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4ĚĞĦĝĒĥĚĠğ Ēğĕ &ĤĥĚĞĒĥĚĠğ Ġė
%ĚėėĦĤĚĠğ 1ģĠĔĖĤĤĖĤ

"ġġĝĚĔĒĥĚĠğĤ Ěğ 'ĚğĒğĔĖ

$Ēģĝ ¯ĜĖģĝĚğĕę

ɨFTJT GPS UIF EFHSFF PG %PDUPS PG 1IJMPTPQIZ JO &OHJOFFSJOH

5P CF XJUI QFSNJTTJPO PG UIF 'BDVMUZ PG 4DJFODF PG -VOE 6OJWFSTJUZ QVCMJDMZ
EFGFOEFE PO 'SJEBZ ��UI PG 4FQUFNCFS ���� BU ����� JO MFDUVSF IBMM .)�3JFT[ BU

UIF $FOUSF GPS .BUIFNBUJDBM 4DJFODFT 4ÚMWFHBUBO ��" -VOE�

'BDVMUZ PQQPOFOU� "TTPDJBUF 1SPGFTTPS +ÚSHFO #MPNWBMM -JOLÚQJOH 6OJWFSTJUZ
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4JHOBUVSF %BUF ����������

0SHBOJ[BUJPO

-6/% 6/*7&34*5:
.BUIFNBUJDBM 4UBUJTUJDT
$FOUSF GPS .BUIFNBUJDBM 4DJFODFT
#PY ���
4&o��� �� -6/%
4XFEFO

"VUIPS	T


$BSM ¯LFSMJOEI

%PDVNFOU OBNF

%0$503"- %*44&35"5*0/

%BUF PG JTTVF

����������

4QPOTPSJOH PSHBOJ[BUJPO

5JUMF BOE TVCUJUMF

4JNVMBUJPO BOE &TUJNBUJPO PG %JĊVTJPO 1SPDFTTFT� "QQMJDBUJPOT JO 'JOBODF

"CTUSBDU
%JĊVTJPO QSPDFTTFT BSF UIF NPTU DPNNPOMZ VTFE NPEFMT JO NBUIFNBUJDBM mOBODF BOE BSF VTFE FYUFOTJWFMZ OPU POMZ CZ BDBEFNJDT CVU BMTP QSBDUJ�
UJPOFST� /PXBEBZT B XJEF SBOHF PG NPEFMT UIBU DBO DBQUVSF NBOZ PG UIF FĊFDUT PCTFSWFE JO mOBODJBM NBSLFUT BSF BWBJMBCMF� " WFSZ JNQPSUBOU UBTL
JT UP DBMJCSBUF UIF NPEFMT UP PCTFSWFE NBSLFU EBUB BOE UP BDIJFWF B HPPE mU TJODF B TMJHIU NJTTQFDJmDBUJPO DBO IBWF MBSHF NPOFUBSZ DPOTFRVFODFT�
ɨF GPDVT PG UIJT UIFTJT JT UP JOWFTUJHBUF CPUI UIFPSFUJDBM BOE DPNQVUBUJPOBM BTQFDUT PG QBSBNFUFS FTUJNBUJPO GPS EJĊVTJPO QSPDFTTFT�

*O UIF mSTU QBQFS XF DPOTJEFS BEBQUJWF DBMJCSBUJPO XIFSF UIF NPEFM QBSBNFUFST BSF DPOTJEFSFE UP CF QBSU PG B IJEEFO EZOBNJD TUBUF� 8F UIFO
VTF mMUFSJOH UFDIOJRVFT UP FTUJNBUF UIF QBSBNFUFS QBUIT� "O PQUJNBM NFUIPE GPS UVOJOH UIF IZQFSQBSBNFUFST VTJOH UIF FYQFDUBUJPO NBYJNJ[BUJPO
BMHPSJUIN JT QSFTFOUFE� ɨF NFUIPE JT FWBMVBUFE PO CPUI TJNVMBUFE BOE SFBM EBUB XIFSF JU JT TIPXO UP CF SPCVTU�

ɨF TFDPOE BOE UIJSE QBQFS DPWFS TJNVMBUJPO�CBTFE NFUIPET GPS EFOTJUZ FTUJNBUJPO PG EJĊVTJPO QSPDFTTFT VTJOH NVMUJMFWFM .POUF $BSMP FTUJNB�
UJPO� ɨJT JT B UFDIOJRVF UIBU VTFT TJNVMBUJPO PO B IJFSBSDIZ PG EJTDSFUJ[BUJPO MFWFMT JO PSEFS UP SFEVDF DPNQVUBUJPOBM DPNQMFYJUZ� *O UIF TFDPOE
QBQFS XF QSPWJEF BO JNQSPWFNFOU UP FYJTUJOH NVMUJMFWFM LFSOFM EFOTJUZ FTUJNBUJPO CZ QSPQPTJOH B CBOEXJEUI DIPJDF UIBU UBLFT NPEFM�TQFDJmD
JOGPSNBUJPO JOUP BDDPVOU� ɨF UIJSE QBQFS FYUFOET B TJNVMBUFE NBYJNVN MJLFMJIPPE BMHPSJUIN UP UIF NVMUJMFWFM .POUF $BSMP GSBNFXPSL� #PUI
NFUIPET BSF FWBMVBUFE PO TJNVMBUFE EBUB XIFSF UIFZ BSF TIPXO UP QSPWJEF JNQSPWFNFOUT UP UIF DPNQBSFE NFUIPET�

ɨF GPVSUI QBQFS JOUSPEVDFT B TPGUXBSF QBDLBHF GPS IJHI�QFSGPSNBODF TJNVMBUJPO PG EJĊVTJPO QSPDFTTFT JO UIF +VMJB QSPHSBNNJOH MBOHVBHF�
4QFDJmD GFBUVSFT PG +VMJB BSF VUJMJ[FE JO PSEFS UP DSFBUF B TJNVMBUJPO MJCSBSZ UIBU QFSGPSNT TJHOJmDBOUMZ CFUUFS JO UFSNT PG DPNQVUBUJPOBM TQFFE
DPNQBSFE UP PUIFS BWBJMBCMF MJCSBSJFT XIJMF BMMPXJOH NPEFMT UP CF EFmOFE VTJOH NBUIFNBUJDBM OPUBUJPO JOTUFBE PG DPEF�

,FZXPSET

%JĊVTJPO QSPDFTTFT ,BMNBO mMUFS 6ODFOUFE ,BMNBO mMUFS &. BMHPSJUIN ,FSOFM FTUJNBUJPO #BOEXJEUI
TFMFDUJPO .VMUJMFWFM .POUF $BSMP 4JNVMBUFE NBYJNVN MJLFMJIPPE FTUJNBUJPO +VMJB MBOHVBHF

$MBTTJmDBUJPO TZTUFN BOE�PS JOEFY UFSNT 	JG BOZ


4VQQMFNFOUBSZ CJCMJPHSBQIJDBM JOGPSNBUJPO -BOHVBHF

&OHMJTI

*44/ BOE LFZ UJUMF

��������� %PDUPSBM UIFTFT JO NBUIFNBUJDBM TDJFODFT ������
*4#/

����������������� 	QSJOU

����������������� 	QEG 


3FDJQJFOU�T OPUFT /VNCFS PG QBHFT

�� � ���
1SJDF

4FDVSJUZ DMBTTJmDBUJPO

* UIF VOEFSTJHOFE CFJOH UIF DPQZSJHIU PXOFS PG UIF BCTUSBDU PG UIF BCPWF�NFOUJPOFE EJTTFSUBUJPO IFSFCZ HSBOU UP BMM SFGFSFODF

TPVSDFT QFSNJTTJPO UP QVCMJTI BOE EJTTFNJOBUF UIF BCTUSBDU PG UIF BCPWF�NFOUJPOFE EJTTFSUBUJPO�
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.BUIFNBUJDBM 4UBUJTUJDT



i
i

iNBJOw � ��������� � ���� � QBHF WJ � �� i
i

i
i

i
i

" EPDUPSBM UIFTJT BU B VOJWFSTJUZ JO 4XFEFO UBLFT FJUIFS UIF GPSN PG B TJOHMF DPIFTJWF
SFTFBSDI TUVEZ 	NPOPHSBQI
 PS B TVNNBSZ PG SFTFBSDI QBQFST 	DPNQJMBUJPO UIFTJT
 XIJDI
UIF EPDUPSBM TUVEFOU IBT XSJUUFO BMPOF PS UPHFUIFS XJUI POF PS TFWFSBM PUIFS BVUIPS	T
�

*O UIF MBUUFS DBTF UIF UIFTJT DPOTJTUT PG UXP QBSUT� "O JOUSPEVDUPSZ UFYU QVUT UIF SFTFBSDI XPSL
JOUP DPOUFYU BOE TVNNBSJ[FT UIF NBJO QPJOUT PG UIF QBQFST� ɨFO UIF SFTFBSDI QVCMJDBUJPOT
UIFNTFMWFT BSF SFQSPEVDFE UPHFUIFS XJUI B EFTDSJQUJPO PG UIF JOEJWJEVBM DPOUSJCVUJPOT PG
UIF BVUIPST� ɨF SFTFBSDI QBQFST NBZ FJUIFS IBWF CFFO BMSFBEZ QVCMJTIFE PS BSF NBOVTDSJQUT
BU WBSJPVT TUBHFT 	JO QSFTT TVCNJUUFE PS JO ESBGU
�

$PWFS JMMVTUSBUJPO� 1IPUPHSBQI CZ 0MFH .BHOJ�

ª $BSM ¯LFSMJOEI ����

.BUIFNBUJDBM 4UBUJTUJDT
$FOUSF GPS .BUIFNBUJDBM 4DJFODFT
-VOE 6OJWFSTJUZ
#PY ���
4&���� �� -VOE
4XFEFO

%PDUPSBM UIFTFT JO NBUIFNBUJDBM TDJFODFT ������

*44/� ���������
*43/� -6/'.4����������
*4#/� ����������������� 	QSJOU

*4#/� ����������������� 	QEG 


1SJOUFE JO 4XFEFO CZ .FEJB�5SZDL -VOE 6OJWFSTJUZ -VOE ����
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"DLOPXMFEHNFOUT

8JUI UIF DPNQMFUJOH PG UIJT EPDUPSBM UIFTJT * XPVME MJLF UP FYQSFTT NZ HSBUJUVEF UP
BOZPOF UIBU IBT IFMQFE NF EVSJOH UIF QBTU mWF ZFBST� 'JSTU * XPVME MJLF UP UIBOL
NZ TVQFSWJTPS 1SPGFTTPS &SJL -JOETUSÚN GPS HVJEJOH NF UISPVHI UIF KPVSOFZ PG
CFDPNJOH BO JOEFQFOEFOU SFTFBSDIFS� * XPVME BMTP MJLF UP UIBOL NZ DP�TVQFSWJTPS
"TTPDJBUF 1SPGFTTPS .BHOVT 8JLUPSTTPO GPS QSPWJEJOH BOTXFST UP NBOZ UIFPSFUJDBM
RVFTUJPOT� "EEJUJPOBMMZ UIBOL ZPV UP NZ GFMMPX 1I�%� TUVEFOUT FTQFDJBMMZ .BSJB
+VIMJO 6OO %BIMÏO 3BDIFMF "OEFSTPO BOE 1IJMJQ ,FOOFSCFSH GPS NBLJOH UIF
XPSLQMBDF NPSF GVO� ɨBOL ZPV UP NZ QBSFOUT ,BUSJO BOE (ÚSBO BT XFMM BT UIF SFTU
PG NZ GBNJMZ GPS BMXBZT FODPVSBHJOH NF UP DPOUJOVF MFBSOJOH� .PTU PG BMM UIBOL
ZPV UP NZ mBODÏF GPS BMM IFS MPWF TVQQPSU BOE NBOZ IPVST PG QSPPGSFBEJOH�

-VOE "VHVTU ���� $BSM ¯LFSMJOEI

WJJ
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1PQVMÊSWFUFOTLBQMJH TBNNBOGBUUOJOH

,WBOUJUBUJW BOBMZT ÊS FO UFLOJL TPN TZGUBS UJMM BUU GÚSTUÌ LPNQMFYB TZTUFN HFOPN
BUU BOWÊOEB NBUFNBUJTL PDI TUBUJTUJTL NPEFMMFSJOH� %FU ÊS FO WJLUJH EFM BW EBHFOT
mOBOTJFMMB TZTUFN PDI JOOFCÊS CMBOE BOOBU BUU NPEFMMFSB EFO TMVNQNÊTTJHB VU�
WFDLMJOHFO BW mOBOTJFMMB UJMMHÌOHBS PDI GÚS BUU GÚSVUTQÌ WFSLMJHB IÊOEFMTFS TPN UJMM
FYFNQFM GÚSÊOESJOH BW SJLTCBOLFOT TUZSSÊOUB� &O NZDLFU WBOMJH NFUPE TPN BOWÊOET
GÚS EFUUB ÊS TÌ LBMMBE .POUF $BSMP�TJNVMFSJOH� &OLFMU VUUSZDLU JOOFCÊS EFUUB BUU FUU
TUPSU BOUBM TMVNQNÊTTJHB VUGBMM GSÌO FO NBUFNBUJTL NPEFMM TJNVMFSBT GÚS BUU TFEBO
BOWÊOEBT GÚS BUU CFSÊLOB FUU GÚSWÊOUBE WÊSEF BW EF FGUFSTÚLUB LWBOUJUFUFSOB�

%FU mOOT JEBH FUU ÚWFSnÚE BW NBUFNBUJTLB NPEFMMFS TPN LBO GÌOHB NÌOHB BW
EF FHFOTLBQFS TPN PCTFSWFSBT J WFSLMJHIFUFO� 1SPCMFNFU MJHHFS J BUU BMMB NPEFMMFS
TUZST BW QBSBNFUSBS TPN NÌTUF BOQBTTBT UJMM IJTUPSJTL EBUB GÚS BUU NPEFMMFSOB TLB WBSB
QSBLUJTLU BOWÊOECBSB� WFO PN FO LPNQMFY NPEFMM J UFPSJO ÊS NFS LBQBCFM ÊO FO
FOLFM NPEFMM LBO EFO J QSBLUJLFO QSFTUFSB TÊNSF QÌ HSVOE BW BUU EFO ÊS TWÌSBSF BUU
LBMJCSFSB�

%FOOB BWIBOEMJOH TZGUBS UJMM BUU VUWFDLMB PDI GÚSCÊUUSB NFUPEFS GÚS BUU LBMJCSFSB
EJĊVTJPOTQSPDFTTFS TPN ÊS EFO WBOMJHBTUF UZQFO BW NPEFMMFS TPN BOWÊOET JOPN
mOBOTJFMM NBUFNBUJL� * EFO GÚSTUB BSUJLFMO TUVEFSBT FO NFUPE TPN UJMMÌUFS QBSBNFUSBS�
OB BUU nVLUVFSB NFE UJEFO� "SUJLFM UWÌ PDI USF TUVEFSBS TJNVMFSJOHTCBTFSBEF NFUPEFS
GÚS BUU TLBUUB GÚSEFMOJOHFO BW PCTFSWBUJPOFS GSÌO EJĊVTJPOTQSPDFTTFS� %FO ɦÊSEF BSUJ�
LFMO CFTLSJWFS FUU NKVLWBSVQBLFU GÚS BUU EFmOJFSB PDI TJNVMFSB EJĊVTJPOTQSPDFTTFS
NZDLFU TOBCCU J QSPHSBNNFSJOHTTQSÌLFU +VMJB�

JY
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"CTUSBDU

%JĊVTJPO QSPDFTTFT BSF UIF NPTU DPNNPOMZ VTFE NPEFMT JO NBUIFNBUJDBM mOBODF
BOE BSF VTFE FYUFOTJWFMZ OPU POMZ CZ BDBEFNJDT CVU BMTP QSBDUJUJPOFST� /PXBEBZT B
XJEF SBOHF PG NPEFMT UIBU DBO DBQUVSF NBOZ PG UIF FĊFDUT PCTFSWFE JO mOBODJBM
NBSLFUT BSF BWBJMBCMF� " WFSZ JNQPSUBOU UBTL JT UP DBMJCSBUF UIF NPEFMT UP PCTFSWFE
NBSLFU EBUB BOE UP BDIJFWF B HPPE mU TJODF B TMJHIU NJTTQFDJmDBUJPO DBO IBWF MBSHF
NPOFUBSZ DPOTFRVFODFT� ɨF GPDVT PG UIJT UIFTJT JT UP JOWFTUJHBUF CPUI UIFPSFUJDBM
BOE DPNQVUBUJPOBM BTQFDUT PG QBSBNFUFS FTUJNBUJPO GPS EJĊVTJPO QSPDFTTFT�

*O UIF mSTU QBQFS XF DPOTJEFS BEBQUJWF DBMJCSBUJPO XIFSF UIF NPEFM QBSBNFUFST
BSF DPOTJEFSFE UP CF QBSU PG B IJEEFO EZOBNJD TUBUF� 8F UIFO VTF mMUFSJOH UFDIOJRVFT
UP FTUJNBUF UIF QBSBNFUFS QBUIT� "O PQUJNBM NFUIPE GPS UVOJOH UIF IZQFSQBSBNFUFST
VTJOH UIF FYQFDUBUJPO NBYJNJ[BUJPO BMHPSJUIN JT QSFTFOUFE� ɨF NFUIPE JT FWBMVBUFE
PO CPUI TJNVMBUFE BOE SFBM EBUB XIFSF JU JT TIPXO UP CF SPCVTU�

ɨF TFDPOE BOE UIJSE QBQFS DPWFS TJNVMBUJPO�CBTFE NFUIPET GPS EFOTJUZ FTUJ�
NBUJPO PG EJĊVTJPO QSPDFTTFT VTJOH NVMUJMFWFM .POUF $BSMP FTUJNBUJPO� ɨJT JT B
UFDIOJRVF UIBU VTFT TJNVMBUJPO PO B IJFSBSDIZ PG EJTDSFUJ[BUJPO MFWFMT JO PSEFS UP
SFEVDF DPNQVUBUJPOBM DPNQMFYJUZ� *O UIF TFDPOE QBQFS XF QSPWJEF BO JNQSPWFNFOU
UP FYJTUJOH NVMUJMFWFM LFSOFM EFOTJUZ FTUJNBUJPO CZ QSPQPTJOH B CBOEXJEUI DIPJDF
UIBU UBLFT NPEFM�TQFDJmD JOGPSNBUJPO JOUP BDDPVOU� ɨF UIJSE QBQFS FYUFOET B
TJNVMBUFE NBYJNVN MJLFMJIPPE BMHPSJUIN UP UIF NVMUJMFWFM .POUF $BSMP GSBNFXPSL�
#PUI NFUIPET BSF FWBMVBUFE PO TJNVMBUFE EBUB XIFSF UIFZ BSF TIPXO UP QSPWJEF
JNQSPWFNFOUT UP UIF DPNQBSFE NFUIPET�

ɨF GPVSUI QBQFS JOUSPEVDFT B TPGUXBSF QBDLBHF GPS IJHI�QFSGPSNBODF TJNVMBUJPO
PG EJĊVTJPO QSPDFTTFT JO UIF +VMJB QSPHSBNNJOH MBOHVBHF� 4QFDJmD GFBUVSFT PG +VMJB
BSF VUJMJ[FE JO PSEFS UP DSFBUF B TJNVMBUJPO MJCSBSZ UIBU QFSGPSNT TJHOJmDBOUMZ CFUUFS JO
UFSNT PG DPNQVUBUJPOBM TQFFE DPNQBSFE UP PUIFS BWBJMBCMF MJCSBSJFT XIJMF BMMPXJOH
NPEFMT UP CF EFmOFE VTJOH NBUIFNBUJDBM OPUBUJPO JOTUFBE PG DPEF�

YJ
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$POUFOUT

"DLOPXMFEHNFOUT WJJ

1PQVMÊSWFUFOTLBQMJH TBNNBOGBUUOJOH JY

"CTUSBDU YJ

-JTU PG QBQFST YW

*OUSPEVDUJPO �
� %JĊVTJPO QSPDFTTFT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� 1BSBNFUFS FTUJNBUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� 0VUMJOF PG UIF QBQFST � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� 3FGFSFODFT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

" 0QUJNBM "EBQUJWF 4FRVFOUJBM $BMJCSBUJPO PG 0QUJPO .PEFMT ��
� *OUSPEVDUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� .FUIPET � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� 4JNVMBUJPOT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� &NQJSJDBM TUVEZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� $PODMVTJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� 3FGFSFODFT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

# " 3FGFSFODF #BOEXJEUI GPS .VMUJMFWFM ,FSOFM &TUJNBUJPO PG %FOTJUJFT
BOE %JTUSJCVUJPOT ��
� *OUSPEVDUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� .FUIPET � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� 1SPQPTFE FTUJNBUPS � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� %JTDVTTJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� 3FGFSFODFT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

YJJJ



i
i

iNBJOw � ��������� � ���� � QBHF YJW � ��� i
i

i
i

i
i

$POUFOUT

$ .VMUJMFWFM 4JNVMBUFE .BYJNVN -JLFMJIPPE &TUJNBUJPO PG %JĊVTJPO
1SPDFTTFT ��
� *OUSPEVDUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� $PNQVUBUJPOBM .FUIPET GPS EJĊVTJPO QSPDFTTFT � � � � � � � � � � � � � ��
� .VMUJMFWFM .POUF $BSMP 1FEFSTFO FTUJNBUPS � � � � � � � � � � � � � � � � ��
� 4JNVMBUJPO TUVEJFT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� $PODMVTJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
� 3FGFSFODFT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
" "QQFOEJY � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

% )JHI 1FSGPSNBODF 4JNVMBUJPO PG %JĊVTJPO 1SPDFTTFT XJUI
4%&.PEFMT�KM ���
� *OUSPEVDUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
� #BDLHSPVOE � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
� 4PGUXBSF EFTDSJQUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
� 6TBHF FYBNQMF � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
� #FODINBSL SFTVMUT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
� %JTDVTTJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
� 3FGFSFODFT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
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-JTU PG QBQFST

ɨJT UIFTJT DPOTJTUT PG UIF GPMMPXJOH QBQFST�

1BQFS " &SJL -JOETUSÚN BOE $BSM ¯LFSMJOEI� 0QUJNBM BEBQUJWF TFRVFOUJBM DBMJCSB�
UJPO PG PQUJPO NPEFMT� *O (JPSHJP $POTJHMJ 4JMWBOB 4UFGBOJ BOE (JPWBOOJ
;BNCSVOP FEJUPST )BOECPPL PG 3FDFOU "EWBODFT JO $PNNPEJUZ BOE 'JOBODJBM
.PEFMJOH� 2VBOUJUBUJWF .FUIPET JO #BOLJOH 'JOBODF *OTVSBODF &OFSHZ BOE
$PNNPEJUZ .BSLFUT WPMVNF ��� PG *OUFSOBUJPOBM 4FSJFT JO 0QFSBUJPOT 3FTFBSDI
� .BOBHFNFOU 4DJFODF DIBQUFS � QBHFT ���o���� 4QSJOHFS *OUFSOBUJPOBM
1VCMJTIJOH �����

1BQFS # $BSM ¯LFSMJOEI BOE &SJL -JOETUSÚN� " SFGFSFODF CBOEXJEUI GPS NVMUJMFWFM
LFSOFM FTUJNBUJPO PG EFOTJUJFT BOE EJTUSJCVUJPOT� ����� .BOVTDSJQU TVCNJUUFE
GPS QVCMJDBUJPO�

1BQFS $ &SJL -JOETUSÚN BOE $BSM ¯LFSMJOEI� .VMUJMFWFM TJNVMBUFE NBYJNVN
MJLFMJIPPE FTUJNBUJPO PG EJĊVTJPO QSPDFTTFT� ����� .BOVTDSJQU JO QSFQBSBUJPO�

1BQFS % $BSM ¯LFSMJOEI� )JHI QFSGPSNBODF TJNVMBUJPO PG EJĊVTJPO QSPDFTTFT XJUI
4%&.PEFMT�KM� ����� .BOVTDSJQU JO QSFQBSBUJPO�
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*OUSPEVDUJPO

ɨJT EPDUPSBUF UIFTJT JO NBUIFNBUJDBM TUBUJTUJDT BJNT UP JOWFTUJHBUF CPUI UIFPSFUJDBM
BOE DPNQVUBUJPOBM BTQFDUT PG QBSBNFUFS FTUJNBUJPO GPS TUBUJTUJDBM NPEFMT VTFE JO
mOBODF� ɨJT JOUSPEVDUPSZ DIBQUFS XJMM HJWF B CSJFG PWFSWJFX PG UIF UIFPSZ VTFE JO
UIF FODMPTFE QBQFST�

8IJMF EJĊVTJPO QSPDFTTFT QMBZ BO JNQPSUBOU SPMF JO NBOZ mFMET UIFJS CJHHFTU VTF
BNPOHTU BDBEFNJDT BT XFMM BT QSBDUJUJPOFST JT MJLFMZ XJUIJO UIF TUVEZ PG NBUIFNBUJDBM
mOBODF� %JĊVTJPO QSPDFTTFT XFSF JOUSPEVDFE UP UIF mFME PG NBUIFNBUJDBM mOBODF CZ
.FSUPO 	����
 BOE IBWF QMBZFE B WFSZ JNQPSUBOU SPMF FWFS TJODF #MBDL BOE 4DIPMFT
	����
 QVCMJTIFE UIFJS GBNPVT GPSNVMB GPS PQUJPO QSJDJOH� *O ���� 3PCFSU $�
.FSUPO BOE .ZSPO 4� 4DIPMFT XFSF BXBSEFE UIF 4WFSJHFT 3JLTCBOL 1SJ[F JO &DPOPNJD
4DJFODFT JO .FNPSZ PG "MGSFE /PCFM GPS UIFJS XPSL�

/PXBEBZT UIFSF JT BO BCVOEBODF PG NPEFMT CBTFE PO EJĊVTJPO QSPDFTTFT BWBJMBCMF
CVU UP CF VTFGVM JO QSBDUJDF JU JT OFDFTTBSZ UP DBMJCSBUF UIFN UP NBSLFU EBUB� ɨF mSTU
UISFF QBQFST PG UIJT UIFTJT JOWFTUJHBUF IPX UIF QBSBNFUFS FTUJNBUJPO PG EJĊVTJPO
QSPDFTTFT DBO CF JNQSPWFE CZ VTJOH UIFPSZ GSPN F�H� UJNF TFSJFT BOBMZTJT OPO�
QBSBNFUSJD FTUJNBUJPO BOE .POUF $BSMP TJNVMBUJPO� ɨF GPVSUI QBQFS EPDVNFOUT BO
PQFO TPVSDF TPGUXBSF QBDLBHF XSJUUFO JO +VMJB XIJDI QSPWJEFT B nFYJCMF BOE IJHIMZ
FċDJFOU JNQMFNFOUBUJPO PG TJNVMBUJPO PG EJĊVTJPO QSPDFTTFT UIBU XBT EFWFMPQFE
BMPOHTJEF UIF PUIFS QSPKFDUT�

ɨF SFTU PG UIF JOUSPEVDUPSZ DIBQUFS PG UIJT UIFTJT JT PSHBOJ[FE BT GPMMPXT�
4FDUJPO � JOUSPEVDFT UIF DPODFQU PG EJĊVTJPO QSPDFTTFT BOE HJWFT BO PWFSWJFX PG
TPNF PG UIF UIFPSZ SFMBUFE UP UIFTF QSPDFTTFT� 4FDUJPO � HJWFT BO PWFSWJFX PG UIF
EJĊFSFOU QBSBNFUFS UFDIOJRVFT GPS EJĊVTJPO QSPDFTTFT UIBU BSF VTFE JO UIF FODMPTFE
QBQFST�

� %JĊVTJPO QSPDFTTFT

ɨJT TFDUJPO XJMM JOUSPEVDF UIF UIFPSZ SFRVJSFE GPS B CBTJD VOEFSTUBOEJOH PG EJĊVTJPO
QSPDFTTFT BOE TUPDIBTUJD EJĊFSFOUJBM FRVBUJPOT� 8F XJMM BMTP DPWFS TPNF JNQPSUBOU

�
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*OUSPEVDUJPO

QSPQFSUJFT PG EJĊVTJPOT BT XFMM BT NFUIPET GPS BQQSPYJNBUJOH UIF TPMVUJPO PG
TUPDIBTUJD EJĊFSFOUJBM FRVBUJPOT�

��� 0SEJOBSZ EJĊFSFOUJBM FRVBUJPOT

%JĊFSFOUJBM FRVBUJPOT BSF VTFE UP EFTDSJCF UIF SFMBUJPO CFUXFFO B GVODUJPO BOE POF
PS NPSF PG JUT EFSJWBUJWFT� ɨJT UZQF PG SFMBUJPO BQQFBST BMNPTU FWFSZXIFSF BSPVOE
VT JO OBUVSF BOE TPDJFUZ BOE JU JT UIFSFGPSF FBTZ UP VOEFSTUBOE XIZ EJĊFSFOUJBM
FRVBUJPOT QMBZ TVDI BO JNQPSUBOU SPMF JO TP NBOZ mFMET� ɨFZ BSF VTFE UP NPEFM
EZOBNJD TZTUFNT JO B EFUFSNJOJTUJD XBZ JO QIZTJDT FOHJOFFSJOH BOE FDPOPNJDT UP
OBNF B GFX�

8IFO B EJĊFSFOUJBM FRVBUJPO POMZ JODMVEFT GVODUJPOT BOE EFSJWBUJWFT PG B TJOHMF
JOEFQFOEFOU WBSJBCMF JU JT DBMMFE BO PSEJOBSZ EJĊFSFOUJBM FRVBUJPO JO DPOUSBTU UP
QBSUJBM EJĊFSFOUJBM FRVBUJPO� " TJNQMJmFE FYBNQMF JT UIF FWPMVUJPO PG GVOET JO B
CBOL BDDPVOU B(t ) XIFO B EFUFSNJOJTUJD BOE DPOUJOVPVT JOUFSFTU SBUF r JT BQQMJFE

dB(t )
dt

= r B(t ). 	�


*O SFBMJUZ UIPVHI OPU NBOZ TZTUFNT JO mOBODF FWPMWF JO B EFUFSNJOJTUJD NBOOFS
DFSUBJOMZ OPU QSJDFT PG mOBODJBM JOTUSVNFOUT BOE BTTFUT� *U JT UIFSFGPSF OFDFTTBSZ UP
DPOTJEFS B TUPDIBTUJD HFOFSBMJ[BUJPO PG PSEJOBSZ EJĊFSFOUJBM FRVBUJPOT� #FGPSF UIJT
DBO CF JOUSPEVDFE IPXFWFS TPNF BEEJUJPOBM DPODFQUT BSF SFRVJSFE�

��� 8JFOFS QSPDFTTFT

ɨF 8JFOFS QSPDFTT BMTP DPNNPOMZ DBMMFE #SPXOJBO NPUJPO JT B TUPDIBTUJD QSPDFTT
XIJDI JT UZQJDBMMZ UIF ESJWJOH QSPDFTT PG TUPDIBTUJD EJĊFSFOUJBM FRVBUJPOT�

%FmOJUJPO ��� 	8JFOFS QSPDFTT
 " TUPDIBTUJD QSPDFTT W XIJDI TBUJTmFT UIF GPMMPXJOH
DPOEJUJPOT JT DBMMFE B8JFOFS QSPDFTT�

�� W (0) = 0 B�T�

�� W IBT JOEFQFOEFOU JODSFNFOUT J�F� GPS BMM t0 < t1  t2 < t3 JU IPMET UIBU
W (t1)�W (t0) BOE W (t3)�W (t2) BSF JOEFQFOEFOU TUPDIBTUJD WBSJBCMFT�

�� W IBT (BVTTJBO JODSFNFOUT XJUI W (t1) �W (t0) ⇠ N (0, t1 � t0) GPS BMM
t0 < t1�

�
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�� %JĊVTJPO QSPDFTTFT

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.5

1

1.5

t

W
(t
)

'JHVSF �� " TJNVMBUFE TBNQMF QBUI GSPN B 8JFOFS QSPDFTT�

�� W IBT DPOUJOVPVT QBUIT B�T�

%JĊFSFODF FRVBUJPOT DBO CF VTFE BT EJTDSFUF BQQSPYJNBUJPOT PG EJĊFSFOUJBM
FRVBUJPOT TP CFGPSF DPOTJEFSJOH B TUPDIBTUJD EJĊFSFOUJBM FRVBUJPO XF MPPL BU UIF
TUPDIBTUJD EJĊFSFODF FRVBUJPO HJWFO CZ

X (t + h)�X (t ) = µ
�
t , X (t )

�
h + �

�
t , X (t )

��
W (t + h)�W (t )

�
. 	�


ɨF OBUVSBM XBZ UP HP GSPN UIJT EJĊFSFODF FRVBUJPO UP B EJĊFSFOUJBM FRVBUJPO XPVME
CF UP EJWJEF CPUI TJEFT XJUI UIF TUFQ TJ[F h  BOE MFU h HP UP [FSP� )PXFWFS UIJT JT
OPU B WJBCMF TUSBUFHZ TJODF JU DBO CF TIPXFE UIBU UIF 8JFOFS QSPDFTT JT OPXIFSF
EJĊFSFOUJBCMF XJUI QSPCBCJMJUZ 1 FWFO UIPVHI JU JT DPOUJOVPVT TFF F�H� ,BSBU[BT BOE
4ISFWF 	����
� ɨJT JT JMMVTUSBUFE JO 'JHVSF � XIFSF BO FYBNQMF PG B TBNQMF QBUI
TJNVMBUFE GSPN B 8JFOFS QSPDFTT JT TIPXO� &WFO JG POF XBT UP TUVEZ BO JOmOJUFMZ
TNBMM TVCQBSU PG UIF QBUI TJNJMBS GSBDUBM�MJLF CFIBWJPVS XPVME CF FYIJCJUFE�

"OPUIFS PQUJPO JT UP MFU h HP UP [FSP XJUIPVU EJWJEJOH CZ h mSTU BT B NFBTVSF
UP DJSDVNWFOU UIF QSPCMFN PG OPO�EJĊFSFOUJBCJMJUZ� $POTJEFS UIF UFMFTDPQJOH TVN

X (t )�X (0) =
n�1X
i=0

X (ti+1)�X (ti ), 	�


�
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*OUSPEVDUJPO

XIFSF 0 = t0 < t1 < · · · < tn = t JT B QBSUJUJPO PG UIF UJNF JOUFSWBM TVDI UIBU UIF
NFTI TJ[F UFOET UP [FSP BT n HPFT UP JOmOJUZ� 6TJOH UIF EJĊFSFODF FRVBUJPO JO 	�

XF DBO XSJUF UIJT BT

X (t )�X (0) =
n�1X
i=0
µ
�
ti , X (ti )

�
(ti+1 � ti )

+
n�1X
i=0
�
�
ti , X (ti )

��
W (ti+1)�W (ti )

�
.

	�


4VNT BOE JOUFHSBMT BSF DMPTFMZ SFMBUFE BOE XJUI TPNF JOUVJUJPO XF DBO MFU n HP UP
JOmOJUZ UP PCUBJO UIF JOUFHSBM FRVBUJPO

X (t )�X (0) =
Z t

0
µ
�
s , X (s )

�
ds +

Z t

0
�
�
s , X (s )

�
dW (s ). 	�


)FSF UIF mSTU JOUFHSBM JT JOUFSQSFUFE BT B OPSNBM 3JFNBOOo4UJFMUKFT JOUFHSBM XIJMF
UIF TFDPOE JT OPO�TUBOEBSE TJODF UIF JOUFHSBUPS JT B TUPDIBTUJD QSPDFTT� *O UIF OFYU
TFDUJPO XF XJMM MPPL NPSF DMPTFMZ PO IPX TVDI JOUFHSBMT BSF EFmOFE�

��� 4UPDIBTUJD JOUFHSBMT

" TUPDIBTUJD JOUFHSBM JT BO JOUFHSBM XIFSF UIF JOUFHSBUPS JT B TUPDIBTUJD QSPDFTT� -JLF
XJUI OPSNBM JOUFHSBMT XF XJMM OFFE UP QPTF TPNF DPOEJUJPOT PO UIF JOUFHSBOE GPS
JOUFHSBMT TVDI BT Z t

0
Z (s ) dW (s ) 	�


UP CF EFmOFE� 'JSTU BTTVNF UIBU Z JT BEBQUFE UP UIF mMUSBUJPO {FW
t }t�0 HFOFSBUFE

CZ UIF 8JFOFS QSPDFTT W � -PPTFMZ TQFBLJOH JU NFBOT UIBU UIF QSPDFTT Z DBO CF
DPNQMFUFMZ EFUFSNJOFE HJWFO UIF PCTFSWFE JOGPSNBUJPO HFOFSBUFE CZ UIF QSPDFTT
W � "EEJUJPOBMMZ UIF TUPDIBTUJD QSPDFTT Z OFFET UP TBUJTGZ

Z t

0
E[Z (s )2] ds <1. 	�


8F TUBSU CZ POMZ DPOTJEFSJOH JOUFHSBOET UIBU BSF TJNQMF QSPDFTTFT J�F� QSPDFTTFT
XIJDI BSF DPOTUBOU PWFS BMM JOUFSWBMT PO UIF GPSN [ti , ti+1) JO UIF QBSUJUJPO 0 = t0 <
t1 < · · · < tn = t � *O UIJT DBTF UIF TUPDIBTUJD JOUFHSBM JT TJNQMZ EFmOFE BT

I (t ) =
Z t

0
Z (s ) dW (s ) =

n�1X
i=0

Z (ti )
�
W (ti+1)�W (ti )

�
. 	�


�



i
i

iNBJOw � ��������� � ���� � QBHF � � ��� i
i

i
i

i
i

�� %JĊVTJPO QSPDFTTFT

'PS B HFOFSBM JOUFHSBOE XIJDI JT OPU B TJNQMF QSPDFTT UIF QSPDFTT Z JT BQQSPYJ�
NBUFE VTJOH B TFRVFODF Zn PG TJNQMF QSPDFTTFT XIJDI DPOWFSHFT BT

lim
n!1

Z t

0
E
⇥�

Zn(s )� Z (s )
�2⇤ ds = 0. 	�


ɨF TUPDIBTUJD JOUFHSBM GPS HFOFSBM JOUFHSBOET JT UIFO EFmOFE BT B MJNJU

I (t ) =
Z t

0
Z (s ) dW (s ) = lim

n!1

Z t

0
Zn(s ) dW (s ). 	��


(JWFO UIF JOJUJBM DPOEJUJPOT JU DBO CF TIPXO UIBU UIJT MJNJU JT B XFMM EFmOFE
TUPDIBTUJD WBSJBCMF TFF F�H 4ISFWF 	����
�

/PUF UIBU UIF TUPDIBTUJD JOUFHSBM EFmOFE JO UIJT TFDUJPO IBT GPSXBSE�JODSFNFOUT
XIJDI BSF JOEFQFOEFOU PG UIF JOUFHSBUPS� ɨJT UZQF PG JOUFHSBM JT DBMMFE UIF *UÙ
JOUFHSBM BOE JT POMZ POF PG NBOZ UZQFT PG TUPDIBTUJD JOUFHSBMT� )PXFWFS JU IBT NBOZ
OJDF QSPQFSUJFT QBSUJDVMBSMZ TVJUFE GPS mOBODJBM BQQMJDBUJPOT BOE XF XJMM UIFSFGPSF
BTTVNF UIBU FWFSZ TUPDIBTUJD JOUFHSBM JO UIJT UIFTJT JT BO *UÙ JOUFHSBM�

*O HFOFSBM TUPDIBTUJD JOUFHSBMT IBWF OP BOBMZUJD TPMVUJPO IPXFWFS B TQFDJBM DBTF
JT Z t

0
dW (t ) =W (0)�W (t ) =W (t ), 	��


XIJDI JT FBTZ UP TFF GSPN UIF EFmOJUJPO GPS TJNQMF JOUFHSBOET� "MUIPVHI XF DBOOPU
TPMWF HFOFSBM *UÙ JOUFHSBMT XF DBO TUJMM DIBSBDUFSJ[F UIFN� "O JNQPSUBOU QSPQFSUZ PG
UIF *UÙ TUPDIBTUJD JOUFHSBM JT E[I (t )] = 0 XIJDI JT FBTZ UP WFSJGZ JO UIF DBTF PG TJNQMF
JOUFHSBOET� ɨF WBSJBODF JT UIFO HJWFO CZ UIF *UÙ JTPNFUSZ XIJDI JT TUBUFE BT GPMMPXT�

ɧFPSFN ��� 	*UÙ JTPNFUSZ
 ǲF *UÙ JOUFHSBM EFmOFE JO UIJT TFDUJPO TBUJTmFT UIF SFMBUJPO

E
✓Z t

0
Z (s ) dW (s )

◆2�
=
Z t

0
E[Z (s )2] ds . 	��


*O BEEJUJPO BTTVNJOH UIF SJHIU IBOE TJEF JT mOJUF XF IBWF UIBU I (t ) JT B F
W
t �

NBSUJOHBMF� ɨJT NFBOT UIBU I (t ) JT BEBQUFE UP UIF mMUSBUJPO {FW
t }t�0 XJUI

E[|I (t )|] <1 BOE GPS BMM s  t UIF SFMBUJPO

E
⇥
I (s )

�� FW
t
⇤
= I (s ) 	��


JT TBUJTmFE�

�
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*OUSPEVDUJPO

��� 4UPDIBTUJD EJĊFSFOUJBM FRVBUJPOT

8F BSF OPX SFBEZ UP EFmOF UIF DPODFQU PG TUPDIBTUJD EJĊFSFOUJBM FRVBUJPOT� ɨF
HFOFSBM GPSN JT HJWFO CZ UIF FYQSFTTJPO

dX (t ) = µ
�
t , X (t )

�
dt + �

�
t , X (t )

�
dW (t ), 	��


XIFSF µ JT DBMMFE UIF ESJGU GVODUJPO BOE � JT DBMMFE UIF EJĊVTJPO GVODUJPO� ɨJT
EJĊFSFOUJBM TIPVME IPXFWFS KVTU CF WJFXFE BT B TIPSU GPSN SFQSFTFOUBUJPO PG BO
JOUFHSBM FRVBUJPO BOE TIPVME CF JOUFSQSFUFE BT TVDI

X (t )�X (0) =
Z t

0
µ
�
s , X (s )

�
ds +

Z t

0
�
�
s , X (s )

�
dW (s ). 	��


0OF PG UIF NPTU GVOEBNFOUBM UIFPSFNT JO TUPDIBTUJD DBMDVMVT JT *UÙ�T MFNNB
XIJDI DBO CF WJFXFE BT B TUPDIBTUJD DBMDVMVT BOBMPHVF UP UIF PSEJOBSZ DIBJO SVMF�

ɧFPSFN ��� 	*UÙ�T MFNNB
 -FU f (t , x) CF B C 1,2�GVODUJPO BOE BTTVNF UIF QSPDFTT
X IBT B TUPDIBTUJD EJąFSFOUJBM HJWFO CZ

dX (t ) = µ
�
t , X (t )

�
dt + �

�
t , X (t )

�
dW (t ). 	��


ǲFO UIF QSPDFTT Z EFmOFE BT Z (t ) = f
�
t , X (t )

�
IBT UIF TUPDIBTUJD EJąFSFOUJBM

dZ (t ) =
✓

∂ f
∂ t
+µ

∂ f
∂ x
+
�2

2
∂2 f
∂ x 2

◆
dt + �

∂ f
∂ x

dW (t ), 	��


XIFSF UIF GVODUJPO BSHVNFOUT GPS µ � BOE UIF QBSUJBM EFSJWBUJWFT PG f (t , x) BSF MFGU
PVU GPS SFBEBCJMJUZ�

ɨJT SFTVMU DBO CF VTFE UP USBOTGPSN B TUPDIBTUJD EJĊFSFOUJBM FRVBUJPO JOUP B TJNQMFS
SFQSFTFOUBUJPO� 'PS FYBNQMF DPOTJEFS UIF HFPNFUSJD #SPXOJBO NPUJPO HJWFO CZ

dX (t ) = aX (t ) dt + bX (t ) dW (t ). 	��


ɨJT FYQSFTTJPO DBOOPU CF TPMWFE EJSFDUMZ CVU JG XF VTF UIF USBOTGPSNBUJPO Z (t ) =
ln
�
X (t )

�
UPHFUIFS XJUI ɨFPSFN ��� XF JOTUFBE HFU BO BSJUINFUJD #SPXOJBO NPUJPO

HJWFO CZ

dZ (t ) =
✓

a � b2

2

◆
dt + b dW (t ). 	��


�
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ɨF TPMVUJPO UP UIJT FRVBUJPO JT FBTJMZ GPVOE CZ XSJUJOH UIF GVMM JOUFHSBM SFQSFTFOUBUJPO�
5PHFUIFS XJUI UIF JOWFSTF USBOTGPSN X (t ) = exp

�
Z (t )

�
 UIF TPMVUJPO UP UIF PSJHJOBM

FRVBUJPO JT HJWFO CZ

X (t ) = X (0) exp
 ✓

a � b2

2

◆
t + bW (t )

!
. 	��


ɨFPSFN ��� DBO BMTP CF VTFE UP USBOTGPSN FYQSFTTJPOT JOUP SFQSFTFOUBUJPOT XJUI
CFUUFS OVNFSJDBM QSPQFSUJFT�

��� %JTDSFUF�UJNF BQQSPYJNBUJPOT

(FOFSBM TUPDIBTUJD EJĊFSFOUJBM FRVBUJPOT SBSFMZ IBWF FYQMJDJU TPMVUJPOT JOTUFBE XF
IBWF UP SFMZ PO OVNFSJDBM BQQSPYJNBUJPOT DG� 'VDIT 	����
� ɨJT JT BOBMPHPVT UP
VTJOH WBSJPVT EJĊFSFODF BQQSPYJNBUJPO TDIFNFT GPS TPMWJOH EFUFSNJOJTUJD EJĊFSFOUJBM
FRVBUJPOT� ɨF NPTU DPNNPOMZ VTFE BQQSPYJNBUJPOT BSF CBTFE PO EJTDSFUJ[BUJPO JO
UJNF XIJMTU TUBUF EJNFOTJPO JO LFQU DPOUJOVPVT�

ɨFTF UJNF�EJTDSFUF BQQSPYJNBUJPOT BSF DPNNPOMZ DIBSBDUFSJ[FE CZ UXP DPO�
WFSHFODF QSPQFSUJFT TUSPOH BOE XFBL PSEFS PG DPOWFSHFODF XIJDI BSF EFmOFE BT
GPMMPXT�

%FmOJUJPO ��� 	4USPOH DPOWFSHFODF
 " HFOFSBM EJTDSFUF�UJNF BQQSPYJNBUJPO X h JT
TBJE UP DPOWFSHF TUSPOHMZ PG PSEFS � UP UIF DPOUJOVPVT�UJNF QSPDFTT X BU UJNF t  JG UIFSF
FYJTUT B DPOTUBOU C UIBU EPFT OPU EFQFOE PO UIF UJNF TUFQ h  BOE B h0 > 0 TVDI UIBU

E
⇥��X (t )�X h(t )

��⇤  C h� 	��


GPS BMM h 2 (0, h0)�

%FmOJUJPO ��� 	8FBL DPOWFSHFODF
 " HFOFSBM EJTDSFUF�UJNF BQQSPYJNBUJPO X h JT
TBJE UP DPOWFSHF XFBLMZ PG PSEFS � UP UIF DPOUJOVPVT�UJNF QSPDFTT X BU UJNF t  JG UIFSF
FYJTUT B DPOTUBOU C UIBU EPFT OPU EFQFOE PO UIF UJNF TUFQ h  BOE B h0 > 0 TVDI UIBU

���E
h

g
�
X (t )

�
� g

�
X h(t )

�i���  C h� 	��


GPS BMM h 2 (0, h0) BOE GPS BMM GVODUJPOT g 2 C 2(�+1) XJUI QPMZOPNJBM HSPXUI�

�
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ɨF TUSPOH PSEFS PG DPOWFSHFODF QSPWJEFT B NFBTVSF PG UIF QBUIXJTF BQQSPYJNBUJPO
FSSPS XIJMF UIF XFBL PSEFS PG DPOWFSHFODF QSPWJEFT B NFBTVSF PG UIF FYQFDUFE
BQQSPYJNBUJPO FSSPS� /PUF UIBU JG g JT HMPCBMMZ -JQTDIJU[ DPOUJOVPVT BOE B TDIFNF
IBT TUSPOH PSEFS PG DPOWFSHFODF �  UIFO XFBL PSEFS PG DPOWFSHFODF � � � JT
HVBSBOUFFE� ɨJT JT FBTZ UP WFSJGZ VTJOH +FOTFO�T JOFRVBMJUZ� 'PS NBOZ BQQMJDBUJPOT JO
mOBODF JU JT FOPVHI UP POMZ DPOTJEFS UIF XFBL PSEFS PG DPOWFSHFODF� 8F XJMM TFF
MBUFS UIPVHI UIBU UIF TUSPOH DPOWFSHFODF QSPQFSUZ QMBZT BO JNQPSUBOU SPMF XIFO
VTJOH B UFDIOJRVF DBMMFE NVMUJMFWFM .POUF $BSMP�

8F XJMM OPX MPPL BU B GFX DPNNPOMZ VTFE EJTDSFUF�UJNF BQQSPYJNBUJPOT GPS
UIF TUPDIBTUJD EJĊFSFOUJBM FRVBUJPOT PO UIF GPSN

dXt = µ(t , Xt ) dt + �(t , Xt ) dWt , 	��


XIFSF BSHVNFOUT PG X BOE W BSF DIBOHFE UP TVCTDSJQUT GPS SFBEBCJMJUZ� 8F
QBSUJUJPO UIF JOUFSWBM PWFS XIJDI XF BSF JOUFSFTUFE JO UIF TPMVUJPO JO n QBSUT BT
0 = ⌧0 < ⌧1 < · · · < ⌧n = t � ɨF TDIFNFT BSF UIFO EFmOFE BT B SFDVSTJWF SFMBUJPO
XIFSF XF EFmOF

hk = ⌧k+1 � ⌧k 	��


BOE
⇠k =Wk+1 �Wk 	��


GPS DPOWFOJFODF� *O BEEJUJPO UP UIF UIF POFT QSFTFOUFE IFSF B QMFUIPSB PG PUIFS
OVNFSJDBM TDIFNFT DBO CF GPVOE JO ,MPFEFO BOE 1MBUFO 	����
�

%FmOJUJPO ��� 	&VMFS�.BSVZBNB TDIFNF
 ǲF &VMFS�.BSVZBNB TDIFNF EFmOFE
SFDVSTJWFMZ CZ

X⌧k+1
= X⌧k

+µ
�
⌧k , X⌧k

�
hk + �

�
⌧k , X⌧k

�
⇠k 	��


JT UIF TJNQMFTU QPTTJCMF TDIFNF GPS TUPDIBTUJD EJąFSFOUJBM FRVBUJPOT� ǲF TDIFNF IBT TUSPOH
PSEFS PG DPOWFSHFODF � = 0.5 BOE XFBL PSEFS PG DPOWFSHFODF � = 1�

%FmOJUJPO ��� 	.JMTUFJO TDIFNF
 ǲF .JMTUFJO TDIFNF JO POF EJNFOTJPO EFmOFE CZ

X⌧k+1
= X⌧k

+µ
�
⌧k , X⌧k

�
hk + �

�
⌧k , X⌧k

�
⇠k

+
1
2
�
�
⌧k , X⌧k

�
�x
�
⌧k , X⌧k

�
(⇠ 2

k � hk )
	��


BEET POF BEEJUJPOBM UFSN UP UIF &VMFS�.BSVZBNB TDIFNF� ǲJT SFTVMUT JO B TDIFNF XJUI
TUSPOH PSEFS PG DPOWFSHFODF � = 1 XIJMF UIF XFBL PSEFS PG DPOWFSHFODF TUJMM JT � = 1�

�
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8IFO BQQMZJOH UIF .JMTUFJO TDIFNF PO FRVBUJPOT XJUI TUBUF�JOEFQFOEFOU EJąVTJPO UFSN
UIF TJNQMF &VMFS�.BSVZBNB TDIFNF JT PCUBJOFE� ǲJT JNQMJFT UIBU UIF &VMFS�.BSVZBNB
TDIFNF BMTP IBT TUSPOH PSEFS PG DPOWFSHFODF � = 1 GPS UIPTF DBTFT�

%FmOJUJPO ��� 	*NQMJDJU &VMFS�.BSVZBNB TDIFNF
 " GVMMZ JNQMJDJU WBSJBOU PG UIF
&VMFS�.BSVZBNB TDIFNF XIJDI JT XFBLMZ DPOTJTUFOU DBO CF DPOTUSVDUFE BT

X⌧k+1
= X⌧k

+ µ̄
�
⌧k+1, X⌧k+1

�
hk + �

�
⌧k+1, X⌧k+1

�
⇠k , 	��


XIFSF UIF DPSSFDUFE ESJGU GVODUJPO JO UIF POF�EJNFOTJPOBM DBTF JT EFmOFE CZ

µ̄(t , x) = µ(t , x)� �(t , x)�x (t , x). 	��


*U DBO CF TIPXO UIBU UIJT TDIFNF IBT B XFBL PSEFS PG DPOWFSHFODF � = 1� ǲJT TDIFNF
IBT B TUSPOH PSEFS PG DPOWFSHFODF � = 0.5 XIFO UIF EJąVTJPO UFSN JT DPOTUBOU XIJDI JT
UIF TBNF BT GPS UIF FYQMJDJU &VMFS�.BSVZBNB TDIFNF�

%FSJWJOH OVNFSJDBM TDIFNFT XJUI TUSPOH PSEFS PG DPOWFSHFODF � > 0.5 HFOFSBMMZ
SFRVJSFT TJNVMBUJPO PG BEEJUJPOBM SBOEPN WBSJBCMFT PSJHJOBUJOH GSPN JUFSBUFE *UÙ
JOUFHSBMT� *U JT OPU BMXBZT QPTTJCMF UP TBNQMF UIFTF FYBDUMZ IPXFWFS TFF 8JLUPSTTPO
	����
 GPS BO BMHPSJUIN JO UIF DBTF PG UXP�UJNFT JUFSBUFE *UÙ JOUFHSBMT�

"O FYBNQMF PO OVNFSJDBM TPMVUJPOT GPS UIF HFPNFUSJD #SPXOJBO NPUJPO JO 	��

XIFO VTJOH UIF &VMFS�.BSVZBNB BOE .JMTUFJO TDIFNFT EFmOFE JO %FmOJUJPO ���
BOE %FmOJUJPO ��� JT TIPXO JO 'JHVSF ��

��� /VNFSJDBM JOUFHSBUJPO

8JUI NBOZ BQQMJDBUJPOT JO mOBODF XF BSF JOUFSFTUFE JO FWBMVBUJOH FYQFDUFE WBMVFT
MJLF

E
⇥

g (XT )
�� F0

⇤
, 	��


XIFSF XT JT UIF TPMVUJPO PG TPNF TUPDIBTUJD EJĊFSFOUJBM FRVBUJPO BU UJNF T BOE g
JT B GVODUJPO FWBMVBUFE BU UIF TPMVUJPO� 8F XJMM IPXFWFS GPS TJNQMJDJUZ MFBWF PVU UIF
FYQMJDJU DPOEJUJPOJOH JO UIF SFTU PG UIJT TFDUJPO�

*O UIF SBSF DBTF UIBU UIF TPMVUJPO XT JT FYQMJDJUMZ LOPXO BOE JOEFQFOEFOU BOE
JEFOUJDBMMZ EJTUSJCVUFE TBNQMFT xi XIFSF i = 1, 2, . . . DBO CF TJNVMBUFE GSPN UIF
EJTUSJCVUJPO PG UIF TPMVUJPO XF LOPX GSPN UIF TUSPOH MBX PG MBSHF OVNCFST UIBU

ĝ N =
1
N

NX
i=1

g (xi )
B�T��! E[ g (XT )] = µ. 	��


�
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.5

1

1.5

t

X
(t
)

&YBDU
&VMFS�.BSVZBNB
.JMTUFJO

'JHVSF �� "O FYBDU TPMVUJPO UPHFUIFS XJUI &VMFS�.BSVZBNB BOE .JMTUFJO BQQSPYJ�
NBUF TPMVUJPOT GPS UIF HFPNFUSJD #SPXOJBO NPUJPO EFmOFE JO 	��
 XJUI QBSBNFUFST
a = b = 1 BOE JOJUJBM WBMVF X (0) = 1�

ɨF DPTU PG DPNQVUJOH UIF FTUJNBUF ĝ N  JO UFSNT PG OVNCFS PG SBOEPN WBSJBCMFT
UIBU OFFE UP CF TJNVMBUFE JT TJNQMZ N � 'SPN UIF DFOUSBM MJNJU UIFPSFN XF IBWF

p
N ( ĝ N �µ)

E�!N (0,�2). 	��


4JODF ĝ N JT BO VOCJBTFE FTUJNBUPS JU JT DMFBS UIBU JG XF XBOU UP IBWF BO FTUJNBUPS
XJUI B NFBO TRVBSFE FSSPS ✏2 XF TIPVME DIPPTF UIF OVNCFS PG TBNQMFT BOE UIFSFCZ
UIF DPNQVUBUJPOBM DPTU BT O(✏�2)�

8IFO UIF FYBDU EJTUSJCVUJPO PG UIF TPMVUJPO UP B TUPDIBTUJD EJĊFSFOUJBM FRVBUJPO
JT VOLOPXO XF JOTUFBE IBWF UP SFMZ PO BQQSPYJNBUJPOT� *G B OVNFSJDBM TDIFNF
XJUI TUFQ TJ[F h JT VTFE UP HFOFSBUF TBNQMFT x h

i  XF DBO EFmOF B OFX FTUJNBUF PG UIF
FYQFDUBUJPO JO 	��
 BT

ĝ h
N =

1
N

NX
i=1

g (x h
i )

B�T��! E[ g (X h
T )]. 	��


*U GPMMPXT GSPN UIF XFBL PSEFS PG DPOWFSHF TUBUFE JO %FmOJUJPO ��� UIBU UIF CJBT PG
UIJT FTUJNBUF UFOET UP [FSP BT UIF TUFQ TJ[F HPFT UP [FSP� 5P BOBMZ[F UIF DPNQVUBUJPOBM

��
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DPTU PG UIF FTUJNBUPS ĝ h
N XF EFDPNQPTF UIF NFBO TRVBSFE FSSPS BT

MSE( ĝ h
N ) =

1
N

V[ g (X h
T )]+E[ g (XT )� g (X h

T )]2. 	��


"TTVNJOH V[ g (X h
T )] <1 XF DBO CBMBODF UIF UXP UFSNT PG UIF FSSPS EFDPNQPTJUJPO�

*G XF TFFL UP PCUBJO BO FTUJNBUF XJUI B NFBO TRVBSFE FSSPS ✏2 JU DBO CF TIPXO UIBU
UIF PQUJNBM CBMBODF CFUXFFO UIF TUFQ TJ[F BOE OVNCFS PG .POUF $BSMP TBNQMFT JT
PCUBJOFE CZ DIPPTJOH h =O(✏1/�) BOE N =O(✏�2) XIFSF � JT UIF XFBL PSEFS
PG DPOWFSHFODF PG UIF OVNFSJDBM TDIFNF� ɨJT XJMM MFBE UP B DPNQVUBUJPOBM DPTU JO
UFSNT PG OVNCFS PG SBOEPN OVNCFST HJWFO CZ N T /h =O(✏�2� 1

� )� *O QBSUJDVMBS
UIF DPNQVUBUJPOBM DPNQMFYJUZ XIFO VTJOH UIF &VMFS�.BSVZBNB TDIFNF XJMM CF PG
O(✏�3). *O UIF OFYU TFDUJPO XF XJMM JOUSPEVDF B CSJMMJBOU UFDIOJRVF UIBU DBO SFEVDF
UIJT DPTU TJHOJmDBOUMZ UP O

�
✏�2(log✏)2��

��� .VMUJMFWFM .POUF $BSMP

.VMUJHSJE NFUIPET BSF TUBOEBSE UPPMT JO OVNFSJDBM BOBMZTJT UIBU BMMPX GPS TJHOJmDBOUMZ
SFEVDFE DPNQVUBUJPOBM DPNQMFYJUZ CZ JOUSPEVDJOH B IJFSBSDIZ PG EJTDSFUJ[BUJPOT�
.VMUJMFWFM .POUF $BSMP QSPWJEFT B DMBTT PG NFUIPET JOTQJSFE CZ UIF TBNF JEFBT UIBU
DBO CF VTFE GPS SFEVDJOH UIF DPNQVUBUJPOBM DPTU XIFO FTUJNBUJOH FYQFDUBUJPOT
VTJOH .POUF $BSMP TJNVMBUJPOT TFF F�H (JMFT 	����
 GPS BO PWFSWJFX�

"TTVNF XF DBO HFOFSBUF BQQSPYJNBUJPOT PG UIF EJĊVTJPO XT PO B TFSJFT PG HSJET
XJUI TUFQ TJ[F hl = T /M l  XIFSF l = 0, 1, . . . , L BOE M � 2 JT TPNF JOUFHFS BT
JMMVTUSBUFE JO 'JHVSF �� 8F DBO UIFO DPOTUSVDU BO BQQSPYJNBUJPO PG UIF FYQFDUBUJPO
E[ g (XT )] BT

E[ g (X hL
T )] = E[ g (X h0

T )]+
LX

i=1
E[ g (X hl

T )� g (X hl �1
T )]. 	��


ɨJT DBO CF TFFO BT BEEJOH B TFSJFT PG HSBEVBMMZ SFmOFE DPSSFDUJPO UFSNT UP BO
BQQSPYJNBUJPO PO B WFSZ DPBSTF EJTDSFUJ[BUJPO MFWFM� ɨJT XPVME CF B TVQFSnVPVT
SFXSJUF JG BMM SBOEPN WBSJBCMFT XFSF JOEFQFOEFOU CVU CZ MFUUJOH UIF JOEJWJEVBM
DPSSFDUJPO UFSNT g (X hl

T ) � g (X hl �1
T ) CF CBTFE PO UIF TBNF VOEFSMZJOH 8JFOFS

QSPDFTT UIF WBSJBODF JT HJWFO CZ

V[ g (X hL
T )] = V[ g (X h0

T )]+
LX

i=1
V[ g (X hl

T )� g (X hl �1
T )]. 	��


��
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l = 0
l = 1
l = 2
l = 3
l = 4

tn tn+1

⌧M L⌧0

'JHVSF �� "O FYBNQMF PG UIF IJFSBSDIZ PG EJTDSFUJ[BUJPO MFWFMT GPS NVMUJMFWFM .POUF
$BSMP TJNVMBUJPOT� )FSF UIF TUFQ TJ[F BU FBDI MFWFM JT EJWJEFE CZ M = 2 DPNQBSFE
UP UIF QSFWJPVT MFWFM�

ɨJT JT XIFSF UIF TUSPOH PSEFS PG DPOWFSHFODF JO %FmOJUJPO ��� JT JNQPSUBOU� (JWFO
TPNF NJOPS FYUSB DPOEJUJPOT TFF ,MPFEFO BOE 1MBUFO 	����
 JU JT QPTTJCMF UP TIPX
UIBU UIFSF FYJTUT B DPOTUBOU C TVDI UIBU UIF WBSJBODF PG FBDI DPSSFDUJPO UFSN DBO CF
CPVOEFE BT

V[ g (X hl
T )� g (X hl �1

T )]  C h2�
l . 	��


"EEJUJPOBMMZ UIJT IBT UIF CFOFmU PG BMMPXJOH TJNVMBUJPO PG CPUI g (X hl
T ) BOE

g (X hl �1
T ) BU UIF DPTU PG TJNVMBUJOH g (X hl

T ) TJODF POMZ POF 8JFOFS QSPDFTT IBWF UP
CF TJNVMBUFE�

" .POUF $BSMP FTUJNBUF PG UIF BQQSPYJNBUFE FYQFDUBUJPO E[ g (X hL
T )] JT DPO�

TUSVDUFE BT

g̃ L =
1

N0

N0X
i=1

g (x h0
i )+

LX
l =1

1
Nl

NlX
i=1

g (x hl
i )� g (x hl �1

i ), 	��


XIFSF Nl , l = 0, . . . , L JT UIF OVNCFS PG TBNQMFT BU FBDI MFWFM� ɨF WBSJBODF PG UIJT
FTUJNBUPS JT UIFO HJWFO CZ

V[ g̃ L] =
1

N0
V[ g (X h0

T )]+
LX

l =1

1
Nl

V[ g (X hl
T )� g (X hl �1

T )] 	��


BOE UIF DPNQVUBUJPOBM DPTU JO UFSNT PG OVNCFS PG SBOEPN WBSJBCMFT UIBU OFFE UP CF
HFOFSBUFE JT HJWFO CZ

PL
l =0 Nl M l � #Z TJNVMBUJOH NPSF .POUF $BSMP TBNQMFT PO

DPBSTFS MFWFMT BOE GFXFS PO mOFS MFWFMT XF UZQJDBMMZ BDIJFWF UIF FTUJNBUJPO CJBT

��



i
i

iNBJOw � ��������� � ���� � QBHF �� � ��� i
i

i
i

i
i

�� 1BSBNFUFS FTUJNBUJPO

EFUFSNJOFE CZ UIF mOFS MFWFM CVU BU B TJHOJmDBOUMZ SFEVDFE DPNQVUBUJPOBM DPTU�
#Z CBMBODJOH UIF OVNCFS PG MFWFMT BOE UIF OVNCFST PG .POUF $BSMP TBNQMFT BU
FBDI MFWFM (JMFT 	����
 TIPXFE UIBU UIF DPNQVUBUJPOBM DPNQMFYJUZ PG PCUBJOJOH BO
FTUJNBUF XJUI NFBO TRVBSFE FSSPS ✏2 DBO CF CPVOEFE CZ

Cost( g̃ L)  C ·

8
>><
>>:

✏�2 � > 1/2,

✏�2 log(✏)2 � = 1/2,

✏�2� 1�2�
� 0 < � < 1/2,

	��


XIFSF C JT TPNF DPOTUBOU� ɨJT JT B TJHOJmDBOU SFEVDUJPO DPNQBSFE UP UIF DPTU ✏�3

PG UIF OBJWF .POUF $BSMP FTUJNBUF JO 4FDUJPO ����
*O 1BQFS # BOE 1BQFS $ XF BQQMZ UIF NVMUJMFWFM .POUF $BSMP UFDIOJRVF PO UXP

NFUIPET GPS EFOTJUZ FTUJNBUJPO PG EJĊVTJPO QSPDFTTFT�

� 1BSBNFUFS FTUJNBUJPO

*O UIJT TFDUJPO XF BSF HPJOH UP CSJFnZ DPWFS UIF EJĊFSFOU QBSBNFUFS FTUJNBUJPO
UFDIOJRVFT GPS EJĊVTJPO QSPDFTTFT UIBU BSF VTFE JO UIF FODMPTFE QBQFST� 8F XJMM
BTTVNF PVS EJĊVTJPO QSPDFTT JT PCTFSWFE BU LOPXO EJTDSFUF UJNF QPJOUT BOE UIBU
UIF QSPDFTT JT HPWFSOFE CZ BO VOLOPXO QBSBNFUFS WFDUPS ✓USVF JO XIJDI XF BSF
JOUFSFTUFE UP FTUJNBUF�

��� .BYJNVN MJLFMJIPPE FTUJNBUJPO

0OF PG UIF NPTU QPQVMBS QBSBNFUFS FTUJNBUJPO NFUIPET JO TUBUJTUJDT JT UIF NBYJNVN
MJLFMJIPPE FTUJNBUPS XIJDI JT CBTFE PO UIF JEFB UIBU UIF PCTFSWFE EBUB TIPVME CF
NPTU QSPCBCMF VOEFS UIF BTTVNFE NPEFM� ɨF MJLFMJIPPE GVODUJPO JT EFmOFE BT UIF
KPJOU QSPCBCJMJUZ EFOTJUZ GPS BMM PCTFSWBUJPOT VOEFS UIF HJWFO TFU PG QBSBNFUFST ✓

L(✓) = p✓(x0:n)

= p✓(x0)
nY

i=1
p✓(xi | x0:i�1),

	��


XIFSF XF IBWF VTFE UIF TIPSU IBOE OPUBUJPO x0:n = {x0, . . . , xn} GPS UIF TFU PG
PCTFSWBUJPOT� ɨF NBYJNVN MJLFMJIPPE FTUJNBUPS JT UIFO EFmOFE BT UIF TFU PG

��
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QBSBNFUFST UIBU HMPCBMMZ NBYJNJ[F UIF MJLFMJIPPE GVODUJPO HJWFO UIF PCTFSWFE EBUB
J�F�

✓̂ = arg max
✓2⇥

L(✓), 	��


XIFSF ⇥ JT UIF QPTTJCMZ DPOTUSBJOFE QBSBNFUFS TQBDF� *U JT VTVBMMZ NPSF DPOWFOJFOU
UP XPSL XJUI UIF MPH�MJLFMJIPPE GVODUJPO ƀ(✓) = log L(✓) XIJDI IBT UIF TBNF NBY�
JNJ[JOH BSHVNFOU� ɨF NBYJNVN MJLFMJIPPE FTUJNBUPS NBZ UIFSFGPSF FRVJWBMFOUMZ
CF EFmOFE BT

✓̂ = arg max
✓2⇥

ƀ(✓), 	��


XIFSF
ƀ(✓) = log p✓(x0)+

nX
i=1

log p✓(xi | x0:i�1). 	��


*O QSBDUJDF UIF mSTU UFSN JT VTVBMMZ EJTSFHBSEFE XIFO XPSLJOH XJUI UJNF TFSJFT NPEFMT�
4JODF EJĊVTJPOT BSF .BSLPW QSPDFTTFT BMM EFOTJUJFT PO UIF GPSN p✓(xi | x0:i�1)
SFEVDF UP B TJNQMF USBOTJUJPO EFOTJUZ p✓(xi | xi�1)� ɨFSFGPSF XF DBO TJNQMJGZ UIF
EFmOJUJPO PG MPH�MJLFMJIPPE GVODUJPO GPS EJĊVTJPO QSPDFTTFT GVSUIFS UP

ƀ(✓) =
nX

i=1
log p✓(xi | xi�1). 	��


ɨF NBYJNVN MJLFMJIPPE FTUJNBUPS IBT OVNFSPVT EFTJSBCMF QSPQFSUJFT VOEFS
SBUIFS HFOFSBM BTTVNQUJPOT TFF F�H -FINBOO 	����
� 'PS FYBNQMF JU JT CPUI
DPOTJTUFOU BOE BTZNQUPUJDBMMZ FċDJFOU BT XFMM BT BTZNQUPUJDBMMZ (BVTTJBO XJUI
DPOWFSHFODF HJWFO CZ

p
N (✓̂�✓USVF)

E�!N (0, I �1
F ). 	��


)FSF IF EFOPUFT UIF TP�DBMMFE 'JTIFS JOGPSNBUJPO NBUSJY EFmOFE CZ

IF = �E
⇥
H
�
ƀ(✓USVF)

�⇤
, 	��


XIFSF H
�
ƀ(✓USVF)

�
JT UIF )FTTJBO PG UIF MPH�MJLFMJIPPE GVODUJPO HJWFO B TJOHMF PC�

TFSWBUJPO FWBMVBUFE JO UIF USVF QBSBNFUFS� #Z BQQSPYJNBUJOH UIF 'JTIFS JOGPSNBUJPO
JU JT TUSBJHIUGPSXBSE UP DPOTUSVDU DPOmEFODF JOUFSWBMT GPS UIF QBSBNFUFS FTUJNBUFT�

4P GBS XF IBWF BTTVNFE UIBU UIF DPSSFDU EJTUSJCVUJPO PG UIF PCTFSWBUJPOT JT
LOPXO� ɨJT JT IPXFWFS SBSFMZ UIF DBTF XIFO XPSLJOH XJUI EJĊVTJPO QSPDFTTFT�
'PS FYBNQMF CZ BQQMZJOH B EJTDSFUJ[BUJPO TDIFNF GSPN 4FDUJPO ��� TVDI BT UIF

��
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&VMFS�.BSVZBNB TDIFNF XF DBO BQQSPYJNBUF UIF VOLOPXO MJLFMJIPPE GVODUJPO
XJUI B (BVTTJBO MJLFMJIPPE� ɨJT XJMM SFTVMU JO BO FTUJNBUPS XIJDI JT TUJMM DPOTJTUFOU
CVU OP MPOHFS FċDJFOU� .BYJNJ[JOH UIJT BQQSPYJNBUFE MJLFMJIPPE JT PGUFO SFGFSSFE
UP BT OBJWF PS RVBTJ NBYJNVN MJLFMJIPPE FTUJNBUJPO� ɨJT BQQSPBDI HFOFSBMMZ XPSLT
XFMM XIFO UIF EJTDSFUJ[JOH TUFQ TJ[F JT TNBMM CVU NJHIU MFBE UP MBSHF FTUJNBUJPO CJBT
XIFO UIF TUFQ TJ[F JT UPP CJH�

*O UIF SFTU PG UIJT TFDUJPO XF XJMM DPWFS BMUFSOBUJWF UFDIOJRVFT GPS BQQSPYJNBUJOH
UIF MJLFMJIPPE XIFO UIF EFOTJUZ PG UIF PCTFSWFE QSPDFTT JT VOLOPXO�

��� &. BMHPSJUIN

ɨF FYQFDUBUJPO�NBYJNJ[BUJPO 	&.
 BMHPSJUIN GPSNBMMZ JOUSPEVDFE CZ %FNQTUFS
FU BM� 	����
 QSPWJEFT BO JUFSBUJWF QSPDFEVSF GPS mOEJOH NBYJNVN MJLFMJIPPE
FTUJNBUFT PG UIF QBSBNFUFST JO B TUBUJTUJDBM NPEFM XJUI TPNF GPSN PG IJEEFO PS
MBUFOU TUBUF� "O FYBNQMF XIFO UIJT JT QBSUJDVMBSMZ VTFGVM JT XIFO XF BSF JOUFSFTUFE JO
FTUJNBUJOH QBSBNFUFST JO B TUPDIBTUJD WPMBUJMJUZ QSPDFTT XIFSF UIF WPMBUJMJUZ JT OPU
EJSFDUMZ PCTFSWFE PS XIFO XF PCTFSWF PVS EZOBNJDBM QSPDFTT x UISPVHI B QSPYZ y
TVDI BT PQUJPO� PS CPOE QSJDFT�

ɨF JEFB PG UIF &. BMHPSJUIN JT UP FYUFOE UIF PSJHJOBM NBYJNVN MJLFMJIPPE
QSPCMFN JOUP UXP DMPTFMZ SFMBUFE QSPCMFNT XIJDI JOEJWJEVBMMZ BSF FBTJFS UP TPMWF UIBO
UIF PSJHJOBM QSPCMFN� "GUFS QSPWJEJOH BO JOJUJBM TFU PG QBSBNFUFST UIF BMHPSJUIN
QSPDFFET CZ BMUFSOBUJOH CFUXFFO UXP TUFQT VOUJM DPOWFSHFODF JT SFBDIFE F�H� XIFO
UIF DIBOHF JO QBSBNFUFST JT TNBMM FOPVHI� *O JUFSBUJPO k PG UIF &. BMHPSJUIN UIF
TUFQT BSF EFmOFE BT GPMMPXT�

&�TUFQ ɨF mSTU TUFQ PG UIF BMHPSJUIN JT UP PCUBJO UIF PCKFDUJWF GVODUJPO EFmOFE BT
UIF FYQFDUBUJPO

Q (✓,✓k ) = E
⇥
log p✓(x1:n , y1:n)

�� y1:n ,✓k
⇤
. 	��


.�TUFQ ɨF TFDPOE TUFQ UIFO JOWPMWFT mOEJOH UIF QBSBNFUFST UIBU NBYJNJ[FT UIJT
PCKFDUJWF GVODUJPO

✓k+1 = arg max
✓2⇥

Q (✓,✓k ). 	��


ɨF DPOWFSHFODF QSPQFSUJFT PG UIF &. BMHPSJUIN BSF DPWFSFE JO .D-BDIMBO
BOE ,SJTIOBO 	����
� 'PS FYBNQMF JU DBO CF TIPXO UIBU UIF MPH�MJLFMJIPPE HJWFO

��



i
i

iNBJOw � ��������� � ���� � QBHF �� � ��� i
i

i
i

i
i

*OUSPEVDUJPO

CZ ƀ(✓k ) JT HVBSBOUFFE UP JODSFBTF XJUI FBDI JUFSBUJPO PG UIF BMHPSJUIN� ɨF &.
BMHPSJUIN IPXFWFS EPFT OPU HVBSBOUFF DPOWFSHFODF UP UIF HMPCBM NBYJNVN� %FTQJUF
UIJT UIF &. BMHPSJUIN JT UZQJDBMMZ DPOTJEFSFE UP CF BO FBTZ BOE SPCVTU NFUIPE
GPS PCUBJOJOH NBYJNVN MJLFMJIPPE FTUJNBUFT TFF F�H� 3ZEÏO 	����
� 'PS NBOZ
EJTUSJCVUJPOT PG UIF FYQPOFOUJBM GBNJMZ UIF &. BMHPSJUIN JT QBSUJDVMBSMZ XFMM TVJUFE
TJODF UIF .�TUFQ DBO CF TPMWFE BOBMZUJDBMMZ XJUIPVU UIF OFFE GPS DPTUMZ OVNFSJDBM
PQUJNJ[BUJPO�

*O 1BQFS " XF JOUSPEVDF BO BEBQUJWF TFRVFOUJBM FTUJNBUJPO BMHPSJUIN GPS
EJĊVTJPO NPEFMT CBTFE PO UIF &. BMHPSJUIN� ɨF EJĊVTJPO QSPDFTT JT BVHNFOUFE
XJUI B MBUFOU TUBUF EFTDSJCJOH UIF FWPMVUJPO PG UIF NPEFM QBSBNFUFST� ɨJT IJEEFO
TUBUF JT BMMPXFE UP SBOEPNMZ FWPMWF BDDPSEJOH UP TPNF NPEFM EZOBNJDT HPWFSOFE CZ
B TFU PG UVOJOH QBSBNFUFST XIJDI JO UVSO BSF FTUJNBUFE GSPN EBUB VTJOH UIF &.
BMHPSJUIN� *O UIF OFYU TFDUJPO XF XJMM DPWFS B NFUIPE UIBU JT VTFE UP DPNQVUF
RVBOUJUJFT UIBU BQQFBS JO UIF &. VQEBUF FRVBUJPOT EFSJWFE JO 1BQFS "�

��� 'JMUFSJOH BOE TNPPUIJOH

'JMUFSJOH JT B QPXFSGVM UPPM VTFE GPS TUBUF FTUJNBUJPO BOE GPSFDBTUJOH PG TUBUF TQBDF
NPEFMT� *O mOBODF mMUFSJOH UFDIOJRVFT BSF DPNNPOMZ VTFE UP FTUJNBUF WPMBUJMJUZ JO
TUPDIBTUJD WPMBUJMJUZ NPEFMT�

"T BO FYBNQMF DPOTJEFS UIBU XF BSF JOUFSFTUFE JO SFDPWFSJOH UIF TIPSU SBUF r (t )
J�F� UIF JOTUBOUBOFPVT TQPU JOUFSFTU SBUF XIJDI XF XBOU UP NPEFM VTJOH UIF 7BTJDFL
NPEFM EFmOFE BT

dr (t ) = c
�
✓� r (t )

�
dt + � dW (t ). 	��


4JODF UIF TIPSU SBUF JT OPU B USBEFE BTTFU XF IBWF OP EJSFDU PCTFSWBUJPOT� *OTUFBE XF
IBWF UP SFMZ PO F�H� PCTFSWFE CPOE QSJDFT p(t , T ) XIJDI GPS B MBSHF DMBTT PG JOUFSFTU
SBUF NPEFMT JODMVEJOH UIF 7BTJDFL NPEFM DBO CF XSJUUFO PO BO BċOF GPSN

p(t , T ) = e↵(t ,T )��(t ,T )r (t ). 	��


ɨF DPFċDJFOUT ↵(t , T ) BOE �(t , T ) EFQFOE PO UIF DIPJDF PG NPEFM TFF F�H�
#KÚSL 	����
� *O UIJT DBTF XIFSF UIFSF JT OP PCTFSWBUJPO OPJTF JU JT FBTZ UP TPMWF UIJT
FYQSFTTJPO UP SFDPWFS UIF TIPSU SBUF� *O mOBODF IPXFWFS UIFSF JT SBSFMZ TVDI B UIJOH
BT B TJOHMF DPSSFDU QSJDF� ɨFSF JT B EJĊFSFODF JO XIBU QSJDF QFPQMF BSF XJMMJOH UP TFMM
BU BOE XIBU QFPQMF BSF XJMMJOH UP CVZ BU XIJDI JT DBMMFE UIF CJE�BTL TQSFBE� ɨF
VODFSUBJOUZ DBO CF NPEFMFE BT B GPSN PG NFBTVSFNFOU OPJTF� *O UIJT DBTF mMUFSJOH

��
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DBO QSPWJEF BO BMUFSOBUJWF BQQSPBDI UP SFDPWFS UIF TIPSU SBUF GSPN PCTFSWFE CPOE
QSJDFT�

����� ,BMNBO mMUFS

$POUJOVJOH XJUI UIF FYBNQMF CZ EJTDSFUJ[JOH UIF 7BTJDFL NPEFM XJUI UIF &VMFS�
.BSVZBNB TDIFNF EFTDSJCFE JO %FmOJUJPO ��� BOE BTTVNJOH log p(t , T ) IBT
BEEJUJWF (BVTTJBO NFBTVSFNFOU OPJTF XJUI [FSP NFBO XF HFU B TZTUFN EFTDSJCFE CZ

r (t ) = r (t � h)+ c
�
✓� r (t � h)

�
h + ⌘t , 	��B


log P (t , T ) = ↵(t , T )��(t , T )r (t )+ ✏t , 	��C


XIFSF ⌘t ⇠ N (0,�2h)� 8F TFF UIBU CPUI UIF TUBUF FRVBUJPO BOE NFBTVSFNFOU
FRVBUJPO BSF MJOFBS�

'PS HFOFSBM TZTUFNT PO UIF GPSN

xk = Axk�1 +B uk + ⌘k 	��B

yk = C xk +Duk + ✏k 	��C


XJUI IJEEFO TUBUF xk  NFBTVSFNFOUT yk BOE EFUFSNJOJTUJD JOQVU TJHOBM uk XF DBO VTF
UIF ,BMNBO mMUFS� *O FBDI TUFQ UIF mMUFS FRVBUJPOT QSPWJEF BO FTUJNBUFE NFBO BOE
DPWBSJBODF XIJDI JO UIF DBTF PG (BVTTJBO TZTUFN BSF PQUJNBM� 6TJOH UIF OPUBUJPO
xk | j = E[xk | y1: j ] BOE Pk | j = V[xk | y1: j ] UIF ,BMNBO mMUFS DBO CF EFTDSJCFE BT
GPMMPXT� ɨF mSTU TUFQ JT UIF QSFEJDUJPO TUFQ XIFSF XF NBLF QSFEJDUJPOT PG UIF NFBO
BOE DPWBSJBODFT PG UIF IJEEFO TUBUF BOE UIF OFYU NFBTVSFNFOU

xk |k�1 = Axk�1|k�1 +B uk , 	��B


Pk |k�1 = APk�1|k�1A5 +Q , 	��C


yk |k�1 = C xk |k�1 +Duk , 	��D


P y
k |k�1 = C Pk |k�1C 5 + R , 	��E


P x ,y
k |k�1 = Pk |k�1C 5. 	��F


*O UIF TFDPOE TUFQ XF VTF UIF QSFEJDUJPOT BOE UIF OFYU NFBTVSFNFOU UP VQEBUF UIF
mMUFS NFBO BOE DPWBSJBODFT

Kk = P x ,y
k |k�1(P

y
k |k�1)

�1, 	��B


xk |k = xk |k�1 +Kk (yk � yk |k�1), 	��C


Pk |k = Pk |k�1 �Kk P y
k |k�1K 5

k . 	��D


��
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ɨFTF TUFQT BSF UIFO SFQFBUFE GPS FBDI k = 1, . . . , N  XIFSF N JT UIF UPUBM OVNCFS
PG NFBTVSFNFOUT�

����� ,BMNBO TNPPUIFS

ɨF ,BMNBO TNPPUIFS JT DMPTFMZ SFMBUFE UP UIF ,BMNBO mMUFS CVU XIJMF UIF mMUFS
QSPWJEFT FTUJNBUFT TVDI BT

xk |k = E[xk | y1:k ], 	��


UIF TNPPUIFS DPOEJUJPOT PO BMM UIF BWBJMBCMF EBUB UP HFU FTUJNBUFT TVDI BT

xk |N = E[xk | y1:N ]. 	��


ɨJT JT BDIJFWFE CZ SVOOJOH UIF mMUFS CBDLXBSET JO UJNF BGUFS UIF JOJUJBM GPSXBSE
mMUFS� ɨF SFDVSTJWF TNPPUIJOH FRVBUJPOT BSF EFmOFE BT GPMMPXT

Lk = Pk |k A5P�1
k+1|k , 	��B


xk |N = xk |k + Lk (xk+1|N � xk+1|k ), 	��C


Pk |N = Pk |k + Lk (Pk+1|N � Pk+1|k )L
5
k . 	��D


*O 'JHVSF � BO FYBNQMF PG UIF ,BMNBO mMUFS BOE TNPPUIFS FTUJNBUFT GPS UIF
7BTJDFL NPEFM JT TIPXO� -PPLJOH DBSFGVMMZ XF DBO TFF UIBU UIF ,BMNBO TNPPUIFS
JOEFFE QSPWJEFT B TNPPUIFS FTUJNBUF�

����� 6OTDFOUFE ,BMNBO mMUFS

" NBKPS MJNJUBUJPO UP UIF TUBOEBSE ,BMNBO mMUFS JT UIBU JU POMZ XPSLT GPS MJOFBS
NPEFMT� ɨFSF BSF IPXFWFS NBOZ FYUFOTJPOT UP UIF ,BMNBO mMUFS XIJDI DBO CF VTFE
GPS HFOFSBM NPEFMT PO UIF GPSN

xk = f (xk�1)+ ⌘k , 	��B

yk = g (xk )+ ✏k . 	��C


0OF TVDI OPO�MJOFBS mMUFS JT UIF VOTDFOUFE ,BMNBO mMUFS� ɨF CBTJD JEFB JT UP
DMFWFSMZ TFMFDU B OVNCFS PG QPJOUT DBMMFE TJHNB QPJOUT JO PSEFS UP SFQSFTFOU BMM QSJPS

��
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

�0.05

0

0.05

0.1

0.15

t

0CTFSWFE EBUB
)JEEFO TUBUF
'JMUFS FTUJNBUF
4NPPUIFS FTUJNBUF

'JHVSF �� "O FYBNQMF PG B ,BMNBO mMUFS FTUJNBUF BOE B ,BMNBO TNPPUIFS FTUJNBUF
GPS UIF 7BTJDFL TIPSU SBUF NPEFM XIFSF UIF PCTFSWBUJPOT DPOTJTU PG UIF MPH QSJDF PG B
TJOHMF [FSP DPVQPO CPOE�

DFOUSBM NPNFOUT� *O FBDI JUFSBUJPO PG UIF mMUFS UIF TJHNB QPJOUT BSF EFmOFE BT

X0,k |k = xk |k , 	��B


Xi ,k |k = xk |k +
⇣q

(d + 1)Pk |k

⌘
i

i = 1, . . . , d , 	��C


Xi ,k |k = xk |k �
⇣q

(d + 1)Pk |k

⌘
i�d

i = d + 1, . . . , 2d , 	��D


XIFSF
�∆

(d + 1)Pk |k
�

i JT UIF i UI NBUSJY DPMVNO� "MPOHTJEF UIF TJHNB QPJOUT B
OVNCFS PG XFJHIUT GPS FTUJNBUJOH NFBO BOE DPWBSJBODF BSF EFmOFE BT

w m
0 = �/(d + �), 	��B


w c
0 = �/(d + �)+ (1�↵2 +�), 	��C


w m
i = w c

i = 1/
�
2(d + �)

�
i = 1, . . . , 2d , 	��D


XIFSF TPNF UVOJOH QBSBNFUFST BSF JOUSPEVDFE� " DPNNPO DIPJDF GPS UIFTF BSF
c = 10�3 ↵ = 0 BOE � = 2 DG� 8BO BOE WBO EFS .FSXF 	����
�

ɨF TJHNB QPJOUT BSF UIFO QSPQBHBUFE UISPVHI UIF OPO�MJOFBS TUBUF GVODUJPO f
BOE QSFEJDUJPOT BSF DPNQVUFE VTJOH XFJHIUFE BWFSBHF� 1SFEJDUJPOT GPS UIF NFBTVSF�

��
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NFOUT BSF PCUBJOFE JO B TJNJMBS XBZ� ɨF GVMM QSFEJDUJPO TUFQ GPS UIF VOTDFOUFE
,BMNBO mMUFS DBO CF EFmOFE BT

Xi ,k |k�1 = f (Xi ,k�1|k�1), 	��B


xk |k�1 =
2dX
i=0

w m
i Xi ,k |k�1, 	��C


Pk |k�1 =
2dX
i=0

w c
i (Xi ,k |k�1 � xk |k�1)(Xi ,k |k�1 � xk |k�1)

5 +Q , 	��D


Yi ,k |k�1 = g (Xi ,k |k�1), 	��E


yk |k�1 =
2dX
i=0

w m
i Yi ,k |k�1, 	��F


P y
k |k�1 =

2dX
i=0

w c
i (Yi ,k |k�1 � yk |k�1)(Yi ,k |k�1 � yk |k�1)

5 + R , 	��G


P y
k |k�1 =

2dX
i=0

w c
i (Xi ,k |k�1 � xk |k�1)(Yi ,k |k�1 � yk |k�1)

5. 	��H


ɨF VQEBUF TUFQ JT UIFO FYBDUMZ UIF TBNF BT GPS UIF TUBOEBSE ,BMNBO mMUFS

Kk = P x ,y
k |k�1(P

y
k |k�1)

�1, 	��B


xk |k = xk |k�1 +Kk (yk � yk |k�1), 	��C


Pk |k = Pk |k�1 �Kk P y
k |k�1K 5

k . 	��D


��� ,FSOFM FTUJNBUJPO

8IFO MJUUMF JT LOPXO BCPVU UIF EJTUSJCVUJPO PG UIF PCTFSWBUJPOT XF DBO FJUIFS NBLF
TPNF TUSPOH BTTVNQUJPOT PS XF DBO SFMZ PO OPO�QBSBNFUSJD FTUJNBUJPO NFUIPET�

ɨF LFSOFM EFOTJUZ FTUJNBUPS JT QSPCBCMZ POF PG UIF NPTU XFMM�SFDPHOJ[FE
UFDIOJRVFT GPS OPO�QBSBNFUSJD FTUJNBUJPO PG QSPCBCJMJUZ EFOTJUZ GVODUJPOT TFF F�H�
4JMWFSNBO 	����
 BOE 8BOE BOE +POFT 	����
 GPS BO PWFSWJFX PG UIF UPQJD� ɨF
LFSOFM EFOTJUZ FTUJNBUPS JT EFmOFE BT

p̂(x) = 1
�N

NX
i=1

k
⇣ x � x i

�

⌘
, 	��


XIFSF x 1, . . . , x N BSF JOEFQFOEFOU TBNQMFT GSPN PVS VOLOPXO EJTUSJCVUJPO�

��
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ɨF GPVOEBUJPO PG LFSOFM EFOTJUZ FTUJNBUJPO JT UIF LFSOFM GVODUJPO k : R! R
XIJDI DBO CF BOZ GVODUJPO BT MPOH BT

R1
�1 k(u) du = 1� ɨF UXP NPTU DPNNPO

DIPJDFT PG LFSOFM GVODUJPO BSF UIF &QBOFDIOJLPW LFSOFM JOUSPEVDFE JO &QBOFDIOJLPW
	����
 XIJDI JT PQUJNBM JO UIF TFOTF PG NFBO JOUFHSBUFE TRVBSFE FSSPS EFmOFE BT

k(u) =

8
<
:

3
4
(1� u2) JG |u|  1,

0 JG |u| > 1
	��


BOE UIF (BVTTJBO LFSOFM EFmOFE BT

k(u) = 1p
2⇡

e�
1
2 u2

. 	��


ɨF r UI NPNFOU PG B LFSOFM GVODUJPO k JT EFmOFE BT µr (k) =
R1
�1 u r k(u) du

BOE JG µr (k) JT UIF mSTU OPO�[FSP NPNFOU XF TBZ UIBU UIF LFSOFM JT PG PSEFS r �
#PUI UIF &QBOFDIOJLPW LFSOFM BOE UIF (BVTTJBO LFSOFM EFmOFE BCPWF BSF PG PSEFS
r = 2� *U DBO JO GBDU CF TIPXO UIBU BMM OPO�OFHBUJWF BOE TZNNFUSJD LFSOFMT BSF
PG PSEFS r = 2� ɨFTF LFSOFMT XJMM HVBSBOUFF UIBU UIF SFTVMUJOH FTUJNBUF TBUJTmFT
UIF SFRVJSFNFOUT PG B QSPCBCJMJUZ EFOTJUZ GVODUJPO TVDI BT OPO�OFHBUJWJUZ BOE
JOUFHSBUJPO UP �� 8IJMF UIJT JT SFBTTVSJOH JU NJHIU CF CFOFmDJBM UP DIPPTF B LFSOFM
PG IJHIFS PSEFS TJODF UIFTF SFTVMU JO B MPXFS FTUJNBUPS CJBT� 'PS UIJT SFBTPO LFSOFMT
PG PSEFS r > 2 BSF TPNFUJNFT DBMMFE CJBT SFEVDJOH LFSOFMT� *U JT QPTTJCMF UP DPOTUSVDU
IJHIFS PSEFS WBSJBOUT PG UIF &QBOFDIOJLPW BOE (BVTTJBO LFSOFMT CZ NVMUJQMZJOH UIF
PSJHJOBM LFSOFM XJUI B QPMZOPNJBM GBDUPS TFF )BOTFO 	����
 GPS HFOFSBM GPSNVMBT
GPS B MBSHFS QPMZOPNJBM GBNJMZ PG LFSOFMT BOE 8BOE BOE 4DIVDBOZ 	����
 GPS UIF
(BVTTJBO GBNJMZ� " DPNQBSJTPO PG LFSOFMT PG EJĊFSFOU PSEFST JT QSFTFOUFE JO 'JHVSF ��

"MUIPVHI UIF &QBOFDIOJLPW LFSOFM JT PQUJNBM NBOZ PUIFS LFSOFM GVODUJPOT
QFSGPSN FRVBMMZ XFMM JO QSBDUJDF� .VDI PG UIF MJUFSBUVSF PO LFSOFM EFOTJUZ FTUJNBUJPO
JOTUFBE GPDVTFT PO NFUIPET GPS TFMFDUJOH UIF TNPPUIJOH QBSBNFUFS PS CBOEXJEUI
� � *G UIF CBOEXJEUI JT UPP MBSHF UIF SFTVMUJOH FTUJNBUF XJMM CF PWFSTNPPUIFE XJUI
MPX WBSJBODF CVU IJHI CJBT BOE JG UIF CBOEXJEUI JT UPP TNBMM UIF FTUJNBUF XJMM CF
FYDFTTJWFMZ OPJTZ XJUI IJHI WBSJBODF CVU MPX CJBT� *U JT OFDFTTBSZ UP CBMBODF UIF
WBSJBODF BOE UIF CJBT PG UIF LFSOFM EFOTJUZ FTUJNBUPS BOE UIJT IBT MFBE UP NBOZ
BQQSPBDIFT CFJOH EFWFMPQFE GPS TPMWJOH UIF CBOEXJEUI TFMFDUJPO QSPCMFN TFF F�H�
(SBNBDLJ 	����
� ɨF NPTU XJEFMZ VTFE UFDIOJRVFT JODMVEF SVMF PG UIVNC QMVH�JO
BOE DSPTT WBMJEBUJPO NFUIPET�
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r = 2 (BVTTJBO
r = 4 &QBOFDIOJLPW
r = 4 (BVTTJBO

'JHVSF �� ɨF &QBOFDIOJLPW LFSOFM BOE UIF (BVTTJBO LFSOFM PG PSEFS r = 2 BSF UIF
NPTU DPNNPOMZ VTFE LFSOFM GVODUJPOT CVU CPUI DBO CF FYUFOEFE UP IJHIFS PSEFS�
)FSF UIFZ BSF DPNQBSFE UP UIFJS �UI PSEFS DPVOUFSQBSUT� /PUF UIBU BMM LFSOFMT PG
PSEFS r > 2 IBWF SFHJPOT XIFSF UIF GVODUJPO JT OFHBUJWF�

*U DBO CF TIPXO UIBU UIF PQUJNBM CBOEXJEUI UIBU NJOJNJ[FT UIF BTZNQUPUJD
NFBO JOUFHSBUFE TRVBSFE FSSPS 	".*4&
 DBO CF EFmOFE BT

�PQU =
✓

(r !)2R(k)
2N rµ2

r (k)R
�
p(r )

�
◆1/(2r+1)

, 	��


XIFSF R( f ) =
R1
�1 f (u)2 du� 8IJMF NBOZ PUIFS CBOEXJEUI TFMFDUJPO NFUIPET

BSF EBUB�ESJWFO UIF SVMF PG UIVNC NFUIPE JOUSPEVDFE JO 4JMWFSNBO 	����
 QSPQPTFT
UP SFQMBDF UIF VOLOPXO UBSHFU EFOTJUZ p JO UIF FYQSFTTJPO BCPWF XJUI UIF EFOTJUZ PG
B (BVTTJBO SFGFSFODF EJTUSJCVUJPO JO PSEFS UP CF BCMF UP DPNQVUF R(p(r ))�

*O UIF DPOUFYU PG EJĊVTJPO QSPDFTTFT XF DBO FTUJNBUF VOLOPXO USBOTJUJPO
EFOTJUJFT VTJOH TJNVMBUJPO� #Z EJTDSFUJ[JOH UIF QSPDFTT VTJOH B OVNFSJDBM TDIFNF
GSPN 4FDUJPO ��� XF DBO HFOFSBUF UIF TBNQMFT GSPN B LOPXO EJTUSJCVUJPO JO PSEFS
UP FTUJNBUF BO VOLOPXO EFOTJUZ� %FTJSFE BDDVSBDZ DBO CF BDIJFWFE CZ BEKVTUJOH
UIF OVNCFS PG TBNQMFT BOE UIF TUFQ TJ[F GPS UIF TJNVMBUJPO� ɨJT JEFB XBT GVSUIFS
EFWFMPQFE CZ (JMFT FU BM� 	����
 UP JODPSQPSBUF NVMUJMFWFM .POUF $BSMP TJNVMBUJPO
PG UIF EJĊVTJPO QSPDFTT BT B NFBO UP SFEVDF UIF DPNQVUBUJPOBM DPNQMFYJUZ� *O
1BQFS # XF GVSUIFS EFWFMPQ UIJT MPXFS�DPNQMFYJUZ NFUIPE UP HJWF NPSF SPCVTU
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�� 1BSBNFUFS FTUJNBUJPO

FTUJNBUFT BU VODIBOHFE DPTU CZ QSPQPTJOH B SFGFSFODF EJTUSJCVUJPO CBOEXJEUI XIJDI
JT CBMBODFE UP UIF SFTU PG UIF NVMUJMFWFM BMHPSJUIN QBSBNFUFST�

��� 4JNVMBUFE NBYJNVN MJLFMJIPPE FTUJNBUJPO

"OPUIFS NFUIPE GPS FTUJNBUJOH QSPCBCJMJUZ EFOTJUZ GVODUJPOT SFMBUFE UP LFSOFM
FTUJNBUJPO XBT JOUSPEVDFE JO 1FEFSTFO 	����
 BOE JO BO FBSMJFS WFSTJPO PG #SBOEU
BOE 4BOUB�$MBSB 	����
� #Z DPNCJOJOH UIF MBX PG UPUBM QSPCBCJMJUZ XJUI UIF
.BSLPW QSPQFSUZ PG EJĊVTJPO QSPDFTTFT XF DBO SFGPSNVMBUF UIF USBOTJUJPO EFOTJUZ CZ
JNQVUJOH BO JOUFSNFEJBUF VOLOPXO TBNQMF xs BT

p(xt |x0) = E
⇥

p(xt |xs )
�� x0

⇤

=
Z

p(xt |xs )p(xs |x0) dxs .
	��


8F DBO UIFO HFOFSBUF BO FNQJSJDBM WFSTJPO PG p(xs |x0) VTJOH .POUF $BSMP TJNVMBUJPO
BT

pN (xs |x0) =
1
N

NX
i=1
�(xs � x i

s ), 	��


XIFSF � EFOPUFT UIF %JSBD EFMUB GVODUJPO� 3FQMBDJOH p(xs |x0) XJUI pN (xs |x0) JO
UIF JOUFHSBM BCPWF XF PCUBJO UIF EFOTJUZ FTUJNBUF HJWFO CZ

p̂ = 1
N

NX
i=1

p(xt |x
i
s ), 	��


XIFSF UIF TBNQMFT x i
s DBO CF HFOFSBUFE VTJOH B OVNFSJDBM EJTDSFUJ[BUJPO TDIFNF TVDI

BT UIF &VMFS�.BSVZBNB TDIFNF EFmOFE JO 4FDUJPO ���� )PXFWFS UIF FYQSFTTJPO
JO 	��
 JT TUJMM JOUSBDUBCMF TJODF UIF USBOTJUJPO EFOTJUZ p(xt |xs ) JT VOLOPXO� ɨF
mOBM 1FEFSTFO FTUJNBUPS JT UIVT PCUBJOFE CZ BMTP SFQMBDJOH UIJT USBOTJUJPO EFOTJUZ
XJUI B LOPXO EFOTJUZ WJB OVNFSJDBM EJTDSFUJ[BUJPO PG UIF EJĊVTJPO QSPDFTT� "O
JMMVTUSBUJPO PG UIF 1FEFSTFO FTUJNBUPS JT TIPXO JO 'JHVSF ��

ɨF BTZNQUPUJD QSPQFSUJFT PG UIF 1FEFSTFO MJLFMJIPPE FTUJNBUPS BSF EJTDVTTFE
JO 4USBNFS BOE :BO 	����
 XIFSF BO PQUJNBM CBMBODF CFUXFFO UIF OVNCFS PG
.POUF $BSMP TBNQMFT BOE UIF TJNVMBUJPO TUFQ TJ[F JT QSFTFOUFE� *O PSEFS UP PCUBJO B
SPPU NFBO TRVBSFE FSSPS PG O(✏) UIF 1FEFSTFO FTUJNBUPS IBT B DPNQVUBUJPOBM DPTU
PG O(✏�3) XIFO UIF &VMFS�.BSVZBNB EJTDSFUJ[BUJPO TDIFNF JT VTFE� *O 1BQFS $
XF BEBQU UIF 1FEFSTFO MJLFMJIPPE FTUJNBUPS UP VTF UIF NVMUJMFWFM .POUF $BSMP
UFDIOJRVFT GSPN (JMFT 	����
 JO PSEFS UP SFEVDF UIF DPNQVUBUJPOBM DPTU TJHOJmDBOUMZ
UP O

�
✏�2 log(✏)2��

��
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'JHVSF �� *O UIF 1FEFSTFO MJLFMJIPPE FTUJNBUPS BO JOUFSNFEJBUF EBUB QPJOU xs JT
JNQVUFE JO PSEFS UP FTUJNBUF USBOTJUJPO EFOTJUJFT BT p(xt |x0) = E

⇥
p(xt |xs )

�� x0
⇤
�

ɨF EJĊVTJPO QSPDFTT JT EJTDSFUJ[FE VTJOH B OVNFSJDBM TDIFNF BOE TBNQMFT PG UIF
JOUFSNFEJBUF QPJOU xs BSF TJNVMBUFE VTJOH .POUF $BSMP 	TPMJE MJOFT
� ɨF USBOTJUJPO
EFOTJUZ JT UIFO mOBMMZ FWBMVBUFE CZ SFQMBDJOH UIF FYQFDUBUJPO XJUI B TJNQMF BWFSBHF
	EBTIFE MJOFT
�

��
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�� 0VUMJOF PG UIF QBQFST

� 0VUMJOF PG UIF QBQFST

ɨJT TFDUJPO HJWFT B WFSZ CSJFG PWFSWJFX PG UIF QBQFST JODMVEFE JO UIJT UIFTJT�
"EEJUJPOBMMZ GPS FBDI QBQFS UIF JOEJWJEVBM DPOUSJCVUJPOT GSPN $BSM ¯LFSMJOEI 	$¯

BOE &SJL -JOETUSÚN 	&-
 BSF TQFDJmFE�

1BQFS "

0QUJNBM BEBQUJWF TFRVFOUJBM DBMJCSBUJPO PG PQUJPO NPEFMT

*O UIJT QBQFS XF DPOTJEFS UIF QSPCMFN PG DBMJCSBUJOH EJĊVTJPO QSPDFTTFT XJUI BEBQUJWF
QBSBNFUFST VTJOH EJTDSFUF OPJTZ PCTFSWBUJPOT� #Z BTTVNJOH UIF EJĊVTJPO QBSBNFUFST
GPMMPX POF PG UISFF EJĊFSFOU MJOFBS EZOBNJD NPEFMT BOE UP CF QBSU PG B IJEEFO
TUBUF UIF QSPCMFN JT GPSNVMBUFE PO TUBUF TQBDF GPSN XJUI B OPOMJOFBS PCTFSWBUJPO
FRVBUJPO� ɨF VOTDFOUFE ,BMNBO mMUFS JT UIFO VTFE UP SFDPWFS UIF USBKFDUPSJFT GPS
UIF EJĊVTJPO QBSBNFUFST� ɨJT BQQSPBDI IPXFWFS JOUSPEVDFT BEEJUJPOBM VOLOPXO
WBSJBCMFT JO UIF GPSN PG UVOJOH QBSBNFUFST EFTDSJCJOH UIF FWPMVUJPO PG UIF EJĊVTJPO
QBSBNFUFST� 8F UIFSFGPSF QSPQPTF UP VTF UIF &. BMHPSJUIN GPS FTUJNBUJOH UIF IZQFS
QBSBNFUFST BOE QSPWJEF PQUJNBM SFDVSTJWF VQEBUF FRVBUJPOT GPS UIF DPOTJEFSFE
NPEFM EZOBNJDT� ɨF NFUIPE JT FWBMVBUFE PO UXP NPEFMT DPNNPOMZ VTFE JO
mOBODF VTJOH TJNVMBUFE EBUB BT XFMM BT PQUJPOT PO UIF 4�1 ��� JOEFY XIFSF JU JT
TIPXO UP CF SPCVTU�

.Z DPOUSJCVUJPO ɨF JOJUJBM JEFB GPS UIJT QSPKFDU XBT DPODFJWFE CZ &-� ɨFPSFUJDBM
EFSJWBUJPOT XFSF QFSGPSNFE KPJOUMZ CZ $¯ BOE &- XJUI FRVBM DPOUSJCVUJPO� ɨF
JNQMFNFOUBUJPOT BOE DPMMFDUJOH PG OVNFSJDBM SFTVMUT XFSF EPOF CZ $¯� ɨF QBQFS
XBT XSJUUFO KPJOUMZ�

1BQFS #

" SFGFSFODF CBOEXJEUI GPS NVMUJMFWFM LFSOFM FTUJNBUJPO PG EFOTJUJFT BOE
EJTUSJCVUJPOT

*O UIJT QBQFS XF JOUSPEVDF B NFUIPE GPS QPJOUXJTF FTUJNBUJPO EFOTJUJFT BOE EJTUSJ�
CVUJPOT PG EJĊVTJPO QSPDFTTFT VTJOH NVMUJMFWFM .POUF $BSMP UFDIOJRVFT GPS LFSOFM
FTUJNBUJPO� *U JT LOPXO UIBU DIPJDF PG CBOEXJUI JT DSVDJBM BOE JU JT JNQPSUBOU UP
UBLF NPEFM TQFDJmD JOGPSNBUJPO JOUP BDDPVOU� 8F JNQSPWF PO FYJTUJOH UIFPSFUJDBM
EFSJWBUJPOT PG NVMUJMFWFM LFSOFM FTUJNBUJPO CZ QSPQPTJOH B NPEFM�EFQFOEFOU CBOE�
XJUI VTJOH UIF SVMF PG UIVNC NFUIPE� 4JNVMBUJPOT TIPX UIBU UIJT BQQSPBDI SFTVMUT

��
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JO FTUJNBUPST UIBU BSF TJHOJmDBOUMZ NPSF SPCVTU BOE BDDVSBUF UIBO UIF DPNQBSFE
NVMUJMFWFM LFSOFM FTUJNBUJPO NFUIPET�

.Z DPOUSJCVUJPO ɨF JEFB GPS UIJT QSPKFDU XBT EFWFMPQFE CZ $¯� ɨFPSFUJDBM
EFSJWBUJPOT XFSF QFSGPSNFE NBJOMZ CZ $¯ XJUI UIF IFMQ PG &-� ɨF JNQMFNFOUBUJPOT
BOE DPMMFDUJOH PG OVNFSJDBM SFTVMUT XFSF EPOF CZ $¯� ɨF QBQFS XBT XSJUUFO NBJOMZ
CZ $¯ XJUI UIF IFMQ PG &-�

1BQFS $

.VMUJMFWFM TJNVMBUFE NBYJNVN MJLFMJIPPE FTUJNBUJPO PG EJĊVTJPO QSP�
DFTTFT

*O UIJT QBQFS XF UBLF B EJĊFSFOU BQQSPBDI PO EFOTJUZ FTUJNBUJPO GPS EJĊVTJPO
QSPDFTTFT CZ EFSJWJOH B NVMUJMFWFM .POUF $BSMP BMHPSJUIN GPS TJNVMBUFE NBYJNVN
MJLFMJIPPE� *U JT LOPXO UIBU UIJT UFDIOJRVF JT SPCVTU BOE EPFT OPU SFMZ PO DIPPTJOH B
TNPPUIJOH QBSBNFUFS� "EEJUJPOBMMZ XF QSPQPTF B UFDIOJRVF GPS SFEVDJOH FTUJNBUPS
WBSJBODF CZ DPNQVUJOH UIF mSTU UFSN JO UIF NVMUJMFWFM TVN BOBMZUJDBMMZ� ɨJT JT
EPOF CZ DPNCJOJOH B GVMMZ FYQMJDJU (BVTTJBO OVNFSJDBM TDIFNF XJUI B GVMMZ JNQMJDJU
(BVTTJBO OVNFSJDBM TDIFNF� ɨF QSPQPTFE NVMUJMFWFM FTUJNBUPS JT UFTUFE PO UISFF
EJĊFSFOU NPEFMT� *U JT TFFO UIBU UIF FTUJNBUPS WBSJBODF JT SFEVDFE DPNQBSFE UP UIF
OPO�NVMUJMFWFM NFUIPE XIFO VTJOH UIF TBNF CJBT BOE DPNQVUBUJPOBM CVEHFU�

.Z DPOUSJCVUJPO ɨF JOJUJBM JEFB GPS UIJT QSPKFDU XBT DPODFJWFE CZ &-� ɨFPSFUJDBM
EFSJWBUJPOT XFSF QFSGPSNFE KPJOUMZ CZ $¯ BOE &- XJUI FRVBM DPOUSJCVUJPO� ɨF
JNQMFNFOUBUJPOT BOE DPMMFDUJOH PG OVNFSJDBM SFTVMUT XFSF EPOF CZ &-� ɨF QBQFS
XBT XSJUUFO KPJOUMZ�

1BQFS %

)JHI QFSGPSNBODF TJNVMBUJPO PG EJĊVTJPO QSPDFTTFT XJUI 4%&.PEFMT�KM

ɨJT QBQFS JOUSPEVDFT B TPGUXBSF QBDLBHF GPS TJNVMBUJOH NVMUJWBSJBUF EJĊVTJPO
QSPDFTTFT JO UIF +VMJB QSPHSBNNJOH MBOHVBHF� " OPWFM BQQSPBDI JT UBLFO CZ BMMPXJOH
B NPEFM UP CF EFmOFE VTJOH UIF TBNF OPUBUJPO BT UIF NBUIFNBUJDBM EFmOJUJPO�
ɨF FYQSFTTJPO JT UIFO BVUPNBUJDBMMZ USBOTGPSNFE JOUP DPEF VTJOH UIF QPXFSGVM
NFUBQSPHSBNNJOH UPPMT BWBJMBCMF JO +VMJB� #Z VUJMJ[JOH GFBUVSFT TVDI BT BVUPNBUJD
EJĊFSFOUJBUJPO BOE TUBUJDBMMZ TJ[FE BSSBZT B IJHIMZ QFSGPSNBOU TPGUXBSF GSBNFXPSL JT

��
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DSFBUFE XJUIPVU UIF OFFE GPS NVMUJQMF QSPHSBNNJOH MBOHVBHFT BOE UIFSFCZ BWPJEJOH
UIF UXP�MBOHVBHF QSPCMFN� ɨF TJNVMBUJPO QFSGPSNBODF PG UIF QSPWJEFE QBDLBHF JT
DPNQBSFE UP PUIFS BWBJMBCMF MJCSBSJFT XIFSF JU JT TIPXO UP IBWF TJHOJmDBOUMZ CFUUFS
QFSGPSNBODF�

.Z DPOUSJCVUJPO "MM UIF XPSL GPS UIJT QSPKFDU XBT QFSGPSNFE CZ $¯�

� 3FGFSFODFT

#KÚSL 5� 	����
� "SCJUSBHF ǲFPSZ JO $POUJOVPVT 5JNF� 0YGPSE 6OJWFSTJUZ 1SFTT�

#MBDL '� BOE 4DIPMFT .� 	����
� ɨF QSJDJOH PG PQUJPOT BOE DPSQPSBUF MJBCJMJUJFT�
+PVSOBM PG 1PMJUJDBM &DPOPNZ ��	�
����o����

#SBOEU .� 8� BOE 4BOUB�$MBSB 1� 	����
� 4JNVMBUFE MJLFMJIPPE FTUJNBUJPO PG
EJĊVTJPOT XJUI BO BQQMJDBUJPO UP FYDIBOHF SBUF EZOBNJDT JO JODPNQMFUF NBSLFUT�
+PVSOBM PG 'JOBODJBM &DPOPNJDT ��	�
����o����

%FNQTUFS "� 1� -BJSE /� .� BOE 3VCJO %� #� 	����
� .BYJNVN MJLFMJIPPE
GSPN JODPNQMFUF EBUB WJB UIF &. BMHPSJUIN� +PVSOBM PG UIF 3PZBM 4UBUJTUJDBM 4PDJFUZ�
4FSJFT # 	.FUIPEPMPHJDBM
 ��	�
��o���

&QBOFDIOJLPW 7� "� 	����
� /PO�QBSBNFUSJD FTUJNBUJPO PG B NVMUJWBSJBUF QSPCBCJMJUZ
EFOTJUZ� ǲFPSZ PG 1SPCBCJMJUZ � *UT "QQMJDBUJPOT ��	�
����o����

'VDIT $� 	����
� *OGFSFODF GPS %JąVTJPO 1SPDFTTFT� 8JUI "QQMJDBUJPOT JO -JGF 4DJFODFT�
4QSJOHFS 4DJFODF � #VTJOFTT .FEJB�

(JMFT .� #� 	����
� .VMUJMFWFM .POUF $BSMP QBUI TJNVMBUJPO� 0QFSBUJPOT 3FTFBSDI
��	�
����o����

(JMFT .� #� 	����
� .VMUJMFWFM .POUF $BSMP NFUIPET� "DUB /VNFSJDB ������o����

(JMFT .� #� /BHBQFUZBO 5� BOE 3JUUFS ,� 	����
� .VMUJMFWFM .POUF $BSMP
BQQSPYJNBUJPO PG EJTUSJCVUJPO GVODUJPOT BOE EFOTJUJFT� 4*".�"4" +PVSOBM PO
6ODFSUBJOUZ 2VBOUJmDBUJPO �	�
����o����

(SBNBDLJ "� 	����
� /POQBSBNFUSJD ,FSOFM %FOTJUZ &TUJNBUJPO BOE JUT $PNQVUBUJPOBM
"TQFDUT WPMVNF �� PG 4UVEJFT JO #JH %BUB� 4QSJOHFS�

��
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)BOTFO #� &� 	����
� &YBDU NFBO JOUFHSBUFE TRVBSFE FSSPS PG IJHIFS PSEFS LFSOFM
FTUJNBUPST� &DPOPNFUSJD ǲFPSZ ��	�
�����o�����

,BSBU[BT *� BOE 4ISFWF 4� &� 	����
� #SPXOJBO .PUJPO BOE 4UPDIBTUJD $BMDVMVT�
4QSJOHFS�

,MPFEFO 1� &� BOE 1MBUFO &� 	����
� /VNFSJDBM 4PMVUJPO PG 4UPDIBTUJD %JąFSFOUJBM
&RVBUJPOT� 4QSJOHFS�

-FINBOO &� -� 	����
� &MFNFOUT PG -BSHF�4BNQMF ǲFPSZ� 4QSJOHFS�

-JOETUSÚN &� BOE ¯LFSMJOEI $� 	����
� 0QUJNBM BEBQUJWF TFRVFOUJBM DBMJCSBUJPO PG
PQUJPO NPEFMT� *O $POTJHMJ (� 4UFGBOJ 4� BOE ;BNCSVOP (� FEJUPST)BOECPPL
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