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4XFEJTI 'PVOEBUJPO GPS 4USBUFHJD 3FTFBSDI

5JUMF BOE TVCUJUMF

1VTIJOH EJĊVTJPO .3* UPXBSET OFX EJNFOTJPOT

"CTUSBDU

%JĊVTJPO�.3* UFDIOJRVFT BMMPX UIF OPO�JOWBTJWF JOWFTUJHBUJPO PG NJDSPTUSVDUVSBM DIBOHFT JO MJWJOH UJTTVFT� )PX�
FWFS B EFUBJMFE JOUFSQSFUBUJPO PG UIF EBUB JT DPNQMJDBUFE CZ UIF GBDU UIBU NVMUJQMF NJDSPTDPQJD FOWJSPONFOUT XJUI
WBSZJOH EJĊVTJPO QSPQFSUJFT BMM DPOUSJCVUF UP UIF NFBTVSFE TJHOBM� 5P BEESFTT UIJT QSPCMFN XF BEBQU TUSBUFHJFT
GSPN TPMJE�TUBUF /.3 TQFDUSPTDPQZ BOE NBHOFUJD SFTPOBODF PG QPSPVT NFEJB UP EFTJHO NVMUJEJNFOTJPOBM EJĊV�
TJPO .3* QSPUPDPMT UIBU DBO FTUBCMJTI DPSSFMBUJPOT CFUXFFO EJTUJODU GFBUVSFT PG UIF VOEFSMZJOH EJĊVTJPO QSPDFTT�
*OWFSTJPO PG UIF BDRVJSFE EBUB FOBCMFT UIF RVBOUJmDBUJPO PG UJTTVF IFUFSPHFOFJUZ XJUI OPO�QBSBNFUSJD EJTUSJCVUJPOT
PG EJĊVTJPO UFOTPST� ɨF TJ[F TIBQF BOE PSJFOUBUJPO PG UIF FTUJNBUFE EJĊVTJPO UFOTPST IBWF EJSFDU SFMBUJPOT UP
DPSSFTQPOEJOH NJDSPTUSVDUVSBM QSPQFSUJFT PG CJPMPHJDBM UJTTVFT�
*O 1BQFS * XF JOUSPEVDFE BO FYQFSJNFOUBM QSPUPDPM UP FTUBCMJTI DPSSFMBUJPOT CFUXFFO EJĊVTJPO UFOTPS FJHFOWBMVFT�
ɨF QSPQPTFE BQQSPBDI XBT FYUFOEFE JO 1BQFS ** XIFSF XF DPSSFMBUFE JOEJWJEVBM EJĊVTJPO UFOTPS QBSBNFUFST XJUI
CPUI MPOHJUVEJOBM BOE USBOTWFSTF SFMBYBUJPO SBUFT� *O CPUI QBQFST FYQFSJNFOUBM WBMJEBUJPO XBT DPOEVDUFE VTJOH
TQFDUSPTDPQJD FYQFSJNFOUT PO B TFU PG TQFDJBMMZ UBJMPSFE TZOUIFUJD TBNQMFT� .VMUJEJNFOTJPOBM EJTUSJCVUJPOT SFUSJFWFE
GSPN UIF DPSSFMBUFE EBUBTFUT XFSF GPVOE UP QSPWJEF FYDFMMFOU SFTPMVUJPO CFUXFFO NJDSPTDPQJD FOWJSPONFOUT XJUI
EJTUJODU EJĊVTJPO QSPQFSUJFT�
*O 1BQFS *** XF BTTFTTFE UIF QFSGPSNBODF PG PVS EBUB JOWFSTJPO TUSBUFHJFT XJUIJO B DMJOJDBM DPOUFYU VTJOH JO TJMJDP
EBUB� 8F GPVOE UIBU UIF QSPQPTFE NPEFM�GSFF BMHPSJUIN QSFTFSWFT HPPE DPOUSBTU CFUXFFO TZTUFNT XJUI EJĊFSFOU
NJDSPTDPQJD TUSVDUVSFT FWFO UIPVHI JUT BDDVSBDZ JT TJHOJmDBOUMZ BĊFDUFE CZ IJHI�MFWFMT PG FYQFSJNFOUBM OPJTF� ɨF
BMHPSJUIN XBT BMTP PCTFSWFE UP FYIJCJU OP CJBTFT BU JOmOJUF TJHOBM�UP�OPJTF SBUJPT�
*O 1BQFS *7 XF DPNCJOFE PVS EJĊVTJPO UFOTPS DPSSFMBUJPO QSPUPDPMT XJUI .3* TFRVFODFT BMMPXJOH GPS TVC�
NJMMJNFUSF JNBHJOH PG MJWJOH UJTTVFT� ɨF NFUIPE XBT EFNPOTUSBUFE XJUI NFBTVSFNFOUT PO JO WJWP NPVTF CSBJO
BOE XBT WBMJEBUFE VTJOH B TFU PG QIBOUPNT FNVMBUJOH UIF EJĊVTJPO QSPQFSUJFT PG CSBJO UJTTVFT�
*O 1BQFST 7 BOE 7* XF JOWFTUJHBUFE UIF NJDSPTDPQJD IFUFSPHFOFJUZ PG UIF MJWJOH IVNBO CSBJO XJUI TQBUJBMMZ SF�
TPMWFE SFMBYBUJPO�EJĊVTJPO EJTUSJCVUJPOT� ɨF SFUSJFWFE EJTUSJCVUJPOT BMMPXFE UIF SFTPMVUJPO DIBSBDUFSJTBUJPO BOE
NBQQJOH PG EJTUJODU NJDSPTDPQJD UJTTVF FOWJSPONFOUT�

,FZ XPSET

/.3 .3* EJĊVTJPO SFMBYBUJPO NVMUJEJNFOTJPOBM EJĊVTJPO .3* SFMBYBUJPO�EJĊVTJPO DPSSFMBUJPOT -BQMBDF
/.3 QPSPVT NFEJB UJTTVF NJDSPTUSVDUVSF IFUFSPHFOFJUZ BOJTPUSPQZ

$MBTTJmDBUJPO TZTUFN BOE�PS JOEFY UFSNT 	JG BOZ


4VQQMFNFOUBSZ CJCMJPHSBQIJDBM JOGPSNBUJPO -BOHVBHF

&OHMJTI

*44/ BOE LFZ UJUMF *4#/

ǶǴǵ�ǶǮ�ǴǱǯǯ�ǴǮǵ�ǲ 	QSJOU

ǶǴǵ�ǶǮ�ǴǱǯǯ�ǴǮǶ�ǯ 	QEG 


3FDJQJFOU�T OPUFT /VNCFS PG QBHFT

ǶǮ
1SJDF

4FDVSJUZ DMBTTJmDBUJPO

* UIF VOEFSTJHOFE CFJOH UIF DPQZSJHIU PXOFS PG UIF BCTUSBDU PG UIF BCPWF�NFOUJPOFE EJTTFSUBUJPO IFSFCZ HSBOU UP
BMM SFGFSFODF TPVSDFT UIF QFSNJTTJPO UP QVCMJTI BOE EJTTFNJOBUF UIF BCTUSBDU PG UIF BCPWF�NFOUJPOFE EJTTFSUBUJPO�

4JHOBUVSF %BUF ǯǭǮǶ�Ǯǯ�Ǯǰ
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" EPDUPSBM UIFTJT BU B VOJWFSTJUZ JO 4XFEFO UBLFT FJUIFS UIF GPSN PG B TJOHMF DPIFTJWF SF�
TFBSDI TUVEZ 	NPOPHSBQI
 PS B TVNNBSZ PG SFTFBSDI QBQFST 	DPNQJMBUJPO UIFTJT
 XIJDI
UIF EPDUPSBM TUVEFOU IBT XSJUUFO BMPOF PS UPHFUIFS XJUI POF PS TFWFSBM PUIFS BVUIPS	T
�

*O UIF MBUUFS DBTF UIF UIFTJT DPOTJTUT PG UXP QBSUT� "O JOUSPEVDUPSZ UFYU QVUT UIF SFTFBSDI
XPSL JOUP DPOUFYU BOE TVNNBSJ[FT UIF NBJO QPJOUT PG UIF QBQFST� ɨFO UIF SFTFBSDI
QVCMJDBUJPOT UIFNTFMWFT BSF SFQSPEVDFE UPHFUIFS XJUI B EFTDSJQUJPO PG UIF JOEJWJEVBM
DPOUSJCVUJPOT PG UIF BVUIPS� ɨF SFTFBSDI QBQFST NBZ FJUIFS IBWF CFFO BMSFBEZ QVCMJTIFE
PS BSF NBOVTDSJQUT BU WBSJPVT TUBHFT 	JO QSFTT TVCNJUUFE PS JO ESBGU
�

$PWFS JMMVTUSBUJPO GSPOU BOE CBDL� " CSBJO QPQ BSU QBOFM CVJMU GSPN UIF OPWFM QBSBNFUFS NBQT
EFSJWFE JO UIJT XPSL�

'VOEJOH JOGPSNBUJPO� ɨF UIFTJT XPSL XBT mOBODJBMMZ TVQQPSUFE CZ UIF 4XFEJTI 'PVOEBUJPO
GPS 4USBUFHJD 3FTFBSDI�

ª +PÍP 1� EF "MNFJEB .BSUJOT ǯǭǯǭ

'BDVMUZ PG 4DJFODF %FQBSUNFOU PG $IFNJTUSZ %JWJTJPO PG 1IZTJDBM $IFNJTUSZ

ĚĤēğ� ǶǴǵ�ǶǮ�ǴǱǯǯ�ǴǮǵ�ǲ 	QSJOU

ĚĤēğ� ǶǴǵ�ǶǮ�ǴǱǯǯ�ǴǮǶ�ǯ 	QEG 
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Ǯ *OUSPEVDUJPO Ǯ

ǯ %JĊVTJPO ǰ

ǯ�Ǯ " TJNQMF QJDUVSF PG EJĊVTJPO JO DPNQMFY NFEJB � � � � � � � � � � � ǰ

ǯ�ǯ %JĊVTJPO UFOTPST BT QSPCFT PG MPDBM TUSVDUVSF � � � � � � � � � � � � � ǲ

ǯ�ǯ�Ǯ 5FOTPS TJ[F BOE TIBQF � � � � � � � � � � � � � � � � � � � � ǳ

ǯ�ǯ�ǯ 5FOTPS 0SJFOUBUJPO � � � � � � � � � � � � � � � � � � � � � Ǵ

ǯ�ǰ $BQUVSJOH IFUFSPHFOFJUZ XJUI %JĊVTJPO 5FOTPS %JTUSJCVUJPOT � � � � ǵ

ǯ�ǰ�Ǯ %JTUSJCVUJPOT PG BYJBMMZ TZNNFUSJD UFOTPST � � � � � � � � � � ǵ

ǯ�ǰ�ǯ 4UBUJTUJDBM EFTDSJQUPST PG UIF EJTUSJCVUJPO � � � � � � � � � � � Ƕ

ǰ %JĊVTJPO .BHOFUJD 3FTPOBODF ǮǮ

ǰ�Ǯ .BHOFUJD SFTPOBODF BU UIF NJDSPTDPQJD TDBMF � � � � � � � � � � � � � ǮǮ

ǰ�Ǯ�Ǯ .BHOFUJD mFME QVMTFT BOE HSBEJFOUT � � � � � � � � � � � � � Ǯǯ

ǰ�Ǯ�ǯ 3FMBYBUJPO FODPEJOH � � � � � � � � � � � � � � � � � � � � � Ǯǰ
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ǰ�ǯ .VMUJEJNFOTJPOBM EJĊVTJPO FODPEJOH � � � � � � � � � � � � � � � � ǮǴ

ǰ�ǯ�Ǯ *OGFSSJOH DPNQPTJUJPO GSPN EJĊVTJPO�XFJHIUFE TJHOBM QBUUFSOT ǮǶ

ǰ�ǯ�ǯ 1PXEFS�BWFSBHJOH � � � � � � � � � � � � � � � � � � � � � � ǯǮ

ǰ�ǰ .VMUJEJNFOTJPOBM SFMBYBUJPO BOE EJĊVTJPO DPSSFMBUJPO .3 � � � � � ǯǯ

ǰ�ǰ�Ǯ %JĊVTJPO UFOTPS DPSSFMBUJPOT � � � � � � � � � � � � � � � � ǯǰ

ǰ�ǰ�ǯ 3FMBYBUJPO BOE EJĊVTJPO UFOTPS DPSSFMBUJPOT � � � � � � � � � ǯǳ

Ǳ 'SPN UIF TJHOBM UP EJĊVTJPO UFOTPS EJTUSJCVUJPOT ǯǶ

Ǳ�Ǯ /PO�QBSBNFUSJD FTUJNBUJPO PG EJĊVTJPO EJTUSJCVUJPOT � � � � � � � � ǯǶ

Ǳ�Ǯ�Ǯ 3FHVMBSJ[FE BQQSPBDIFT � � � � � � � � � � � � � � � � � � � ǰǭ

Ǳ�Ǯ�ǯ .POUF $BSMP BQQSPBDIFT � � � � � � � � � � � � � � � � � � ǰǮ

Ǳ�Ǯ�ǰ &OTFNCMFT PG TUBUJTUJDBM EFTDSJQUPST � � � � � � � � � � � � � ǰǱ

Ǳ�ǯ "WPJEJOH UIF JMM�DPOEJUJPOFE JOWFSTF QSPCMFN� UIF DVNVMBOU FYQBOTJPO ǰǲ

Ǳ�ǯ�Ǯ ɨF UXP�UFSN DVNVMBOU FYQBOTJPO BOE UIF HBNNB EJTUSJCV�
UJPO BQQSPYJNBUJPO � � � � � � � � � � � � � � � � � � � � � ǰǳ

Ǳ�ǯ�ǯ $PWBSJBODF UFOTPS BQQSPYJNBUJPO � � � � � � � � � � � � � � ǰǴ

Ǳ�ǰ *OWFSTJPO PG OPJTZ EBUBTFUT � � � � � � � � � � � � � � � � � � � � � � ǰǶ

ǲ *O WJWP NVMUJEJNFOTJPOBM DPSSFMBUJPO .3* Ǳǰ

ǲ�Ǯ %JĊVTJPO UFOTPS EJTUSJCVUJPO JNBHJOH � � � � � � � � � � � � � � � � Ǳǰ

ǲ�Ǯ�Ǯ 1IBOUPN WBMJEBUJPO � � � � � � � � � � � � � � � � � � � � � ǱǱ

ǲ�Ǯ�ǯ )JHI�SFTPMVUJPO JNBHJOH PG UIF MJWJOH NPVTF CSBJO � � � � � Ǳǳ

ǲ�ǯ ǲ% SFMBYBUJPO�EJĊVTJPO DPSSFMBUJPO .3* � � � � � � � � � � � � � � � Ǳǵ

ǲ�ǯ�Ǯ 7PYFM�XJTF EJTUSJCVUJPOT � � � � � � � � � � � � � � � � � � � ǲǭ

ǲ�ǯ�ǯ 1BSBNFUFS .BQT � � � � � � � � � � � � � � � � � � � � � � � ǲǮ

ǲ�ǯ�ǰ 0SJFOUBUJPO %JTUSJCVUJPO GVODUJPOT � � � � � � � � � � � � � ǲǱ



ǳ $PODMVEJOH SFNBSLT ǲǴ

3FGFSFODFT ǲǶ

4DJFOUJmD 1VCMJDBUJPOT Ǵǰ

"VUIPS $POUSJCVUJPOT � � � � � � � � � � � � � � � � � � � � � � � � � � � Ǵǰ

1BQFS *� 5XP�%JNFOTJPOBM $PSSFMBUJPO PG *TPUSPQJD BOE %JSFDUJPOBM
%JĊVTJPO 6TJOH /.3 � � � � � � � � � � � � � � � � � � � Ǵǰ

1BQFS **� .VMUJEJNFOTJPOBM DPSSFMBUJPO PG OVDMFBS SFMBYBUJPO SBUFT BOE
EJĊVTJPO UFOTPST GPS NPEFM�GSFF JOWFTUJHBUJPOT PG IFUFSPHFO�
FPVT BOJTPUSPQJD QPSPVT NBUFSJBMT � � � � � � � � � � � � � � Ǵǰ

1BQFS ***� 5SVFOFTT BOE QSFDJTJPO PG TUBUJTUJDBM EFTDSJQUPST PCUBJOFE
GSPN NVMUJEJNFOTJPOBM EJĊVTJPO TJHOBM JOWFSTJPO BMHPSJUINT Ǵǰ

1BQFS *7� %JĊVTJPO UFOTPS EJTUSJCVUJPO JNBHJOH PG JO WJWPNPVTF CSBJO
BU VMUSB�IJHI NBHOFUJD mFME CZ TQBUJPUFNQPSBM FODPEJOH � � � ǴǱ

1BQFS 7� 5SBOTGFSSJOH QSJODJQMFT PG TPMJE�TUBUF BOE -BQMBDF /.3 UP
UIF mFME PG JO WJWP CSBJO .3* � � � � � � � � � � � � � � � � ǴǱ

1BQFS 7*� .BQQJOH BOE WJTVBMJ[JOH mCSFT JO IFUFSPHFOFPVT CSBJO WPYFMT ǴǱ



"DLOPXMFEHFNFOUT

'JSTU PG BMM * XPVME MJLF UP FYQSFTT NZ EFFQFTU HSBUJUVEF UP NZ TVQFSWJTPS %BOJFM�
ɨBOL ZPV WFSZ NVDI GPS SFQMZJOH UP UIF F�NBJM PG BO VOLOPXO TUVEFOU BOE HJWJOH
NF UIF PQQPSUVOJUZ UP XPSL PO UIJT QSPKFDU� * IBWF MFBSOFE B MPU XPSLJOH VOEFS ZPVS
TVQFSWJTJPO BOE GPS UIBU * BN WFSZ HSBUFGVM�

.BSLVT UIBOL ZPV GPS BMXBZT IBWJOH BO PQFO EPPS GPS NF BOE CFJOH XJMMJOH UP EJTDVTT
UIF WBSJPVT BTQFDUT PG UIJT XPSL� :PVS DPOTUSVDUJWF DSJUJDJTN IBT CFFO CPUI IFMQGVM BOE
BQQSFDJBUFE�

"MFYJT BOE -JOO * DBOOPU mOE UIF XPSET UP UIBOL ZPV FOPVHI� :PVS TVHHFTUJPOT
DPNNFOUT BOE SFWJTJPOT JO UIFTF mOBM XFFLT IBWF CFFO TP QSFDJPVT BOE IBWF SFBMMZ
NBEF UIJT UIFTJT QPTTJCMF� 1MVT * IBWF FOKPZFE ZPVS DPNQBOZ TP NVDI CPUI JO UIF
%JWJTJPO BOE PVUTJEF�

* XPVME BMTP MJLF UP FYUFOE NZ HSBUJUVEF UP BMM UIF QBTU BOE QSFTFOU NFNCFST PG UIF
/.3 HSPVQ� 4UFGBOJF .JLBFM %BU 4BSBI BOE 4JNPO BOE UIF .BTUFS TUVEFOUT * IBE
UIF QMFBTVSF UP TVQFSWJTF� )POH +PIOBUIBO BOE 1BPMP�

%VSJOH NZ UJNF BT B 1I% TUVEFOU * XBT BMTP WFSZ MVDLZ UP XPSL BU 3BOEPN 8BML
*NBHJOH B UJOZ DPNQBOZ QBDLFE XJUI XPOEFSGVM QFPQMF� ,BKTB UIBOL ZPV GPS CFJOH
TVDI BO VODPOWFOUJPOBM BOE GVO CPTT� 4BNP * XJMM BMXBZT SFNFNCFS PVS JOUFSFTUJOH
EJTDVTTJPOT BCPVU XPSL BOE MJGF JO HFOFSBM� (SFUB ZPV BSF KVTU UPP DPPM BOE GVO�

4QFDJBM UIBOLT UP NZ DP�BVUIPST 'JMJQ $IBOUBM BOE .BYJNF� 'JMJQ UIBOL ZPV GPS UIF
BNB[JOH EBUB BOE UIF WBMVBCMF BEWJDFT� "MTP MFU�T OPU GPSHFU PVS JNQSPNQUV USJQ UP
$IJOB� $IBOUBM UIBOL ZPV GPS JOUSPEVDJOH NF UP UIF XPSME PG CSBJO .3* BOE GPS
NBLJOH NZ USJQT UP $BSEJĊ TP QMFBTBOU� .BYJNF PVS DPMMBCPSBUJPO IBT CFFO TIPSU CVU
QSPEVDUJWF�

(ÚSBO UIBOLT ZPV GPS BMM UIF BTTJTUBODF XJUI UIF /.3 TQFDUSPNFUFS BOE GPS TJUUJOH
EPXO XJUI NF USZJOH UP mHVSF PVU XIJDI HSBEJFOU DPJM XBT CVTUFE�

* XPVME BMTP MJLF UP UIBOL UIF QBTU BOE QSFTFOU NFNCFST PG UIF 1IZTJDBM $IFNJTUSZ
%JWJTJPOT GPS DSFBUJOH TVDI B QMFBTBOU XPSL FOWJSPONFOU� :PV IBWF TFU B IJHI CBS GPS
NZ GVUVSF XPSLQMBDF� .Z TJODFSFTU HSBUJUVEF UP )FMFOB .BSJB BOE $ISJT GPS NBLJOH
FWFSZUIJOH XPSL TP TNPPUIMZ� 4QFDJBM UIBOLT UP UIPTF XIP TIBSFE XJUI NF UIF MPVE
MVODIFT MBUF mLBT BOE MBUF XPSLJOH IPVST� * USVMZ FOKPZFE ZPVS DPNQBOZ� ɨJBHP
+BOOF�.JFLF +VMJFO -VJHJ *MBSJB BOE "OESFB ZPV IBWF CFFO NJTTFE TP NVDI�

" TIPVU�PVU UP UIF .ÚMMF QFPQMF GPS UIF DSB[Z GVO UJNFT�

.BSJB +PSEJ .BYJNF +PKP +BTQFS BOE 1PMJOB * BN MPPLJOH GPSXBSE UP NPSF MBVHIT

WJ



ESJOLT BOE BEWFOUVSFT BSPVOE UIF XPSME�

5P NZ QBSFOUT BOE NZ TJTUFS UIBOL ZPV GPS BMXBZT CFJOH UIFSF GPS NF BOE GPS UIF
TVQQPSU GSPN GBS�BXBZ 1PSUVHBM� ɨF TJMMZ 8IBUT"QQ NFTTBHFT SFBMMZ JNQSPWFE NZ
NPPE JO UIF UPVHIFTU XSJUJOH EBZT�

-BTU CVU DFSUBJOMZ OPU MFBTU .BSUB UIBOL ZPV WFSZ NVDI GPS UIF VOXBWFSJOH TVQQPSU
BOE MPWF� * BN JODSFEJCMZ MVDLZ UP IBWF ZPV PO NZ UFBN�

WJJ



1PQVMBS TVNNBSZ JO &OHMJTI

4JODF UIF BODJFOU UJNFT IVNBOT IBWF CFFO JOUFSFTUFE JO TUVEZJOH CJPMPHJDBM UJTTVFT
UIFJS TUSVDUVSFT BOE QSPQFSUJFT� *O QPQVMBS DVMUVSF BO JMMVTUSJPVT FYBNQMF PG UIJT UIJSTU
GPS LOPXMFEHF JT -FPOBSEP EB 7JODJ� %VSJOH NBOZ ZFBST PG SFTFBSDI OPU POMZ EJE
IF NFUJDVMPVTMZ JOWFTUJHBUF UIF BSDIJUFDUVSF PG UIF MJWF IVNBO CPEZ JOWFOUPSZJOH JUT
NVTDMFT UFOEPOT BOE WJTJCMF TVCDVUBOFPVT TUSVDUVSF CVU IF BMTP BDDVSBUFMZ EJTTFDUFE
UIF EFDFBTFE IVNBO CPEZ UP HBJO B EFFQFS VOEFSTUBOEJOH PG UIF TLFMFUPO BOE JOUFSOBM
PSHBOT� ɨFTF JOWBTJWF TUVEJFT XFSF GPS UIF NPTU QBSU PG IVNBO IJTUPSZ UIF POMZ
PQQPSUVOJUZ GPS B TZTUFNBUJD JOWFTUJHBUJPO PG UIF JOUFSOBM UJTTVFT� ɨF BEWFOU PG NBH�
OFUJD SFTPOBODF JNBHJOH 	.3*
 UFDIOJRVFT JO UIF ǮǶǴǭT IBT TJHOJmDBOUMZ DPOUSJCVUFE
UP DIBOHJOH UIJT QBSBEJHN�

ɨSPVHI B DMFWFS NBOJQVMBUJPO PG NBHOFUJD mFME HSBEJFOUT BOE QVMTFT .3* BMMPXT IV�
NBOT UP OPO�JOWBTJWFMZ WJTVBMJ[F UIF JOUFSOBM PSHBOT PG MJWJOH CFJOHT XJUI B NJMMJNFUSF
TQBUJBM SFTPMVUJPO BOE XJUIPVU SFMZJOH PO JPOJ[JOH SBEJBUJPO� 4VDI UFDIOJRVF DPVME CF
BQQMJFE PO IFBMUIZ TVCKFDUT BOE PO QBUJFOUT GPS QBUIPMPHZ EJBHOPTJT HVBSBOUFFJOH QB�
UJFOU DPNGPSU� )PXFWFS UIF SFNBSLBCMF BDIJFWFNFOUT PG .3* EJE OPU FYUJOHVJTI PVS
TDJFOUJmD BNCJUJPOT� *OEFFE FĊPSUT XFSF NBEF UP XJEFO UIF SBOHF PG CJPMPHJDBM MFOHUI�
TDBMFT BDDFTTJCMF WJB .3* UP FYQMPSF OPU POMZ UIF NBDSPTDPQJD TUSVDUVSF PG UIF UJTTVFT
VOEFS FYBNJOBUJPO CVU BMTP UIFJS NJDSPTUSVDUVSF J�F� UIF FOTFNCMF PG QSPQFSUJFT DIBS�
BDUFSJTJOH UIF DFMMT DPNQSJTJOH UIF UJTTVF JUTFMG� ɨJT PCKFDUJWF XBT BDIJFWFE CZ EJĊVTJPO
.3* XIJDI JT BCMF UP DBQUVSF UIF EJĊVTJPO QBUUFSOT PG XBUFS NPMFDVMFT XJUIJO DFMMT�

)PXFWFS UIF JOUFSQSFUBUJPO PG UIF TJHOBMT NFBTVSFE GSPN EJĊVTJPO /.3�.3* JO
UFSNT PG NJDSPTDPQJD TUSVDUVSFT IBT SFNBJOFE SBUIFS VOSFMJBCMF GPS UIF QBTU ǰǭ ZFBST�
ɨJT JT EVF PO UIF POF IBOE UP UIF NBOZ BTTVNQUJPOT UIBU BSF VTVBMMZ NBEF UP TJNQMJGZ
UIF MJOL CFUXFFO UIF NFBTVSFE TJHOBM BOE UIF VOEFSMZJOH NJDSPTUSVDUVSF BOE PO UIF
PUIFS IBOE UP UIF GBDU UIBU DPNQMFY JOGPSNBUJPO IBT UP CF FYUSBDUFE GSPN GFX NFBT�
VSFE TJHOBMT FTQFDJBMMZ XIFO QBUJFOU DPNGPSU JNQPTFT TIPSU .3* BDRVJTJUJPO UJNFT�
/POFUIFMFTT QVTIJOH PVS NBTUFSZ PG EJĊVTJPO .3* JT DSVDJBM UP CJPNFEJDJOF BT UIF
TVCUMFUZ BOE OPO�JOWBTJWFOFTT PG TVDI UFDIOJRVF BSF LFZ UP UIF QSPQFS VOEFSTUBOEJOH
BOE EJBHOPTJOH PG MJWF UJTTVFT�

ɨF XPSL XJUIJO UIJT UIFTJT IBT UBDLMFE UIF EJċDVMUJFT JO JOUFSQSFUJOH EJĊVTJPO .3*�
#Z ESBXJOH JOTQJSBUJPO GSPN NBHOFUJD SFTPOBODF UFDIOJRVFT EFTJHOFE UP TUVEZ NB�
UFSJBMT TVDI BT QPMZNFST PS SPDLT XF XFSF BCMF UP EFWJTF OFX FYQFSJNFOUBM TUSBUFHJFT
UIBU FOIBODF UIF BNPVOU PG JOGPSNBUJPO BUUBJOBCMF XJUI EJĊVTJPO .3*� ɨF CPPTU JO
JOGPSNBUJPO XBT UIFO VTFE UP RVBOUJGZ OFX EJĊVTJPO GFBUVSFT UIBU IBWF BO JOUVJUJWF
SFMBUJPOTIJQ XJUI UIF NJDSPTUSVDUVSF PG MJWJOH UJTTVFT
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-JTU PG 1VCMJDBUJPOT

ɨJT UIFTJT JT CBTFE PO UIF GPMMPXJOH QVCMJDBUJPOT SFGFSSFE UP CZ UIFJS 3PNBO OVNFSBMT�

* 5XP�%JNFOTJPOBM $PSSFMBUJPO PG *TPUSPQJD BOE %JSFDUJPOBM %JĊVTJPO 6TJOH
/.3
+� 1� EF "MNFJEB .BSUJOT %� 5PQHBBSE
1IZTJDBM 3FWJFX -FUUFST ǯǭǮǳ ǮǮǳ ǭǵǴǳǭǮ

** .VMUJEJNFOTJPOBM DPSSFMBUJPO PG OVDMFBS SFMBYBUJPO SBUFT BOE EJĊVTJPO
UFOTPST GPS NPEFM�GSFF JOWFTUJHBUJPOT PG IFUFSPHFOFPVT BOJTPUSPQJD QPSPVT
NBUFSJBMT
+� 1� EF "MNFJEB .BSUJOT %� 5PQHBBSE
4DJFOUJmD 3FQPSUT ǯǭǮǵ ǵ ǯǱǵǵ

*** 5SVFOFTT BOE QSFDJTJPO PG TUBUJTUJDBM EFTDSJQUPST PCUBJOFE GSPN NVMUJEJNFO�
TJPOBM EJĊVTJPO TJHOBM JOWFSTJPO BMHPSJUINT
"� 3FZNCBVU 1� .F[[BOJ +� 1� EF "MNFJEB .BSUJOT %� 5PQHBBSE
4VCNJUUFE UP /.3 JO #JPNFE�

*7 %JĊVTJPO UFOTPS EJTUSJCVUJPO JNBHJOH PG JO WJWP NPVTF CSBJO BU VMUSB�IJHI
NBHOFUJD mFME CZ TQBUJPUFNQPSBM FODPEJOH
.� :PO +� 1� EF "MNFJEB .BSUJOT 2� #BP .� %� #VEEF -� 'SZENBO %�
5PQHBBSE
.BOVTDSJQU JO QSFQBSBUJPO

7 5SBOTGFSSJOH QSJODJQMFT PG TPMJE�TUBUF BOE -BQMBDF /.3 UP UIF mFME PG JO WJWP
CSBJO .3*
+� 1� EF "MNFJEB .BSUJOT $� .� 8� 5BY '� 4[D[FQBOLJFXJD[ %� ,� +POFT $��'�
8FTUJO %� 5PQHBBSE
4VCNJUUFE UP .BHOFUJD 3FTPOBODF

7* .BQQJOH BOE WJTVBMJ[JOH mCSFT JO IFUFSPHFOFPVT CSBJO WPYFMT

+� 1� EF "MNFJEB .BSUJOT $� .� 8� 5BY '� 4[D[FQBOLJFXJD[ %� ,� +POFT %�
5PQHBBSE
.BOVTDSJQU JO QSFQBSBUJPO

"MM QBQFST BSF SFQSPEVDFE XJUI QFSNJTTJPO PG UIFJS SFTQFDUJWF QVCMJTIFST�

JY



1VCMJDBUJPOT OPU JODMVEFE JO UIJT UIFTJT�

%ZOBNJDT PG CJOBSZ NJYUVSFT PG BO JPOJD MJRVJE BOE FUIBOPM CZ /.3

"� 0SEJLIBOJ 4FZFEMBS +� 1� EF "MNFJEB .BSUJOT 1� +� 4FCBTUJÍP .� +� +BSEJN
#FJSB 4� 4UBQG '� 7BDB $IÈWF[ $� .BUUFB
.BHOFUJD 3FTPOBODF JO $IFNJTUSZ ǯǭǮǵ ǲǳ Ǯǭǵ

Y



"CCSFWJBUJPOT

"CCSFWJBUJPOT

$4' $FSFCSP4QJOBM 'MVJE

%5% %JĊVTJPO 5FOTPS %JTUSJCVUJPO

%5* %JĊVTJPO 5FOTPS *NBHJOH

&1* &DIP�1MBOBS *NBHJOH

'" 'SBDUJPOBM "OJTPUSPQZ

(. (SFZ .BUUFS

.3 .BHOFUJD 3FTPOBODF

.3* .BHOFUJD 3FTPOBODF *NBHJOH

/.3 /VDMFBS .BHOFUJD 3FTPOBODF

//-4 /PO�/FHBUJWF -FBTU 4RVBSFT

0%' 0SJFOUBUJPO %JTUSJCVUJPO 'VODUJPO

1"4 1SJODJQBM "YJT 4ZTUFN

1(4& 1VMTF (SBEJFOU 4QJO�&DIP

4/3 4JHOBM�UP�/PJTF 3BUJP

41&/ 41BUJPUFNQPSBM &/DPEJOH

8. 8IJUF .BUUFS

YJ





Ǯ ] *OUSPEVDUJPO

*U JT B XFMM LOPXO GBDU UIBU CJPMPHJDBM UJTTVFT OBUVSBMMZ DPOUBJO XBUFS NPMFDVMFT SBO�
EPNMZ NPWJOH UISPVHI UIFJS DFMMVMBS MBOETDBQF� ɨJT DFMMVMBS MBOETDBQF QPTFT BT B
IJOESBODF UP UIF USBOTMBUJPOBM NPUJPO PG UIF NPMFDVMFT BOE UIVT UIF SFTVMUJOH EJĊV�
TJPO QBUUFSO JT JOUJNBUFMZ MJOLFE UP UIF NJDSPNFUFS�TDBMF TUSVDUVSF BOE PSHBOJ[BUJPO PG
UIF DFMM NFNCSBOFT� ɨF DMPTF SFMBUJPOTIJQ CFUXFFO UIF EJĊVTJPO QBUUFSO BOE UIF TUSVD�
UVSF PG UIF MPDBM UJTTVF FOWJSPONFOU DBO CF QSPCFE VTJOH EJĊVTJPO NBHOFUJD SFTPOBODF
JNBHJOH 	.3*
 UFDIOJRVFT XIFSF NBHOFUJD mFME HSBEJFOUT BSF BQQMJFE UP NFBTVSF UIF
NFBO TRVBSFE EJTQMBDFNFOU PG UIF XBUFS NPMFDVMFT GSPN XIJDI UIF EJĊVTJPO DBO CF
EFSJWFE�

1BSBNFUFST EFSJWFE GSPN EJĊVTJPO .3* NFBTVSFNFOUT IBWF CFFO TVDDFTTGVMMZ VTFE UP
RVBOUJGZ NJDSPTUSVDUVSBM DIBOHFT JO CPUI IFBMUIZ BOE EJTFBTFE UJTTVFT� )PXFWFS EFT�
QJUF UIFJS VTFGVMOFTT DPOWFOUJPOBM EJĊVTJPO .3* UFDIOJRVFT ZJFME BNCJHVPVT SFTVMUT
XIFOFWFS UIF TBNQMF DPNQSJTFT NVMUJQMF NJDSPTDPQJD FOWJSPONFOUT XJUI EJTUJODU EJG�
GVTJPO QSPQFSUJFT� 4VDI BNCJHVJUJFT TUFN GSPN UIF GBDU UIBU UIF NBKPSJUZ PG EJĊVTJPO
NFBTVSFNFOUT BSF QFSGPSNFE XJUI B TFU PG HSBEJFOUT UIBU BSF TFOTJUJWF UP BO BSSBZ PG EJT�
UJODU QSPQFSUJFT TVDI BT MPDBM EJĊVTJWJUJFT SFTUSJDUJPOT BOJTPUSPQZ nPX BOE FY� DIBOHF�
ɨF TFOTJUJWJUZ UP B XJEF SBOHF PG QSPQFSUJFT DPNQMJDBUFT UIF UBTL PG BTTJHOJOH UIF FY�
QFSJNFOUBM PCTFSWBUJPOT UP B TQFDJmD EJĊVTJPO NFDIBOJTN�

*O UIJT UIFTJT XF BEESFTT UIJT QSPCMFN CZ VTJOH OPWFM EJĊVTJPO .3* BDRVJTJUJPO� BOE
BOBMZTJT QSPUPDPMT UP RVBOUJGZ UIF NJDSPTDPQJD IFUFSPHFOFJUZ PG UIF MJWJOH IVNBO CSBJO�
ɨF EJĊVTJPO .3* GSBNFXPSL QSFTFOUFE JO UIJT UIFTJT JT CBTFE PO EBUB BDRVJTJUJPO
TDIFNFT GSPN TPMJE�TUBUF OVDMFBS NBHOFUJD SFTPOBODF 	/.3
 TQFDUSPTDPQZ BOE -BQMBDF
/.3 QSPUPDPMT GSPN UIF mFME PG QPSPVT NFEJB� 4JHOBM JT BDRVJSFE JO B NVMUJEJNFO�
TJPOBM TQBDF PG FYQFSJNFOUBM WBSJBCMFT FODPEJOH GPS DPSSFMBUJPOT CFUXFFO EJĊVTJWJUJFT
BOJTPUSPQZ BOE QPSF PSJFOUBUJPO BOE JT UIFO JOWFSUFE JOUP OPO�QBSBNFUSJD EJTUSJCV�
UJPOT PG EJĊVTJPO UFOTPST� ɨJT BQQSPBDI JT GVOEBNFOUBMMZ EJĊFSFOU GSPN UIF DVSSFOU
USFOE PG NJDSPTUSVDUVSBM JO WJWP .3* XIFSF TVC�WPYFM DPNQPTJUJPO JT JOWFTUJHBUFE CZ
EFWJTJOH TJHOBM NPEFMT XJUI JODSFBTJOHMZ DPNQMFY QSJPST BOE DPOTUSBJOUT� *OTUFBE XF

Ǯ



$IBQUFS Ǯ � *OUSPEVDUJPO

BEE DPNQMFYJUZ UP UIF TJHOBM BDRVJTJUJPO TUBHF JO PSEFS UP RVBOUJGZ JOUSB�WPYFM IFUFSP�
HFOFJUZ XJUI OPO�QBSBNFUSJD EJTUSJCVUJPOT UIBU BSF SFUSJFWFE GSPN UIF EBUB XJUI NJOJNBM
BTTVNQUJPOT BCPVU UIF VOEFSMZJOH UJTTVF QSPQFSUJFT�

ǯ



ǯ ] %JĊVTJPO

8JUIJO 1IZTJDBM $IFNJTUSZ UIF UFSN EJąVTJPO DBO CF VTFE UP EFTJHOBUF UXP QSPDFTTFT
PG EJĊFSFOU QIZTJDBM PSJHJOT� TFMG� BOE NVUVBM�EJĊVTJPO� 4FMG�EJĊVTJPO SFGFST UP UIF
TUPDIBTUJD NPUJPO PG UIFSNBMMZ FYDJUFE QBSUJDMFT� UIJT QSPDFTT PDDVST BU EZOBNJD FRVJ�
MJCSJVN BOE JT ESJWFO CZ UIF JOUFSOBM LJOFUJD FOFSHZ PG UIF TZTUFN� *O DPOUSBTU NV�
UVBM EJĊVTJPO EFTDSJCFT UIF OFU QBSUJDMF NPWFNFOU UPXBSET FRVJMJCSJVN SFTVMUJOH GSPN
B DIFNJDBM QPUFOUJBM HSBEJFOU� %JĊVTJPO NBHOFUJD SFTPOBODF UFDIOJRVFT NFBTVSF UIF
TFMG� PS USBOTMBUJPOBM EJĊVTJPO PG BO FOTFNCMF PG TQJO�CFBSJOH NPMFDVMFT� 'PS UIJT SFBTPO
XF GPDVT PO TFMG�EJĊVTJPO XIJDI GSPN UIJT QPJOU POXBSET JT NFSFMZ SFGFSSFE UP BT EJG�
GVTJPO�

ɨF UZQJDBM EJĊVTJPO .3* FYQFSJNFOU UBSHFUT XBUFS NPMFDVMFT EJĊVTJOH JO B NJDSPTDPQ�
JDBMMZ DPNQMFY NBUFSJBM TVDI BT CJPMPHJDBM UJTTVF� ɨF USBOTMBUJPOBM EZOBNJDT PG XBUFS
NPMFDVMFT JT VTFE BT B QSPCF PG MPDBM TUSVDUVSF XIPTF PSHBOJ[BUJPO JT JOGFSSFE GSPN UIF
NFBTVSFE EJĊVTJPO QBUUFSOT� *O UIJT DIBQUFS XF QSPWJEF B CBTJD DPODFQUVBM EFTDSJQUJPO
PG EJĊVTJPO JO B DPNQMFY IFUFSPHFOFPVT TUSVDUVSF BOE EFTDSJCF IPX UP RVBOUJGZ UIF
EJĊVTJPO QSPDFTT XJUI EJTUSJCVUJPOT PG EJĊVTJPO UFOTPST�

ǯ�Ǯ " TJNQMF QJDUVSF PG EJĊVTJPO JO DPNQMFY NFEJB

ɨF USBKFDUPSZ PG B EJĊVTJOH QBSUJDMF JT EFmOFE CZ B TFSJFT PG JOUFS�QBSUJDMF DPMMJTJPOT�
ɨFTF DPMMJTJPOT FĊFDUJWFMZ NBLF UIF EJĊVTJWF NPUJPO B SBOEPN QSPDFTT 	#SPXOJBO NP�
UJPO
 XIFSFJO UIF QPTJUJPO S(U) PG UIF JOEJWJEVBM QBSUJDMFT DBOOPU CF QSFEJDUFE CZ EF�
UFSNJOJTUJD EZOBNJDT� *U JT UIFO DPOWFOJFOU UP DIBSBDUFSJ[F UIF TZTUFN CZ JUT FOTFNCMF
BWFSBHF QSPQFSUJFT� ɨF nVDUVBUJPOT JO S(U) DBO CF RVBOUJmFE CZ UIF NFBO�TRVBSF EJT�
QMBDFNFOU HJWFO GPS VOSFTUSJDUFE EJĊVTJPO CZ <Ǯoǰ>

⟨(S(U)− S(�))�⟩ = �E%�U , 	ǯ�Ǯ


XIFSF E = �, �, � EFTDSJCFT UIF EJNFOTJPOBMJUZ PG UIF TZTUFN� ɨF TDBMBS %� JT UIF GSFF
EJĊVTJPO DPFċDJFOU B QSPQFSUZ TQFDJmD UP UIF NFEJVN UISPVHI XIJDI UIF QBSUJDMFT

ǰ
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⟨(
r(
t)-
r(

0)
)2 
⟩

t

axial direction

radial direction

'JHVSF ���� #SPXOJBO EZOBNJDT TJNVMBUJPO PG BO FOTFNCMF PG QBSUJDMFT FOUSBQQFE JO BO JNQFSNFBCMF DZM�
JOEFS� 5IF TJNVMBUJPO XBT DBSSJFE PVU BT EFTDSJCFE JO 3FG� <�> XIFSF QBSUJDMF NPWFNFOU JT
SFnFDUFE BU UIF CPVOEBSJFT PG UIF FODMPTJOH HFPNFUSZ� 5IF UPQ QMPU EJTQMBZT UIF NFBO�TRVBSF
EJTQMBDFNFOU ⟨(S(U)− S(�))�⟩ JO EJSFDUJPOT QBSBMMFM 	BYJBM EJSFDUJPO
 BOE QFSQFOEJDVMBS 	SBEJBM EJS�
FDUJPO
 UP UIF DZMJOEFS� 5IF NBYJNVN EJTQMBDFNFOU BMPOH UIF SBEJBM EJSFDUJPO JT MJNJUFE CZ UIF
SBEJVT PG UIF DZMJOEFS�

EJĊVTF�

1BSUJDMFT EJĊVTJOH XJUIJO B DPNQMFY NFEJVN BSF CPVOE UP FODPVOUFS PCTUBDMFT UIBU
DBO FJUIFS SFTUSJDU PS IJOEFS UIFJS NPWFNFOU� ɨF QSFTFODF PG UIFTF PCTUBDMFT NBZ OPU
BMUFS UIF JOUSJOTJD EJĊVTJWJUZ PG UIF TZTUFN CVU XJMM SFEVDF UIF BWFSBHF EJTQMBDFNFOU
SFHJTUFSFE GPS B HJWFO EJĊVTJPO UJNF� ɨF FYUFOU UP XIJDI UIF BWFSBHF EJTQMBDFNFOU
JT SFEVDFE XJMM EFQFOE PO UIF HFPNFUSZ PG UIF PCTUBDMFT UIFJS QFSNFBCJMJUZ BOE UIF
BNPVOU PG UJNF UIBU QBSUJDMFT BSF BMMPXFE UP EJĊVTF�

)JOESBODF BOE SFTUSJDUJPO FĊFDUT DBO CF RVBOUJmFE CZ TPMWJOH 'JDL�T EJĊVTJPO FRVBUJPO
XJUI BQQSPQSJBUF CPVOEBSZ DPOEJUJPOT <Ǳ ǲ>� )PXFWFS TVDI BQQSPBDI JT CFZPOE UIF
TDPQF PG UIJT UIFTJT BOE XF JOTUFBE EJTDVTT UIF FĊFDUT PG SFTUSJDUJPOT JO B RVBMJUBUJWF
GBTIJPO� "O JOGPSNBUJWF FYBNQMF JT HJWFO JO 'JHVSF ǯ�Ǯ XIJDI EJTQMBZT BO FOTFNCMF PG
#SPXOJBO QBSUJDMFT EJĊVTJOH XJUIJO BO JNQFSNFBCMF DZMJOEFS PG SBEJVT B <ǳ>� ɨF NFBO�
TRVBSF EJTQMBDFNFOU BMPOH UIF DZMJOEFS 	BYJBM EJSFDUJPO
 JT OPU BĊFDUFE CZ BOZ PCTUBDMF
BOE GPMMPXT UIF MJOFBS USFOE QSFEJDUFE CZ &R� ǯ�Ǯ� " EJĊFSFOU CFIBWJPVS JT PCTFSWFE GPS
QBSUJDMF NPUJPO BMPOH UIF QFSQFOEJDVMBS 	SBEJBM
 EJSFDUJPO� "U WFSZ TIPSU EJĊVTJPO UJNFT
	U ≪ B�/%�
 NPTU QBSUJDMFT IBWF OPU JOUFSBDUFE XJUI UIF DZMJOEFS XBMM BOE EJĊVTJPO
JT FTTFOUJBMMZ GSFF� "U MPOHFS UJNFT UIF QBSUJDMFT FODPVOUFS UIF DPNQBSUNFOU CPVOEBSZ
BOE UIFJS NFBO�TRVBSF EJTQMBDFNFOU JT SFEVDFE JO DPNQBSJTPO UP UIF GSFF EJĊVTJPO DBTF�
'PS TVċDJFOUMZ MPOH UJNFT 	U ≫ B�/%�
 UIF NFBO�TRVBSF EJTQMBDFNFOU QMBUFBVT BU B
WBMVF PO UIF PSEFS PG B��
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$IBQUFS ǯ � %JĊVTJPO

ɨF EJTDVTTJPO JO UIF QSFWJPVT QBSBHSBQI TIPXT UIBU &R� ǯ�Ǯ JT OPU GPSNBMMZ BQQMJDBCMF
JO UIF QSFTFODF PG SFTUSJDUJPOT BOE EJĊFSFOU EJTQMBDFNFOUT NBZ CF QSPCFE EFQFOEJOH
PO UIF UJNF�TDBMF PG UIF NFBTVSFNFOU QSPDFTT <ǲ Ǵ> DG� 'JHVSF ǯ�Ǯ� ɨF NFBTVSFE
EJĊVTJWJUJFT BSF UIVT VOBWPJEBCMZ MJOLFE UP UIF FYQFSJNFOUBM EFTJHO� ɨJT NPUJWBUFT UIF
EFmOJUJPO PG BO BQQBSFOU EJĊVTJPO DPFċDJFOU %BQQ <ǵ Ƕ> UIBU EFQFOET PO CPUI UIF
DPOmOJOH HFPNFUSZ BOE UIF DPNQMFUF TFU PG SFMFWBOU FYQFSJNFOUBM QBSBNFUFST ǉ�

%BQQ(Uǉ) =
⟨([S(Uǉ)− S(�)] · Vǉ)

�⟩
�E Uǉ

, 	ǯ�ǯ


XIFSF Uǉ BOE Vǉ BSF UIF FĊFDUJWF UJNF�TDBMF BOE EJSFDUJPOBMJUZ EFmOFE CZ UIF FYQFSJ�
NFOUBM TFUVQ BOE ⟨·⟩ EFOPUFT BO FOTFNCMF BWFSBHF� %JĊFSFOU WBMVFT PG %BQQ NBZ CF
NFBTVSFE BMPOH EJĊFSFOU EJSFDUJPOT B GFBUVSF UIBU JOEJDBUFT BO BOJTPUSPQJD TUSVDUVSBM
PSHBOJ[BUJPO�

ǯ�ǯ %JĊVTJPO UFOTPST BT QSPCFT PG MPDBM TUSVDUVSF

8BUFS EJĊVTJPO JO UJTTVFT JT UZQJDBMMZ BO BOJTPUSPQJD QSPDFTT UIBU DBO CF BQQSPYJNBUFE
CZ B TZNNFUSJD TFDPOE�PSEFS UFOTPS <Ǯǭ ǮǮ>� ɨF EJĊVTJPO UFOTPS % JT XSJUUFO BT B
TZNNFUSJD QPTJUJWF�TFNJEFmOJUF TFDPOE�PSEFS UFOTPS <Ǯǭ>

% =

⎛

⎝
%YY %YZ %Y[
%ZY %ZZ %Z[
%[Y %[Z %[[

⎞

⎠ =

⎛

⎝
%YY %YZ %Y[
· %ZZ %Z[
· · %[[

⎞

⎠ . 	ǯ�ǰ


4ZNNFUSZ SFRVJSFT %JK � %KJ NFBOJOH UIBU % JT GVMMZ EFTDSJCFE CZ ǳ JOEFQFOEFOU QBSB�
NFUFST� ɨF WBSJPVT QBSBNFUFST PG UIF EJĊVTJPO UFOTPS BSF JOUFSQSFUFE BT BQQBSFOU EJG�
GVTJWJUJFT UIBU SFnFDU UIF SFTUSJDUJPOT BOE IJOESBODFT FODPVOUFSFE CZ XBUFS NPMFDVMFT
BMPOH B QBSUJDVMBS EJSFDUJPO 	TFF &R� ǯ�ǯ
� &BDI NJDSPTDPQJD % JT UIFO EJSFDUMZ SFMBUFE UP
UIF HFPNFUSZ PG UIF TVSSPVOEJOH NFEJVN BOE DBO CF JOUFSQSFUFE BT B CMVSSFE SFQSFTFOU�
BUJPO PG UIF MPDBM TUSVDUVSF� ɨF DPOOFDUJPO CFUXFFO UIF TUSVDUVSF PG UIF NJDSPTDPQJD
FOWJSPONFOU BOE UIF MPDBM EJĊVTJPO QBUUFSO JT JMMVTUSBUFE JO 'JHVSF ǯ�ǯ XIFSF EJĊVTJPO
UFOTPST BSF WJTVBMJ[FE BT TVQFSRVBESJD UFOTPS HMZQIT <Ǯǯ> XJUI UIF MFOHUIT BOE EJSFDUJPOT
PG UIF QSJODJQBM BYFT HJWFO CZ UIF UFOTPS FJHFOWBMVFT BOE DPSSFTQPOEJOH FJHFOWFDUPST
SFTQFDUJWFMZ�

ǲ



$IBQUFS ǯ � %JĊVTJPO

'JHVSF ���� 4DIFNBUJD JMMVTUSBUJPO PG UIF MJOL CFUXFFO UJTTVF TUSVDUVSF EJGGVTJPO QBUUFSOT BOE EJGGVTJPO
UFOTPST� 5IF VOEFSMZJOH DFMMVMBS BSDIJUFDUVSF JT PCTFSWFE UP JOnVFODF UIF TJ[F TIBQF BOE PSJ�
FOUBUJPO PG XBUFS EJGGVTJPO QBUUFSOT IFSF SFQSFTFOUFE BT wJOL TUBJOTw� 'PS FYBNQMF EFOTFMZ
QBDLFE TQIFSJDBM DFMMT BSF PCTFSWFE UP ZJFME B TNBMM JTPUSPQJD EJGGVTJPO QBUUFSO� 5IF DPSSFTQPOE�
JOH EJGGVTJPO UFOTPST BSF EFQJDUFE BT TVQFSRVBESJD UFOTPS HMZQIT <��> XJUI MFOHUIT BOE PSJFOU�
BUJPOT PG UIF TFNJ�BYFT HJWFO CZ UIF EJGGVTJPO UFOTPS FJHFOWBMVFT BOE FJHFOWFDUPST� "EBQUFE
XJUI QFSNJTTJPO GSPN 3FG�<��>�

ǯ�ǯ�Ǯ 5FOTPS TJ[F BOE TIBQF

*O JUT QSJODJQBM BYJT TZTUFN 	1"4
 B QBSUJDVMBS % DBO CF SFQSFTFOUFE CZ B EJBHPOBM NBUSJY

%1"4 =

⎛

⎝
%99 � �
� %:: �
� � %;;

⎞

⎠ , 	ǯ�Ǳ


XIPTF FMFNFOUT DPSSFTQPOE UP UIF FJHFOWBMVFT PG &R� ǯ�ǰ PSEFSFE BDDPSEJOH UP UIF TUBOE�
BSE DPOWFOUJPO |%;; −5S(%)/�| ≥ |%99 −5S(%)/�| ≥ |%:: −5S(%)/�| <ǮǱ>� ɨF
UISFF FJHFOWBMVFT EFTDSJCF EJĊVTJPO BMPOH UIF UISFF PSUIPHPOBM EJSFDUJPOT UIBU EFmOF
UIF 1"4 XJUI %;; DPSSFTQPOEJOH UP FJHFOWBMVF GVSUIFTU XBZ GSPN UIF JTPUSPQJD BW�
FSBHF PG % BOE %:: UIF DMPTFTU FJHFOWBMVF� *NQPTJOH BO BYJBM TZNNFUSZ DPOTUSBJOU
	%:: = %99
 XF DBO SFXSJUF &R� ǯ�Ǳ BT

%1"4 =

⎛

⎝
%⊥ � �
� %⊥ �
� � %∥

⎞

⎠ , 	ǯ�ǲ


XIFSF %∥ = %;; BOE %⊥ = %:: = %99 BSF UIF BYJBM BOE SBEJBM FJHFOWBMVFT� ɨF
SBEJBM BOE BYJBM EJĊVTJWJUJFT DBO CF DPNCJOFE UP EFmOF BO BMUFSOBUJWF QBSBNFUSJ[BUJPO

%1"4 = %JTP

⎡

⎣* + %ǈ

⎛

⎝
−� � �
� −� �
� � �

⎞

⎠

⎤

⎦ , 	ǯ�ǳ


ǳ



$IBQUFS ǯ � %JĊVTJPO

q

fx y

z

Diso
D
D

'JHVSF ���� 2VBOUJUBUJWF NFBTVSFT PG EJGGVTJPO UFOTPS TJ[F %JTP TIBQF %ǈ BOE PSJFOUBUJPO (θ,φ)� 5IF %JTP
BOE%ǈ QBSBNFUFST JOGPSN PO UIFNBHOJUVEF BOE BOJTPUSPQZ PG UIF VOEFSMZJOH EJGGVTJPO QSPDFTT�
1SPMBUF JTPUSPQJD BOE PCMBUF UFOTPST BSF DIBSBDUFSJ[FE CZ %ǈ > � %ǈ = � BOE %ǈ < �
SFTQFDUJWFMZ� 5IF QPMBS θ BOE B[JNVUIBM φ QBSBNFUSJ[F UIF PSJFOUBUJPO PG UIF EJGGVTJPO UFOTPS
SFMBUJWF UP UIF MBCPSBUPSZ GSBNF PG SFGFSFODF�

XIFSF * JT UIF JEFOUJUZ NBUSJY BOE

%JTP =

(
%∥ + �%⊥

)

�
, 	ǯ�Ǵ


%ǈ =
�

�%JTP

(
%∥ − %⊥

)
∈ [−�.�, �] . 	ǯ�ǵ


ɨF %JTP QBSBNFUFS DPSSFTQPOET UP UIF BWFSBHF BDSPTT FJHFOWBMVFT BOE SFQSFTFOUT BO
JTPUSPQJD EJĊVTJWJUZ XIJMF UIF %ǈ QBSBNFUFS JOGPSNT PO UIF BOJTPUSPQZ PG UIF EJĊVTJPO
QSPDFTT� 0CMBUF TQIFSJDBM BOE QSPMBUF EJĊVTJPO UFOTPST ZJFME %ǈ < � %ǈ = � BOE
%ǈ > � SFTQFDUJWFMZ�

ǯ�ǯ�ǯ 5FOTPS 0SJFOUBUJPO

ɨF PSJFOUBUJPO PG UIF 1"4 SFMBUJWF UP UIF MBCPSBUPSZ GSBNF PG SFGFSFODF DBO CF FYQSFTTFE
BT B QSPEVDU PG DPOTFDVUJWF SPUBUJPOT <Ǯǲ Ǯǳ>� 4UBSUJOH GSPN BO BYJTZNNFUSJD UFOTPS
JOJUJBMMZ BMJHOFE XJUI UIF MBCPSBUPSZ GSBNF SPUBUJPOT BMPOH UIF Z� BOE [� BYFT PG UIF
MBCPSBUPSZ GSBNF

% = 3[(φ) · 3Z(θ) · %1"4 · 35
Z (θ) · 35

[ (φ) 	ǯ�Ƕ


ZJFME B OPO�EJBHPOBM UFOTPS

% = %JTP

⎡

⎣* + %ǈ

⎛

⎝
MY� − � �MYMZ �MYM[
�MZMY MZ� − � �MZM[
�M[MY �M[MZ M[� − �

⎞

⎠

⎤

⎦ , 	ǯ�Ǯǭ


Ǵ



$IBQUFS ǯ � %JĊVTJPO

XIPTF PSJFOUBUJPO JT EFmOFE JO UFSNT PG B[JNVUIBM φ BOE QPMBS θ BOHMFT CZ B TFU PG
EJSFDUJPO DPTJOFT

MY = DPTφ TJO θ ,

MZ = TJOφ TJO θ ,

M[ = DPT θ .

	ǯ�ǮǮ


ɨF TFU PG (%JTP,%ǈ, θ,φ) QBSBNFUFST QSPWJEFT B DPNQMFUF EFTDSJQUJPO PG BO BYJTZNNFU�
SJD EJĊVTJPO UFOTPS XJUI FBDI QBSBNFUFS DIBSBDUFSJ[JOH B TFQBSBUF BTQFDU PG UIF UFOTPS
HFPNFUSZ� %JTP BOE %ǈ EFTDSJCF UIF TJ[F BOE TIBQF PG % XIJMF UIF (θ,φ) BOHMFT EF�
TDSJCF JUT PSJFOUBUJPO� 'JHVSF ǯ�ǰ JMMVTUSBUFT UIF QBSBNFUSJ[BUJPO PG % BDDPSEJOH UP UIF
WBSJPVT (%JTP,%ǈ, θ,φ) NFBTVSFT�

ǯ�ǰ $BQUVSJOH IFUFSPHFOFJUZ XJUI %JĊVTJPO 5FOTPS %JTUSJCV�
UJPOT

#JPMPHJDBM UJTTVFT DPNQSJTF EJĊFSFOU UZQFT PG DFMMT BSSBOHFE JO B XJEF BSSBZ PG TUSVD�
UVSFT� (JWFO UIBU UIF UZQJDBM EJĊVTJPO .3* FYQFSJNFOU SFRVJSFT UFOT UP IVOESFET PG
NJMMJTFDPOET UP FODPEF UIF TJHOBM GPS EJĊVTJPO BOE UIBU UIF GSFF EJĊVTJPO DPFċDJFOU PG
XBUFS JT PO UIF PSEFS PG %� ≈ ��−� N�T−� = � �N�NT−� <ǮǴ Ǯǵ> FBDI XBUFS NP�
MFDVMF IBT UJNF UP FYQMPSF B NJDSPNFUSF�TDBMF FOWJSPONFOU� %JĊFSFOU TVC�FOTFNCMFT
PG XBUFS NPMFDVMFT BSF UIVT FYQFDUFE UP JOUFSBDU XJUI EJTUJODU NBDSPNPMFDVMFT BOE QBS�
UJBMMZ QFSNFBCMF NFNCSBOFT BOE UP SFTJEF JO JOUSB� PS FYUSB�DFMMVMBS FOWJSPONFOUT PG
WBSZJOH HFPNFUSZ <ǮǶ ǯǭ>� ɨJT JNQMJFT B DPNQMFY EJĊVTJPO QSPDFTT UIBU SFnFDUT UIF
VOEFSMZJOH UJTTVF IFUFSPHFOFJUZ�

5P NPEFM EJĊVTJPO XJUIJO UJTTVFT JU JT VTFGVM UP QJDUVSF UIF VOEFSMZJOH TUSVDUVSF BT B
DPMMFDUJPO PG JOEFQFOEFOU NJDSPTDPQJD FOWJSPONFOUT� &BDI NJDSPFOWJSPONFOU JT JO�
UFSQSFUFE BT B TFHNFOU PG DPIFSFOU UJTTVF XIPTF TUSVDUVSF JT DIBSBDUFSJ[FE CZ B MPDBM %
<ǮǮ ǯǮ>� 8JUIJO UIJT BQQSPYJNBUJPO UIF DPNQPTJUJPO PG B HJWFO WPYFM JT DBQUVSFE BT BO
FOTFNCMF PG NJDSPTDPQJD EJĊVTJPO UFOTPST % BT JMMVTUSBUFE JO 'JHVSF ǯ�Ǳ BOE RVBOUJ�
mFE CZ B DPOUJOVPVT EJĊVTJPO UFOTPS EJTUSJCVUJPO 	%5%
 <ǮǮ ǯǯ>� ɨF %5% QSPWJEFT
B TJNQMF ZFU FYQFSJNFOUBMMZ BDDFTTJCMF SFQSFTFOUBUJPO PG UIF VOEFSMZJOH IFUFSPHFOFJUZ
BOE BMMPXT UIF SFTPMVUJPO PG NJDSPTDPQJD UJTTVF FOWJSPONFOUT XJUI EJTUJODU TUSVDUVSBM
QSPQFSUJFT�

ǯ�ǰ�Ǯ %JTUSJCVUJPOT PG BYJBMMZ TZNNFUSJD UFOTPST

'PS TJNQMJDJUZ XF IFSFBGUFS BTTVNF BYJBM TZNNFUSZ PG UIF EJĊVTJOH NFEJVN� ɨJT BT�
TVNQUJPO SFEVDFT UIF OVNCFS PG JOEFQFOEFOU FMFNFOUT DPOUBJOFE JO FBDI % GSPN TJY

ǵ



$IBQUFS ǯ � %JĊVTJPO

(a) (b) (d)(c) (e)

'JHVSF ���� 7PYFM DPOUFOU EJTQMBZFE BT BO FOTFNCMF PG NJDSPTDPQJD EJGGVTJPO UFOTPST� 5IF EJGGVTJPO UFOTPS
HMZQIT BSF DPMPVSFE BDDPSEJOH UP� [3,(, #] = (�+ |%ǈ|) · (� [DPTφ TJO θ, TJOφ TJO θ, DPT θ]− �)�
8JUIJO B /FVSPJNBHJOH TFUUJOH UIF WPYFM DPOUFOUT DBO CF JOUFSQSFUFE BT SFQSFTFOUBUJPOT PG
BMJHOFE XIJUF NBUUFS 	8.
 	B
 8. EFNZFMJOBUJPO 	C
 8. JOnBNNBUJPO 	D
 8. UISFF�mCSF
DSPTTJOHT 	E
 BOE UVNPVS JOmMUSBUJPO JO 8. 	F
�

UP GPVS 	UIF GPVS QBSBNFUFST PG 4FDUJPO ǯ�ǯ�ǯ
� "T TIPXO CZ 'JHVSF ǯ�ǰ JU JT JOUVJUJWF
UP QBSBNFUSJ[F UIF EJTUSJCVUJPO PG UFOTPST XJUI UXP QBSBNFUFST EFTDSJCJOH UIF TJ[F BOE
TIBQF BT XFMM BT UXP QBSBNFUFST EFmOJOH UIF PSJFOUBUJPO� ɨF %5% DBO UIFO CF SFQPS�
UFE BT B GPVS�EJNFOTJPOBM 	Ǳ%
 EJTUSJCVUJPO PG EJĊVTJPO UFOTPS TJ[FT %JTP TIBQFT %ǈ
BOE PSJFOUBUJPOT (θ,φ) 1(%) ≡ 1(%JTP,%ǈ, θ,φ) OPSNBMJ[FE BT

∫ ∞

�

∫ �

−�/�

∫ Ż

�

∫ �Ż

�
1 (%JTP,%ǈ,φ, θ) TJO θ Eθ Eφ E%ǈ E%JTP = � . 	ǯ�Ǯǯ


ɨFSF BSF PUIFS PQUJPOT UP RVBOUJGZ UIF TIBQF PG % <Ǯǳ>� 'PMMPXJOH 3FG� <Ǯǰ> XF SF�
TFSWF UIF %ǈ OPUBUJPO GPS FRVBUJPOT BOE SFQPSU UIF UFOTPS TIBQF BT %∥/%⊥ JO HSBQIT�
5P NBQ CFUXFFO UIF UXP SFQSFTFOUBUJPOT POF TJNQMZ VTFT UIF SFMBUJPO %∥/%⊥ =
(� + �%ǈ)/(� − %ǈ)� ɨF 1(%) OPUBUJPO JT VTFE UP EFOPUF UIF HFOFSBM %5% BOE
XIFOFWFS OFDFTTBSZ XF FYQMJDJUMZ XSJUF UIF BSHVNFOUT PG UIF EJTUSJCVUJPO UP DMBSJGZ UIF
QBSBNFUSJ[BUJPO JO VTF�

ǯ�ǰ�ǯ 4UBUJTUJDBM EFTDSJQUPST PG UIF EJTUSJCVUJPO

0OF PG UIF NBJO HPBMT PG UIJT UIFTJT JT UP FTUJNBUF UIF DPNQMFUF Ǳ% %5% PS B ǯ% TJ[F�
TIBQF QSPKFDUJPO PG JU 1(%JTP,%ǈ)� )PXFWFS BT XF TIBMM TFF JO UIF GPMMPXJOH TFDUJPOT
UIF FTUJNBUJPO PG 1(%) GSPN B OPJTZ EBUBTFU JT B DIBMMFOHJOH UBTL� ɨJT IBT JOTQJSFE B
OVNCFS PG BOBMZTJT QSPUPDPMT UIBU UBSHFU TUBUJTUJDBM EFTDSJQUPST PG 1(%) SBUIFS UIBO UIF
GVMM EJTUSJCVUJPO JUTFMG�

*OGPSNBUJWF BOE BDDFTTJCMF EFTDSJQUPST JODMVEF UIF NFBOT

&[Y] =
∫

Y 1(%) E% , 	ǯ�Ǯǰ


WBSJBODFT
7BS[Y] = &[Y�]− &[Y]� , 	ǯ�ǮǱ


Ƕ



$IBQUFS ǯ � %JĊVTJPO

BOE DPWBSJBODFT
$PW[Y, Z] = &[YZ]− &[Y]&[Z] , 	ǯ�Ǯǲ


PG UIF WBSJPVT EJNFOTJPOT PG UIF
(
%JTP,%�

ǈ
)

TQBDF <Ǯǰ>� ɨF JOUFHSBUJPO JO &R� ǯ�Ǯǰ
TQBOT PWFS UIF TQBDF PG BYJTZNNFUSJD QPTJUJWF�TFNJEFmOJUF UFOTPST� .FBTVSFT TVDI BT
UIF NFBO JTPUSPQJD EJĊVTJWJUZ &[%JTP] BOE UIF NFBO TRVBSFE EJĊVTJPO BOJTPUSPQZ &[%�

ǈ]
JOGPSN PO UIF BWFSBHF EJĊVTJPO UFOTPS TJ[F BOE TIBQF� &[%JTP] JT SFDPHOJ[FE BT UIF
DMBTTJDBM NFBO EJĊVTJWJUZ <ǯǰ ǯǱ> XIJMF &[%�

ǈ] QSPWJEFT TJNJMBS JOGPSNBUJPO BT PUIFS
BOJTPUSPQZ NFUSJDT TVDI BT UIF NJDSPTDPQJD BOJTPUSPQZ JOEFY 	."
<ǯǲ> UIF GSBDUJPOBM
FDDFOUSJDJUZ 	'&
 <ǯǳ> UIF NJDSPTDPQJD GSBDUJPOBM BOJTPUSPQZ 	�'"
<ǯǴ> UIF BOJTPUSPQJD
WBSJBODF 7" BOE BOJTPUSPQJD NFBO LVSUPTJT 	.,"
 <ǯǮ ǯǵ ǯǶ> BOE UIF NJDSPTDPQJD
BOJTPUSPQZ $� <ǮǮ>� 1SFWJPVT XPSLT IBWF EFNPOTUSBUFE B QPTJUJWF DPSSFMBUJPO CFUXFFO
&[%�

ǈ] BOE UIF BOJTPUSPQZ PG CSBJO UVNPVS DFMMT <ǯǶ>� /PUF UIBU UIF NFBO TRVBSFE BOJTP�
USPQZ NFUSJD QSPCFT UIF TIBQF PG UIF VOEFSMZJOH %5% XJUIPVU UIF DPOGPVOEJOH FĊFDUT
PG PSJFOUBUJPO� UIJT JT JO DPOUSBTU XJUI UIF XJEFMZ�VTFE GSBDUJPOBM BOJTPUSPQZ 	'"
 NFU�
SJD <ǯǰ ǯǱ> XIJDI DPOWPMWFT UIF FĊFDUT PG BOJTPUSPQZ BOE PSJFOUBUJPOBM PSEFS <ǰǭoǰǯ>�
ɨF WBSJBODF NFBTVSFT 7BS[%JTP] BOE 7BS[%�

ǈ] DBQUVSF UIF TQSFBE JO EJĊVTJPO UFOTPS
TJ[FT BOE TIBQF XIJMF $PW[%JTP,%�

ǈ] DBSSJFT JOGPSNBUJPO BCPVU DPSSFMBUJPOT CFUXFFO
UIF JTPUSPQJD BOE BOJTPUSPQJD EJNFOTJPOT� 7BS[%JTP] JO QBSUJDVMBS IBT CFFO TIPXO UP
DPSSFMBUF XJUI DFMM EFOTJUZ IFUFSPHFOFJUZ JO CSBJO UVNPVST <ǯǶ> BOE TJNJMBS NFUSJDT
IBWF CFFO JOUSPEVDFE JO UIF EJĊVTJPO .3* MJUFSBUVSF� UIF JTPUSPQJD TFDPOE NPNFOU
�JTP

� <ǯǴ> UIF JTPUSPQJD WBSJBODF 7* BOE JTPUSPQJD NFBO LVSUPTJT 	.,*
<ǯǵ ǯǶ> BOE UIF
OPSNBMJ[FE JTPUSPQJD WBSJBODF $.% <ǮǮ>�

Ǯǭ



ǰ ] %JĊVTJPO .BHOFUJD 3FTPOBODF

%JĊVTJPO NBHOFUJD SFTPOBODF FYQFSJNFOUT VTF NBHOFUJD mFME HSBEJFOUT UP FODPEF UIF
TJHOBM GPS JOGPSNBUJPO BCPVU UIF USBOTMBUJPOBM NPUJPO PG B TFMFDUFE NPMFDVMBS TQFDJFT�
.PSF JNQPSUBOUMZ EJĊFSFOU HSBEJFOU EFTJHOT DBO CF VTFE UP UBSHFU TQFDJmD BTQFDUT PG
UIF USBOTMBUJPOBM NPUJPO PG EJĊVTJOH NPMFDVMFT� "DDPSEJOH UP 1BVM $BMMBHIBO UIF DIBM�
MFOHF PG UIF FYQFSJNFOUBMJTU JT UIFO i	���
 UP EFWJTF UIF HSBEJFOU XBWFGPSN CFTU TVJUFE UP
FMVDJEBUJOH UIF TUSVDUVSBM BOE EZOBNJDBM QBSBNFUFST PG JOUFSFTU BOE UP DIPPTF UIF UIFPSFUJDBM
GSBNFXPSL XIJDI NPTU BQUMZ EFTDSJCFT UIBU DIPJDFw <ǯ>� ɨJT DIBQUFS GPDVTFT PO TVDI DIBM�
MFOHF� 'PMMPXJOH B CSJFG JOUSPEVDUJPO UP UIF CBTJD UIFPSZ PG NBHOFUJD SFTPOBODF BU UIF
NJDSPTDPQJD TDBMF XF TIPX IPX EJĊVTJPO .BHOFUJD 3FTPOBODF 	.3
 UFDIOJRVFT DBO
CF VTFE UP QSPCF NJDSPTDPQJD UJTTVF TUSVDUVSF BOE FMVDJEBUF UIF SFMBUJPOTIJQ CFUXFFO
UIF BDRVJSFE TJHOBM BOE UIF EJĊVTJPO UFOTPS EJTUSJCVUJPO BQQSPYJNBUJPO JOUSPEVDFE JO
$IBQUFS ǯ� 4QFDJBM BUUFOUJPO JT HJWFO UP FYQFSJNFOUBM QSPUPDPMT UIBU DBO TFQBSBUF BOE
DPSSFMBUF EJĊFSFOU QSPQFSUJFT PG NJDSPTDPQJD UJTTVF IFUFSPHFOFJUZ BT BQQSPYJNBUFE CZ B
EJTUSJCVUJPO PG .3 PCTFSWBCMFT TVDI BT OVDMFBS SFMBYBUJPO SBUFT PS EJĊVTJPO UFOTPST�

ǰ�Ǯ .BHOFUJD SFTPOBODF BU UIF NJDSPTDPQJD TDBMF

.3 UFDIOJRVFT NFBTVSF UIF FMFDUSPNBHOFUJD TJHOBM SFTVMUJOH GSPN UIF JOUFSBDUJPO
CFUXFFO BO FYUFSOBM NBHOFUJD mFME BOE B TBNQMF DPOUBJOJOH BO FOTFNCMF PG TQJO�
CFBSJOH OVDMFJ� ɨF NFBTVSFE TJHOBM EFQFOET PO JOUFSBDUJPOT CFUXFFO UIF OVDMFJ BOE
FYUFSOBM NBHOFUJD mFMET BOE MPDBM JOUFSBDUJPOT JOWPMWJOH NBHOFUJD BOE FMFDUSJD mFMET
PSJHJOBUJOH GSPN UIF TBNQMF�T OVDMFBS FOWJSPONFOU� " RVBOUVN�NFDIBOJDBM USFBUNFOU
JT UIFSFGPSF OFFEFE JO PSEFS UP EFTDSJCF UIF .3 TJHOBM JO UFSNT PG JOUSB� BOE JOUFS�
NPMFDVMBS JOUFSBDUJPOT TVDI BT DIFNJDBM TIJGUT EJQPMF�EJQPMF DPVQMJOHT BOE JOUFSBD�
UJPOT CFUXFFO OVDMFBS RVBESVQPMF NPNFOUT BOE MPDBM FMFDUSJD mFME HSBEJFOUT <ǰǰ ǰǱ>�
8IJMF DPNQSFIFOTJWF UIJT RVBOUVN QJDUVSF JT OPU DPNNFOTVSBUF XJUI UIF NJDSPNFUSF�
TDBMF WPMVNF FYQMPSFE CZ UIF EJĊVTJOH NPMFDVMFT UISPVHIPVU UIF .3 FYQFSJNFOU�
$POTFRVFOUMZ XF BEPQU B DMBTTJDBM EFTDSJQUJPO JO XIJDI UIF TJHOBM BSJTFT GSPN B NBH�
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OFUJTBUJPO WFDUPS .(S, U) FWPMWJOH VOEFS UIF JOnVFODF PG FYUFSOBM NBHOFUJD mFMET BOE
MPDBMMZ WBSZJOH .3 PCTFSWBCMFT� ɨF #MPDI�5PSSFZ FRVBUJPO HJWFT BO BDDVSBUF NJDSP�
TDPQJD EFTDSJQUJPO PG UIF FWPMVUJPO PG .(S, U) BT B GVODUJPO PG UJNF U BOE QPTJUJPO S
<ǰǲ>�

∂.Y

∂U
(S, U) = γ(. × #)Y − 3� .Y(S, U) +∇ · % ·∇.Y(S, U) , 	ǰ�Ǯ


∂.Z

∂U
(S, U) = γ(. × #)Z − 3� .Z(S, U) +∇ · % ·∇.Z(S, U) , 	ǰ�ǯ


∂.[

∂U
(S, U) = γ(. × #)[ − 3� (.[(S, U)−.�(S)) +∇ · % ·∇.[(S, U) , 	ǰ�ǰ


XIFSF γ JT UIF HZSPNBHOFUJD SBUJP PG UIF JOWFTUJHBUFE OVDMFBS TQFDJFT 	UZQJDBMMZ �)
∇ JT
UIF HSBEJFOU PQFSBUPS.�(S) JT UIF JOJUJBM NBHOFUJ[BUJPO TFU CZ UIF MPDBM OVDMFBS EFOTJUZ
BOE · BOE × EFOPUF UIF TDBMBS BOE DSPTT QSPEVDUT SFTQFDUJWFMZ� ɨF TZTUFN PG #MPDI�
5PSSFZ FRVBUJPOT DPNQSJTFT DPOUSJCVUJPOT GSPN UISFF EJTUJODU QIZTJDBM NFDIBOJTNT�

t ɨF DSPTT QSPEVDUT EFTDSJCF B -BSNPS QSFDFTTJPO BSPVOE BO FYUFSOBM NBHOFUJD
mFME #� ɨF BOHVMBS GSFRVFODZ PG UIF QSFDFTTJPO NPWFNFOU JT HJWFO CZ ω = γ#�

t 3FMBYBUJPO UPXBSET BO FRVJMJCSJVN TUBUF� 'PS SFBTPOT UIBU XJMM CF FMBCPSBUFE CF�
MPX XF BTTVNF UIBU UIF FRVJMJCSJVN TUBUF JT EFmOFE CZ B CVML NBHOFUJ[BUJPO
BMPOH UIF [�BYJT .FR(S) = (�, �,.�(S))� ɨF FWPMVUJPO UPXBSET FRVJMJCSJVN
JT SFHVMBUFE CZ UXP SFMBYBUJPO SBUFT� UIF USBOTWFSTF SFMBYBUJPO SBUF 3� EFTDSJCFT
UIF EFDBZ PG NBHOFUJ[BUJPO DPNQPOFOUT PSUIPHPOBM UP .FR(S) XIJMF UIF MPOHJU�
VEJOBM SBUF 3� SFnFDUT UIF SFMBYBUJPO NFDIBOJTNT JOnVFODJOH UIF NBHOFUJTBUJPO
DPNQPOFOUT QBSBMMFM UP .FR(S)�

t "OJTPUSPQJD EJĊVTJPO PG OVDMFJ BT EFTDSJCFE CZ B NJDSPTDPQJD EJĊVTJPO UFOTPS %�

*O UIF GPMMPXJOH TVC�TFDUJPOT XF FYQMPSF UIF FĊFDUT PG FBDI PG UIPTF UFSNT PO UIF EF�
UFDUFE NBHOFUJTBUJPO�

ǰ�Ǯ�Ǯ .BHOFUJD mFME QVMTFT BOE HSBEJFOUT

ɨF # UFSN JO UIF #MPDI�5PSSFZ FRVBUJPOT EFTDSJCFT UIF WBSJPVT FYUFSOBM NBHOFUJD mFME
UIBU BSF VTFE UP CPUI DSFBUF BOE NBOJQVMBUF UIF NBHOFUJTBUJPO WFDUPS .� 5ZQJDBMMZ
UIJT UFSN DPNQSJTFT B MJOFBS DPNCJOBUJPO PG TUBUJD NBHOFUJD mFMET PTDJMMBUJOH NBHOFUJD
mFMET JO UIF SBEJP�GSFRVFODZ SBOHF BOE TQBUJBMMZ WBSZJOH NBHOFUJD mFME HSBEJFOUT�

ɨF NBHOFUJTBUJPO JT UZQJDBMMZ DSFBUFE CZ TVCKFDUJOH UIF TBNQMF UP B TUBUJD NBHOFUJD mFME
#� UISPVHIPVU UIF FOUJSF FYQFSJNFOU UJNF� ɨJT mFME EFmOFT BO FRVJMJCSJVN TUBUF JO
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XIJDI UIF TBNQMF EJTQMBZT B CVML NBHOFUJTBUJPO .FR(S) BMPOH #�� #Z DPOWFOUJPO UIF
[�BYJT PG UIF MBCPSBUPSZ GSBNF PG SFGFSFODF JT EFmOFE UP QPJOU JO UIF EJSFDUJPO PG #�� ɨF
SFTVMUJOH NBHOFUJTBUJPO JT DPNNPOMZ NBOJQVMBUFE UISPVHI UIF BQQMJDBUJPO PG PTDJMMBU�
JOH NBHOFUJD mFME QVMTFT #�(ω) XJUI B GSFRVFODZ TJNJMBS UP UIF -BSNPS GSFRVFODZ PG #�
	ω ≈ ω� = γ#�
� #FDBVTF ω JT VTVBMMZ JO UIF SBEJP�GSFRVFODZ SBOHF UIFTF NBHOFUJD
mFME QVMTFT BSF SFGFSSFE UP BT 3' QVMTFT� ɨF FĊFDUT PG 3' QVMTFT BSF NPSF DPOWFOJFOUMZ
BOBMZTFE JO B GSBNF PG SFGFSFODF UIBU SPUBUFT BSPVOE #� XJUI B GSFRVFODZ ω� = γ#��
8IFO XPSLJOH JO UIF SPUBUJOH GSBNF #�(ω) BQQFBST TUBUJPOBSZ BOE UIF FĊFDU PG BO 3'
QVMTF JT UIFO B TJNQMF SPUBUJPO PG . BSPVOE #�(ω)� ɨF 3' QVMTFT BSF USBEJUJPOBMMZ
OBNFE BGUFS UIF SPUBUJPO UIFZ QSPEVDF� B ��◦Y QVMTF EFOPUFT BO 3' QVMTF QSPEVDJOH B
Ƕǭ◦ SPUBUJPO BMPOH UIF 	SPUBUJOH GSBNF
 Y�BYJT�

4QBUJBMMZ WBSZJOH NBHOFUJD mFME HSBEJFOUT ((U) BSF BO FTTFOUJBM DPNQPOFOU PG EJĊVTJPO
BOE JNBHJOH .3 FYQFSJNFOUT� ɨF HSBEJFOUT BSF VTFE UP MBCFM UIF QPTJUJPO PG UIF
WBSJPVT OVDMFJ CZ NFBOT PG QSPEVDJOH B TQBUJBMMZ EFQFOEFOU QSFDFTTJPO GSFRVFODZ

ω(S) = γ#� + γ((U) · S . 	ǰ�Ǳ


"T BMSFBEZ NFOUJPOFE JO UIF CFHJOOJOH PG UIJT DIBQUFS UIF UFNQPSBM QSPmMF PG UIF
HSBEJFOU XBWFGPSNT ((U) DBO CF UBJMPSFE UP FODPEF UIF TJHOBM GPS JOGPSNBUJPO BCPVU
UIF VOEFSMZJOH EJĊVTJPO QSPDFTTFT� 8JUIJO BO .3* TFUUJOH NBHOFUJD mFME HSBEJFOUT
BSF VTFE UP TFMFDUJWFMZ FYDJUF UIF OVDMFJ XJUIJO B TNBMM SFHJPO PG UIF TBNQMF 	WPYFM
�
5ZQJDBM WPYFM TJ[FT SBOHF GSPN NJMMJNFUSF JO DMJOJDBM TDBOOFST 	F�H� � × � × � NN�
 UP
TVC�NJMMJNFUSF JO SFTFBSDI NJDSP�JNBHJOH TZTUFNT�

ǰ�Ǯ�ǯ 3FMBYBUJPO FODPEJOH

ɨF �) SFMBYBUJPO SBUFT PG XBUFS NPMFDVMFT BSF FYRVJTJUFMZ TFOTJUJWF UP UIF NPMFDVMBS
DPNQPTJUJPO BOE TUSVDUVSBM PSHBOJ[BUJPO PG UIF MPDBM UJTTVF FOWJSPONFOU� ɨF MPOHJU�
VEJOBM SFMBYBUJPO SBUF 3� JT IJHIMZ EFQFOEFOU PO EJQPMBS JOUFSBDUJPOT BOE FYDIBOHF
QSPDFTTFT CFUXFFO XBUFS BOE PUIFS NPMFDVMBS TQFDJFT <ǰǳoǰǵ>� 3� JT UIVT EFUFSNJOFE
CZ XBUFS DPOUFOU UIF DPODFOUSBUJPO PG PUIFS NPMFDVMBS DPOTUJUVFOUT TVDI BT QSPUFJOT
PS MJQJET BOE XBUFS CJOEJOH <ǰǶ>� ɨF USBOTWFSTF SFMBYBUJPO SBUF 3� JT FRVBMMZ TFOTJUJWF
UP UIF MPDBM DIFNJDBM DPNQPTJUJPOT BOE BEEJUJPOBMMZ DBSSJFT JOGPSNBUJPO BCPVU NJDSP�
BOE NFTP�TDBMF UJTTVF TUSVDUVSFT <Ǳǭ ǱǮ>� .PUJWBUFE CZ UIFTF SFMBUJPOTIJQT XBUFS SF�
MBYBUJPO SBUFT IBWF CFFO XJEFMZ VTFE BT RVBOUJUBUJWF NBSLFST PG UJTTVF DPNQPTJUJPO BOE
TUSVDUVSF� <Ǳǯ>�

'PS UIF QBSUJDVMBS DBTF PG JO WJWP IVNBO CSBJO UIF NFBTVSFE �) .3* TJHOBM JODMVEFT
DPOUSJCVUJPOT GSPN XBUFS NPMFDVMFT BT XFMM BT NBDSPNPMFDVMFT� ɨF OPOBRVFPVT �)
TJHOBMT BSF PCTFSWFE UP EFDBZ Ǯǭǭ UJNFT GBTUFS UIBO UIF TJHOBM PG XBUFS JO UJTTVF <Ǳǰ> BOE

Ǯǰ
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'JHVSF ���� %JGGFSFOU USBOTWFSTF SFMBYBUJPO 3� DPNQPOFOUT GPVOE JO UZQJDBM IFBMUIZ CSBJO UJTTVFT� 5IF EJT�
QMBZFE WBMVFT BSF CBTFE PO UIF EBUB GSPN 3FGT� <�� ��>� 5IF DVSMZ CSBDLFU JEFOUJmFT 3� SBUFT UIBU
DBO CF FBTJMZ EFUFDUFE XJUI .3* QSPUPDPMT BMMPXJOH GPS CPUI SFMBYBUJPO� BOE EJGGVTJPO�FODPEJOH
	1BQFS 7
�

UIF NFBTVSFE TJHOBM XJMM UIFSFGPSF DPNQSJTF BO JOTJHOJmDBOU DPOUSJCVUJPO GSPN UIF GBTU�
SFMBYJOH OPOBRVFPVT DPNQPOFOUT� 0XJOH UP UIF IFUFSPHFOFPVT OBUVSF PG CSBJO UJTTVFT
XF DBO EFUFDU NJDSPTDPQJD FOWJSPONFOUT XJUI EJTUJODU XBUFS SFMBYBUJPO QSPQFSUJFT TFF
'JHVSF ǰ�Ǯ� ɨSFF NJDSPTDPQJD DPNQPOFOUT BSF UZQJDBMMZ PCTFSWFE JO UIF IFBMUIZ IVNBO
CSBJO� B TMPX�SFMBYJOH DPNQPOFOU DPSSFTQPOEJOH UP DFSFCSPTQJOBM nVJE B DPNQPOFOU
XJUI JOUFSNFEJBUF SFMBYBUJPO DPSSFTQPOEJOH UP XBUFS JO JOUSB� PS FYUSBDFMMVMBS FOWJSPO�
NFOUT BOE B GBTU SFMBYJOH DPNQPOFOU BUUSJCVUFE UP XBUFS USBQQFE XJUIJO UIF NZFMJO
CJMBZFST <ǱǱ Ǳǲ>� 5P BDDPVOU GPS UJTTVF IFUFSPHFOFJUZ UIF NFBTVSFE TJHOBM JT UZQJDBMMZ
FYQSFTTFE JO UFSNT PG B QSPCBCJMJUZ EJTUSJCVUJPO PG SFMBYBUJPO SBUFT� .3* NFUIPET UIBU
DBO RVBOUJGZ SFMBYBUJPO SBUF EJTUSJCVUJPOT IBWF CFFO DMBTTJDBMMZ VTFE UP NBQ UIF WPMVNF
GSBDUJPO PG NZFMJO XBUFS JO CPUI IFBMUIZ <ǱǰoǱǲ> BOE EJTFBTFE <Ǳǳ ǱǴ> IVNBO CSBJO
QSPWJEJOH FTUJNBUFT UIBU DPSSFMBUF XFMM XJUI IJTUPQBUIPMPHZ <ǱǴ>�

ɨF TDIFNF PG NPTU SFMBYBUJPO UFDIOJRVFT DBO CF EFDPNQPTFE JOUP UISFF TJNQMF TUFQT� J

DSFBUF B QFSUVSCFE TUBUF XIFSF . ̸= .FR JJ
 BMMPX UIF NBHOFUJTBUJPO UP FWPMWF UPXBSET
FRVJMJCSJVN GPS B HJWFO UJNF τ  JJJ
 SFDPSE UIF TJHOBM� ɨF QSPDFTT JT SFQFBUFE BU EJĊFSFOU
UJNFT τ JO PSEFS UP SFDPSE B TFSJFT PG .(τ) WBMVFT NPEVMBUFE CZ 3� BOE�PS 3�� #FMPX
XF QSFTFOU UXP CBTJD SFMBYBUJPO NFBTVSFNFOU NFUIPET�

t 4BUVSBUJPO SFDPWFSZ� ɨJT TFRVFODF DPNQSJTFT UXP ��◦ QVMTFT TFQBSBUFE CZ B UJNF
EFMBZ τ3� ɨF mSTU ��◦ QVMTF CSJOHT UIF FRVJMJCSJVN NBHOFUJTBUJPO .FR =
(�, �,.�) EPXO UP UIF Y�Z 	USBOTWFSTF
 QMBOF GSPN XIJDI JU SFMBYFT CBDL UP FRVJ�
MJCSJVN� %VF UP 3� SFMBYBUJPO UIF FWPMVUJPO UPXBSET FRVJMJCSJVN JT DIBSBDUFS�
J[FE CZ B CVJME�VQ PG NBHOFUJTBUJPO BMPOH UIF [�BYJT 	MPOHJUVEJOBM EJSFDUJPO
� "
TFDPOE ��◦ QVMTF JT BQQMJFE BGUFS B UJNF τ3 JO PSEFS UP nJQ UIF MPOHJUVEJOBM DPN�
QPOFOUT UP UIF USBOTWFSTF QMBOF XIFSF UIF TJHOBM JT EFUFDUFE� ɨF BNQMJUVEF PG
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UIF SFDPSEFE NBHOFUJTBUJPO JT EFUFSNJOFE BT B TPMVUJPO PG &R� ǰ�ǰ

.(τ3) = .� [� − FYQ(−τ33�)] . 	ǰ�ǲ


ɨF FYQFSJNFOU JT SFQFBUFE GPS EJĊFSFOU WBMVFT PG τ3 BOE 3� JT EFUFSNJOFE CZ
mUUJOH &R ǰ�ǲ UP UIF NFBTVSFE EBUB�

t 4QJO�FDIP� ɨJT TFRVFODF JT CBTFE PO UXP EJĊFSFOU 3' QVMTFT� B ��◦ BOE B ���◦
QVMTFT� ɨF ��◦ QVMTF SPUBUFT UIF FRVJMJCSJVN NBHOFUJTBUJPO JOUP UIF USBOTWFSTF
QMBOF XIFSF UIF TJHOBM JT MFGU UP QSFDFTT GPS B UJNF τ&/�� %VF UP mFME JOIPNP�
HFOFJUJFT OVDMFBS QPQVMBUJPOT JO EJĊFSFOU QBSUT PG UIF TBNQMF NBZ QSFDFTT BU
EJĊFSFOU TQFFE� ɨJT JOUSPEVDFT B EFQIBTJOH UIBU DBVTFT UIF TJHOBM UP EFDBZ BU
B GBTUFS SBUF UIBO 3�� ɨF BQQMJDBUJPO PG B ���◦ QVMTF JOWFSUT UIF NBHOFUJTBUJPO
BOE SFTFSWFT UIF QIBTF PG UIF WBSJPVT QSFDFTTJOH OVDMFJ� *G UIF OVDMFJ BSF MFGU UP
QSFDFTT VOEFS UIF TBNF DPOEJUJPOT BT CFGPSF UIF ���◦ QVMTF UIF TJHOBM XJMM CF
SFGPDVTFE BOE BO FDIP XJMM CF GPSNFE BGUFS B UJNF τ&� /FHMFDUJOH UIF FĊFDUT PG
EJĊVTJPO UIF BNQMJUVEF PG UIF USBOTWFSTF NBHOFUJTBUJPO BU τ& JT NPEVMBUFE CZ
3�

.(τ&) = .� FYQ(−τ&3�) . 	ǰ�ǳ


.(τ&) JT NFBTVSFE BT B GVODUJPO PG τ& BOE 3� JT EFUFSNJOFE CZ DPNQBSJOH UIF
EBUB UP &R� ǰ�ǳ�

ǰ�Ǯ�ǰ %JĊVTJPO FODPEJOH

*O EJĊVTJPO .3 FYQFSJNFOUT NBHOFUJD mFME HSBEJFOUT BSF VTFE UP TFOTJUJ[F UIF USBOT�
WFSTF NBHOFUJ[BUJPO UP UIF EJĊVTJWF NPUJPO PG B TFMFDUFE OVDMFVT� %VF UP UIF OBUVSBM
BCVOEBODF PG XBUFS JO CJPMPHJDBM UJTTVFT BOE JUT DPOTFRVFOU FBTJOFTT PG EFUFDUJPO UIF
WBTU NBKPSJUZ PG JO WJWP .3* MJUFSBUVSF DPODFOUSBUFT PO UIF �) OVDMFJ PG XBUFS NP�
MFDVMFT� ɨF EZOBNJDT PG UIF USBOTWFSTF NBHOFUJ[BUJPO BSF XFMM EFTDSJCFE CZ &RT� ǰ�Ǯ BOE
ǰ�ǯ XIJDI DBO CF XSJUUFO JO UIF SPUBUJOH GSBNF PG SFGFSFODF BT B TJOHMF DPNQBDU FRVB�
UJPO CZ DPNCJOJOH .Y BOE .Z JOUP B TJOHMF DPNQMFY�WBMVFE WBSJBCMF NYZ = .Y + J.Z
<ǰ Ǳǵ>�

∂NYZ(S, U)
∂U

= −3� N(S, U)− Jγ [((U) · S]N(S, U) +∇ · % ·∇N(S, U) . 	ǰ�Ǵ


"T EJTDVTTFE JO $IBQUFS ǯ UIF USBOTMBUJPOBM NPUJPO PG XBUFS NPMFDVMFT XJUIJO UJTTVFT
JT BĊFDUFE CZ B WBSJFUZ PG TFNJ�QFSNFBCMF NFNCSBOFT UIBU GPSN DPNQBSUNFOUT XJUI
CBSSJFS TQBDJOHT SBOHJOH GSPN OBOPNFUSFT UP NJDSPNFUSFT� ɨF FĊFDUT PG JOUFSBDUJPOT
XJUI UIF WBSJPVT NFNCSBOFT PO NYZ(S, U) DBO CF FYQMJDJUMZ NPEFMMFE CZ JODPSQPSBUJOH
B TFSJFT PG BQQSPQSJBUF CPVOEBSZ DPOEJUJPOT JOUP &R� ǰ�Ǵ <ǲ Ǳǵ>� 'PS TJNQMJDJUZ XF

Ǯǲ
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JOTUFBE DIPPTF UP BWFSBHF UIFTF DPNQMFY FĊFDUT JOUP B TFU PG FĊFDUJWF SFMBYBUJPO SBUFT
BOE BQQBSFOU EJĊVTJPO UFOTPST BOE BQQSPYJNBUF UIF VOEFSMZJOH EJĊVTJPO QSPDFTT BT
CFJOH (BVTTJBO J�F� UIF EJĊVTJPO QSPDFTT JT GVODUJPOBMMZ FRVJWBMFOU UP UIF POF PDDVSSJOH
JO BO VOSFTUSJDUFE NFEJVN BOE JT EFTDSJCFE CZ B (BVTTJBO EJTUSJCVUJPO� 6OEFS UIFTF
BTTVNQUJPOT XF OFHMFDU UIF FYQMJDJU FĊFDU PG UIF BEEJUJPOBM CPVOEBSZ DPOEJUJPOT BOE
PCUBJO UIF GPMMPXJOH TPMVUJPO GPS &R� ǰ�Ǵ <ǯ ǰ>

NYZ(S, U) = N�(S) FYQ
(
−3� U− JR(U) · S −

∫ U

�
R5(U′) · % · R(U′) EU′

)
, 	ǰ�ǵ


XIFSF N�(S) JT UIF JOJUJBM NBHOFUJ[BUJPO BOE R(U) JT UIF EFQIBTJOH WFDUPS EFmOFE BT

R(U) = γ

∫ U

�
((U′) EU′ . 	ǰ�Ƕ


*U JT JNQPSUBOU UP SFDPHOJ[F UIBU &R� ǰ�ǵ QSPWJEFT B DPBSTF BQQSPYJNBUJPO UIBU EPFT
OPU FYQMJDJUMZ BDDPVOU GPS UIF WBSJPVT DPNQMFY JOUFSBDUJPOT UIBU TIBQF UIF USBOTMBUJPOBM
NPUJPO PG XBUFS JOTJEF CJPMPHJDBM UJTTVFT� )PXFWFS UIJT BQQSPYJNBUJPO IPMET GPS UIF
FYQFSJNFOUBM UJNJOHT PG UZQJDBM EJĊVTJPO .3* TUVEJFT <ǯǭ> BOE BT XF TIBMM TFF JO UIF
GPMMPXJOH TFDUJPOT QSPWJEFT B VTFGVM QPJOU PG EFQBSUVSF GPS UIF BOBMZTJT PG EBUB GSPN
NJDSPTDPQJDBMMZ IFUFSPHFOFPVT NBUFSJBMT�

ɨF UZQJDBM EJĊVTJPO .3* FYQFSJNFOU NFBTVSFT UIF SBEJP�GSFRVFODZ TJHOBM HFOFSBUFE CZ
UIF QSFDFTTJOH USBOTWFSTF NBHOFUJ[BUJPO BU B UJNF τ XIFSF UIF FDIP DPOEJUJPO R(τ) = �
JT GVMmMMFE UIVT OVMMJOH UIF JNBHJOBSZ UFSN PG &R� ǰ�ǵ� ɨF NBHOFUJ[BUJPO JT NFBTVSFE
PWFS B NJMMJNFUSF�TDBMF WPMVNF BOE UIF SFTVMUJOH TJHOBM 4 =

∫
7 N(S, U)ES JT BO BWFSBHF

PG UIF DPOUSJCVUJPOT GSPN NVMUJQMF NJDSPTDPQJD FOWJSPONFOUT XJUI QPUFOUJBMMZ EJTUJODU
DIFNJDBM BOE TUSVDUVSBM QSPQFSUJFT� 'PS B TBNQMF DPNQSJTJOH OPO�FYDIBOHJOH NJDSP�
TDPQJD FOWJSPONFOUT XJUI FRVJWBMFOU 3� SBUFT CVU EJTUJODU % UIF NBDSPTDPQJD TJHOBM
DBO CF XSJUUFO BT BO JOUFHSBM USBOTGPSNBUJPO PG 1(%) <ǯǯ>

4({R(U)}�≤U≤τ ) = 4�

∫
FYQ

(
−
∫ τ

�
R5(U) · % · R(U) EU

)
1(%) E% , 	ǰ�Ǯǭ


XIFSF 4� JT UIF TJHOBM PCUBJOFE XIFO ((U) = � UISPVHIPVU UIF UJNF JOUFSWBM � ≤ U ≤ τ �
*OUSPEVDJOH UIF EJĊVTJPO�FODPEJOH UFOTPS C <ǯ ǰ ǱǶ>

C =

∫ τ

�
R(U) · R5(U) EU , 	ǰ�ǮǮ


BOE BTTVNJOH UIBU % JT UJNF�JOEFQFOEFOU XF SFXSJUF &R� ǰ�Ǯǭ BT

4(C)
4�

=

∫
FYQ(−C : %) 1(%) E% . 	ǰ�Ǯǯ


Ǯǳ
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XIFSF C : % TZNCPMJ[FT B HFOFSBMJ[FE TDBMBS QSPEVDU CFUXFFO UXP UFOTPST 	'SPCFOJVT
JOOFS QSPEVDU
 C : % =

∑
JK CJK%JK� 'PS IPNPHFOFPVT TBNQMFT UIF 1(%) USBOTMBUFT

NBUIFNBUJDBMMZ BT B EFMUB EJTUSJCVUJPO BOE &R� ǰ�Ǯǯ ZJFMET B NPOP�FYQPOFOUJBM TJHOBM
EFDBZ� $POWFSTFMZ IFUFSPHFOFPVT TBNQMFT FYIJCJUJOH B EJTQFSTJPO PG WBMVFT BMPOH BU
MFBTU POF EJNFOTJPO PG UIF %5% TQBDF BSF DIBSBDUFSJ[FE CZ B NVMUJ�FYQPOFOUJBM TJHOBM
EFDBZ�

ǰ�ǯ .VMUJEJNFOTJPOBM EJĊVTJPO FODPEJOH

ɨFSF FYJTUT B MBSHF OVNCFS PG .3 QVMTF TFRVFODFT UIBU IBWF CFFO EFWFMPQFE UP TUVEZ
EJĊVTJPO JO BOJTPUSPQJD TZTUFNT� " WFSZ QPQVMBS FYQFSJNFOU JT UIF QVMTFE HSBEJFOU TQJO�
FDIP 	1(4&
 TFRVFODF EJTQMBZFE JO 'JHVSF ǰ�ǯ	B
 XIJDI XBT PSJHJOBMMZ JOUSPEVDFE CZ
4UFKTLBM BOE 5BOOFS JO ǮǶǳǲ <ǲǭ>� *O TVDI TFRVFODF UIF TJHOBM JT FODPEFE GPS EJĊV�
TJPO CZ B QBJS PG DPMMJOFBS NBHOFUJD mFME HSBEJFOU QVMTFT UIBU BSF BQQMJFE BMPOH B TJOHMF
EJSFDUJPO� 4FRVFODFT CBTFE PO UIF 1(4& EFTJHO IBWF CFFO UIF XPSLJOH IPSTF PG JO
WJWP EJĊVTJPO .3* TUVEJFT UIBU IBWF QSPWJEFE WBMVBCMF DPOUSJCVUJPOT UP PVS VOEFS�
TUBOEJOH PG UIF MJWJOH IVNBO CSBJO <ǰǯ ǲǮoǲǱ>� )PXFWFS EFTQJUF JUT VTFGVMOFTT UIF
1(4& FYQFSJNFOU JT LOPXO UP TVĊFS GSPN QPPS TQFDJmDJUZ BT UIF BDRVJSFE EBUB DPOUBJOT
JOGPSNBUJPO BCPVU BO BSSBZ PG EJTUJODU TUSVDUVSBM QSPQFSUJFT TVDI BT SFTUSJDUJPOT <ǵ> BO�
JTPUSPQZ <ǲǲ> BOE IFUFSPHFOFJUZ <ǲǳ>� " QBSUJDVMBSMZ SFMFWBOU MJNJUBUJPO PG UIF 4UFKTLBM�
5BOOFS FYQFSJNFOU JT UIF GBDU UIBU EJĊVTJPO FODPEJOH BMPOH B TJOHMF EJSFDUJPO FOUBOHMFT
UIF DPOUSJCVUJPOT GSPN DPNQBSUNFOU TJ[F BOJTPUSPQZ BOE PSJFOUBUJPO <ǲǴ ǲǵ> UIVT
QSFWFOUJOH UIF VOBNCJHVPVT RVBOUJmDBUJPO PG NJDSPTDPQJD FOWJSPONFOUT XJUIJO CJP�
MPHJDBM UJTTVFT� *O UIJT UIFTJT XF VTF UIF UFSN DPOWFOUJPOBM UP SFGFS UP QSPUPDPMT XIFSF
EJĊVTJPO FODPEJOH JT FYDMVTJWFMZ QFSGPSNFE CZ B TFU PG DPMMJOFBS HSBEJFOUT BQQMJFE PWFS
BOZ HJWFO TJOHMF EJSFDUJPO�

4FWFSBM XPSLT IBWF EFNPOTUSBUFE UIBU UIF TQFDJmDJUZ PG EJĊVTJPO .3 FYQFSJNFOUT DBO
CF CPPTUFE CZ VTJOH NPSF DPNQMFY TDIFNFT XIFSF UIF NBHOJUVEF BOE PSJFOUBUJPO PG
UIF NBHOFUJD mFME HSBEJFOUT BSF WBSJFE XJUIJO B TJOHMF FODPEJOH CMPDL <ǲǴ ǲǵ ǳǭoǳǱ>�
.VMUJEJNFOTJPOBM EJĊVTJPO .3* NFUIPET <ǲǶ> JO QBSUJDVMBS EFTJHO HSBEJFOU XBWF�
GPSNT UIBU BMMPX GPS TJHOBM BDRVJTJUJPO JO B NVMUJEJNFOTJPOBM TQBDF PG C�UFOTPST XJUI
BSCJUSBSZ TIBQFT JO PSEFS UP JTPMBUF PS SFNPWF TQFDJmD NFBTVSFT PG UIF VOEFSMZJOH %5%
<ǮǮ Ǯǳ ǲǶ>� 4VDI NFUIPEPMPHZ CFBST HSFBU SFTFNCMBODF XJUI NVMUJEJNFOTJPOBM TPMJE�
TUBUF /.3 UFDIOJRVFT <ǳǲ> SFMZJOH PO TBNQMF SFPSJFOUBUJPO <ǳǳoǳǶ> UP UBSHFU QBSUJD�
VMBS UFOTPSJBM BTQFDUT PG UIF SFMFWBOU JOUFSBDUJPO 	F�H� DIFNJDBM TIJGU EJQPMBS DPVQMJOH
RVBESVQPMBS DPVQMJOH
� "O FYBNQMF PG B QVMTF TFRVFODF GPS NVMUJEJNFOTJPOBM EJĊV�
TJPO FODPEJOH JT QSFTFOUFE JO 'JHVSF ǰ�ǯ	C
� OPUJDF UIBU CPUI UIF DPOWFOUJPOBM BOE UIF
NVMUJEJNFOTJPOBM TFRVFODFT BSF CBTFE PO UIF TBNF TQJO�FDIP TLFMFUPO UIF EJTUJODUJWF
USBJU CFUXFFO UIF UXP TFRVFODFT MJFT JO UIF EFTJHO PG UIF HSBEJFOU XBWFGPSNT�

ǮǴ
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tE / 2

t    

tE / 2
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tE / 2 tE / 2
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(a) conventional diffusion encoding (b) multidimensional diffusion encoding

detection

'JHVSF ���� .3* TFRVFODFT GPS DPOWFOUJPOBM 	B
 BOE NVMUJEJNFOTJPOBM 	C
 EJGGVTJPO FODPEJOH� 5IF QBJS PG
TMJDF�TFMFDUJWF ��◦ BOE ���◦ SBEJP�GSFRVFODZ QVMTFT QSPEVDF B TQJO�FDIP UIBU JT EFUFDUFE CZ
BO JNBHF SFBE�PVU CMPDL� 5IF ���◦ QVMTF JT CSBDLFUFE CZ B QBJS PG HSBEJFOU XBWFGPSNT 	SFE
HSFFO BOE CMVF MJOFT
 FODPEJOH UIF TJHOBM GPS JOGPSNBUJPO BCPVU UIF USBOTMBUJPO NPUJPO PG
XBUFS NPMFDVMFT� 5IF HSBEJFOUT JO 	C
 BSF EFTJHOFE UP BMMPX B TFQBSBUF DPOUSPM PWFS UIF USBDF C
OPSNBMJ[FE BOJTPUSPQZ Cǈ BOE PSJFOUBUJPO (Θ,Φ) PG UIF EJGGVTJPO�FODPEJOH UFOTPS 	C�UFOTPS

<��>� 5IF NFBTVSFE TJHOBM DBO CF BEEJUJPOBMMZ FODPEFE GPS USBOTWFSTF SFMBYBUJPO 3� CZ WBSZJOH
UIF τ& EFMBZ�

8IJMF NVMUJEJNFOTJPOBM EJĊVTJPO FODPEJOH TDIFNFT DBO CF VTFE UP HFOFSBUF TZNNFUSJD
TFDPOE�PSEFS C�UFOTPST XJUI TJY BSCJUSBSZ JOEFQFOEFOU FMFNFOUT POMZ BYJBMMZ�TZNNFUSJD
EJĊVTJPO�FODPEJOH UFOTPST BSF DPOTJEFSFE JO UIJT UIFTJT� 6TJOH B TJNJMBS DPOWFOUJPO BT
UIBU JOUSPEVDFE JO $IBQUFS ǯ XF QBSBNFUSJ[F B HJWFO C�UFOTPS CZ JUT USBDF 	C
 OPSNBM�
J[FE BOJTPUSPQZ 	Cǈ
 BOE PSJFOUBUJPO 	Θ,Φ
 <ǲǵ>

C =
C
�

⎡

⎣* + Cǈ

⎛

⎝
MY� − � �MYMZ �MYM[
�MZMY MZ� − � �MZM[
�M[MY �M[MZ M[� − �

⎞

⎠

⎤

⎦ , 	ǰ�Ǯǰ


XIFSF UIF WBSJPVT MJ BSF EFmOFE CZ &R� ǯ�ǮǮ XJUI UIF (θ,φ) WBSJBCMFT SFQMBDFE CZ
(Θ,Φ)� ɨF Cǈ QBSBNFUFS EJTUJOHVJTIFT CFUXFFO DPOWFOUJPOBM BOE NVMUJEJNFOTJPOBM
EJĊVTJPO TDIFNFT� QSPUPDPMT SFMZJOH PO DPMMJOFBS HSBEJFOU XBWFGPSNT BSF MJNJUFE UP B
TJOHMF C�UFOTPS TIBQF 	Cǈ = �
 XIJMF NVMUJEJNFOTJPOBM EJĊVTJPO QSPUPDPMT DBO TBNQMF
C�UFOTPST XJUI BSCJUSBSZ TIBQFT�

ɨF SFMBUJPOTIJQ CFUXFFO UIF C�UFOTPS BOE % JT NBEF NPSF FYQMJDJU CZ FYQBOEJOH UIF
QSPEVDU C : % JO UFSNT PG JOEJWJEVBM UFOTPS QBSBNFUFST

C : % = C%JTP[� + �Cǈ%ǈ1�(DPTβ)] , 	ǰ�ǮǱ


XIFSF 1�(Y) = (�Y� − �)/� EFOPUFT UIF TFDPOE -FHFOESF QPMZOPNJBM BOE β JT UIF
BSD�BOHMF CFUXFFO UIF NBKPS TZNNFUSZ BYFT PG C BOE % HJWFO CZ

DPTβ = DPT θ DPTΘ+ TJO θ TJOΘ DPT(φ− Φ) . 	ǰ�Ǯǲ


"T DMBSJmFE CZ &R� ǰ�ǮǱ EJĊVTJPO FODPEJOH XJUI Cǈ = � JT BCMF UP TFMFDU UIF FĊFDUT PG
%JTP PO UIF BDRVJSFE TJHOBM� "O FOUJSFMZ EJĊFSFOU PVUDPNF JT BUUBJOFE XJUI DPOWFOUJPOBM

Ǯǵ
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'JHVSF ���� $POUSBTU CFUXFFO TJHOBMT BDRVJSFE XJUI EJGGFSFOU C�UFOTPS TIBQFT� 5IF UXP CPYFT SFQSFTFOU
IFUFSPHFOFPVT WPYFMT DPNQSJTJOH B NJYUVSF PG SBOEPNMZ PSJFOUFE JEFOUJDBM QSPMBUF UFOTPST 	B

BOE B NJYVUSF PG UXP JTPUSPQJD EJGGVTJPO UFOTPST PG EJGGFSFOU TJ[F 	C
� 5IF SFE BOE CMVF DVSWFT
EJTQMBZ JO TJMJDP TJHOBM EBUB 4(C, Cǈ)/4� BDRVJSFE XJUI MJOFBS 	Cǈ = �
 BOE TQIFSJDBM 	Cǈ = �

C�UFOTPST SFTQFDUJWFMZ� %FTQJUF UIFJS PCWJPVT TUSVDUVSBM EJGGFSFODFT CPUI WPYFMT ZJFME JOEJT�
UJOHVJTIBCMF MJOFBSMZ FODPEFE EBUB� $POTFRVFOUMZ CPUI WPYFMT DBOOPU CF UFBTFE BQBSU XIFO
VTJOH DPOWFOUJPOBM EJGGVTJPO FODPEJOH TDIFNFT� /PO�PWFSMBQQJOH MJOFBSMZ BOE TQIFSJDBMMZ FO�
DPEFE TJHOBMT BSF PCTFSWFE GPS UIF BOJTPUSPQJD TZTUFN WPYFM 	B
� DPOWFSTFMZ UIF BOJTPUSPQZ PG
UIF C�UFOTPS TFFNT UP IBWF OP FGGFDU JO UIF JTPUSPQJD TZTUFN WPYFM 	C
�

EJĊVTJPO FODPEJOH 	Cǈ = �
 XIFSF UIF FĊFDUT PG %ǈ BOE PSJFOUBUJPO BSF DPOWPMWFE
XJUIJO B TJOHMF TDBMBS%FĊ <ǲǵ>� ɨJT TIPXT UIBU Cǈ JT B TFQBSBUF FYQFSJNFOUBM EJNFOTJPO
UIBU SFHVMBUFT UIF JOnVFODF PG EJĊVTJPO BOJTPUSPQZ PO UIF BDRVJSFE TJHOBM�

'PS DPNQMFUFOFTT XF DPNCJOF &RT� ǰ�ǮǱ BOE &R� ǰ�Ǯǯ�

4(C, Cǈ,Θ,Φ)

4�
=

∫ �Ż

�

∫ Ż

�

∫ �

−�.�

∫ +∞

�
FYQ(−C%JTP[� + �Cǈ%ǈ1�(DPTβ)])

× 1(%JTP,%ǈ, θ,φ)E%JTP E%ǈ TJO θ Eθ Eφ .

	ǰ�Ǯǳ


ɨF BCPWF FRVBUJPO DMBSJmFT UIBU UIF WBSJPVT EJNFOTJPOT PG UIF BDRVJTJUJPO TQBDF
(C, Cǈ,Θ,Φ) NBUDI UIPTF PG UIF TPVHIU�GPS EJTUSJCVUJPOT 1(%JTP,%ǈ, θ,φ)� $PO�
TFRVFOUMZ BDRVJSJOH EBUB BU WBSJPVT DPNCJOBUJPOT PG (C, Cǈ,Θ,Φ) GBDJMJUBUFT UIF JO�
TQFDUJPO PG TQFDJmD GFBUVSFT PG UIF VOEFSMZJOH %5%�

ǰ�ǯ�Ǯ *OGFSSJOH DPNQPTJUJPO GSPN EJĊVTJPO�XFJHIUFE TJHOBM QBUUFSOT

5P CFUUFS VOEFSTUBOE UIF BEWBOUBHFT PG NVMUJEJNFOTJPOBM EJĊVTJPO FODPEJOH MFU VT
DPOTJEFS UIF UXP IFUFSPHFOFPVT WPYFMT EJTQMBZFE JO 'JHVSF ǰ�ǰ� %FTQJUF QPTTFTTJOH EJG�
GFSFOU NJDSPTDPQJD TUSVDUVSFT UIF UXP WPYFMT ZJFME WJSUVBMMZ JOEJTUJOHVJTIBCMF MJOFBSMZ
FODPEFE (Cǈ = �) TJHOBMT <ǲǴ>� )PXFWFS DMFBSMZ EJTUJODU TJHOBMT BSF PCTFSWFE XIFO
UIF FĊFDUT PG EJĊVTJPO UFOTPS BOJTPUSPQZ BOE PSJFOUBUJPO BSF SFNPWFE GSPN UIF EBUB CZ
VTJOH B TQIFSJDBM (Cǈ = �) FODPEJOH TDIFNF� 4JODF UIF MFGU�TJEF WPYFM EPFT OPU FYIJCJU
B EJTQFSTJPO JO %JTP JUT TQIFSJDBM FODPEFE TJHOBM XJMM FYIJCJU UIF NPOP�FYQPOFOUJBM CF�
IBWJPVS DIBSBDUFSJTUJD PG IPNPHFOFPVT TBNQMFT� JO DPOUSBTU UIF SJHIU�TJEF WPYFM DPN�

ǮǶ
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'JHVSF ���� *O TJMJDP TJHOBM QBUUFSOT GSPN GPVS WPYFMT XJUI EJGGFSFOU NJDSPTDPQJD DPNQPTJUJPOT� 5IF UPQ CPYFT
EJTQMBZ UIF DPOUFOUT PG UIF WBSJPVT WPYFMT� PSJFOUBUJPOBMMZ PSEFSFE BOJTPUSPQJD % 	B
 PSJFOUBUJPO�
BMMZ EJTPSEFSFE% 	C
 NJYUVSF PG UXP JTPUSPQJD%XJUI EJGGFSFOU TJ[FT 	D
 NJYUVSF PG PSJFOUBUJPOBMMZ
EJTPSEFSFE BOJTPUSPQJD % XJUI JTPUSPQJD % PG MBSHFS TJ[F 	E
� 5IF TJNVMBUFE BDRVJTJUJPO QSPUPDPM
	CMBDL QPJOUT
 BOE DPSSFTQPOEJOH OPSNBMJ[FE TJHOBM EBUB 4	C
�4� 	HSFZ DJSDMFT
 BSF EJTQMBZFE CF�
MPX� 5IF BDRVJSFE C�UFOTPS NBHOJUVEFT C BOE OPSNBMJ[FE BOJTPUSPQZ WBMVFT Cǈ BSF EJTQMBZFE BT
B GVODUJPO PG UIF BDRVJTJUJPO QPJOU JOEFY� 5IF 4	C
�4� EBUB JT EJTQMBZFE PO UIF TBNF IPSJ[POUBM
BYJT BT UIF BDRVJTJUJPO TDIFNF� /PUJDF UIBU DMFBSMZ EJTUJODU TJHOBM QBUUFSOT BSF PCTFSWFE GPS UIF
EJGGFSFOU WPYFMT�

QSJTFT JTPUSPQJD EPNBJOT DIBSBDUFSJ[FE CZ EJĊFSFOU WBMVFT PG %JTP BOE JT DPOTFRVFOUMZ
DIBSBDUFSJ[FE CZ B NVMUJ�FYQPOFOUJBM TQIFSJDBMMZ FODPEFE TJHOBM DVSWF�

"EEJUJPOBM JOTJHIU PO UIF DPOOFDUJPO CFUXFFO NVMUJEJNFOTJPOBM EJĊVTJPO�XFJHIUFE
EBUB BOE TBNQMF TUSVDUVSF DBO CF BUUBJOFE GSPN UIF JOTQFDUJPO PG 'JHVSF ǰ�Ǳ� ɨFSF
XF EJTQMBZ UIF TJHOBM QBUUFSOT TJNVMBUFE GPS B TFU PG WPYFMT XJUI WBSZJOH EFHSFFT PG EJG�
GVTJPO BOJTPUSPQZ PSJFOUBUJPOBM PSEFS BOE %JTP IFUFSPHFOFJUZ� ɨF EJTQMBZFE EBUB XBT
TJNVMBUFE VTJOH MJOFBS (Cǈ = �) BOE TQIFSJDBM (Cǈ = �) C�UFOTPST PG EJĊFSFOU TJ[FT C
BOE PSJFOUBUJPOT (Θ,Φ)� 8IFOFWFS EJĊVTJPO BOJTPUSPQZ JT QSFTFOU � WPYFMT 	B
 	C

BOE 	E
 � UIF TJHOBM QBUUFSOT BSF PCTFSWFE UP CF TFOTJUJWF UP Cǈ� 4JHOBM TFOTJUJWJUZ UP Cǈ
JT UIVT JOUFSQSFUFE BT UIF IBMMNBSL PG EJĊVTJPO BOJTPUSPQZ� ɨF MJOFBSMZ FODPEFE EBUB
PG WPYFM 	B
 FYIJCJUT B TIBSQ iQFBL QBUUFSOw UIBU JT NPEVMBUFE CZ UIF BDRVJSFE (Θ,Φ)
WBMVFT� 'PS UIF PSJFOUBUJPOBMMZ EJTPSEFSFE WPYFMT 	C
 BOE 	E
 UIF TJHOBM TFOTJUJWJUZ UP
(Θ,Φ) JT SFEVDFE BOE UIF iQFBL QBUUFSOw PCTFSWFE GPS WPYFM 	B
 JT IJHIMZ BUUFOVBUFE�

ǯǭ
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ɨF TJHOBM TFOTJUJWJUZ UP C�UFOTPS PSJFOUBUJPO UIVT JOGPSNT PO UIF PSJFOUBUJPOBM PSEFS PG
UIF VOEFSMZJOH TUSVDUVSF� /PUJDF UIBU WPYFMT 	B
 BOE 	C
 ZJFME UIF TBNF (Cǈ = �) TJHOBM
QBUUFSO XIJDI JOEJDBUFT UIBU UIFZ DPNQSJTF BO BSSBZ PG % XJUI TJNJMBS JTPUSPQJD EJĊVT�
JWJUZ 	5S(%)/�
 CVU EJĊFSFOU PSJFOUBUJPOT� "T WPYFMT 	C
 BOE 	E
 CPUI DPNQSJTF BOJTP�
USPQJD EPNBJOT XJUI TJNJMBS EFHSFFT PG PSJFOUBUJPOBM PSEFS UIFJS SFTQFDUJWF (Cǈ = �)
TJHOBMT FYIJCJU B TJNJMBS QBUUFSO� ɨF NPTU OPUJDFBCMF EJĊFSFODF CFUXFFO UIF UXP WPYFMT
JT UIF NPSF SBQJE TJHOBM EFDBZ SFHJTUFSFE GPS WPYFM 	E
 DPOTJTUFOU XJUI UIF QSFTFODF PG
GBTU�EJĊVTJOH JTPUSPQJD DPNQPOFOUT JO WPYFM 	E
�

ɨF WBSJPVT QBUUFSOT PCTFSWFE JO 'JHVSF ǰ�Ǳ TIPXDBTF UIF TQFDJmDJUZ PG NVMUJEJNFO�
TJPOBM EJĊVTJPO EBUBTFUT UP UIF TBNQMF�T TUSVDUVSF� ɨF PCTFSWBUJPO PG EJTUJODUJWF TJHOBM
EFDBZ DVSWFT TQFDJmD UP UIF VOEFSMZJOH %5% JT DSVDJBM UP CPUI SFTPMWF BOE RVBOUJGZ
NJDSPTDPQJD IFUFSPHFOFJUZ�

ǰ�ǯ�ǯ 1PXEFS�BWFSBHJOH

ɨF EJNFOTJPOBMJUZ PG &R� ǰ�Ǯǳ DBO CF SFEVDFE CZ SFOEFSJOH UIF BDRVJSFE TJHOBM JOTFOT�
JUJWF UP UIF EFUBJMT PG TBNQMF PSJFOUBUJPO� " QSBDUJDBM XBZ UP BDIJFWF UIJT JT UP UBLF UIF
BSJUINFUJD BWFSBHF PG EBUB BDRVJSFE BU B DPNQSFIFOTJWF TFU PG C PSJFOUBUJPOT <ǯǳ ǯǴ Ǵǭ>

4(C, Cǈ) =
�
�Ż

∫ �Ż

�

∫ Ż

�
4(C, Cǈ,Θ,Φ) TJOΘ EΘ EΦ . 	ǰ�ǮǴ


ɨJT UFDIOJRVF IBT CFFO JOEFQFOEFOUMZ JOUSPEVDFE JO UIF mFME PG EJĊVTJPO .3* BT
iQPXEFS�BWFSBHJOHw <ǯǳ ǯǴ> BOE iTQIFSJDBM NFBOw <ǴǮ Ǵǯ>� *O UIJT XPSL XF PQU GPS
UIF iQPXEFS�BWFSBHJOHw UFSNJOPMPHZ JO PSEFS UP IJHIMJHIU UIF BOBMPHZ XJUI TPMJE�TUBUF
/.3 UFDIOJRVFT GPS DBMDVMBUJOH UIF TQFDUSPTDPQJD MJOF TIBQFT PG TBNQMFT DPNQSJTJOH B
MBSHF OVNCFS PG SBOEPNMZ PSJFOUFE DSZTUBMMJUFT 	QPXEFS TBNQMFT
 <Ǵǰ>� 5P BTTVSF UIBU
UIF QPXEFS�BWFSBHFE TJHOBM JT JOEFFE SPUBUJPOBMMZ JOWBSJBOU POF NVTU QSPCF B TVċDJFOU
OVNCFS PG VOJGPSNMZ EJTUSJCVUFE C�UFOTPS PSJFOUBUJPOT� ɨF NJOJNVN OVNCFS PG SF�
RVJSFE PSJFOUBUJPOT EFQFOET PO CPUI UIF BOJTPUSPQZ PG UIF TBNQMF UIF BOJTPUSPQZ PG C
BOE UIF NBHOJUVEF PG UIF FODPEJOH UFOTPS <ǴǱ>�

(FOFSBM BOBMZUJDBM FYQSFTTJPOT PG UIF QPXEFS�BWFSBHFE TJHOBM IBWF CFFO EFSJWFE SFDFOUMZ
<Ǵǲ>� 'PS BYJBMMZ TZNNFUSJD C BOE % XF DBO XSJUF 	1BQFS *


4(C, Cǈ)

4�
=

∫ ∞

�

∫ �

−�/�
,(C, Cǈ,%JTP,%ǈ)1(%JTP,%ǈ) E%ǈ E%JTP , 	ǰ�Ǯǵ


XIFSF 1(%JTP,%ǈ) JT B KPJOU EJTUSJCVUJPO PG JTPUSPQJD BOE BOJTPUSPQJD EJĊVTJWJUJFT BOE
UIF JOWFSTJPO LFSOFM JT HJWFO CZ <ǲǵ>

,(C, Cǈ,%JTP,%ǈ) =

√
Ż

�
FSG(

√
�CCǈ%JTP%ǈ)√

�CCǈ%JTP%ǈ
FYQ(−C%JTP[� − Cǈ%ǈ]) 	ǰ�ǮǶ


ǯǮ
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XJUI FSG( · ) EFOPUJOH UIF FSSPS GVODUJPO� ɨF (%JTP,%ǈ) CBTJT QSPWJEFT B TQBSTF SFQSFT�
FOUBUJPO PG UIF EBUB XIFSFJO FBDI EJTUJODU EJĊVTJPO UFOTPS DPNQPOFOU HJWFT SJTF UP B
ǯ% EFMUB GVODUJPO UIBU TJNVMUBOFPVTMZ EFTDSJCFT JUT TJ[F BOE TIBQF�

ɨF QPXEFS�BWFSBHFE TJHOBM NFBTVSFE BU B TQFDJmD Cǈ DPPSEJOBUF DBO CF FYQSFTTFE BT
UIF -BQMBDF USBOTGPSN PG B Ǯ% EJTUSJCVUJPO PG FĊFDUJWF EJĊVTJPO DPFċDJFOUT 1(%|Cǈ)

4(C) = 4�

∫ +∞

�
1(%|Cǈ) FYQ(−C%) E% . 	ǰ�ǯǭ


ɨF GVODUJPOBM GPSN PG 1(%|Cǈ) JT EFmOFE BT <ǲǵ>

1(%|Cǈ) =
�

�
√

�%JTPCǈ%ǈ[%− %JTP(� − Cǈ%ǈ)]
	ǰ�ǯǮ


JO UIF SBOHF
% > NJO[%JTP(� − Cǈ%ǈ),%JTP(� + �Cǈ%ǈ)] ,

% < NBY[%JTP(� − Cǈ%ǈ),%JTP(� + �Cǈ%ǈ)] ,
	ǰ�ǯǯ


BOE 1(%|Cǈ) = � PUIFSXJTF� "DDPSEJOH UP &R� ǰ�ǯǮ B TJOHMF BOJTPUSPQJD DPNQPOFOU
HJWFT SJTF UP B CSPBE 1(%|Cǈ) EJTUSJCVUJPO PG DPNQMFY TIBQF XIFOFWFS EBUB JT BDRVJSFE
XJUI B MJOFBS C�UFOTPS 	Cǈ = �
 <ǯǵ ǲǵ Ǵǳ>� ɨJT CSPBEFOJOH JT B DPOTFRVFODF PG
UIF FOUBOHMFNFOU CFUXFFO EJĊVTJPO UFOTPS BOJTPUSPQZ BOE PSJFOUBUJPO FYQSFTTFE CZ
&R� ǰ�ǮǱ�

ǰ�ǰ .VMUJEJNFOTJPOBM SFMBYBUJPO BOE EJĊVTJPO DPSSFMBUJPO .3

8JUIJO UIF mFME PG /.3 PG QPSPVT NFEJB NJDSPTDPQJDBMMZ IFUFSPHFOFPVT NBUFSJBMT
TVDI BT GPPE QSPEVDUT <ǴǴ> DPMMPJEBM TZTUFNT <Ǵǵ> PS QPSPVT SPDLT <ǴǶ> BSF UZQJDBMMZ
JOWFTUJHBUFE XJUI NVMUJEJNFOTJPOBM UFDIOJRVFT UIBU DPNCJOF NVMUJQMF SFMBYBUJPO� BOE
EJĊVTJPO�FODPEJOH CMPDLT� ɨF BDRVJTJUJPO QSJODJQMFT PG NVMUJEJNFOTJPOBM DPSSFMBUJPO
FYQFSJNFOUT BSF BOBMPHPVT UP UIPTF PG NVMUJEJNFOTJPOBM /.3 TQFDUSPTDPQZ NFUIPET
JO XIJDI TJHOBM EBUB JT SFDPSEFE BT B GVODUJPO PG EJĊFSFOU FWPMVUJPO UJNF QFSJPET <ǵǭ>�
"T JMMVTUSBUFE JO 'JHVSF ǰ�ǲ UIF PWFSBMM TUSBUFHZ JT UP BQQMZ B TFRVFODF PG EJĊFSFOU FODPE�
JOH CMPDLT CFUXFFO NBHOFUJ[BUJPO FYDJUBUJPO BOE TJHOBM EFUFDUJPO JO PSEFS UP FTUBCMJTI
DPSSFMBUJPOT CFUXFFO EJĊFSFOU .3 PCTFSWBCMFT� ɨF BDRVJSFE TJHOBM EBUB JT BQQSPY�
JNBUFE BT B NVMUJEJNFOTJPOBM JOUFHSBM USBOTGPSN PG KPJOU EJTUSJCVUJPOT PG SFMBYBUJPO
SBUFT BOE�PS EJĊVTJWJUJFT <ǵǮ> XIJDI DBO UIFO CF FTUJNBUFE GSPN UIF EBUB VTJOH OPO�
QBSBNFUSJD -BQMBDF JOWFSTJPO UFDIOJRVFT <ǵǯ ǵǰ>�

%JĊFSFOU OVNCFS BOE DPNCJOBUJPOT PG FODPEJOH CMPDLT DBO CF VTFE EFQFOEJOH PO
XIJDI .3 PCTFSWBCMFT QSPWJEF B NPSF EFUBJMFE DIBSBDUFSJ[BUJPO PG UIF JOWFTUJHBUFE NB�
UFSJBM F�H� 3��3� <ǵǱ> 3��% <ǵǲ ǵǳ> PS %�% <ǳǮ ǵǴ>� " TVSWFZ PG NVMUJEJNFOTJPOBM

ǯǯ
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weighting

'JHVSF ���� 4DIFNBUJD EJBHSBN PG B NVMUJEJNFOTJPOBM DPSSFMBUJPO .3 FYQFSJNFOU� " WBSJFUZ PG SFMBYBUJPO
BOE�PS EJGGVTJPO XFJHIUJOH CMPDLT JT BQQMJFE CFUXFFO BO FYDJUBUJPO BOE B TJHOBM EFUFDUJPO CMPDL
JO PSEFS UP FTUBCMJTI DPSSFMBUJPOT CFUXFFO EJGGFSFOU .3 PCTFSWBCMFT�

-BQMBDF FYQFSJNFOUT DBO CF GPVOE JO UIF SFWJFXT CZ (BMWPTBT BOE $BMMBHIBO <ǵǵ> BOE
(MBEEFO BOE .JUDIFMM <ǵǶ>�

5P UIJT EBUF -BQMBDF DPSSFMBUJPO TUVEJFT IBWF SFMJFE PO UIF 4UFKTLBM�5BOOFS FYQFSJNFOU
<ǲǭ> UP FODPEF GPS EJĊVTJPO� 'PS NBUFSJBMT DPNQSJTJOH BOJTPUSPQJD EPNBJOT XJUI NVM�
UJQMF PSJFOUBUJPOT EJĊVTJPO�FODPEJOH BMPOH B TJOHMF EJSFDUJPO HJWFT SJTF UP CSPBE EJT�
USJCVUJPOT PG FĊFDUJWF EJĊVTJWJUJFT 	TFF &R� ǰ�ǯǮ
 XIJDI BSF OPU POMZ DIBMMFOHJOH UP
SFUSJFWF XJUI OPOQBSBNFUSJD -BQMBDF JOWFSTJPO CVU BMTP JNQPTTJCMF UP EJĊFSFOUJBUF GSPN
B EJTQFSTJPO JO JTPUSPQJD EJĊVTJWJUJFT <ǲǴ>� $POTFRVFOUMZ UIF JOIFSFOU MJNJUBUJPOT PG
UIF 4UFKTLBM�5BOOFS FYQFSJNFOU QSFWFOU UIF EJTDSJNJOBUJPO CFUXFFO JTPUSPQJD BOE BO�
JTPUSPQJD DPOUSJCVUJPOT UP UIF VOEFSMZJOH %5% BT XFMM BT UIF SFTPMVUJPO PG NJDSPTDPQJD
FOWJSPONFOUT XJUIJO IFUFSPHFOFPVT BOJTPUSPQJD NBUFSJBMT TVDI BT CJPMPHJDBM UJTTVFT�

ǰ�ǰ�Ǯ %JĊVTJPO UFOTPS DPSSFMBUJPOT

5P PWFSDPNF UIF EJċDVMUJFT EFTDSJCFE BCPWF POF OFFET UP QSPHSFTT CFZPOE UIF USBEJ�
UJPOBM 4UFKTLBM�5BOOFS EFTJHO BOE EFWJTF FYQFSJNFOUBM QSPUPDPMT UIBU DBO EJTFOUBOHMF
UIF FĊFDUT PG EJĊVTJPO UFOTPS TJ[F BOJTPUSPQZ BOE PSJFOUBUJPO� 0OMZ CZ BDIJFWJOH UIJT
DBO POF VOBNCJHVPVTMZ SFTPMWF BOE RVBOUJGZ JTPUSPQJD BOE BOJTPUSPQJD FOWJSPONFOUT
XJUIJO PSJFOUBUJPOBMMZ EJTQFSTFE NBUFSJBMT�

1SFWJPVT DPOUSJCVUJPOT IBWF TIPXO UIBU UIF mFME PG NVMUJEJNFOTJPOBM TPMJE�TUBUF /.3
TQFDUSPTDPQZ JT B GFSUJMF TPVSDF PG JOTQJSBUJPO GPS UIF EFTJHO PG EJĊVTJPO .3 NFUIPET
GPS JOWFTUJHBUJPOT PG NJDSPTDPQJDBMMZ BOJTPUSPQJD NBUFSJBMT <ǯǴ ǯǵ ǲǵ ǳǰ>� #VJMEJOH
VQPO UIBU MJOF PG XPSL XF USBOTMBUFE TPMJE�TUBUF /.3 UFDIOJRVFT GPS DPSSFMBUJOH JTP�
USPQJD BOE BOJTPUSPQJD NPMFDVMBS TJUFT <ǳǴ ǳǶ> JOUP UIF mFME PG EJĊVTJPO .3 BOE EF�
WJTFE B GBNJMZ PG QSPUPDPM UIBU RVBOUJGZ NJDSPTDPQJD IFUFSPHFOFJUZ XJUI OPOQBSBNFUSJD
EJTUSJCVUJPOT XIFSFJO EJĊFSFOU NJDSPTDPQJD FOWJSPONFOUT BSF SFTPMWFE CBTFE PO UIFJS
SFTQFDUJWF (%JTP,%ǈ, θ,φ) QSPQFSUJFT� ɨF LFZ JOTJHIU GSPN TPMJE�TUBUF NFUIPEPMPHZ
JT UIBU JTPUSPQJD BOE BOJTPUSPQJD EJĊVTJPO DPOUSJCVUJPOT DBO CF SFTPMWFE CZ TFMFDUJWFMZ
DPOUSPMMJOH UIF JOnVFODF PG EJĊVTJPO BOJTPUSPQZ BOE PSJFOUBUJPO PO UIF BDRVJSFE TJHOBM�
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'JHVSF ���� %JGGVTJPO /.3 QSPUPDPM GPS FTUBCMJTIJOH DPSSFMBUJPOT CFUXFFO EJGGVTJPO UFOTPS FJHFOWBMVFT� 	B

4QFDUSPTDPQJD /.3 QVMTF TFRVFODF GPS NVMUJEJNFOTJPOBM EJGGVTJPO FODPEJOH� 5IF UIJO WFSUJDBM
MJOFT EFOPUF ��◦Y SBEJP�GSFRVFODZ QVMTFT XIJMF UIF UIJDL WFSUJDBM MJOFT SFQSFTFOU ���◦Z QVMTFT� 5IF
EBTIFE CPY TIPXT B NBHOJmDBUJPO PG UIF mSTU CJQPMBS HSBEJFOU QVMTF� 5IF HSBEJFOU BNQMJUVEF
( BOE UIF ǈ δ τ  BOE ϵ UJNJOHT EFmOF UIF NBHOJUVEF PG UIF C�UFOTPS UISPVHI &R� �����
5IF CPUUPN QBOFM JMMVTUSBUFT UIF VOJU WFDUPST (O�,O�,O�) PG UIF UISFF TFUT PG HSBEJFOU QVMTFT
BMMPXJOH GPS EJGGVTJPO FODPEJOH XJUI WBSJBCMF C�UFOTPS BOJTPUSPQZ 	Cǈ
� 5IF BOJTPUSPQZ PG UIF C�
UFOTPS JT UVOFE CZ DIBOHJOH UIF BOHMF ζ CFUXFFO UIF OJ WFDUPST BOE UIF [�BYJT PG UIF MBCPSBUPSZ
GSBNF 	TFF &R� ����
� 	C
 %BUB BDRVJTJUJPO QSPUPDPM GPS �% DPSSFMBUJPOT CFUXFFO UIF TJ[F BOE
TIBQF PG NJDSPTDPQJD EJGGVTJPO UFOTPST� �% TQBDF TQBOOFE CZ DPNCJOBUJPOT PG MJOFBS 	Cǈ = �

BOE TQIFSJDBM 	Cǈ = �
 C�UFOTPST� "EBQUFE XJUI QFSNJTTJPO GSPN 3FG� <��> 	1BQFS *
�

ɨF QSPQPTFE QSPUPDPMT SFMZ PO TJHOBM BDRVJTJUJPO JO B NVMUJEJNFOTJPOBM (C, Cǈ,Θ,Φ)
TQBDF FODPEJOH GPS DPSSFMBUJPOT CFUXFFO UIF TJ[F TIBQF BOE PSJFOUBUJPO PG UIF VOEFS�
MZJOH %� ɨF SFTVMUJOH JOGPSNBUJPO�SJDI EBUBTFUT DBO CF DPOWFSUFE UP %5%T XJUIPVU
SFMZJOH PO B QSJPSJ BTTVNQUJPOT PO UIF OVNCFS PS QSPQFSUJFT PG UIF JOEJWJEVBM NJDSP�
TDPQJD DPNQPOFOUT�

*O 1BQFS * XF JNQMFNFOUFE B TQFDUSPTDPQJD WFSTJPO PG B EJĊVTJPO UFOTPS DPSSFMBUJPO
QSPUPDPM VTJOH UIF USJQMF�TUJNVMBUFE FDIP TFRVFODF JOUSPEVDFE JO 3FG� <ǶǮ> BOE EJT�
QMBZFE JO 'JHVSF ǰ�ǳ	B
� %JĊVTJPO FODPEJOH XBT QFSGPSNFE CZ B TFRVFODF PG CJQPMBS
HSBEJFOU QVMTFT PSJFOUFE BMPOH UISFF EJTUJODU EJSFDUJPOT O� O� O� EFmOFE CZ UISFF B[J�
NVUIBM BOHMFT DPOTFDVUJWFMZ SPUBUFE CZ �Ż/� SBEJBOT BOE B DPOTUBOU QPMBS BOHMF ζ� ɨF
NBHOJUVEF PG UIF C�UFOTPS JT HJWFO CZ <ǶǮ>�

C = �(γ(δ)�(ǈ − δ/� − τ/� − ϵ/� − ϵ�/�δ + ϵ�/��δ�) , 	ǰ�ǯǰ


XIFSF ( JT UIF HSBEJFOU BNQMJUVEF BOE ǈ δ τ  BOE ϵ BSF UIF UJNJOH WBSJBCMFT EFmOFE
JO 'JHVSF ǰ�ǳ	B
� ɨF BOHMF ζ EFmOFT UIF OPSNBMJ[FE BOJTPUSPQZ PG C

Cǈ = 1�(DPT ζ) , 	ǰ�ǯǱ


BOE BTTVNFT B TJNJMBS SPMF UP UIBU PG UIF BOHMF CFUXFFO UIF NBJO NBHOFUJD mFME BOE
UIF SPUPS TQJOOJOH BYJT JO WBSJBCMF BOHMF TQJOOJOH UFDIOJRVFT <ǳǶ>� " TFU PG TQIFSJDBM
BOE QSPMBUF C�UFOTPST XBT TBNQMFE CZ WBSZJOH UIF HSBEJFOU BNQMJUVEF BOE ζ GSPN ζ =

ǯǱ
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'JHVSF ���� �% TJ[F�TIBQF EJGGVTJPO UFOTPS EJTUSJCVUJPO FTUJNBUFE GPS B UISFF�DPNQPOFOU DPMMPJEBM TBNQMF�
5IF TBNQMF XBT BTTFNCMFE CZ QMBDJOH B � NJMMJNFUSF /.3 UVCF DPOUBJOJOH B MJRVJE DSZTUBM JOTJEF
B �� NJMMJNFUSF UVCF mMMFE XJUI B ZFBTU DFMM TVTQFOTJPO� 5IF UXP CPYFT JMMVTUSBUF UIF BOJTPUSPQJD
TUSVDUVSF PG B TJOHMF NJDSPEPNBJO JO UIF MJRVJE DSZTUBM BOE UIF NJDSPTDPQJD TUSVDUVSF PG UIF ZFBTU
TVTQFOTJPO� 5IF TQIFSJDBM TIFMMT SFQSFTFOU UIF DFMM NFNCSBOFT TFQBSBUJOH CFUXFFO UIF JOUSB�
BOE UIF FYUSB�DFMMVMBS FOWJSPONFOUT� %JGGVTJPO /.3 EBUB XBT BDRVJSFE GSPN UIF TBNQMF BOE
UIFO USBOTGPSNFE JOUP B �% EJTUSJCVUJPO PG EJGGVTJPO UFOTPS TJ[FT BOE TIBQFT 	TFF UFYU GPS GVSUIFS
EFUBJMT
� 5IF SFTVMUJOH EJTUSJCVUJPO JT EJTQMBZFE BT B DPOUPVS QMPU PG JTPUSPQJD EJGGVTJWJUJFT %JTP BOE
BYJBM�SBEJBM EJGGVTJWJUZ SBUJPT%∥/%⊥� 5IF MJOFT BCPWF BOE UP UIF MFGU PG UIF DPOUPVS QMPU SFQSFTFOU
UIF �% QSPKFDUJPOT PG 1(%JTP,%ǈ) POUP UIF SFTQFDUJWF BYJT� 5IF DPMPVSFE DSPTTFT JEFOUJGZ UIF
UISFF NJDSPTDPQJD XBUFS FOWJSPONFOUT GPVOE JO UIF DPNQPTJUF TBNQMF� BOJTPUSPQJD MJRVJE DSZTUBM
	SFE
 JOUSBDFMMVMBS ZFBTU 	HSFFO
 BOE FYUSBDFMMVMBS ZFBTU 	CMVF
� "EBQUFE XJUI QFSNJTTJPO GSPN
3FG� <��> 	1BQFS *
�

BSDDPT(�/��/�) ≈ ��.��◦ 	Cǈ = �
 UP ζ = �◦ 	Cǈ = �
� ɨF SFTVMUJOH (C, Cǈ) HSJE 	TFF
'JHVSF ǰ�ǳ	C

 BMMPXFE GPS DPSSFMBUJPOT CFUXFFO UIF TJ[F %JTP BOE TIBQF %ǈ EJNFOTJPOT
PG UIF VOEFSMZJOH %5%�

&YQFSJNFOUBM WBMJEBUJPO XBT DPOEVDUFE PO B DPMMPJEBM TBNQMF XIFSF B DFOUSBM DPSF mMMFE
XJUI B MJRVJE DSZTUBM JO UIF SFWFSTF IFYBHPOBM QIBTF <Ƕǯ> JT TVSSPVOEFE CZ B ZFBTU TVTQFO�
TJPO XJUI UXP JTPUSPQJD EJĊVTJPO DPNQPOFOUT 	TFF 'JHVSF ǰ�Ǵ
� ɨF TBNQMF XBT DPO�
TUSVDUFE UP NJNJD UIF OFSWF UJTTVF NPEFM QSPQPTFE CZ 4UBOJT[ FU BM� <Ƕǰ>� UIF MJRVJE DSZT�
UBMMJOF BOE JOUSBDFMMVMBS ZFBTU DPNQPOFOUT SFTFNCMF XBUFS XJUIJO BYPOT BOE HMJBM DFMMT SF�
TQFDUJWFMZ XIJMF UIF FYUSBDFMMVMBS FOWJSPONFOU PG UIF ZFBTU TVTQFOTJPO SFQMJDBUFT UIF EJG�
GVTJPO QSPQFSUJFT PG UIF FYUSBDFMMVMBS UJTTVF FOWJSPONFOU� 5P WFSJGZ UIBU UIF QSPUPDPM DBO
JOEFFE SFTPMWF JTPUSPQJD BOE BOJTPUSPQJD DPNQPOFOUT FWFO JO UIF QSFTFODF PG PSJFOUB�
UJPOBM EJTPSEFS BO JTPUSPQJD PSJFOUBUJPO EJTUSJCVUJPO XBT FOGPSDFE CZ QPXEFS�BWFSBHJOH
EBUB DPMMFDUFE PWFS NVMUJQMF (Θ,Φ) PSJFOUBUJPOT� ɨJT SFTVMUFE JO B ǯ% 4(C, Cǈ) EBUB�
TFU UIBU JT SFMBUFE UP UIF ǯ% TJ[F�TIBQF 1(%JTP,%ǈ) EJTUSJCVUJPOT WJB &R� ǰ�Ǯǵ� /PO�
QBSBNFUSJD JOWFSTJPO PG UIF EBUB BOE TVCTFRVFOU FTUJNBUJPO PG 1(%JTP,%ǈ)XBT BDIJFWFE
VTJOH UIF OVNFSJDBM BQQSPBDIFT EJTDVTTFE JO $IBQUFS Ǳ� ɨF SFTVMUJOH EJTUSJCVUJPO JT

ǯǲ
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'JHVSF ���� 4QFDUSPTDPQJD /.3 QVMTF TFRVFODF BMMPXJOH GPS �% SFMBYBUJPO� BOE EJGGVTJPO�FODPEJOH� 5IF TF�
RVFODF DPOTJTUT PG BO FYUFOTJPO PG UIF USJQMF TUJNVMBUFE�FDIP TFRVFODF EJTQMBZFE JO 'JHVSF ���
BOE GPMMPXT UIF TBNF EJGGVTJPO�FODPEJOH TUSBUFHZ� 5IF SBEJP�GSFRVFODZ QVMTFT HSBEJFOUT BOE
(O�,O�,O�) VOJU WFDUPST GPMMPX UIF TBNF MBCFMMJOH PG 'JHVSF ���� -POHJUVEJOBM 3� BOE USBOTWFSTF
3� SFMBYBUJPO FODPEJOH JT QFSGPSNFE CZ WBSZJOH UIF τ3 BOE τ& EFMBZT SFTQFDUJWFMZ� 5IF TJHOBM JT
GVSUIFS BGGFDUFE CZ 3� BOE 3� EVSJOH UIF DPOTUBOU τ� BOE τ� EFMBZT SFTQFDUJWFMZ� 5BLFO XJUI
QFSNJTTJPO GSPN 3FG� <��> 	1BQFS **
�

TIPXO JO 'JHVSF ǰ�Ǵ� ɨF JOTQFDUJPO PG UIF DPOUPVS NBQT SFWFBM UIBU UIF QSPQPTFE DPS�
SFMBUJPO QSPUPDPM DBO JOEFFE SFTPMWF BOE DIBSBDUFSJ[F UIF UISFF DPNQPOFOUT UIBU DPN�
QSJTF UIF DPNQPTJUF TBNQMF� UXP JTPUSPQJD POFT BU MPH��(%JTP/N�T−�) ≈ −� BOE −��
DPSSFTQPOEJOH UP UIF FYUSB� BOE JOUSBDFMMVMBS ZFBTU XBUFS BT XFMM BT BO BOJTPUSPQJD DPN�
QPOFOU XJUI MPH��(%JTP/N�T−�) ≈ −�.� BOE MPH��(%∥/%⊥) ≈ � PSJHJOBUJOH GSPN
UIF MJRVJE DSZTUBM�

ǰ�ǰ�ǯ 3FMBYBUJPO BOE EJĊVTJPO UFOTPS DPSSFMBUJPOT

*O EFSJWJOH &R� ǰ�Ǯǯ XF BTTVNFE B DPOTUBOU USBOTWFSTF SFMBYBUJPO SBUF UISPVHIPVU UIF JO�
WFTUJHBUFE TBNQMF WPMVNF� 8IFOFWFS UIJT BTTVNQUJPO EPFT OPU IPME BOE 3� EJĊFSFODFT
DBO CF PCTFSWFE CFUXFFO EJĊFSFOU NJDSPTDPQJD FOWJSPONFOUT UIF FTUJNBUFE %5% XJMM
CF CJBTFE UPXBSET TMPX�SFMBYJOH QPQVMBUJPOT� ɨJT JTTVF JT QBSUJDVMBSMZ SFMFWBOU GPS CJP�
MPHJDBM TBNQMFT BT UIFZ BSF LOPXO UP DPNQSJTF NJDSPTDPQJD UJTTVF FOWJSPONFOUT XJUI
EJTUJODU 3� SBUFT <ǱǮ Ǳǰ Ǳǲ>� $POTFRVFOUMZ POF TIPVME BDDPVOU GPS BOE RVBOUJGZ 3�
IFUFSPHFOFJUZ JO PSEFS UP FTUJNBUF BDDVSBUF DPNQPOFOU GSBDUJPOT� .PSFPWFS OVDMFBS
SFMBYBUJPO SBUFT BSF LOPXO UP CF FYRVJTJUFMZ TFOTJUJWF UP UIF MPDBM DIFNJDBM DPNQPTJUJPO
PG UJTTVF <ǱǱ Ǳǲ ǶǱ Ƕǲ> BOE DBO QSPWJEF DPNQMFNFOUBSZ JOGPSNBUJPO UP EJĊVTJPO .3
FYQFSJNFOUT <Ƕǳ ǶǴ>�

.PUJWBUFE CZ UIF SFBTPOT PVUMJOFE JO UIF QSFWJPVT QBSBHSBQI XF IBWF FYUFOEFE PVS
%5% DPSSFMBUJPO BQQSPBDI UP B ǳ% EJNFOTJPOBM (3�,3�,%JTP,%ǈ, θ,φ) TQBDF 	1B�
QFS **
� 5P BMMPX GPS DPSSFMBUJPOT CFUXFFO SFMBYBUJPO SBUFT BOE EJĊVTJPO UFOTPST UIF
QVMTF TFRVFODF JOUSPEVDFE JO 3FG� <ǶǮ> BOE VTFE JO 1BQFS * XBT BVHNFOUFE XJUI UJNF
QFSJPET FODPEJOH GPS USBOTWFSTF BOE MPOHJUVEJOBM SFMBYBUJPO 	TFF 'JHVSF ǰ�ǵ
� %JĊVTJPO
FODPEJOH XBT QFSGPSNFE BT FYQMBJOFE JO 4FDUJPO ǰ�ǰ�Ǯ XIJMF 3�� BOE 3��XFJHIUJOH XBT
FOGPSDFE CZ WBSZJOH UIF τ3 BOE τ& EFMBZT SFTQFDUJWFMZ� 8JUIJO UIF %5% BQQSPYJNB�
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'JHVSF ���� �% SFMBYBUJPO�EJGGVTJPO EJTUSJCVUJPO 1(3�, 3�,%) FTUJNBUFE GPS B UISFF�DPNQPOFOU DPMMPJEBM
TBNQMF� 5IF TJEF CPYFT EJTQMBZ UIF TUSVDUVSF PG UIF MJRVJE DSZTUBMMJOF TPMVUJPO BOE UIF ZFBTU
TVTQFOTJPO UIBU DPNQPTF UIF TBNQMF BOE BSF FYQMBJOFE JO EFUBJM JO 'JHVSF ���� 5IF TFU PG �×�
DPOUPVS NBQT EJTQMBZT QSPKFDUJPOT PG UIF GVMM 1(3�, 3�,%) EJTUSJCVUJPO POUP �% TVCTFUT PG UIF
TQBDF EFmOFE CZ MPOHJUVEJOBM SFMBYBUJPOT 3� USBOTWFSTF SFMBYBUJPOT 3� JTPUSPQJD EJGGVTJWJUJFT
%JTP BOE BYJBM�SBEJBM EJGGVTJWJUZ SBUJPT %∥/%⊥� 5IF CMBDL MJOFT PO UIF UPQ BOE MFGU TJEF PG UIF TFU
EJTQMBZ �% QSPKFDUJPOT PG UIF WBSJPVT EJTUSJCVUJPOT 1(3�, 3�,%JTP,%∥/%⊥)� "T JO 'JHVSF ��� UIF
DPMPVSFE DSPTTFT FTUBCMJTI UIF DPSSFTQPOEFODF CFUXFFO TBNQMF BOE EJTUSJCVUJPOT DPNQPOFOUT�
"EBQUFE XJUI QFSNJTTJPO GSPN 3FG� <��> 	1BQFS **
�

UJPO UIF SFTVMUJOH ǳ% TJHOBM XSJUFT BT

4(τ3, τ&, C)
4�

=

∫ ∫ ∫
[� − FYQ(−τ33�)] FYQ(−τ&3�) FYQ(−C : %)

× 1(3�,3�,%) E3� E3� E% ,
	ǰ�ǯǲ


XIFSF 1(3�,3�,%) JT UIF KPJOU QSPCBCJMJUZ EJTUSJCVUJPO UIBU DBQUVSFT UIF VOEFSMZJOH
3� 3� BOE % IFUFSPHFOFJUZ�

ɨF QSPPG�PG�QSJODJQMF FYQFSJNFOUT XFSF DBSSJFE PVU PO UIF DPMMPJEBM QIBOUPN EJT�
QMBZFE JO 'JHVSF ǰ�Ǵ� 4QFDUSPTDPQJD /.3 EBUB XBT DPMMFDUFE GPS BO FYIBVTUJWF TFU
PG (τ3, τ&, C, Cǈ,Θ,Φ) QBSBNFUFST BOE TVCTFRVFOUMZ JOWFSUFE VTJOH B OPO�QBSBNFUSJD
.POUF $BSMP JOWFSTJPO BMHPSJUIN 	TFF $IBQUFS Ǳ GPS GVSUIFS EFUBJMT
� 'JHVSF ǰ�Ƕ EJTQMBZT
UIF SFTVMUJOH ǳ% 1(3�,3�,%) EJTUSJCVUJPO BT B TFU PG ǯ% DPOUPVS QMPUT� ɨF UISFF DPN�
QPOFOUT SFTPMWFE JO 'JHVSF ǰ�Ǵ DBO CF BMTP PCTFSWFE JO 'JHVSF ǰ�Ƕ� ɨF TFQBSBUJPO BOE

ǯǴ



$IBQUFS ǰ � %JĊVTJPO .BHOFUJD 3FTPOBODF

DPSSFMBUJPO PG UIF WBSJPVT (%JTP,%ǈ, θ,φ) EJNFOTJPOT GBDJMJUBUF UIF SFTPMVUJPO PG NJ�
DSPTDPQJD FOWJSPONFOUT XJUI SFMBYBUJPO SBUFT UPP TJNJMBS UP CF SFTPMWFE XJUI TUBOEBSE
SFMBYBUJPO -BQMBDF QSPUPDPMT� 'PS FYBNQMF UIF UXP ZFBTU DPNQPOFOUT BSF DIBSBDUFS�
J[FE CZ TJNJMBS 3� SBUFT BOE UIVT DPVME OPU CF TFQBSBUFE JO DPOWFOUJPOBM Ǯ% SFMBYBUJPO
NFBTVSFNFOUT <Ǳǲ ǵǯ>� .PSFPWFS UIF JOUSBDFMMVMBS ZFBTU FOWJSPONFOUT XBT GPVOE UP
CF DIBSBDUFSJ[FE CZ B TMJHIUMZ IJHIFS 3� SBUF XIFO DPNQBSFE UP UIF FYUSBDFMMVMBS FOWJS�
PONFOU� UIJT PCTFSWBUJPO JOEJDBUFT BO FYDFMMFOU DPNQPOFOU SFTPMVUJPO BOE JT DPOTJTUFOU
XJUI QSFWJPVT TUVEJFT SFMZJOH PO DPOTUSBJOFE mUUJOH BQQSPBDIFT UP BOBMZTF 3� ZFBTU EBUB
<ǶǶ>�

ǯǵ



Ǳ ] 'SPN UIF TJHOBM UP EJĊVTJPO
UFOTPS EJTUSJCVUJPOT

ɨF EJĊVTJPO�FODPEFE .3 TJHOBM PG B IFUFSPHFOFPVT NBUFSJBM DBO CF XSJUUFO BT BO
JOUFHSBM USBOTGPSN PG B DPOUJOVPVT %5%

4(C) =
∫

,(C,%)1(%) E% . 	Ǳ�Ǯ


ɨF EJTUSJCVUJPO JT NBQQFE JOUP UIF TJHOBM CZ B HFOFSBMJ[FE LFSOFM ,(C,%) XIPTF GVOD�
UJPOBM GPSN JT EFUFSNJOFE CZ UIF FYQFSJNFOUBM EFTJHO BOE UIF XPSLJOH BQQSPYJNBUJPO�
5ZQJDBMMZ UIF LFSOFM JT TFU BT ,(C,%) = FYQ(−C : %)� *O $IBQUFS ǰ XF EJTDVTTFE
NVMUJEJNFOTJPOBM FODPEJOH TUSBUFHJFT UIBU SFOEFS UIF BDRVJSFE 4(C) TQFDJmD UP EJĊFS�
FOU GFBUVSFT PG UIF TPVHIU�GPS %5%� ɨF CPPTU JO EBUB TQFDJmDJUZ XBT TIPXO UP GBDJMJUBUF
UIF RVBOUJmDBUJPO PG NJDSPTDPQJD IFUFSPHFOFJUZ XJUI 1(%) EJTUSJCVUJPOT CVU UIF EFUBJMT
PG UIF EBUB JOWFSTJPO QSPDFTT XFSF MFGU VODMFBS� )FSF XF EJTDVTT UIF JOWFSTF QSPCMFN PG
SFUSJFWJOH NJDSPTUSVDUVSBM JOGPSNBUJPO GSPN B EJĊVTJPO�FODPEFE TJHOBM EFTDSJCJOH UIF
NPTU DPNNPOMZ VTFE BOBMZTJT TUSBUFHJFT BOE MJNJUBUJPOT JOIFSFOU UP UIF WBSJPVT JOWFS�
TJPO NFUIPET� ɨF GPDVT JT PO OPO�QBSBNFUSJD UFDIOJRVFT UIBU DBO FJUIFS SFUSJFWF UIF
GVMM %5% PS JOGFS SFMFWBOU TUBUJTUJDBM EFTDSJQUPST GSPN JU�

Ǳ�Ǯ /PO�QBSBNFUSJD FTUJNBUJPO PG EJĊVTJPO EJTUSJCVUJPOT

'PS BOBMZTJT QVSQPTFT JU JT DPOWFOJFOU UP BQQSPYJNBUF UIF VOEFSMZJOH EJTUSJCVUJPO BT
B TVN PG / EFMUB GVODUJPOT XJUI VOLOPXO iBSFBw XO� ɨJT BMMPXT UIF EJTDSFUJ[BUJPO PG
&RVBUJPO Ǳ�Ǯ BT

4N =
/∑

O=�
XO FYQ(−CN : %O) , 	Ǳ�ǯ


XIFSF 4N JT UIF N�UI TJHOBM BNQMJUVEF NFBTVSFE XJUI UIF FODPEJOH UFOTPS CN BOE XO
JT UIF XFJHIU PG UIF O�UI NJDSPTDPQJD EJĊVTJPO UFOTPS %O� 8IFO EFBMJOH XJUI SFBM EBUB

ǯǶ



$IBQUFS Ǳ � 'SPN UIF TJHOBM UP EJĊVTJPO UFOTPS EJTUSJCVUJPOT

FBDI NFBTVSFNFOU 4N DPNQSJTFT B mOJUF BNPVOU PG OPJTF ϵN� 5P FYQMJDJUMZ BDDPVOU GPS
UIJT GBDU &R� Ǳ�ǯ JT SFXSJUUFO

T = , · X + ϵ, 	Ǳ�ǰ


XIFSF X EFOPUFT UIF/×� TPVHIU�GPS QSPCBCJMJUZ WFDUPS T JT UIF DPMVNO WFDUPS DPOUBJO�
JOH UIF . TJHOBM BNQMJUVEF NFBTVSFNFOUT BOE , JT UIF . × / LFSOFM NBUSJY XIPTF
FMFNFOUT BSF EFmOFE CZ UIF FYQPOFOUJBM UFSN JO &R� Ǳ�ǯ� ɨF WFDUPS ϵ EFTDSJCFT UIF
FYQFSJNFOUBM OPJTF GSPN FBDI PG UIF . NFBTVSFE EBUBQPJOUT�

ɨF QSFTFODF PG OPJTF BEWJTFT BHBJOTU BUUFNQUT UP TFBSDI GPS UIF FYBDU TPMVUJPO PG &R� Ǳ�ǯ�
*OTUFBE B QSPQPTFE TPMVUJPO TIPVME NJTmU UIF QSJNBSZ EBUB CZ BO BNPVOU DPOTJTUFOU
XJUI UIF OPJTF J�F� XF TFFL GPS B TPMVUJPO X TVDI UIBU ∥T − , · X∥� ≤ σ XIFSF
∥ · ∥� JT UIF &VDMJEFBO OPSN BOE σ JT UIF TUBOEBSE EFWJBUJPO PG UIF OPJTF <ǴǶ ǵǰ Ǯǭǭ>�
6OGPSUVOBUFMZ UIF JOWFSTJPO PG &R� Ǳ�ǰ JT BO JOGBNPVT JMM�DPOEJUJPOFE QSPCMFN XIFSF
B TNBMM FSSPS JO T JOUSPEVDFT B MBSHF FSSPS JO UIF TPMVUJPO X� ɨJT NFBOT UIBU UIF TBNF
QSJNBSZ OPJTZ EBUBTFU BDDPNNPEBUFT B MBSHF OVNCFS PG EJĊFSFOU TPMVUJPOT XJUIJO UIF
TBNF OPJTF TUBUJTUJDT�

Ǳ�Ǯ�Ǯ 3FHVMBSJ[FE BQQSPBDIFT

ɨF DPOEJUJPOJOH PG UIF JOWFSTF QSPCMFN DBO CF JNQSPWFE UISPVHI UIF JODPSQPSBUJPO
PG DPOTUSBJOUT� " OBUVSBM BOE XJEFMZ VTFE DPOTUSBJOU JT UP SFTUSJDU UIF TPMVUJPO TQBDF
UP SFBM BOE QPTJUJWF XO XFJHIUT� UIJT JT DPOTJTUFOU XJUI UIF JOUFSQSFUBUJPO PG X BT B
EJTDSFUF QSPCBCJMJUZ EFOTJUZ� ɨF FTUJNBUJPO PG X JT UIFO DBTU BT B OPO�OFHBUJWF MJOFBS
MFBTU TRVBSFT 	//-4
 QSPCMFN

X = BSHNJO
X≥�

∥T − , · X∥� , 	Ǳ�Ǳ


ɨF QSPCMFN TUBUFE CZ &R� Ǳ�Ǳ DBO CF FċDJFOUMZ TPMWFE XJUI DMBTTJDBM //-4 BMHPSJUINT
<ǮǭǮ>� %JTUSJCVUJPOT FTUJNBUFE GSPN UIFTF BMHPSJUINT XJMM HFOFSBMMZ DPNQSJTF B TQBSTF
TFU PG EFMUB GVODUJPOT BU WBSJPVT %O QPJOUT BOE NBZ DPOTUJUVUF B SFBTPOBCMF TPMVUJPO
QSPWJEFE UIBU UIF USVF 1(%) JT JUTFMG DPNQPTFE PG B GFX JTPMBUFE QFBLT BOE UIBU UIF
FYQFSJNFOUBM TJHOBM�UP�OPJTF SBUJP 	4/3
 JT TVċDJFOUMZ IJHI <Ǯǭǯ Ǯǭǰ>� )PXFWFS UIF
BNQMJUVEFT BOE QPTJUJPOT PG UIF WBSJPVT QFBLT BSF PCTFSWFE UP CF SBUIFS TFOTJUJWF UP
OPJTF BOE TJHOJmDBOUMZ EJĊFSFOU TPMVUJPOT BSF UZQJDBMMZ FTUJNBUFE PWFS EJĊFSFOU OPJTF
SFBMJ[BUJPOT� ɨJT JOEJDBUFT UIBU B QPTJUJWJUZ DPOTUSBJOU JT OPU CZ JUTFMG B TVċDJFOUMZ TUSPOH
DPOTUSBJOU BOE JU NBZ CF OFDFTTBSZ UP GVSUIFS SFEVDF UIF TQBDF PG QPTTJCMF EJTUSJCVUJPOT
JO PSEFS UP JNQSPWF UIF JOWFSTJPO TUBCJMJUZ�

" DPNNPO BQQSPBDI JO UIF BOBMZTJT PG NVMUJ�FYQPOFOUJBM EJĊVTJPO BOE SFMBYBUJPO EBUB

ǰǭ



$IBQUFS Ǳ � 'SPN UIF TJHOBM UP EJĊVTJPO UFOTPS EJTUSJCVUJPOT

JT UP JODPSQPSBUF B SFHVMBSJ[BUJPO UFSN Ψ(X) JOUP UIF PQUJNJ[BUJPO QSPCMFN

X = BSHNJO
X≥�

[ ∥T − , · X∥� + αΨ(X)] . 	Ǳ�ǲ


ɨF SFHVMBSJ[BUJPO UFSN DPOTUSBJOT UIF TPMVUJPO TQBDF BOE JUT GVODUJPOBM GPSN JT EFmOFE
UP GBWPVS EJTUSJCVUJPOT XJUI B QSF�EFmOFE TFU PG QSPQFSUJFT� UZQJDBMMZΨ(X) JT EFmOFE UP
QSPNPUF TNPPUIOFTT <ǵǱ ǮǭǱoǮǭǳ> TQBSTJUZ <Ǯǭǯ ǮǭǴ Ǯǭǵ> PS UP TFMFDU UIF X TPMVUJPO
ZJFMEJOH UIF NBYJNVN JOGPSNBUJPO FOUSPQZ <ǮǭǶ ǮǮǭ>� $PNQSFIFOTJWF SFWJFXT PO UIF
WBSJPVT SFHVMBSJ[BUJPO TUSBUFHJFT VTFE JO UIF .3 MJUFSBUVSF DBO CF GPVOE JO <ǵǯ ǵǰ ǮǮǮ>�

*U JT JNQPSUBOU UP SFDPHOJ[F UIBU UIF SFHVMBSJ[BUJPO UFSN TUBCJMJ[FT UIF TPMVUJPO CVU JU
BMTP JODSFBTFT UIF SFTJEVBM FSSPS PG X

χ = ∥T − , · X∥� . 	Ǳ�ǳ


ɨF CBMBODF CFUXFFO UIF MFBTU TRVBSFT NJTmU BOE UIF SFHVMBSJ[BUJPO UFSN JT EFUFSNJOFE
CZ UIF QBSBNFUFS α� 'PS α = � &R� Ǳ�ǲ JT SFEVDFE UP B TUBOEBSE //-4 QSPCMFN BOE
UIF BUUBJOFE TPMVUJPO XJMM CF VOTUBCMF UP OPJTF CVU BMTP FYIJCJU UIF NBYJNVN BDDPSEBODF
UP UIF BDRVJSFE EBUB� $POWFSTFMZ B IJHI α QBSBNFUFS SFTVMUT JO B TUBCMF TPMVUJPO UIBU
ZJFMET B TJHOJmDBOUMZ IJHIFS SFTJEVBM FSSPS <ǮǮǯ>� ɨF TFMFDUJPO PG BO PQUJNBMα QBSBNFUFS
JT UIFO DSVDJBM UP BTTVSF B HPPE USBEF�PĊ CFUXFFO EBUB DPOTJTUFODZ BOE TUBCJMJUZ�

"MUIPVHI DBQBCMF PG NJUJHBUJOH UIF JOnVFODF PG OPJTF PS SFEVDJOH PWFS�mUUJOH SFH�
VMBSJ[BUJPO TUSBUFHJFT ZJFME XFMM�LOPXO BSUFGBDUT UIBU BĊFDU UIF TIBQF PG UIF SFUSJFWFE
EJTUSJCVUJPO <ǯ ǵǰ>� "T BO FYBNQMF MFU VT DPOTJEFS UIF QPQVMBS ℓ� SFHVMBSJ[BUJPO
TUSBUFHZ Ψ(X) = ∥X∥�� ɨJT SFHVMBSJ[BUJPO TUSBUFHZ IBT CFFO PCTFSWFE UP ZJFME BO
PWFSTNPPUIFE TPMVUJPO XIFOFWFS UIF USVF 1(%) EJTUSJCVUJPO JT TQBSTF <Ǯǭǯ ǮǭǴ> PS
TQMJU JOUSJOTJDBMMZ CSPBE EJTUSJCVUJPOT JOUP B TFSJFT PG OBSSPX QFBLT 	UIF TP�DBMMFE iQFBSM�
JOHw BSUFGBDU
 <Ǯǭǳ>� ɨFTF BSUFGBDUT BMPOH XJUI UIF JMM�DPOEJUJPOFE OBUVSF PG &R� Ǳ�ǰ
TIPVME BMXBZT CF LFQU JO NJOE XIFO BUUFNQUJOH UP FYUSBDU SFMBYBUJPO PS EJĊVTJPO EJT�
USJCVUJPOT GPSN NVMUJ�FYQPOFOUJBM NBHOFUJD SFTPOBODF EBUB�

Ǳ�Ǯ�ǯ .POUF $BSMP BQQSPBDIFT

"T IJHIMJHIUFE JO UIF QSFWJPVT TFDUJPO DPOWFOUJPOBM SFHVMBSJ[FE BQQSPBDIFT FTUJNBUF B
TJOHMF TPMVUJPO UIBU JT TFMFDUFE CBTFE PO BO BE�IPD NBUIFNBUJDBM DSJUFSJPO� )PXFWFS
UIF FTUJNBUFE TPMVUJPO JT KVTU POF BNPOH UIF DPMMFDUJPO PG X TPMVUJPOT UIBU BSF DPOTJTU�
FOU XJUI UIF FYQFSJNFOUBM EBUB� #Z GPDVTJOH PO B TJOHMF TPMVUJPO SFHVMBSJ[FE JOWFSTJPO
NFUIPET JHOPSF B WBTU SBOHF PG QMBVTJCMF X BOE BSF UIVT OPU TVJUBCMF UP BTTFTT UIF VO�
DFSUBJOUZ PG UIF FTUJNBUFE EJTUSJCVUJPOT�

ɨF WBSJBCJMJUZ CFUXFFO TPMVUJPOT DBO CF FYQMPSFE UISPVHI B TUBUJTUJDBM QSPDFEVSF
XIFSFJO EJTUSJCVUJPOT BSF SBOEPNMZ TBNQMFE BOE DPNQBSFE BHBJOTU UIF EBUB PO UIF CBTJT
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$IBQUFS Ǳ � 'SPN UIF TJHOBM UP EJĊVTJPO UFOTPS EJTUSJCVUJPOT

Discretization 1 (s = K ⋅w)

Initialization 2.1 Generate random set {Dn}1≤n≤Nin

2.2 Obtain w via NNLS fit

2.3 Save Dn with wn > 0

Proliferation 3.1 Generate random temporary set {Dn}1≤n≤Nin "

3.2 Merge temporary and saved sets "

3.3 Obtain w via NNLS fit "

3.4 Save Dn with wn > 0 "

Mutation 4.1 Perturb saved configuration "

Extinction 4.2 Obtain w via NNLS fit "

4.3 Save Dn with wn > 0 "

Final Step 5 Save N configurations with largest weights0 200 400 600
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Repeat 
Np

times

Repeat 
Nm

times

Sm = wn exp −bm : Dn( )
n=1

N

∑

(2.1) (3.3) (3.4)

(4.1) (4.2) (5)

'JHVSF ���� 4DIFNBUJD JMMVTUSBUJPO PG UIF .POUF $BSMP JOWFSTJPO BMHPSJUIN EFWFMPQFE XJUIJO UIJT UIFTJT�
5IF UPQ QBOFM MJTUT UIF NBJO TUFQT PG UIF BMHPSJUIN� 5IF CPUUPN QBOFM TIPXT B QSBDUJDBM FY�
BNQMF PG UIF JOWFSTJPO BMHPSJUIN GPS B WPYFM DPOUBJOJOH POF BOJTPUSPQJD DPNQPOFOU BOE UXP
JTPUSPQJD DPNQPOFOUT XJUI EJTUJODU EJGGVTJWJUJFT� 5IF TPMVUJPOT PCUBJOFE JO EJGGFSFOU TUFQT PG
UIF BMHPSJUIN BSF TIPXO BT �% MPHBSJUINJD TDBUUFS QMPUT PG JTPUSPQJD EJGGVTJWJUJFT %JTP BOE BYJBM�
SBEJBM EJGGVTJWJUZ SBUJPT %∥/%⊥� $PMPVS�DPEJOH JOGPSNT PO EJGGVTJPO UFOTPS PSJFOUBUJPO (θ,φ)
	[3,(, #] = [DPTφ TJO θ, TJOφ TJO θ, DPT θ] · |%∥ − %⊥|/NBY(%∥,%⊥)
 BOE DJSDMF BSFB JT QSP�
QPSUJPOBM UP UIF XFJHIU PG UIF DPSSFTQPOEJOH DPNQPOFOU� 5IF CMBDL DPOUPVS MJOFT TIPX UIF
HSPVOE�USVUI %5%�

PG UIFJS SFTJEVBM FSSPST� %JTUSJCVUJPOT ZJFMEJOH B SFTJEVBM DPNQBUJCMF XJUI UIF FYQFSJ�
NFOUBM OPJTF BSF JOUFSQSFUFE BT QMBVTJCMF TPMVUJPOT� 4BNQMJOH BOE DPMMFDUJOH B TVċDJFOU
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bootstrap 1 bootstrap 2 bootstrap 3 bootstrap 4

'JHVSF ���� &OTFNCMF PG %5% TPMVUJPOT FTUJNBUFE GPS B TJOHMF JO TJMJDP EBUBTFU� &BDI DPMVNO EJTQMBZT B
.POUF $BSMP TPMVUJPO PCUBJOFE XJUI UIF BMHPSJUIN TDIFNBUJ[FE JO 'JHVSF ���� 5IF UPQ QBOFM
TIPXT UIF TJNVMBUFE 	HSFZ DJSDMFT
 BOE mUUFE 	CMBDL QPJOUT
 OPSNBMJ[FE TJHOBM QSPmMFT 4	C
�4��
5IF CPUUPN QBOFM EJTQMBZT UIF FTUJNBUFE %5% BT MPHBSJUINJD TDBUUFS QMPUT TJNJMBS UP UIF POFT
JOUSPEVDFE JO 'JHVSF ���� /PUJDFBCMZ EJGGFSFOU TPMVUJPOT BSF FTUJNBUFE XJUIPVU B NBSLFE FGGFDU
PO UIF mU RVBMJUZ� 5IJT FWJEFODFT UIF OPO�VOJRVF OBUVSF PG UIF JOWFSTF QSPCMFN�

OVNCFS PG QMBVTJCMF EJTUSJCVUJPOT HFOFSBUFT BO FOTFNCMF PG TPMVUJPOT UIBU SFnFDUT UIF
TUBUJTUJDBM QSPQFSUJFT PG UIF FOUJSF TPMVUJPO TQBDF�

.POUF $BSMP JOWFSTJPO BMHPSJUINT CVJME PO UIF JEFBT QSFTFOUFE JO UIF QSFWJPVT QBSB�
HSBQI JO PSEFS UP RVBOUJGZ UIF FOTFNCMF PG TPMVUJPOT UIBU DBO mU B TJOHMF OPJTZ EBUBTFU�
1JPOFFSFE CZ 1SBOHF BOE 4POH <ǮǮǰ ǮǮǱ> UIFTF BMHPSJUINT XFSF JOJUJBMMZ EFWFMPQFE GPS
UIF BOBMZTJT PG Ǯ% NVMUJ�FYQPOFOUJBM 3� SFMBYBUJPO EBUB� "O FċDJFOU (JCCT TBNQMFS
XBT VTFE UP HFOFSBUF BO FOTFNCMF PG TPMVUJPOT UIBU XBT TVCTFRVFOUMZ DPOWFSUFE JOUP
BO FOTFNCMF PG TDBMBS QSPQFSUJFT BOE VTFE UP FTUJNBUF VODFSUBJOUZ NFUSJDT� 6OGPSUV�
OBUFMZ UIF QSPQPTFE TBNQMFS IBT ZFU UP CF FYUFOEFE UP IJHIFS EJNFOTJPOBM QSPCMFNT�
" QSBDUJDBM .POUF $BSMP BQQSPBDI IBT CFFO NPSF SFDFOUMZ QSPQPTFE GPS UIF BOBMZTJT PG
%�5� DPSSFMBUFE EBUB <ǮǮǲ>� #PPUTUSBQ EBUB SFTBNQMJOH XBT DPNCJOFE XJUI B TUBOEBSE
-BQMBDF JOWFSTJPO BMHPSJUIN <Ǯǭǲ> JO PSEFS UP FTUJNBUF BO FOTFNCMF PG EJTUSJCVUJPOT BOE
EFSJWF DPOmEFODF JOUFSWBMT� 8IJMF JOEJWJEVBM CPPUTUSBQQFE TPMVUJPOT XFSF PCTFSWFE UP
DPNQSJTF TFWFSBM TQVSJPVT QFBLT BWFSBHJOH UIF EJTUJODU TPMVUJPOT BMMPXFE UIF FTUJNBUJPO
PG B TNPPUI EJTUSJCVUJPO XJUI OP EJTDFSOJCMF BSUFGBDUT� .PSFPWFS CPPUTUSBQQJOH XBT
TIPXO UP QSPWJEF BO FĊFDUJWF NFUIPE PG TUBCJMJ[JOH UIF JOWFSTJPO�

*O UIJT UIFTJT XF FYUFOE UIF .POUF $BSMP BOBMZTJT UP VQ UP TJY�EJNFOTJPOBM DPSSFMBUJPO
TQBDFT� 1BQFST ** BOE *7 QSPWJEF B EFUBJMFE EFTDSJQUJPO PG B .POUF $BSMP BMHPSJUIN

ǰǰ



$IBQUFS Ǳ � 'SPN UIF TJHOBM UP EJĊVTJPO UFOTPS EJTUSJCVUJPOT

UIBU XBT TQFDJBMMZ EFTJHOFE GPS UIF BOBMZTJT PG IJHI�EJNFOTJPOBM SFMBYBUJPO�EJĊVTJPO
DPSSFMBUFE EBUBTFUT� "T B OPO�MJNJUJOH FYBNQMF MFU VT DPOTJEFS BO JNQMFNFOUBUJPO PG
UIF BMHPSJUIN GPS Ǳ% EJĊVTJPO UFOTPS DPSSFMBUFE EBUB� UIJT QBSUJDVMBS FYBNQMF JT TDIFN�
BUJ[FE JO 'JHVSF Ǳ�Ǯ� ɨF DPOUJOVPVT %5% JT BQQSPYJNBUFE BT B TFU PG / EJTDSFUF DPO�
mHVSBUJPOT {%O}�≤O≤/ BOE UIFJS SFTQFDUJWF XFJHIUT {XO}�≤O≤/� " QMBVTJCMF TPMVUJPO
{XO,%O}�≤O≤/ JT FTUJNBUFE VTJOH B TUPDIBTUJD JUFSBUJWF QSPDFEVSF JO XIJDI DPOmH�
VSBUJPOT BSF DPOUJOVPVTMZ TBNQMFE JO B SBOEPN GBTIJPO mUUFE UP UIF EBUB VTJOH UIF
DMBTTJDBM BDUJWF�TFU NFUIPE EFTDSJCFE CZ -BXTPO BOE )BOTPO JO <ǮǭǮ> BOE DPNQBSFE
XJUI QSFWJPVTMZ HFOFSBUFE DPOmHVSBUJPOT PO B CBTJT PG MPXFTU SFTJEVBM TVNT PG TRVBSFT�
&OTFNCMFT PG QMBVTJCMF EJTDSFUF EJTUSJCVUJPOT BSF TVCTFRVFOUMZ HFOFSBUFE CZ TJNQMZ SF�
QFBUJOH UIF TUPDIBTUJD JOWFSTJPO QSPDFEVSF 	1BQFST *** BOE 7
 PS VTJOH CPPUTUSBQ XJUI
SFQMBDFNFOU 	1BQFST * ** *7 BOE 7*
�

'JHVSF Ǳ�ǯ EJTQMBZT JOEJWJEVBM .POUF $BSMP TPMVUJPOT FTUJNBUFE XJUI UIF QSPQPTFE BM�
HPSJUIN� 0XJOH UP UIF OPO�VOJRVF DIBSBDUFS PG &R� Ǳ�ǰ OPUJDFBCMZ EJĊFSFOU TPMVUJPOT
BSF PCUBJOFE XJUIPVU B DMFBS FĊFDU PO UIF mUUJOH RVBMJUZ� ɨF JOEJWJEVBM .POUF $BSMP
TPMVUJPOT BSF BMTP DIBSBDUFSJ[FE CZ UIF QSFTFODF PG TQVSJPVT DPNQPOFOUT UIBU EJTBQQFBS
VQPO DPNQVUJOH UIF BWFSBHF PG UIF WBSJPVT CPPUTUSBQT� ɨJT CFIBWJPVS JT JO BHSFFNFOU
XJUI UIF SFTVMUT PG EF ,PSU FU BM� <ǮǮǲ>�

Ǳ�Ǯ�ǰ &OTFNCMFT PG TUBUJTUJDBM EFTDSJQUPST

ɨF NVMUJQMJDJUZ PG .POUF $BSMP TPMVUJPOT DIBSBDUFSJ[FT UIF VODFSUBJOUZ PG UIF JOWFSTF
QSPCMFN� )PXFWFS JU NBZ QSPWF DIBMMFOHJOH UP FJUIFS DBQUVSF PS WJTVBMJ[F UIF XFBMUI PG
JOGPSNBUJPO DPOUBJOFE XJUIJO UIF FOTFNCMFT PG EJTUSJCVUJPOT B QSPCMFN UIBU JT BDDFO�
UVBUFE JO IJHI�EJNFOTJPOBM DPSSFMBUJPO TQBDFT� " QSBDUJDBM TPMVUJPO UP UIJT QSPCMFN XBT
TVHHFTUFE JO <ǮǮǰ> XIFSF GVODUJPOBMT XFSF VTFE UP NBQ FBDI .POUF $BSMP EJTUSJCVUJPO
JOUP TDBMBS RVBOUJUJFT� &OTFNCMFT PG QIZTJDBMMZ SFMFWBOU RVBOUJUJFT TVDI BT QPSPTJUZ PS
GSBDUJPO PG CPVOE nVJE XFSF TIPXO UP QSPWJEF VTFGVM JOTJHIU JOUP UIF TUBUJTUJDBM QSPQ�
FSUJFT PG UIF FOTFNCMF PG EJTUSJCVUJPOT�

)FSF XF GPMMPX B TJNJMBS BQQSPBDI UP UIF POF FYQMBJOFE JO UIF QSFWJPVT QBSBHSBQI
BOE DPOWFSU FBDI .POUF $BSMP TPMVUJPO UP B TFU PG TUBUJTUJDBM EFTDSJQUPST RVBOUJGZJOH
UIF NFBOT &[Y] WBSJBODFT 7BS[Y] BOE DPWBSJBODFT $PW[Y, Z] PG UIF WBSJPVT EJNFOTJPOT
PG UIF EJTUSJCVUJPO TQBDF� ɨJT QSPDFEVSF JT JMMVTUSBUFE JO 'JHVSF Ǳ�ǰ XIFSF UIF &[%JTP]
&[%�

ǈ] 7BS[%JTP] 7BS[%�
ǈ] BOE $PW[%JTP,%�

ǈ] EFTDSJQUPST BSF DPNQVUFE GSPN BO FO�
TFNCMF PG %5% TPMVUJPOT� ɨF FOTFNCMFT PG TUBUJTUJDBM EFTDSJQUPST BSF DPNQBDUMZ WJTV�
BMJ[FE BT B TFU PG IJTUPHSBNT� *OTQFDUJPO PG UIF XJEUI PG UIF IJTUPHSBN EJTUSJCVUJPOT
SFWFBMT UIBU EJĊFSFOU EFTDSJQUPST DBSSZ EJĊFSFOU VODFSUBJOUJFT� JO QBSUJDVMBS JU JT PC�
TFSWFE UIBU 7BS[%�

ǈ] BOE $PW[%JTP,%�
ǈ] IBWF B IJHIFS VODFSUBJOUZ XIFO DPNQBSFE UP

UIF SFNBJOJOH QBSBNFUFST� ɨJT PCTFSWBUJPO JT JO BHSFFNFOU XJUI QSFWJPVT TUVEJFT <Ǯǰ>
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'JHVSF ���� &OTFNCMFT PG TUBUJTUJDBM EFTDSJQUPST FTUJNBUFE GSPN UIF FOTFNCMFT PG %5% TPMVUJPOT� &BDI.POUF
$BSMP %5% JT DPOWFSUFE UP B TFU PG TUBUJTUJDBM EFTDSJQUPST TVDI BT UIF NFBO &<Y> WBSJBODF 7BS<Y>
BOE DPWBSJBODF $PW<YZ> PG JTPUSPQJD EJGGVTJWJUJFT %JTP BOE TRVBSFE OPSNBMJ[FE EJGGVTJPO BOJTP�
USPQZ %�

ǈ� 5IF FOTFNCMFT PG TUBUJTUJDBM EFTDSJQUPST DBO CF DPNQBDUMZ EJTQMBZFE BT IJTUPHSBNT�
'PS UIF QVSQPTF PG DBMDVMBUJOH QBSBNFUFS NBQT JU JT DPOWFOJFOU UP SFEVDF UIF FOTFNCMFT PG TUBU�
JTUJDBM EFTDSJQUPST UP B TJOHMF BWFSBHF NFBTVSF 	BT FTUJNBUFE GSPN UIF NFEJBO
� 5IF CMBDL EPUT
VOEFS UIF IJTUPHSBNT JOEJDBUF UIF NFEJBO PG UIF DPSSFTQPOEJOH TUBUJTUJDBM EFTDSJQUPS FOTFNCMF�

BOE TVHHFTUT UIBU EJĊFSFOU EFTDSJQUPST SFRVJSF EJĊFSFOU 4/3 SBUJPT JO PSEFS UP CF BDDVS�
BUFMZ RVBOUJmFE J�F� XF FYQFDU UIBU B IJHIFS BNPVOU PG OPJTF XJMM IBWF B NPSF BEWFSTF
FĊFDU PO 7BS[%�

ǈ] BOE $PW[%JTP,%�
ǈ] UIBO PO &[%JTP] &[%�

ǈ] BOE 7BS[%JTP]�

Ǳ�ǯ "WPJEJOH UIF JMM�DPOEJUJPOFE JOWFSTF QSPCMFN� UIF DVNV�
MBOU FYQBOTJPO

ɨF DIBMMFOHFT QPTFE CZ UIF JOWFSTJPO PG &R� Ǳ�ǰ IBWF NPUJWBUFE UIF EFWFMPQNFOU PG
TJHOBM JOWFSTJPO UFDIOJRVFT UIBU PCWJBUF UIF OFFE UP FTUJNBUF UIF GVMM VOEFSMZJOH EJT�
USJCVUJPO� *U UVSOT PVU UIBU B SBUIFS TUSBJHIUGPSXBSE BMUFSOBUJWF � UIF NFUIPE PG DV�
NVMBOUT � JT CBTFE PO POF PG UIF NPTU CBTJD BOE PWFSVTFE FMFNFOUT PG BOZ QIZTJDJTU�T
UPPMLJU� UIF 5BZMPS FYQBOTJPO� ɨF NFUIPE PG DVNVMBOUT FYQBOET UIF MPHBSJUIN PG UIF
TJHOBM JO QPXFST PG UIF SFMFWBOU FYQFSJNFOUBM WBSJBCMF BOE SFMBUFT EJĊFSFOU FMFNFOUT PG
UIF TFSJFT UP TQFDJmD GFBUVSFT PG UIF VOEFSMZJOH EJTUSJCVUJPO <ǮǮǳoǮǮǵ>� 5P VOEFSTUBOE
UIJT BQQSPBDI JU JT JOTUSVDUJWF UP DPOTJEFS UIF DVNVMBOU FYQBOTJPO PG &R� ǰ�ǯǭ <ǯǮ ǯǴ>
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ɨF QBSBNFUFST% �� BOE �� DPSSFTQPOE UP UIF NFBO WBSJBODF BOE TLFXOFTT SFTQFDU�
JWFMZ PG 1(%|Cǈ) BOE BSF EFmOFE CZ

% =

∫ +∞

�
%1(%|Cǈ)E% , 	Ǳ�ǵ


BOE
�O =

∫ +∞

�
(%− %)O 1(%|Cǈ) E% GPS O ∈ {�, �} . 	Ǳ�Ƕ


&R� Ǳ�Ǵ DMFBSMZ TIPXT UIBU EJĊFSFOU DVNVMBOUT BĊFDU UIF TJHOBM PWFS EJĊFSFOU SBOHFT PG
C� "U MPX C�WBMVFT UIF mSTU DVNVMBOU EPNJOBUFT BOE MO(4/4�) JT XFMM DBQUVSFE CZ B
TUSBJHIU MJOF XIPTF TMPQF JT FRVBM UP−%� "U IJHIFS C UIF XJEUI BOE UIFO UIF BTZNNFUSZ
PG 1(%|Cǈ) CFDPNF NPSF SFMFWBOU EVF UP UIF C� BOE C� UFSNT SFTQFDUJWFMZ�

ɨF WBSJPVT UFSNT PG UIF DVNVMBOU FYQBOTJPO DBO CF FTUJNBUFE CZ SFHSFTTJOH &R� Ǳ�Ǵ
POUP UIF BDRVJSFE EBUB� 4JODF EJĊFSFOU DVNVMBOUT QSPWJEF RVBOUJUBUJWF NFBTVSFT PG
EJĊFSFOU BTQFDUT PG UIF VOEFSMZJOH EJTUSJCVUJPO UIJT BQQSPBDI BMMPXT VT UP RVBOUJGZ NJ�
DSPTDPQJD IFUFSPHFOFJUZ XJUIPVU IBWJOH UP FYQMJDJUMZ BEESFTT BO JMM�DPOEJUJPOFE JOWFSTF
QSPCMFN�

Ǳ�ǯ�Ǯ ɧF UXP�UFSN DVNVMBOU FYQBOTJPO BOE UIF HBNNB EJTUSJCVUJPO BQ�
QSPYJNBUJPO

*O QSBDUJDF UIF DVNVMBOU FYQBOTJPO JT USVODBUFE BU B HJWFO UFSN CFGPSF CFJOH mU UP
UIF TJHOBM� "T EJĊFSFOU DVNVMBOUT EFTDSJCF EJĊFSFOU GFBUVSFT PG UIF EJTUSJCVUJPO UIF
USVODBUJPO QSPDFTT EFmOFT XIJDI TVCTFU PG UIF JOGPSNBUJPO DPOUBJOFE XJUIJO UIF GVMM
EJTUSJCVUJPO JT DBSSJFE UP UIF BOBMZTJT QSPDFTT� ɨF RVFTUJPO UIFO BSJTFT PG XIFSF UP
USVODBUF &R� Ǳ�Ǵ�

" UXP�UFSN FYQBOTJPO QSPWJEFT UIF TJNQMFTU DVNVMBOU�CBTFE NPEFM DBQBCMF PG RVBOUJ�
GZJOH UIF OPO�NPOPFYQPOFOUJBM TJHOBM EFDBZ DVSWFT NFBTVSFE GPS IFUFSPHFOFPVT NFEJB
<ǮǮǶ Ǯǯǭ>� ɨF mSTU DVNVMBOU DBQUVSFT UIF JOJUJBM TMPQF PG MO 4(C)/4� BOE JT JEFOUJmFE
BT UIF NFBO JTPUSPQJD EJĊVTJWJUZ JOUSPEVDFE JO TFDUJPO ǯ�ǰ

% = &[%JTP] . 	Ǳ�Ǯǭ


'PS UIF QPXEFS�BWFSBHFE EJTUSJCVUJPO EFmOFE JO &R� ǰ�ǯǮ UIF TFDPOE DVNVMBOU SFQPSUT
PO UIF DVSWBUVSF PG UIF DPSSFTQPOEJOH TJHOBM DVSWF BOE DBO CF XSJUUFO BT <Ǯǳ ǮǯǮ>

�� = 7BS[%JTP] +
�C�

ǈ
�

&[%�
BOJTP] , 	Ǳ�ǮǮ


XIFSF %BOJTP = %JTP%ǈ� &R� Ǳ�ǮǮ TIPXT UIBU UIF JOJUJBM EFWJBUJPO GSPN NPOPFYQPOFO�
UJBMJUZ DBO CF SFMBUFE UP XFMM�EFmOFE TUBUJTUJDBM NFBTVSFT UIBU JOGPSN PO UIF TQSFBE PG

ǰǳ



$IBQUFS Ǳ � 'SPN UIF TJHOBM UP EJĊVTJPO UFOTPS EJTUSJCVUJPOT

TJ[FT BOE UIF NFBO TIBQF PG UIF NJDSPTDPQJD EJĊVTJPO UFOTPS DPNQPOFOUT� "T TIPXO JO
<ǯǴ> BDRVJSJOH EBUB BU UXP EJĊFSFOU WBMVFT PG Cǈ BMMPXT UP UFBTF BQBSU UIF DPOUSJCVUJPOT
GSPN 7BS[%JTP] BOE &[%�

BOJTP]�

5P UFSNJOBUF UIF DVNVMBOU BQQSPYJNBUJPO BU UIF TFDPOE UFSN JT FRVJWBMFOU UP DPO�
TJEFSJOH B OPSNBM EJTUSJCVUJPO PG EJĊVTJWJUJFT� 4VDI B EJTUSJCVUJPO ZJFMET B OPO�
NPOPUPOJDBMMZ EFDSFBTJOH TJHOBM DVSWF BOE DPNQSJTFT OFHBUJWF EJĊVTJWJUJFT JNQMZJOH
UIBU OPO�QIZTJDBM OFHBUJWF TUBUJTUJDBM EFTDSJQUPST NJHIU CF FTUJNBUFE GSPN B UXP�UFSN
DVNVMBOU FYQBOTJPO� 5P BEESFTT UIFTF VOEFTJSBCMF GFBUVSFT JU NJHIU QSPWF WBMVBCMF
UP DPOTJEFS BO BMUFSOBUJWF GVODUJPOBM GPSN PG 1(%|Cǈ)� " WJBCMF EJTUSJCVUJPO TIPVME
QSPNPUF BO BOBMZUJDBM TJHOBM NPEFM UIBU JT EFTDSJCFE CZ B NJOJNBM OVNCFS PG QBSB�
NFUFST <ǮǶ> BOE TIPVME DPOTUSBJO UIF TPMVUJPO TQBDF UP QPTJUJWF EJĊVTJWJUJFT <ǮǮǵ>� ɨF
HBNNB EJTUSJCVUJPO GVMmMT UIPTF SFRVJSFNFOUT BOE IBT CFFO TIPXO UP QSPWJEF B TVJUBCMF
BMUFSOBUJWF UP UIF UXP�UFSN DVNVMBOU BQQSPBDI <Ǯǯǯ Ǯǯǰ>� "QQSPYJNBUJOH 1(%|Cǈ) BT
B HBNNB EJTUSJCVUJPO QSPWJEFT B TJNQMF TJHOBM NPEFM <ǯǴ>

4(C)
4�

=

(
� + C

��
%

)−% �
/��

, 	Ǳ�Ǯǯ


UIBU DBO CF VTFE UP FTUJNBUF UIF SFMFWBOU UFSNT % BOE ��� *U TIPVME CF OPUFE UIBU UIF
NBJO PCKFDUJWF PG UIF (BNNB EJTUSJCVUJPO JT UP QSPWJEF B QSBDUJDBM XBZ UP FYUSBDU QIZT�
JDBM QBSBNFUFST CZ NFBOT PG EFWJTJOH B SFQSFTFOUBUJPO UIBU EPFT OPU QSFEJDU JODSFBTJOH
TJHOBMT BU IJHI C�WBMVFT BOE UIBU DBO CF VTFE UP SFQSFTFOU B XJEF SBOHF PG EJĊVTJPO
EJTUSJCVUJPOT XJUI KVTU UXP EFHSFFT PG GSFFEPN <Ǯǯǰ>�

'JHVSF Ǳ�Ǳ JMMVTUSBUFT TPNF PG UIF MJNJUBUJPOT PG UIF HBNNB BQQSPBDI� ɨF HBNNB
BQQSPYJNBUJPO DBO POMZ DBQUVSF UIF mSTU UXP DVNVMBOUT PG MO(4(C)/4�) XIJDI JT CVU
B TNBMM GSBDUJPO PG UIF JOGPSNBUJPO DPOUBJOFE JO UIF PSJHJOBM 1(%|Cǈ)� 8IFOFWFS UIF
DPOUSJCVUJPO GSPN IJHIFS�PSEFS UFSNT JT OPO�OFHMJHJCMF TZTUFNBUJD EFWJBUJPOT BSF GPVOE
CFUXFFO UIF QSFEJDUFE BOE UIF NFBTVSFE TJHOBM� ɨF EJĊFSFODFT JOEJDBUF UIBU UIF TJNV�
MBUFE TZTUFN DPOUBJOT NPSF JOGPSNBUJPO UIBO UIBU DBQUVSFE CZ UIF mSTU UXP DVNVMBOUT�
ɨF JOBCJMJUZ UP BDDVSBUFMZ NPEFM UIF QPXEFS�BWFSBHFE TJHOBM JOUSPEVDFT TJHOJmDBOU CJ�
BTFT JO UIF FTUJNBUJPO PG �� BOE DPOTFRVFOUMZ PO UIF FTUJNBUJPO PG 7BS[%JTP] BOE
&[%�

BOJTP]�

Ǳ�ǯ�ǯ $PWBSJBODF UFOTPS BQQSPYJNBUJPO

ɨF DPWBSJBODF UFOTPS BQQSPYJNBUJPO QSPWJEFT B UFOTPS�CBTFE HFOFSBMJ[BUJPO PG UIF UXP�
UFSN DVNVMBOU FYQBOTJPO <ǮǮ>
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'JHVSF ���� 1FSGPSNBODF PG UIF HBNNB EJTUSJCVUJPO mUUJOH 	PSBOHF
 BOE UIF DPWBSJBODF UFOTPS BQQSPYJNB�
UJPO 	HSFFO
 JO DBQUVSJOH UIF TJHOBMT�TUBUJTUJDBM EFTDSJQUPST 	CMBDL
 PCUBJOFE GPS B IFUFSPHFOFPVT
WPYFM DPOUBJOJOH CPUI PSJFOUBUJPOBMMZ EJTPSEFSFE BOJTPUSPQJD % BOE GBTU�EJGGVTJOH JTPUSPQJD %�
5IF QFSGPSNBODF XBT BTTFTTFE GPS CPUI UIF GPSXBSE 	UPQ QBOFM
 BOE JOWFSTF 	CPUUPN QBOFM

QSPCMFNT VTJOH BO JO TJMJDP EBUBTFU XJUI JOmOJUF 4/3� 5IF TJNVMBUFE WPYFM DPOUFOU JT FRVJWBMFOU
UP UIBU TIPXO JO 'JHVSF ���	E
� *O UIF TJHOBM 4(C)/4� QBOFMT UIF DPMPVSFE MJOFT EFOPUF UIF
TJHOBM EFDBZT FTUJNBUFE GSPN UIF WBSJPVT NFUIPET BOE UIF DPMPVSFE EBTIFE MJOFT DPSSFTQPOE
UP UIFJS JOJUJBM TMPQFT 4(C)/4� = FYQ(−C &[%JTP]) XJUI &[%JTP] EFOPUJOH UIF NFBO JTPUSPQJD EJG�
GVTJWJUZ� 5IF EJGGFSFOU TPMJE MJOFT JOEJDBUF EBUB TJNVMBUFE XJUI C�UFOTPST PG WBSZJOH BOJTPUSPQZ�
GSPN UPQ UP CPUUPN� Cǈ = � ��� BOE �� *O UIF TRVBSF %5% QBOFMT DPMPVSFE QPJOUT SFQSFTFOU
UIF MPHBSJUINT PG &[%JTP] BOE 	���

√
9
�	��

√
9
 XIFSF 9 = &[%�

BOJTP]/&[%JTP]
� BOE UIF IPSJ[POUBM

MJOFT JOGPSN PO UIF TUBOEBSE EFWJBUJPO PG JTPUSPQJD EJGGVTJWJUJFT� 5IF HSFZ DPOUPVS MJOFT TIPX UIF
HSPVOE�USVUI EJTUSJCVUJPO�

XIFSF ⟨%⟩ JT UIF FOTFNCMF�BWFSBHFE EJĊVTJPO UFOTPS ⊗ EFOPUFT UIF UFOTPS PVUFS
QSPEVDU 	C⊗� = C ⊗ C
 BOE C JT UIF GPVSUI�PSEFS DPWBSJBODF UFOTPS C = ⟨%⊗�⟩ −
⟨%⟩⊗�� ɨF WBSJPVT DPWBSJBODF UFOTPS FMFNFOUT $JK,LM RVBOUJGZ UIF DPSSFMBUJPOT CFUXFFO
UIF %JK BOE %LM FMFNFOUT PG UIF NJDSPTDPQJD %� 8IJMF JOEJWJEVBM FMFNFOUT PG C BSF
DIBMMFOHJOH UP JOUFSQSFU JO UFSNT PG NJDSPTDPQJD TUSVDUVSBM QSPQFSUJFT GBNJMJBS TUBUJTUJDBM
NFBTVSFT DBO CF PCUBJOFE UISPVHI DPNCJOBUJPOT PG UIF FMFNFOUT PG ⟨%⟩ BOE C

&[%JTP] = 5S[⟨%⟩] /� , 	Ǳ�ǮǱ


7BS[%JTP] =
�
�
($YY,YY + $ZZ,ZZ + $[[,[[ + �$YY,ZZ + �$YY,[[ + �$ZZ,[[) , 	Ǳ�Ǯǲ
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&[%�
BOJTP] =

�
�

[
($YY,YY + ⟨%YY⟩�) + ($ZZ,ZZ + ⟨%ZZ⟩�) + ($[[,[[ + ⟨%[[⟩�)

− ($YY,ZZ + ⟨%YY⟩⟨%ZZ⟩)− ($YY,[[ + ⟨%YY⟩⟨%[[⟩)− ($ZZ,[[ + ⟨%ZZ⟩⟨%[[⟩)

+ �($YZ,YZ + ⟨%YZ⟩�) + �($Y[,Y[ + ⟨%Y[⟩�) + �($Z[,Z[ + ⟨%Z[⟩�)
]
,

	Ǳ�Ǯǳ

XIFSF ⟨%JK⟩ JT UIF JK FMFNFOU PG ⟨%⟩� ɨF MJTUFE TUBUJTUJDBM EFTDSJQUPST DBO CF FTUJN�
BUFE CZ SFBSSBOHJOH &R� Ǳ�Ǯǰ BT B MJOFBS FRVBUJPO TZTUFN BOE TPMWJOH GPS ǯǵ VOLOPXO
FMFNFOUT DPSSFTQPOEJOH UP UIF JOJUJBM TJHOBM BNQMJUVEF 4� 	Ǯ FMFNFOU
 ⟨%⟩ 	ǳ JOEFQFOE�
FOU FMFNFOUT
 BOEC 	ǯǮ JOEFQFOEFOU FMFNFOUT
 <ǮǮ>� ɨF FMFWBUFE OVNCFS PG VOLOPXO
QBSBNFUFST SFRVJSFT EBUB UP CF BDRVJSFE PWFS B XJEF SBOHF PG C TJ[FT TIBQFT BOE PSJ�
FOUBUJPOT JO PSEFS UP SFMJBCMZ FTUJNBUF ⟨%⟩ BOE C GSPN 4(C) <ǮǮ>� /PUJDF UIBU &R� Ǳ�Ǯǰ
DBO CF SFDBTU BT B MJOFBS TZTUFN XIPTF MFBTU�TRVBSFT TPMVUJPO DBO CF RVJDLMZ DPNQVUFE
UISPVHI B NBUSJY QTFVEPJOWFSTJPO <ǮǮ>�

8IFO VTJOH UIF DPWBSJBODF BQQSPYJNBUJPO JU JT JNQPSUBOU UP DPOTJEFS UIBU B UXP�UFSN
FYQBOTJPO JT POMZ WBMJE JO UIF C : ⟨%⟩ → � MJNJU� "T TIPXO JO 'JHVSF Ǳ�Ǳ UIF DPWBSJ�
BODF UFOTPS BQQSPYJNBUJPO QSPWJEFT B SBUIFS QPPS QSFEJDUJPO PG UIF NFBTVSFE TJHOBM BU
IJHIFS C�WBMVFT XIFSF DMFBS EJTDSFQBODJFT DBO CF PCTFSWFE CFUXFFO UIF NFBTVSFE BOE
QSFEJDUFE TJHOBMT� ɨJT NJTNBUDI CFUXFFO UIF EBUB BOE UIF GPSXBSE NPEFM JOUSPEVDFT
CJBTFT JO UIF RVBOUJmDBUJPO PG UIF EFTJSFE NJDSPTUSVDUVSBM JOGPSNBUJPO 	TFF MPXFS QBOFM
PG 'JHVSF Ǳ�Ǳ
� $POTFRVFOUMZ DBSF IBT UP CF UBLFO UP FYDMVEF EBUB QPJOUT XIFSFJO UIF
DPWBSJBODF BQQSPYJNBUJPO OP MPOHFS IPMET� "OPUIFS MJNJUBUJPO PG UIF DPWBSJBODF UFOTPS
BQQSPYJNBUJPO JT UIBU JU DBOOPU EFTDSJCF TZTUFNT XIFSF IJHIFS�UIBO�TFDPOE�PSEFS DV�
NVMBOUT BSF TJHOJmDBOU TVDI BT BOJTPUSPQJD TZTUFNT XJUI MPX PSJFOUBUJPOBM PSEFS�

Ǳ�ǰ *OWFSTJPO PG OPJTZ EBUBTFUT

*O QSBDUJDBM BQQMJDBUJPOT UIF BOBMZTJT PG UIF FYQFSJNFOUBM EBUB XJMM CF DIBMMFOHFE CZ B
mOJUF 4/3 BOE B MJNJUFE OVNCFS PG BDRVJTJUJPO QPJOUT� 5P BDRVJSF BO JOUVJUJWF VO�
EFSTUBOEJOH PO UIF MJNJUBUJPOT JNQPTFE CZ UIF FYQFSJNFOUBM OPJTF MFU VT DPOTJEFS 'JH�
VSF Ǳ�ǲ� ɨFSF XF EJTQMBZ B TFU PG JO TJMJDP EBUBTFUT BU CPUI JOmOJUF BOE mOJUF 4/3T� ɨF
OPJTF�GSFF EBUBTFU XBT JOJUJBMMZ TJNVMBUFE 	HSFZ DJSDMFT
 BOE (BVTTJBO EJTUSJCVUFE OPJTF
XJUI BO BNQMJUVEF PG Ǯ�4/3 	4/3 = ��
 XBT TVCTFRVFOUMZ BEEFE UP HFOFSBUF UIF OPJTZ
EBUBTFU 	SFE QPJOUT
� ɨF OPJTF JT PCTFSWFE UP DPODFBM UIF PWFSBMM TJHOBM QBUUFSO BOE UP
DPOTFRVFOUMZ IJOEFS UIF WJTVBM JOTQFDUJPO PG UIF USFOET EJTDVTTFE JO 4FDUJPO ǰ�ǯ�Ǯ� ɨF
FĊFDUT PG OPJTF BSF NPTU WJTJCMF JO WPYFM 	D
 XIFSF UIF TNBMM SBOEPN nVDUVBUJPOT EFT�
USPZ UIF JOTFOTJUJWJUZ UP Cǈ UIBU DIBSBDUFSJ[FT UIF TJHOBM QBUUFSOT PG JTPUSPQJD TBNQMFT�
"T EJĊFSFODFT CFUXFFO EBUB BDRVJSFE BU EJĊFSFOU Cǈ BSF JOUFSQSFUFE BT BO JOEJDBUJPO

ǰǶ
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'JHVSF ���� *O TJMJDP OPJTZ TJHOBM QBUUFSOT GSPN GPVS WPYFMT XJUI EJGGFSFOU NJDSPTDPQJD DPNQPTJUJPOT� 5IF
CPYFT JO UIF UPQ QBOFM EJTQMBZ UIF EJGGVTJPO UFOTPS EJTUSJCVUJPOT PSJHJOBMMZ TIPXO JO 'JHVSF   �
4JHOBM EBUB 4	C
�4� XJUI CPUI JOmOJUF 	HSFZ DJSDMFT
 BOE mOJUF 	SFE QPJOUT
 4/3 XBT HFOFSBUFE
VTJOH BO BDRVJTJUJPO QSPUPDPM DPNQSJTJOH ��� C�UFOTPST XJUI � EJGGFSFOU USBDFT C BOE UXP EJT�
UJODU WBMVFT PG OPSNBMJ[FE BOJTPUSPQZ 	Cǈ = � BOE �
� 5IF OPJTZ EBUBTFU XBT DSFBUFE CZ BEEJOH
(BVTTJBO EJTUSJCVUFE OPJTF XJUI BO BNQMJUVEF PG �/4/3 = �/�� UP UIF OPJTF�GSFF EBUB�

PG BOJTPUSPQZ UIF OPJTF�JOEVDFE nVDUVBUJPOT BSF UIVT FYQFDUFE UP JOUSPEVDF B CJBT UP�
XBSET BOJTPUSPQJD TPMVUJPOT� ɨJT FĊFDU JT TJNJMBS UP UIF iFJHFOWBMVF SFQVMTJPOw BSUFGBDU
JO DPOWFOUJPOBM %JĊVTJPO 5FOTPS *NBHJOH 	%5*
 XIFSF FYQFSJNFOUBM OPJTF JOUSPEVDFT
B EJTDSFQBODZ JO UIF FJHFOWBMVFT PG UIF WPYFM�BWFSBHFE EJĊVTJPO UFOTPS UIBU HJWFT SJTF UP
B QPTJUJWF CJBT JO '" <ǮǯǱ>�

.VMUJ�FYQPOFOUJBM TJHOBM JOWFSTJPO BQQSPBDIFT BSF XJEFMZ SFDPHOJ[FE BT CFJOH QBSUJD�
VMBSMZ TFOTJUJWF UP CPUI UIF FYQFSJNFOUBM OPJTF BOE UIF TBNQMJOH EFOTJUZ� ɨF BMSFBEZ
NFOUJPOFE WBSJBCJMJUZ PG UIF TPMVUJPO TQBDF JT LOPXO UP JODSFBTF XIFO FJUIFS UIF FYQFSJ�
NFOUBM 4/3 PS UIF OVNCFS PG BDRVJSFE EBUB QPJOUT EFDSFBTF <ǮǮǰ Ǯǯǲ Ǯǯǳ>� ɨFPSFUJDBM
TUVEJFT IBWF BEEJUJPOBMMZ TIPXO UIBU UIF BCJMJUZ UP SFTPMWF EJĊFSFOU NJDSPTDPQJD DPN�
QPOFOUT JT JOUSJOTJDBMMZ MJOLFE UP UIF FYQFSJNFOUBM OPJTF <ǵǮ> BOE MJNJUFE 4/3 WBMVFT
BSF LOPXO UP QSFDMVEF UIF SFTPMVUJPO PG NJDSPTDPQJD UJTTVF FOWJSPONFOUT XJUI TJNJMBS
.3 QSPQFSUJFT <Ǳǰ Ǯǯǲ>� 8JUIJO .3* UIFTF PCTFSWBUJPOT JNQMZ UIBU MPX TQBUJBM SFT�
PMVUJPO BOE�PS MPOH TDBO UJNFT BSF SFRVJSFE JO PSEFS UP SFUSJFWF B TUBCMF BOE BDDVSBUF
TPMVUJPO� $POTFRVFOUMZ NVMUJ�FYQPOFOUJBM BOBMZTJT BQQSPBDIFT BSF USBEJUJPOBMMZ DPO�
TJEFSFE JNQSBDUJDBM XJUIJO B DMJOJDBM TFUUJOH�

Ǳǭ
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5P BTTFTT UIF QFSGPSNBODF PG PVS .POUF $BSMP BMHPSJUINT XJUIJO B DMJOJDBM TFUUJOH
XF JOWFTUJHBUFE UIF BDDVSBDZ BOE QSFDJTJPO PG UIFJS FTUJNBUJPOT PG EJĊFSFOU TUBUJTUJDBM
EFTDSJQUPST 	1BQFS ***
� ɨF BTTFTTNFOU XBT QFSGPSNFE VTJOH B WBSJFUZ PG JO TJMJDP EBUBTFUT
QSPCFE XJUI B DMJOJDBMMZ GFBTJCMF BDRVJTJUJPO QSPUPDPM BU CPUI mOJUF 	4/3 = ��
 BOE
JOmOJUF 4/3 MFWFMT� ɨF QFSGPSNBODF PG UIF OPO�QBSBNFUSJD .POUF $BSMP 	.$Ǳ%
 JO�
WFSTJPO XBT DPNQBSFE UP UIBU PG B HBNNB EJTUSJCVUJPO BQQSPYJNBUJPO 	(BNNB
 BOE PG
B DPWBSJBODF UFOTPS BQQSPYJNBUJPO 	$PW
� "T FYQFDUFE UIF NPSF DPOTUSBJOFE NFUIPET
	(BNNB BOE $PW
 XFSF PCTFSWFE UP CF NPSF SPCVTU UP FYQFSJNFOUBM OPJTF� )PXFWFS
VOMJLF UIF .$Ǳ% BQQSPBDI UIFZ FYIJCJUFE CJBTFT BU JOmOJUF 4/3 MFWFMT� UIF (BNNB
BQQSPBDI XBT PCTFSWFE UP CF VOTVJUFE UP EFTDSJCF TZTUFNT FYIJCJUJOH FJUIFS IJHI BOJTP�
USPQZ PS IJHI JTPUSPQJD IFUFSPHFOFJUZ BOE $PW FYIJCJUFE B QBSUJDVMBSMZ QPPS QFSGPSN�
BODF JO BOJTPUSPQJD TZTUFNT XJUI MPX PSJFOUBUJPOBM PSEFS� 'PS EBUBTFUT XJUI MJNJUFE
4/3 .$Ǳ% XBT GPVOE UP SFTVMU JO TJHOJmDBOU CJBTFT XJUI B DMFBS UFOEFODZ UP PWFS�
FTUJNBUF UIF VOEFSMZJOH BOJTPUSPQZ� ɨF mOJUF�4/3 CJBTFT PG .$Ǳ% BEWJTF BHBJOTU B
RVBOUJUBUJWF JOUFSQSFUBUJPO PG JUT EFSJWFE NFUSJDT XIFOFWFS UIF QSJNBSZ FYQFSJNFOUBM
EBUB JT DIBSBDUFSJ[FE CZ B MPX 4/3� %FTQJUF UIF mOJUF�4/3 CJBTFT .$Ǳ% XBT PC�
TFSWFE UP QSFTFSWF B HPPE DPOUSBTU CFUXFFO TZTUFNT XJUI EJTUJODU NJDSPTUSVDUVSF BOE UP
BDDVSBUFMZ EFUFDU B WBSJBUJPO JO BOZ PG UIF FTUJNBUFE EFTDSJQUPST� $POTFRVFOUMZ .$Ǳ%
TFFNT UP CF B GFBTJCMF DIPJDF GPS DPNQBSBUJWF DMJOJDBM TUVEJFT PG UJTTVF NJDSPTUSVDUVSF�

ǱǮ





ǲ ] *O WJWP NVMUJEJNFOTJPOBM DPS�
SFMBUJPO .3*

1BQFST * BOE ** JOUSPEVDFE TJHOBM FODPEJOH BOE EBUB JOWFSTJPO TUSBUFHJFT UP RVBOUJGZ
NJDSPTDPQJD IFUFSPHFOFJUZ XJUI OPO�QBSBNFUSJD SFMBYBUJPO BOE EJĊVTJPO UFOTPS EJTUSJ�
CVUJPOT� 1SPPG�PG�QSJODJQMF FYQFSJNFOUT XFSF DBSSJFE PVU PO TQFDJBMMZ UBJMPSFE DPMMPJEBM
TBNQMFT VTJOH TQFDUSPTDPQJD FYQFSJNFOUT UIBU EJE OPU QSPWJEF TQBUJBMMZ SFTPMWFE JOGPSN�
BUJPO� ɨFTF XPSLT XFSF USBOTMBUFE JOUP BO JO WJWP JNBHJOH TFUUJOH CZ SFEFTJHOJOH UIF
FYQFSJNFOUBM JNQMFNFOUBUJPO VTJOH TNPPUI HSBEJFOU XBWFGPSNT GPS NVMUJEJNFOTJPOBM
EJĊVTJPO FODPEJOH <Ǯǲ ǮǯǴ> BOE TJOHMF�TIPU .3* UFDIOJRVFT GPS UIF TJHOBM SFBE�PVU�
ɨJT DIBQUFS GPDVTFT PO UIF SFTVMUT GSPN UXP FYQFSJNFOUT EFTJHOFE UP SFTPMWF TVC�WPYFM
FOWJSPONFOUT JO MJWJOH CSBJO UJTTVFT� B Ǳ% %5% JNBHJOH QSPUPDPM BOE B ǲ% 3��%
QSPUPDPM� ɨF EJĊVTJPO UFOTPS JNBHJOH QSPUPDPM XBT JNQMFNFOUFE PO B QSFDMJOJDBM BO�
JNBM TZTUFN BOE VTFE UP TUVEZ UIF JO WJWP NPVTF CSBJO� ɨF KPJOU SFMBYBUJPO�EJĊVTJPO
QSPUPDPM XBT FNQMPZFE UP JOWFTUJHBUF UIF TVC�WPYFM DPNQPTJUJPO PG MJWJOH IVNBO CSBJO
VTJOH B TUBOEBSE XIPMF�CPEZ DMJOJDBM TDBOOFS�

ǲ�Ǯ %JĊVTJPO UFOTPS EJTUSJCVUJPO JNBHJOH

*O 1BQFS *7 XF DPNCJOFE NVMUJEJNFOTJPOBM EJĊVTJPO FODPEJOH XJUI B TQBUJPUFNQPSBM
FODPEJOH 	41&/
 JNBHJOH TFRVFODF <ǮǯǵoǮǰǭ> UP QSPCF UIF NJDSPTDPQJD IFUFSPHFOFJUZ
PG JO WJWP CSBJO UJTTVFT BU TVC�NJMMJNFUSF TQBUJBM SFTPMVUJPO� %BUB XBT BDRVJSFE VTJOH
C�UFOTPST PG WBSZJOH TJ[F C TIBQF Cǈ BOE PSJFOUBUJPO (Θ,Φ) BOE UIFO DPOWFSUFE JOUP
TQBUJBMMZ�SFTPMWFE %5%T VTJOH UIF .POUF $BSMP BMHPSJUIN EFUBJMFE JO 4FDUJPO Ǳ�Ǯ�ǯ�
ɨF QSPQPTFE BDRVJTJUJPO BOE BOBMZTJT QJQFMJOFT XFSF mSTU WBMJEBUFE PO B TFU PG DPNQMF�
NFOUBSZ TZOUIFUJD TBNQMFT BOE UIFO UFTUFE PO MJWJOH NPVTF TQFDJNFOT� *O UIJT TFDUJPO
XF CSJFnZ SFWJFX BOE EJTDVTT UIF NBJO mOEJOHT PG UIBU XPSL�

Ǳǰ



$IBQUFS ǲ � *O WJWP NVMUJEJNFOTJPOBM DPSSFMBUJPO .3*

ǲ�Ǯ�Ǯ 1IBOUPN WBMJEBUJPO

8IFO EFTJHOJOH OPWFM .3 NFUIPET UIF VTF PG B TUBOEBSE TBNQMF EVSJOH QVMTF TF�
RVFODF WBMJEBUJPO TDBOOFS JNQMFNFOUBUJPO BOE EBUB BOBMZTJT TUSBUFHZ EFWFMPQNFOU JT
BCTPMVUFMZ DSVDJBM� ɨVT B XJEF BSSBZ PG TBNQMFT XJUI TUBCMF BOE XFMM�EFmOFE EJĊVTJPO
QSPQFSUJFT IBWF CFFO FOHJOFFSFE UP UFTU UIF QSFDJTJPO BOE BDDVSBDZ PG EJĊVTJPO .3*
QSPUPDPMT <ǮǰǮ>� ,OPXO JO UIF .3* MJOHP BT iQIBOUPNTw UIFTF TBNQMFT DBO CF NBOV�
GBDUVSFE GSPN B XJEF SBOHF PG NBUFSJBMT BTTFNCMFE UP FYIJCJU EJTUJODU QSPQFSUJFT TVDI
BT B TJOHMF XFMM�DBMJCSBUFE EJĊVTJPO DPFċDJFOU <Ǯǵ Ǯǰǯ> B EJTQFSTJPO PG JTPUSPQJD EJG�
GVTJWJUJFT <ǮǰǰoǮǰǲ> PS UP NJNJD EJĊVTJPO JO mCSPVT UJTTVFT XJUI CPUI IJHI <Ǯǰǳ ǮǰǴ>
BOE MPX <Ƕǯ ǮǰǵoǮǱǭ> PSJFOUBUJPOBM PSEFS� "OJTPUSPQJD TVSGBDUBOU TPMVUJPOT JO QBSUJD�
VMBS IBWF CFFO JOTUSVNFOUBM JO UIF FBSMZ EFWFMPQNFOU PG NVMUJEJNFOTJPOBM EJĊVTJPO
.3 QSPUPDPMT GPS RVBOUJGZJOH UIF BOJTPUSPQZ PG NJDSPTDPQJDBMMZ IFUFSPHFOFPVT UJTTVFT
<ǯǴ ǲǵ ǳǰ>�

5P JNQMFNFOU BOE WBMJEBUF UIF EJĊVTJPO UFOTPS EJTUSJCVUJPO JNBHJOH QSPUPDPM SFQPSUFE
JO 1BQFS *7 XF VTFE UISFF TZOUIFUJD QIBOUPNT NJNJDLJOH UIF EJĊVTJPO QSPQFSUJFT PG
IFBMUIZ XIJUF NBUUFS 	8.
 HSFZ NBUUFS 	(.
 BOE DFSFCSPTQJOBM nVJE 	$4'
� 1VSF
XBUFS BOE OFBU MJRVJE IZESPDBSCPO EPEFDBOF <Ǯǵ> XFSF VTFE UP NJNJD UIF GBTU JTPUSPQJD
EJĊVTJPO PG $4' BOE TMPX JTPUSPQJD EJĊVTJPO JO (. UJTTVFT SFTQFDUJWFMZ� "OJTPUSPQJD
XBUFS EJĊVTJPO XJUIJO 8. XBT FNVMBUFE CZ B MJRVJE DSZTUBM QIBOUPN QSFQBSFE BD�
DPSEJOH UP UIF QSPUPDPM JO <Ƕǯ>� ɨF MJRVJE DSZTUBM JT OJDLOBNFE iIFYw EVF UP JUT SFWFSTF
IFYBHPOBM QIBTF TUSVDUVSF XIFSFJO XBUFS JT DPOmOFE UP OBOPNFUSF�EJBNFUFS DIBOOFMT
JO B NBUSJY PG EFUFSHFOU BOE PJM�

'JHVSF ǲ�Ǯ TIPXT UIF EJĊVTJPO�FODPEFE 41&/ EBUB GSPN GPVS WPYFMT DPOUBJOJOH IFY
	UXP WPYFMT
 EPEFDBOF PS XBUFS� %JTUJODU TJHOBM QBUUFSOT BSF PCTFSWFE GPS UIF EJĊFSFOU
WPYFMT� ɨF TJHOBM GSPN UIF IFY WPYFMT JT PCTFSWFE UP WBSZ TJHOJmDBOUMZ XJUI CPUI UIF
BOJTPUSPQZ Cǈ BOE PSJFOUBUJPO (Θ,Φ) PG UIF C�UFOTPS B USFOE UIBU JOEJDBUFT BOJTPUSPQJD
EJĊVTJPO JO PSJFOUBUJPOBMMZ PSEFSFE EPNBJOT� ɨF EJTUJODU QBUUFSOT PCTFSWFE JO UIF
IFY TJHOBMT JOEJDBUF UIBU UIF UXP WPYFMT DPOUBJO EBUB GSPN DSZTUBMMJUFT PSJFOUFE BMPOH
UXP EJĊFSFOU EJSFDUJPOT� ɨF EPEFDBOF BOE XBUFS TJHOBMT BSF PCTFSWFE UP CF SBUIFS
JOTFOTJUJWF UP CPUI Cǈ BOE (Θ,Φ) B GFBUVSF UIBU JT DPOTJTUFOU XJUI JTPUSPQJD EJĊV�
TJPO� ɨF GBTUFS EFDBZ XJUI JODSFBTJOH C PCTFSWFE GPS UIF XBUFS QIBOUPN JOEJDBUFT UIBU
UIJT TBNQMF JT DIBSBDUFSJ[FE CZ B IJHIFS EJĊVTJWJUZ� /PO�QBSBNFUSJD JOWFSTJPO PG UIF
EBUB ZJFMET %5%T UIBU BSF DPOTJTUFOU XJUI UIF EJĊVTJPO GFBUVSFT JOGFSSFE GSPN TJNQMF
WJTVBM JOTQFDUJPO PG UIF SBX TJHOBM QBUUFSOT� /BNFMZ IFY ZJFMET B %5% DIBSBDUFS�
J[FE CZ IJHIMZ BOJTPUSPQJD DPNQPOFOUT (MPH��(%∥/%⊥) ≈ �) BOE JOUFSNFEJBUF�UP�MPX
EJĊVTJWJUZ (MPH��(%JTP/N�T−�) ≈ −�.�) EPEFDBOF JT DIBSBDUFSJ[FE CZ JTPUSPQJD DPN�
QPOFOUT XJUI JOUFSNFEJBUF EJĊVTJWJUZ (MPH��(%JTP/N�T−�) ≈ −�) BOE XBUFS HJWFT B
%5% DPNQPTFE PG GBTU EJĊVTJOH JTPUSPQJD DPNQPOFOUT (MPH��(%JTP/N�T−�) ≈ −�.�)�
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'JHVSF ���� 3FQSFTFOUBUJWF �% EJGGVTJPO FODPEFE TJHOBM EBUB BOE EJGGVTJPO UFOTPS EJTUSJCVUJPOT 	%5%T
 GPS
GPVS TFMFDUFE WPYFMT DPOUBJOJOH IFY 	DPMVNO � BOE �
 EPEFDBOF 	DPMVNO �
 PS XBUFS 	DPMVNO
�
� 	5PQ QBOFM
 "DRVJTJUJPO QSPUPDPM XJUI C�UFOTPS NBHOJUVEF C BOE OPSNBMJ[FE BOJTPUSPQZ Cǈ
EJTQMBZFE BT B GVODUJPO PG BDRVJTJUJPO QPJOU JOEFY BOE DPSSFTQPOEJOH OPSNBMJ[FE TJHOBM EBUB
4	C
�4�� *O UIF 4	C
�4� QMPU UIF HSFZ DJSDMFT BOE UIF CMBDL QPJOUT EJTUJOHVJTI CFUXFFO FYQFSJ�
NFOUBM BOE mUUFE TJHOBM QSPmMFT SFTQFDUJWFMZ� 	-PXFS QBOFM
 %5%T PCUBJOFE CZ OPO�QBSBNFUSJD
JOWFSTJPO PG UIF TJHOBM EBUB JO UIF UPQ QBOFM� 5IF %5%T BSF EJTQMBZFE BT �% MPHBSJUINJD TDBU�
UFS QMPUT PG JTPUSPQJD EJGGVTJWJUJFT %JTP BOE BYJBM�SBEJBM EJGGVTJWJUZ SBUJPT %∥/%⊥� 5IF EJGGVTJPO
UFOTPS PSJFOUBUJPO (θ,φ) JT DPMPS�DPEFE BT [3,(, #] = [DPTφ TJO θ, TJOφ TJO θ, DPT θ] · |%∥ −
%⊥|/NBY(%∥,%⊥) BOE UIF DJSDMF BSFB JT QSPQPSUJPOBM UP UIF XFJHIU PG UIF DPSSFTQPOEJOH DPN�
QPOFOU�

"T FYQFDUFE UIF UXP IFY WPYFMT BSF EJTUJOHVJTIFE CZ UIF PSJFOUBUJPO PG UIFJS SFTQFDUJWF
BOJTPUSPQJD DPNQPOFOUT�

ɨF FTUJNBUFE %5%T BMM GFBUVSF CSPBE DMVTUFST PG QPJOUT� #FDBVTF UIF DIFNJDBM DPNQPT�
JUJPO BOE NJDSPTUSVDUVSF BSF DPOTUBOU UISPVHIPVU FBDI QIBOUPN UIF PCTFSWFE TQSFBE
PG QPJOUT SFnFDUT UIF VODFSUBJOUZ PG UIF JOWFSTJPO QSPDFTT BOE UIF MPX 4/3 DIBSBDUFSJTUJD
PG IJHI�SFTPMVUJPO EJĊVTJPO .3* FYQFSJNFOUT <Ǯǰ>� ɨF MPX FYQFSJNFOUBM 4/3 JO QBS�
UJDVMBS BMTP FYQMBJOT UIF OPO�OFHMJHJCMF EJTDSFQBODJFT CFUXFFO NFBTVSFE BOE QSFEJDUFE
TJHOBMT PCTFSWFE JO UIF UPQ QBOFM PG 'JHVSF ǲ�Ǯ�
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ǲ�Ǯ�ǯ )JHI�SFTPMVUJPO JNBHJOH PG UIF MJWJOH NPVTF CSBJO

8F VTFE UIF QJQFMJOFT WBMJEBUFE XJUI QIBOUPN NFBTVSFNFOUT UP BDRVJSF BOE BOBMZTF BO
JO WJWP NPVTF CSBJO EBUBTFU� 1VSF DPNQPOFOU WPYFMT DPOUBJOJOH FJUIFS 8. (. PS
$4' XFSF PCTFSWFE UP ZJFME %5%T TJNJMBS UP UIPTF PCUBJOFE GPS UIF IFY EPEFDBOF BOE
XBUFS QIBOUPNT SFTQFDUJWFMZ� /BNFMZ 8. JT DIBSBDUFSJ[FE CZ IJHI %∥/%⊥ DPNQPO�
FOUT XIJMF (. BOE $4' CPUI FYIJCJU MPX BOJTPUSPQZ XJUI $4' CFJOH EJĊFSFOUJBUFE
CZ JUT IJHI %JTP� 8IJMF UIF FTUJNBUFE %5%T XFSF BCMF UP BDDVSBUFMZ DBQUVSF UIF EJG�
GVTJPO IBMMNBSLT PG UIF NBJO DPNQPOFOUT PG UIF IFBMUIZ MJWJOH CSBJO UIFZ XFSF BMTP
PCTFSWFE UP DPNQSJTF CJPMPHJDBMMZ JNQMBVTJCMF TQVSJPVT DPNQPOFOUT BOE UP ZJFME TJH�
OJmDBOUMZ IJHIFS SFTJEVBMT UIBO UIF QIBOUPN FYQFSJNFOUT� ɨFTF VOEFTJSBCMF GFBUVSFT
XFSF BUUSJCVUFE UP B MPX 4/3 	4/3 ≈ ��
 BOE PUIFS VODFSUBJOUZ TPVSDFT TVDI BT NP�
UJPO BOE FEEZ DVSSFOU BSUFGBDUT� $POTJTUFOU XJUI UIF mOEJOHT PG 1BQFS *** UIF IJHIFS
BNPVOU PG OPJTF XBT PCTFSWFE UP JOEVDF B QPTJUJWF CJBT JO UIF BOJTPUSPQZ NFUSJD�

ɨF WPYFM�XJTF %5%T XFSF DPOWFSUFE UP FOTFNCMFT PG 4� &[%JTP] &[%�
ǈ] 7BS[%JTP]

7BS[%�
ǈ] BOE $PW[%JTP,%�

ǈ] CZ GPMMPXJOH UIF QSPDFEVSF EFTDSJCFE JO 4FDUJPO Ǳ�Ǯ�ǰ�
'PS UIF QVSQPTF PG DBMDVMBUJOH QBSBNFUFS NBQT JU JT VTFGVM UP DPOEFOTF FBDI TUBUJTU�
JDBM EFTDSJQUPS FOTFNCMF UP B TJOHMF BWFSBHF NFBTVSF ⟨·⟩� ɨF BWFSBHF JT NFBTVSFE BT B
NFEJBO BOE OPU BT B NFBO JO PSEFS UP JODSFBTF JUT SPCVTUOFTT UP PVUMJFST� ɨF SFTVMU�
JOH QBSBNFUFS NBQT BSF DPNQJMFE JO 'JHVSF ǲ�ǯ XIJDI BMTP EJTQMBZT UIF ⟨4�⟩ ⟨&[Y]⟩
⟨7BS[Y]⟩ BOE ⟨$PW[Y, Z]⟩ NBQT PCUBJOFE GPS UIF EJĊVTJPO QIBOUPNT�

"T FWJEFODFE CZ UIF QIBOUPN SFTVMUT UIF ⟨&[%JTP]⟩NBQ EJTUJOHVJTIFT CFUXFFO FOWJSPO�
NFOUT XJUI B GBTU NFBO EJĊVTJPO BOE FOWJSPONFOUT XJUI B TMPX NFBO EJĊVTJPO� 'PS UIF
MJWJOH NPVTF CSBJO UIF PWFSBMM ⟨&[%JTP]⟩ NBQ XBT GPVOE UP CF JO FYDFMMFOU BHSFFNFOU
XJUI NFBO EJĊVTJWJUZ NBQT FTUJNBUFE GSPN IJHI�SFTPMVUJPO %5* QSPUPDPMT <ǮǱǮ> BOE
IJHI ⟨&[%JTP]⟩ WBMVFT XFSF GPVOE UP DPSSFMBUF XFMM XJUI UIF FYQFDUFE TQBUJBM EJTUSJCV�
UJPO PG $4'� )JHI &[%�

ǈ] WBMVFT XFSF DPODFOUSBUFE JO 8.�SJDI TUSVDUVSFT TVDI BT UIF
DFSFCFMMVN BOE UIF PMGBDUPSZ CVMC XIJMF TNBMMFS ZFU OPO�OFHMJHJCMF &[%�

ǈ] WBMVFT XFSF
GPVOE TQSFBE UISPVHIPVU UIF CSBJO� ɨJT JT JO DPOUSBTU XJUI IJHI�SFTPMVUJPO %5* TUVE�
JFT PG UIF JO WJWP NPVTF CSBJO XIJDI POMZ SFQPSU B TJHOJmDBOU BOJTPUSPQZ JO DPIFSFOUMZ
BMJHOFE 8. USBDUT <ǮǱǮ ǮǱǯ>� ɨF EJĊFSFODFT CFUXFFO PVS NFUIPE BOE %5* TUVEJFT
DBO CF FYQMBJOFE CZ UIF GBDU UIBU VOMJLF 'SBDUJPOBM "OJTPUSPQZ 	'"
 &[%�

ǈ] RVBOUJmFT
BOJTPUSPQZ JOEFQFOEFOUMZ GSPN PSJFOUBUJPOBM DPIFSFODF BT EJTDVTTFE JO 4FDUJPO ǯ�ǰ�ǯ�
)PXFWFS UIF FYJTUFODF PG B OPJTF JOEVDFE CJBT UPXBSET BOJTPUSPQJD DPNQPOFOUT NBLFT
JU VODMFBS JG UIF IJHIFS &[%�

ǈ] WBMVFT EP JO GBDU SFnFDU UIF UJTTVF QSPQFSUJFT PG UIF NPVTF
CSBJO� 8IJMF GVSUIFS XPSL JT OFFEFE UP FMVDJEBUF UIJT QPJOU NJDSPTDPQJD BOJTPUSPQZ
IBT CFFO EFUFDUFE JO FY WJWP (. UJTTVF <ǯǳ ǮǰǶ ǮǱǰ> BO PCTFSWBUJPO UIBU TVQQPSUT B
XJEFTQSFBE OPO�[FSP BOJTPUSPQZ�

ɨF 	DP
WBSJBODF NBQT SFQPSU PO JOUSB�WPYFM IFUFSPHFOFJUZ� 7BOJTIJOHMZ MPX WBMVFT

Ǳǳ



$IBQUFS ǲ � *O WJWP NVMUJEJNFOTJPOBM DPSSFMBUJPO .3*

he
x

do
de
ca
ne

in
 v

ivo
m
ou
se

áVar[DD
2]ñáVar[Diso]ñáE[DD

2]ñáE[Diso]ñáS0ñ áCov[Diso,DD
2]ñ

wa
te
r

0 max min max0

'JHVSF ���� %5% QBSBNFUFS NBQT PG QIBOUPNT BOE MJWJOH NPVTF CSBJO� 3PX �� IFY QIBOUPN <��> 	BOJTP�
USPQJD
 SPX �� EPEFDBOF 	TMPX JTPUSPQJD
 SPX �� XBUFS 	GBTU JTPUSPQJD
 BOE SPX �� MJWJOH NPVTF
CSBJO� 5IF QBSBNFUFS NBQT XFSF EFSJWFE GSPN UIF �% EJGGVTJPO UFOTPS EJTUSJCVUJPOT BOE JOGPSN
PO UIF CPPUTUSBQ BWFSBHFT PG EJGGFSFOU EFTDSJQUPST� UPUBM TJHOBM BNQMJUVEF ⟨4�⟩ BOE UIF NFBO
⟨&<Y>⟩ WBSJBODF ⟨7BS<Y>⟩ BOE DPWBSJBODF ⟨$PW<YZ>⟩ PG JTPUSPQJD EJGGVTJWJUJFT %JTP BOE TRVBSFE
OPSNBMJ[FE EJGGVTJPO BOJTPUSPQZ %�

ǈ� 5IF OVNFSJDBM WBMVFT PG UIF MJOFBS DPMPS TDBMFT BSF JEFOUJDBM
UP UIF IPSJ[POUBM BYFT PG UIF IJTUPHSBNT JO 'JHVSF ����

PG 7BS[%JTP] 7BS[%�
ǈ] BOE $PW[%JTP,%�

ǈ] BSF GPVOE GPS UIF IPNPHFOFPVT QIBOUPNT�
*O UIF NPVTF CSBJO FMFWBUFE 7BS[%JTP] BOE OFHBUJWF $PW[%JTP,%�

ǈ] XFSF EFUFDUFE JO
WPYFMT DPOUBJOJOH CPUI (. BOE $4'� ɨFTF USFOET JOEJDBUF B NJYUVSF PG TMPX� BOE
GBTU�EJĊVTJOH DPNQPOFOUT <ǯǴ ǯǵ> XIFSFJO MPX %JTP WBMVFT BSF DPSSFMBUFE XJUI IJHIFS
WBMVFT PG EJĊVTJPO BOJTPUSPQZ <Ǯǰ>�

5P TFQBSBUF UIF TJHOBM DPOUSJCVUJPOT GSPN 8. (. BOE $4' XF TPSUFE UIF TQBUJBMMZ
SFTPMWFE %5% DPNQPOFOUT JOUP UISFF DPBSTF CJOT OBNFE ǲJO ǲJDL BOE #JH� ɨF
CJO OBNFT EFTDSJCF UIF WJTVBM BQQFBSBODF PG UIF DPSSFTQPOEJOH EJĊVTJPO UFOTPS HMZQIT�
UIF ɨJO BOE ɨJDL CJOT DBQUVSF TMPX�EJĊVTJOH BOJTPUSPQJD BOE JTPUSPQJD DPNQPOFOUT
SFTQFDUJWFMZ BOE UIF #JH CJO TFMFDUT GBTU�EJĊVTJOH DPNQPOFOUT� 'JHVSF ǲ�ǰ TIPXT UIF
MJNJUT BOE GSBDUJPOBM TJHOBM DPOUSJCVUJPOT PG UIF WBSJPVT CJOT� ɨF BEEJUJWF DPMPS NBQ
SFWFBMT UIBU CJOOJOH DBO EFNBSDBUF EJTUJODU BOBUPNJDBM TUSVDUVSFT CBTFE PO UIFJS NJDSP�
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'JHVSF ���� %JWJTJPO PG UIF %5% TQBDF JOUP UIF 5IJO 5IJDL BOE #JH CJOT� 5IF DPMPVS�DPEFE DPNQPTJUF NBQ
TIPXT UIF TJHOBM DPOUSJCVUJPOT GSPN UIF GSBDUJPOBM QPQVMBUJPOT JO UIF 5IJO 	SFE
 5IJDL 	HSFFO

BOE #JH 	CMVF
 CJOT� 7PYFMT DPOUBJOJOH NPSF UIBO POF GSBDUJPO BSF WJTJCMF BT NJYFE DPMPVST F�H�
FRVBM QSPQPSUJPOT PG 5IJO BOE 5IJDL QPQVMBUJPOT SFTVMU JO B ZFMMPX WPYFM� 5IF WBSJPVT MFHFOET
JEFOUJGZ BOBUPNJDBM GFBUVSFT PG JOUFSFTU <���>� -7� MBUFSBM WFOUSJDMFT %�7� EPSTBM UIJSE WFOUSJDMF
"R� TZMWJVT BRVFEVDU 0#� PMGBDUPSZ CVMC m� mNCSJB BOE $#� DFSFCFMMVN�

TDPQJD EJĊVTJPO QSPQFSUJFT� 'PS FYBNQMF UIF #JH CJO 	CMVF WPYFMT
 UFBTFT BQBSU $4'�SJDI
BSFBT TVDI BT UIF WFOUSJDMFT 	-7 BOE %ǰ7
 PS UIF TZMWJVT BRVFEVDU 	BR
 XIJMF UIF ɨJO
CJO 	SFE WPYFMT
 DBQUVSFT UIF mCSPVT UJTTVFT GPVOE JO TUSVDUVSFT TVDI BT UIF DFSFCFMMVN
	$#
 UIF mNCSJB 	m
 PS UIF PMGBDUPSZ CVMC 	0#
 <ǮǱǱ>� ɨF CJOOJOH QSPDFTT XBT BMTP
PCTFSWFE UP CF VTFGVM JO UIF EFUFDUJPO PG 8.�(. QBSUJBM WPMVNF FĊFDUT 	ZFMMPX WPYFMT

TVDI BT UIPTF PCTFSWFE BU UIF JOUFSGBDF PG XIJUF BOE HSFZ NBUUFS BSFBT PG UIF DFSFCFMMVN�

ɨF EJĊVTJPO QSPQFSUJFT PG UIF WBSJPVT CJO�SFTPMWFE DPNQPOFOUT DBO CF JOTQFDUFE
UISPVHI NFBO QBSBNFUFS NBQT PG EJĊVTJPO UFOTPS TJ[F TIBQF BOE PSJFOUBUJPO 	TFF
'JHVSF ǲ�Ǳ
� .VMUJQMF WPYFMT XJUI MPX CSJHIUOFTT DBO CF GPVOE JO UIF ɨJO ⟨&[Y]⟩ NBQT�
ɨJT SFTVMUT JO B OPJTZ BQQFBSBODF UIBU IJOEFST UIF BOBMZTJT PG UIF ɨJO NBQT� )PX�
FWFS UIF PWFSBMM HSFFO BQQFBSBODF PG UIF DPNQPTJUF NBQ JO 'JHVSF ǲ�ǰ JOEJDBUFT UIBU UIF
EBSLFS ɨJO WPYFMT IBWF B TNBMM DPOUSJCVUJPO UP UIF SFUSJFWFE %5%T� 'JHVSF ǲ�Ǳ BEEJ�
UJPOBMMZ TIPXT UIBU UIF %5% DPNQPOFOUT PG UIF WBSJPVT QIBOUPNT GBMM DMFBOMZ XJUIJO
UIF JOUFOEFE CJOT 	IFY o ɨJO EPEFDBOF o ɨJDL XBUFS o #JH
 UIVT QSPWJEJOH GVSUIFS
FWJEFODF UIBU UIF EFmOFE CJOT DBO CPUI TFQBSBUF BOE DBQUVSF UIF EJĊVTJPO QSPQFSUJFT
PG 8. (. BOE $4'�

ǲ�ǯ ǲ% SFMBYBUJPO�EJĊVTJPO DPSSFMBUJPO .3*

4QFDUSPTDPQJD .3 FYQFSJNFOUT DPNCJOJOH CPUI EJĊVTJPO� BOE SFMBYBUJPO� FODPEJOH
IBWF CFFO SPVUJOFMZ VTFE TJODF UIF FBSMZ ǯǭǭǭT UP DIBSBDUFSJ[F UIF NJDSPTDPQJD IFUFSP�
HFOFJUZ PG B XJEF BSSBZ PG QPSPVT NBUFSJBMT <ǵǲ ǵǳ ǮǮǯ ǮǱǲoǮǱǴ>� "T FYQMBJOFE JO
4FDUJPO ǰ�ǰ UIFTF FYQFSJNFOUT ZJFME NVMUJEJNFOTJPOBM DPSSFMBUFE EBUBTFUT UIBU DBO CF
DPOWFSUFE UP KPJOU QSPCBCJMJUZ EJTUSJCVUJPOT PG SFMBYBUJPO SBUFT BOE EJĊVTJWJUJFT UISPVHI
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'JHVSF ���� #JO�SFTPMWFE %5% QBSBNFUFS NBQT PG QIBOUPNT BOE MJWJOH NPVTF CSBJO� 3PX �� IFY QIBOUPN
<��> 	BOJTPUSPQJD
 SPX �� EPEFDBOF 	TMPX JTPUSPQJD
 SPX �� XBUFS 	GBTU JTPUSPQJD
 BOE SPX ��
MJWJOH NPVTF CSBJO� 5IF QBSBNFUFS NBQT XFSF EFSJWFE GSPN UIF GSBDUJPOBM QPQVMBUJPOT JO UIF
5IJO 5IJDL BOE #JH CJOT EFmOFE JO 'JHVSF ���� $PMVNOT ��� TIPX UIF QFS�CJO TJHOBM GSBDUJPOT
	CSJHIUOFTT
 BOE QFS�CJO BWFSBHF NFBO WBMVFT 	DPMPS
 PG JTPUSPQJD EJGGVTJWJUZ ⟨&[%JTP]⟩ TRVBSFE
OPSNBMJ[FE EJGGVTJPO BOJTPUSPQZ ⟨&[%�

ǈ]⟩ BOE EJGGVTJPO UFOTPS PSJFOUBUJPO ⟨&[0SJFOUBUJPO]⟩� 5IF
⟨&[0SJFOUBUJPO]⟩ NBQT BSF DPMPS�DPEFE BT <3(#> � <%YY %ZZ %[[>�NBY	%YY %ZZ %[[
 XIFSF %JJ
BSF UIF J�UI EJBHPOBM FMFNFOUT PG UIF EJGGVTJPO UFOTPS BT NFBTVSFE JO UIF MBCPSBUPSZ GSBNF PG
SFGFSFODF� $PMVNO �� TIPXT DPMPVS�DPEFE DPNQPTJUF NBQT PG UIF WBSJPVT CJO QPQVMBUJPOT�
<3(#> � <5IJO5IJDL#JH>�

B OPO�QBSBNFUSJD JOWFSTJPO BMHPSJUIN <ǵǰ Ǯǭǲ ǮǱǵ>� %JĊVTJPO�SFMBYBUJPO DPSSFMBUJPO
QSPUPDPMT IBWF CFFO SFDFOUMZ DPNCJOFE XJUI JNBHJOH QVMTF TFRVFODFT BOE VTFE UP JO�
WFTUJHBUF UIF TVC�WPYFM DPNQPTJUJPO PG CPUI mYBUFE <ǮǱǶ Ǯǲǭ> BOE MJWJOH UJTTVFT <ǮǲǮ>�
ɨF DPNCJOBUJPO PG EJĊVTJPO XJUI PUIFS .3 PCTFSWBCMFT XBT GPVOE UP JNQSPWF UIF
BCJMJUZ UP SFTPMWF NJDSPTDPQJD UJTTVF FOWJSPONFOUT� %FTQJUF UIFJS JNQSPWFE SFTPMVUJPO
UIFTF BQQSPBDIFT SFMJFE PO B 1(4& FYQFSJNFOU GPS EJĊVTJPO FODPEJOH BOE UIVT TVĊFS
GSPN UIF MJNJUBUJPOT EJTDVTTFE JO 4FDUJPO ǰ�ǯ�

*O PSEFS UP FYUFOE SFMBYBUJPO�EJĊVTJPO DPSSFMBUJPO .3* QSPUPDPMT UP TUVEJFT PG IFU�
FSPHFOFPVT BOJTPUSPQJD NBUFSJBMT XF IBWF EFWJTFE B QSPUPDPM UIBU SFTPMWFT NJDSPTDPQJD
IFUFSPHFOFJUZ JO B mWF�EJNFOTJPOBM TQBDF PG USBOTWFSTF SFMBYBUJPO SBUFT BOE BYJTZNNFU�
SJD EJĊVTJPO UFOTPST� ɨF NFUIPE GPMMPXT UIF TBNF .3 QIZTJDT BT UIF TQFDUSPTDPQJD
FYQFSJNFOU QSFTFOUFE JO 1BQFS ** BOE XBT JNQMFNFOUFE XJUIJO B TQJO�FDIP XJUI BO
FDIP�QMBOBS JNBHJOH 	&1*
 SFBE�PVU <Ǯǲǯ>� %JĊVTJPO FODPEJOH XBT QFSGPSNFE XJUI B
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'JHVSF ���� �% 3��% EJTUSJCVUJPOT FTUJNBUFE GPS TJY SFQSFTFOUBUJWF WPYFMT JO UIF MJWJOH IVNBO CSBJO� 5IF
TFMFDUFE WPYFMT DPOUBJO XIJUF NBUUFS 	8.
 HSBZ NBUUFS 	(.
 BOE DFSFCSPTQJOBM nVJE 	$4'

BT XFMM BT CJOBSZ DPNCJOBUJPOT PG UIF TBNF DPNQPOFOUT� 8.�(. 8.�$4' BOE (.�$4'�
5IF EJTUSJCVUJPOT BSF TIPXO BT �% MPHBSJUINJD TDBUUFS QMPU PG USBOTWFSTF SFMBYBUJPO SBUFT 3�
JTPUSPQJD EJGGVTJWJUJFT %JTP BOE BYJBM�SBEJBM EJGGVTJWJUZ SBUJPT %∥/%⊥ XJUI DJSDMF BSFB QSPQPS�
UJPOBM UP UIF XFJHIU PG UIF DPSSFTQPOEJOH 3��% DPPSEJOBUFT� 5IF DPMPVS DPEJOH JT EFmOFE BT�
[3,(, #] = [DPTφ TJO θ, TJOφ TJO θ, DPT θ] · |%∥ − %⊥|/NBY(%∥,%⊥) XIFSF (θ,φ) DPSSFTQPOET
UP UIF PSJFOUBUJPO PG FBDI %�

TFU PG OVNFSJDBMMZ PQUJNJ[FE HSBEJFOU XBWFGPSNT <ǮǯǴ> BOE SFMBYBUJPO�XFJHIUJOH XBT
BDIJFWFE CZ WBSZJOH UIF FDIP�UJNF 	τ&
� *NBHFT XJUI EJĊFSFOU C�UFOTPST BOE τ& XFSF
BDRVJSFE ZJFMEJOH B ǲ% EBUBTFU UIBU XBT DPOWFSUFE UP TQBUJBMMZ�SFTPMWFE 3��% EJTUSJ�
CVUJPOT VTJOH UIF VODPOTUSBJOFE .POUF�$BSMP BMHPSJUIN EJTDVTTFE JO 4FDUJPO Ǳ�Ǯ�ǯ�
ɨF TQBUJBMMZ SFTPMWFE 3��% EJTUSJCVUJPOT XFSF VTFE UP EFSJWF B DPNQSFIFOTJWF TFU PG
QBSBNFUFS NBQT SFQPSUJOH PO JOUSB�WPYFM IFUFSPHFOFJUZ 	1BQFS 7
 BOE UP JTPMBUF BOE
WJTVBMJ[F mCSF�TQFDJmD JOGPSNBUJPO PO SFMBYBUJPO BOE EJĊVTJPO QSPQFSUJFT 	1BQFS 7*
�

ǲ�ǯ�Ǯ 7PYFM�XJTF EJTUSJCVUJPOT

1VSF DPNQPOFOU WPYFMT DPOUBJOJOH FJUIFS 8. (. PS $4' BSF DIBSBDUFSJ[FE CZ 3��
% EJTUSJCVUJPOT UIBU BDDVSBUFMZ SFnFDU UIF EJTUJOHVJTIJOH NJDSPTDPQJD GFBUVSFT PG UIF
WBSJPVT UJTTVFT 	TFF 'JHVSF ǲ�ǲ
� #PUI 8. BOE (. ZJFME GBTU�SFMBYJOH DPNQPOFOUT
(MPH��(3�/T−�) > �) PG MPX JTPUSPQJD EJĊVTJWJUZ (MPH��(%JTP/N�T−�) ≈ −�) XJUI

ǲǭ
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8. CFJOH EJĊFSFOUJBUFE CZ JUT IJHI EJĊVTJPO BOJTPUSPQZ (MPH��(%∥/%⊥) > �)� $4'
FYIJCJUT TMPX�SFMBYJOH (MPH��(3�/T−�) ≈ �) GBTU�EJĊVTJOH (MPH��(%JTP/N�T−�) ≈
−�.�) JTPUSPQJD DPNQPOFOUT� ɨF EJTUSJCVUJPOT PCUBJOFE GPS NJYFE DPNQPOFOU WPYFMT
DPNQSJTF B MJOFBS DPNCJOBUJPO PG UIF 3��% QSPQFSUJFT UIBU UFBTF BQBSU UIF JOEJWJEVBM
8. (. BOE $4' EJTUSJCVUJPOT� 'PS FYBNQMF B WPYFM DPOUBJOJOH CPUI 8. BOE $4'
ZJFMET B EJTUSJCVUJPO XJUI JTPUSPQJD GBTU�EJĊVTJOH DPNQPOFOUT XJUI MPX 3� BOE BOJTP�
USPQJD TMPX�EJĊVTJOH DPNQPOFOUT XJUI IJHIFS 3� SBUFT 	TFF 8.�$4' EJTUSJCVUJPO JO
'JHVSF ǲ�ǲ
�

ɨF EJTUSJCVUJPOT EJTQMBZFE JO 'JHVSF ǲ�ǲ BMM GFBUVSF CSPBE DMVTUFST PG QPJOUT UIBU DPWFS
B TJHOJmDBOU SBOHF PG UIF 3��% TQBDF� 4JNJMBS CSPBE EJTUSJCVUJPOT XFSF BMTP PCTFSWFE
GPS EJTDSFUF DPNQPOFOU QIBOUPNT 	TFF 'JHVSF ǲ�Ǯ
 XIFSF UIF TQSFBE PG DPNQPOFOUT
XBT BUUSJCVUFE UP UIF JOWFSTJPO BOE NFBTVSFNFOU VODFSUBJOUJFT� ɨF WBSJPVT TPVSDFT PG
VODFSUBJOUZ PCTDVSF BOZ TVCUMF EJĊFSFODFT JO 3��% QSPQFSUJFT BOE DIBMMFOHF UIF SFTPM�
VUJPO PG mOF NJDSPBOBUPNJDBM EFUBJMT TVDI BT UIPTF BTTVNFE JO CJPQIZTJDBM NPEFMT PG
CSBJO UJTTVF <ǮǶ ǯǭ Ƕǰ ǮǲǰoǮǲǲ>� 'PDVTJOH PO UIF (. WPYFM PG 'JHVSF ǲ�ǲ XF OPUJDF
B OFBSMZ TZNNFUSJD TQSFBE PG DPNQPOFOUT BSPVOE UIF MPH��(%∥/%⊥) = � QMBOF� ɨF
CJNPEBM iCVUUFSnZw QBUUFSO SFnFDUT UIF CJBT UPXBSET BOJTPUSPQJD DPNQPOFOUT EJTDVTTFE
JO 4FDUJPO Ǳ�ǰ 	1BQFS ***
 BOE HJWFT SJTF UP BO PWFSFTUJNBUJPO PG &[%�

ǈ]�

ǲ�ǯ�ǯ 1BSBNFUFS .BQT

1BSBNFUFS NBQT PG BWFSBHF TUBUJTUJDBM EFTDSJQUPST XFSF FTUJNBUFE BT EFTDSJCFE JO UIF
QSFWJPVT TFDUJPO� ɨF BEEJUJPOBM 3� EJNFOTJPO USBOTMBUFT JOUP OFX EFTDSJQUPST JOGPSN�
JOH PO UIF NFBO SFMBYBUJPO WBMVF &[3�] UIF VOEFSMZJOH EJTQFSTJPO JO SFMBYBUJPO SBUFT
7BS[3�] BOE DPSSFMBUJPOT CFUXFFO SFMBYBUJPO BOE EJĊVTJPO QSPQFSUJFT $PW[3�, Y]� *U
TIPVME CF NFOUJPOFE UIBU UIF &[3�] BOE 7BS[3�] QBSBNFUFST DBO BMTP CF SFUSJFWFE XJUI
DMBTTJDBM RVBOUJUBUJWF .3* QSPUPDPMT <Ǳǯ> PS FTUJNBUFE GSPN Ǯ% 3� EJTUSJCVUJPOT PC�
UBJOFE UISPVHI UIF JOWFSTJPO PG NVMUJ�FDIP .3* EBUB <ǱǮ ǱǱ>� )PXFWFS UIF DPWBSJBODF
NFBTVSFT SFRVJSF DPSSFMBUJPOT CFUXFFO 3� BOE UIF GPVS EJTUJODU QBSBNFUFST PG % BOE
JUT FTUJNBUJPO DPOTUJUVUFT B OPWFM DPOUSJCVUJPO PG UIJT UIFTJT�

'JHVSF ǲ�ǳ EJTQMBZT UIF WBSJPVT NBQT DPNQVUFE GSPN UIF FOUJSFUZ PG UIF 3��% TQBDF� *O
MJOF XJUI DMBTTJDBM SFTVMUT <ǰǭ Ǳǯ> $4' SFHJPOT FYIJCJU MPX &[3�] BOE IJHI &[%JTP]XIFO
DPNQBSFE UP 8. BOE (. BSFBT� ɨF ⟨&[%�

ǈ]⟩ BMMPXT UIF EJTUJODUJPO CFUXFFO 8.
	IJHI ⟨&[%�

ǈ]⟩
 BOE (. 	MPX ⟨&[%�
ǈ]⟩
 SFHJPOT� )JHI &[%�

ǈ] WBMVFT XFSF GPVOE BDSPTT
UIF FYQFDUFE TQBUJBM EJTUSJCVUJPO PG 8. FWFO JO SFHJPOT PG DSPTTJOH QBUIXBZT XIFSF
DPOWFOUJPOBM EJĊVTJPO BOJTPUSPQZ NFUSJDT TVDI BT '" ZJFME MPX WBMVFT� ɨJT mOEJOH
JT JO BHSFFNFOU XJUI UIPTF GSPN QSFWJPVT TUVEJFT <ǯǵ ǯǶ Ǵǭ Ǯǲǳ> BOE JOEJDBUFT UIBU
� VOMJLF UIF '" NFUSJD <ǯǰ> � &[%�

ǈ] NFBTVSFT BOJTPUSPQZ JOEFQFOEFOUMZ PG UJTTVF
PSJFOUBUJPOBM DPIFSFODF�

ǲǮ
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'JHVSF ���� 4UBUJTUJDBM EFTDSJQUPST EFSJWFE GSPN UIF �% SFMBYBUJPO�EJGGVTJPO EJTUSJCVUJPOT 1	3�%
� "O FO�
TFNCMF PG EJTUJODU 1	3�%
 TPMVUJPOT XBT VTFE UP DBMDVMBUF UIF NFBOT &<Y> WBSJBODFT 7BS<Y> BOE
DPWBSJBODFT $PW<YZ> PG BMM DPNCJOBUJPOT PG USBOTWFSTF SFMBYBUJPO SBUF 3� JTPUSPQJD EJGGVTJWJUZ
%JTP BOE TRVBSFE BOJTPUSPQZ %�

ǈ� 5IF FOTFNCMF BWFSBHFT PG UIF WBSJPVT TUBUJTUJDBM EFTDSJQUPST
⟨&<Y>⟩ ⟨7BS<Y>⟩ BOE ⟨$PW<YZ>⟩ BSF EJTQMBZFE BT QBSBNFUFS NBQT�

8IJMF NFBO QBSBNFUFS NBQT XFSF PCTFSWFE UP QSPWJEF WBMVBCMF JOTJHIU PO UIF NBJO GFB�
UVSFT PG UIF IVNBO CSBJO UIFZ DBOOPU RVBOUJGZ B EJTQFSTJPO PG TVC�WPYFM DPNQPOFOUT�
5P JOWFTUJHBUF NJDSPTDPQJD IFUFSPHFOFJUZ XF SFTPSU UP UIF WBSJPVT 	DP
WBSJBODF FMFNFOUT�
'PS FYBNQMF UIF IJHI 7BS[%JTP] WBMVFT GPVOE JO WPYFMT TVSSPVOEJOH UIF WFOUSJDMFT JO�
EJDBUF NJYUVSFT PG $4' XJUI PUIFS DPNQPOFOUT� (.�$4' WPYFMT DBO CF EJTUJOHVJTIFE
GSPN 8.�$4' WPYFMT CZ JOTQFDUJOH UIF 7BS[%�

ǈ] EFTDSJQUPS XIJDI DBQUVSFT IFUFSP�
HFOFPVT WPYFMT DPNQSJTJOH CPUI JTPUSPQJD BOE BOJTPUSPQJD DPNQPOFOUT� "T $4' BOE
(. BSF CPUI DIBSBDUFSJ[FE CZ B MPX BOJTPUSPQZ QBSUJBM WPMVNF FĊFDUT JOWPMWJOH UIFTF
UXP DPNQPOFOUT EP OPU SFTVMU JO B TJHOJmDBOU EJTQFSTJPO JO %�

ǈ� DPOWFSTFMZ 8.�$4'
WPYFMT BSF DIBSBDUFSJ[FE CZ FMFWBUFE WBMVFT PG 7BS[%�

ǈ] BOE mOJUF OFHBUJWF WBMVFT PG
$PW[%JTP,%�

ǈ] BT MPXFS JTPUSPQJD EJĊVTJWJUJFT BSF DPSSFMBUFE XJUI IJHIFS WBMVFT PG EJG�
GVTJPO BOJTPUSPQZ 	TFF 8.�$4' EJTUSJCVUJPO JO 'JHVSF ǲ�ǲ
� $POTFRVFOUMZ UIF MPX
7BS[%�

ǈ] JO UIF MBUFSBM WFOUSJDVMBS SFHJPOT TVHHFTUT UIF FYJTUFODF PG EFFQ HSBZ NBUUFS
XIJMF B DPNCJOBUJPO PG IJHI 7BS[%�

ǈ] BOE OFHBUJWF $PW[%JTP,%�
ǈ] JEFOUJmFT 8.�$4'

WPYFMT�

'PMMPXJOH UIF TBNF QSPDFEVSF VTFE GPS UIF BOBMZTJT PG UIF NPVTF CSBJO EBUBTFU XF
DMBTTJmFE UIF EFUFDUFE 3��% DPNQPOFOUT JOUP UIF ɨJO ɨJDL BOE #JH CJOT� *O 'JH�
VSF ǲ�Ǵ XF DPNQBSF UIF TQBUJBM EJTUSJCVUJPO PG UIF WBSJPVT CJO QPQVMBUJPOT XJUI B
IJHI�SFTPMVUJPO 3��XFJHIUFE JNBHF TFHNFOUFE JO UISFF UJTTVF DMBTTFT� 8. (. 	DPS�
UJDBM�EFFQ
 BOE $4' <ǮǲǴ>� ɨF CJOOJOH PG DPNQPOFOUT CBTFE PO UIFJS (%JTP,%ǈ)
QSPQFSUJFT JT PCTFSWFE UP BHSFF XFMM XJUI UIF 3��CBTFE TFHNFOUBUJPO XJUI UIF ɨJO
ɨJDL BOE #JH QPQVMBUJPOT SFTPMWJOH UIF TJHOBM DPOUSJCVUJPOT GSPN 8. (. BOE
$4'� 8IJMF EFFQ (. XBT GPS UIF NPTU QBSU DBQUVSFE CZ UIF ɨJDL CJO DFSUBJO TUSVD�
UVSFT TVDI BT UIF QBMMJEVN PS UIF UIBMBNVT XFSF PCTFSWFE UP ZJFME BOJTPUSPQJD DPN�
QPOFOUT UIBU GBMM XJUIJO UIF ɨJO CJO 	1BQFS 7
� ɨJT JT BUUSJCVUFE UP UIF QSFTFODF PG
NZFMJOBUFE BYPOT XJUIJO UIPTF TUSVDUVSFT�

ǲǯ
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'JHVSF ���� %JWJTJPO PG UIF 3��% TQBDF JOUP UIF 5IJO 5IJDL BOE #JH CJOT� 5IF DPOUSJCVUJPOT GSPN EJGGFSFOU
CJOT BSF DPNQBSFE XJUI B IJHI�SFTPMVUJPO 3��XFJHIUFE JNBHF TFHNFOUFE JOUP UISFF EJGGFSFOU
UJTTVFT� XIJUF NBUUFS 8. HSFZ NBUUFS (. 	DPSUJDBM�EFFQ
 BOE DFSFCSPTQJOBM nVJE $4' <���>�
$PMPVS�DPEFE DPNQPTJUF NBQT EJTQMBZ UIF TQBUJBM EJTUSJCVUJPO PG UIF CJO GSBDUJPOT <3(#> �
<5IJO5IJDL#JH> BOE PG UIF TFHNFOUBUJPO MBCFMT <3(#> � <8.(.$4'>�

'JHVSF ǲ�ǵ TIPXT UIF CJO�SFTPMWFE ⟨&[3�]⟩ ⟨&[0SJFOUBUJPO]⟩ BOE QFS�CJO TJHOBM DPO�
USJCVUJPO NBQT GPS B OVNCFS PG TFMFDUFE TMJDFT� ɨF EJTQMBZFE BWFSBHF NFBO QBSBNFUFS
NBQT QSPWJEF B DMFBO WJTVBMJ[BUJPO PG UIF SFMBYBUJPO BOE EJĊVTJPO QSPQFSUJFT PG EJTUJODU
NJDSPTDPQJD UJTTVF FOWJSPONFOUT� 'PS FYBNQMF UIF ⟨&[0SJFOUBUJPO]⟩ NBQ BMMPXT VT UP
FBTJMZ UFBTF PVU UIF PSJFOUBUJPO PG 8. QBUIXBZT DMPTF UP UIF DPSUJDBM TVSGBDF� "MTP OPUF�
XPSUIZ JT UIF EFUFDUJPO PG TVC�WPYFM NJYUVSFT PG BOJTPUSPQJD 	ɨJO CJO
 BOE JTPUSPQJD
	ɨJDL CJO
 DPNQPOFOUT XJUIJO UIF UIBMBNVT 	BSSPXT JO UIF mSTU SPX PG 'JHVSF ǲ�ǵ
�
ɨJT PCTFSWBUJPO JT JO BHSFFNFOU XJUI QSFWJPVT TUVEJFT XIFSF B SFEVDFE NJDSPTDPQJD
BOJTPUSPQZ XBT PCTFSWFE JO UIF UIBMBNVT BOE JOUFSQSFUFE BT B DPOTFRVFODF PG NJYUVSFT
CFUXFFO 8. BOE (. <ǯǵ>�

ɨF &[3�] WBMVFT PG 8. DPNQPOFOUT XFSF GPVOE UP CF IJHIFS UIBO UIPTF PG DPSUJDBM
(. WPYFMT TFF UIF mSTU UXP DPMVNOT PG 'JHVSF ǲ�ǵ� ɨJT CFIBWJPVS JT JO BDDPSEBODF
XJUI DMBTTJDBM SFMBYPNFUSZ MJUFSBUVSF <Ǳǯ> BOE XBT DPOTJTUFOUMZ PCTFSWFE BDSPTT UIF FOUJSF
EBUBTFU FWFO JO WPYFMT DPOUBJOJOH 8.�(. NJYUVSFT 	1BQFS 7
� *U JT JNQPSUBOU UP OPUF
UIBU UIF TVCUMF EJĊFSFODFT CFUXFFO UIF 3� SBUFT PG 8. BOE (. BSF DIBMMFOHJOH UP
TFQBSBUF XJUI DMBTTJDBM Ǯ% EJTUSJCVUJPO QSPUPDPMT <Ǳǰ Ǳǲ>� )FSF UIF SFTPMWJOH QPXFS JT
CPPTUFE CZ UIF DPSSFMBUJPOT BDSPTT UIF WBSJPVT EJNFOTJPOT PG UIF EJĊVTJPO TQBDF XIJDI
TQSFBE UIF WBSJPVT TVC�WPYFM DPNQPOFOUT BDSPTT B WBTU IJHI�EJNFOTJPOBM TQBDF <ǴǶ ǵǵ>�
%JĊFSFOU 3� QPQVMBUJPOT XFSF BMTP EFUFDUFE XJUIJO UIF ɨJO BOE ɨJDL CJOT� ɨF GBTU�
SFMBYJOH WPYFMT GPVOE JO UIF NJECSBJO SFHJPO PG UIF ɨJO ⟨&[3�]⟩ NBQT JEFOUJGZ UIF
NZFMJOBUFE BYPOT UIBU USBOTWFSTF UIF HMPCVT QBMMJEVT BO JSPO�SJDI CBTBM HBOHMJB TUSVDUVSF
UIBU JT DIBSBDUFSJ[FE CZ QBSUJDVMBSMZ IJHI 3� SBUFT <Ǯǲǵ ǮǲǶ>� 8JUIJO UIF ɨJDL CJO XF
mOE TJHOJmDBOU &[3�] EJĊFSFODFT CFUXFFO DPSUJDBM 	MPXFS 3�
 BOE TVCDPSUJDBM 	IJHIFS
3�
 (. TUSVDUVSFT�

ǲǰ
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'JHVSF ���� 1BSBNFUFS NBQT EFSJWFE GSPN UIF 3��% CJOT EFmOFE JO 'JHVSF ���� $PMVNOT ��� TIPX
UIF QFS�CJO BWFSBHF NFBO WBMVFT 	DPMPVS
 PG USBOTWFSTF SFMBYBUJPO SBUF ⟨&[3�]⟩ BOE EJGGVTJPO
UFOTPS PSJFOUBUJPO ⟨&[0SJFOUBUJPO]⟩� 5IF ⟨&[0SJFOUBUJPO]⟩ NBQT BSF DPMPS�DPEFE BT <3(#> �
<%YY %ZZ %[[>�NBY	%YY %ZZ %[[
 XIFSF %JJ BSF UIF J�UI EJBHPOBM FMFNFOUT PG UIF MBCPSBUPSZ�
GSBNFE BWFSBHF EJGGVTJPO UFOTPST FTUJNBUFE GSPN UIF WBSJPVT EJTUSJCVUJPO CJOT� $PMVNO ��
TIPXT DPMPVS�DPEFE DPNQPTJUF NBQT PG UIF WBSJPVT CJO QPQVMBUJPOT� <3(#> � <5IJO5IJDL#JH>�
5IF WBSJPVT BSSPXT JEFOUJGZ BOBUPNJDBM SFHJPOT TJOHMFE�PVU JO UIF NBJO UFYU�

ǲ�ǯ�ǰ 0SJFOUBUJPO %JTUSJCVUJPO GVODUJPOT

ɨF WBSJPVT NBQT PG 'JHVSF ǲ�ǵ TIPX UIBU UIF ɨJO CJO QSPWJEFT B DMFBO ǰ% NBQQJOH PG
TVC�WPYFM mCSPVT UJTTVFT� )FSF XF DPODFOUSBUF PO UIF TPMVUJPOT UIBU BSF DPOUBJOFE
XJUIJO UIBU CJO {XO,%∥,O,%⊥,O, θO,φO}ɨJO BOE JOTQFDU UIFJS PSJFOUBUJPO�TQFDJmD
QSPQFSUJFT�

ɨF PSJFOUBUJPOBM JOGPSNBUJPO PG mCSFT JT PGUFO EFTDSJCFE CZ B TNPPUI 0SJFOUBUJPO %JT�
USJCVUJPO 'VODUJPO 	0%'
 1(θ,φ) UIBU JT WJTVBMJ[FE BT B EJSFDUJPOBMMZ DPMPVSFE TVSGBDF
XJUI B MPDBM SBEJVT HJWFO CZ 1(θ,φ) <Ǯǳǭ ǮǳǮ>� 5P PCUBJO B TNPPUI 0%' XF DPOWPMWF
{XO}ɨJO XJUI B 8BUTPO EJTUSJCVUJPO LFSOFM <Ǯǳǯ Ǯǳǰ>�

1(θ,φ) = ζ
∑

J∈ɨJO

XJ FYQ
[
κ (µ(θ,φ) · VJ)�

]
, 	ǲ�Ǯ


ǲǱ
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'JHVSF ���� 1FS�WPYFM 0SJFOUBUJPO %JTUSJCVUJPO 'VODUJPOT 	0%'T
 FTUJNBUFE GSPN CJO�SFTPMWFE 3��% EJTUSJCV�
UJPOT� "MM 0%'T XFSF DBMDVMBUFE GPMMPXJOH B TFQBSBUJPO BOE TFMFDUJPO PG DPNQPOFOUT XJUIJO
UIF 5IJO CJO TFF 'JHVSF ���� 	-FGU QBOFM
 "SSBZT PG 0%' HMZQIT DPMPS�DPEFE BT [3,(, #] =
[�YY, �ZZ, �[[] XIFSF �JJ BSF UIF FMFNFOUT PG UIF VOJUBSZ WFDUPS µ(θ,φ) 	TFF &R� ��� GPS NPSF
EFUBJMT
� 5IF TFUT PG 0%' HMZQIT BSF TVQFSJNQPTFE PO B HSFZ�TDBMFE NBQ UIBU TIPXT UIF TJHOBM
DPOUSJCVUJPOT GSPN UIF 5IJDL BOE #JH QPQVMBUJPOT� 5IF [PPN�JOT JO UIF MPXFS QBSU PG UIF QBOFM
PGGFS B NPSF EFUBJMFE MPPL JOUP TFMFDUFE mCSF�DSPTTJOH SFHJPOT� 5IF TQBUJBM MPDBUJPO PG UIF SJHIU�
NPTU [PPN�JO JT JOEJDBUFE CZ UIF XIJUF TRVBSF BU UIF UPQ SJHIU DPSPOBM NBQ� 	3JHIU 1BOFM
 0%'
NBQT DPMPVSFE BDDPSEJOH UP UIF PSJFOUBUJPO�TQFDJmD NFBO WBMVFT PG USBOTWFSTF SFMBYBUJPO &̂[3�]
JTPUSPQJD EJGGVTJWJUZ &̂[%JTP] BOE TRVBSFE OPSNBMJ[FE EJGGVTJPO BOJTPUSPQZ &̂[%�

ǈ] 	TFF &R� ��� GPS
NPSF EFUBJMT
�

XIFSF VJ JT UIF VOJU WFDUPS EFTDSJCJOH UIF PSJFOUBUJPO PG UIF J�UI EJTDSFUF TPMVUJPO
µ(θ,φ) JT UIF VOJU NFBO EJSFDUJPO WFDUPS PG UIF 8BUTPO LFSOFM BOE ζ JT B OPSNBM�
J[BUJPO DPOTUBOU� ɨF WBSJBCMF κ EFOPUFT B DPODFOUSBUJPO QBSBNFUFS UIBU SFHVMBUFT UIF
BNPVOU PG PSJFOUBUJPO EJTQFSTJPO BSPVOE �(θ,φ)� " EJĊFSFOU 0%' XBT DBMDVMBUFE GPS
FBDI CPPUTUSBQ TPMVUJPO BOE B mOBM 1(θ,φ) XBT UIFO FTUJNBUFE BT UIF BWFSBHF PG UIF
QFS�CPPTUSBQ 0%'T�

ǲǲ
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ɨF MFGU QBOFM PG 'JHVSF ǲ�Ƕ TIPXT UIF EJSFDUJPOBMMZ DPMPVSFE 0%'T FTUJNBUFE GPS BO
BYJBM TMJDF BOE [PPN�JOT PO UXP TFMFDUFE DSPTTJOH SFHJPOT� ɨF FTUJNBUFE 0%'T XFSF
BCMF UP DBQUVSF NBKPS 8. USBDUT BOE XFSF PCTFSWFE UP SFTPMWF DSPTTJOHT CFUXFFO NPSF
UIBO UXP mCSF QPQVMBUJPOT 	1BQFS 7*
� .PSF JNQPSUBOUMZ BOBUPNJDBMMZ QMBVTJCMF 0%'T
XFSF BMTP FTUJNBUFE GPS IFUFSPHFOFPVT WPYFMT DPOUBJOJOH OPU POMZ 8. CVU BMTP (.
BOE $4'� UIF MPX GSBDUJPO PG ɨJO DPNQPOFOUT EJE OPU BĊFDU UIF PSJFOUBUJPO PG UIF
DPSSFTQPOEJOH 0%' MPCFT�

ɨF DPNQSFIFOTJWF DPSSFMBUJPOT BDSPTT UIF 3��% TQBDF BMMPX VT UP JOWFTUJHBUF UIF SFMBY�
BUJPO BOE PSJFOUBUJPO QSPQFSUJFT BMPOH EJĊFSFOU mCSF PSJFOUBUJPOT� 5P EP TP XF BTTJHO
NFBO WBMVFT PG 3� %JTP BOE %�

ǈ UP UIF WBSJPVT DPPSEJOBUFT PG UIF TNPPUI 0%' TQBDF�
5BLJOH 3� BT BO FYBNQMF UIF NFBO WBMVF QFS PSJFOUBUJPO &̂[3�](θ,φ) JT DBMDVMBUFE BT

&̂[3�](θ,φ) =
ζ
∑

J∈ɨJO XJ3�,J FYQ
[
κ (µ(θ,φ) · VJ)�

]

1(θ,φ)
. 	ǲ�ǯ


0%' HMZQIT DPMPVSFE BDDPSEJOH UP &̂[3�] &̂[%JTP] BOE &̂[%�
ǈ] BSF TIPXO JO 'JHVSF ǲ�Ƕ�

/PUF UIBU 0%'T DMPTF UP WFOUSJDMFT EP OPU SFWFBM BO JODSFBTFE &̂[%JTP] PS EFDSFBTFE
&̂[3�] XIJDI JOEJDBUFT B TVDDFTTGVM TFQBSBUJPO PG EJTUJODU UJTTVF DPNQPOFOUT�

1SFWJPVT JO WJWP.3* XPSLT IBWF TIPXO UIBU mCSFT PSJFOUBUFE BMPOH EJĊFSFOU EJSFDUJPOT
BSF DIBSBDUFSJ[FE CZ EJTUJODU 3� SBUFT <ǮǲǶ ǮǳǱ Ǯǳǲ>� )PXFWFS UIF NBYJNVN EJĊFS�
FODF CFUXFFO mCSF�TQFDJmD 3� SBUFT XBT PG BQQSPYJNBUFMZ �.� T−� <ǮǳǱ> B WBMVF UIBU JT
TJHOJmDBOUMZ TNBMMFS UIBO UIF VODFSUBJOUZ PG UIF FTUJNBUFE EJTUSJCVUJPOT� $POTFRVFOUMZ
OP JOUFSEFQFOEFODF CFUXFFO PSJFOUBUJPO BOE 3� DBO CF JNNFEJBUFMZ EJTDFSOFE JO UIF
&̂[3�]�DPMPVSFE 0%'T EJTQMBZFE JO 'JHVSF ǲ�Ƕ�

ǲǳ



ǳ ] $PODMVEJOH SFNBSLT

ɨJT UIFTJT JOUSPEVDFT B OPWFM EJĊVTJPO .3* GSBNFXPSL UP SFTPMWF BOE DIBSBDUFSJ[F
NJDSPTDPQJD UJTTVF FOWJSPONFOUT JO B NVMUJEJNFOTJPOBM TQBDF PG JTPUSPQJD EJĊVTJWJU�
JFT %JTP OPSNBMJ[FE EJĊVTJPO BOJTPUSPQZ WBMVFT %ǈ BOE % PSJFOUBUJPOT (θ,φ)� ɨF
EFWFMPQFE BDRVJTJUJPO BOE BOBMZTJT QSPUPDPMT BSF JOTQJSFE CZ TJHOBM FODPEJOH BOE EBUB
JOWFSTJPO TUSBUFHJFT GSPN TPMJE�TUBUF /.3 TQFDUSPTDPQZ BOE NVMUJEJNFOTJPOBM -BQMBDF
/.3� (SBEJFOU XBWFGPSNT EFTJHOFE BDDPSEJOH UP UIF QSJODJQMFT PG NVMUJEJNFOTJPOBM
TPMJE�TUBUF /.3 FOBCMF UIF TFQBSBUJPO BOE DPSSFMBUJPO PG EJĊFSFOU EJNFOTJPOT PG UIF
(%JTP,%ǈ, θ,φ) TQBDF� &OTFNCMFT PG %5%T BSF UIFO SFUSJFWFE GSPN UIF DPSSFMBUFE EBUB�
TFUT VTJOH .POUF $BSMP JOWFSTJPO BMHPSJUINT GSPN -BQMBDF /.3� ɨF BUUBJOFE EJTUSJ�
CVUJPOT BMMPX GPS UIF RVBOUJmDBUJPO PG NJDSPTDPQJD UJTTVF IFUFSPHFOFJUZ XJUIPVU SFMZJOH
PO BTTVNQUJPOT BCPVU UIF OVNCFS PS QSPQFSUJFT PG UIF VOEFSMZJOH NJDSPTDPQJD FOWJS�
PONFOUT�

ɨF EFWFMPQNFOU PG UIJT QSPUPDPM TQBOOFE B OVNCFS PG QBQFST EFBMJOH XJUI UIF UIF�
PSFUJDBM BTQFDUT PG UIF GSBNFXPSL 	1BQFST * BOE **
 UIF BTTFTTNFOU PG UIF JOWFSTJPO
BMHPSJUIN 	1BQFS ***
 BOE UIF USBOTMBUJPO UP JO WJWP TUVEJFT 	1BQFST *7 7 BOE 7*
� ɨF
JOEJWJEVBM DPODMVTJPOT GSPN UIPTF QBQFST BSF TVNNBSJ[FE CFMPX�

* 4JHOBM BDRVJTJUJPO TUSBUFHJFT PG NVMUJEJNFOTJPOBM TPMJE�TUBUF /.3 QSPUPDPMT GPS
JTPUSPQJD�BOJTPUSPQJD DPSSFMBUJPOT DBO CF USBOTGFSSFE UP UIF mFME PG EJĊVTJPO .3
BOE VTFE UP EFTJHO QSPUPDPMT FTUBCMJTIJOH DPSSFMBUJPOT CFUXFFO EJĊVTJPO UFOTPS
FJHFOWBMVFT� ɨF SFTVMUJOH EBUB DBO CF VTFE UP FTUJNBUF OPO�QBSBNFUSJD ǯ% EJT�
USJCVUJPOT XIFSFJO UIF NJDSPTDPQJD FOWJSPONFOUT PG IFUFSPHFOFPVT BOJTPUSPQJD
NBUFSJBMT BSF SFTPMWFE PO UIF CBTJT PG UIF TJ[F BOE TIBQF PG UIFJS SFTQFDUJWF EJĊV�
TJPO UFOTPST�

** ɨF NVMUJEJNFOTJPOBM EJĊVTJPO FODPEJOH TUSBUFHJFT JOUSPEVDFE JO 1BQFS * DBO
CF DPNCJOFE XJUI SFMBYBUJPO FODPEJOH� ɨJT BMMPXT POF UP SFTPMWF NJDSPTDPQJD
IFUFSPHFOFJUZ PO B TJY�EJNFOTJPOBM TQBDF UIBU DPNCJOFT UIF JOUVJUJWF SFMBUJPO
CFUXFFO TUSVDUVSF BOE EJĊVTJPO QBUUFSOT XJUI UIF DIFNJDBM TFOTJUJWJUZ PG SFMBYB�

ǲǴ



$IBQUFS ǳ � $PODMVEJOH SFNBSLT

UJPO SBUFT� .PSFPWFS UIF VOQSFDFEFOUFE SFTPMVUJPO JO UIF EJĊVTJPO EJNFOTJPOT
XBT PCTFSWFE UP GBDJMJUBUF UIF TFQBSBUJPO PG DPNQPOFOUT XJUI TJNJMBS SFMBYBUJPO
SBUFT�

*** *O TJMJDP XPSL TIPXT UIBU UIF OPO�QBSBNFUSJD JOWFSTJPO PG EJĊVTJPO�DPSSFMBUFE
EBUBTFUT JT TJHOJmDBOUMZ DIBMMFOHFE CZ UIF FYQFSJNFOUBM OPJTF XIPTF NBJO FG�
GFDU JT UIF JOUSPEVDUJPO PG CJBT JO UIF FTUJNBUFE EJĊVTJPO BOJTPUSPQZ� %FTQJUF
JUT TFOTJUJWJUZ UP OPJTF XF PCTFSWFE UIBU NPEFM�GSFF JOWFSTJPO QSFTFSWFT B HPPE
DPOUSBTU BU MPX 4/3 BOE FYIJCJUT B QFSGFDU BDDVSBDZ BU JOmOJUF 4/3� 8IFO DPN�
QBSJOH UIF NPEFM�GSFF BMHPSJUIN XJUI JOWFSTJPO BQQSPBDIFT UIBU EJSFDUMZ UBSHFU
TUBUJTUJDBM NFBTVSFT PG UIF VOEFSMZJOH %5% XF GPVOE UIBU UIF MBUUFS BSF NPSF
SPCVTU UP OPJTF CVU FYIJCJU JOIFSFOU MJNJUBUJPOT JO UIF FTUJNBUJPO PG TUBUJTUJDBM
EFTDSJQUPST� *O PSEFS UP JODSFBTF UIF SFMJBCJMJUZ PG NPEFM�GSFF JOWFSTJPO JO DMJOJDBM
TUVEJFT GVUVSF FĊPSUT TIPVME CF TQFOU JO NJUJHBUJOH UIF CJBT UPXBSET BOJTPUSPQZ
PS UIF PWFSBMM JOnVFODF PG OPJTF�

*7 ɨF DPNCJOBUJPO PG NVMUJEJNFOTJPOBM EJĊVTJPO FODPEJOH XJUI B 41&/ .3*
TFRVFODF FOBCMFT EJĊVTJPO UFOTPS EJTUSJCVUJPO JNBHJOH PG UIF MJWJOH NPVTF CSBJO
BU B TVC�NJMMJNFUSF SFTPMVUJPO� ɨF QSFTFOUFE QSPUPDPM TIPXT QSPNJTF GPS NPEFM�
GSFF JOWFTUJHBUJPOT PG NJDSPTDPQJD UJTTVF IFUFSPHFOFJUZ JO BOJNBM NPEFMT�

7 /PO�QBSBNFUSJD mWF�EJNFOTJPOBM 3��% EJTUSJCVUJPOT XFSF FTUJNBUFE WPYFM�XJTF
GPS UIF MJWJOH IVNBO CSBJO� ɨF EJTUSJCVUJPOT GBDJMJUBUFE UIF SFTPMVUJPO BOE TVC�
TFRVFOU DIBSBDUFSJ[BUJPO PG NJDSPTDPQJD CSBJO UJTTVF FOWJSPONFOUT� ɨF QSPQ�
FSUJFT BOE MPDBMJ[BUJPO PG UIF FTUJNBUFE TVC�WPYFM FOWJSPONFOUT XFSF GPVOE UP
BHSFF XFMM XJUI UIF BOBUPNZ PG UIF IFBMUIZ CSBJO�

7* 4QBUJBMMZ�SFTPMWFE 3��% EJTUSJCVUJPOT DBO CF VTFE UP NBQ BOE WJTVBMJ[F mCSF�
TQFDJmD JOGPSNBUJPO� 8IJMF OP mCSF�TQFDJmD NJDSPTUSVDUVSBM EJĊFSFODFT XFSF
JNNFEJBUFMZ PCTFSWFE JO UIF IFBMUIZ CSBJO XF OPOFUIFMFTT FYQFDU PVS BQQSPBDI
UP CF VTFGVM JO QBUIPMPHZ TUVEJFT EFBMJOH XJUI mCSF�TQFDJmD NJDSPTUSVDUVSBM
DIBOHFT�

ǲǵ



3FGFSFODFT

<Ǯ> "� &JOTUFJO *OWFTUJHBUJPOT PO UIF ǲFPSZ PG UIF #SPXOJBO .PWFNFOU 	$PVSJFS
$PSQPSBUJPO ǮǶǲǳ
�

<ǯ> 1� 5� $BMMBHIBO 5SBOTMBUJPOBM EZOBNJDT � NBHOFUJD SFTPOBODF 	0YGPSE 6OJWFSTJUZ
1SFTT 0YGPSE ǯǭǮǮ
�

<ǰ> 8� 4� 1SJDF /.3 TUVEJFT PG USBOTMBUJPOBM NPUJPO 	$BNCSJEHF 6OJWFSTJUZ 1SFTT
$BNCSJEHF ǯǭǭǶ
�

<Ǳ> +� $SBOL FU BM� ǲF NBUIFNBUJDT PG EJąVTJPO 	0YGPSE VOJWFSTJUZ QSFTT ǮǶǴǶ
�

<ǲ> %� 4� (SFCFOLPW /.3 TVSWFZ PG SFnFDUFE #SPXOJBO NPUJPO 3FWJFXT PG .PEFSO
1IZTJDT ǴǶ ǮǭǴǴ 	ǯǭǭǴ
�

<ǳ> 1� -JOTF BOE 0� 4ÚEFSNBO ɨF WBMJEJUZ PG UIF TIPSU�HSBEJFOU�QVMTF BQQSPYJNB�
UJPO JO /.3 TUVEJFT PG SFTUSJDUFE EJĊVTJPO TJNVMBUJPOT PG NPMFDVMFT EJĊVTJOH
CFUXFFO QMBOFT JO DZMJOEFST BOE TQIFSFT +� .BHO� 3FTPO� " ǮǮǳ ǴǴ 	ǮǶǶǲ
�

<Ǵ> %� 4� (SFCFOLPW 6TF NJTVTF BOE BCVTF PG BQQBSFOU EJĊVTJPO DPFċDJFOUT
$PODFQUT JO .BHOFUJD 3FTPOBODF 1BSU " ǰǳ" ǯǱ 	ǯǭǮǭ
�

<ǵ> %� &� 8PFTTOFS /�.�3� TQJO�FDIP TFMG�EJĊVTJPO NFBTVSFNFOUT PO nVJET VO�
EFSHPJOH SFTUSJDUFE EJĊVTJPO +� 1IZT� $IFN� ǳǴ Ǯǰǳǲ 	ǮǶǳǰ
�

<Ƕ> %� "� :BCMPOTLJZ (� -� #SFUUIPSTU BOE +� +� "DLFSNBO 4UBUJTUJDBM NPEFM GPS
EJĊVTJPO BUUFOVBUFE .3 TJHOBM .BHO� 3FTPO� .FE� ǲǭ ǳǳǱ 	ǯǭǭǰ
�

<Ǯǭ> 1� +� #BTTFS +� .BUUJFMMP BOE %� -F #JIBO .3 EJĊVTJPO UFOTPS TQFDUSPTDPQZ
BOE JNBHJOH #JPQIZT� +� ǳǳ ǯǲǶ 	ǮǶǶǱ
�

<ǮǮ> $� '� 8FTUJO FU BM� 2�TQBDF USBKFDUPSZ JNBHJOH GPS NVMUJEJNFOTJPOBM EJĊVTJPO
.3* PG UIF IVNBO CSBJO /FVSPJNBHF Ǯǰǲ ǰǱǲ 	ǯǭǮǳ
�

ǲǶ

https://www.ncbi.nlm.nih.gov/pubmed/26923372


3FGFSFODFT

<Ǯǯ> (� ,JOEMNBOO 4VQFSRVBESJD UFOTPS HMZQIT JO 1SPDFFEJOHT PG UIF 4JYUI +PJOU
&VSPHSBQIJDT�*&&& 5$7( DPOGFSFODF PO 7JTVBMJ[BUJPO QQ� ǮǱǴoǮǲǱ &VSPHSBQIJDT
"TTPDJBUJPO ǯǭǭǱ�

<Ǯǰ> %� 5PQHBBSE %JĊVTJPO UFOTPS EJTUSJCVUJPO JNBHJOH /.3 #JPNFE� ǰǯ FǱǭǳǳ
	ǯǭǮǶ
�

<ǮǱ> 6� )BFCFSMFO "EW .BHO 3FTPO 4VQQM� Ǯ "DBEFNJD /FX :PSL 	ǮǶǴǳ
�

<Ǯǲ> %� 5PQHBBSE %JSFDUPS PSJFOUBUJPOT JO MZPUSPQJD MJRVJE DSZTUBMT� EJĊVTJPO .3*
NBQQJOH PG UIF 4BVQF PSEFS UFOTPS 1IZT� $IFN� $IFN� 1IZT� Ǯǵ ǵǲǱǲ 	ǯǭǮǳ
�

<Ǯǳ> %� 5PQHBBSE /.3 .FUIPET GPS 4UVEZJOH .JDSPTDPQJD %JĊVTJPO "OJTPUSPQZ
JO %JąVTJPO /.3 PG $POmOFE 4ZTUFNT� 'MVJE 5SBOTQPSU JO 1PSPVT 4PMJET BOE )FU�
FSPHFOFPVT.BUFSJBMT /FX%FWFMPQNFOUT JO /.3 FEJUFE CZ 3� 7BMJVMMJO QQ� ǯǯǳo
ǯǲǶ $BNCSJEHF 6,� 3PZBM 4PDJFUZ PG $IFNJTUSZ ǯǭǮǳ�

<ǮǴ> 3� .JMMT 4FMG�EJĊVTJPO JO OPSNBM BOE IFBWZ XBUFS JO UIF SBOHF Ǯ�Ǳǲ�EFH� ǲF
+PVSOBM PG 1IZTJDBM $IFNJTUSZ ǴǴ ǳǵǲ 	ǮǶǴǰ
�

<Ǯǵ> .� )PM[ 4� 3� )FJM BOE "� 4BDDP 5FNQFSBUVSF�EFQFOEFOU TFMG�EJĊVTJPO DPFG�
mDJFOUT PG XBUFS BOE TJY TFMFDUFE NPMFDVMBS MJRVJET GPS DBMJCSBUJPO JO BDDVSBUF Ǯ)
/.3 1'( NFBTVSFNFOUT 1IZT� $IFN� $IFN� 1IZT� ǯ ǱǴǱǭ 	ǯǭǭǭ
�

<ǮǶ> %� "� :BCMPOTLJZ BOE "� -� 4VLTUBOTLJJ ɨFPSFUJDBM NPEFMT PG UIF EJĊVTJPO
XFJHIUFE .3 TJHOBM /.3 #JPNFE� ǯǰ ǳǳǮ 	ǯǭǮǭ
�

<ǯǭ> %� 4� /PWJLPW &� 'JFSFNBOT 4� /� +FTQFSTFO BOE 7� (� ,JTFMFW 2VBOUJGZ�
JOH CSBJO NJDSPTUSVDUVSF XJUI EJĊVTJPO .3*� ɨFPSZ BOE QBSBNFUFS FTUJNBUJPO
/.3 #JPNFE� ǰǯ FǰǶǶǵ 	ǯǭǮǶ
�

<ǯǮ> '� 4[D[FQBOLJFXJD[ *NBHJOH EJąVTJPOBM WBSJBODF CZ .3* <QVCMJD>� ǲF SPMF PG
UFOTPS�WBMVFE EJąVTJPO FODPEJOH BOE UJTTVF IFUFSPHFOFJUZ 1I% UIFTJT -VOE 6OJ�
WFSTJUZ ǯǭǮǳ�

<ǯǯ> #� +JBO #� $� 7FNVSJ &� ½[BSTMBO 1� 3� $BSOFZ BOE 5� )� .BSFDJ " OPWFM
UFOTPS EJTUSJCVUJPO NPEFM GPS UIF EJĊVTJPO�XFJHIUFE .3 TJHOBM /FVSPJNBHF
ǰǴ ǮǳǱ 	ǯǭǭǴ
�

<ǯǰ> 1� +� #BTTFS BOE $� 1JFSQBPMJ .JDSPTUSVDUVSBM BOE QIZTJPMPHJDBM GFBUVSFT PG UJTTVFT
FMVDJEBUFE CZ RVBOUJUBUJWF�EJĊVTJPO�UFOTPS .3* +PVSOBM PG NBHOFUJD SFTPOBODF
4FSJFT # ǮǮǮ ǯǭǶ 	ǮǶǶǳ
�

<ǯǱ> 1� #� ,JOHTMFZ *OUSPEVDUJPO UP EJĊVTJPO UFOTPS JNBHJOH NBUIFNBUJDT� 1BSU *�
5FOTPST SPUBUJPOT BOE FJHFOWFDUPST $PODFQUT JO .BHOFUJD 3FTPOBODF 1BSU " ǯǵ
ǮǭǮ 	ǯǭǭǳ
�

ǳǭ

https://www.ncbi.nlm.nih.gov/pubmed/30730586
https://www.ncbi.nlm.nih.gov/pubmed/30730586
https://doi.org/10.1021/j100624a025
https://doi.org/10.1021/j100624a025
http://dx.doi.org/10.1039/B005319H
https://www.ncbi.nlm.nih.gov/pubmed/30321478


3FGFSFODFT

<ǯǲ> .� -BXSFO[ .� "� ,PDI BOE +� 'JOTUFSCVTDI " UFOTPS NPEFM BOE NFBTVSFT PG
NJDSPTDPQJD BOJTPUSPQZ GPS EPVCMF�XBWF�WFDUPS EJĊVTJPO�XFJHIUJOH FYQFSJNFOUT
XJUI MPOH NJYJOH UJNFT +� .BHO� 3FTPO� ǯǭǯ Ǳǰ 	ǯǭǮǭ
�

<ǯǳ> 4� /� +FTQFSTFO )� -VOEFMM $� ,� 4ǔǒOEFSCZ BOE 5� #� %ZSCZ 0SJFOUBUJPOBMMZ
JOWBSJBOU NFUSJDT PG BQQBSFOU DPNQBSUNFOU FDDFOUSJDJUZ GSPN EPVCMF QVMTFE mFME
HSBEJFOU EJĊVTJPO FYQFSJNFOUT /.3 #JPNFE� ǯǳ ǮǳǱǴ 	ǯǭǮǰ
�

<ǯǴ> 4� -BTJƦ '� 4[D[FQBOLJFXJD[ 4� &SJLTTPO .� /JMTTPO BOE %� 5PQHBBSE .J�
DSPBOJTPUSPQZ JNBHJOH� RVBOUJmDBUJPO PG NJDSPTDPQJD EJĊVTJPO BOJTPUSPQZ BOE
PSJFOUBUJPOBM PSEFS QBSBNFUFS CZ EJĊVTJPO .3* XJUI NBHJD�BOHMF TQJOOJOH PG
UIF R�WFDUPS 'SPOUJFST JO 1IZTJDT ǯ 	ǯǭǮǱ
�

<ǯǵ> '� 4[D[FQBOLJFXJD[ FU BM� 2VBOUJmDBUJPO PG NJDSPTDPQJD EJĊVTJPO BOJTPUSPQZ
EJTFOUBOHMFT FĊFDUT PG PSJFOUBUJPO EJTQFSTJPO GSPN NJDSPTUSVDUVSF� "QQMJDBUJPOT
JO IFBMUIZ WPMVOUFFST BOE JO CSBJO UVNPST /FVSPJNBHF ǮǭǱ ǯǱǮ 	ǯǭǮǲ
�

<ǯǶ> '� 4[D[FQBOLJFXJD[ FU BM� ɨF MJOL CFUXFFO EJĊVTJPO .3* BOE UVNPS IFUFSP�
HFOFJUZ� .BQQJOH DFMM FDDFOUSJDJUZ BOE EFOTJUZ CZ EJĊVTJPOBM WBSJBODF EFDPN�
QPTJUJPO 	%*7*%&
 /FVSPJNBHF ǮǱǯ ǲǯǯ 	ǯǭǮǳ
�

<ǰǭ> $� 1JFSQBPMJ 1� +F[[BSE 1� +� #BTTFS "� #BSOFUU BOE (� %J $IJSP %JĊVTJPO
UFOTPS .3 JNBHJOH PG UIF IVNBO CSBJO� 3BEJPMPHZ ǯǭǮ ǳǰǴ 	ǮǶǶǳ
�

<ǰǮ> "� -� "MFYBOEFS ,� .� )BTBO .� -B[BS +� 4� 5TVSVEB BOE %� -� 1BSLFS "OBMZTJT
PG QBSUJBM WPMVNF FĊFDUT JO EJĊVTJPO�UFOTPS .3* .BHO� 3FTPO� .FE� Ǳǲ ǴǴǭ
	ǯǭǭǮ
�

<ǰǯ> 3� +� ;BUPSSF 3� %� 'JFMET BOE )� +PIBOTFO�#FSH 1MBTUJDJUZ JO HSBZ BOE XIJUF�
OFVSPJNBHJOH DIBOHFT JO CSBJO TUSVDUVSF EVSJOH MFBSOJOH /BU� /FVSPTDJ� Ǯǲ ǲǯǵ
	ǯǭǮǯ
�

<ǰǰ> $� 4MJDIUFS 1SJODJQMFT PG .BHOFUJD 3FTPOBODF-FDUVSF /PUFT JO $PNQVUFS 4DJFODF
	8PSME 1VCMJTIJOH $PNQBOZ ǮǶǶǭ
�

<ǰǱ> .� )� -FWJUU 4QJO EZOBNJDT� CBTJDT PG OVDMFBS NBHOFUJD SFTPOBODF 	+PIO 8JMFZ �
4POT ǯǭǭǮ
�

<ǰǲ> )� $� 5PSSFZ #MPDI &RVBUJPOT XJUI %JĊVTJPO 5FSNT 1IZT� 3FW� ǮǭǱ ǲǳǰ 	ǮǶǲǳ
�

<ǰǳ> '� 7� $IÈWF[ BOE #� )BMMF .PMFDVMBS CBTJT PG XBUFS QSPUPO SFMBYBUJPO JO HFMT
BOE UJTTVF .BHO� 3FTPO� .FE� ǲǳ Ǵǰ 	ǯǭǭǳ
�

<ǰǴ> #� )BMMF .PMFDVMBS UIFPSZ PG mFMEuÐEFQFOEFOU QSPUPO TQJOuÐMBUUJDF SFMBYBUJPO
JO UJTTVF .BHO� 3FTPO� .FE� ǲǳ ǳǭ 	ǯǭǭǳ
�

ǳǮ

https://www.ncbi.nlm.nih.gov/pubmed/19854085
http://www.ncbi.nlm.nih.gov/pubmed/24038641
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https://www.ncbi.nlm.nih.gov/pubmed/22426254
https://www.ncbi.nlm.nih.gov/pubmed/22426254
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3FGFSFODFT

<ǰǵ> -� $BMVDDJ BOE $� 'PSUF 1SPUPO MPOHJUVEJOBM SFMBYBUJPO DPVQMJOH JO EZOBNJDBMMZ
IFUFSPHFOFPVT TPGU TZTUFNT 1SPH� /VDM� .BHO� 3FTPO� 4QFDUSPTD� ǲǲ ǯǶǳ 	ǯǭǭǶ
�

<ǰǶ> 1� "� #PUUPNMFZ $� )BSEZ 3� "SHFSTJOHFS BOE (� "MMFO�.PPSF " SFWJFX PG Ǯ)
OVDMFBS NBHOFUJD SFTPOBODF SFMBYBUJPO JO QBUIPMPHZ� BSF 5Ǯ BOE 5ǯ EJBHOPTUJD 
.FE� 1IZT� ǮǱ Ǯ 	ǮǶǵǴ
�

<Ǳǭ> 3� .� )FOLFMNBO (� +� 4UBOJT[ +� ,� ,JN BOE .� +� #SPOTLJMM "OJTPUSPQZ PG
/.3 QSPQFSUJFT PG UJTTVFT .BHO� 3FTPO� .FE� ǰǯ ǲǶǯ 	ǮǶǶǱ
�

<ǱǮ> .� %� %PFT *OGFSSJOH CSBJO UJTTVF DPNQPTJUJPO BOE NJDSPTUSVDUVSF WJB .3
SFMBYPNFUSZ /FVSPJNBHF Ǯǵǯ Ǯǰǳ 	ǯǭǮǵ
�

<Ǳǯ> 1� 5PGUT 2VBOUJUBUJWF .3* PG UIF #SBJO� .FBTVSJOH $IBOHFT $BVTFE CZ %JTFBTF
	+PIO 8JMFZ � 4POT ǯǭǭǰ
�

<Ǳǰ> "� .BD,BZ FU BM� *OTJHIUT JOUP CSBJO NJDSPTUSVDUVSF GSPN UIF 5ǯ EJTUSJCVUJPO
.BHO� 3FTPO� *NBHJOH ǯǱ ǲǮǲ 	ǯǭǭǳ
�

<ǱǱ> "� .BDLBZ FU BM� *O WJWP WJTVBMJ[BUJPO PG NZFMJO XBUFS JO CSBJO CZ NBHOFUJD
SFTPOBODF .BHO� 3FTPO� .FE� ǰǮ ǳǴǰ 	ǮǶǶǱ
�

<Ǳǲ> ,� 1� 8IJUUBMM FU BM� *O WJWP NFBTVSFNFOU PG 5ǯ EJTUSJCVUJPOT BOE XBUFS DPOUFOUT
JO OPSNBM IVNBO CSBJO .BHO� 3FTPO� .FE� ǰǴ ǰǱ 	ǮǶǶǴ
�

<Ǳǳ> 4� 'MZOO FU BM� "COPSNBMJUJFT PG NZFMJOBUJPO JO TDIJ[PQISFOJB EFUFDUFE JO WJWP
XJUI .3* BOE QPTU�NPSUFN XJUI BOBMZTJT PG PMJHPEFOESPDZUF QSPUFJOT .PM�
1TZDIJBUSZ ǵ ǵǮǮ 	ǯǭǭǰ
�

<ǱǴ> $� -BVMF FU BM� .ZFMJO XBUFS JNBHJOH JO NVMUJQMF TDMFSPTJT� RVBOUJUBUJWF DPSSFM�
BUJPOT XJUI IJTUPQBUIPMPHZ .VMUJQMF 4DMFSPTJT +PVSOBM Ǯǯ ǴǱǴ 	ǯǭǭǳ
 1.*%�
ǮǴǯǳǰǭǭǯ�

<Ǳǵ> %� 4� (SFCFOLPW 'SPN UIF .JDSPTUSVDUVSF UP %JąVTJPO /.3 BOE #BDL 	ɨF
3PZBM 4PDJFUZ PG $IFNJTUSZ ǯǭǮǳ
 CPPL TFDUJPO ǰ QQ� ǲǯoǮǮǭ�

<ǱǶ> %� ,� +POFT %JąVTJPO .3* 	0YGPSE 6OJWFSTJUZ 1SFTT ǯǭǮǭ
�

<ǲǭ> &� 0� 4UFKTLBM BOE +� &� 5BOOFS 4QJO EJĊVTJPO NFBTVSFNFOUT� 4QJO FDIPFT JO
UIF QSFTFODF PG B UJNF�EFQFOEFOU mFME HSBEJFOU +� $IFN� 1IZT� Ǳǯ ǯǵǵ 	ǮǶǳǲ
�

<ǲǮ> .� ,VCJDLJ FU BM� " SFWJFX PG EJĊVTJPO UFOTPS JNBHJOH TUVEJFT JO TDIJ[PQISFOJB
+� 1TZDIJBUS� 3FT� ǱǮ Ǯǲ 	ǯǭǭǴ
�

<ǲǯ> 4� +CBCEJ 4� /� 4PUJSPQPVMPT 4� /� )BCFS %� $� 7BO &TTFO BOE 5� &� #FISFOT
.FBTVSJOH NBDSPTDPQJD CSBJO DPOOFDUJPOT JO WJWP /BU� /FVSPTDJ� Ǯǵ ǮǲǱǳ
	ǯǭǮǲ
�

ǳǯ
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3FGFSFODFT

<ǲǰ> +� 1� -FSDI FU BM� 4UVEZJOH OFVSPBOBUPNZ VTJOH .3* /BU� /FVSPTDJ� ǯǭ ǰǮǱ
	ǯǭǮǴ
�

<ǲǱ> .� /JMTTPO &� &OHMVOE '� 4[D[FQBOLJFXJD[ %� WBO 8FTUFO BOE 1� $� 4VOEHSFO
*NBHJOH CSBJO UVNPVS NJDSPTUSVDUVSF /FVSPJNBHF Ǯǵǯ ǯǰǯ 	ǯǭǮǵ
�

<ǲǲ> #� %� #PTT BOE &� 0� 4UFKTLBM "OJTPUSPQJD %JĊVTJPO JO )ZESBUFE 7FSNJDVMJUF
ǲF +PVSOBM PG $IFNJDBM 1IZTJDT Ǳǰ Ǯǭǳǵ 	ǮǶǳǲ
�

<ǲǳ> #� %� #PTT &� 0� 4UFKTLBM BOE +� %� 'FSSZ 4FMG�EJĊVTJPO JO IJHI NPMFDVMBS
XFJHIU QPMZJTPCVUZMFOF�CFO[FOF NJYUVSFT EFUFSNJOFE CZ UIF QVMTFE�HSBEJFOU
TQJO�FDIP NFUIPE ǲF +PVSOBM PG 1IZTJDBM $IFNJTUSZ ǴǮ ǮǲǭǮ 	ǮǶǳǴ
�

<ǲǴ> 1� 1� .JUSB .VMUJQMF XBWF�WFDUPS FYUFOTJPO PG UIF /.3 QVMTFE�mFME�HSBEJFOU
TQJO�FDIP EJĊVTJPO NFBTVSFNFOU 1IZT� 3FW� # ǲǮ ǮǲǭǴǱ 	ǮǶǶǲ
�

<ǲǵ> 4� &SJLTTPO 4� -BTJƦ .� /JMTTPO $� '� 8FTUJO BOE %� 5PQHBBSE /.3
EJĊVTJPO�FODPEJOH XJUI BYJBM TZNNFUSZ BOE WBSJBCMF BOJTPUSPQZ� %JTUJOHVJTIJOH
CFUXFFO QSPMBUF BOE PCMBUF NJDSPTDPQJD EJĊVTJPO UFOTPST XJUI VOLOPXO PSJFOU�
BUJPO EJTUSJCVUJPO +� $IFN� 1IZT� ǮǱǯ ǮǭǱǯǭǮ 	ǯǭǮǲ
�

<ǲǶ> %� 5PQHBBSE .VMUJEJNFOTJPOBM EJĊVTJPO .3* +� .BHO� 3FTPO� ǯǴǲ Ƕǵ 	ǯǭǮǴ
�

<ǳǭ> %� (� $PSZ "� /� (BSSPXBZ BOE +� #� .JMMFS "QQMJDBUJPOT PG TQJO USBOTQPSU BT
B QSPCF PG MPDBM HFPNFUSZ 1PMZNFS 1SFQS� ǰǮ ǮǱǶ 	ǮǶǶǭ
�

<ǳǮ> 1� 5� $BMMBHIBO BOE *� 'VSØ %JĊVTJPO�EJĊVTJPO DPSSFMBUJPO BOE FYDIBOHF BT B
TJHOBUVSF GPS MPDBM PSEFS BOE EZOBNJDT +� $IFN� 1IZT� Ǯǯǭ Ǳǭǰǯ 	ǯǭǭǱ
�

<ǳǯ> 4� .PSJ BOE 1� $� .� 7BO ;JKM %JĊVTJPO 8FJHIUJOH CZ UIF 5SBDF PG UIF %JĊVTJPO
5FOTPS XJUIJO B 4JOHMF 4DBO .BHO� 3FTPO� .FE� ǰǰ ǱǮ�

<ǳǰ> 4� &SJLTTPO 4� -BTJƦ BOE %� 5PQHBBSE *TPUSPQJD EJĊVTJPO XFJHIUJOH JO 1(4&
/.3 CZ NBHJD�BOHMF TQJOOJOH PG UIF R�WFDUPS +� .BHO� 3FTPO� ǯǯǳ Ǯǰ 	ǯǭǮǰ
�

<ǳǱ> /� 4IFNFTI FU BM� $POWFOUJPOT BOE OPNFODMBUVSF GPS EPVCMF EJĊVTJPO FODPEJOH
/.3 BOE .3* .BHO� 3FTPO� .FE� Ǵǲ ǵǯ 	ǯǭǮǳ
�

<ǳǲ> ,� 4DINJEU�3PIS BOE )� 8� 4QJFTT .VMUJEJNFOTJPOBM TPMJE�TUBUF /.3 BOE QPMZ�
NFST 	"DBEFNJD 1SFTT ǮǶǶǱ
�

<ǳǳ> &� "OESFX "� #SBECVSZ BOE 3� &BEFT 3FNPWBM PG EJQPMBS CSPBEFOJOH PG OVDMFBS
NBHOFUJD SFTPOBODF TQFDUSB PG TPMJET CZ TQFDJNFO SPUBUJPO /BUVSF Ǯǵǰ Ǯǵǭǯ
	ǮǶǲǶ
�

ǳǰ
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3FGFSFODFT

<ǳǴ> "� #BY /� .� 4[FWFSFOZM BOE (� &� .BDJFM $IFNJDBM TIJGU BOJTPUSPQZ JO
QPXEFSFE TPMJET TUVEJFE CZ ǯ% '5 /.3 XJUI nJQQJOH PG UIF TQJOOJOH BYJT
+� .BHO� 3FTPO� ǲǲ ǱǶǱ 	ǮǶǵǰ
�

<ǳǵ> /� .� 4[FWFSFOZJ "� #BY BOE (� &� .BDJFM .BHJD�BOHMF IPQQJOH BT BO BM�
UFSOBUJWF UP NBHJD�BOHMF TQJOOJOH GPS TPMJE TUBUF /.3 +� .BHO� 3FTPO� ǳǮ ǱǱǭ
	ǮǶǵǲ
�

<ǳǶ> -� 'SZENBO FU BM� 7BSJBCMF�BOHMF DPSSFMBUJPO TQFDUSPTDPQZ JO TPMJE�TUBUF OVDMFBS
NBHOFUJD SFTPOBODF +� $IFN� 1IZT� ǶǴ Ǳǵǭǭ 	ǮǶǶǯ
�

<Ǵǭ> .� -BXSFO[ BOE +� 'JOTUFSCVTDI %PVCMF�XBWF�WFDUPS EJĊVTJPO�XFJHIUFE JNB�
HJOH SFWFBMT NJDSPTDPQJD EJĊVTJPO BOJTPUSPQZ JO UIF MJWJOH IVNBO CSBJO .BHO�
3FTPO� .FE� ǳǶ ǮǭǴǯ 	ǯǭǮǰ
�

<ǴǮ> &� ,BEFO /� %� ,FMN 3� 1� $BSTPO .� %� %PFT BOE %� $� "MFYBOEFS .VMUJ�
DPNQBSUNFOU NJDSPTDPQJD EJĊVTJPO JNBHJOH /FVSPJNBHF ǮǰǶ ǰǱǳ 	ǯǭǮǳ
�

<Ǵǯ> &� ,BEFO '� ,SVHHFM BOE %� $� "MFYBOEFS 2VBOUJUBUJWF NBQQJOH PG UIF QFS�
BYPO EJĊVTJPO DPFċDJFOUT JO CSBJO XIJUF NBUUFS .BHO� 3FTPO� .FE� Ǵǲ ǮǴǲǯ
	ǯǭǮǳ
�

<Ǵǰ> .� &EÏO $PNQVUFS TJNVMBUJPOT JO TPMJE�TUBUF /.3� ***� 1PXEFS BWFSBHJOH
$PODFQUT JO .BHOFUJD 3FTPOBODF 1BSU " Ǯǵ" ǯǱ 	ǯǭǭǰ
�

<ǴǱ> '� 4[D[FQBOLJFXJD[ +� 4KPMVOE '� 4UBIMCFSH +� -BUU BOE .� /JMTTPO 5FOTPS�
WBMVFE EJĊVTJPO FODPEJOH GPS EJĊVTJPOBM WBSJBODF EFDPNQPTJUJPO 	%*7*%&
�
5FDIOJDBM GFBTJCJMJUZ JO DMJOJDBM .3* TZTUFNT 1-P4 0OF ǮǱ FǭǯǮǱǯǰǵ 	ǯǭǮǶ
�

<Ǵǲ> .� )FSCFSUITPO $� :PMDV )� ,OVUTTPO $��'� 8FTUJO BOE &� ½[BSTMBO
0SJFOUBUJPOBMMZ�BWFSBHFE EJĊVTJPO�BUUFOVBUFE NBHOFUJD SFTPOBODF TJHOBM GPS
MPDBMMZ�BOJTPUSPQJD EJĊVTJPO 4DJFOUJmD 3FQPSUT Ƕ ǱǵǶǶ 	ǯǭǮǶ
�

<Ǵǳ> %� 5PQHBBSE BOE 0� 4ÚEFSNBO 4FMG�EJĊVTJPO JO UXP�BOE UISFF�EJNFOTJPOBM
QPXEFST PG BOJTPUSPQJD EPNBJOT� "O /.3 TUVEZ PG UIF EJĊVTJPO PG XBUFS JO
DFMMVMPTF BOE TUBSDI +� 1IZT� $IFN� # Ǯǭǳ ǮǮǵǵǴ 	ǯǭǭǯ
�

<ǴǴ> :��2� 4POH " ǯ% /.3 NFUIPE UP DIBSBDUFSJ[F HSBOVMBS TUSVDUVSF PG EBJSZ
QSPEVDUT 1SPH� /VDM� .BHO� 3FTPO� 4QFDUSPTD� ǲǲ ǰǯǱ 	ǯǭǭǶ
�

<Ǵǵ> %� #FSOJO BOE %� 5PQHBBSE /.3 EJĊVTJPO BOE SFMBYBUJPO DPSSFMBUJPO NFUIPET�
/FX JOTJHIUT JO IFUFSPHFOFPVT NBUFSJBMT $VSS� 0QJO� $PMMPJE *OUFSGBDF 4DJ� Ǯǵ
Ǯǳǳ 	ǯǭǮǰ
�

<ǴǶ> :� 2� 4POH .BHOFUJD SFTPOBODF PG QPSPVT NFEJB 	.31.
� B QFSTQFDUJWF +�
.BHO� 3FTPO� ǯǯǶ Ǯǯ 	ǯǭǮǰ
�

ǳǱ

https://www.ncbi.nlm.nih.gov/pubmed/27282476
https://www.ncbi.nlm.nih.gov/pubmed/30921381
https://doi.org/10.1038/s41598-019-41317-8
https://www.ncbi.nlm.nih.gov/pubmed/23294632
https://www.ncbi.nlm.nih.gov/pubmed/23294632


3FGFSFODFT

<ǵǭ> 3� 3� &SOTU FU BM� 1SJODJQMFT PG OVDMFBS NBHOFUJD SFTPOBODF JO POF BOE UXP EJNFO�
TJPOTWPMVNF ǮǱ 	$MBSFOEPO QSFTT 0YGPSE ǮǶǵǴ
�

<ǵǮ> "� "� *TUSBUPW BOE 0� '� 7ZWFOLP &YQPOFOUJBM BOBMZTJT JO QIZTJDBM QIFOPNFOB
3FW� 4DJ� *OTUSVN� Ǵǭ Ǯǯǰǰ 	ǮǶǶǶ
�

<ǵǯ> ,� 1� 8IJUUBMM BOE "� -� .BD,BZ 2VBOUJUBUJWF JOUFSQSFUBUJPO PG /.3 SFMBYBUJPO
EBUB +� .BHO� 3FTPO� ǵǱ ǮǰǱ 	ǮǶǵǶ
�

<ǵǰ> +� .JUDIFMM 5� $� $IBOESBTFLFSB BOE -� '� (MBEEFO /VNFSJDBM FTUJNBUJPO
PG SFMBYBUJPO BOE EJĊVTJPO EJTUSJCVUJPOT JO UXP EJNFOTJPOT 1SPH� /VDM� .BHO�
3FTPO� 4QFDUSPTD� ǳǯ ǰǱ 	ǯǭǮǯ
�

<ǵǱ> :� 2� 4POH FU BM� 5Ǯo5ǯ DPSSFMBUJPO TQFDUSB PCUBJOFE VTJOH B GBTU UXP�
EJNFOTJPOBM -BQMBDF JOWFSTJPO +� .BHO� 3FTPO� ǮǲǱ ǯǳǮ 	ǯǭǭǯ
�

<ǵǲ> .� %� )àSMJNBOO BOE -� 7FOLBUBSBNBOBO 2VBOUJUBUJWF .FBTVSFNFOU PG 5XP�
%JNFOTJPOBM %JTUSJCVUJPO 'VODUJPOT PG %JĊVTJPO BOE 3FMBYBUJPO JO (SPTTMZ *O�
IPNPHFOFPVT 'JFMET +� .BHO� 3FTPO� ǮǲǴ ǰǮ 	ǯǭǭǯ
�

<ǵǳ> 1� $BMMBHIBO 4� (PEFGSPZ BOE #� 3ZMBOE %JĊVTJPOoSFMBYBUJPO DPSSFMBUJPO JO
TJNQMF QPSF TUSVDUVSFT +� .BHO� 3FTPO� Ǯǳǯ ǰǯǭ 	ǯǭǭǰ
�

<ǵǴ> :� 2JBP 1� (BMWPTBT BOE 1� 5� $BMMBHIBO %JĊVTJPO DPSSFMBUJPO /.3 TQFD�
USPTDPQJD TUVEZ PG BOJTPUSPQJD EJĊVTJPO PG XBUFS JO QMBOU UJTTVFT #JPQIZT� +� ǵǶ
ǯǵǶǶ 	ǯǭǭǲ
�

<ǵǵ> 1� (BMWPTBT BOE 1� 5� $BMMBHIBO .VMUJ�EJNFOTJPOBM JOWFSTF -BQMBDF TQFDUSPTDPQZ
JO UIF /.3 PG QPSPVT NFEJB $� 3� 1IZT� ǮǮ ǮǴǯ 	ǯǭǮǭ
�

<ǵǶ> -� '� (MBEEFO BOE +� .JUDIFMM .FBTVSJOH BETPSQUJPO EJĊVTJPO BOE nPX JO
DIFNJDBM FOHJOFFSJOH� BQQMJDBUJPOT PG NBHOFUJD SFTPOBODF UP QPSPVT NFEJB /FX
+PVSOBM PG 1IZTJDT Ǯǰ ǭǰǲǭǭǮ 	ǯǭǮǮ
�

<Ƕǭ> +� 1� EF "MNFJEB .BSUJOT BOE %� 5PQHBBSE 5XP�%JNFOTJPOBM $PSSFMBUJPO PG
*TPUSPQJD BOE %JSFDUJPOBM %JĊVTJPO 6TJOH /.3 1IZT� 3FW� -FUU� ǮǮǳ ǭǵǴǳǭǮ
	ǯǭǮǳ
�

<ǶǮ> %� 5PQHBBSE *TPUSPQJD EJĊVTJPO XFJHIUJOH VTJOH B USJQMF�TUJNVMBUFE FDIP QVMTF
TFRVFODF XJUI CJQPMBS HSBEJFOU QVMTF QBJST .JDSPQPSPVT .FTPQPSPVT .BUFS�  Ǳǵ
	ǯǭǮǲ
�

<Ƕǯ> .� /JMTTPO FU BM� -JRVJE DSZTUBM QIBOUPN GPS WBMJEBUJPO PG NJDSPTDPQJD EJĊVTJPO
BOJTPUSPQZ NFBTVSFNFOUT PO DMJOJDBM .3* TZTUFNT .BHO� 3FTPO� .FE� 	ǯǭǮǴ
�

ǳǲ
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3FGFSFODFT

<Ƕǰ> (� +� 4UBOJT[ "� 4[BGFS (� "� 8SJHIU BOE 3� .� )FOLFMNBO "O BOBMZUJDBM
NPEFM PG SFTUSJDUFE EJĊVTJPO JO CPWJOF PQUJD OFSWF .BHO� 3FTPO� .FE� ǰǴ Ǯǭǰ
	ǮǶǶǴ
�

<ǶǱ> 1� 5PGUT 2VBOUJUBUJWF .3* PG UIF CSBJO� NFBTVSJOH DIBOHFT DBVTFE CZ EJTFBTF 	+PIO
8JMFZ � 4POT ǯǭǭǲ
�

<Ƕǲ> "� %BPVTU FU BM� 5SBOTWFSTF SFMBYBUJPO PG DFSFCSPTQJOBM nVJE EFQFOET PO HMVDPTF
DPODFOUSBUJPO .BHO� 3FTPO� *NBHJOH ǱǱ Ǵǯ 	ǯǭǮǴ
�

<Ƕǳ> 4� %F 4BOUJT %� #BSB[BOZ %� ,� +POFT BOE :� "TTBG 3FTPMWJOH SFMBYPNFUSZ
BOE EJĊVTJPO QSPQFSUJFT XJUIJO UIF TBNF WPYFM JO UIF QSFTFODF PG DSPTTJOH mCSFT
CZ DPNCJOJOH JOWFSTJPO SFDPWFSZ BOE EJĊVTJPOoXFJHIUFE BDRVJTJUJPOT .BHO�
3FTPO� .FE� Ǵǲ ǰǴǯ 	ǯǭǮǳ
�

<ǶǴ> +� 7FSBBSU %� 4� /PWJLPW BOE &� 'JFSFNBOT 5& EFQFOEFOU %JĊVTJPO *NBHJOH
	5&E%*
 EJTUJOHVJTIFT CFUXFFO DPNQBSUNFOUBM 5ǯ SFMBYBUJPO UJNFT /FVSPJNBHF
Ǯǵǯ ǰǳǭ 	ǯǭǮǵ
�

<Ƕǵ> +� 1� EF "MNFJEB .BSUJOT BOE %� 5PQHBBSE .VMUJEJNFOTJPOBM DPSSFMBUJPO PG
OVDMFBS SFMBYBUJPO SBUFT BOE EJĊVTJPO UFOTPST GPS NPEFM�GSFF JOWFTUJHBUJPOT PG
IFUFSPHFOFPVT BOJTPUSPQJD QPSPVT NBUFSJBMT 4DJ� 3FQ� ǵ ǯǱǵǵ 	ǯǭǮǵ
�

<ǶǶ> 4� &SJLTTPO FU BM� /.3 RVBOUJmDBUJPO PG EJĊVTJPOBM FYDIBOHF JO DFMM TVTQFOTJPOT
XJUI SFMBYBUJPO SBUF EJĊFSFODFT CFUXFFO JOUSB BOE FYUSBDFMMVMBS DPNQBSUNFOUT
1MP4 POF Ǯǯ FǭǮǴǴǯǴǰ 	ǯǭǮǴ
�

<Ǯǭǭ> :��2� 4POH -� 7FOLBUBSBNBOBO 3� ,BVTJL BOE /� )FBUPO 5XP�EJNFOTJPOBM
/.3 PG %JąVTJPO BOE 3FMBYBUJPO 	ɨF 3PZBM 4PDJFUZ PG $IFNJTUSZ ǯǭǮǳ
 CPPL
TFDUJPO Ǳ QQ� ǮǮǮoǮǲǲ�

<ǮǭǮ> $� -� -BXTPO BOE 3� +� )BOTPO 4PMWJOH MFBTU TRVBSFT QSPCMFNT 	1SFOUJDF�)BMM
ǮǶǴǱ
�

<Ǯǭǯ> .� 6SCBƵD[ZL %� #FSOJO 8� ,PǆNJƵTLJ BOE ,� ,B[JNJFSD[VL *UFSBUJWF
ɨSFTIPMEJOH "MHPSJUIN GPS .VMUJFYQPOFOUJBM %FDBZ "QQMJFE UP 1(4& /.3
%BUB "OBM� $IFN� ǵǲ Ǯǵǯǵ 	ǯǭǮǰ
 1.*%� ǯǰǯǶǴǴǮǲ�

<Ǯǭǰ> .� 4MBXTLJ FU BM� /PO�OFHBUJWF MFBTU TRVBSFT GPS IJHI�EJNFOTJPOBM MJOFBS NPEFMT�
$POTJTUFODZ BOE TQBSTF SFDPWFSZ XJUIPVU SFHVMBSJ[BUJPO &MFDUSPOJD +PVSOBM PG
4UBUJTUJDT Ǵ ǰǭǭǱ 	ǯǭǮǰ
�

<ǮǭǱ> 4� 8� 1SPWFODIFS $0/5*/� B HFOFSBM QVSQPTF DPOTUSBJOFE SFHVMBSJ[BUJPO QSP�
HSBN GPS JOWFSUJOH OPJTZ MJOFBS BMHFCSBJD BOE JOUFHSBM FRVBUJPOT $PNQVU� 1IZT�
$PNNVO� ǯǴ ǯǯǶ 	ǮǶǵǯ
�

ǳǳ
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3FGFSFODFT

<Ǯǭǲ> -� 7FOLBUBSBNBOBO :��2� 4POH BOE .� %� )VSMJNBOO 4PMWJOH 'SFEIPMN
JOUFHSBMT PG UIF mSTU LJOE XJUI UFOTPS QSPEVDU TUSVDUVSF JO ǯ BOE ǯ�ǲ EJNFOTJPOT
ǲǭ ǮǭǮǴ 	ǯǭǭǯ
�

<Ǯǭǳ> 1� 5� $BMMBHIBO 4� (PEFGSPZ BOE #� /� 3ZMBOE 6TF PG UIF TFDPOE EJNFOTJPO
JO 1(4& /.3 TUVEJFT PG QPSPVT NFEJB .BHO� 3FTPO� *NBHJOH ǯǮ ǯǱǰ 	ǯǭǭǰ
�

<ǮǭǴ> 1� #FSNBO 0� -FWJ :� 1BSNFU .� 4BVOEFST BOE ;� 8JFTNBO -BQMBDF JOWFSTJPO
PG MPX�SFTPMVUJPO /.3 SFMBYPNFUSZ EBUB VTJOH TQBSTF SFQSFTFOUBUJPO NFUIPET
$PODFQUT JO .BHOFUJD 3FTPOBODF 1BSU " Ǳǯ Ǵǯ 	ǯǭǮǰ
�

<Ǯǭǵ> %� #FOKBNJOJ BOE 1� +� #BTTFS 6TF PG NBSHJOBM EJTUSJCVUJPOT DPOTUSBJOFE PQ�
UJNJ[BUJPO 	."%$0
 GPS BDDFMFSBUFE ǯ% .3* SFMBYPNFUSZ BOE EJĊVTPNFUSZ
+� .BHO� 3FTPO� ǯǴǮ Ǳǭ 	ǯǭǮǳ
�

<ǮǭǶ> .� %FMTVD BOE 5� .BMMJBWJO .BYJNVN FOUSPQZ QSPDFTTJOH PG %04: /.3
TQFDUSB "OBM� $IFN� Ǵǭ ǯǮǱǳ 	ǮǶǶǵ
�

<ǮǮǭ> &� $IPV[FOPVY 4� .PVTTBPVJ +� *EJFS BOE '� .BSJFUUF &ċDJFOU NBYJNVN FO�
USPQZ SFDPOTUSVDUJPO PG OVDMFBS NBHOFUJD SFTPOBODF 5Ǯ�5ǯ TQFDUSB *&&& 5SBOT�
4JHOBM 1SPD� ǲǵ ǳǭǱǭ 	ǯǭǮǭ
�

<ǮǮǮ> "� %BEVDDJ FU BM� "DDFMFSBUFE .JDSPTUSVDUVSF *NBHJOH WJB $POWFY 0QUJNJ[BUJPO
	".*$0
 GSPN EJĊVTJPO .3* EBUB /FVSPJNBHF Ǯǭǲ ǰǯ 	ǯǭǮǲ
�

<ǮǮǯ> .� %� )àSMJNBOO -� #VSDBX BOE :��2� 4POH 2VBOUJUBUJWF DIBSBDUFSJ[BUJPO PG
GPPE QSPEVDUT CZ UXP�EJNFOTJPOBM %o5ǯ BOE 5Ǯo5ǯ EJTUSJCVUJPO GVODUJPOT JO
B TUBUJD HSBEJFOU +� $PMMPJE *OUFSGBDF 4DJ� ǯǶǴ ǰǭǰ 	ǯǭǭǳ
�

<ǮǮǰ> .� 1SBOHF BOE :� 2� 4POH 2VBOUJGZJOH VODFSUBJOUZ JO /.3 5ǯ TQFDUSB VTJOH
.POUF $BSMP JOWFSTJPO +� .BHO� 3FTPO� ǮǶǳ ǲǱ 	ǯǭǭǶ
�

<ǮǮǱ> .� 1SBOHF BOE :� 2� 4POH 6OEFSTUBOEJOH /.3 5	ǯ
 TQFDUSBM VODFSUBJOUZ +�
.BHO� 3FTPO� ǯǭǱ ǮǮǵ 	ǯǭǮǭ
�

<ǮǮǲ> %� 8� EF ,PSU +� 1� WBO %VZOIPWFO '� +� )PFCFO )� .� +BOTTFO BOE
)� 7BO "T /.3 OBOPQBSUJDMF EJĊVTPNFUSZ JO IZESPHFMT� FOIBODJOH TFOTJU�
JWJUZ BOE TFMFDUJWJUZ "OBM� $IFN� ǵǳ ǶǯǯǶ 	ǯǭǮǱ
�

<ǮǮǳ> %� &� ,PQQFM "OBMZTJT PG .BDSPNPMFDVMBS 1PMZEJTQFSTJUZ JO *OUFOTJUZ $PSSFMB�
UJPO 4QFDUSPTDPQZ� ɨF .FUIPE PG $VNVMBOUT +� $IFN� 1IZT� ǲǴ ǱǵǮǱ 	ǮǶǴǯ
�

<ǮǮǴ> /� (� 7BO ,BNQFO 4UPDIBTUJD QSPDFTTFT JO QIZTJDT BOE DIFNJTUSZWPMVNF Ǯ 	&MTFWJFS
ǮǶǶǯ
�

ǳǴ

http://www.sciencedirect.com/science/article/pii/S1053811914008519
https://www.ncbi.nlm.nih.gov/pubmed/18952474
https://www.ncbi.nlm.nih.gov/pubmed/20223689
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3FGFSFODFT

<ǮǮǵ> 7� (� ,JTFMFW ɨF DVNVMBOU FYQBOTJPO� BO PWFSBSDIJOH NBUIFNBUJDBM GSBNF�
XPSL GPS VOEFSTUBOEJOH EJĊVTJPO /.3 JO %JąVTJPO .3*� UIFPSZ NFUIPET BOE
BQQMJDBUJPOT FEJUFE CZ %� ,� +POFT QQ� ǮǲǯoǮǳǵ 0YGPSE 6OJW� 1SFTT ǯǭǮǭ�

<ǮǮǶ> +� )� +FOTFO +� "� )FMQFSO "� 3BNBOJ )� -V BOE ,� ,BD[ZOTLJ %JĊVTJPOBM
LVSUPTJT JNBHJOH� ɨF RVBOUJmDBUJPO PG OPO�HBVTTJBO XBUFS EJĊVTJPO CZ NFBOT
PG NBHOFUJD SFTPOBODF JNBHJOH .BHO� 3FTPO� .FE� ǲǰ ǮǱǰǯ 	ǯǭǭǲ
�

<Ǯǯǭ> 7� (� ,JTFMFW BOE ,� "� *M�ZBTPW *T UIF iCJFYQPOFOUJBM EJĊVTJPOw CJFYQPOFOUJBM 
.BHOFUJD 3FTPOBODF JO .FEJDJOF� "O 0ĆDJBM +PVSOBM PG UIF *OUFSOBUJPOBM 4PDJFUZ
GPS .BHOFUJD 3FTPOBODF JO .FEJDJOF ǲǴ ǱǳǱ 	ǯǭǭǴ
�

<ǮǯǮ> %� -� 7BOEFS)BSU BOE )� 4� (VUPXTLZ 3JHJE�-BUUJDF /.3 .PNFOUT BOE -JOF
4IBQFT XJUI $IFNJDBM�4IJGU "OJTPUSPQZ +� $IFN� 1IZT� ǱǶ ǯǳǮ 	ǮǶǳǵ
�

<Ǯǯǯ> +� )� +FOTFO BOE +� "� )FMQFSO .3* RVBOUJmDBUJPO PG OPO�(BVTTJBO XBUFS
EJĊVTJPO CZ LVSUPTJT BOBMZTJT /.3 #JPNFE� ǯǰ ǳǶǵ 	ǯǭǮǭ
�

<Ǯǯǰ> .� 3ÚEJOH FU BM� ɨF HBNNB EJTUSJCVUJPO NPEFM GPS QVMTFE�mFME HSBEJFOU /.3
TUVEJFT PG NPMFDVMBS�XFJHIU EJTUSJCVUJPOT PG QPMZNFST +� .BHO� 3FTPO� ǯǯǯ
Ǯǭǲ�ǮǮǮ 	ǯǭǮǯ
�

<ǮǯǱ> %� ,� +POFT BOE .� $FSDJHOBOJ 5XFOUZ�mWF QJUGBMMT JO UIF BOBMZTJT PG EJĊVTJPO
.3* EBUB /.3 #JPNFE� ǯǰ ǵǭǰ 	ǯǭǮǭ
�

<Ǯǯǲ> 4� +� (SBIBN 1� -� 4UBODIFW BOE .� +� #SPOTLJMM $SJUFSJB GPS BOBMZTJT PG NVM�
UJDPNQPOFOU UJTTVF 5ǯ SFMBYBUJPO EBUB .BHO� 3FTPO� .FE� ǰǲ ǰǴǭ 	ǮǶǶǳ
�

<Ǯǯǳ> '� 'FOSJDI $� #FBVMJFV BOE 1� "MMFO 3FMBYBUJPO UJNFT BOE NJDSPTUSVDUVSFT
/.3 #JPNFE� ǮǱ Ǯǰǰ 	ǯǭǭǮ
�

<ǮǯǴ> +� 4KÚMVOE FU BM� $POTUSBJOFE PQUJNJ[BUJPO PG HSBEJFOU XBWFGPSNT GPS HFOFSBMJ[FE
EJĊVTJPO FODPEJOH +� .BHO� 3FTPO� ǯǳǮ ǮǲǴ 	ǯǭǮǲ
�

<Ǯǯǵ> /� #FO�&MJF[FS BOE -� 'SZENBO 4QBUJPUFNQPSBM FODPEJOH BT B SPCVTU CBTJT GPS
GBTU UISFF�EJNFOTJPOBM JO WJWP .3* /.3 #JPNFE� ǯǱ ǮǮǶǮ 	ǯǭǮǮ
�

<ǮǯǶ> 3� 4DINJEU BOE -� 'SZENBO /FX TQBUJPUFNQPSBM BQQSPBDIFT GPS GVMMZ SFGPDVTFE
NVMUJTMJDF VMUSBGBTU ǯ% .3* .BHO� 3FTPO� .FE� ǴǮ ǴǮǮ 	ǯǭǮǱ
�

<Ǯǰǭ> &� 4PMPNPO (� -JCFSNBO /� /JTTBO BOE -� 'SZENBO 3PCVTU EJĊVTJPO UFOTPS
JNBHJOH CZ TQBUJPUFNQPSBM FODPEJOH� 1SJODJQMFT BOE JO WJWP EFNPOTUSBUJPOT
.BHO� 3FTPO� .FE� ǴǴ ǮǮǯǱ 	ǯǭǮǴ
�

<ǮǰǮ> &� 'JFSFNBOT BOE )��)� -FF 1IZTJDBM BOE OVNFSJDBM QIBOUPNT GPS UIF WBMJEB�
UJPO PG CSBJO NJDSPTUSVDUVSBM .3*� " DPPLCPPL /FVSPJNBHF Ǯǵǯ ǰǶ 	ǯǭǮǵ
�

ǳǵ

http://dx.doi.org/10.1063/1.1669820
https://doi.org/10.1016/j.jmr.2012.07.005
https://doi.org/10.1016/j.jmr.2012.07.005
https://www.ncbi.nlm.nih.gov/pubmed/20886566
http://dx.doi.org/10.1016/j.jmr.2015.10.012


3FGFSFODFT

<Ǯǰǯ> 4� (BUJEJT )� 4DINJEU 1� .BSUJSPTJBO BOE /� '� 4DIXFO[FS %FWFMPQNFOU PG
BO .3* QIBOUPN GPS EJĊVTJPO�XFJHIUFE JNBHJOH XJUI JOEFQFOEFOU BEKVTUNFOU
PG BQQBSFOU EJĊVTJPO DPFċDJFOU WBMVFT BOE 5ǯ SFMBYBUJPO UJNFT .BHO� 3FTPO�
.FE� Ǵǯ ǱǲǶ 	ǯǭǮǱ
�

<Ǯǰǰ> *� ¯TMVOE BOE %� 5PQHBBSE %FUFSNJOBUJPO PG UIF TFMG�EJĊVTJPO DPFċDJFOU PG
JOUSBDFMMVMBS XBUFS VTJOH 1(4& /.3 XJUI WBSJBCMF HSBEJFOU QVMTF MFOHUI +�
.BHO� 3FTPO� ǯǭǮ ǯǲǭ 	ǯǭǭǶ
�

<ǮǰǱ> &� 'JFSFNBOT "� 1JSFT BOE +� )� +FOTFO " TJNQMF JTPUSPQJD QIBOUPN GPS EJĊV�
TJPOBM LVSUPTJT JNBHJOH .BHO� 3FTPO� .FE� ǳǵ ǲǰǴ 	ǯǭǮǯ
�

<Ǯǰǲ> 4� &� .BJFS %� .JUTPVSBT BOE 3� 7� .VMLFSO "WJBO FHH MBUFCSB BT CSBJO UJTTVF
XBUFS EJĊVTJPO NPEFM .BHO� 3FTPO� .FE� Ǵǯ ǲǭǮ 	ǯǭǮǱ
�

<Ǯǰǳ> +� -ÊUU FU BM� &ĊFDUT PG SFTUSJDUFE EJĊVTJPO JO B CJPMPHJDBM QIBOUPN� B R�TQBDF
EJĊVTJPO .3* TUVEZ PG BTQBSBHVT TUFNT BU B ǰ5 DMJOJDBM TDBOOFS .BHOFUJD 3FT�
POBODF .BUFSJBMT JO 1IZTJDT #JPMPHZ BOE .FEJDJOF ǯǭ ǯǮǰ 	ǯǭǭǴ
�

<ǮǰǴ> /� :BOBTBL BOE +� "MMJTPO 6TF PG DBQJMMBSJFT JO UIF DPOTUSVDUJPO PG BO .3*
QIBOUPN GPS UIF BTTFTTNFOU PG EJĊVTJPO UFOTPS JNBHJOH� EFNPOTUSBUJPO PG QFS�
GPSNBODF .BHO� 3FTPO� *NBHJOH ǯǱ ǮǰǱǶ 	ǯǭǭǳ
�

<Ǯǰǵ> &� "� WPO EFN )BHFO BOE 3� .� )FOLFMNBO 0SJFOUBUJPOBM EJĊVTJPO SFnFDUT
mCFS TUSVDUVSF XJUIJO B WPYFM .BHO� 3FTPO� .FE� Ǳǵ ǱǲǱ 	ǯǭǭǯ
�

<ǮǰǶ> .� ,PNMPTI FU BM� %FUFDUJPO PG NJDSPTDPQJD BOJTPUSPQZ JO HSBZ NBUUFS BOE JO
B OPWFM UJTTVF QIBOUPN VTJOH EPVCMF QVMTFE HSBEJFOU TQJO FDIP .3 +� .BHO�
3FTPO� ǮǵǶ ǰǵ 	ǯǭǭǴ
�

<ǮǱǭ> .� -BXSFO[ BOE +� 'JOTUFSCVTDI %FUFDUJPO PG NJDSPTDPQJD EJĊVTJPO BOJTPUSPQZ
PO B XIPMF�CPEZ .3 TZTUFN XJUI EPVCMF XBWF WFDUPS JNBHJOH .BHO� 3FTPO�
.FE� ǳǳ ǮǱǭǲ 	ǯǭǮǮ
�

<ǮǱǮ> %� 8V FU BM� *O WJWP IJHI�SFTPMVUJPO EJĊVTJPO UFOTPS JNBHJOH PG UIF NPVTF
CSBJO /FVSPJNBHF ǵǰ Ǯǵ 	ǯǭǮǰ
�

<ǮǱǯ> .� "HHBSXBM 4� .PSJ 5� 4IJNPHPSJ 4� #MBDLTIBX BOE +� ;IBOH ɨSFF�
EJNFOTJPOBM EJĊVTJPO UFOTPS NJDSPJNBHJOH GPS BOBUPNJDBM DIBSBDUFSJ[BUJPO PG
UIF NPVTF CSBJO .BHO� 3FTPO� .FE� ǳǱ ǯǱǶ 	ǯǭǮǭ
�

<ǮǱǰ> /� 4IFNFTI BOE :� $PIFO .JDSPTDPQJD BOE DPNQBSUNFOU TIBQF BOJTPUSPQJFT
JO HSBZ BOE XIJUF NBUUFS SFWFBMFE CZ BOHVMBS CJQPMBS EPVCMF�1'( .3 .BHO�
3FTPO� .FE� ǳǲ ǮǯǮǳ 	ǯǭǮǮ
�

ǳǶ

https://www.ncbi.nlm.nih.gov/pubmed/19800273
https://www.ncbi.nlm.nih.gov/pubmed/19800273
http://www.sciencedirect.com/science/article/pii/S1053811913006496


3FGFSFODFT

<ǮǱǱ> ,� #� 'SBOLMJO FU BM� ǲF NPVTF CSBJO JO TUFSFPUBYJD DPPSEJOBUFTWPMVNF ǰ 	"DB�
EFNJD QSFTT /FX :PSL� ǯǭǭǵ
�

<ǮǱǲ> 4� (PEFGSPZ BOE 1� $BMMBHIBO ǯ% SFMBYBUJPO�EJĊVTJPO DPSSFMBUJPOT JO QPSPVT
NFEJB .BHO� 3FTPO� *NBHJOH ǯǮ ǰǵǮ 	ǯǭǭǰ
�

<ǮǱǳ> +� (� 4FMBOE .� #SVWPME )� #SVSPL 1� +ZOHF BOE +� ,SBOF "OBMZ[JOH FRVJMJC�
SJVN XBUFS FYDIBOHF CFUXFFO NZPDBSEJBM UJTTVF DPNQBSUNFOUT VTJOH EZOBNJDBM
UXP�EJNFOTJPOBM DPSSFMBUJPO FYQFSJNFOUT DPNCJOFE XJUI NBOHBOFTF�FOIBODFE
SFMBYPHSBQIZ .BHO� 3FTPO� .FE� ǲǵ ǳǴǱ 	ǯǭǭǴ
�

<ǮǱǴ> /� .BSJHIFUP -� 7FOUVSJ BOE #� )JMMT 5XP�EJNFOTJPOBM /.3 SFMBYBUJPO TUVE�
JFT PG BQQMF RVBMJUZ 1PTUIBSWFTU #JPM� 5FDIOPM� Ǳǵ ǰǰǮ 	ǯǭǭǵ
�

<ǮǱǵ> "� &� &OHMJTI ,� 1� 8IJUUBM .� -� (� +PZ BOE 3� .� )FOLFMNBO 2VBOUJUBU�
JWF UXP�EJNFOTJPOBM UJNF DPSSFMBUJPO SFMBYPNFUSZ .BHO� 3FTPO� .FE� ǯǯ Ǳǯǲ
	ǮǶǶǮ
�

<ǮǱǶ> %� ,JN &� ,� %PZMF +� -� 8JTOPXTLJ +� )� ,JN BOE +� 1� )BMEBS %JĊVTJPO�
SFMBYBUJPO DPSSFMBUJPO TQFDUSPTDPQJD JNBHJOH� " NVMUJEJNFOTJPOBM BQQSPBDI GPS
QSPCJOH NJDSPTUSVDUVSF .BHO� 3FTPO� .FE� Ǵǵ ǯǯǰǳ 	ǯǭǮǴ
�

<Ǯǲǭ> %� #FOKBNJOJ BOE 1� +� #BTTFS .BHOFUJD SFTPOBODF NJDSPEZOBNJD JNBHJOH SF�
WFBMT EJTUJODU UJTTVF NJDSPFOWJSPONFOUT /FVSPJNBHF Ǯǳǰ Ǯǵǰ 	ǯǭǮǴ
�

<ǮǲǮ> 1� +� 4MBUPS FU BM� $PNCJOFE EJĊVTJPO�SFMBYPNFUSZ .3* UP JEFOUJGZ EZTGVODUJPO
JO UIF IVNBO QMBDFOUB .BHO� 3FTPO� .FE� ǵǯ Ƕǲ 	ǯǭǮǶ
�

<Ǯǲǯ> 1� .BOTmFME .VMUJ�QMBOBS JNBHF GPSNBUJPO VTJOH /.3 TQJO FDIPFT +� 1IZT� $
Ǯǭ -ǲǲ 	ǮǶǴǴ
�

<Ǯǲǰ> .� /JMTTPO %� WBO 8FTUFO '� 4UÌIMCFSH 1� $� 4VOEHSFO BOE +� -ǔfUU ɨF
SPMF PG UJTTVF NJDSPTUSVDUVSF BOE XBUFS FYDIBOHF JO CJPQIZTJDBM NPEFMMJOH PG
EJĊVTJPO JO XIJUF NBUUFS .BHO� 3FTPO� .BUFS� 1IZ� ǯǳ ǰǱǲ 	ǯǭǮǰ
�

<ǮǲǱ> +� 7FSBBSU %� 4� /PWJLPW BOE &� 'JFSFNBOT 5& EFQFOEFOU %JĊVTJPO *NBHJOH
	5&E%*
 EJTUJOHVJTIFT CFUXFFO DPNQBSUNFOUBM 5ǯ SFMBYBUJPO UJNFT /FVSPJNBHF
	ǯǭǮǴ
�

<Ǯǲǲ> #� -BNQJOFO FU BM� 4FBSDIJOH GPS UIF OFVSJUF EFOTJUZ XJUI EJĊVTJPO .3*� $IBM�
MFOHFT GPS CJPQIZTJDBM NPEFMJOH )VN� #SBJO .BQQ� Ǳǭ ǯǲǯǶ 	ǯǭǮǶ
�

<Ǯǲǳ> .� -BXSFO[ BOE +� 'JOTUFSCVTDI .BQQJOH NFBTVSFT PG NJDSPTDPQJD EJĊVTJPO BO�
JTPUSPQZ JO IVNBO CSBJO XIJUF NBUUFS JO WJWP XJUI EPVCMF�XBWF�WFDUPS EJĊVTJPO�
XFJHIUFE JNBHJOH .BHO� 3FTPO� .FE� Ǵǰ ǴǴǰ 	ǯǭǮǲ
�

Ǵǭ

https://www.ncbi.nlm.nih.gov/pubmed/28317261
https://www.ncbi.nlm.nih.gov/pubmed/28943412
http://www.ncbi.nlm.nih.gov/pubmed/23443883
https://www.ncbi.nlm.nih.gov/pubmed/30802367


3FGFSFODFT

<ǮǲǴ> #� 'JTDIM FU BM� 8IPMF CSBJO TFHNFOUBUJPO� BVUPNBUFE MBCFMJOH PG OFVSPBOB�
UPNJDBM TUSVDUVSFT JO UIF IVNBO CSBJO /FVSPO ǰǰ ǰǱǮ 	ǯǭǭǯ
�

<Ǯǲǵ> ,� .� )BTBO *� 4� 8BMJNVOJ -� "� ,SBNFS BOE 1� "� /BSBZBOB )VNBO CSBJO
JSPO NBQQJOH VTJOH BUMBT�CBTFE 5ǯ SFMBYPNFUSZ .BHO� 3FTPO� .FE� ǳǴ ǴǰǮ
	ǯǭǮǯ
�

<ǮǲǶ> .� +� ,OJHIU #� 8PPE &� $PVUIBSE BOE 3� ,BVQQJOFO "OJTPUSPQZ PG TQJO�
FDIP 5ǯ SFMBYBUJPO CZ NBHOFUJD SFTPOBODF JNBHJOH JO UIF IVNBO CSBJO JO WJWP
#JPNFEJDBM 4QFDUSPTDPQZ BOE *NBHJOH Ǳ ǯǶǶ 	ǯǭǮǲ
�

<Ǯǳǭ> 1� )BHNBOO FU BM� 6OEFSTUBOEJOH EJĊVTJPO .3 JNBHJOH UFDIOJRVFT� GSPN
TDBMBS EJĊVTJPO�XFJHIUFE JNBHJOH UP EJĊVTJPO UFOTPS JNBHJOH BOE CFZPOE 3B�
EJPHSBQIJDT ǯǳ 4ǯǭǲ 	ǯǭǭǳ
�

<ǮǳǮ> +� %� 5PVSOJFS '� $BMBNBOUF %� (� (BEJBO BOE "� $POOFMMZ %JSFDU FTUJNBUJPO
PG UIF mCFS PSJFOUBUJPO EFOTJUZ GVODUJPO GSPN EJĊVTJPO�XFJHIUFE .3* EBUB VTJOH
TQIFSJDBM EFDPOWPMVUJPO /FVSPJNBHF ǯǰ ǮǮǴǳ 	ǯǭǭǱ
�

<Ǯǳǯ> (� 8BUTPO &RVBUPSJBM EJTUSJCVUJPOT PO B TQIFSF #JPNFUSJLB ǲǯ ǮǶǰ 	ǮǶǳǲ
�

<Ǯǳǰ> ,� 7� .BSEJB BOE 1� &� +VQQ %JSFDUJPOBM TUBUJTUJDT 	+PIO 8JMFZ � 4POT ǯǭǭǶ
�

<ǮǳǱ> 3� (JM FU BM� "O JO WJWP TUVEZ PG UIF PSJFOUBUJPO�EFQFOEFOU BOE JOEFQFOEFOU
DPNQPOFOUT PG USBOTWFSTF SFMBYBUJPO SBUFT JO XIJUF NBUUFS /.3 #JPNFE� ǯǶ
ǮǴǵǭ 	ǯǭǮǳ
�

<Ǯǳǲ> &� 5� .D,JOOPO BOE +� )� +FOTFO .FBTVSJOH JOUSB�BYPOBM 5ǯ JO XIJUF NBUUFS
XJUI EJSFDUJPO�BWFSBHFE EJĊVTJPO .3* .BHO� 3FTPO� .FE� ǵǮ ǯǶǵǲ 	ǯǭǮǶ
�

ǴǮ

http://www.ncbi.nlm.nih.gov/pubmed/15528117




4DJFOUJmD 1VCMJDBUJPOT

"VUIPS $POUSJCVUJPOT

1BQFS *� 5XP�%JNFOTJPOBM $PSSFMBUJPO PG *TPUSPQJD BOE %JSFDUJPOBM %JĊVTJPO
6TJOH /.3

* BTTFNCMFE UIF QIBOUPNT XBT SFTQPOTJCMF GPS UIF /.3 NFBTVSFNFOUT BOE BOBMZTFE
UIF EBUB� * DPOUSJCVUFE UP GPSNBMJTJOH UIF UIFPSZ EFTDSJCFE JO UIF TVQQMFNFOUBM NBUFS�
JBM� * XBT UIF NBJO BVUIPS PG UIF QBQFS�

1BQFS **� .VMUJEJNFOTJPOBM DPSSFMBUJPO PG OVDMFBS SFMBYBUJPO SBUFT BOE EJĊV�
TJPO UFOTPST GPS NPEFM�GSFF JOWFTUJHBUJPOT PG IFUFSPHFOFPVT BOJTPUSPQJD QPS�
PVT NBUFSJBMT

* BTTFNCMFE UIF QIBOUPNT BOE XBT SFTQPOTJCMF GPS UIF /.3 NFBTVSFNFOUT DPOUSJC�
VUFE UP UIF EFWFMPQNFOU PG UIF BOBMZTJT DPEF BOE BOBMZTFE BMM FYQFSJNFOUBM EBUB� *
EFTJHOFE BOE QFSGPSNFE UIF TJNVMBUJPOT UFTUJOH UIF MJNJUT PG UIF QSPQPTFE JOWFSTJPO
BMHPSJUIN� * XBT UIF NBJO BVUIPS PG UIF QBQFS�

1BQFS ***� 5SVFOFTT BOE QSFDJTJPO PG TUBUJTUJDBM EFTDSJQUPST PCUBJOFE GSPN NVM�
UJEJNFOTJPOBM EJĊVTJPO TJHOBM JOWFSTJPO BMHPSJUINT

* DPOUSJCVUFE UP UIF EFTJHO PG UIF TUVEZ BOE UIF EBUB BOBMZTJT� * XSPUF UIF NBOVTDSJQU
UPHFUIFS XJUI UIF NBJO DP�BVUIPS�

Ǵǰ



4DJFOUJmD 1VCMJDBUJPOT

1BQFS *7� %JĊVTJPO UFOTPS EJTUSJCVUJPO JNBHJOH PG JO WJWP NPVTF CSBJO BU
VMUSB�IJHI NBHOFUJD mFME CZ TQBUJPUFNQPSBM FODPEJOH

* DPOUSJCVUFE UP UIF EFTJHO PG UIF BOBMZTJT QJQFMJOF BOE BOBMZTFE UIF EBUB� * XSPUF UIF
NBOVTDSJQU UPHFUIFS XJUI UIF NBJO DP�BVUIPS�

1BQFS 7� 5SBOTGFSSJOH QSJODJQMFT PG TPMJE�TUBUF BOE -BQMBDF /.3 UP UIF mFME
PG JO WJWP CSBJO .3*

* DPOUSJCVUFE UP UIF EFTJHO PG UIF JO WJWP FYQFSJNFOUT EFTJHOFE BOE JNQMFNFOUFE UIF
QSPQPTFE JOWFSTJPO BMHPSJUIN UPHFUIFS XJUI %� 5PQHBBSE BOE BOBMZTFE UIF EBUB� * XBT
UIF NBJO BVUIPS PG UIF QBQFS�

1BQFS 7*� .BQQJOH BOE WJTVBMJ[JOH mCSFT JO IFUFSPHFOFPVT CSBJO WPYFMT

* DPOUSJCVUFE UP UIF EFTJHO PG UIF TUVEZ DPOUSJCVUFE UP UIF EFTJHO PG UIF JO WJWP BD�
RVJTJUJPO QSPUPDPM JNQMFNFOUFE UIF 0SJFOUBUJPO %JTUSJCVUJPO 'VODUJPO SFDPOTUSVDUJPO
BMHPSJUIN UPHFUIFS XJUI %� 5PQHBBSE BOE BOBMZTFE UIF EBUB� * XBT UIF NBJO BVUIPS PG
UIF QBQFS�
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