&IGURE �� 5NCODED �
03+ "%2 WITH CORRELATION MIS

MATCH AND ALL SYMBOLS AS PILOTS�

&IGURE �� 0ILOT PATTERNS USED IN %XAMPLE � AND %XAM

PLE �� 0ILOT POSITIONS MARKED BY d�

� #ONCLUSIONS

4HE CHANNEL ESTIMATOR� UNDER THE EXAMINED CONDITIONS
AND PARAMETER CHOICES� CAN BE DESIGNED FOR A UNIFORM
POWER
DELAY PROçLE AND A HIGH $OPPLER FREQUENCY� WITH

OUT A GREAT LOSS IN ESTIMATOR PERFORMANCE� &URTHER� WE
HAVE SHOWN THAT ONE OF THE CRITICAL TASKS IN THE DESIGN
IS THE POSITIONING OF PILOT SYMBOLS� )N THE EXPERIMENTS
AN INCREASE IN PILOT DENSITY FROM ���� TO ���� REDUCED
THE UNCODED �
03+ "%2 BY A FACTOR TWO�
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