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Abstract

A numerical implementation of a recently published rigorous theory that ana-
lyzes electromagnetic scattering by randomly located particles in a slab geom-
etry is presented. In general, the particles can be of quite arbitrary shape, but,
in this first implementation, all particles are identical dielectric spheres. The
coherent part of the reflected and transmitted intensity at normal incidence is
treated. An effective wave number of the slab is obtained from transmission
data, and this value is compared with existing results in the literature with
good agreement. Moreover, comparisons with the results of the Bouguer-Beer
law (B-B) are made. The present theory also gives a small reflected coherent
field, which is not predicted by the Bouguer-Beer law, and these results are
discussed in some detail.

1 Introduction

Electromagnetic scattering by randomly located particles is frequently encountered
in science. It is an important topic in terrestrial and atmospheric research, biomed-
ical and life sciences, astrophysics, nanotechnology, just to mention a few. The
literature is comprehensive, and we refer to the textbook literature and references
therein, see e.g., [9,10,21,22,27-30] for a survey of the field.

The literature contains several methods of computing the effective wave number,
keg, for a half space containing a collection of randomly located spheres, see e.g.,
[23-25,31,32| and |27, Chapter 6], and references therein. The effective wave number
is obtained by solving a determinant relation and there are in general many solutions
to this problem [6,7]. The new method presented in Part I, [15,16], does not
suffer from these deficiencies and we are able to compute the coherent transmitted
and reflected fields from a finite or an infinite slab containing randomly located
scatterers. In this paper, we present transmission and reflection results for slabs with
different thicknesses and spherical, non-magnetic particles (radius a) with relative
permittivity €, = 1.33%. These data correspond to the permittivity of fresh water at
optical frequencies. Both the electrical size of the spheres and the volume fraction
are varied.

We organize the paper as follows: In Section 2 a brief introduction to the theory
is presented. The numerical implementation is explained in Section 3 and the nu-
merical results are presented in Section 4. We conclude the paper with a discussion
in Section 5 and an appendix.

2 Theory

The theory of electromagnetic scattering by an ensemble of particles is reviewed
in [9,10,19,21,22,27-29|.

The underlying theoretical treatment of the problem handled in this paper is
presented in detail in Kristensson [15,16]. The purpose of this section is to review
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Figure 1. The geometry of the scattering region. The yellow region denotes the
domain of possible locations of local origins, i.e., the interval [zg, z4] = [a,d — a].

and highlight some of the more important steps in the theory. For a more complete
reference, we refer to Kristensson [15,16].

We simplify the theoretical results in [15,16] to a geometry of a slab (z € [0, d])
and to spherical dielectric particles of radius a. These assumptions simplify the
results considerably, and make the numerical implementation less demanding. The
geometry is depicted in Figure 1. Notice that the domain of possible locations of
local origins, [z, z4], is slightly smaller than the extent of the slab, i.e., the interval
is [20, za| = |a,d — a], where a is the radius of the spheres.

Assume the incident field on the slab is!

EI(Z) = Eoeikoz

The coherent part (ensemble average) of the total electric field on either side of the
slab is

Eteikoz, z>d
Eje*0z  E e R0z 5 <)

(E(2)) = {

where the reflected and transmitted amplitudes, E; and E., respectively, are given

I'Vectors are denoted in italic boldface, and matrices in roman boldface. A caret over a vector
denotes a vector of unit length.
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in terms of the volume fraction f of spheres, and the (unknown) coefficients f,(z).
The coefficients f,,(z) are the solution to a system of linear, one-dimensional integral
equations in z, viz.,

. #d
fn(z) = elkoz Z Trm’an’ + kO / Z Knn’(z — Z/)fn’<zl) dzl7 EAS [Z07 Zd]
n! 20 n'

(2.3)
where the transition matrix of the scatterers is denoted 7,,,,, and where the explicit
form of the kernel K, is (r. = x& + yg) is

n N A
Kot () = 15 3 T / / g(|re = 22[) P (o (re — 22)) dz dy
n// R2

Here, g(r) is the pair distribution function [3,20,29,34|, and P, (kod) is the trans-
lation matrix for the outgoing spherical vector waves [2]. The most simple pair
distribution function models the hole correction (HC)

g(r) = H(r — 2a) (2.4)

where H(x) is the Heaviside function and a is the radius of the spheres. The double
integral in the definition of the kernel can be solved analytically for the hole cor-
rection in terms of a series of spherical waves [16,17]. More complex distributions
functions, e.g., the hypernetted-chain equation, the Percus-Yevick approximation
(P-YA), the self-consistent approximation, and Monte Carlo calculations are not
employed in this paper [3,20, 29, 34].

2In this paper, we adopt the multi-index notation n = Toml, where the integer indices 7 = 1,2,
1=1,2,3,..., m=0,1,...,l, and 0 = e,0 (even and odd in the azimuthal angle). In this paper,
only m = 1 is employed, since the particles are spherical and the incidence is normal.



The particles are completely characterized by the transition matrix 7,,,,, which
for a spherical particle is diagonal in its (pairwise) indices, i.€., dpn = 077006 Omms Onpr-
The coefficients a,, are the expansion coefficients of the incident plane wave in regular
spherical vector waves. If the incident direction is along the positive z-direction, i.e.,
ki = z, these are (0 = e is the upper line, and o = o is the lower line)

Aloml = _il5m1 V 27T(2l + 1) (2 X {:?}) . E[)

Y
A2oml = _il+15m1 V 27[(2l + 1) {Z} . E()

where the vector Ey denotes the polarization state in the x-y plane.
The complex-valued transmission and reflection coefficients, ¢ and r, that map
the incident field to the transmitted and reflected fields, respectively, are defined by

ki=z

[ Et = tEo, Er = T'EO ] (25)

The transmissivity 7" and the reflectivity R of the slab are given by

B[ B,
— g R=

3 Numerical implementation

3.1 Numerical solution of the system of integral equations

To compute the reflection and the transmission coefficients of the slab, we need to
solve (2.3) for given geometrical and material data. The equation is a linear system
of Fredholm integral equations of the second kind [5], and we use the Nystrom’s
method to solve the system of integral equations numerically [8,14]. The unknown
quantity, f,(z), is evaluated at set of quadrature points, z = 21, 23,...,2,, in the
interval [z, z4], and the integral in (2.3) is evaluated by the use of the Simpson or
Legendre quadrature rule at the points of discretization. The spatially discretized
vector f,(z,) is denoted F'. Remembering that n is a multi-index of n = {Toml}
(m = 1 in our application), the entries of the vector are organized as

F = (fier1(21) =+ fren1(2p) = Foottmax (21) =+ Foottman (20))" (3.1)

The discretized system has, in general, an overall linear dimension of N = 4[,,..p,>
and the underlying integral equation in (2.3) is discretized as

F=P+B-F & (I-B)-F=P

3For a linearly polarized wave, the number of equations is reduced to N = 2l,..p for each
Cartesian component, since there is no coupling between the set {ro} = {le,20} and {70} =
{1o,2e}.



where I is the identity matrix, and the elements of matrix B, B,,,, are given by (3.2)
below, which are the Simpson or Legendre quadrature weighted discretized kernel
in (2.3) for n and n’, respectively. The integration variable is discretized at the same
points as the left-hand side and ordered the same way as the discrete vector F. The
form of the matrix B, is

lenn’(O) wZKnn’(zl - 22) T wpKnn’(Zl - Zp)
lenn’(ZQ - Zl) wZKnn’(O) to wpKnn’(z2 - Zp)
Bnn’ = kO . . .
w1 K (2p — 21) WoKpp(2p — 22) -+ Wy Ky (0)
(3.2)
where w;, 1 = 1,2, ..., p, are the ordinary Simpson or Legendre quadrature weights

for numerical integration. The discretization of the single scattering contribution

defines the vector P in the same format as F', see (3.1), with vector elements given
by

B, 7)) = g ZTnn/an/ i=1,2,...,p

We solve for the unknown vector F' by the solution of a linear system of equa-
tions in MATLAB or Python 3.8, which also provides an implicit validation of the
code. The transmitted and reflected fields are then found by using (2.1) and (2.2),
respectively.

3.2 Computations of the effective wave number k.g

' Algorithm for determination of the effective wave number £ g |

We assume the spheres are non-magnetic, .e., u, = 1.

1. Compute the transmission coefficient ¢ with the method presented in
Sections 2 and 3.1.

2. Compare the transmission coefficient ¢ with the transmission coefficient
t, of a homogeneous slab of thickness d, and wave number k. For a
normally incident plane wave onto a non-magnetic slab, the transmission
coefficient is [13]

(1 — T2)ei(k—Ho)d
1— F%emkdh

where T'y, = (ko — k)/(ko + k) and kg = w/co is the wave number in
vacuum.

tn(k) =

3. Compute the effective wave number k.g by finding the zeros of the func-
tion G(k) = t — ty(k), i.e., the effective wave number, k.g, satisfies

G(]feﬂ) =0.




The numerical algorithm for the determination of effective wave number kg of
the slab, z € [0, dy], is presented in the high-lighted note above. It differs from the
traditional way of determining the effective wave number, which is done by solving
for the roots of a determinant equation in the complex plane [27]. The effective
wave number determined this way depends on the thickness of the slab, since the
boundary effects are encapsulated in the algorithm.

To find the complex roots k; of G(k) in a given domain € in the complex plane,
we employ either the secant method or the method described in Theorem A.1 in
Appendix A (see also [18]|). The secant method is fast and accurate, and the root
finding algorithm is initialized by the effective wave number in the long wavelength
(Rayleigh) limit, where the effective wave number is obtained by the Clausius-
Mossotti’s law [11] viz.,

&+2+2f(e, — 1) 1.0061, f =0.01
Ee = —
T e +2— fle—1) 1.0625, f=0.1

1.0031, f=0.01

Kot/ Ko = /e {1.0308, F=0.1

With the latter method, the area €2 is subdivided into n sufficiently small rectangular
domains, Q,, with boundaries v,. For each 7,, the expression (A.1) is calculated
using the midpoint rule. No initial value is needed with this method. If k; € Q,, a
test is made with a smaller contour to ensure that k; is the single root inside ~,. The
process is repeated for every v, € €1, and then for every frequency. Both methods
give the same result. Among the available roots, the root closest to the solution at
the previous frequency is chosen. For convenience, {2 was restricted to the region
0<ImO < \/0._1k0, v0.99k, < ReQ < v/2k, in our application.

In some of the figures below, see Figures 10, and 11, we compare the results of
reflection and transmission with the corresponding results of a homogenized slab.
With the particles confined within the slab z € [0,d], it is legitimate to ask what
thickness the homogenized slab should have. The phase centers of the particles are
located in the slab [2g, z4) = [a,d — a], which differs from the confining slab by a
diameter 2a of the particles. This issue is developed further in Section 4.4.

4 Results

In the numerical illustrations, we study the transmissivity and the reflectivity in (2.6)
varying the thickness of the slab and the electrical size of the particles, which are
assumed to be non-magnetic, p, = 1, spheres with relative permittivity e, = 1.332,
corresponding to rain drops at optical frequencies. We also investigate how the vol-
ume fraction of scatters, f, affects the results. The parameters of the computations
are summarized in Table 1.

The radiative transfer equation (RTE) is frequently used to infer the coherent
and diffuse intensities of scattering by random particles in a slab geometry |9]. The
coherent contribution in RTE is Bouguer-Beer law, which specifies the drop in the



Parameter Value

€r 1.332

Hox 1

d/a 10, 50, 100
/C(]CL 0—10

f 0.01,0.1

Table 1: Parameters of the numerical illustrations presented in this paper.

coherent intensity I.(z), due to scattering and absorption in the material. The
explicit form of the law is [9]

I.(z) = I.(0)e Moo= (4.1)

where 0.y is the single particle extinction cross section of the spheres [11], and the
number density ng = 3f/(4na®).

We also compare the method with the results of [27, Chapter 6]. This approach
uses the same underlying theory — translations of spherical vector waves — to
obtain a relation for the expansion coefficients of the scattered fields of the particles.
A half-space geometry is employed and the expansion coefficients are assumed to
have the form A,e'*"*. This leads to an infinite set of equations, and the effective
wave number, kg, is found by a determinant relation. To generate results from [27,
Chapter 6] a MATLAB code was downloaded from [26|. For comparison reasons,
the Percus-Yevick pair distribution function was modified to the hole correction pair
distribution function, see (2.4), by changing Equation (6.1.60) in [27, Chapter 6.
Even if the method in [27] and the one presented in this paper are based on the
same underlying principles, the analysis diverges, and a comparison of the results
is relevant. In addition, our method predicts the reflection properties of the slab as
shown in Figures 10, and 11.

4.1 Computation parameters

The maximum number of terms included in the expansion is determined by the index
[, which highest value is denoted [,.x. The spatial discretization in the z variable is
varied, depending on the slab thickness. The number of spatial discretization points,
p, is increased until the variation of the result is sufficiently stable.The index m is
fixed and takes the value m = 1, due to the excitation and the properties of the
transition matrix of a spherical object. If we restrict the polarization of the incident
field to the z axis, only {ro} = {lo,2e} are engaged. This means that in practise
the system (2.3) has 2l,,,xp number of unknowns to be solved for.

4.2 Transmissivity as function of kya

In Figures 2 and 3, we compare the transmissivity defined in (2.6) as a function
of koa with the transmissivity computed with Bouguer-Beer law (B-B), (4.1), for



a slab with thickness D/a = 98, where D = d — 2a, consisting of non-magnetic
dielectric spheres of radius a and €, = 1.33%2. Two different volume fractions are used,
f=0.01 and f =0.1. With B-B law, (4.1), the transmissivity is T' = I.(D)/I.(0),
where D = d — 2a.* In Figure 2, we notice a very good agreement for f = 0.01
between the Bouguer-Beer law and the method presented in this paper. For f = 0.1
(Figure 3), the agreement is — in relative measures — less good, but good in absolute
values, as both methods predict low transmissivity. For both volume fractions, the
transmissivity has a global minimum in the studied frequency interval at kqa =~ 6.
The increase in transmissivity at larger kqga is due to the fact that the extinction
cross section oy decreases, see insert in Figure 3. This means that the spheres
scatter less, and, hence, the coherent transmissivity increases.

There is a fine ripple in the transmissivity at low frequencies that is non-visible
on the scale of the figure and hidden in the line thickness. This is illustrated in
the insert in Figures 2 and 3. The effect diminishes at higher frequencies and the
period of the ripple is different in the two figures (different volume fractions generate
different effective wave numbers). The reason for this ripple is interference effects
between the front and trailing end discontinuities in particle densities at z = a and
z = d — a. The period of the oscillation A(kpa) is

ko a
Re k’eff 2D

where D = d — 2a. We discuss this ripple in more detail in Section 4.5 dealing with
the reflectivity as a function of kqa.

In Figure 4 the real and imaginary part of transmission coefficient are plotted
for f =0.01 and f = 0.1 in the complex ¢ plane with kya as a parameter along the
curves. At higher volume fractions, the curve rapidly approaches the origin.

A(koa) = 2n (4.2)

4.3 Transmissivity as function of volume fraction f

In Figure 5, the transmissivity 7' is plotted as a function of the volume fraction f
at kga = 10. We note good agreement between our method and Bouguer-Beer law
for small f, but at higher volume fractions the curves start to deviate. A possible
explanation to the discrepancies between the Bouguer-Beer law and the present
method at higher volume fractions is that the far field criterion is assumed between
the scatterers in the Bouguer-Beer law. At lower concentrations, this assumptions is
more accurate, hence the Bouguer-Beer law and our method agree more. Moreover,
no boundary effects are included in the Bouguer-Beer law.

4.4 Computations of the effective wave number kg

The effective wave number, kg, is calculated using the transmission coefficient of
the coherent field, as described in Section 3.2, for different slab-thicknesses d. For

4Notice that the thickness of the slab is D = d — 2a. There is a slight difference between
the geometrical thickness d of the containing slab (thickness of the material), and the quantity
D = d — 2a, which measures the thickness of the scatterer’s phase centers in the slab, see also in
Section 4.5 below.
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Figure 2: The transmissivity 7' (coherent part) as a function of the electrical size
koa for a slab thickness of d/a = 100 and constant volume fraction f = 0.01. The
blue line is the result obtained by the Bouguer-Beer law (B-B). The insert shows
the fine ripple that occurs at low frequencies.
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Figure 3: The same data as in Figure 2, but with f = 0.1 and in log-scale on the
vertical axis. The insert to the left shows the extinction cross section ey /(2ma?) for
a single sphere as a function of the frequency k,. Notice that minimum transmission
coincides with the maximum in the extinction cross section.
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Figure 4: The components of the complex-valued transmission coefficient, t(koa),
in the complex plane as a function of the electrical size kqa for a slab of thickness
d/a = 100 and constant volume fraction f = 0.01 (blue curve) and f = 0.1 (green
curve).

each choice of d, the algorithm in the high-lighted note in Section 3.2 determines a
set of effective wave numbers that match the transmission data. It is, however, not
obvious what slab thickness to use in this algorithm. Specifically, the geometrical
extent of the containing slab is d, and the extent of the phase centers is D = d — 2a.
In the discussion above in Section 4.2, we found that using a thickness D gave
consistent periodicity of the fine ripple at low frequencies for the reflection data. This
observation validates that the electrical thickness of the slab is D (also supported
by the integration interval in the system of integral equations in (2.3)), and in this
paper we use this value in our computations as the thickness of the homogenized
slab.

In Figures 6 and 7, we compare the results of [27| and the results presented
in this paper of determining the effective wavenumber k.. The wave number k.g
is normalized with the wave number of vacuum, ky. The result computed with
the method in [27] originates from a half-space. We notice that the values of kg
computed with the present method for both dy,/a = 10,50, 100 and dy,/a = 8, 48,98
and the results given in [27] differ. The differences get smaller as the slab gets wider,
and the values d,/a = 8,48,98 have a better fit, which further supports the fact
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Figure 5: The transmissivity 7' (coherent part) in log scale as a function of the
volume fraction f for a slab of thickness d/a = 100 and constant electrical size
koa = 10. The blue line is the result obtained by the Bouguer-Beer law (B-B).

that the thickness of the electrical thickness is D.

4.5 Reflectivity as function of kya

The reflection coefficient for a homogeneous slab of thickness dy, and wave number
k is given by [13]

1 — o2ikdy
where '}, is given in the high-lighted note in Section 3.2.

The reflectivity R as a function of the frequency parameter kga for d/a = 100
and volume fractions f = 0.01,0.1 is shown in Figures 8 and 9, respectively. The
low-frequency ripple is clearly shown in these figures, and the period of the ripple
depends of the volume fraction f as well as the thickness D, see (4.2). The figures
also contain a comparison of the reflectivity with a homogenized slab using the
effective wave number computed in Section 4.4 (see Figures 6 and 7). The effective
wave number kg depends on the parameters f and D.

Notice that the period of the blue curves overlap the correct reflectivity (black
curves). This is an indirect proof that D = d — 2a is the electric thickness of the
slab filled with particles. This is also supported by the integration interval in the
system of integral equations (2.3), and the period of the ripple supports that the
period is related to the length scale 2D. The reflectivity of the homogenized slab
agrees well for low frequencies, and deviates at higher frequencies. In contrast to
the transmissivity, the ripple in the reflectivity extends to higher frequencies.

(k) =Ty (4.3)
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Figure 6: The real component of the scaled effective wave number, keg/ko, as a
function of the electrical size koa for a slab of thickness d},/a = 8,48,98 (red, blue,
and black solid curves, respectively) and d,/a = 10,50, 100 (red, blue and, black
dotted curves, respectively) and constant volume fraction f = 0.1. The crosses are
the result by [27].

Im k'eﬁf/ko

0.02 1

0.015 1

0.01 1

0.005 1

Figure 7: The imaginary component of the scaled effective wave number, keg/ko,
as a function of the electrical size kgpa. Data are identical to the ones in Figure 6.
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Figure 8: The reflectivity R (coherent part) in log scale as a function of the electrical
size koa (black curve). The slab thickness is d/a = 100 and the volume fraction
f = 0.01. The blue and green curves show the reflectivity from an homogeneous
slab with effective wave number for f = 0.01 and slab thickness d,/a = 98,100,
respectively. The blue and green vertical lines show the periods 1/1.0031/98 and
1/1.0031/100, respectively.
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Figure 9: The same as in Figure 8, but with f = 0.1. The reflectivity from the ho-
mogenized slabs uses the effective wave number from Figures 6 and 7. The blue and
green vertical lines show the periods ©/1.0308/98 and n/1.0308/100, respectively.
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In Figures 10 and 11, we show the reflectivity, R, see (2.6), for a volume fraction
f = 0.01, with containing slab thickness d/a = 10, 50, respectively. The thickness
of the homogenized slab is d,,/a = D/a = 8,48, respectively. As the ripple mention
above is present, it is difficult to make an illustration over the entire frequency
interval k, € [0, 10], because the many oscillations obstruct the curve. However, in
Figure 12 we depict the reflectivity over a larger frequency interval, but for a denser
and thicker particulate material (d/a = 50, f = 0.1).

The results shown in Figures 10 and 11 are compared with the reflectivity, com-
puted with (4.3) with effective wave number ko obtained with the algorithm in the
high-lighted note in Section 3.2. These figures show the reflectivity for a thinner
slab than the ones in Figures 8 and 9. We obtain good agreement between the two
ways of computing reflection data for small kga. This means that k.g is a solution
to both G(k) = 0, see Section 3.2 for definition, and r — r,(k) ~ 0 when koa is
small, where r is computed by (2.5) and ry,(k) is given in (4.3). For these parameter
values, when the wavelength of the electromagnetic field is large compared with the
size of the particles, classical homogenization methods hold (e.g., see [1,4,12,33]).

5 Discussion and conclusions

We have presented numerical results for the method described in [16] to model the
coherent reflected and transmitted fields for a slab of finite thickness containing
randomly distributed spherical particles of equal size and relative permittivity, e,.
The wave number for the transmitted field agrees well with the effective wave number
obtained by the method given in |27, Chapter 6] if the thickness of the slab is large.

We have observed that the reflection by the slab is consistent with the reflection
by a homogeneous slab at low frequencies and verifies that homogenization methods
are useful.

We have used the hole correction, which is applicable for e.g., gases. In the
future, another type of hole correction should be implemented. Extensions to oblique
incidence are also planned.

Appendix A Zeros and poles of an analytic function

The determination of the location of zeros of an analytic function is vital in the
computations of the effective wave number in this paper. The following theorem is
then useful [18]:

Theorem A.1. Let Q2 be an open domain in the complex z-plane, and let f(z) be
an analytic function in Q with a stimple zero at zo. Then

z dz

z

v f(2)
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Figure 10: Reflectivity R (coherent part) v.s. frequency in log scale for a slab of
thickness d/a = 10 and constant volume fraction f = 0.01. The green line is the
result obtained by reflection by a homogeneous slab.
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Figure 11: Reflectivity R (coherent part) v.s. frequency in log scale for a slab of
thickness d/a = 50 and constant volume fraction f = 0.01. The green line is the
result obtained by reflection by a homogeneous slab.
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Figure 12: Reflectivity R (coherent part) v.s. frequency in log scale for a slab of
thickness d/a = 50 and constant volume fraction f = 0.1. Noticed that the ripple at
low frequencies vanishes at higher frequencies. The green line is the result obtained
by reflection by a homogeneous slab.

where 7 is any contour that lies inside ), and that encircles the zero z.

We give the proof of this theorem.

Proof. Since the zero is simple the function f(z) is

f(2) =9(2)(z = 20), z€9Q

where g(z) has no zeroes in Q. The residue theorem then gives

z dz z . 20
= 21i Res —— = 2mi
ie) F(2)].— 9(20)
Similarly,
dz ori 1
y f(z) 9(20)
and the theorem is proved. O]
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