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Abstract

This thesis consists of four papers that broadly concerns two different topics. The first
topic is so-called barycentric Markov processes. By a barycentric Markov process we
mean a process that consists of a point/particle system evolving in (discrete) time,
whose evolution depends in some way on the mean value of the current points in the
system. In common for the three first papers which are on this topic is that we study
how all the points of the so-called core (a certain subset of points in the system) of the

system converge to the same point.

The first article concerns how an N-point system behaves when we reject the K < N/2
points that minimize the sample variance of the remaining N — K points (the core). We
then replace the rejected points with K new points which follow some fixed distribution
and which are all independent from the past points. When K =1 this is equivalent to
rejecting the point which is furthest from the center of mass. We prove that under rather
weak assumptions on the sampling distribution, the points of the core converge to the
same point as well as that regardless of any assumptions on our sampling distribution,

the sampling variance of the core converges to zero or the core ”drifts off to infinity”.

The second article concerns a similar problem as the first one. We once again consider
an N-point system but at each time step we reject the point furthest from the center
of mass multiplied by a positive number p and replace it with a point from a fixed
distribution with full support on [0, 1], which is independent from all past points. If
p = 1 we obtain a special case of the previous article. If p # 1 it turns out that
this process behaves very differently from the process in the first article, the stationary

distribution to which the core points converge turns out to be a Bernoulli distribution.

The third article studies yet another N-point system but now on a discrete circle.
During each time step we compute the distances for each point from the mean of it’s
two neighbours and reject the one with largest such distance (thereby obtaining our
core) and replace it with a new point independent from past points. Two different
cases are considered, the first is with uniformly distributed points in [0, 1] and the other
is with a discrete uniform distribution (i.e. uniformly distributed on an equally spaced
grid).

The fourth and last article is on the topic of stochastic calculus. The main objective is

to study ”stability” of integrators for stochastic integrals. We examine how converging
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sequences of processes in the role of integrators retain their convergence properties
for their corresponding integrals when the integrators are transformed under certain
classes of functions. The convergence is on one hand in the uniform (over compact time
intervals) in LP-sense and on the other hand in the UCP-sense (uniform convergence in
probability on compact time intervals). We examine processes with quadratic variations
(along some refining sequence) transformed by absolutely continuous functions as well

as Dirichlet processes transformed by C! functions.
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Popularvetenskaplig sammanfattning

Denna avhandling behandlar i huvudsak tva olika &mnen. Det forsta &mnet ar, i en bred
mening, sa kallade barycentriska Markovprocesser. Med barycentriska Markovprocesser
asyftas hir, processer som bestar av en punkt/partikeluppséattning som utvecklas under
(diskret) tid och vars utveckling pa nagot sitt styrs av dem ingdende partiklarnas
medelpunkt. Gemensamt for alla tre artiklar som avhandlar detta &mne &r att vi
studerar hur punkterna i systemets sa kallade kérna (en viss sorts delméngd av systemet

punkter) alla konvergerar till en och samma punkt.

Den forsta artikeln avhandlar hur ett N-punktssystem beter sig nér vi forkastar K <
N/2 punkter som minimerar sampelvariansen av de N — K aterstaende punkterna
(kdirnan). Sedan ersitter vi de forkastade punkterna med K nya punkter som foljer
nagon fix férdelning och som ar oberoende av tidigare punkter, detta adr vad som sker
vid ett tidssteg. Néar K = 1 sa svarar detta mot att forkasta den punkt som ligger
langst ifran systemets medelpunkt. Vi bevisar att under ganska sa svaga antaganden
pa fordelningen som de nya punkterna slumpas utifran s konvergerar systemets punkter
mot en och samma punkt, nér antalet tidssteg gar mot oédndligheten samt att utan nagra
fordelningsantaganden alls sa maste sampelvariansen av kidrnan konvergera till noll eller

sa drar kidrnan ”ivdg mot oéndligheten”.

Den andra artikeln avhandlar ett snarlikt problem som den forsta artikeln. Vi betraktar
aterigen ett N-punktssystem men vid varje tidssteg sa forkastar vi den hér gangen den
punkt som ligger ldngst ifran medelpunkten multiplicerad med en positiv konstant p
och ersétter den med en oberoende punkt vars férdelning har fullt stod pa intervallet
[0,1]. Om p = 1 sa har vi ett specialfall av processen som studerades i den forsta
artikeln. Om p # 1 sa visar det sig att denna process beter sig valdigt annorlunda fran
processen i den foregaende artikeln, den stationdra fordelningen mot vilken kdrnans

punkter narmar sig visar sig alltid vara Bernoulliférdelad.

Den tredje artikeln studerar aterigen ett N-punktssystem men nu pa en diskret cirkel.
Under ett tidssteg sa beraknar vi avstanden till medelpunkten mellan varje punkts tva
grannar och forkastar den punkt med hogst sadant avstand (detta ar var kérna) och
ersétter sedan denna med en ny punkt som &r obereonde av tidigare punkter. Vi later
antalet tidssteg ga mot oandligheten och studerar konvergens av kdrnans punkter. Tva
fall behandlas i denna artikel, dels likformigt fordelade punkter pa intervallet [0, 1],
samt diskret likformigt fordelade punkter (dvs likformigt fordelade Gver en grid déar
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punkterna ar ekvidistanta).

Den fjarde och sista artikeln ar inom dmnet stokastisk kalkyl. Huvudsyftet med denna
artikel ar att studera ”stabilitet” av integratorer for stokastiska integraler. Vi un-
dersoker hur konvergerande foljder av processer i egenskap av integratorer bibehaller
sin konvergensegenskap for tillhorande integraler nér integratorerna transformeras av
olika klasser av funktioner. Konvergensen &r dels i likformig (6ver kompakta tidsin-
tervall) LP-mening och dels i UCP-mening (likformig konvergens i sannolikhet Gver
kompakta tidsintervall). Vi undersoker dels processer med kvadratisk variation (langs
nagon given forfiningssekvens) transformerade under absolutkontinuerliga funktioner

samt Dirichletprocesser transformerade under C' funktioner.



Chapter 1

Introduction

1 Semimartingales

In this section we give a very minimal introduction to the concept of semimartingales.
No proofs of the results are given here, they can all be found in Chapter two of [3].
Semimartingales can be defined in two equivalent manners. The most straightforward
definition is to define it as a sum of a local martingale and a processes of finite variation.
The second definition, which has more of a functional analysis flare is the following. Let

S denote the space of so called simple predictable processes which are of the form

Hy=Ho+ > Hil(r, 1,,,)(t), (1.1)
k=1

for some finite sequence of stopping times 77 < ... < Tj,41 < oo and where Hy € Fr,.
Given a continuous-time stochastic processes X and a simple predictable process H € S,

we define the linear operator Ix : S — L° by

Ix(H) = HoXo + ZHk (X1, — X1.)
k=1

when H has the form of (1.1).
Definition 1. An adapted cadlag process X is called a semimartingale if for each

t € R, the map Ix: : S — L is continuous in the sense that sup, , |HZ (t)—H,(t)| — 0
implies Ixe(H™) 5 I (H).



The fact that these two definitions are equivalent is known as the Bichteler-Dellacherie

Theorem.

Definition 2. A sequence of processes {X"},, is said to converge in the topology of

uniform convergence in probability (ucp) to a X if (X" — X); = sup,<, | X — X Lo

Theorem 1. The space S is dense in L (the space of caglad processes) under the ucp

topology.

Definition 3. Let H € S and X be a cadlag process, we define the (linear) map
Jx : S = D, called the stochastic integral of H with respect to X by

Jx(H) = HoXo+ » H; (X"ir — X™)

i=1
with H of the form in (1.1).

Theorem 2. The map Jx : Sucp — Duep is continuous (here mathbfSye, and Dyep

denotes mathbfS and D equipped with the ucp-topology respectively.

From Theorem 1 and Theorem 2 it follows that Jx : Lycp — Dycp is continuous.

2 Random measures

This section gives a brief introduction to the concept of random measures and their
corresponding integrals. All results and definition are taken either from chapter 2 of

[12] or chapter 3 of [7], all proofs are omitted but can be found in these textbooks.

Definition 4. A random measure on RT x R? is a family {u,(.,.),w € Q} of non-
negative measures on (R* x R B(RY) x B(R?)) with the property that p,, ({0}, A) =0

for every A € B(R?) (i.e. no point mass at time zero).

Let Q' == Q xRt x R4, O := O x B(R?) and P’ := P x B(R?), where O denotes the
optional sigma algebra (the sigma algebra generated by mappings of the type (w,t) —
f(w,t) where f(w,.) € D, the space of cadlag functions) and P denotes the predictable
sigma algebra (the sigma algebra generated by mappings of the type (w,t) = f(w,?)
where f(w,.) is a caglad function). We say a function on €’ is optional if it is O’-

measurable and say it is predictable if it is P’-measurable. Let W(w,t,z) : & — R



be an optional function on ', since W (w, .,.) is B(R*) x B(R?))-measurable for every
B(RY) W(w, s, )y (ds, dz)
when f[O,t]x]B%(]Rd) W (w, s, z)|pw(ds, dx) < oo and as +oo otherwise. We say that p is

w € Q, we may define the integral process (W - u); as f[oAt]

optional if W - 1 is an optional process for every optional function W. Similarly we say

that p is predictable if W - i is predictable for every predictable .

Definition 5. An optional measure u is called P'-o-finite if there exists a strictly

positive predictable function V on Q' such that E U}RWW V(w, s, x) e (ds, daz)} < oo

We shall say that nonnegative process is integrable if it has an a.s. limit as t — oo and
this limit has a finite expected value. Also we will use the term transition kernel (as is
done in [12]) of a measurable space (A, .A) into another measurable space (B, B) we will
mean a family {a(a,.) : a € A} of non-negative measures on (B, B) such that a(.,C)
is A-measurable for each C € B. Recall (See) the following property, if (G,G) is any
measurable space and m is any finite nonnegative measure on (R? x G, B(R?) x G) with
G-marginal m(A) = m(A x R?) then there exists a transition kernel a from (G, G) into
(R4, B(R?)) such that m(B) = [ [ 15(g,z)a(g, dz)m(dg) for all B € G x B(R?).

Theorem 3. If u is an optional P'-o-finite measure then there exists a predictable
random measure v, called the compensator of wu, which is unique up to a P-null set
satisfying either one of the following two equivalent conditions

(i) E [f]R+><]Rd W (w, s, x, )vy,(ds, dx)] =E {fRJrX]Rd W(w, s,x, ) (ds, dm)] for every non-
negative P’ -measurable random function W on Q.

(ii) For every P’-measurable function W on Q' such that f[O,t]de W (w, s, x,)|p(ds, dzx)
is an integrable process then f[O,t]de W (w, s, z,)|v,(ds, dx) is also integrable and
f[O,t]de W (w, s, z,)|v,(ds, dz) is the compensator process of

f[O,t]de W (w, s, x, )| 1w (ds, dx).

Moreover there exists a (predictable) increasing and integrable process A and a transition
kernel K (w,t,dz) from (Q x RY P) into (R%,B(R?)) such that

Vy(dt,dz) = dAs(w)K (w, t, dx)

Definition 6. We say that u is an integer valued random measure if it satisfies:
1) po({t} x RY) <1 a.s. for allt € RY,

2) for each A € B(RT) x B(R?), y(A) € N

3) w is optional and P’-o-finite.

Let v denote the compensator of an integer valued random measure p. Denote

at(w) = v(w, {t} x RY)



Lemma 1. There exists a version of the compensator v of u such that

ar(w) < 1.

We say that a random set D is thin if D = J,,5,[[T5]] where {7}, are stopping times
and [[T,,]] = {(w,t) : t e RT, T'(w) =t}

Proposition 1. If i is an integer-valued random measure, there exists a thin random

set D and an R¥-valued optional process B such that

Mw(Av B) = Z 1D<w7 S)é(s,ﬁ(s) (A7 B)a
seA

for A € B(RY) and B € B(R?).

Proposition 2. Let X be an R%-valued cadlag process then
A, B) = > lax,#00(s.ax,)(4, B)

with A € B(RT) and B € B(R?) defines an integer-valued random measure with D =
{AX # 0} being the thin set and (s) = AX; the optional process in the previous

proposition.

Let p be an integer valued random measure, v it’s compensator and such that |U| - v is

a locally integrable process then so is |U| - v

Let p be an integer valued random measure, define the integer valued measure p by
p(w,r) = Z las(w)>0(1 - :u(wv {5} X Rd))v
sel

for every I' € B(R™T). The compensator of p is the ;measure ¢ given by (see section 5 of
chapter 3 in [7])

Q(wvr) = Z 1as(w)>0(1 - GS(w»'

sel’

Let U be a P’-measurable function such that for each stopping time T
/ U (w, T, 2)0(w, {T}, dz)1pens < 00 a5.
Rd
and define for such U

U(w,t) = /]Rd U(w, t, z)v(w,{t},dz).



Define now the process

o) = (U -T2 g

= — P+ ——q
1+|U-0| 1+0

If G(U) is locally integrable then the integral U - (u—v) is a well defined local martingale

(again, see section 5 of chapter 3 in [7] for a proof).

3 Dirichlet processes

Originally studied by Follmer in the paper REF for the purpose of developing a pathwise
Ito calculus. Today there are several definitions of Dirichlet processes (which are not
all equivalent). We will present the original definition proposed by Follmer (in [5]),
but first we introduce the notion of a refining seqeunce. Given some ¢t > 0 we say that
{ Dy} is a refining sequence of each Dy, is a partition of [0,t], Dy C D1 and the mesh

of Dy, tends to zero as k — oo.

Definition 7. X is said to be a Dirichlet process (in Féllmer sense) if for any t > 0,

and for some refining sequence { Dy }i of [0,¢],

sup Z E Z E [XSJ'+1 - Xy, |]:5j] )

=" t, €Dy tiSSjSti_'_l,SjEDl

a.s. converges to zero as k — oo.

Follmer also showed in [6] that this definition is equivalent to saying that X can be
(uniquely) decomposed into a square integrable martingale plus an adapted continuous
process starting in 0 with zero quadratic variation along { Dy }r. We will work with a

definition not equivalent Follmers, which is much weaker.

Definition 8. A cadlag process X is called a semimartingale if X = Z + C where Z
is a semimartingale and C' is an adapted continuous process of zero quadratic variation

along some refining sequence { Dy }k>1.

By the above definition any semimartingale is a Dirichlet process, something which
is obviously not true by Follmer’s definition. By transforming a semimartingale by a

C? function we know that by Ito’s formula we get yet another semimartingale. If we



however transform a semimartingale by a C'' function then in general we do not get a
semimartingale but a Dirichlet process. In fact, it was shown in [9] that if we transform
a Dirichlet process by a C! function we retain another Dirichlet process. In the same

article the following representation formula was also proven

Theorem 4. Let X = Z + C where Z is a semimartingale and C has zero quadratic
variation and f be a C*-function. We have f(X,) =Y, + s where Y is a semimartin-

gale, T' is continuous and [I']; =0 for allt > 0. The expression for'Y is given by

= F(X0) + 3 (F(Xe) = F(Xoo) = AXF(Xo)) Iax o1 + / f(X,)dz,

s<t

//|<1 (Xo- +2) = f(Xoo) —2f'(Xo-)) (u = v)(ds, du)
Z/|< (f(Xs— + ) = f(Xs-) —2f'(Xs-)) v({s}, dz). (3.2)

4 Background for papers A, B and C

Papers A and B (and to a lesser extent paper C) are directly related to the paper by
[11], in this paper a number of open problems were posed. Among these problems was
one referred to as ”a repeated Keynesian beauty contest”. Fix a parameter p > 0.
Start with a uniform array of N elements on [0,1]. At each step, compute the mean
p of the N elements, and replace by a UJ[0,1] random variable the element that is
farthest (amongst all the N points) from pu. Thus at each step, either the minimum
or maximum is replaced, depending on the current configuration. This is related to
the “p-beauty contest” [27, p. 72] in which N players choose a number between 0
and 100, the winner being the player whose choice is closest to p times the average of
all the N choices. The stochastic process described above is a repeated, randomized
version of this game (without any learning, and with random player behaviour) in
which the worst performer is replaced by a new player. In the paper ” Convergence in
a multidimensional randomized Keynesian beauty contest” in [2] the case p = 1 was
studied and also generalized to the multivariate case, i.e. considering points in R™ and

with UJ0,1]™ distributed replacement points.



5 Summary of paper A

In this paper we generalize the results of those in [2]. We also redefine the process so
that we allow for K < N/2 points to be replaced at each step. The criteria for which
points that are to be replaced is that we replace those K points that minimize the
sample variance of the remaining N — K points (this minimization is the reason for the
given name, Jante’s law process). If K =1 then this is actually the same as to replace
the point furthest from the center of mass, so it coincides with the model in [2]. We

also allow for much more general distributions.

5.1 Main outline of paper

In section one we define the model and introduce some auxiliary tools. Section two
is devoted to studying the ”dissipation” of the system (or to put it more succinctly,
convergence of the sample variance to zero). Theorem 1 tells us that if K < N —2
(this result is thus more general than our other results which require that K < N/2)
regardless of the sampling distribution (on R?), the system can only have two long
term behaviours; either the sample variance converges to zero or the system ”runs of
to infinity” (i.e. the absolute value of at least one of the core points goes to infinity).
As a corollary to this theorem we show that when d = 1 and the sampling distribution

is singular, the core converges to a single point.

In Section 2.1 we prove in Theorem 2 that in the real-valued case, when we remove only
one point, under a rather weak assumption on the distribution of the tail, the sample
variance converges almost surely to zero. It is possible to construct counterexamples to
this assumption by hand, but most common continuous distributions will in fact fulfil
the proposed assumption. In addition we also prove that if the core eventually stays
in the tail region then the process converges to a single point almost surely; if the tail
condition is valid on the whole line then the process converges to a single point (almost
surely). An additional result has been added to this theorem that was not present in
the published article namely, we prove that if the sampling distribution has finite first
moment with the tail condition being valid through all of the support then limit of the

expected value of the order statistics (up to N — 1) of the core all exist and coincide.

In Section three we first introduce a ”local” regularity assumption for distributions on

R?, this is a very weak assumption that we have yet to find any counterexamples to.



In Theorem 3, we prove that if K < N/2, either the core drifts off to infinity or it
almost surely converges to a single point. In particular, if the sampling distribution
has compact support then the core converges almost surely. We also introduce an even
weaker assumption (the ”matryoshka” condition) when d = 1, and show that in the
real-valued case we have convergence of the core under this weaker condition. Finally
we show that if one combines the ”matryoshka” condition in some bounded region and
assumes the tail condition used for Theorem 2 then we also have almost sure convergence

of the core.

6 Summary of paper B

We study a discrete-time Markovian system of N > 3 number of points, {X¥, ..., X%}
taking values in [0,1]. Given a fixed parameter p € R™ we start with our N points
at time ¢t = 0, compute their average u(XY,..., X%), remove the point furthest from
pu(XY?, ..., X%) (the remaining N —1 points are called ”the core” similarly to the Jante’s
law process) and then replace it with a point independent from all past points, having
some fixed distribution ¢, with full support in [0, 1]. This procedure is then repeated
indefinitely and we study convergence of the core. Study of this process (with ¢ €

U(]0,1])) was posed as an open problem in [11].

6.1 Main outline of paper B

The problem is divided into two different cases, p < 1 and p > 1 (The case p = 1
was dealt with in [2] and generalized in [8]). In Section 1 we formalize the model and
introduce some notation. In section 2 we tackle the case p < 1 when the sampling
distribution is uniform on [0,1]. In Theorem 1 we prove that the core almost surely
converges to zero. In part, this is based on some very tedious but elementary inequalities
that have been deferred to the Appendix. In section three we study the case p > 1.
We consider all sampling distributions with full support on [0, 1] and establish that the
core must converge almost surely either to zero or one, and we provide examples when
both outcomes are possible, i.e. when the stationary distribution is a true Bernoulli
distribution. In Section four we study the case when N = 3, ¢ has a nondecreasing
density in some neighbourhood of zero and show that in this case X'(t) — 1 a.s..

The second section in the Appendix contains the original proof (the published one) of



Theorem 2.

7 Summary of paper C

We study the behaviour of an interacting particle system, related to the Bak-Sneppen
model and Jante’s law process defined in [8]. Let N > 3 vertices be placed on a circle,
such that each vertex has exactly two neighbours. To each vertex we assign a real
number, called fitness. We pick the vertex which fitness deviates most from the average
of the fitnesses of its two immediate neighbours (in case of a tie, draw uniformly among
such vertices), and replace it by a random value drawn independently according to
some distribution (. We show that when ( is finitely supported on a uniform grid or
has a continuous uniform distribution, all the fitnesses, except one, converge to the
same value. The model we study in this paper is a “marriage” between Jante’s law
process (defined in [8]) and the Bak-Sneppen (BS) model. In the BS model, N species
are located around a circle, and each of them is associated with a so-called “fitness”,
which is a real number. The algorithm consists in choosing the least fit individual, and
then replacing it and both of its two closest neighbours by a new species, with a new

random and independent fitness.

7.1 Main outline of paper C

In Section one we formally define the model and introduce necessary notation. In
Section two we study the discrete case and show that the process is a finite state space
Markov chain which almost surely gets absorbed, regardless of initial state. In Section
three we deal with the case when the sampling distribution is U[0, 1] and show that the

core converges almost surely to a single point.

8 Summary of paper Paper D

We consider limits for sequences of the type [Y_df,(X"™), for semimartingale integ-
rands, where both the functions {f,}, and the processes {X"}, tend to some lim-
its, f and X respectively. An important ingredient is then to study the limit of
[fn(X™) — f(X)] which is an interesting problem in its own right. We provide an



important application which is jump removal. We consider processes {X"},, admitting
to quadratic variations and absolutely continuous functions { f,, },, which are dominated
by some locally integrable function and study convergence in the UCP setting. We
also consider the case when {X"},, are Dirichlet processes and {f,}, are C* functions
whose derivatives converge uniformly on compacts. We provide important examples of

how to apply this theory for sequential jump removal.

8.1 Main outline of paper D

In the first section we introduce the notion of quadratic- and covariation along a refining
sequence. In the second section we go through some notation, recall some results from
the theory of Dirichlet processes and prove lemma’s that will be used in the main results.
Of more general interest we prove that processes admitting to quadratic variations are
closed under absolutely continuous transforms and that these processes are well-defined
integrators for semimartingale integrands. In the third section we state our main results
and prove the results concerning stability of integrators under either C''- (for Dirichlet
processes) or absolutely continuous transforms (for processes admitting to quadratic
variations), in either in uniform L convergence setting (for Dirichlet processes) or in
the UCP setting (for processes admitting to quadratic variations). In section four we
provide examples for the results of the previous section in terms of so-called jump
truncations. Of particular interest are processes with jumps of finite variation where
we can simply remove jumps on a by-modulus basis for smaller and smaller truncation
levels. We also show certain commutation properties of such jump truncation with
regards to our earlier stability results. In the Appendix we give proofs of results deferred

to this section.
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Abstract

Fix some integers d > 1, N > 3, 1 < K < N and a d—dimensional random variable
¢. Define an energy of configuration of m points as the sum of all pairwise distances
squared!. The process starts with initially N distinct points on R?. Next, of the total
N points keep those N — K which minimize the energy amongst all the subsets of
size N — K, and replace thrown out points by K i.i.d. points sampled according to
¢, and of the total N + K points keep those N which minimize the energy amongst
all the subsets of size N. Repeat this process ad infinitum. We obtain various quite
non-restrictive conditions under which the set of points converges to a certain limit.
Observe that this is a very substantial generalization of the “Keynesian beauty contest
process” introduced in [3] where K = 1 and the distribution ¢ was uniform on the unit

cube.

Keywords: Keynesian beauty contest, rank driven processes, interacting particle sys-

tems.

Subject classification: 60J05, 60D05, 60K 35.

1 Introduction and main result

We study a generalization of the model presented in Grinfeld et al. [3]. Fix an integer
N > 3 and some d-dimensional random variable (. Now arbitrary choose N distinct
points on R%, d > 1. The process in [3], called there “Keynesian beauty contest process”,
is a discrete-time process with the following dynamics: given the configuration of NV
points we compute its center of mass p and throw away the most distant from p point;
if there is more than one, we choose each one with equal probability. Then this point
is replaced with a new point drawn independently each time from the distribution of (.
In [3] it was shown that when ¢ has a uniform distribution on a unit cube, then the
configuration converges to some random point on R, with the exception of the most

distant point.

The aim of this paper is to remove the assumption on uniformity of ¢ and obtain

IPlease note that in physics this often corresponds to the moment of inertia; however, it can be
viewed as “the energy” from the perspective of potential theory. For simplicity, we will use this term

in the current paper.
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some general sufficient conditions under which the similar convergence takes place.
Additionally, it turns out we can naturally generalize the process by removing not just
one but K > 2 points at the same time, and then replacing them with new K i.i.d.
points sampled from (. We also give the process we introduce a different name, which
we believe describes its essence much better. The “Law of Jante” is the concept that
there is a pattern of group behaviour towards individuals within Scandinavian countries
that criticises individual success and achievement as unworthy and inappropriate, in
other words, it is better to be “like everyone else”. The concept was created by Aksel
Sandemose in [1], identified the Law of Jante as ten rules, and has been a very popular

concept in Nordic countries since then.

We will use mostly the same notations as in [3]. Namely, let X,, = (z1,x2,...,2,) for a
vector of n points x; € R%; let ju,(X,) :=n""! Z?Zl x; be the barycentre of X,,. Denote

by ord(&X,) = (z(1), z(2), .., ¥(n)) the barycentric order statistics of 21,...,,, so that

Hm(l) - Mn(Xn)H < Hm(Q) - /J'n(Xn)H <. < ||=T(n) - Nn(Xn>||

Here and throughout the paper ||z|| denotes the Euclidean norm in R%, z -y is a dot
product of two vectors z,y € R%, and B,(v) = {y € RY: |y — x| < r} is an open ball

of radius r centred at z. As in [3] let us also define for X, = (z1,72,...,7,) € R™"
n i—1 n n
1 .
GalXo) = Gl ) i= 13- S =yl = 3l = () = inf, S o =l
i=1 j=1 i=1 i=1

We can think of G,,(X,,) as of a measure of “diversity” among individuals with prop-

erties x1,...,T,.

In [3] where K = 1, the authors called x(,) the extreme point of X, that is, a
point of z1,...,z, farthest from the barycentre, and the defined core of X,, as X :=
(#(1),--+sZ(n—1)), the vector of x1,...,x, with (one of) the extreme point removed.
They also defined F,(X,) := G,,—1(X}) and F(t) = Fnx(X(t)).

In our paper, when K > 1, we re-define the core as the subset of x1,...,zN contain-
ing N — K elements which minimizes the diversity of the remaining individuals, that is
the subset which minimizes
min GN—K(yla-”,yN—K)-
{y1,- yn—x }C{x1,...,.zN }

We will show below that, in fact, when K = 1 both definitions coincide.

The process runs as follows: Let X(t) = {X(t),..., Xn(#)} be distinct points in R<.
Given X (t), let X’(t) be the core of X (¢) and replace X (¢t)\X’(¢t) by K i.i.d. {-distributed
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random variables so that

X(t+1)=X() U{Cy11,- > Gr1k )

where (., t = 1,2,..., j = 1,2,..., K, are ii.d. random variables with a common
distribution {. In case there is more than one element in the core, that is, a few config-
urations which minimize diversity, we chose any of it with equal probability, precisely
as it was done in [3]. Now let F(t) = G,— g (X'(t)).

Finally, to finish specification of the process, we allow the initial configuration X(0) be
arbitrary or random, with the only requirement that all the points of X(0) must lie in

the support of (.

The following statement links the case K = 1 with the general K > 1.

Lemma 1. If K = 1 then the only point not in the core is the one which is the

furthermost from the center of mass of X.

Proof. Let X = (x1,...,zn). W.lo.g. assume Zil r; = 0 € R? and thus the center of

mass of X is located at 0. Here L consists of all subsets of {1,..., N} containing just
. . 1

one element. If we throw away the I-th point, denoting y; = = Z#l T = — g we

get

N N N
GLX) =Y Mg — pal® = Nl = > = Y Naeal® + Nllpal® = 200 Y s — e — pul?
i=1 i=1 i=1

N N
||$z||2 N2 N
Z Jls]|* + N —1)2 - (N —1)2 =~z (N —1)2 + Z i 2.
o i=1

Therefore, the minimum of G(I, X) is achieved by choosing an x; with the largest ||z,

that is, the furthermost from the centre of mass. O

Corollary 1. For K =1 Jante’s law process coincides with the process studied in [3].

The following statement is a trivial consequence of the definition of F'.

Lemma 2. For any 1 < K < N —2 and any distribution of ( we have F(t+1) < F(t).

In case K =1 the above statement coincides with Corollary 2.1 in [3].

Remark 1. It is worth noting that throwing away X* in general does not mean neces-

sary throwing the K furthest points from the centre of mass of X, unlike the case K = 1.
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Here’s an example with d = 1, N =5 and K = 3: set X = (—24,—-19,—14,28,29).
Then the centre of mass is at p = 0 and thus 28 and 29 have the largest and the second
largest distance from p, while it is clear that the energy is minimized by keeping exactly

these two points in the core and throwing away the rest.

Finally, define the range of the configuration: for n > 2 and z,...,z, € R, write
Dy(xy, .. ) =  max |2 — ;]

The following statement is taken from [3] (Lemma 2.2.).

Lemma 3. Let n > 2 and 1,..., 2z, € RY. Then

1
iDn(xl’ e ,xn)2 <Gp(z1,...,z) < =(n— 1)Dn(x17...,acn)2.

DN | =

Let D(t) = Dn_k(X'(t)). Then we have from Lemma 3

2
—— - F(t) < D(t) < \/2F(t). 1.1
e FIO < D) < VAR (1)
From Lemmas 2 and 3 it also follows immediately that

D(t+1) < \/2F(t) < D(t) VN — K — 1. (1.2)

Let also p/(t) = pn—k (X' (t)) be the centre of mass of the core.

Assumption 1. 2K < N.

Observe that if Assumption 1 is not fulfilled, then all the points of the points of the
core can migrate large distances and that F' = 0 does not necessarily imply that the
configuration stops moving. For example, one can take N = 4, K = 2, and { ~

Bernoulli(p) to see that the core jumps from 0 to 1 and back infinitely often a.s.

In the other case, the new core must contain at least one point of the old core, and
the following statement shows that if newly sampled points are far from the core, they

immediately get rejected.

Lemma 4. Under Assumption 1, if all the distances between K newly sampled points
and the points of the core are more than C := D+/N — K — 1 then X'(t +1) = X'(¢t).
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Proof. Since N — 2K > 1 the new core X’(¢t + 1) must contain at least one point of the
old core X’(t). By (1.2) D(t+ 1) < D(t)y/N — K — 1 and therefore if one of the new
points is in the new core, it should be no further than D(t)y/N — K — 1 from one of
the points of the old core. O

Finally, we will use the following notations. For any two sets A, B C R let

dist(4, B) = ze}éxnfeB |z —yl|.

If d = 1 then write X'(t) — +oo if lim; oo min{z, € X’(t)} = oo and similarly
X'(t) = —oo if limy, oo max{z, x € X'(t)} = —oc0. If d > 2 we will write X'(t) — o0
if min{||z||, z € X'(t)} = dist(X’(¢),0) — oo, otherwise we will write X”(t) /4 oo. We
will also write X’(t) — ¢ € R? if all the coordinates of X’ (t) converge to ¢ as t — oc.

2 Shrinking

Let ¢ be any random variable on R?. As usual, define the support of this random

variable as

supp( ={A€RL: P((€ A) >0} ={zcR?: Ve >0 P(C € B(z)) > 0},

where the overline denotes set closure (see e.g. [5]). We also say that supp ¢ is bounded
in RY if there is an M > 0 such that P(||¢|| < M) = 1.

It turns out that the following statement, which is probably known, is true.

Proposition 1. supp ¢ is bounded if and only if there exists some function f : RT — R¥
such that for any x € supp (

P (¢ € Bs(x)) = f(9)
for all § > 0.

Proof. Suppose such a function exists, but the support of ¢ is not bounded. Fix any A >
0. Then there must exist a infinite sequence of points {z,}52; C supp(, such that

||z; — x| > 2A, whenever ¢ # j. Since the sets {Ba(z,)} are disjoint, this would imply
that

P (¢ € RY) >P<G{C€BAmn >>if(A -
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which is impossible.
Conversely, assume that supp ¢ is bounded. For all § > 0 define

fO)= it B¢~ ] <0).

We will show that f(6) > 0. Indeed, if not, there exists a sequence {z,} such that
P(||¢ — zn|| <) — 0 as n — oo. Since the support of ¢ is compact, {x,} must have a
convergent subsequence; w.l.o.g. we can assume that it is {x,} itself and thus there is
an z such that x,, — x and there exists N such that ||z, —z| < §/2 for all n > N. On
the other hand, for these n

P(lI¢ — ] <6/2) <P(I¢ —zal <9)

by the triangle inequality. Since the RHS converges to zero, this implies P(||¢ — z| <
0/2) =0 so = ¢ supp ¢ which contradicts the fact that x = lim,_,o 5, € supp ¢ by the
definition of the support. O

Theorem 1. Given any distribution ¢ on R, for any N >3 and 1 < K < N —2 we

have
P ({F(t) o) - oo}) ~ 1.

In particular if ¢ has compact support, then F(t) — 0 a.s.
Note that F(t) — 0 is equivalent to D(t) — 0.

Proof. We will first make use of the following lemma.

Lemma 5. Suppose we are given a bounded set S € R? such that P(¢ € S) > 0
and N — K points x1,...,xn_k insupp(C) (S satisfying F ({z1,...,an_K}) > e1. Let
€9 = W Then there exists a positive constant o, only depending on €1, S, K and
N, such that

P(F ({Cl,...,CK73€1,...,:UN,K},> <F{z1,...,ony-K}) —52) > 0.

Proof. We start with the case K = 1. Denote D = maxi<; j<n-k ||z; — x;|, and
S, = {z : dist(z,S) < DN — K — 1}, then the set S, is a compact set such that
{¢,21,...,on_1} € S, regardless of where the point ( is sampled, by Lemma 4. Since
S, is compact it follows from Proposition 1 applied to (-1f¢es) that thereisan f : Rt —
R*, such that for any x € supp ([ Ss, we have P (¢ € Bs(x)) > f(§). Assume that the
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core centre of mass p' = 0, and that (without loss of generality) ||z1]| > |lai],V1 <1 <
N —1. Let p/ = Y22t 2n=1 and consider the function

N—-1
h(y) = o= w'I1> + lly — '),
i—2
continuous in y. Pick a point z; from {xo, ..., zx_1} such that ||z —z;| > % — otherwise
lzi — ;]| < ||lz1 — ;]| + [|Jz1 — 24| < D, for all indices 4, j, contradicting the definition
of D.

Consider the configuration {z;, x2,...,xn_1}, where we have removed the point z; and

. . ) . . ;) _ xat..fxN_1tT; _ x5j—T1
replaced it with z;. This configuration has centre of mass u’ = N1 =X

The Lyapunov function evaluated for this configuration is precisely h(z;). Denote
Foq=F ({z1,...,2n_1}), then

N-1
h(z;j) = Z L e e e N [ e Tl e (O

o
I|
0

2

2 2 2 2
(lall® + a'11* = 22 - ) + Nl P+ a1 = 225 - 1" = Nz ) = [l IP + 220 - 4

Il
i

7

Ty — X1

ol 4+ (8 = DI + s = o = 205 = )+ (=)

1

.
Il

<

>

2 2 2
. i — D 1
d+”J 1] ,QHJ 1] gFoldfiﬁ(lfm)Fold’

N -1 N -1 4(N - 1) -1

where the last inequality follows from (1.1). Hence for some § > 0 if ||y — z;|| < § then
h(y) < (1 — m> Foa. So if ¢ is sampled in Bs(x;) then we have a substantial
decrease and this is with probability bounded below by f(d), the result is thus proved
for the case K = 1 with o = f(9).

The general case can be reduced to the case K = 1 as follows. Set N/ := N— K +1 and
replace all N by N’ in the arguments above. The decrease of F' in this case will be at
least by e2(N'). Indeed, since if at least one particle falls in the ball {y : ||y —z;| < 6}
we could choose the sub-configuration where exactly one point falls in this ball while x
is removed, and since we are taking the minimum over all available configurations, the

decrease has to be greater or equal than for this specific choice. O

Assume that P(X’(t) — oo) < 1, otherwise the theorem follows immediately. Recall
that B,(0) is a ball of radius r centred at the origin and note that

{X'(t) 4 oo} = | J{X'(t) € B.(0) i0} = | G, (2.3)

r=1
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where G, = ﬂ {Thr <00}, 7o =inf{t :t >m_1,,X'(t) € B,(0)}, k=1,2,..
k>0

with the convention that 7o, = 0, inf ) = +o0 and that if 74, = 400 then 73, = 400
for all &' > k.

By the monotonicity of F' we have F'(t) | F, > 0. We will show that in fact
Ipﬁxqofam}anx>wn>:o (2.4)
which is equivalent to the statement of the Theorem.

Let ng be some integer larger than 4(N — K)?, this quantity being related to e from

Lemma 5. Since

> 1 < 1 m 1 m+1
Foo 0} = Foo - = Foo Inm, hy Inm: — 5
(Foo > 0} L_J{ >n} QH{ € Lo}, where L= [Lym Ll mt )

are disjoint sets for each fixed n. Consequently, taking into account (2.3), to estab-

lish (2.4) it suffices to show for each fixed n and m and r we have

P (Gr [ {Fuo € Lnm}) =0.

Let Ay = {F(1k,r + 1) € Iy} ({7k,» < 00} then obviously

Gr[{Fs €lnmt< |J ) Ax (2.5)

ko>0 k>ko

We will show now that for all kg we have P (ﬂ k> ko Ak) = 0. which will imply that the
probability of the RHS and hence that of the LHS of (2.5) is 0. Indeed, for any positive
integer L

ko+L to+L k—1
P () A SP(ﬂAk>:P(AkO) 11 ]P’<Ak ﬂAs>~
k>ko k=ko k=ko+1 s=ko

We now proceed to calculate the conditional probabilities, P (A;C | ﬂ’;;;o AS) . Setting
e1 = = and letting S be the ball of radius v/2(1/n + (m +1)/n?) (1+ VN — K —1)

centred at 0 in Lemma 5 and using the bound (1.1), we obtain

&1 - 1 >1
4N —-K)2 4n(N - K)2 ™ n?

Eg =

and thus with probability at least o, given by Lemma 5, F' will exit I, ,,, that is,

P(F(Tk,'r + 1) < In’m |F(’Tk0,r + 1)7 F(Tk0+1,r + 1), Ceey F(kalyr + 1) S In,mﬂ'k,k < OO) <1l-o,
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since (r, ,+1;; are all independent from F7, for 1 <j < K.

From this we can conclude that, P (Ak | ﬂ];;,io AS) <1 — o yielding P (ﬂkaO Ak> <
(1—0)" for all L > 1. Letting L — oo shows that P (ﬂkaO Ak> = 0, which in turn
proves (2.4). O

Corollary 2. Suppose Assumption 1 holds, d = 1, and ¢ has a singular distribution.
Then

P({30: X'() = o} JL{A/() = o0}) = 1.

Proof. Assume that X’(t) 4 oo occurs and for a < b define
Equp = {liminf 2 (t) < a} N {limsup x4 (t) > b},
t—o0 t—o0

where k € {1,2,...,N — K} and T(r) is the k—th point of the core. By Theorem 1
F(t) — 0 implying, in turn, that D(¢) — 0, and hence by Lemma 4

. / / . . — .
dist(X'(t), X' (t + 1)) := Lo max |z (t) — 2y (t+1)] =0 (2.6)

as t — oo.

Since ( is singular 3z € (a,b) and € > 0 such that (x —e,2 4+ ¢) C supp(¢)©. However,
then
Eqp Cdist(X'(¢), X' (t +1)) > 2 io.}

implying from (2.6) that P(F, ) = 0. Since this is true for all a and b, X’(t) must

converge. O

2.1 Case K =d=1.

In the case where K = 1 and the space is R! we can obtain some more detailed results,

given some further assumptions.

Assumption 2 (at most exponential oscillations in the tail). Suppose that there exist
some Ry, R_ € R, a constant C > 0 such that given for any a > R4 and u > 0 we

have

Platu<(<a+2u)<CPa<{(<a+wu).

Similarly for all a < R_ and u < 0 we have

Pla+2u<(<a+u) <CPa+u<(<a).
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Remark 2. Observe that nearly all common continuous distributions satisfy this as-
sumption (exponential, normal, Pareto, etc.). An example of distribution for which the

assumption is not fulfilled is e.g. one with the density

fa) = le=l=l |z] is even,

e~ 21zl otherwise

which has support on the whole R.

By iterating the property in Assumption 2 for a > Ry one attains that for k =1,2,...
P € (a+ (k—Du,a+kul) <C*1P(C € (a,a+u).
It also follows that if we take R; < a < b < ¢ then
B = =2

PCebd)<P(¢e |J (a+(k-1)(b—a),kb—a)]] < > C*"'P(e(ab]).
k=1

k=1

(2.7)

Using (2.7) one can compare the probabilities of selecting a new point in the intervals
of different length and/or that are not consecutive; we see that in this case the upper

bound we get is a polynomial in C.

Remark 3. The assumption is somewhat related to the concept of O-reqular variation
(see [2], page 65) in the following sense: if we let g(x) := P(Ry < ( < Ry + x) for
x > 0 then we see from (2.7) that limsup,_, %((t;)) < ,Eﬂl Ck=t fort > 1. Therefore,
g is an O-regularly varying function; moreover, if the support of ¢ is RY and Ry = 0

then the distribution function of ¢ itself is an O-regularly varying function.

Assumption 2 immediately implies that the tail region is free of isolated atoms; moreover,

it turns out that the tail region is free of atoms altogether.

Claim 1. Suppose that Assumption 2 holds. Then P(¢( = x) = 0 for every x €
(—OO, R,) U (R+, OO)

Proof. Assume to the contrary that 3z € (—oo, R_) U (R, o0) such that P(¢ = z) > 0.
Since P(¢ = z) = P (N, {¢ € (z — L,2]}), by continuity of probability it follows
that 3N such that P(¢ € (z — +,2]) < (55 + 1) P(¢ = x) which implies that P(¢ €
(z — %,2)) < 365 P(¢ = z). Therefore we have

p(ce (o gyro-y]) <P @ gD < 5P =)< B (e (o gpal).
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which contradicts Assumption 2. O

Theorem 2. Suppose K =1 and ¢ satisfies Assumption 2 for some Ry and R_. Then

(a) X' 4 00 a.s. and consequently by Theorem 1 we have F(t) — 0 a.s..
(b)

.. . . /

{htn_l)égfx(l)(t) > R+} U {h?iigp rn_1)(t) < R_} C{3p: X'(t) — ¢}
except perhaps a set of measure 0.

(¢) Assuming E|¢| < oo, then if supp( = [R4,00) or if supp ¢ = (—oo, R_] then the
limits limy 00 B2 () (t) and lim;_, oo E /() are both well defined for1 <k < N -1

(x(k)(t) denotes the k:th barycentric order statistic) and moreover
. BT ’
tlg(r)lOIEm(k)(t) B tligloEu (®)-
(d) If R > Ry thenP (3¢ : X'(t) = ¢) = 1.

Remark 4. The last part of the theorem above applies to many distributions for which
supp ¢ = R, e.g. to normal, Laplace or Cauchy distribution (one can take Ry = —1 and
R_=+41).

Proof. We begin with the proof of (a). Given some L > 1, from now on assume that
Ap = {\/m < %, [Cok| < L,k =1. ..N} occurs, this will imply that D(t) < % for
all t. Notice that since the distance between any two points in the core at time ¢ is
bounded by D(t) it follows that if one core point diverges to 400 so must all the other
points, similarly if one of the points diverges to —oo so must all of the rest. Therefore
it is enough to show that P ({X'(t) — +oo} |J{X'(t) = —oo}) = 0. We shall prove now
that X’(t) /A +oo a.s.; the proof that X’/ (t) 4 —oo a.s. is completely analogous.

Let m, = inf{t : \/2F(t) < §}, N,a = T1,a = Ta and for k > 1 let

Thk,a = inf {t > Mk—1,a - :c(l)(t) > R+ + a} s
Nk,a = inf {t > Tka: T(1) (t) < R+ =+ a} R

Yk, t,a = min (nk,a7 Tk,a + t) 5

where z(1)(t) denotes the left-most point of the core at time ¢. If 74, = oo for some

k then we set Ny,q = T, = 00 for all m > k. It is obvious that on Ap, 7y = 0.
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Furthermore

{m.L =0} N{ng—1,L < o0} C {liirisup z1y(t) < Ry +a} C{X'(t) A +o0}.
Let C, = {nk,r. < oo} and note

<ﬂ Ck> C {X'(t) € B, 1+2.(0) i.0.} C{X'(t) / 4oo}.
k=2

Since ((Npe; Ck) C {X'(t) 4 400}, if we could also show that

((ﬂ Ck) \{X'(t) A +OO}> =P ((Qz{nk,L = oo}) N{X'(t) = +oo}> —0

(2.8)

then it would follow that P (A (N {X'(t) /& +oo}) = P(AL) and since P (U7, Ar) =1
it would then follow from continuity of probability that P (X’(t) — +o0) = 0.

Now we will show that P ({ny,r, = oo} ({X’(t) = +o0}) = 0 for every k > 1 which will
establish (2.8). For this purpose (and for the purpose of showing the other statements

of the theorem) we will need the following lemma

Lemma 6. For some fited k > 1 and a > 0 let

(\/ ) + e[ (s) + max(0, R+)]) Iyg,.
Then there exists ¢ > 0 such that limy_, oo he(Vit.a) €zists a.s. on 7,4 < 00.
Proof of Lemma 6. We will show that h.(Vx,.,q) is @ non-negative supermartingale with
respect to {F, , . }+>0, and then the result will follow from the supermartingale conver-
gence theorem. In order to make notations less cluttered from now on we set v, := g 1.4
throughout the proof of this lemma. First, observe that the positivity of h.(v:) is en-

sured by the term ¢max(0, —R;), and by the definition of 4; and m,. Therefore, from

now on we can assume that Ry > 0 without loss of generality. We have

E|ho(s |<IE[(\/7+C|M )IAL}S
<m+c<u |+Zlu ll)l>>lAL]

i L -
(2\[ +c <|M (0)[ + ;D(1)>> L4, (2\/5 +c (L + ; vV 2Fﬂ)>> IAL]
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<E {(L—&—C(L—i—s 2F(o))) IAL} <L(1+c(l+5/2) < oo,

where we used Lemma 3, the fact that |p/(0)] < max,cxr oy |z| < L, ¢/ (s4+1) — 1/ (s)] <
D(s+1),s >0, and that F' is non-increasing. Hence E |h.(s)| < co.

Since {y; < k.ot € F-, we have

E [he(vi41) = he(v2) | Fr.] = E [(he(ves1) = he(1)) (Lyi=new + Lyicnea) | Foi)
=E [(he(e +1) = he(W)) Iye<nea | Fre] = B [he(ye +1) = he() | Fo, ] Ty
< max (0, E [(he(ve + 1) = he()) | Fr.]) Lyicns

< max (0,E [(he(ve + 1) = he(7e)) [ Fr.]) -

It will suffice now to show that E(h(y: + 1) — () | Fy,) < 0 a.s. Since v < ng.q We

can deduce

a
.%'(1)(’}/,5) > l’(1)(77k,a) > x(l)(nk,a — 1) — D(nk,a — 1) > R+ +a— 2F(7Ta) > R+ + 5

(2.9)

The above inequalities show that all the core points lie to the right of Ry at time ~,

since this region is free of atoms we can conclude that D(y:) > 0 a.s.. Recall that

the points of the core at time v; are ordered as x(1)(7:) < ... < x(ny_1)(7:), and let

C = C’Yi+1'

Let us introduce some new variables where we drop the time indices for the sake of

brevity:
D = D(’Yt)v F o= ]:'Yt7
) (v) — ) (n) ;o C—zay(n)
Y = D ) ¢ = D )
Fo :\/F({yla"'anyl}» Fn :\/F<{y1a"'7yN71,</}/)7
wo =pynyvad), o, o =p{y,uv-1¢Y)
At time 7 the transformed core consists of the new points (y1,...,yr) such that 0 =

yp < -+ < yny_1 = 1. Notice that we will always reject ¢’ if ¢/ < —1 but this is
equivalent to ¢ < x(1)(v:) — D which is bounded below by z(1)(v¢) — §, by (2.9) this is
strictly larger than R, so we can conclude that ¢ is accepted into the core only if it lies
to the right of R. Furthermore if a > —1 then since ( is independent of F it follows
that

P €(at+ua+2u))=P (C € ((a +u)D + 1) (7)), (@ + 2u)D + x(l)('yt)])
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<CP(¢e (aD+za)(m), (a+u)D +zmy(w)]) =CP(C € (a,a+u]),  (2.10)

hence Assumption 2 translates to ¢’. If we combine (2.10) with the same type of

argument as in (2.7) we see that if —1 < a <b < ¢, then

[5=a

P (¢ € (b,d]) Z CFp (¢ € (a,b]). (2.11)

Due to the translation invariance of v/F and ; we have

w (e +1) = 1 (ve) = D (i, — ) s

Fon+1)=F () =D (V. - VE).

implying .
D(h(%+1 =VF, = VF, +c(uy, — )

Denote Ah = /F, — VF, + c(ul, — pl); since D > 0 a.s. it follows that

E[(h(ye41) =h() | F1 <0 <= E[AR[F] <0

When the new point ¢ is sampled then either 0,1 or ¢’ is eliminated in the next step.
There are 4 different cases, either ¢’ <0, ¢’ € (0,1), ¢’ > 1 (recall that ¢ has no atoms
under Assumption 2). The new centre of mass for the whole configuration is thus

¢+ My,

unzm, where M := N — 1.

If the point 0 is eliminated then centre of mass of the new core is p], = ]% +ul, and if
the point 1 is eliminated then p/, = Cﬁl + u!. Note that by Claim 1 our probability
measure is non-atomic to the right of R, and therefore the probability of a tie between

which point should be eliminated is zero; consequently, we can disregard these events.

e In the case ¢’ <0, only ¢’ or 1 can be eliminated. The point 1 is eliminated if and
M(2p,—1)—1

only if yt,, — (" <1 — p,. This is equivalent to ¢’ > =—=#——. So in this case
the point 1 is eliminated if and only if ¢’ € (%, O). Denote this event
by
M@2u —1)—1
Ll = {mln <(?\2_1),O) < Cl < O} .
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e In the case ¢’ € (0,1), ¢ is never eliminated, but one of the points 0 or 1 must be.
The point 0 is eliminated iff yu,, > 1 — p,, which is equivalent to ¢’ > % — My,
hence ¢’ € (min (% - My, 1) 71). Let

M+1
Boz{min( 2+ —Mu;,l) <C’<1}.

The point 1 is eliminated otherwise, in other words if
¢"€(0,1)\ [min (2 — My}, 1) ,1]. Let

M+1
B1:{0<§’<min( 2+ —M,ué,l)}.

e In the case ¢’ > 1 only ¢’ or 0 can be eliminated. The point 0 will be eliminated

2M0 2Mp!,
if ¢ — pin < iy = ¢’ < ST thatisif (' € (17maX<M”171>>.Let

/
Ry = {1 <C/<max<]2wM_'u‘i,1>}.

We begin with the case M = 2. We have y, = 3, F, = 1, L1 = {-1 < ¢’ < 0},
B ={0<{ <1/2]}, Bo={1/2 < { <1}, Ry = {1 < <2}. When 1 is eliminated
then F,, = %, moreover notice that in this case p/ — p!, is non-positive. When 0 is
eliminated then p/, = HTC’ We have

E(AR|F) = E[(1n, = po) + ¢ (Fn = Fo) | F] < cE[(Fn = Fo) I,up, | 7]
E

B[4, — ) Ty, | F] < SE[(C? = 1) I, | F] + 3 ECTryom, | 7]
c(1 2 ,
§2<4 ) 0< ¢ <1/2)+ §P(1/2<C <2)
< - % PO<( <1/2)+(1+C+C*+C*)PO<( <1/2),

where we used (2.11) in the last inequality. It is obvious that the last expression can

be made negative for large enough ¢ > 0, as required.

Let us now consider the case M > 3. First we note that pu, € (ﬁ, %) a.s., where
the lower bound is approached as ys,...,yp—1 all go to 0 while the upper bound is
approached as ya,...,ypr—1 all go to 1. If we now denote by Ky the event that 0 is
eliminated, and K; the event that 1 is eliminated, then we have Ky = Rg U By and
K, = L U B;y. Furthermore,

! !

32



We also have

F, = <F +— ¢? - 2u’og’> I,

M-—1 2(Mpy, — 1)
Fo 2 o
( T M

¢+

2(Mp,—1) M-1
i Y Ig,.
Observe that Ah = holg, + h1lk,, where
!
hi =/ Fo + Ay(C, ,uo)—l—cc— VF, i=0,1;
1 (M — 1)x? — 2Mxy, 1= 0;
(M —-1)(2?-1)+2(1—2)(My—1) i=1
Using these notations we obtain
E[AR|F] = E[holk, | F] + E[hilk, | F]
= Elholr, | F]+ Eholp, | F] + E[hi1L, | F] + E[hi1p, | F]
= (I) + (II) + (111),

where

(D) = Enle, 7D Ly 00,

M> 2M

(II) = (]E [hlle |f] +E[h1]B1 ‘.F] —|—E[h0]R0 |]:] +E[h0130 |.7:DI#, M-—1 M+1),

DG( 2M ° 2M

(I11) = (E[holre | FI) Iy e (arar maor

oe( 2M * M

(Please see also the following diagram showing locations of ¢’ for the events L1, By, By
and Ry.)

L,
f Ry
B,
By
° ° ° ° -
R e 1-d

It will suffice to show that all the three terms in the expression for E [Ah|F] are non-
positive. The fact that (I) < 0 is obvious, since if 1 is eliminated then the core centre
of mass must move leftwards while F' is always non-increasing. The second term (I7)
is a little more complicated and requires more careful study. We illustrate the possible

combinations of ¢’ and p on the following diagram.
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Ly By \_DBy | Ro

Nl
g
S

|
]
jan)
—_
E‘i b
I+
==

CI

We know present the following elementary statement.

Claim 2. Let A < 0. Then

VE T A~ F <

Proof of Claim 2. The inequality follows from the fact that Fy < /M/2 < M and
the trivial inequality /= +y — vz < ﬁ valid for all z > 0 and z +y > 0. O

Next, we find an upper bound for A;(x,y) on the rectangle

M-1 1 1
Al{(xvy): oM §y§20§I§2}-

Combining these estimates With Claim 2 we get that for % <l <
(which is a subset of By N {22 < pl < 1)

V F0+A1(C,7Mg) \/7— 2M2 (212)

On the other hand, if 4/, > 1/2and 0 < ¢/ < 1then Ag(¢', pul) < (M —1)/M —2ul)¢' <
—('/M and therefore by Claim 2

N[ =

Vo + Ao(C, 1! v F, 2.1
+ O(C Mo) = 2M2 ( 3)
Our next task is to find an upper bound for Ag(xz,y) on the rectangle
1 M+1 2M — 1
— Z<y< <z<
Az {(x’y) pSYS T olsTs 2M—2}
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As a result, we conclude that Ay < —LM on A,. Combining this with Claim 2 we get

that when % <l < % and 1 < ¢’ < 22M=1 (this is a subset of Ry N {% <l <

2(M—1)
M+1 )
2M

V Fo + A()(C,,/Lg) \/7 = 8M2 (214)

We will also again make use of the fact that by definition h1Ir, <0 and h1Ip, <0 so

therefore,

(E [hlle |.7:} +]E[h1[Bl |.7:]) M—1 M+1) < E[hIIBl |.7:] ( f—1

oe( 2M ' 2M

Now we make the following estimates:

(I1) < Elflp, | FI1, e 1) + Elholn | ]+ Elhols, | FI) Iy c(ar awoy
SE[(JFM—> VE) 5 | F| Ly 3402 1)
+ E (Vo + 80T 1) = Vo) Uy + Ing) | F| Ly (15
4+ (E[gIBO|f]+E[CIROIf]) Le(Mpt, A1)
<E [(m VFo) Ipceres | } Le(Mat 1) (2.15)
+ B [(VE A Bl = VE) (I, + Liere g, ) 1) (s )
+ %(E[c’IBUIfHJEK g | F) Ly (a2 2,

where we used the fact that {0 < ¢/ < 1/2} n {82 < pf < 1/2} C {8 <l <

1/2} N By, that {1§C’§%}ﬁ{§<uo MELY C {4 < pl, < MY N Ry, and
that on By we have that hy < \/F, + A1(¢, 1)) — /F,. Let us now study the terms in

(2.15). Notice that the term in the last line of (2.15) (a.s.) equals

(B¢ T8, | FI+ ECTry | FD) (L e (2020
while it follows from (2.13) and (2.14) that

E {(\/m f) (IBo +Il<</< 241 1>> |‘7:} L Le(3,

¢’ 1 , 2M— 1
S <E|: 2MQIBO|]: SMQP 1§C Sm I#OE(% J;I]—&l)
From (2.12) it also follows that

1 1
[(\/F + A1 (¢, ) ) 0<¢i<1 \]:] phe(Met 1) §*2M2[P’(0<C/<§> I%E(M—Q%).
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Furthermore we note that E[('Ip, | F] < P(Bo) and E[('Ig, | F] < 7245 P(Ro) for
ML < wl < 4 while E[('1g, | F] < 455 P(Ro) when g, < 255 We can now conclude

(H)S{ ]\142 P(0<(¢ <1/2)+ M<]P’(Bo)+Mj\{lﬂﬁ(Ro))]I%e(Ang’é)
+(—8M2P(1<§ < 2M—1> ]\C/[]\A;i (Ro)>l%e(;,"§;,1)
< {M (01+MM ) }

e 2M1)>I,

0<< <1/2) re(2t 1)
c M+1
{OgMM—l SMQ} ( 2(M

c 1
+E{</(M 2M2>IB°|]:} L3 )

—_

where
_ P(¢e0.1) P(Bo) _ P(¢e(2) P(Ro)
Cr = ppco<ii 2 Fo<c<im) Co = ppco<iy 2 FO<C<iD)
o, = _PlEe) o F(Ro)

P(1<¢'<gztar=1y) — P(I<¢'<ztar=1y)

It follows from (2.11) that these constants are all bounded above by some polynomial
in C' whose power depends only on M; also note that ¢’ > 0 on By N {% < pp < %}
Therefore it is obvious that we can pick ¢ small enough to make the first two terms in
the last displayed inequality above non-positive, the last term is trivially non-positive

since ¢’ > 0 on By.

Now we will show that (I71) < 0. We begin by finding an upper bound for Ag(x,y) on

the rectangle

M+1 M-1 M
ta={ it <y < Mtico s MY

Hence Ag < —ﬁ on Az, and combining this with Claim 2 we obtain that if J\g}\? <

ph < % then

(1) = E [holr, | F] < E | (VEo+ BolC 1) = VEo) hiegre g | F| + 17 BIC Ir | 7]

1
(\/FO‘M_C\/FO)fléc'sN%llf
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where we used the fact that {22 < puf < M2y n {1 < ¢ < M) C {28 <l <
M=1Y N Ry for the first term and that ¢’ < 2 on Ry (since pf < M M=1) for the second
term. If we apply Claim 2 to the first term in (2.16) and again apply the fact that

¢’ < 2 on Ry for the second term then we see that it is less or equal to
1 M c
< —\/F, ! 1 2— ! 1,2
( __ >]}D<<e<,M_1>>+MIP>(C6(,))

< <_2M]\141 +2J\CIC4) P (C’ € (1, MM1)> )
( )

_PU<C<?) _which again is by bounded above by some polynomial in C
P(1<¢/ < 7A47)

according to (2.11). For this reason it is clear that we can again pick ¢ small enough to

where Cy =

make also this term non-positive, which proves that that E[Ah|F] < 0 and hence hy, is

a non-negative supermartingale. O

Now we continue with the proof of (a) of Theorem 2. Fix k and a := L, and let ¢
be defined by Lemma 6. If we denote by hoo the a.s. limit of he(yg,,r) as t — oo on
{Tk, < 00} N{nk,1 = oo} then

Boo = hm ( F(Tk,L+t)+CMI(Tk’L+t>IAL (\/ + hm ep'( )IAL,

— 00

that is 3lim;, o p/(t) € R on Ay, implying X' (t) /4 +oc.

We will now prove (b). Notice that we have just proved that F(¢) — 0 a.s., and hence

T1/m < 00 a.s., Vn > 0. First, we will show that

P ({litrggfx(l)(t) > R+} \{3p: X'(t) > ¢}) —0. (2.17)

Indeed, let E, = {liminft_>O<> r)(t) > Ry + %}, then {liminft_,oO r(y)(t) > R+} =
U,~, En and it suffices to prove that P(E, \ {3¢: X'(t) = ¢}) = 0. Notice that
E, CUpey ({meaym =00} N {Tp1/n < 00}) € Upey {limg vy4,1/n = 0o}. By Lemma 6
he(Vk,t,1/n) has an a.s. limit for some ¢ > 0 on {71/, = 00} N {7y 1/, < 00} N AL, thus

P (Ar 0 ({17 = 00} N {masn < 00}) \ {3 lim 1/()}) = 0.

Using continuity of probability again, applied to the sets Ar, L — oo, we can get rid
of the term Ay in the expression above. Since F(t) — 0 a.s. from the first part of
the theorem, we have {3lim;,oo p/(t)} = {3 : X'(t) — ¢} except perhaps a set of

measure zero, therefore
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B (Ea\ {3 lim X'(0)}) =P (Ba\ {3 Jim 1/()}) <
P (({nan = 00} N {ri1m < 00}) \ {3 lim 1/ (1)}) = 0.

Noting that E,, C E,11, (2.17) follows from continuity of probability; the proof of
the respective statement for limsup is completely analogous, and they together are

equivalent to the second statement of the theorem.

We will now prove (c¢). Assume that Ry > 0 and supp ¢ C [Ry,00), the case R_ <0,
supp ¢ = (—oo, R_] is analogous. If Ry > 0 and supp ¢ C [R,00) then consider

h(t) = el (t) + /F(t) > 0

for all ¢ > 0 and some ¢ > 0 to be chosen later. Notice that compared to h in Lemma
6 the restrictions to the sets Ay will no longer be necessary, neither will we need the
stopping time construction introduced in the beginning of the proof of this theorem
since our configuration will always stay in an area where Assumption 2 is valid. We can

now make the following estimate,

vF(0)+c<Iu \+Zlu s—l)lﬂ
< cE|#(0)] + (1+tc\/§)E[ F(o)} < <C—|—1+tC\/§(N— 1))E|<\ < +o00,

h(t) <E

where we skipped a few steps which are analogous to those in the beginning of the
proof of Lemma 6. Since the left most point of the core always lies to the right of R,
calculations analogous to those in the proof of Lemma 6 will show that E[h(t+1) | F] <
h(t) a.s. for some ¢ > 0 and we will assume that ¢ is chosen in this way from now on.
We conclude that for ¢t > 0, then Eh(t + 1) < E h(t) which leads to,

3 lim E [c;/(t) + \/W} .

Since E 1/F(0) < 2(N —1)E|¢] is finite by assumption on ¢ and since F(t) — 0 a.s. (by
the previous part of this theorem), the dominated convergence theorem (since F'(t) <
F(0), for t > 0) implies that lim; o, E \/W = 0. This implies that Ilim;_, - E ¢/ (¢)
(although this limit might be +00). For 1 < k < N — 1 we have |z)(t) — p/(t)] <
D(t) < \/2F(t) and therefore,
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. . > . . / R T _ /
lim inf B .2() (£) > im inf 4’ (£) — lim sup E | (1) — ' (1)]
> . / L — 1 /7 )

2 B EwW) - iy v2FE) = By E4C)

Similarly

limsup E x(y)(t) < limsupE /() + limsup E |z () — g/ (t)] = lim E 4/ (t),
t—o0 t—o00 t—o00

t—o0
and 80 limy o0 E g (t) = limyo0 E p4/(2).

We now prove (d). Assume that Ry < R_ in Assumption 2. Let u = liminf; , o x(1)(t),
v = limsup,_, ., £(y—1)(t). Consider the event A, = {u < a}N{v > b} for some a < b.
If b < R_ or a > Ry we have already showed that we have convergence, so suppose

that b > R_ and a < R;. We now make the observation that the interval [Ry, R_] is
1
2C

event of A, we cross the interval (a + b’?“, b— b*?“

also inherits the regularity property, this would contradict Proposition 2 which states

regular with parameters 6 = %, r= (see Definition 2 in the next Section) and in the

) i.0., however since this interval

that a regular interval cannot be visited i.0. a.s. and so P(A4,;,) = 0. From this we can

conclude that

P ({3¢, s.t. X'(t) = ¢}°) =P U Aup | =0,

a,beQ,a<Ri ,b>R_

i.e. the core converges to a point a.s. O

3 Convergence of the core

Definition 1. A subset A C supp(¢) is regular with parameters §4 € (0,1),04 >
0,74 >0 if

P(¢ € Brsa(2) [ € Br(z)) 2 04 (3.18)
foranyx € A andr <rz.

Assumption 3. For any x € supp(C) there exists some v = ~(x) such that the set
B, (x) Nsupp(() is regular.
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Remark 5. We can iterate the inequality (3.18) to establish that
B(C € Byps ()] C € Bu() > b, k22

Hence it is not hard to check that if Definition 1 holds for some 64 € (0,1) it holds for
all § € (0,1), albeit possibly with a smaller o 4.

Lemma 7. Under Assumption 3, for any compact subset A C supp(¢) and § € (0,1)

there exists r4 and o4 such that A is reqular with parameters §,04,74.

Proof. The union | J, 4 By (z)(2) is an open covering of A, where B, _(z) is the regular
ball centred in « given to us by Assumption 3. Since A is compact it follows that there

is a finite subcover of A. In other words there exist sequences

{xk}llcvlzl C A, {Uk}k 1:{7’k}k 1a{5k}k 1a{7k}{cw=1 CR*

such that A C Uiuﬂ B, (zx) and P(¢ € Bys, (2) | ¢ € By (x)) > oy, for x € B, (x)) and
r < ri. Now let o = minlngM Ok, 5 = Max; <k< s (Sk;ﬂ”/ _ minlngM re. Tt follows
that for any z € A

P(¢ € Bry ()| ¢ € By()) > o',
when r < r’. We conclude by noting that by Remark 5 there exists o4 such that for
eachz € A

P(¢ € Brs(z) | ¢ € By(x)) > 0a.

Theorem 3. Under Assumptions 1 and 3

P({3¢p e RY: X'(t) > ¢} U{X/(t) = oo}) = 1.

Proof. Firstly, P ({3lim, ' (t) }A{ 3¢, s.t. X' (t) = ¢}) = 0, since if p/(t) converges then
X'(t) # oo which implies D(t) — 0 by Theorem 1, yielding convergence of the core to

the same point.

From an elementary calculus it follows that if neither the centre of mass converges to a
finite point nor the configurations goes to infinity, then there must exist two arbitrarily
small non-overlapping balls (w.l.o.g. centred at rational points) which are visited by p’

infinitely often, that is

{Alim p/ ()} 0 {2 (2)

U U Bogn (3.19)

q1,9 2€@d
llgr —g2(|>6/n
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where Ey, g = {u'(t) € Bz(q1) i.o.} ﬂ {//(t) € Bz(g2) i.o.}.

To show (3.19), note that { Alim, ' (¢)} N{X'(t) 4 oo} is equivalent to existence of at
least two distinct points in the set of accumulation points of {y/(¢)}724, say @1 and xs.
Now take q1,q2 € Q such that ||g; — x| < %, j=1,2, then p' € B%(Jjj) - B%(qj),
j = 1,2, infinitely often; moreover ||¢g1 —ga2|| > §,;,ll = % as required. Thus it suffices
to prove that P(Ey, 4,,n) = 0 for all n € N and g1, g2 € Q% such that [|g1 — g2 > £ to

show that the LHS of (3.19) has measure zero, and then the Theorem will follow.

For simplicity w.l.o.g. assume that ¢; = 0 and denote E := Ey 4, n, R = 2/n, and
G = supp(¢) N (B2r(0) \ Br(0)). Since every path from Bz (0) to Bz (g2) must cross G,
on E the shell G must be crossed infinitely often (by thls we mean that ||p/(¢)] > 2R
i.o. and ||g/(t)|| < R i.0.) — please see the illustration.

G

Since X'(t) /4 oo on E it follows from Theorem 1 that F'(t) — 0 a.s. on E and therefore
additionally X’(t) C G i.o. (the core points cannot jump over the set G once the spread
is sufficiently small); moreover the set G is regular by Lemma 7. We have also the

following result.

Lemma 8. Under Assumption 3, given N — K points x1, - ,xn_g in G, there are

constants a,o € (0,1) depending on N, K and og only, such that

]P)({F({Clv'"7<K71'13~-~7xN—K}I) < aF({x1,~~~,ﬂfN_K})}) >o0.

(Remark the similarity of this statement with Lemma 5; the difference here, however,
comes from the fact that the probability of decay o, does not depend on the value of

F, thanks to Assumption 3.)

Proof. We start with the case K = 1. Due to the translation invariance of F we
can assume w.l.o.g. that ZZ 1 Y2, = 0. Let D = max; je{1,...,N—1} ||Zi — z;|| and
— ]| > 2. Let

assume furthermore that ||z1|| > ||zx||, Vk and take z;

W= ”""“"'i}ff;’*l“ = SV_—Z.ll and Fyg = F({z1, -+ ,xn—-1}). If we take ( € B W(xl)

then

D 1 [Fua
€=l = o =~ €~ oy = 2 — 2 [ Fte
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From this we can deduce that ||¢ — x1]]* > %2 > 4(1;;’1_‘11). for some fixed a € (0,1)

(which is only a function of N and K). By Lemma 4 the event {¢ & By sap:(2;)},

old
where H = /N — K — 1, implies that {{1,21, - ,an-1} = {z1, -+ ,zny_1} (le. (is
eliminated) and by Lemma 7 we can assume that § and o are chosen such that

Skipping the first few steps that are identical to those in Lemma 5, we obtain the

following estimate

N—-1
1
_ L2 2 -
F({¢ae,--on-k}) = ;:2 s = 112 + 11 = 1117 < (1 4(N—1)2>Fold‘

Since F ({{,z2,  + ,on—_K}) < Foq one of the points xy,--- ,xy_1 must be discarded.

So in the case K = 1 we can pick a = 1 — ﬁ. For general K one can make an

N
argument analogue to the one made at the end of the proof of Lemma 5. O

Define for ¢t > 0,
n(t)=inf{s>t+1: X'(s) #X'(s—1) or F(s) =0}.

(Notice that by definition if F(n(t)) = 0, i.e. all the points of the core have converged
to a single point, then (¢t + 1) = n(¢) + 1. So from now we assume that this is not the
case.) Fix some large M > 5 such that

and define 1y = TéM) such that

RQ
XI(TO) c B%R(O)\B%R(O)a F(TO) < M2 4M

and set also 7; = n(7;—1),4 = 1,2,... (that is, the next time the core changes). Since
F(t) — 0 on E and we cross G infinitely often, we must visit the region Bz p(0)\ Bz (0)
infinitely often as well, therefore E C Ay := {TéM) < oo} for all M € N.

For m > 0 define

R2
Alm = Alm,M = {F(T(m+M)2) < W}v

An, = Ay v = {X (Tmaan)2) € Big—2-m-21r(0) \ Bgo-m—21r(0)}, (3:20)
A, = Am,IVI =A,-1N (A/m N A;;z) .
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Note that the definition is even consistent for m = 0 if we define A_; := {79 < 0o} and
that in principle A,,, A/, and A’ also depend on M, but we omit the second index

where this does not create a confusion.

Lemma 9. P (A1 |Ap) >1—e @ MMy —01,2 ...

Proof. First, note that A, C A7 ;. Indeed, since 2K < N, in the core of the new
configuration we must have at least one point from the previous core (this is not true
in general if 2K > N), so

min ||z|| > min |jz|| - D+ 1)
TEX' (t+1) TEX' (1)

and as a result on A,, we have

dist (X/(T(m+M+1)2>,BR(O)) = min ||J,‘H - R

TEX (Tt nr+1)2)

T(m+M+1)2

min  [lz] -R— ) D)

TEX(T(1 4 11)2

v

U=T ()2 41

> min z]| = R — [2(m + M) + 1]/ 2F (T(m+1)2)
TEX (T (i apy2
1 2 M 1
Z 1 4+ — — 1-— u R
2m+2 VM242m+M
1 1 2(m+M)+1 N R
— om+2 B om+3 M2M+m—3 R — 9m+3

since for all j > 0 we have D(t + j) < 1/2F(t) by Lemmas 2 and 3, and % <1

for all m > 0 as long as M > 5. By a similar argument

R

dist (X (nsar 1), (Ban(0))%) = 2R = max el 2 5

(T4 M41)2
and hence A, | occurs.
Consequently, when A,, occurs then X’(t) C G for all t € (T(man)2, Tmt14a0)2)- At
the same time the core undergoes N = 2(m+-M)+1 changes between the times 7(,;,4 17)2
and T(py,4a41)2- During each of these changes the function F' does not increase, and

with probability at least o decreases by a factor at least a < 1 regardless of the past,

by Lemma 8 . Hence

P (F(T(,,L+M+1)2) > (ZUN/2F(T(m+M)2)) < P(Yl 4+ 4+ Yy < (TN/Q),

43



where Y; are i.i.d. Bernoulli(o) random variables. It suffices now to get a bound on
the RHS since a?N/2 < qo(m+M) < qoM < 1—16. However, the bound for the sum of Y;

follows from the Hoeffding inequality [4]:
P(Y1 + -+ Yy < 0N/2) < exp(—02N/2) < exp(—0?(m + M)).

Consequently, A7, and hence A,,;1 also occur, with probability at least exp(—o?(m+

M)). O
Note that for a fixed M, A,, i is a decreasing sequence of events. Let Ay = ﬂi:o Apovr-
Lemma 9 implies by induction on m that
B o oo 5
P (An) =P (Ao,u) H P (A | Am—1,00) > P (Ao,nmr) H (1 —e 7 (M+m))
m=1 m=1

AO M [1 i e Ivf—i-m ] Z ]P)(AO,M) |:1 - 0_26_02M:| .

m=1

It is easy to see that on Ay the points of the core X’(t) do not ever leave the set G
after time 79, hence sup;~, [|¢/(t)]| < 2& on Ap;. At the same time on E we must visit
By, (g2) which lies outside of the convex hull of G, thus sup,,, ||¢/(t)|| > 2, therefore
EnNApy =0. Since E C Ay and Ay C Ag pr we have

P(E) =P(E\ Ax) <P (Aom \ Am) = P(Ao,m) — P(An) < o2 Mp (Ao,nmr) < o e M

for any M > 0. Since M can be arbitrarily large we see that P(E) = 0, finishing the
proof. U

3.1 Convergence in R!

In case d = 1 we can obtain stronger results than for the general case ¢ € R?, d > 1.

For any interval (a,b) C R and any ¢ € (0, 1) let us define a o-truncation of (a,b) as

(a,b)s5 = (a—l— g(b—a),b— g(b—a)> .

Definition 2. The interval (a1, b1) is called regular, if there are §,r € (0,1) such that

for any (as,bs) C (a1,b1) we have

P(¢ € (az,b2)5 | ¢ € (ag,b2)) > 1. (3.21)
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Remark 6. We can iterate the inequality (3.21) to establish that

]P’(CE(...(GQ,()Q)(;)...)(;|C€(a2,b2))27“k7 k>2

k times

and the iteration of d-truncation eventually shrinks an interval to a point while r* is
still € (0,1). Hence it is not hard to check that if Definition 2 holds for some § € (0,1)
it holds for all § in this interval.

Assumption 4 (“matryoshka” property). Suppose that any interval (a,b) such that
P (¢ € (a,b)) > 0 contains a reqular interval.

Remark 7. The property above seems to hold for all common distribution; we were
not able, in fact, to construct even a single counterexample, nor, unfortunately, to show

that none exists.

Theorem 4. Under Assumptions 1 and 4, X'(t) = ¢ € [—o00, +0] a.s.

The proof of this theorem immediately follows from the next proposition, since if
{X'(t) & +oo} = {1/ (t) /& +oo} occurs then p/(t) either converges to a finite number
or crosses some interval infinitely often. However, every interval contains some regular
interval by Assumption 4 and by Theorem 1 D(t) — 0 a.s. if p/(t) 4 400, so the core

must converge in this case.

Proposition 2. For any a,b such that a < b, with probability one p'(t) cannot cross

the interval (a,b) infinitely many times.

Proof. Suppose the contrary. From Assumption 4 it follows that (a,b) contains some
regular interval, say (a1,b;) which also must be crossed infinitely often. Now the rest
of the proof is almost the same as that of Theorem 3 so we will only highlight the dif-
ferences, which lie in how Assumption 4 is used (in place of the stronger Assumption 3)
when we define our “absorbing” region G. Here we let G = (a1,b1) and assume w.l.o.g.
that a3 = 0,b; = R. Let ((¢) and M satisfy the conditions of Theorem 3 and define
To = TéM) such that
R2
=

X(70) C ER, iR] . F(m)

Let us define the events A/, A” A, form =1,2,... asin (3.20) with the only change
that

Ay = Al = { X Tgane) € (27 R, [L 2] R) L
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We note that since G is regular so Lemma 8 can still be applied. The rest of the proof
is identical to that of Theorem 3. O

Corollary 3. Suppose that supp( is bounded. Then under Assumptions 1 and 4 we
have X'(t) — ¢ € R a.s.

Corollary 4. Suppose that K = 1 and that Assumption 4 is valid in some interval
[a,b] and that in addition Assumption 2 is valid for some R_ > a and Ry <b. Then
X'(t) = ¢ €R as.

Proof. Let u = liminf; o 2(1)(t), v = limsup,_, ., £(ny_1)(t). Consider the event

Acag={u<ctn{v>d}

for some ¢ < d. If d < R_ or ¢ > R, we already know from Theorem 2 that

we have convergence, so suppose that both ¢,d € [a,b]. In this case the interval

(c + dgc, d— dgc) C [¢,d] is visited i.0. but since this interval inherits the property of

Assumption 4 it follows from Proposition 2 that P(A.,q) = 0. From this it follows that

P(Bp: X'(t) > ¢) =P U A4 =0

c,deQ,d<b,c>a

i.e. the core converges to a point a.s. O
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Abstract

We study the asymptotic properties of a Markov system of N > 3 points in [0,1] in
which, at each step in discrete time, the point farthest from the current centre of mass
times p > 0 is removed and replaced by an independent (-distributed point; the problem
was posed in [4] when ¢ ~ U[0,1]. In the present paper we obtain various criteria for

the convergences of the system, both for p <1 and p > 1.

In particular, when p < 1 and ¢ ~ UJ[0,1], we show that the limiting configuration
converges to zero. When p > 1 (except a finite set of values of p depending on N),
we show that the configuration must converge to either zero or one, and we present an
example where both outcomes are possible. Finally, when p > 1, N = 3 and ¢ ~ U|0, 1],

we prove that the configuration can only converge to one a.s.

Our paper extends the results of [3, 5] where it was assumed that p = 1. It turns out
that one can no longer use the Lyapunov function based just on the radius of gyration;
when 0 < p < 1 one has to find a much finer tuned function which turns out to be a

supermartingale; the proof of this fact constitutes a large portion of the present paper.

Keywords: Keynesian beauty contest; Jante’s law, rank-driven process.

AMS 2010 Subject Classifications: 60J05 (Primary) 60D05, 60F15, 60K35, 82C22,
91A15 (Secondary)

1 Introduction

This paper extends the results of [3] and [5] on the so-called Keynesian beauty contest,
or, as it was called in [5], Jante’s law process. Following [3], we recall that in the
Keynesian beauty contest, we have N players guessing a number, and the person who
guesses closest to the mean of all the N guesses wins; see [6, Ch. 12, §V]. The formal
version, suggested by Moulin [8, p. 72], assumes that this game is played by choosing
numbers on the interval [0, 1], the “p-beauty contest”, in which the target is the mean
value, multiplied by a constant p > 0. For the applications of the p-contest in the game
theory, we refer the reader to e.g. [1]; see also [2] and [3] and references therein for

further applications and other relevant papers.
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The version of the p-contest with p = 1 was studied in [3, 5]. In [3] it was shown that
in the model where at each unit of time the point farthest from the center of mass
is replaced by a point chosen uniformly on [0, 1], then eventually all (but one) points
converge almost surely to some random limit the support of which is the whole interval
[0, 1]; many of the results were extended for the version of the model on R%, d > 2. The
results of [3] were further generalized in [5], by removing the assumption that a new
point is chosen uniformly on [0, 1], as well as by removing more than one point at once,
these points being chosen in such a way that the moment of inertia of the resulting
configuration is minimized. However, the case p # 1 was not addressed in either of

these two papers.

Let us now formally define the model; the notation will be similar to those in [3,
5. Let X = {z1,29,...,on} € RY be an unordered N-tuple of points in R, and
(r(1),2(2),- .-, 7)) be these points put in non-decreasing order, that is, z(1) < z(9) <

--- < x(ny. Asin [3, 5] let us define the barycentre of the configuration as

N
MN(xla"'va) = Nﬁlzxr
i=1
Fix some p > 0 and also define the p—centre of mass as pun(z1,...,ZN).

The point, farthest from the p—centre of mass, is called the extreme point of X', and
it can be either x(;) or x(yy (with possibility of a tie), and the core of X', denoted by
X', is constructed from X by removing the extreme point; in case of a tie between the
left-most and the right-most point, we choose either of them with equal probability
(same as in [3, 5]). Throughout the rest of the paper, x(1)(t),...,2nv_1)(t) shall denote

the points of the core! X”(t) put into non-decreasing order.

Our process runs as follows. Let X' (t) = {X1(¢),...,Xn(t)} be an unordered N-tuple
of points in R at time ¢t = 0,1,2,.... Given X(¢), let X'(¢) be the core of X(t) and
replace X' (t) \ X’/ (¢) by a (-distributed random variable so that

X(t+1)=X"(t) U {1},
where (¢, t = 1,2, ..., are i.i.d. random variables with a common distribution (.

Finally, to finish the specification of our process, we allow the initial configuration X’(0)
to be arbitrary or random, with the only requirement being that all the points of X' (0)

must lie in the support of (.

Irather than of X(t)
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Throughout the paper we will use the notation A =—> B for two events A and B,
whenever P(A N B°) = 0, that is, when A C B up at% a set of measure 0. We will
also write, with some abuse of notations, that lim;_,., X’(t) = a € R or equivalently
X'(t) = aast — oo if X'(t) = (a,a,...,a) € RN e limy o0 2(;)(t) = a for all
i=1,2,...,N — 1. Similarly, for an interval (a,b) we will write X’(t) € (a,b) whenever
all z(1)(t), ..., z(n-1)(t) € (a,b). Finally, we will assume that inf () = +-00, and use the
notation y™ = max(y, 0) for y € R.

Also we require that ¢ has a full support on [0, 1], that is, P(¢ € (a,b)) > 0 for all a,b
such that 0 <a < b < 1.

2 The case p <1

Throughout this Section we assume that 0 < p < 1 and that supp ¢ = [0, 1]. Because of
the scaling invariance, our results may be trivially extended to the case when supp ( =
[0, 4], A € (0,00); some of them are even true when A = oco; however, to simplify the

presentation from now on we will deal only with the case A = 1.

First, we present some general statements; more precise results will follow in case where
¢~ Ul0,1].

Proposition 1. We have

(a) liminf; o x(n_1)(t) = 0;

(b) P (3limg_,e0 X'(t) € (0,1]) = 0;

(c) ifp<i+ m then P (lim;—0o X'(¢) = 0) = 1;

(d) if p < i + 5 then {z)(t) = 0} = {lim;_,c X' (t) = 0}.
Proof. (a) Since ¢ has full support on [0, 1] it follows that (see [5], Proposition 1) there
exists a function f : Rt — RT such that

P(¢ € (a,b)) > f(b—a) >0 forall0<a<b<l1. (2.1)

Also, to simplify notations, we write p = un(X(t)) throughout the proof.
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Fix a small positive e such that p+2e < 1. Suppose that for some ¢ we have x(y_1(t) <
b < 1. We will show that xy_1)(t + N) < b(1 — €) with a strictly positive probab-
ility which only depends on p,b,e and N. Assume that we have (iy1,...,(en—1 €
(pb, (p +€)b) C (pb,b); this happens with probability no less than [f(pab)]N_l. We
claim that by the time ¢ + N we have x(y_1)(t + N — 1) < (p + €)b. Indeed, pu < pb
always lies to the left of the newly sampled points, therefore either there are no more
points to the right of (p + )b at some time s € [t,¢ + N — 1] (which implies that there
will be no points there at time ¢ + N due to the sampling range of the new points),
or one of the older points, i.e. present at time ¢, gets removed (it can be the one to
the left of pb). Since we eventually have to replace all the N — 1 old points, then
rn_(t+N) <b(1—e¢).

Fix a § > 0 and find M so large that (1 —¢)™ < 4. Let the event C(s) = {z(y_1)(s) <
d}. By iterating the above argument, we get that

P(C(t + NM)|F:) > Hf\il [f(pe(1 —E)i_l)}N_l, since at time t we can set b = 1.
Therefore, Y P(C(NM(m + 1))|Fnmm) = oo and by Lévy’s extension of the Borel-
Cantelli lemma (see e.g. [7]) infinitely many C(s) occur. Since 6 > 0 is arbitrary, we

get liminf; o z(n_1)(t) = 0.

(b) Let r = % > 1. Suppose that the core converges to some point z € (0, 1]; then
there exist a rational ¢ € (0,1] and a T' > 0 such that X’(t) € (¢,rq) for all ¢ > T,

formally

Gimx' ) e 1< J U () A (2.2)

a€QN(0,1] T>0t>T
where A, = {X'(t) € (¢,7q)}. We will show that
P(Ag 41| Fi, Agr) <1—v, forallt
for some v, > 0. This will imply, in turn, that

ﬂ Aq,t = 0

t>T
and hence the RHS (and thus the LHS as well) of (2.2) has the probability 0.
Suppose A, has occurred and the newly sampled point ¢ € (pg, ¢). Then

pq+q - C+z(n-1)
2 2

pun (X' (1) U{C}) < prq =
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Consequently, x(y_1) lies further from the p—center of mass, and hence it should be
removed. The new configuration will, however, contain the point ¢ ¢ (g,7¢q) and hence

Ag.t+1 does not occur. Thus
P(Ag 1|t Age) <1 -P(CE(grq) <1—flpg—q) = 1—vq4

as required.

(c) First, we will show that it is the right-most point of the configuration which should
be always removed; note that it suffices to check this only when z(yy > 0. Indeed, by
the assumption on p we have

(N =Dz + (N =Dz _ 2p(N=1) 2o +2w) _ 2o + 2w

< =
= N N 2p 2p

implying that

T(N) — DI > PR — T(1) <= T(n) — P> [P — T(1)]

Therefore, z(yy is the farthest point from the p—centre of mass. This implies that
x(n—1)(t) is non-increasing and therefore result now easily follows from part (a) since

x(n—1)(t) is an upper bound for all the core points.

(d) Apply Corollary 3 in the appendix with k = 1; this is possible because of Remark 6.
O

We are ready to present the main result of this Section.

Theorem 1. Suppose that ( ~ U[0,1]. Then X'(t) = 0 a.s.

Proof. Proposition 1 (c) implies that we now only need to consider the case p > ﬁ,

which we will assume from now on.

Let us introduce a modification of this process on [0, +00) which we will call the bor-
derless p-contest; it is essentially the same process as the one in Section 3.4 of [3]. In

order to do this, we need the following statement.

Lemma 1. Suppose that x1,...,2x_1 > 0. Then there exists an R = R(x(n_1)) > 0
such that x is the farthest point from pp = £(x1 +--- +xy_1 + ) whenever x > R.
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Proof of Lemma 1. Set R = 6x(n_1). Then x > x(q) is farther from the centre of mass

than x(;y if and only if

2p T+t rN_
T—pp > |pp—x0)| == r—pp > pu—1x(1) <:>:c(1—N) > 2p N — (1)
This is true, due to the fact that z > R and
2p T 1+ -+ TN
x <1 — N) > § > 21‘(]\[,1) > 2p.1'(N,1) > 2]9*
since p < 1 and N > 3. O

The borderless process is constructed as follows. Our core configuration starts as before
in [0, 1], and we use the same rejection/acceptance criteria for new points. However, we
will now allow points to be generated to the right of 1 as well. Let Ry = R(x(n—1)(t))
where R is taken from Lemma 1. Then a new point is sampled uniformly and inde-
pendently of the past on the interval [0, R;]; formally, it is given by R;U; where U,
are i.i.d. uniform [0, 1] random variables independent of everything. Observe that if we
consider the embedded process only at the times when the core configuration changes,
then the exact form of the function R(:) is irrelevant, due to the fact that the uniform

distribution conditioned on a subinterval is also uniform on that subinterval.

Next, for y = {y1,...,yn—1} define the function

hy) = F(y) + ku(y)?, (2.3)
where
Nl N-1 o
Fly) =Y (i — )’ ply) = ﬁ D v k= W.

i=1

We continue with the following

Lemma 2. For the borderless p-contest the sequence of random variables h (X'(t)) > 0,

t=1,2,..., is a supermartingale.

Remark 1. Note that the function F(-) defined above is a Lyapunov function for the
process in [3]; this is no longer the case as long as p # 1; that is why we have to use a

carefully chosen “correction” factor which involves the barycentre of the configuration.
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Proof of Lemma 2. Assume that x(y_1)(t) > 0 (otherwise the process has already

stopped, and the result is trivial). The inequality, which we want to obtain is

E[R(X'(t + 1)) — h(X' ()| 7| <0

z(t)=y =

for all y = (y1,...,yn—1) with y; € [0, 1]. Note that the function h(y) is homogeneous

of degree 2 in y, therefore w.l.o.g. we can assume that maxy = 1.
For simplicity let M = N — 1 > 2, and let
z = 6U; (the newly sampled point), @ = miny < 1 (the leftmost point)

Note also that
N _M+1 1 1

> = — —_— .
PZoN—1) oM 2" 3m (24)
Define
Foqg = F(y), Frew =F ((y U {Z})/)
Hog = 1Y), Hnew = H((yU{2})),
hold = Lold + k (M;ld)Q ; hnew = FPnew T k (/’L{new)Q

Thus we need to establish

]E[hnew - hold|-7:t] S 0. (25)

First of all, observe that if § = (y\ {y;}) U{z}, that is, § is obtained from y by replacing
y; with yg, then

F(5) = F(y) = “2 (M = 1)z + (M + 1)y; = 2Mp(y))

w(i)? = py)® = [z —yi + 2Mpu(y)]

In particular, if we replace point a by the new point z, then

zZ—a

Ay(2) = hpew—hold = {(M —Dz+ (M + 1)a—2Mu(y) + %(z —a+ QMM(y))}

and if we replace point 1, then

z—1

A1(2) = hnew —hola = {(M —Dz+ (M+1)—2Mup(y) + %(z -1+ 2Mu(y))}

Note that both A, and A; depend only on four variables (a, z, u, M) but not the whole
configuration. Let us also define

it tymtz o Mp+z
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the p—centre of mass of the old core and the newly sampled point.

There are three different cases that can occur: either (a) the point a is removed, (b) 1,
the rightmost point of the previous core, is removed, or (¢) the newly sampled point z
is removed. In the third case the core remains unchanged, and the change in the value
of the function h is trivially zero. The point a can only be removed if z > a; the point
1 can only be removed if z < 1; the point z can be possibly removed only if z € (0, a)
or z € (1,00). Let us compute the critical values for z, for which there is a tie between

the farthest points.

Which point to remove?

(¢) Suppose . Then there is a tie between z and 1 if and only if m(z) = =,
that is if

A ) (=00,0) ifp<pii= 357,
_ - 2pp—1) =1 . (M+1)(at1)
Z—tzl.—me (O,CL) 1fp1<p<p2::m

(aa +OO) ifp > p2.

Thus, we have:

e when p < p;, point 1 is removed;
e when p; < p < po, if z < t,1 then z is removed; if z > t,; point 1 is removed;

e when p > po, point z is removed.

(#3) Suppose . There is a tie between a and 1 if and only if m(z) = “£,

that is if

(1,400) if p < pg 1= LHEDEEL,

(M +1)(a+1) —2Mpp c
2p

z2 =141 = (a,l) if p3 < p < po,

(—o0,a) if p > po.

Thus, we have:

e when p < p3, point 1 is removed,;

e when p3 < p < po, if z < t,1 then 1 is removed; if z > ¢,; then point a is removed;
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e when p > po, point a is removed.

(i) Suppose . There is a tie between z and a if and only if m(z) = 2£2, that is
if
; 2Mupp — (M + 1)a c (=o0,1) if p<ps,
2=ty =
M+1-2p (1,+00) if p > ps.

Thus, we have:

e when p < p3, point z is removed;

e when p > ps3, if z < t,, then a is removed; if z > t,, then point z is removed.

We always have p1 < p2, p3 < po since
oM+ 1)(Mp—-1)  a(M+1)(a+ (M —-2)f)

—p = = > 0,
Pz 2Mu(Mp + a) 2Mpu(Mp + a)
1—a)’(M+1
p2 —p3 = ( it ) >0,
2(Mp+ 1)(Mp + a)
while
l—a—a?(M -1
p1<p3 < Map>1<— f[> a—a( )(whenM>2)

a(M —-2)(1—a)

The final observation is that t,, < 6, so there is indeed no need to sample the new point
outside of the range (0, 6); this holds since M > 2 and

6t — —2p(Mup +6) + Ma+6M +a + 6 - —2Mu+ Ma+6M+a—6

M+1-2p M+1-2p
—2Mp+6M —6  2M(1 —p) +4M —6 2 50
M+1-2p M+1-2p M+1-2p

The five cases for the removal:

e p < min{py,ps}:
— when z < 1, point 1 is removed

— when z > 1, point z is removed

® p>pa:

— when z < a or z > t,, € (1,00) point z is removed

62



— when a < z < t,4, point a is removed

e max{p,p3} <p < p2

— when z < t,; € (0,a) or t > t,, € (1,+00), point z is removed
— when t,; < z < tq1 € (a,1), point 1 is removed

— when t,1 < 2z < t,q, point a is removed
o p1 <p<p3(<p2):
— when z < t,; € (0,a) or z > 1, point z is removed
— when t,; < z < 1, point 1 is removed
o p3 <p<p1(<p2)
— when 2z < t41 € (a,1), point 1 is removed

— when t41 < z < t.q € (1,400), point a is removed

— when z > t,,, point z is removed

Let
MQ2up—-1)-1
X =p— = -
1 P—D 2M,u )
2ap—a—1+4+Q2up—a—1)M
X = — =
2 b —D2 2(M/14 I a) )
2p—a—14+Q2up—a—1)M
Xs=p—ps= .
3=P— D3 o(Mpu+ 1)
Define
L = E(h(X'(t+1)) = B(X ()| F)|ag)=y - Lx1<0 - Lxs<0;
L = E(h(X'(t 4+ 1)) = (X' (D) F)] 4 5)=y - 1x250,
Iy = E((X(t 4+ 1)) = B(X(0)1F0)] )=y - 1xa<0 - Lxy50 - 1x550,
L = E(h(X'(t+1)) = B(X () F)]a()=y - Lx150 - Lxs<0;
Ty = B(A(X'(¢ + 1)) — (X (0)F) ]y - Lxa<o - Txaso.

Since maxy = 1, because of the comment on the restriction of the uniform distribution

on a subinterval, we have I; = ¢;I;, 7 = 1,2,3,4,5, where ¢;’s are some positive
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constants and

1
I, = Ai-1x,<0-1x;<o0, A = / Aqdz,
0
tza/
L = Ay lx,%0, Ay, = Aqdz,
“tar tea
I = As-lx,<0-1x,50 1x,50, Az = Aqdz + Agdz,
to1 ta1
7
I, = Ay 1x,50-1xs<0, Ay = Aydz,
tzttn tza
Is = As-1x,<0-1x;>0, Ay = Aqdz + Agdz.
0 ta1

Thus to establish (2.5), it suffices to show that I; < 0 for each j = 1,2,3,4,5. This is

done by very extensive and tedious calculations, which can be found in the appendix. [

We now return to our original p-contest process X (¢). For L > 2 define

Tp =inf{t > 0: x(y_1)(t) <1/L};

nr = inf{t >Tr :L'(N_l)(t) > 1/2},

note that 7, is a.s. finite for every L by Proposition 1. Let W (s) = {w1(s),...,wn(s)}
be a borderless p-contest with W (0) = X (71); let W' (s) be its core. By Lemma 2 the
quantity & = h(W'(t Anyp)) is a supermartingale, that converges to some &,,. Since &

is bounded,

Efo 2 IEgoo = E[foo : lnL<oo] + E[Eoo : lnL:oo] Z E[é.oo : 17]L<oo} 2 ]P)(T]L < OO)

2(N —1))?
since on {n;, < oo} we have £, = W'(nr) and the largest coordinate of W' (ny) is larger
than 1/2, implying that pu(W'(ng)) > m and thus h(W'(ny)) = F(W'(nL)) +
ku(W'(np))? > (2(1\%1))2 We also have

N -1 k N+k—-1
o+ = Bo<—/—

since X’(71) C [0,1/L] and so u(X’(rz)) € [0,1/L].

€o = h(X'(r)) = F(X'(11)) + ku(X'(7r))* <

Combining the above inequalities, we conclude that P(n;, < oo) — 0 as L — oo.
However, on 1y, = oo the core of the regular p-contest process can be trivially coupled
with the core of the borderless process W'(s) which converges to zero, so X'(t) — 0 as
well. Since P(n;, = co) can be made arbitrarily close to 1 by choosing a large L, we
conclude that X'(t) — 0 a.s. O
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3 The case p>1

Throughout this section we suppose that ¢ has a full support on [0,1], and, unless

explicitly stated otherwise, that p > 1.
Theorem 2. (o) P({X'(t) = 0} U{X'(t) = 1}) =1;
(b) if (1)(0) > 1/p then P(X'(t) = 1) = 1;

(c) if x4 (0) > 0, where k satisfies
N
{2p(N—k)>N—2p}<:>{k<N—2p+1}, (3.6)

then P(X'(t) — 1) > 0.

Remark 2. In general, both convergences can have a positive probability. Let N = 3,
pe€ (1,3/2), and
U, with probability 1/3,;
¢=140, with probability 1/3;

1,  with probability 1/3,

where U € U[0,1] (so ¢ has full support). Suppose we sample the points of X(0) from (.
If they all start off in 0, then pu < p/3 < 1/2, so they cannot escape from 0. On the

other hand, there is a positive probability they all start in (1/p,1], and then Theorem
2(b) says that they converge to 1.

The key idea behind the proof of Theorem 2 is that one can actually find the “rul-
ing” order statistic of the core; namely, there exists some non-random k = k(N,p) €
{1,2,...,N — 1} such that z(;)(t) — 0 implies X’(t) == 0, while z(4)(t) /4 0 implies
that X7(t) 2% 1.

Proof. We start with the following two results, which tells us that there is an absorbing
areq [%, 1] for the process, such that, once the core enters this area, it will never leave

it, and moreover the core will keep moving to the right.

Claim 1. Suppose that 21 < z3 < 3 < -+ < 2y < 1 and 29 > p~'. Then

{‘Tla"' 7:751\/'}/:{1'23"' 7xN}
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Proof. Let yu = MTIN If pu > xn then the claim follows immediately; assume instead

that pu < xn. We need to check if pu — 1 > zny — pu, that is, if
2p(ze + - +axy_1) > (N —2p)(z1 + zN) (3.7
However, since x; > x5 for i = 3,..., N — 1 we have
2p(x2 4 -+ an_1) > 2paa(N —2) > 2(N —2)
while (N — 2p)(z1 + zn) < 2(N — 2p) < 2(N — 2). Hence (3.7) follows. O

Lemma 3. If x1)(to) > 1/p for some to, then X'(t) — 1 a.s.

Proof. 1f x(1)(to) > 1/p, then any point that lands in [0, 1/p) is extreme, so x(2)(t) > 1/p
for allt > ty. Choose any positive ¢ < 1—%, and let Ay = {Cey1, .-, Grn—1 € (1 — e, 1]}
Then if A; happens for s > g, any point in [0, 1 — £] is removed in preference to any of
the new points coming in, so z(3)(s + N —1) > 1 —¢. As a result, by Claim 1 we get
that X’(t) € [0,1 — €] for all t > s.

On the other hand, P(4;) > [f(e)]Y~! > 0 (see (2.1)) for any ¢, and the events
A¢, Asi Ny Atgan, ... are independent. Hence, eventually with probability 1, one of
the A4’s must happen for some ¢ > tg, so a.s. X'(t) € [0,1 —¢] for all large ¢. Since

can be chosen arbitrary small, we get the result. O

The next two results show that if the is some € > 0 such that infinitely often the core

does not have any points in [0, ), then it must, in fact, converge to 1.

Lemma 4. If z(1)(to) > € for some tg and e > 0, then P(x1)(to+£) > p~t|F) > 6 for
some £ = L(g) and 6 = () > 0.

Proof. Suppose that for some ¢ we have z(1)(t) > . We claim that it is possible to move
x(1) to the right of 1+7p5 in at most N — 1 steps with positive probability, depending
only on p and e. Indeed, if z(y)(t) > 1#5 then we are already done. Otherwise, if
the new point ;41 is sampled in (%pa,pg] C [0,1] it cannot be rejected. If at this
stage x(y)(t + 1) > 1#5, then we are done. If not, we proceed again by sampling
Ci42 € (1#5,1)5], etc. After at most N — 1 steps of sampling new points in (%ps,pe],

the leftmost point z(;) will have moved to the right of %pa.

Thus, in no more than N — 1 steps, with probability no less than [f (%5)]1\[71 > 0,

x(1) is to the right of 1%”5. By iterating this argument at most m times, where m € N
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is chosen such that [%]m e > 1/p, we achieve that z() isj\/‘Fo the right of 1/p (for
definiteness, one can chose { = (N —1)m and § = [f (%5)]( 71)m.) O

Lemma 5. Let ¢ € (0,1), and define B(e) := {xn(t) > € i.0.} Then B(e) =
{X'(t) = 1}.

Corollary 1. We have {liminf,_,o z(1)(t) > 0} = {X'(t) — 1}.

Proof of Lemma 5. Assume that € < % (otherwise the result immediately follows from
Lemma 3). Also suppose that P (B(g)) > 0, since otherwise the result is trivial. Let ¢

and J be the quantities from Lemma 4.
Define

o = Hlf{t >0: x(l)(t) > 5},
T = inf{t > 71 + £ : x(l)(t)>€}, k>1,

with the convention that if 7, = co then 7,, = oo for all m > k. Notice that B(e) =
Mieofme < co0}. On B(e) we can also define D, = {xq)(mx + ) > 1/p}. Since
Tk — Tr—1 > £ whenever both are finite, we have from Lemma 4 we have P(D,,_, |7, ) >
6. Therefore,
B(e) ﬁ ZP(D7k+1|‘FTk) =
k>0

hence by Lévy’s extension of the Borel-Cantelli lemma it follows that a.s. on B(e)
infinitely many (and hence at least one) of D, occur, that is, z(1y(7x 4+ £) > 1/p. Now

the result follows from Lemma 3. O

Assume for now that p < %; in this case N — % +1 < N (see (3.6)). The case p > %
will be dealt with separately.

Claim 2. Suppose 0 < x1 < --- < xn and k is such that

ke{2,...,N -1}, N > 2p(N — k). (3.8)
Let p = % = 1+%ﬂ};2) > 1. If xy > Bay then {z1,...,zn} =
{z1,...,on_1}

Proof. xn > Bxy, implies

0 < [N —2p(N —k)|lzny —2p(k — 1)z = Ny — 2p[(k — 1)z + (N — k)zn]
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1+ TN

SNfoZp[x2+~~+mN]§NxN+N:c172p[x1+---+xN]:2N~[ fp,u],

since N — 2p > 0, hence |xy — pu| > xny — pu > pu — x1 = p|p — z1| and thus zy is

the furthermost point from the p-centre of mass. O

Lemma 6. Let k satisfy the conditions (3.8) and 8 be defined as in Claim 2. Then
{z(t) — 0} = {X'(t) — 0}.

Proof. Let
H = (Vzgo (1) < 6,20v-1)(8) > B0}
t>s
and o(1
VS‘S = ﬂ {Ct ¢ [63(;_6>]}
t>s

By Claim 2 it follows that (V.2)° N HS = () for all s € N and 6§ > 0. Meanwhile, by the
assumption of full support, P(V?) = 0 for for all s € N and § > 0. Therefore

P(H?) = P(H, N (V?)*) + P(HNVY) =0,

all s € Nand § > 0. But

{zg(t) = 0} N{X'(t) A 0} C U U Hl

neN seN

hence P ({z () (t) = 0} N {X'(t) /4 0}) = 0, which is equivalent to the statement of the

lemma. O

The following statement shows that if all the points to the right of z(j) lie very near

each other, while the left-most one lies near zero, then it is to be removed.

Claim 3. Let a € (0,1] and suppose that k € {2,..., N — 1} satisfies (3.6). Then there
exist small 6, A > 0, depending on N, k,p,a such that if

0<z <9
<z <zxny fori=2,...,N—1,;

Ty 1, .-, TN € [a(l — A),a)

then {x1,...,an} ={xa,...,xN}.
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Proof. The condition to remove the leftmost point is pu — m% > 0 where pu =
(1 +---+2zn)/N. However,

1 +ITN

2N (pu— 5 ) =2p(xo+ -+ axn_1) — (N —2p)x; — (N — 2p)zn

>2p(xp+ -+ an-1) — (N —=2p)d — (N — 2p)a
> 2p(N = k)a(l = A) = (N = 2p)d — (N - 2p)a
=a2p(N = k)(1 = A) = (N —2p)] — (N — 2p)s

The RHS is linear in § and A, and when § = A = 0 it is strictly positive by the
assumption on k; hence it can also be made positive, by allowing § > 0 and A > 0 to

be sufficiently small. O

Corollary 2. Suppose that X (t) = {z1,...,zn} satisfies the conditions of Claim 3 for

some a and k. Let 0 be the quantity from this claim. Then

P(z1)(t +j) > 0 for some 1 < j < k|F) > ¢ = can > 0.

Proof. The probability to sample a new point ¢ € (a(l — A),a] is bounded below by
f(aA) where f is the same function as in (2.1). On the other hand, if the new point is
sampled in (a(1 — A),a] then X' (¢ + 1) continues to satisfy the conditions of Claim 3 as
long as the leftmost point is in [0, §]. By repeating this argument at most & times and

using the induction, we get the result with ¢ = [f(aA)]* > 0. O

Lemma 7. Let k € N satisfy (3.6). Then
{.’L‘(k) (t) + 0} ﬁ {X/(t) — 1}.

Proof. Note that by Lemma 5, it suffices to show that {z ) (t) 4 0} = {z@(t) 4 0}.

If 2()(t) # 0, there exists an a > 0 such that x(;)(t) > a for infinitely many t’s. Let
s be such a time. Now suppose that (s1; € I := (a(l — A),qa] for i =0,1,...,N —1
where A is defined in Claim 3; the probability of this event is strictly positive and
depends only on a and 6 (see (2.1)). As long as there are points of X' (s + i) on both
sides of the interval I, none of the points inside I can be removed; hence, for some
u € {s,s+1,...,s+ N —1} we have that either min X(u) > a(1 —A) or max X(u) < a.
In the first case, 2(1)(u) > a(l — A).
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In the latter case, both z(ny(u) € I and z()(u) € I, since every time we replaced a
point, the number of points to the left of I did not increase (and there were initially at

most k — 1 of them). As a result
a(l = ) £ a4y (u) < 21 (W) < -+ < 2 (W) <
Together with Corollary 2, this yields
{zay(t) > aio.} = {z@q)(t) > min{a(1 — A),d} i.0.} = {zq)(t) A 0}

which proves Lemma 7. O

So far we have shown that if & > N(1 — ﬁ) then {z)(t) — 0} = {&'(t) — 0}
a.s.

and if £ < N(1 — ﬁ) + 1 then {z()(t) /~ 0} = {X'(t) — 1}. From this we may

conclude that if N(1 — 5~) < k < N(1 — o) + 1 (this is possible if % is not an

2p 2p
integer) then X’(t) must converge either to 0 or 1. It remains to consider the case
when % is an integer and we then choose k = N(1 — ﬁ) and proceed to show that

{209(t) = 0} = {A7(t) — 0}, while {z(9(t) A 0} => {X'(t) — 1}. We start by
showing {z()(t) — 0} = {X’(t) — 0}.
For this purpose let a € (0,1) and define I = [0, 74|, I} = (5%%, 3 ), Lo = IS U1}

and
Da(s) := {jggl“(k)(t) < QNLN},
Ca(s) = {Cottre s Corvny € I,
Eq = {x@)(t) =0, zpen(t) >a ido.}

Lemma 8. Suppose that k = N(1 — ﬁ) then P (E,) =0 for any a > 0.

Proof. Fix a > 0. Clearly E, C {x((t) = 0} € o2, Da(s). Let
. a
To = inf{t > 0: z4(t) < NN Trp+1(t) > al,
while for [ > 1
n=inf{t >+ N—1:a,(t) < QNLN Tep1(t) > a}

and note that 7, < oo a.s. on E,, for each [ > 1. If at time 7, + 1, (;, 41 is sampled in I}

then, using 2?\1% < 1 (since N > 2) and by also plugging in p = ﬁ we find that,

(N = D) + Gran ) (B + (N = = Dag-n(m)) + w
N = N

pu(n+1)=p
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<pilon =) | Nk (e =) | rwv-n(n) _ zw-n(n)
= 2

N TPy e = 5T 2 2

which means that the right-most point gets rejected. Similarly if ¢, is sampled in I}
for j =1..N — k (i.e. if Cy(7) occurs) then

k+2j s ‘
a(Qj\}zz\? - )-l—(N—k)x(N_l)(Tz-i-j -1) ) eovony(m+7—1)

N 2 ’

pu(n+7) <p

for j =1,..., N —k, implying that all the N — k new points get accepted (and thereby
rejecting all points to the right of a). If Cy(m) N Dy(s(l)) occurs then for ¢ > s(1) :=
7+ N — k — 1, the number of points in I must be at least k. Consider the interval
I = 12U I} and note that at time s(I) all points of the core will lie in I. We will
establish through the next claim that if at some time we have N — 1 points in I, it will
be impossible for z(y_1)(t) to ever reach above a while still keeping at least k points
in 1.

Claim 4. Fiz somel € N. On the event Co(1;) N Do(s(1)) we have that if there are 0 <
J < N —k—1 points of the core in I¢ at any t > s(1) then x(n_1)(t) < Njﬁ = =
In particular x(n_1)(t) < a on Cu(m) N Da(s(l)) for all t > s(1).

Proof. We prove this by induction. When j = 0 this is true (on Cy (1) N D4(s(1))) since

at time s(I) we have all core points in I and if we do not move any points into 7€ then

the right most point is to the left of 7. Assume the claim is true for j = J. Since at

time s(I) there are no points in in I¢ then if there are ever to be J+ 1 points in /¢ there

exists a time ¢ > s(I) when we go from J points in ¢ to J+ 1 points in I¢ at time ¢ + 1.

At time ¢ + 1, (41 will be rejected if (i1 > max(pu(t + 1), x(y—1)(t)). Since (41 >
pu(t + 1) if and only if (by plugging in p) Gy1 > Fmg i/ (1), but Fp/(t) <
Nz (n_1)(t), so we may conclude that ;41 will be rejected if ;11 > Na(ny_1)(t) regard-

less of how the N — 1 — L points in I and the remaining J points in ¢ are distributed.
We obtain that

Ji @ a
rn_1)(t+1) < Nay_q)(t) < N NN T NN

by the induction hypothesis and this proves the claim. O

It follows directly from Claim 4 that

E, N Da(S(l)) - Ca(Tl+k)c7 Vi, k € Ny,
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as a consequence, since P (Cyo (1) | Fr,) > f (|12 \)Nﬁl on {7 < oo} and since {Cq(T14%)°} &

are all independent for every [ by the construction of 7;
P(E, N Dy(s(l))) <P (ﬂ Co(Tisr) ) < H (1— £(I2])
k=0

Using E, C ;= Da(s(1)), we conclude

P(Ea)—IP’<G(E N Dy ) i P (E, N Dqa(s(1))) = 0.
=0

Lemma 8 implies that when k& = N(1 — ﬁ) then

P (x(k)(t) - Oax(k-l-l)(t) 7L> 0) =P U El/n < Z El/n =0,

n>1

{z@y(t) — 0} = {z41)(t) = 0}, but k+1 > N(1 - i) and so by Lemma
6, {xu)(t) — 0} i‘:'s{.X’(t) — 0}. Note that since k = N(1 — —) then k obviously
satisfies (3.6) so Lemma 7 implies that {z)(t) / 0} = {X'(t) — 1} which completes
the proof when p < % For the case p > % we have

Lemma 9. Ifp > & then X'(t) = 1 as.

Proof. The case p > % is easy: unless z(n) = 0 we have

Tt Ten T ot e o) Iy
N 2 = 2

hence it is the left-most point which is always removed. For the case p = % we
notice that at each moment of time we either have a tie (between the left-most and
right-most point) or remove the left-most point. At time ¢ we can only have a tie if
w(1)(t) = ... = r(y_1)(t) = 0 and if this is true then eventually the right-most point will
be kept and the process becomes monotone after this (the left-most point will always

be rejected). O

To prove part (c), note that unless x(1)(0) > 0 already, by repeating the arguments
from the beginning of the proof of Lemma 7, with a positive probability we can “drag”

the whole configuration in at most N — 1 steps to the right of zero, that is, there is
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0 <ty < N —1 such that P(min X”(tg) > 0) > 0. Now we can apply Lemma 4 and then

Lemma 3.
This concludes the proof O

Remark 3. For an alternative proof see section two of the Appendix.

4 Non-convergence to zero for p > 1 and N =3

In this section we prove the following

Theorem 3. Suppose that N = 3, p > 1 and (, restricted to some neighbourhood of
zero, is a continuous random variable with a non-decreasing density (e.g. uniformly dis-
tributed). Assume also that the initial points are all i.i.d. {-distributed. Then X'(t) — 1

ast — o0 a.s.

Remark 4.

e In case p > 3/2 we already know that X'(t) — 1 for any initial configuration

and any distribution (see Lemma 14), so we have to prove the theorem only for
p € (1,3/2).

e Simulations suggest that the statement of Theorem 8 holds, in fact, for a much

more general class of distributions (.

Proof of Theorem 3. Let ¢ € (0,1/2) be such that ¢ conditioned® on {¢ < €} has a
non-decreasing density; according to the statement of the Theorem 3 such an € must
exist. Furthermore we can also assume that the denisty of ¢ is bounded on [0, 2¢] by
choosing € small enough, indeed since the density is non-decreasing and is integrable
it follows that it can have at most a single integrable singularity which then must be
located at it’s right-most point of definition. Let us fix this € from now on. As before,
denote by x1,...,2x N distinct points on [0, 1], and let z (1), ..., z(x) be this unordered
N-tuple sorted in the increasing order. Let

/

{yi, - yn-1} = {$1,--~,$N}p

be the unordered N-tuple {z1,...,2n} with the farthest point from p-centre of mass

removed; w.l.o.g. assume that y; are already in the increasing order.

2note that the full support assumption ensures that the probability of this event is positive
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/

Lemma 10. The operation {...};

is monotone in p, that is, if p > p and

/

{le"'vgN—l}:{'xlv'-')xN}ﬁa

/

{01, N1} = {21, ., 2N}
thenyz 2:171,221,7]\7—1
Proof. Assume w.lo.g. 1 < ... < zy, and let p = p({z1,...,2n}). Notice that,
regardless of the value of p, the only points which can possibly be removed are x;
or xy (since they are the two extreme points). Therefore, it suffices to show that

{z1,...,an}; = {x2,...,on} implies {z1,...,2n}; = {z2,...,2n}. Note also that

|1 — ppul| = pp — 21 for all p > 1.

If pp — 21 > |pp — zn| and pp — xx > 0, that is, the p—centre of mass lies to the right

of xy, then pu > pu > xzn as well, and hence x; is discarded.

On the other hand, if pu — x; > |pu — x| and pu < xy then either pu < zn, or
pu > xy. In the first case,

Pp— a1 > pp—x1 > |pp— on| = an — pp > xn — pp = |z — pyl

so x1 is discarded. In the second case, p—centre of mass lies to the right of x and so

7 is also discarded. O

Lemma 11. Let h be a real-valued function on the sets of N real numbers. Suppose

that h is non-increasing in each of its arguments, namely
h(T1, T2,y T 1, Ty Tig 1y e TN) < h (X1, @2, 0o, Ty 1, iy Tig1y - TN)
whenever x; > x;. Let & be some Fy-measurable event, and suppose that
E (h(X'(t +1))|F) < h(X'(t) on & (4.9)

forp=1. Then (4.9) holds for p > 1 as well.

Proof. Let
Gp(X'(t), Cey1) = {1y (1), 2(2) (1), - - s 2(v—1) (), Crp1 )

be the new core after the new point (;41 is sampled and the farthest point from the
p—centre of mass is removed; note that X'(t + 1) = Gp(X’(t), (4+1). Then on &

E(R(X'(t + 1))|F) = E(h(Gp(X'(t), G41)) | F2) < E(A(G1(X' (1), Ge1)) [ F2) < A(X'(2))
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/
p

argument. O

since the operation {...}/ is monotone in p by Lemma 10 and h is decreasing in each

From now on assume N = 3 and p = 1. Denote x(1)(t) = a, x(2)(t) = b and consider

the events

Ly = {G+1€(2a—b)",a)}, Ra = {G41€(b,20—a)},

By = {Gu € (a2}, B = {G+1e (520}
(we assume that b is smaller than 1/2, yielding 2b —a < 1.) If z(3)(t) < € then
X'(t+1) # X’(t) implies that one of the events Ly, By, B, or R, occurs (i.e. all points
sampled outside of ((2a — b)*,2b — a) are rejected at time ¢ +1). Let us study the core
X'(t+1) = {t+1, a,b} on these events: on L, and B, we have X’ (t+1) = {x,a}, while
on B, and R, we have X'(t 4+ 1) = {z, b}.

We have, assuming z(1)(t) = a and z(9)(t) = b,
E(h(X'(t + 1)) = h(X'(1)|F:) = E(h ({¢, a,0}') = h(a,D)).

When 0 < a < b < e we have 2b — a < 2¢. Define

h(z,a) — h(a,b), ifz € ((2a—0)",a);

h(a,x) — h(a,b), if x € (a,(a+b)/2);
g9(z) = h ({z,a,b}) — h(a,b) = { h(z,b) — h(a,b), if z € ((a+b)/2,b);

h(b,z) — h(a,b), if x € (b,2b— a)

0, otherwise,

which is positive in the first two cases, and negative in the next two. Let ¢(z) be the
density of ¢ conditioned on {¢ € [0,2¢]}. By the monotonicity of ¢ and the positivity

(negativity resp.) of g on the first (second resp.) interval,

afd 2b—a
M) =B [oOlevan] = [|” | swe@iz s [ o@otenia
o (52) [, e (£2) e (52
2 (4.10)
where
A =A(a,b) = /( ;_W (h(z,a) — h(a, b))dz + /  h(a,2) - h(a,b)da
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b 2b—a
¥ /a?(h(o:, ) ha e [ 002~ b

So if we can establish that A < 0 for a suitable function h, then indeed A(a,b) < 0,

and the supermartingale property follows.

Remark 5. Notice that the method of proof, presented here, could possibly work for
N > 3 as well; that is, if one can find a function h(x1,...,xn_1), which is positive
and decreasing in each of its arguments, and h(X'(t)) is a supermartingale provided
max X' (t) < & for some € > 0. Unfortunately, however, we were not able to find such a

function.

Set

h(z,y) = —2log (max {a:, %}) > 0; (4.11)

it is easy to check h is indeed monotone in each of its arguments as long as z,y € (0, 1].

Let us now compute the integrals in the expression for A. We have

3(a — b)In2 — 3a + 20, ifa <9
(a+b)In(a+b)— (a+b)Ina+ (a—5b)In2+ b, if 2 <a<?d
A=q(a+b)In(a+b)+ (2a—4b)Inb+3(b—a)lna+ (b—5a)In2+b, if L <a<2;
(a+b)In(a+b)+ (2a —4b) Inb + (56 — 7a)Ina — (a + b) In2

+3(b — a) + (4a — 2b) In(2a — b), if 2 <a<b

It turns out that h(X’(t)) indeed has a non-positive drift, provided 0 < a < b < ¢, as is
shown by the following

Lemma 12. A<0 for0<a<b<1.

Proof. Substitute a = bv in the expression for A. Then for v < 1/3 we easily obtain

A=-b[3v(l-In2)+1n8—2] <0.

For 1/3 < v < 1/2 we have 2A = —bC1(v) < 0 where

Civ)=(1+v)ln

14
5-1)In2—-1>0
1+V+( v)In >0,
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: PCi(v) _
since “5 2 =

—U2(11+U) < 0 and hence min; /3<, <12 C1(v) is achieved at one of the

endpoints ¥ = 1/3 or v = 1/2; the values there are C1(1/3) = In(4) — 1 > 0 and
C(1/2) = In(32) — 1 > 0 respectively.
For 1/2 < v <2/3 we have A = —bC5(v) < 0 where

Cov)=—-1+v)In(1+v)+Br—=3)lnv -1+ (v —1)In2 > 0,

since 3280225”) = 25;&?:;)3 > 0 and 2920 o =1In (28) -5 < 0 implies that 22 <
0 for all v € [1/2,2/3] and hence miny /o<, <23 C2(v) = C2(2/3) = + In (13278) =1 > 0.
Finally, for 2/3 < v <1 we have A = —bC3(v) < 0, where
207 2(2v — 1)?
C3(v) =vlog v +1lo @v—1) +3(r—-1)>0

2 —Div+ D) w1

since
d2C3(v) (v +5)(2v? —1)

dv2 Q- 12(v+1))

changes its sign from — to + at 1/v/2 € (2/3,1) and therefore aca?,y(u) achieves its

maximum at the endpoints of the interval; thus

max 0C5(v) = max 0Cs(v) = max {—;—l—l (24556> O}:O

2/3<v<1 OV v=2/31 OV
Therefore, C3(v) is decreasing and hence ming /3<, <1 C3(v) = C3(1) = 0. O
Choose 79 =0, and for kK = 1,2,..., define the sequence of stopping times

N = inf {t >Teo1: o w)(t) < 6}
Tk:inf{t>77ki w(g)(t >€}7

Vet = min (ng + 1, 7%),

sothat 9 < m < ms <71 <M <o <1 < ... forall t > 0, with the usual
conventions that inf() = +o0o and that if one of the stopping times is +oco then the
subsequent ones are also +oo. Note that {X'(t) — 0} € Upe;({7x = oo} N {m < o0})
so it suffices to show that P ({7, = oo} N {m < oo} N {X’(¢t) — 0}) =0 for all k > 1.

We will show that with h as in (4.11), limy_, o R(X’ (%)) exists and is finite a.s. on

{m = oo} N {mx < oo}. Since limyg h(a,b) = +oo this implies liminf; o 2(1)(Vr,e) >
0 a.s. (since otherwise P (limy_yoo A(X' (Vi) = +00) > 0). If we can show that
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h(X'(vk,¢)) is a positive supermartingale on {7, = oo} N {n, < co} then we are done.

From now on fix £ > 1 so that we may denote v; = 7 ¢ without loss of generality.

The positivity of A(X’(7)) follows by the definitions of h. Letting & = h(X'(¢)) (which
is always non-negative) then by (4.10) and Lemma 12 it follows that

E [(&41 — &)1,y <2 Fi] <O (4.12)

Note that if ;11 > 2¢ and 21y (t) < 2¢ then if (;41 is accepted into the core, X'(t+1) =
{x2)(t), G41} and if it is not accepted into the core then & ;1 = &;. Since

max (x(1)(t), 2(2)(t)/2) < max ((z(2)(t) A Gg1, (T2) (1) V G41)/2)

it follows that

E [(ftﬂ - 5t)1Ct+1E[26,1]17;(1)(t)<26|ft:| <0. (4.13)

If 411 > 2¢ and 21y (t) > 2¢ then & < —2log(e) and &1 < —2log(e) which implies

E |:(£t+1 — gt)l(:t+1€[2671]1$(1)(t)226|]_—ti| S —410g(6) (414)

We can conclude

E [(§e+1 — €)1¢ieen|Fe] < —4log(e) :=c. (4.15)

Combining (4.12) and (4.15) gives us E[(&+41 — &)|F:] < ¢ taking expectations and
iterating over ¢, we find that E [§] < ¢t + E[&] so E [&] < oo if E[§y] < 0o. Now

E[$o] < —2E[log(max(¢1/2, (2/2))] < —2E[log(¢/2)] < —2E [log((/2)1¢<c] — 2log(€/2)

<2 (sa<e> [ tog(a)ds + log<e>> — —2(p(e)e (log(e) — 1) + log(e/2)),

0
which is finite. Now it suffices to show E [A(X' (v + 1))|F5,] < h(X’(4)) since this will
in fact imply
E[h(X'(vi41))|Fy,] < B(X' (7)) (see the proof of Theorem 2 in [5] for details). Note
that x2)(v: + 1) < pr(g)(ve) < p-e < 2¢, therefore it follows from Lemma 12 that
E [R(X' (¢ + 1))|Fy,] < h(X'(74)). We have thus showed that h(X’(v;)) is a positive

supermartingale and this concludes the proof. O

78



5 Appendix: The calculations for the proof of Lemma 2.

Observe that all expressions for A; are fractions of the polynomials in (a, f, p, M); moreover,

their denominators

3M(M —1) (for A1),
3M(M — 1)(M + 1 — 2p)® (for Az and Ay),
12M(M — 1)(M +1 —2p)®p®  (for Az and As)

are always positive. Throughout the rest of the proof let n(w) denote the numerator of such a

fraction w.

Case 1: I; <0

Observe that
n(A1) = —2M* — 3Mpu +2M + 1+ [3Mpu — 1]Mp

and the term in the square brackets is positive as My > 1, so the maximum of n(A;) is

achieved at the highest possible value of p. However, in this case we have p < pi1, hence

S1

n(A1)lx <o < n(A1)lp=p, = _ﬂ

where

3(2p — 1), if M = 2;
s1= (M*=2)p+(1—6p)(1—p)M+1 = 4y +1/2 + 14(p — 1/2)2, if M = 3;
(M —3)[(M — 4)p + 6> + 1] + s1|pr=3, if M >4

Hence s1 > 0 for M = 2,3,... and thus I <0.

Case 2: I, <0

Here
n(Asz) = —4[a(M —p+1) — Mup]* s

where

So = M3,upf4M2,up2 7M3a+2M2ap+5M2,up+2Map2 73M2,LL76MCL*Z)+4M/L])
+3Ma —3Mp — 2ap + 2a,

and we need to show that so > 0.
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Assume first M = 2. Then (using the fact that = (1 + a)/2)

3a+3>1

X, > >
220=p252

which is impossible; so from now on M > 3.
To establish Iy < 0, it will suffice to demonstrate that
53 1= 2Msy — 2M*(Mpu + a)X2 > 0

as Iy has a factor 1x,>0, and s2lx,>0 > 537 1x,>0. Substituting

Ly 1,
P=12"am| T2 2m
where w € [0, 1) corresponding to the condition (2.4), we get

S3 :M(—2M2,uw2—l—M2m11—l—4Mm112—&—M3—3M2,u—]\4/1111—2,1111}2—1—M2 —Mu+2u)
—a-(M—1)[M((M-1)?—-(w-2)%) + (1 -—w) (M*>—w—1)]

The expression in the square brakets is non-negative for M > 3, so the minimum of s3 is

achieved when a = 1; i.e.

83 > 83la=1 = 72M3pw2 + M3/uu +4M2pw2 - 3M3u+ Mw — M2pw + M*w?
— 2Mpw?® + 3M?® — M?p — 5M*w — 2Mw® + 2M?* + 2Mp + AMw + w® —2M — 1 =: s4

But

654

%:—M((37w)M2+(1+w)M72+2(M71)2w2) <0

SO

S4 > Salu=1 = (1 —w)(M — 1)(wM(2M —3)+ M +w+1) > 0.

Case 3: I3<0

Here
n(As)=—(M+1)(1 —a)ss

and it suffices to show that s5 > 0. If M = 2, then p = (a +1)/2 and p > 3/4, so

s5=3(3—2p) [(1 —a)*(8p — 5) + (32(1 — a)® + 144a)(1 — p)*
+12(1 — p)*(4p + a(4ap + 10p — 3))] > 0.
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For M >3,let M =3+45,8=0,1,.... Then s5 = > °_, e;418" where we will show that all

e; > 0. Indeed, we have

e1 = —432app® — 1296 p° + 288a’p* + 2736aup” — 144ap® + 432p™ 1% — 432up° — 1632p°a’
— 2880aup® 4+ 1200ap® + 43204 p® 4 2736up* + 2624p°a® — 1152aup® — 3744ap”® — 1728,°p*
— 2880up°® + 288p* — 1536pa’ + 4928pa — 1152p° 1 — 1632p° + 768a> — 3072ap + 2624p>
+ 15360 — 1536p + 768

ea = —288aup® — 1296 p° + 168ap* + 2208aup” — 48ap® — 360p* 1> — 288up® — 1160p>a®
— 1392aup® + 600ap” + 69841°p® 4 2208up® + 1760p°a” — 3840aup” — 2264ap® — 20162 p>
— 1392up® + 168p* — 576pa’ + 2720p°a — 3840p* 1 — 1160p° + 7684 — 1152ap + 1760p>
+ 1536a — 576p + 768

e3 = —48aup® — 432u°p° + 24a*p* + 576aup® — 600p* > — 48up® — 268p°a® + 216aup® + T2ap*
+ 44044°%p® + 576up™ + 324p*a® — 3240aup® — 412ap® — 876.%p? + 216up® + 24p* + 336pa’
+ 180p°a — 3240p° 1 — 268p° + 288a” 4 672ap + 324p° + 576a + 336p + 288

es = —48u%p° + 48aup® — 216p* 1 — 20p°a” + 192aup® + 13564%p° + 48up* — 4p®a® — 1164aup®
— 20ap® — 1682 p* + 192up® + 228pa® — 112p°a — 1164p°pu — 20p° + 48a® + 456ap — 4p?
+ 96a 4 228p + 48

es = —24p*u? + 2daup® + 204u°p° — 4p®a® — 192app”® — 12p°p* + 24pup® + 45pa® — 16p°a
—192p*pu + 3a® + 90ap — 4p* + 6a + 45p + 3
e6 = 360p(a+ 1 — 2up)® > 0.

The fact that es > 0 is trivial; we will prove separately that e1,...,es > 0 below. In what

follows, we substitute p = 1%, where v € (0, 1).

Proof that e; >0

‘We have
8261 o
da?

hence e; achieves its minimum at

490" — 660° + 760° + 2v 4 235] > 0,

9u5 — 1050* + 4261° — 46nu? 4 397y — 1669 + 9u(1 + v)?(3v° — 2902 + 13v + 109)
8[9v* — 66v3 + T6v2 + 2v + 235]

Qer =

deq
da

which solves = 0. Note that it is possible that a., ¢ [0,1]. However, in any case,

1 3(1+v)%er
32 9vt — 66v3 + 7602 + 2v + 235

er > ella:acr -
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so it will suffice to show that

c1 =16(1— 1/)2cla +3(1 — pu)crp, where
c1a = —270° +1440° — 1020 + 16200° — 98830° + 12484v + 1732
c1p = 81pur® — 108u0™ + 1350° — 1260p0° — 82807 — 12276u0° + 2760° + 84774p*
— 4404v° — 157140p° 4 691700 + 1526281 — 1983720° — 156108ur + 18208412
+ 27969 — 60588y + 73967

is positive. We have
C1a = 307 (540 — 90° + 480° — 34v) + /(12484 — 9883v) + 1732 > 0.
Similarly,
c1p = 61440(1 — p) + (1 — v)[c1v1 + cro2i4]
where

e = (—13507 4 6930° 4 4170° + 4821v*) — 643490° + 1340231% — 48061v + 12527

> —643490° 4 1340230° — 48061v + 12527 > 1000(—670° + 1340* — 67v + 12)
= %20 [56 +67(4 — 3v)(1 — 3v)°] >0

and

cipe = (=810 + 270 +12870° + 13563v") — 712111° 4 8592907 — 66699v + 894
> —712110° + 859290° — 66699 + 89409 > 80000(—v* +v° — v 4 1) > 0.

So, ¢1p1,C1p2 > 0 = ¢1p > 0 and since c14, > 0 we have ¢; > 0 and thus e; > 0.

Proof that e; >0

‘We have

8262

5 = 21v* — 206v° + 13602 + 398y + 1571 > 0

so, similarly to the previous case,

3(1 + v?)[582912(1 — p)? + (1 — v)ce]
81214 — 20613 + 13602 + 398v + 1571]

€2 2 62|a:acr -

where

3% — 600" +2960° — 820 — 1550 — 2786 + (181 — 2220° — 1501 + 2010) (14 v)* 4
e = 2[21v% — 2060° + 13612 + 398v + 1571]
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solves 8;2 =0 and
a

co =37 —1230° +13300° — 19180* — 288970° + 651770 + 93100v + 120544
+ (3607 — 6240° + 3480° + 256160 — 73320° — 2723681° — 1345561 + 688784)
+ (10807 — 720° — 48480° — 359161 + 2475480 — 2527200 + 1444561 — 647676) 11°

Now,

(92 C2

o = v (2160° — 1440° — 96961 — 71832) 4 1° (4950961 — 505440) + (2889120 — 1295352) < 0

hence the minimum of ¢z w.r.t. u € [0, 1] can be achieved either at 4 = 0 or at u = 1. At the

same time

calu=o = 30" +13300° 4 651770% + 931000 + (120544 — 1230° — 1918 — 288971°) > 0,
Calu=1 = (1 — v)(161652 — 1470° + 6720° + 38420 + 160600° + (264652 — 195259v)v) > 0,

so ¢ > 0 and hence es > 0.
Proof that e3 >0
‘We have

82 €3

da?

= 3v* — 550 — 2102 + 471v + 1010 > 0

so, similarly to the previous case,

3(1+v)? [(1—v)%csa + (1 — p)esy]
8(3v% — 5503 — 2112 + 471y + 1010)

ez > e3|a:am. =

where

—9u* +670° + 16502 — 579v — 1820 4 3(1 + v)?u(v® — 212 — 63w + 499)
2(3v4 — 5503 — 2112 + 471v + 1010)

Aer =

solves % =0 and
a

cza = —30° +120° + 6320 +17940° — 376240° + 65244 + 64877 > 0
cap = 2(1 — v) (=307 +120° +6520° + 24170" — 425611° 4 738641° + 413361 + 91323)
+ (1 — ) (30°(220 — v° 4 4v) + 20(14900" — 229930° + 3989817 + 890w + 109262) + 8477) > 0

Hence e3 > 0.
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Proof that e, >0

‘We have

8264 3 2
5 = 209y + 317 —5v° —17Tv" > 0
da

so, similarly to the previous case,

31+ 1)[(1 = v)%caa + 4(1 — p)ca)
8(209v + 317 — 5v3 — 17u2)

e4 > e4|a=acr =

where
503 + T1v° — 329y — 587 + 6(1 + )% (88 — 10v — v?)

2(2090 + 317 — 513 — 1712)

QAer =
solves 2%4 = 0 and
da

Caa = 8U* 4 400° — 13950° + 4354w + 4757 > 0
cay = 4(1 — ) (4° 4+ 210" — 7120° + 201107 + 3102w 4 3050)
+ (1 — ) (20° 4+ 110° — 3600 + 9120° 4 17050° + 36550 + 543) > 0.

Hence e4 > 0.
Proof that e5 > 0
‘We have

6265

da?

=49 +41v — 202 >0

o, similarly to the previous case,

31+ 1)°[(1 — )esa + (1 — p)ess)
2(49 + 41v — 2v?)

es > eS‘a:am« =

where
4v® — 37v — 47 + 3p(15 — v)(1 + v)?
49 4+ 41v — 212

Acr =

solves ‘?;5 =0 and
a

csa =15 — 1> + 150 > 0
esp = 2(1 — v)(140° 4+ 280 + 19 — %) + (1 — p)(130° 4 400° + 490 + 11 —v*) > 0.

Hence e; > 0.

As a result, s5 > 0 and thus Is <0.
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Case 4: I, <0

Here

n(A4) = —4(Mpp — M +p — 1)*se,
s6 = 2p — 2+ (3u+ 6p — 3 — dup — 2p>)M + (4pp® — Sup + 3 — 2p) M* + (1 — pp) M*
Then, substituting M = 2+ 6,
% =[(1—p)+2(1—p)(p+2+10p — 8up)] + [8(1 — p) + 2(1 — p)(2 4 T — 4up)]6 > 0
and as a result for § > 0 we have

s6 > s6ls=0 = 2(3 — 2p)[p(1 — p) + p(1 — 3p)] > 0.

Case 5: I5 <0

Here
n(A5) = —S87.

We need to show that s7 > 0 when X; <0 and X3 > 0.
Since X1 < 0, we have 2Mpu < M + 1. Together with X3 > 0 this implies
0<n(Xs3)=2Mpp—(M+1)—a(M+1)+2p< —a(M+1)+2p

whence

2p
< .
“=Mta

Let us show that for this a we have s7 > 0; substitute a = b - where b € [0, 1].

2p
M+1>

First, let 7 then = 1% p € [3/4,1), and s7 = 252255 where

ss = 5126°p® — 2688b°p" + 5760b°p° + 34566%p" — 6912b°p° — 12672b%p° + 5184b%p*

+ 16416b%p° + 5184bp® — 1944b°p® — 11664b°p" — 10368bp° + 77766 p> + 1728p° — 2916b%p>
+ 11664bp® — 11664bp* — 7776p° + 4374bp + 17496p> — 17496p + 6561

Note that we can write ss = e1 + e2(1 —p) +e3(1 — p)2, where

128e1 = (9 — v — 61)(81 — v* — 9° — 63v)(v° + 150° + 81 — ) > 0

1282 = 3(9 — ) (v° + 210° + 1680 + 6661° 4 81v% + 81v + 486) > 0
64(e1 + e3) = [20° + 3307 + 2340° + 7830°] + [—648v" — 65611° 4 30618% — 28431v + 13122
> —648" — 65611° + 306180° — 28431y + 13122

> —1000v* — 7000 + 240000* — 29000r + 13000
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=1000(1 —v)(5 +8(1 — v)* +v°) > 0.

with p = ¥ 1 € [0,1]. Consequently, since (1 —p)> < 1 and e; > 0,

sg =e1 +ea(l —p) +es3(1 —p)2 >e2(l—p)+ (ex + 63)(1 —p)2 >0

and thus s7 > 0 as required.

For,setM:3+5,§2(). Then

9

i

S7 = E 6i+15
i=0

where

e1 = 196608 + (98304b — 393216)p + (—49152b° — 442368° — 196608b — 737280 + 589824)p”
+ (—24576b° 4 221184bp” + 98304b% + 1990656° + 294912b + 6635521 — 540672)p°
+ (49152b% + 737280 1 — 552960bu” — 331776> — 1474560 — 23224324° — 270336b
+ 1105924 + 233472)p*
+ (—83968b% + 1843200% 11 — 55296by” + 7741444° + 135168b° + 10506244 + 116736b
— 2396164 — 36864)p°
+ (52224b% — 1751040 1 + 165888bp” — 331776.° — 58368b° — 165888y — 184320 + 552964)p°
+ (—9216b° + 27648b% 11 + 9216b%)p”

es = 393216 + (172032b — 540672)p + (—73728b% — 958464y% — 221184b — 2088960 + 835584)p”
+ (—30720b% + 423936bu° + 86016b° + 45895681 + 344064b 4 1898496 — 823296)p>
+ (307200% + 282624b* 11 — 1308672bu° — 6635524° — 135168b° — 5031936° — 344064b
— 18432 + 344064)p”
+ (=77312b% 4 181248b% 11 + 4608by” + 1658880.° + 138240b6% + 20689924° + 142848b
— 360960p — 49152)p°
+ (50176b° — 228864b% 11 + 290304bu> — 6912004° — 56832b% — 2903044° — 19968b + 783364)p"
+ (—7680b° 4 32256b° 11 4 76806 )p”

e3 = 344064 + (129024b — 208896)p + (—46080b° — 9062404 — 49152b — 2558976 + 430080)p°
+ (—153600° + 347136bu” + 3072b% + 47185921> + 129024b + 2217984y — 522240)p°
+ (—6144b° + 334848b° 11 — 1337856bu> — 566784, — 307200° — 47784964° — 175104b
— 1981444 + 210432)p*
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+ (—24448b% + 422406 1 + 100992by° + 15436801° + 52992b% + 1744512% + 69504b

— 223872 — 26112)p°
+ (17856 — 118464b° 11 4 210816bp” — 6151681° — 20544b% — 2108164 — 8064b + 44160)p°
+ (—21126° 4 14016b6° 1 + 21126%)p”

e = 172032 + (53760b + 64512)p + (—15360b° — 488448y° + 44544b — 1790976 + 64512)p”
+ (—3840b° 4 157440bu° — 23040b° + 28439044° + 1416960 — 176640)p”
+ (—9984b° + 193536b% 1 — 7T72608bu> — 2680324° + 7680b% — 25989121° — 44544b
— 170496 + 68352)p*
+ (93024bp” — 136326% 1 + 324(254481° + 255151 — 2283) — 326(77b° — 282b — 525) — 6912)p°
+ (2784b° — 30336b° 1 4 813126 — 3031681 — 3264b° — 81312 — 1440b + 123844)p°
+ (—192b° + 2688b% 1 + 192b°)p”

es5 = 53760 + (134400 + 91392)p + (—2880b% — 1641604° + 34560b — 7927681 — 26880)p”
+ (—4800° + 42720bu” — 115206% + 1109088° — 13440b + 5486401 — 33600)p°
+ (62496b% 11 — 275952bp> — 885744% — 67536 — 75792 — 96b(34b> — 50b + 59) + 12432)p*
+ (1606° — 8544b%pu + 38928bp” + 266192° + 576b + 2291044° + 2016b — 13200u — 912)p°
+ (1606 — 3840b° 11 + 17568bpu” — 893444 — 192b° — 17568° — 96b + 17281)p® + 1926% up”

e = 10752 + (2016b 4 38976)p + (—288b* — 35232u> + 10848b — 230880y — 14784)p>
+ (—24b% + 6936bu> — 2544b° + 2906644 — 40320 + 132888y — 3408)p®
+ (11568b° 1 — 456b6° — 62472bpu> — 12816° + 8160 — 193752u> — 288b — 14328 4 1200)p”
+ (32b® — 1536b° 1 + 8688bp” + 551681° + 38544° 4+ 96b — 1248, — 48)p°
+ (—192b% 1 + 2016bu” — 15744° — 20161> 4 964)p°

er = 1344 4 (168b + 9072)p + (—12b% — 4716 + 1824b — 443401 — 3024)p?
+ (624bp® — 276b° + 51252u° — 504b + 19764 — 144)p®
+ (—24b° 4 11526% 1 — 8760bpu” — 1200p> + 48b° — 26568u> — 15844 + 48)p*
+ (—=96b% 1 + 1008bp” + 70724° + 36004 — 481)p° + (96bu” — 1536° — 961> )p°

es = 96 + (6b + 1236)p + (—360p> + 162b — 5424 — 300)p°
+ (24bp® — 120 + 5868° — 24b + 1656)p” + (48b°p — 696bu” — 48u” — 2088 — 72u)p*
+ (48bu® + 5124° + 144p%)p® — 641°p°

and the expressions for eg and ejg are given a little bit further.

First, we will show that e; >0,i=1,...,8.
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Proof that e1,...,eg >0

It turns out that it is easiest is to use a computer-assisted proof in this case; to this end
we developed the method which we call a Box method; it may have been described by other
authors, but since we do not have the reference to the right source, we give its description

below.

First of all, we substitute

1+CE1
2

p= b=z, p=1w3; x;€10,1], 1 =1,2,3.
Let m = minaigzigbm:lg,g f(ilh, T2, 333) where
f(z1, @2, 3) = f4 (w1, T2, x3) — f- (@1, T2, T3)

and fi and f_ are polynomials with non-negative coefficients. We want to show that m > 0.

Let

a B min f 41 d2 s _f i1+1 i2+1 i3+1
M= isvis=0, . M—1 T\ DM MM B M’ M’ M ’

Since

m> Gy —m

as M — oo, we conclude that m > 0 if and only if Gf s > 0 for some M > 1. Checking that
Gy m > 0 can be quite tedious and time-consuming for large M, however, this could be easily
accomplished with the help of a computer; please note, that the results are still completely

rigorous, unlike e.g. simulations.

The results of application of this method to e1,...,es are presented in the following table:

Gey,2000 > 825,  Gey500 > 25,  Gega00 > 1860,  Gey 300 > 2397,
Ges,Qoo > 672, G56,200 > 148, Ge7,200 > 5, G58,400 > 3.

Consequently, e; >0 forall j =1,...,8.

Proof that eg > 0 and e >0

The Box method of the previous section would not work for eg and ei1g, since these functions
do touch zero in the required area, and hence the minimum is, in fact, 0. Therefore, we have

to handle these two cases analytically.
We have

eo = 4p°u(4p”p® — 18up® + 99up — 3 + 15p — 96) — 12p° + 93p + 3 + [6p> (1 — 2up) (2up + 1)]b,
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hence, the minimum is achieved either at b= 0 or b = 1.
For i < 1/(2p) we have eg > egq, where

€90 = €o|p—0 = 25°p° — 18p°s® + 30sp> + 99s°p — 12p° — 192ps — 3s° + 93p + 3
=2p> + (1 —s)[6(1 —p) + (1 — 5)(99p + 2p*s — 14p> — 3)] > 0

where s = 2pu € [0, 1].
In case pu > 1/(2p) we have eg > egp, where

egp = €glp=1 = 16p5s3 - 24p433 - 72p482 + 12p3s3 + 468;0352 - 253p2 - 24p35 - 426p252
+ 24$p2 + 11132p + 2p2 — 18ps — 3s% + 6s

where p = i—&—s(l— %), s €]0,1]. Now,

2

)
526 = 6(2p — 1)%(14 + (2p — 1)(2p°s — 3p+15)) > 0

so the minimum of eg;, w.r.t. s is achieved where %691) =0, i.e.

. _6p°—33p+1+R
B O VI

where R = \/44p* — 400p3 + 1105p2 — 66p + 1

and equals

3996p° — 284p° — 19956p* + 37329p° — 3291p* + 99p — 1 + (400p® — 44p* — 1105p® + 66p — 1)R
2pt

> 22120.5 — 1576197 = 0.285896>0

for p>1/2.

Finally, trivially, we have e1o = 3p(2up — 1)* > 0. Consequently, s7 > 0 and I5 < 0.

Combining this with the previously established inequalities I; < 0, j = 1,2, 3,4, we complete
the proof Lemma 2. }

6 Alternative proof of Theorem 2

Proof. Assume for now that p < &; in this case N — % +1 < N (see (3.6)). The case

p> % will be dealt with separately.

89



Claim 5. Let A; := {x(i) (t) — 0} and suppose that for some 1 <k < N — 2 we have
N
{2p(N—k—1)<N}<:>{k>N—2p—1}. (6.16)

Then Ay C {3limy o0 T(p41) (1)}

Proof. Fix any a > 0. Let § > 0 be so small that
2pN§ < [N —2p(N — k — 1)]a. (6.17)
In the event Ay there exists a finite 7 = 75(w) such that

{supx(k)(t) < 5} <= {card (X'(t)N[0,0]) > k for all t > 7.}

t>T

From now on assume that ¢ > 7. We will show below that x(;41)(t+1) < max{z41)(t),a}.

To begin, let us prove that x(,41)(t +1) < 2(41)(t) as long as z(,41)(t) > 0. Indeed, if
the new point ¢ is sampled to the left of x(;11)(t), then regardless of which point is to
be removed, 11y (t + 1) < 2(,41)(f). If the new point ¢ is sampled to the right, then
the farthest point from the p—centre of mass must be the rightmost one (and hence
T(g41)(t+1) = 2(441)(t)) since there are exactly & points in [0, §] and none of these can

be removed by the definition of 7.

On the other hand, if z(,41)(t) < 0 then either z(,19)(t) < a or (49)(t) > a. In the
first case, T(p41)(t +1) < 2(p42)(t) < a even if z(1) is removed. In the other case, when

T(k42)(t) > a, we have x(y_1) > a as well, and

k+1)8§+(N—k—1 2pN§ — [N —2p(N —k —1 N
pu(X(t+1)) < p( + 1o+ ( )T () o P [ p( Jzny + Ny
N 2N
o Nan —{[N = 2p(N —k—1D]a—2pNé}) _ zw)
- 2N 2

by (6.17), so x(ny = () (t) must be removed and thus (1) (t + 1) < 2q1)(t).
Consequently, we obtained

A C ﬂ {@@s)(t+1) < max{zpi1)(t),a}}

t>7
- (U {:L‘(;H_l)(s) < g for all s > t}) U (U {.%‘(k+1)(8) < i (s+1) for all s > t})
>0 >0

- {limsupx<k+1>(t) < a} U {EI lim :B(k+1)(t)}
t— 00 t—o0
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since a > 0 is arbitrary, we get

Ay C {limsupx(k+1)(t) < O} U {Eltlirgo x(;ﬁ_l)(t)} = {3 lim 2(41)(f) > O}

t— 00 t—o0

O

Lemma 13. Suppose that (6.16) holds for some 1 <k < N — 2. Then Ay => Agy1.

Proof. Let fl,i’fl i= {limy—00 T(k+1)(t) > a} (the existence of this limit on Ay follows
from Claim 5). It suffices to show that P (A;.C N AEL) =0 for all a > 0; then from the
continuity of probability we get that P (Ax N {limy—e0 T(+1)(t) > 0}) = 0 and hence

A = Apq1.
a.s.

Fix an a > 0. Let
a 2a _
Ct = {Ji(k)(t) < g and Ji(kJrl)(t) > 3}, CT = ﬂ Ct,
t>T
then
- _ 2
Ay ﬁA,i‘:l C U Cr = {HT >0: zgy(t) < % and (11 (t) > ga for all ¢ > T} )
T>0

If the probability of the LHS is positive, then, using the continuity of probability and
the fact that Cr is an increasing sequence of events, we obtain that limr_, IP’(C’T) > 0.

Consequently, there exists a non-random Ty such that P(Cr,) > 0.

This is, however, impossible, as at each time point ¢, with probability at least f(a/3)

(see (2.1)) the new point ¢; is sampled in B := (%, 22) and then either z((t + 1) € B

or (,4+1)(t +1) € B. Formally, this means that
P(C’t+1|0t,]:t) < 1-— f(a/?)) for all ¢ > 0.

By induction, for all k£ > 1,

To+k

P(Cr,|Fr,) <P ( N Ct|]:T0> <[1— f(a/3)]".

T=Ty

Since k is arbitrary, and f(a/3) > 0, by taking the expectation, we conclude that
P(Cr,) = 0 yielding a contradiction.

Hence the probability of the event Ay N Af_ﬁl is zero. O

91



Corollary 3. Suppose that (6.16) holds for some 1 < k < N — 2. Then

{z@(t) — 0} = {X'(t) — 0}.

Proof. Observe that if k satisfies (6.16) then k + 1 satisfies (6.16) as well. Thus by
iterating Lemma 13 we obtain that Ay : Akt :> Ako :> :> An_1, ie.
x(n—-1)(t) — 0, which is equivalent to the statement of Corollary O

Remark 6. Note that the condition (6.16) does not assume p > 1; hence the conclusion
of Corollary 3 holds for the case 0 < p <1 as well.

For the case p > % we have

Lemma 14. Ifp > & then X'(t) — 1 a.s.

Proof. The case p > % is easy: with a positive probability the newly sampled point
¢ > 0 and then

ot trven o T bt Ty 6 T F¢
N 2 2
hence it is the left-most point which is always removed, implying lim inf; o z(1)(t) > 0.

Hence by Corollary 1, X’(t) — 1 a.s.

For the case p = & we notice that at each moment of time we either have a tie (between
the left-most and rlght—most point) or remove the left-most point. However, we can only
have a tie if x(1)(t) = ... = x(y_1)(t) = 0; in this case, eventually the right-most point
will be kept and the left-most removed. After this moment of time, there will be more
ties, and the left-most point will always be removed, leading to the same conclusion as
in the case p > N/2. O

Part (b) follows from Lemma 3.

To prove part (c), note that unless x(1)(0) > 0 already, by repeating the arguments
from the beginning of the proof of Lemma 7, with a positive probability we can “drag”
the whole configuration in at most N — 1 steps to the right of zero, that is, there is
0 <ty < N —1 such that P(min X”(tg) > 0) > 0. Now we can apply Lemma 4 and then

Lemma 3.
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Let us now prove part (a). First, assume p < . It is always possible to find an integer
k which satisfies both (3.6) and (6.16), so let k be such that

N N
N———-1<k<N-—+1
2p 2p

(it N/(2p) € N this k will be unique). Now the statement of the theorem follows from

Corollary 3 and Lemma 7.

Finally, in case p > % the theorem follows from Lemma 14. O
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Abstract

We study the behaviour of an interacting particle system, related to the Bak-Sneppen
model and Jante’s law process defined in [8]. Let N > 3 vertices be placed on a circle,
such that each vertex has exactly two neighbours. To each vertex assign a real number,
called fitness'. Now find the vertex which fitness deviates most from the average of the
fitnesses of its two immediate neighbours (in case of a tie, draw uniformly among such
vertices), and replace it by a random value drawn independently according to some
distribution (. We show that in case where ( is a finitely supported or continuous

uniform distribution, all the fitnesses except one converge to the same value.
Keywords: Bak-Sneppen model, Jante’s law process, interacting particle systems.

Subject classification: 60J05, 60K35, 91D10.

1 Introduction

The model we study in the current paper is a “marriage” between Jante’s law process

and the Bak-Sneppen model.

Jante’s law process refers to the interacting particle model studied in [6] under the name
“Keynesian beauty contest process”, and generalized in [8]. This model runs as follows.
Fix an integer N > 3, d > 1, and some d-dimensional random variable (. Let the initial
configuration consist of N arbitrary points in R¢. The process runs in discrete time
according to the following algorithm: first, compute the centre of mass p of the given
configuration of N points; then replace the point which is the most distant from p by a
new (—distributed point drawn independently each time. It was shown in [6] that if ¢
has a uniform distribution on the unit cube, then all but one points converge to some
random point in R?. This result was further generalized in [8], by allowing ¢ to have an
arbitrary distribution, and additionally removing not just 1, but K > 1 points chosen to
minimize a certain functional. The term “Jante’s law process” was also coined in [8], to
reflect that this process is reminiscent of the “Law of Jante” principle, which describes
patterns of group behaviour towards individuals within Scandinavian countries that
criticises individual success and achievement as unworthy and inappropriate; in other

words, it is better to be “like everyone else”. The origin of this “law” dates back to

Lwe use this term, as it is quite standard for Bak-Sneppen models
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Aksel Sandemose [12]. Another modification of this model in one dimension, called
the p-contest, was introduced in [6, 7] and later studied e.g. in [9]. This model runs as
follows: fix some constant p € (0,1)U(1, 00), and replace the point which is the farthest
from pp (rather than u).

Finally, we want to mention that the phenomenon of conformity is observed in many

large social networks, see, for example, [4, 10, 13] and references therein.

Pieter Trapman (2018, personal communications) suggested to study Jante’s law model
with local interactions, thus making it somewhat similar to the famous Bak-Sneppen
(BS) model see e.g. [1]. In the BS model, N species are located around a circle, and
each of them is associated with a so-called “fitness”, which is a real number. The
algorithm consists in choosing the least fit individual, and then replacing it and both of
its two closest neighbours by a new species, with a new random and independent fitness.
After a long time, there will be a minimum fitness, below which species do not survive.
The model proceeds through certain events, called “avalanches”, until it reaches a state
of relative stability where all fitnesses are above a certain threshold level. There is a
version of the model where fitnesses take only values 0 and 1 (see [2] and [15]), but
even this simplified version turns out to be notoriously difficult to analyse, see e.g. [11].

Some more recent results can be found in [3, 14].

The barycentric Bak-Sneppen model, or, equivalently, Jante’s law process with local
interactions, is defined as follows. Unlike the classical Bak-Sneppen model, our model
is based on some local phenomena, which makes it much more tractable mathematically,

and hence we are able to obtain substantial rigorous results.

Fix an integer N > 3, and let S = {1,2,..., N} be the set of nodes uniformly spaced
on a circle. At time ¢, each node ¢ € S has a certain “fitness” X;(¢t) € R; let X (t) =
(X1(t),...,Xn(t)). Next, for the vector x = (x1,...,xy), define

x; Tie
di(z) = |a; — Tig1 T Tiz1 7
2
as the measure of local “non-conformity” of the fitness at node i (here and further we
will use the convention that N+ 1=1, N+2=2, and 1 — 1 = N for indices on z).

Let also d(x) = max;eg d;(x).

The process runs as follows. Let ¢ be some fixed one-dimensional random variable. At

time ¢, t = 0,1,2,..., we chose the “least conformist node”? 3, i.e. the one maximizing

2The intuition for choosing the deviance as the criteria for removal is the follows. In many Scand-
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1 2 3 4 5 6 7

Figure 1: lllustration of the distances from the average of the two neighbours; 3 = 6.

d;(X(t)), and replace it by a (-distributed random variable. By j(z) we denote the

index of such a node in the configuration = (z1,...,zy), that is

(see Figure 1). If there is more than one such node, we choose any of them with
equal probability, thus j(z) is, in general, a random variable. Also assume that all the
coordinates of the initial configuration X (0) lie in the support of (. We are interested

in the long-term dynamics of this process.

We start with a somewhat easier version of the problem, where ¢ takes finitely many
distinct values (Section 2), and then extend this result to the case where ¢ ~ UJ0,1]
(Section 3). We will show that all the fitnesses (except the one which has just been
updated) converge to the same (random) value. This will hold for each of the two

models.

Remark 1. One can naturally extend this model to any finite connected non-oriented
graph G with vertex set V, as follows. For any two vertices v,u € V that are connected

by an edge we write u ~ v. To each verter v assign a fitness x, € R, and define the

inavian countries, non-conformity is considered as a very bad treat, and as a result, individuals which
divert from the average, tend to be less successful in these societies. This phenomenon is called “The
Jante’s Law”. We understand that the word “fitness” is thus somewhat misleading here, but would

like to use it to keep in line with the standard Bak-Sneppen model.
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Figure 2: On this graph with N = 6 vertices, only values  and y € {0, 1} are updated all the time; infinitely often half of the fitnesses
equal 0, while the other half equals 1.

measure of non-conformity of this vertex as

dy(z) =

Ty —

where N, = |u € V 1 u ~ v| denotes the number of neighbours of v, and the replacement

algorithm runs exactly as it is described earlier.

In particular, if G is a cycle graph, we obtain the model studied in the current paper.
On the other hand, if G is a complete graph, we obtain the model equivalent to that
studied in [6, 8].

Remark 2. Unfortunately, our results cannot be extended to a general model, described
in Remark 1. Indeed, assume that supp( = {0,1}. It is not hard to show that if for

some v we have N, = 1, then the statement of Theorem 1 does not have to hold.
Moreover, it turns out that even when all the vertices have at least two neighbours (i.e.,

N, > 2 for allv € V), then there are still counterezamples: please see Figure 2.

The rest of the paper is organized as follows. In Section 2 we study the easier, discrete,
case. We show the convergence by explicitly finding all the absorbing classes for the

finite-state Markov chain.

Section 3 contains the main result of our paper, Theorem 2, which shows that all but

one fitness converge to the same (random) limit, similarly to the main result of [6].
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2 Discrete case

In this Section we study the case when fitnesses take finitely many values, equally spaced
between each other. Due to the shift- and scale-invariance of the model, without loss of
generality we may assume that supp¢ = {1,2,..., M} =: M, and that p = gne“ﬁ P(¢ =
4) > 0. In this case X (t) becomes a finite state-space Markov chain on M.

Note that if N — 1 fitnesses coincide and are equal to some a € M, then it is the
fitness that differs from a that will keep being replaced, until it finally coincides with
the others. When this happens, we will have to choose randomly one among all the
vertices, and replace its fitness. The replaced fitness may or may not differ from a, and

then this procedure will repeat over and over again. Hence, to simplify the rest of the

argument, we can (and will) safely modify the process as follows:
X(t+1) = X(t) as soon as d(X(t)) =0 i.e. all X;(t) = a for some a € M.
We will say that the process that the process is absorbed at value a.

Remark 3. The fact that the values of ( are equally spaced is, surprisingly, crucial.
Let supp ¢ ={0,1,5,6} =: M and N = 8. Then the set of configurations

[0717x’5’6757y’1]7 :Z:7y€M

is stable; the maximum distance from the average of the fitnesses of the neighbours is
always at nodes 3 or 7, and it equals 2 or 3, while the other distances are at most 1.5

or 2 respectively.
Theorem 1. The process X(t) gets absorbed at some value a € M, regardless of its
starting configuration X (0) € MY,
First, observe that since X (t), t = 0,1,2,... is a finite-state Markov chain on MY with
the set of absorbing states

0= (1,1,....,1)U(2,2,...,2)U...(M,M,..., M) c MY

it suffices to show that O is accessible (can be reached with a positive probability in

some number of steps) from any starting configuration X (0).

First, for # = (21,29, ...,2x) € MY define
Max(z) = max z;
() 1<i<N "
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Sx)={je{1,2,...,N}: z; = Max(z)}.

that is, the maximum of x, and the indices of & where this maximum is achieved3. Let

us also define
N

flx) = Z(ﬂfi — ziy1)”

i=1
with the convention 1 = x1, which we will use as some sort of Lyapunov function.

The following two algebraic statements are not difficult to prove.

Claim 1. f(x) =0 if and only if d(x) = 0.

Proof. Let x = (x1,...,2n). One direction is trivial: if f(x) = 0, then x; = x; for all
i € S and hence d;(x) =0 for all i € S < d(x) = 0.

On the other hand, suppose that d;(z) = 0 for all 4. If not all ;’s are equal, there must
be an index j for which z; = max;cs x;, and either x;_; < x; or ;41 < x;. This, in
turn, implies that 2d;(z) = |(z; —2j—1) + (z; —zj41)| = (x; —2j—1) + (; —;j41) >0

yielding a contradiction. O

. /
Claim 2. Letx = (Il,...,xi_l,l‘i,l‘i+1,...,J}N) and x' = (l‘l,...,Z‘i_l,a,xi+1,...,$N)
where a = {%J Then

(a) f(z') < f(x);
(b) if additionally d;(x) > 1 then f(2') < f(z) —1.

Remark 4. One may expect that there are simpler Lyapunov functions; while we
cannot rule this out, let us illustrate two natural candidates that, unfortunately, fail.
First, consider d(x); however this function does not work as the next example shows.
Let © = [1,3,9,18,24,27,27,24,18,9,3,1]. Then d;(x) is the largest at i = 2 and
i = 11; thus d(z) = do(z) = 2. If we replace a “3”7 by “4"= (1 4+ 9)/2, then
' =11,4,9,18,24,27,27,24,18,9,3,1] so d(a’) = d3(x) = 2.5 > d(x).

Another possible candidate, f(a:) = >, d;(z)? does not work either: let z = [1,6,9,6,1],
then ' =[1,6,6,6,1] and f(m’) > f(x), so it is not a Lyapunov function either.

Proof of Claim 2. . From simple algebra it follows that
f@') — fx)

5 = (a—xi)(a+xi — i1 — Tiy1)

or example, if x = (1,4,2,4,4,2) then Max(x) =4, S(z) = {2.4.5}.
3£, le, if (1,4,2,4,4,2) then Max(z) = 4, S(x) = {2.4.5}
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2 2
_ (a _ x—rgM) _ (wi _ x—l;M) @) — i) = (x).

Note that if d;(z) = 0 or d;(x) = 1/2 , then d;(2’) = d;(x) and thus (x) = 0. On the
other hand, if d;(x) > 1, since d;(2’) < 1/2, we get (x) < —1/2. O

To simplify notations, denote
a7 = (X (1)), Ay =d(X (1)), fe = f(X(1)).

Now we are going to construct an explicit path through which X () can reach O starting

from any initial state. Let

X,-1(t)+ X t
A ={X,, 1) isreplacedbeJt(tJrl){ p-1() + J"H()J,

2
and j; € S(X(t)) if possible} .

Note that the second condition is always possible to satisfy when A; = 1/2. Indeed,
if Ay =1/2 for X(t) = z, then there must be a j such that z; = Max(z) but ;41 <
Max(z) — 1. As a result, d;(z) > 1/2 and hence z; is one of the points which can be
potentially replaced.

Now the statement of Theorem 1 will follow from the following Lemma.
Lemma 1. For any X (0) there is a T > 0 such that on the event
AgNAiN...NAp
we have X(T) € O.
This Lemma, in turn, immediately follows from the next statement and the observation

that 0 < f(x) < M2N, as well as the fact that f(X7) =0 <= Ar =0<+= X7 €O
(see Claim 1).

Claim 3. If fs > 0 then fsyn—2< fs—1on AsNAgp1N--NAsyN_2.
Proof. Note that A; can take only values {0, %, 1, %,2, ...}. W.lo.g. we assume that
s =0.

First, if Ay = 0 for some 0 < ¢t < N — 2, then f; = 0 by Claim 1 and by Claim 2(a)
and the fact that fo > 1, we have fy_o < 0= f; < fo — 1. From now on suppose that

minOStSN,g At 2 1/2
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% simultaneously for allt = 0,1,2,... , N—

We will show that it is impossible to have A; =
3 (observe that the case A; = 1/2 contains, quite counter-intuitively, a very rich set of

states, see Figure 3). Indeed, the set S(X(¢)) of indices of the maximum fitnesses must

13 LWHHL

7® ®

1 IRAASUERS

Figure 3: A configuration with A, = 1/2 (note the periodic boundary conditions), M = {1,2,...,13}
and N = 24. Observe that if Ay = 1/2 then there will be a number of “plateaus” each

containing at least two maximal fitnesses; moreover, any two such plateaus will be separated

by at least two non-maximal fitnesses.

contain between 2 and N —2 elements*. However, on A; we have S(X (t+1)) C S(X(t))
and |S(X(t+1))] = [S(X(¢))| —1 by construction. Since S(X(0)) < N —2, the value A,

cannot stay equal to 1/2 for N — 2 consecutive steps, and thus this case is impossible.

As a result, we conclude that Ay > 1 for some t € {0,1,..., N —3}. Then fi41 < fi —1
by Claim 2(b). As a result, fy_2 < fiy1 < fi — 1 < fo by Claim 2(a). O

Remark 5. We have actually shown that T in Lemma 1 can be chosen no larger than
M?2N x (N —2), i.e. P(X(M?N(N —2)) € O| X(0) =z) >0 for any v € M.

Remark 6. It would be interesting to find the distribution of the limiting absorbing
configuration, i.e. & := limy_,oo X;(t); clearly it will depend on X(0). This is quite
hard problem, and we can present only results based on simulations. Figure 4 shows
the histograms of the distribution of & for different values of M and N, starting from a

random initial condition, i.e. X;(0) are i.i.d. random variable uniformly distributed on

M.

43 single maximum would imply A; > 1, the same holds if there are N — 1 coinciding maxima,

finally, |S(X(t))] = N would imply that Ay = 0.
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Figure 4: Distribution of & based on simulations, for (N, M) = (20, 20), (20, 100), and (200, 10) respectively. Uniform random initial
conditions.

3 Continuous case

Throughout this section, we assume that ¢ ~ U[0,1], and X;(¢) € [0,1] for all ¢ € S
and t =0,1,2,.... We also assume that X (0) is such that 3(X(0)) is non-random.

Theorem 2. There exists a.s. a random variable X € [0,1] such that ast — oo

(Xl(t),XQ(t)7...,X](X(t))_l(t),XJ(X(t))+1(t)7 . ,XN(t)) — (X,X7.. ,X) € [0,1]N71 a.s.

The proof of this theorem will consists of two parts. Firstly (see Lemma 8), we will
show that the properly defined “spread” between the values X;(t),..., Xn(t) converges
to zero. This does not, however, imply the the desired result, as hypothetically we can
have the situation best described by the “Dance of the Little Swans” from Tchaikovsky’s
“Swan Lake”: while the mutual distances between the X;’s decrease or even some stay 0,
their common location changes with time, and thus does not converge to a single point
in [0,1]. This can happen, for example, if the diameter of the configuration converges

to zero too slowly.

The second part of the proof will show that not only the distances between the X;’s
decrease, but they all (but the most recently changed one) converge to the same random
limit. Please note that the similar strategy was used in [6], however, in our case both

steps require much more work.

It turns out that it is much easier to work with the embedded process, for which either
the non-conformity of the node at which the value is replaced, is smaller than the initial
non-conformity, or at least the location of the “worst” node (i.e. the one where d; is the

largest) has changed, whichever comes first. Formally, let vy = 0 and recursively define
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for k=0,1,2,...
Vi1 = inf{t > v 0 9(X (1)) # (X (i) or d(X(¢)) < d(X(vx))}

Note that due to the continuity of ¢ each 3(X(¢)) is uniquely defined a.s., and that all

vy, are finite a.s..

Examples:

(a) x=1(...0.5,0.6,0.5,0.3,...). The “worst” node is the second one (with the fitness
of 0.6) and d = da(x) = 0.1; it is replaced, say, by 0.32. Now the configuration
becomes

2 =(...,0.5,0.32,0.5,0.3,...)

and the worst node is the third one with d(z') = d3(2z’) = 0.19 > 0.1 = d(x);
(b)  is the same as in (a), but x2 is replaced by 0.58. Now the configuration becomes
z=(...,05,058050.3,...)
and the worst node is still the second one with d(z') = da(2’) = 0.08 < 0.1 = d(x).
Now let X(s) = X (v) and F, = & (f((l), e ,X’(s)) be the filtrations associated with

this embedded process. Since throughout time [vg, vix41) the value ) remains constant

at 7., and only X,,, is updated, we have
Xilt) = Xi(vi) for all i # (X ()

for t € [k, vrp1). Moreover, the process X evolves as a Markov process but with
the “update” distribution restricted from the full range, since a uniform distribution
conditioned to be in some subinterval is still uniform (this will be used later in Lemma 2).

Hence Theorem 2 follows immediately from

Theorem 3. There exists a.s. a random variable X € [0,1] such that as s — oo

(X1(s), Xa(s),..., Xn(s)) = (X, X,...,X) € [0, 1] a.s.

(Moreover, this convergence happens exponentially fast: there is an sy = so(w) < 00
and a non-random v € (0,1) such that ‘)N(Z(s) - X‘ <~® forallie S and s > s¢.)

Remark 7. In what follows, we assume that N > 5. The cases N =3 and N =4 can

be studied somewhat easier, and we leave this as an exercise.
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We will use the Lyapunov functions method, with a clever choice of the function. For

x = (z1,22,...,2xN) define

h(x) =2- Z(JZZ - .1‘1'+1)2 + Z(Z‘z - $i+2)2 = ZZ (3$f — 2l‘ixi+1 — a:ixi+2) .

€S icS icS

We start by showing that h(X(s)) is a non-negative supermartingale (Lemma 2), hence
it must converge a.s. Then we show that this limit is actually 0 (Lemma 8). Combined
with the fact that h(X(s)), as a metric, is equivalent to max; ; | X;(t) — X;(t)|, (see
Lemma 3) this ensures that eventually all X, become very close to each other, thus

establishing the first necessary ingredient of the proof of the main theorem.

Lemma 2. £(s)=h (X(s)) is a non-negative supermartingale.

Proof. The non-negativity of £(s) is obvious. To show that it is a supermartingale,
assume that X (s) = (1,29, 3,24, Ts5, . ..) and w.Lo.g. that (X (s)) = 3. Suppose that
the allowed range (i.e., for which either d decreases or the location of the minimum
changes) for the newly sampled point is [a,b] C [0,1]. Assuming the newly sampled
point is uniformly distributed on [a,b] (since a restriction of the uniform distribution

to a subinterval is also uniform), we get

b
A:=E(¢(s+1)— {(S)‘]}g) = / {2(1‘2 —u)? 4+ 2(u — 24)* + (1 — u)? + (u — x5)*

du

— [2($2 — q;3)2 + 2(373 — 334)2 + (331 — $3)2 + ($3 - -1'5)2]} b—a

(3.1)
=2(a® +b* + ab) + (223 — a — b)(x1 + 229 + 224 + x5) — 623
Now we need to compute the appropriate a and b, and then show that A < 0.

W.l.o.g. we can assume that x3 > %, the case z3 < % is equivalent to (1 —xz3) >

w Now setting &; = 1 — x; for all ¢ yields identical calculations.

Suppose that the fitness at node 3 is replaced by some value X (vs+1) =: u, let the new

value of the non-conformity at node 3 be dj = d3(x1, 2, u, 4,25, ...) = ds(X (vs+1)).

e If z3 is replaced by u > x3, then this value will be “rejected”, in the sense
that d has only increased while the arg max;cg d; is still at the same node (i.e.,
3). Indeed, when z3 increases by some ¢ > 0, so does ds, while ds and d4 can

potentially increase only by §/2 and thus cannot overtake ds.
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o When u € (22554 x3), dj is definitely smaller than the original ds.
Assume from now on that u € (O, 12'57“) When z3 is replaced by wu, it might
happen that while the new d3 is larger than the original one, the value of dy or

dy overtakes ds.

e When u € (0, 225%4) the condition that dj < ds is equivalent to

To + X To + X
%—u<x3—%<:>u>x2+x4—x3::620.

e For ds to overtake dz, we need

U > T, — To+ 14 =: Q1
I’2+l’4

2

r1+u

2

To —

—Uu <~ or

u > 711+f§12+1’4 =: Qs
e For d4 to overtake dz, we need

U > Ty — Ty + x5 =: Q3
U+ x5
2

To + T4
2

Ty — —Uu or

3 —
u > T2t §4 Ts —. Qa4
As a result, the condition for ds to be overtaken by some other node, or dj < dj
is

u> min Q.
j=0,1,2,3,4 °7

Consequently, we must set

a = max {0, min{Qo, Q1, @2, Q3, Qs }}

. — 3 3x4 —
:max{()’mm{xﬁu_%h_I2+x4,w w}}

3 , T2 — T4 + Ts, 3

b:x:g.

Note that we are guaranteed that @ < b. This is trivial when a = 0; on the other hand,

when a > 0 we have

a<x9+ x4 —2x3= <x3=1">

To + x4 To + x4 To + x4
= a3 - <
2 2 2

since x3 >

Tot+xyg
5 -
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By substituting b = 3 into the expression for the drift (3.1), we get
A = (x3 —a)(zy + 222 — 4oz + 224 + x5 — 20)
and to establish A < 0 it suffices to show

r1 + 2:1:2 - 4$3 + 2354 + x5 < 2a = 2maX{O7 miH{Qo, Qh QQa Q3a Q4}} (32)

}

x3 > max{Q1, Q2,Q3,Qs}. (3.3)

under the assumption that

T2 + T4 T + X3
T3 — 5 > max

1‘3—|—l‘5

xro — y | T4 —

that is, equivalently,

In order to show (3.2) we consider a number of cases. First, assume that xo + 24 < z3.
Then Qo < 0 and a = 0. From (3.3) we get that 2z3 > Q1 + Q3 = 1 + x5, thus

1 + 229 —4dxs +2x4 + x5 = (1 + 5 — 223) + 2(x2 + x4 —23) <0 =a
and (3.2) is fulfilled.

The next case is when % < x3 < x93 + x4. We need to verify if all of the following
holds:

21+ 22 —4x3 + 2z + 25 — 2Q; <0 subject to

Qo>0,232012>20, 23>0Q2>0, 23>Q3>0, 23> Q4 >0
and

r1 4 2wy — das + 2x4 + x5 <0 subject to

Q; <0, z3 > Q1, 13> Q2, 3 >3, T3> Q4

for j = 0,1,2,3,4. This can be done using Linear Programming method. Thus A <
0. O

The next statement shows that the metrics provided by h(z), d(z), and max;ecg |x; —

x;—1|, where z € RN are, in fact, equivalent.
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Lemma 3. Let x = (z1,...,2n) and Ay(x) :=x; —x4—1, 1 € S. Then

dz) < I¥1€a§<|Ai| < Nd(z),
2d(x)? < h(x) < 6N3d(z)?.

Proof. Note that A; +---+ Ay =0 and
h(l‘) = Z [QAg + (Al + Ai+1)2} s
€S

1
d(ib) = 5 IleeaSX |Ai+1 — Al| .

Let j be such that d;(z) = d(x), then by the triangle inequality

A 1] + 4] > [Aj 11 — Aj] = 2d(x)

so at least one of the two terms on the LHS > d(z), hence max;egs |A;| > d(z).

Now we will show that max;cs |A;| < Nd(z). Indeed, suppose that this is not the case,
and w.l.o.g. Ay > Nd(z). For all i we have |A;11 — A;] < 2d(x), hence by induction

and the triangle inequality we get

Ay > (N — 2) d(m),

As > (N —4)d(),

An_1> (N =2(N —2))d(x),
Ay > (N = 2(N = 1)) d(x).

Asaresult, A+ Ao+ + Ay > [N2=2(1 42+ + (N —1))] d(z) = Nd(z) > 0,

which yields a contradiction, since the LHS is identically equal to 0.

Thus |A;| < Nd(z), and so |A; + A11] < 2Nd(x) for all 4 € S. Consequently, h(z)
2N (Nd(z))? + N(2Nd(x))? = 6N3d(z)?. On the other hand, h(z) > H1€a§{2AZ2

2d(x).

(AVARVAY

O

The following four statements (Lemmas 4 and 5 and Corollaries 1 and 2) show that &(¢)

can actually decrease by a non-trivial factor with a positive (and bounded from below)

probability.
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Lemma 4. Suppose that X (t) = x = (x1,x2, T3, 24, T5,...), and

ds3(z) > max {da(x),ds(x)}. Let p= 2252 and § = |3 — p| = d3(x). If x5 is replaced
by some u € (i — 6/6, 1+ 0/6] then Ay := h(X(t+ 1)) — h(X(t)) < —26%. (Note that
the Lebesgue measure of [ — /6, u~+ 6/6]([0,1] is always at least §/6; also after this

replacement ds must decrease.)

Proof. Note that the change in h equals
Ap = —2(x3 — u)(3u + A), where A = 3x3 — 21 — 229 — 224 — 5.
W.lo.g. assume x3 > p. Then

1) 5

At the same time, recalling that ds(x) > max{da(z),ds(z)}, we obtain that

min A subject to T3 — 4 > maxs [xo — o1+ 3 , Ty — T3+ T
Z1,...,25>0 2 2
equals —3u + . Hence
) )
3u+A>3|lp—=)—-3u+d==
6 2
and thus A, < —232. 2, O

Lemma 5. Suppose that X(t) = x

po= 232 and § = w3 — p| = ds(x). Given that x3 > p, if a3 is replaced by some
u & [p — 30,x3] then ds(z') > ds(x) and ds(x') is still the largest of d;(z'), where
' = (x1,%2,u,24,%5,...). The same conclusion holds if x3 < p and x3 is replaced by
some u ¢ [z3, 1+ 30].

= (x1,x2,x3,T4,Ts5,...), and ds(x) = d(x). Let

Before presenting the proof of Lemma 5, we state the obvious
Corollary 1. Let 6 = d(X(s)). If i = j(X(s)) then
Xi(s+1) € [Xi(s) — 46, X;(s) + 49]
(and if i # (X (s)) then trivially X;(s + 1) = X;(s)). Hence we always have

X; 1) — X; < 4).
rzr_leagc (s+1) i(s)] <46
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(Note that in Corollary 1 we have 4 for the following reason: the newly accepted point

can deviate from p by at most 36 by Lemma 5, while | X;(s) — u| = 4.)
The next implication of Lemma 5 requires a bit of work.

Corollary 2. Let p=1— ﬁ < 1. Then

P(cs+1) < pb() | ) > g2

Proof of Corollary 2. From Corollary 1 we know that given z = X(s), the allowed range
for the newly sampled point to be in X (s+1) is at most 8§ where § = d(z). At the same
time if the newly sampled point falls into the interval [ — /6, u+ 6/6] (see Lemma 5),
at least half of which lies in [0,1], then £(s + 1) — &(s) < —26?%; the probability of this

event is no less than ‘2/—56 = 4. Since £(s) = h(z) and by Lemma 3 we have d(z)* > Z](\fg ,
the inequality &(s + 1) — £(s) < —26% implies £(s + 1) — &(s) < —g5x5E(5). O

Proof of Lemma 5. By symmetry, it suffices to show just the first part of the statement.

First, observe that

dj(x") = dj(x) < ds(z) for j € S\ {2,3,4};

do(a') = <f”1;‘”3 —x2> +“_2x3 <do(z) + LB < dy(z) + L2530 (3.4)
If u > x3 > p, then from (3.4)
ds(z') =u — 1‘2;1‘4 > 13 — xg—;—m = d3(z);
da(2') < ds(z) + “‘29”3 =d3(a’) — (u—23) + “_ZxS — () — "I < ()

dy(2") < ds(2’)  (by the same argument as ds)
so indeed d3(x) < ds(z') = max;cgs d;(2).

On the other hand, if u < — 30 < x3 = p+ 0, then d; for j € S\ {2,3,4} still remain
unchanged, but

ds(z") = p—u> 38 > ds(z);

U — T3 T3 — U r3—p  p—u 30  p—u

:(5 =
* 2 2 2 2

=0+

dg(.’L‘l) < dg(x) + ‘

p—u  p—u ,
=d .
< 5 + 5 3(1‘ ),
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dy(2") < ds(z')  (by the same argument as dz)

hence dz(x) < d3(z') = max;cgs d;(2’) in this case as well. O

At the same time, it turns out that £(t) cannot increase too much in one step, as follows

from

Lemma 6. There is a non-random r > 0 such that for all s we have &(s+ 1) < r&(s).

Proof. By Corollary 1 it follows that the worst outlier (w.l.o.g. x3) can be replaced only
by a point at most at the distance 49 from x3 at time vsy;. Let the new value of the

fitness at node 3 be x5 + v, |v| < 44. The change in the Lyapunov function is given by

E(s+1) —&(s) = [2((ws +v) — x2)” +2((w3 + v) — 2a)” + (w3 + v) — 21)” + (w3 + v) — 75)°]
— [2(z3 — 22)® + 2(23 — 24)* + (23 — 21)° + (23 — 25)°]

= (12x3 — 2x2 — 2x4 — 421 — 4x5)V + 602 (3.5)
Since
11223 — 222 — 224 — 4oy — 45| = ’8 (mf xl;xi”) +8(x47 “’5;“’3) +20 (ng ”;”34)‘

< 85 + 85 4205 = 366
from (3.5) and the fact that § = d(X(s)) < 4/ %s) by Lemma 3
[€(s + 1) — &(s)| < 360 x 46 + 6 (45)% = 24007 < 120£(s),

so we can take r = 121. O

Finally, we want to show that, roughly speaking, one does not have to wait for too long

before £(t) increases or decreases by a substantial amount.

Lemma 7. Fiz some k> 1 and so > 0. Let 7y = inf{s > 0: &(so+s) < &(so)/k} and
o = inf{s > 0: &(so+s) > k&(s0)}. Then T = min(r1, ), given F,, is stochastically
smaller than some random variable with a finite mean, the distribution of which does

not depend on anything except N and k.
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Proof. Fix a positive integer L. For each ¢ > sg define
§(®)
B, = {§(t+L) < w2

It suffices to show that P(B;|F;) > p for some p > 0 uniformly in ¢, since for j =
0,1,2,...

Bsyyir € {&(s0 +jL) < k&(s0) and &(so + (§ + 1) L) < &(s0)/k} U{E(s0 +jL) > k&(s0)}
C{n <(+1)Lyu{rn <jL} C{r < (j+1)L}.

which, in turn, would imply that 7 is stochastically smaller than L multiplied by a

geometric random variable with parameter p = p(N, k).

To show that P(B; | F;) > p, note that by Corollary 2,
1 5
P(B}, | Frn-1) > TR where By, = {{(m) < p§{(m — 1)}, le—w-

Let L be so large that pX < 1/k2. Then, on one hand,

m=1

L
ﬂ Bt+m§BtwhenceP(Bt\]:t) >P<ﬂ Bl ‘7'_)’

while on the other hand

1
(ﬂ Bt+m|ft> T

m=1

which depends on NV and k only. O

The proof of the next statement, which completes the first part of the proof of the main
theorem, requires a bit more work than that of Lemma 2.4 in [6]. In fact, we will prove
a stronger statement (Corollary 3) later, however, it is still useful to see a fairly quick

proof of the following

Lemma 8. £(s) — 0 a.s. as s — oo (and as a result Aiy(X(s)) = 0 a.s. and d(X(s)) —

0 a.s. ass— 00).

Proof. From Lemma 2 it follows that £(s) converges a.s. to a non-negative limit, say

€. Let us show that £, = 0. From Corollary 2 we have
1

=48

P(E(s+1) < p&(s) | Fs) = (3.6)
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Fixane>0and aT € N. Let 0.7 =inf{s > T : £(s) < e}. Then (3.6) implies

P(Auir | F2) 2 S where Aupy = {€(s +1) < €(s) — (1 - ple)

(Compare this with the inequality (2.18) in [6]). From the non-negativity of £(s), we
know that only finitely many of Ay can occur. By the Levy’s extension to the Borel-
Cantelli lemma, we get that -~ . P(As41 | Fs) < 0o a.s., and hence Y02 1 1oco. 1 < 00.
This, in turn, implies that 0. 7 < 0o a.s. Consequently, since 7T is arbitrary,

liminf(s) <e as.

§—00

Since € > 0 is also arbitrary and £(s) converges, limg_,o, £(s) = liminf,_, &(s) = 0

a.s.

The next general statement may be known, but since we could not find it in the liter-
ature, we present its fairly short proof. We need it in order to show that £(t) converges

to zero quickly.

Proposition 1. Suppose that £(s) is a positive bounded supermartingale with respect
to a filtration F,. Suppose there is a constant r > 1 such that E(s+1) <7ré(s) a.s. and
that for all k large enough the stopping times

7o =inf{t > s: £() > kE(s) or £(t) < k™1 E(s)}

are stochastically bounded above by some finite-mean random wvariable T > 0, which

depends on k only (and, in particular, independent of ]:'S) Let p =ET < co. Then
In&(s) 1

lim sup <—-——x<0 a.s.

s—00 S - 4/L
Proof. First, observe that by the Optional Stopping Theorem

E(¢(7s) | Fs) < &(s) (3.7)

(where 75 < 00 a.s. by the stochastic dominance condition) while, on the other hand,

E(¢(rs) | Fo) = E(E(m), €(7e) > KE(s) | Fo) + E(E(ms), &(rs) < k71 &(s) | Fo)
)-

> E(&(7), £(7s) > kE(s) | F) > kE(s) - P(E(rs) > kE(s) | Fs (3.8)
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From (3.7) and (3.8) we conclude

. 1
p=P(E(r) > kE(s) | Fo) < 1. (3.9)
Now let us define a sequence of stopping times as follows: 179 = 0 and for n =1,2,...,

= inf {s > 0,10 &(s) > kE(nn—1) or &(s) < k™' &(nn1)}

and let
Ng = max{n: n, < s}.

From the definition of the stopping times 7, it follows

5(8) < kf(Tle)a g(nn-i-l) < Tk'g(nn) (310)

Consider now the sequence of random variables (7). From (3.9) and (3.10) we obtain

that log,, 5(575":‘)1) is stochastically bounded above by a random variable X,, € {—1,1+

log;, r} such that

1
1-P(X,=-1)=P(X, =1+1og,r) = Z
yielding
2+ oz

EX, = % —1= g(?‘, ]{1),

we can also assume that X, are i.i.d. One can choose k > 1 so large® that g(r, k) < —
Then, by the Strong Law applied to 2?21 X;, we get

1
5

lim sup
n—oo

<lmsup ———m < —— a.s.
n— 00 n 2

logy, §(11n) Xi 4+ X 1
n

From the condition of the proposition we know that the differences n, — 7,-1, n =
1,2,..., are stochastically bounded by independent random variables with the distri-
bution of 7 with E7 =: 4 < oo. Then by the Strong Law for renewal processes (see

e.g. [5], Theorem 1.7.3) applied to the sum of independent copies of 7, we get

. . S
lim inf —
s—o00 8

> a.s. — s < 2uNj, for all large enough s. (3.11)

==

Combining (3.10) and (3.11), we get

710&“ 5(8) < lim sup 710&6 (ké(nNs)) = lim sup
P <

8—00 S 8—00

1
Jim sup og; £(nn,)
S

§— 00

5if r > 4.1, then k = In(r) will be sufficient.
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< limsup 28 8) _ Ly otk &lm) 1

S—00 ZMNS 2/”‘ T—00 n o 4/-1/

since Ng — oo when s — 00 a.s. O

The next statement strengthens Lemma 8.

Corollary 3. £(s) — 0 exponentially fast as s — oo.

Proof. The statement follows immediately from Proposition 1: the bound for r we have

by Lemma 6; the other condition follows from Lemma 7. O

Now we are ready to finish the proof of the main statement.

Proof of Theorem 3. According to Corollary 3 there exist a,b > 0 which are a.s. finite
and such that £(t) < ae~ . If we take so such that ae=? < € for all s > s then if
s < s5<t,

t

[Xi(t) = Xi(s)| < Y 4d(X (k) < Y VEE(R)

k=s+1 k=s+1
bkj2 o V8e
< \F,;;le < (3.12)

where we used Corollary 1 in the first inequality and Lemma 3 in the second inequality.
We can thus conclude that {X;(#)}; is a Cauchy sequence in the a.s. sense; therefore
the limit X;(co) = lim;_,o, X;(t) exists a.s. Moreover, by letting t — co in (3.12), we
get that | X;(s) — X;(c0)| < Ce /2 for some C' > 0.

Furthermore, assuming w.l.o.g. that ¢ < j,

[Xi(00) — X;(00)| = lim |X(t) — X;(8)| < Jim Z kX @)] =0
k=i+1
by Lemma 8, which completes the proof. O
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4 Discussion and open problems

One may be interested in the speed of convergence, established in Theorem 3. In
Lemma 6 we can take r = 121 and from the proof of Proposition 1, k = Inr = In(121) =
21In(11) will be sufficient. Then, for Lemma 7, find L such that

. 5 L<1<1
36N3 23 k2

L =~ 72N3.1n(23) ~ 22.6 N>

We can take, e.g.,

This, in turn, will provide a bound on p = ET < % = L - 48" for Proposition 1, and

hence the speed of the convergence for large s:

2R ON < A6 =66) <% <o |~y | = o (g |

This bound is, however, far from the optimal one. The simulations seem to indicate

IN

that, depending on N,

E(s) ~ eV,
where e.g. p5 € (0.47,0.77), p1o € (0.14,0.23), pao € (0.02,0.03), pso € (0.003,0.006),
suggesting that (a) py can be, in fact, random, and (b) the average value of px decays

roughly like 5/N2. We leave the study of the properties of py for further research.

We believe that the convergence, described by Theorems 2 and 3 holds for a much
more general class of replacement distributions (, not just uniform; for example, for
the continuous distributions with the property that their density is uniformly bounded
away from zero. Unfortunately, our proof is based on the construction of the Lyapunov
function which cannot be easily transferred to other cases (obviously, it will work for

any ¢ ~ Ula, b], where a < b).

One can also attempt to generalize the theorems for more general graphs as described
in Remark 1; this should be done, however, with care, as it will not work for all the

distributions (see Remark 2).
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Abstract

We consider limits for sequences of the type [Y_df,(X™) and [f,(X") — f(X)] for
semimartingale integrands, where { X™},, either are Dirichlet processes or more generally
processes admitting to quadratic variations. We here assume that the functions {f,}»
are either C'! or absolutely continuous. We also provide important examples of how to

apply this theory for sequential jump removal.

1 Introduction

We will study stability of integrators and quadratic variations under sequences of C!
as well as absolutely continuous transformations. What what we mean by this is that
assuming {f,,}, and f are C* functions, {X"}, and X are cadlag processes such that
X™ — X (in a sense specified below) then [Y_df,(X™) — [Y_df(X) and [f,(X") —
f(X)] — 0 in a corresponding sense, for a semimartingale integrand Y. The types
of processes we shall consider are both the more general, processes with quadratic
variation, as well as the more specific class of Dirichlet processes. For processes with
quadratic variations we will study convergence in the ucp setting, while for the Dirichlet
case we will study convergence in LP uniformly over time. We will assume that our
processes live on some compact time interval say [0, ¢] for some ¢t € RT. The term refining
sequence will refer to a sequence of partitions of [0, ], { Dy}« such that Dy C D41 and
limy 00 maxe, ep, [tir1 —ti] = 0. We say that a cadlag X process admits to a quadratic

variation if there exists an increasing process [X] such that
[X]s = [X]S + D (AXL)% (L.1)
u<s

for every 0 < s < t, there exists at least one refining sequence { Dy} such that if we let

SulX)si= Y (K, - X)",

t;€Dp,t;<s

for every 0 < s <t (where we use the convention that ¢;;1 = s if t; = s) then

(Sn(X))s = [X]s as n — oco. (1.2)
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We say that two cadlag processes admit to a covariation [X,Y] along {D,}, if [X,Y]

is a finite variation process such that

(X, Y], = [X, V]S + ) AX,AY,,

u<s

for every 0 < s <t and if we let

Sn(Xa Y)s = Z (Xti+1 - th,) (Y;H—l - YL) ’
ti€Dn t;<s
for every 0 < s <t then S,(X,Y)s 5 [X,Y]s as n — oc.
We recall that a Dirichlet process is a sum of a semimartingale and an adapted con-
tinuous process with zero quadratic variation (there are other characterizations, but
this is the one that suits our purposes), they where originally described in [2]. By this
definition we see that Dirichlet processes are a subclass of the processes admitting to

quadratic variation.

2 Preliminaries

We assume that all our processes are defined on a common filtered probability space
(Q, F,{Fi}1>0,P) and that all the defined processes are adapted to the same filtration
{Fi}1>0 fulfilling the usual hypothesis.

Given a cadlag process X; with ¢ > 0 and a stopping time T we defined X stopped at

T as X[ = Xynr, we also define the supremum process of X as X; = sup,, | X|.

Definition 2.1. A property of a stochastic process is said to hold locally (pre-locally) if
there exist a sequence of stopping times Ty, increasing to infinity such that the property
holds for the stopped process X+ (XTr=) for each k.

A basic property of processes that admits to quadratic variations is that they are closed
under absolutely continuous maps. Such processes also have a vector-space structure
per refining sequence, i.e. all processes that have quadratic variations along the same

refining sequence form a vector-space.

Lemma 2.2. Suppose that g1, g2 are absolutely continuous functions, that X andY both
have quadratic variations along the refining sequence { Dy} then so does g1(X)+g2(Y).
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Proof. See Appendix O

As one would expect, if two processes have quadratic variations along the same refining

sequence this implies that they have a covariation along this sequence as well.

Lemma 2.3. Suppose that X and Y both have quadratic variations along the refining

sequence { Dy} then the covariation process [X,Y] also exists along this sequence.
Proof. See Appendix O

The following two lemma’s are just some very elementary bounds that we shall make

frequent use of.

Lemma 2.4. Suppose X', ..., X" are processes with quadratic variations along the same
refining sequence then

£ = (Bee)

k=1

Proof. First of all we note that X', ..., X" having quadratic variation along the same
refining sequence implies that > -, X k¥ has a quadratic variation along this sequence
as well. We prove the stated inequality by induction, the case n = 1 is trivial. Assume
the statement is true for n = m then for n = m + 1,

m+1 m m m
[ZX’“} - [zv St x| e, < {zv
k=1 t k=1 k=1

k=1

+2
t

+
t t
2

) < (imé n [X’”“]E)

2 {i X‘“f [X’"“]f + [x™H], = (Li_l x*

k=1 ¢ k=1
m-+1 1 2
= Z [Xk]tZ )
k=1
where we used the Kunita-Watanabe inequality in the second step. O

Lemma 2.5. Suppose X', ..., X" are processes with quadratic variations along the same
refining sequence then

b

< 271—1 Z[Xk]t
t k=1
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Proof. We again prove the stated inequality by induction, the case n =1 is trivial and
the case n = 2 follows from Lemma 2.4 combined with the inequality (a+b)? < 2a2+2b.

Assume the statement is true for n = m then for n = m + 1,

m+1 m m m+1
Z Xk] S 2 [Z Xk + 2 |:XTI’L+1L: S 2(m71)+1 Z[Xk]t + 2 [Xm+1}t S om Z [Xk]ty
k=1 t k=1 t k=1 k=1

where we used the case n = 2 in the first step and the induction hypothesis in the

second step. O

The following definition is taken from [1]

Definition 2.6. Given two cadlag processes X, Y we say that the integral U = fo Ys_dX;
is well defined if there exists a refining sequence { D} and U is a cadlag process such
that for every s <t, AU, = Ys_ AX, such that I*(X,Y) — U, as k — oo in probability
under the J1 topology, where I*(X,Y); = ZtieDk7ti§t Y, (X, — X))
The next lemma shows that all processes that admit to quadratic variations are admiss-

ible integrators in the sense of Defnition 2.6 for semimartingale integrands.

Lemma 2.7. Let Y be a semimartingale and X a cadlag process with quadratic vari-
ation along {Dg}x then the integral fo Ys_dX, exists in the sense of Definition 2.6.

Moreover this integral satisfies the integration by parts formula (along {Dy}i ).

Proof. SinceY is a semimartingale it has quadratic variation along any refining sequence
and {Dy}y in particular which implies that X + Y also has quadratic variation along
{Dg}x by Lemma 2.2. For any k and s < ¢

Ik(X7Y) =YX _YOXO_Ik(KX) - Z (}/t71+1 _}/ti)(Xti+1 _th:)' (23)

ti€Dy,t: <.

Since Y is a semimartingale I*(Y, X) converges in ucp (and therefore in probability
under the J1 topology). We now expand the last term,

Z (Yti+1 - Yfi)(th‘Jrl - th‘) =

t; €Dy, t; <.

1 2 2 2

D) ( Z (Yti+1 + th+1 -V, - th‘,) - Z (Y;5i+1 - Ytq) - Z (Xti+1 - th‘,) )
ti€Dp <. ti €Dt <. ti €Dt <.

(2.4)
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all three terms on the right side of (2.4) converge in the J1 topology due to Lemma 1.3
in [1] and therefore the final term in (2.3) converges in the J1 topology. By Lemma 2.3
we have that [X,Y] exists, is the limit of the left-hand side of (2.4) in probability at
every s < t and we have that for any s <t that

(A[X,Y])s = = (A[X + Y] — A[X] — A[Y]), = AX,AY..

N

Taking limits on the right-hand side of (2.3) and evaluating the jump at time u gives

us

(/ stxs) — A(XY), — A (/ XSdYS> — AX,AY, =
0 u 0 u
XY)

A
AXY )y — (Xue + AX,) AY, =Y, AX,

and hence the requirements of Definition 2.6 are met. Evaluating (2.3) at time s < ¢

and taking limits in probability gives us the integration by parts formula. O

Combining Lemma 2.2 with Lemma 2.7 gives us the following.

Corollary 2.8. Suppose X has a quadratic variation along the refining sequence { Dy},
[ is an absolutely continuous function andY a semimartingale then the integral [ Y_df (X)
is well defined in the sense of Definition 2.6

P
For general a semimartingale X we define [see e.g. 5, p. 245.] the £ -norm, we here

however work on a finite interval [0, ¢].

Definition 2.9. For 1 < p < oo define
t
. 1/2
O A) = 1| Xol+ M+ [ 1A

and then

1 = dnf (M, 4)

for all possible decompositions X = Xo+ M + A where M is a local martingale with

My =0 and A is a process of finite variation with Ag = 0.

P P
Recall that 2 is the Banach space of all semi martingales with finite " horm and

P
note that all semimartingales with Xy € LP are pre-locally in £ [see e.g. 5, p. 247.].

Next is one of the main tools for dealing with the quadratic variations of Dirichlet

processes, it is just a very minor modification of a result in [1].
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Theorem 2.10. Let X = Z+C where Z is a semimartingale and C' has zero quadratic
variation and f be a Ct-function. For any a € RY we have f(Xs) = Y2+ T2 where Y*
is a semimartingale, T is continuous and [['*]y = 0 for all t > 0. The expression for

Y? 1s given by
Ve = f(Xo) + 30 (F(X) = F(Xe) = AXF(Xo ) Iiax,jma + / F(X.)dZ,

+/0 /|m<a (f(Xoo +2) — f(Xoo) —xf' (X)) (u— v)(ds, dz)

#3 [ ) = f(X) — af (X)) (), o). (2:5)

Proof. According to Theorem 2.1. in [1] (2.5) is true with a = 1 but the proof works
just as well with any other a € RT. O

3 Main results and lemmas

We will work with the following assumptions with regards to convergence of functions

Assumption 3.1. {f,}, and f are assumed to be absolutely continuous, fp(xo) —
f(xo) for some fized point xo, fi — f' a.e. and there exists a locally integrable function
h(x) such that |f](z)| < |h(z)|,a.e.x € R for all n.

A stronger condition than Assumption 3.1 is that we replace the condition of a domin-
ating function h with that of uniform convergence of f/, to f’ on compacts. To see that
this condition indeed is stronger, given some compact set I, fix ¢ > 0 and take N so
that sup,c; | f () — f'(x)] < € for n > N and let My = maxi<p<n sup,c;|fr,(x)] and
M = sup,¢; | f'(z)| then for n < N, sup,¢; |f/(z)] < My and for n > N,

sup | f,(2)] < sup|fy () — f'(z)| +sup | f(z)] < e+ M
xzel xzel xel

and hence sup,, sup,¢; |, (2)| < max(Mn, M+e), i.e. the constant function max(My, M+

€) is a dominating locally integrable function on A.

Assumption 3.2. {f,}, and f are assumed to be C1, f,(x¢) — f(x0) for some fized

point xg and fl, — [’ uniformly on compacts.
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Remark 3.3. By the fundamental theorem of calculus Assumption 3.2 is obviously

equivalent to requiring that both f, — f as well as f! — f' uniformly on compacts.

Lemma 3.4. Assumption 3.1 implies that f, — [ uniformly on compacts.

Proof. Assume Assumption 3.1. Fix any R > |zg| and consider any = € [—R, R].
Assume = > g (x < zo is handled analogously) then for any n € N we have f,(z) =
f;o fl(y)dy + fn(zo) and similarly f(z fIO f'(y)dy + f(xo) and therefore

Ful@) — ()] < |fulo) - 1?0|+/ F)) — 1 (y)ldy <
o) — F(zo)| + / () — £/ ()ldy,
[-R,R]

since |f/ (y) — f'(y)| < 2|h(y)] it follows from dominated convergence theorem that the
right-most side, which does not depend on = (other than we assume z € [—R, R]),

converges to zero and hence f,, — f uniformly on compacts. O

We present the first Theorem concerning the stability of quadratic variations. We
consider processes admitting to quadratic variations and absolutely continuous maps,

so in particular this result covers Dirichlet processes and C'' maps.

Theorem 3.5. Given 0 < u < t, suppose that ({fn}n, f) fulfil Assumption 3.1, for
each n X and X™ have quadratic variations along the same refining sequence { D} },
that [X™ — X], = 0 and (X" — X)% 5 0 then

[fa(X™) = F(X)]u = 0.

Proof. See Appendix A.1.5. O

We will now present a nice application of Theorem 3.5, which extends the kind of maps
under which Dirichlet processes are stable. The following variant of the It6 formula due

to Follmer will be used.

Theorem 3.6. Suppose X is a process admitting to a quadratic variation, f a C?

function then

F(X0) = F(Xo) + 3 (AF(X,) - AX, (X / (X0 )dX,+ 2 / 71X

s<t

134

X]S.



Let f be a function that has either a left- or right-derivative at every point. By a
version of f’ we will mean a function that is equal to the derivative of f at all of its
differentiable points and at each non-differentiable point we define it to be one of it’s

directional derivatives at that point.

Theorem 3.7. Suppose X is a Dirichlet process with fized time jumps of finite vari-
ation, that f is an absolutely continuous function which has either a left- or right-
derivative at every point and such that every version of f' is locally bounded (i.e.

bounded on compacts). Then f(X) is a Dirichlet process and f(X) =Y®* +T'* where

= F(X0) + 3 (F(X) — F(Xa ) = AXGf'(Xa ) Tiax, sa + /0 f(Xo

s<t

/ [ UG 0) = ) 2 (X)) (= 9)(d, )
Z/|< (f(Xs—+x) f(Xs—)*xf/(Xs—))V({S}de%

here T'® is an adapted continuous process with zero quadratic variation and [’ is any

fized version of f'.

Remark 3.8. Note that T'* will depend on the version of f’ that is chosen.

Proof. Begin by defining I' = f(X)—Y*“. Note that the jumps of f(X) and Y* coincide.
Indeed, the AX;f'(Xs—) jumps in the first sum is cancelled by the jumps exceeding a
in the dZ integral, the smaller jumps in the dZ integral are cancelled from the (u — v)
integral. Therefore I' is continuous and adapted so the result is true if we can show
that [T']; = 0 and that Y* is a semimartingale. If we let T, := {AX} V X}V Z; < m}
then lim,, oo P(T), > t) = 1. So for any given ¢ > 0 we may chose m such that

Trm—

P(T,, > t) > 1 — e we can therefore restrict our attention to X and for our pur-

Tm= for some large m.

pose we can without loss of generality assume that X = X
Since f’ is locally integrable we may approximate it below, pointwise (in the abso-
lute value sense) by a sequence of step functions, {g,},. Given such a step function
Gn = ZZZH ¢k 1{ay,ar.,), for some increasing seuqnce of real numbers {ax}pr,, we now
construct h, by linear interpolating g, on the intervals [ag+1 — (ag+1 — ag)/n, arr1].
Then h,, is continuous so we may take a polynom p, such that |p,(x) — hy(z)| <
1/n for every x € [—m,m]. It follows that p,(x) — f’(z) pointwise and moreover
SUDge[—m,m] [Pn(T)] < SUDLe(_mm) [/ (2)] +1 < oo, for all n. Moreover note that

since X_ € L then p,(X_) € L and so f/(X_) = lim, oo pn(X_) € P (f'(X_) is
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predictable). We now verify that Y* is a semimartingale for each a > 0. This fol-
lows from arguments rather analogous to those made in the proof of Thoerem 2.1
in [1], but we include this for the sake of completeness. First note that by assump-
tion ngtfmga |z|p({s},dx) < oo a.s. so we can consider the localizing sequence
Up = 0, Uy, = inf{t > Up1: >y flrléa |z|p({s},dz) < m} for m > 1. Since
E [fmga |z|13§Umu({s},da:)] =E U\w\ﬁa |z|1s<u,, p({s}, dx) }, it then follows from
monotone convergence that

- Unm

E Z/x lzlv({s}, dx)ly,,<i| <E Z/I<a |z|v({s}, dx)

|z|<a
s<t i t

=K Z/a: |£C|].5§UmV({S}7d1') =E Z/x |£E‘1S§Umﬂ({s}’dx) <m+a

| s<t 7 lelsa | s<t /I@l<a

S0 ngtf\xKa |z|v({s},dx) < oo on {U,, <t} and since P (Um21{Um < t}) =1 we
conclude that

ngt fIIISa |z|v({s}, dx) < 0o a.s.. Because of this we may also deduce that
D /| OG0 = S() = af () (), )| <

S

s<t |z|<a

1
/0 1 (Xoo +02)d0 — f'(X )| v({s},dx) <28, Z/ lz|v({s}, dz) <

s<t |z|<a

a.s.. We may now also expand
[ [ G ) = )~ (X)) (= ) (s ) =
0 J|z|<a
[ G ) = ) — 0 (X)) (- o) s, o)
0 J|z|<a
S [ b0 - S —af (X)) (shde), (36)
s< |z|<a
where i denotes the jump measure p with all fixed time jumps removed.

e The first sum contains a finite number of jumps for each path and is trivially of

finite variation

o It suffices to show that (f; f/(Xs—)dZs)" is a semimartingale for each m (so that
it is a total semimartingale). Note that f(X_) is predictable and for s < T}, it

is both bounded and predictable, so clearly the integral is a semimartingale.
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e The integrand in the (u — v)- integral may be re-written as

1
Pt 0) = S06) o () = [0+ om0 - 11(X.0))

this leads to

</o /z|§a (f(Xoe +2) = f(Xom) —2f (X)) ”(ds’dx)> . - /on /|m|5a S )

which is a process with jumps smaller than a2, so after further localization we see
that this is an increasing predictable process which is locally square integrable.
This implies that

fot fICEISa (f(Xs— + ) — f(Xs—) —2f'(Xs—)) (u—v)(ds,dx) is a well-defined local

martingale.

e For the final term we have the following estimate
S [0 = O = el CElolishd) <3 [ el ).
z|<a s<t |z|<a

which shows that the series is summable, so it is a pure jump semimartingale.

We will from now on denote Sy, = Supgei_pm) |f'(z)]. Define fo(z) = f(-m) +
JE. pa(u)du for z € [—m,m] so that both f,, () — f(z) and p,(z) = f'(z) on [-m,m].
By Theorem 3.6 it follows that
t 1 t
.fn(Xt) = fn(XO)+Z (Afn(Xs) - AXspn(Xsf))"i'/ pn(Xsf)dXs‘Fi/ p;L(Xsi)d[X, X]i
s<t 0 0
We now let

Y = Ful(Xo) + 37 (falXe) = FulXem) = AXopa(Xen)) Liax, 50 + / pul(Xoo)dZ,

s<t

+ /0 /$|§a (fn(Xs— +2) — fu(Xs—) — 2pn(Xs2)) (o — ve)(ds, dx)
+ Z/l < (fu(Xom 4+ 2) = fu(Xso) — 2pn(Xso)) p({s}, dz), (3.7)

where i denotes p with all fixed time jumps removed and v, is v with all fixed time jumps
removed. Define I = [ p,, (X, )dCs+ [ pl, (X5 )d[X, X]¢, 50 that f,(X) = Y™ +T,,.
By part (2) of the proof of Lemma 2.5 in [1], I'™ is a process with zero quadratic variation.
We want to show [I']; = 0.

< DT (077 = [F(X) =Y —(fu(X)=Y™ )7 < [f(X)—fu(X)]Z+[Y =V ™2

ol

[T,
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The first term converges to zero in probability as n — oo by Theorem 3.5. As for the

second term we make the following estimates,

[Ya - Yn’a]t% < Z (fn(Xs) - f(Xe) - (fn(Xs—) - f(XS—» - AXS(pn(XS—) - f/(XS—))) I\AX3|>

2

# | [onxo) - £0xnaz]

t

_|_

0./| < (fa(Xsm +2) = f(Xom +2) = (fa(Xs) = f(Xm)) = 2(f/(Xsm) = Pu(Xs-)) (B — v

< I3 (Un(X0) = FEN Daxos)) + 30 ((Fa(Xel) = F(X D ax.5a)” + / (pu(Xoo)

s<t s<t

+ / / (o (Xae +2) = F(Xam +2) = (fa(Xas) = F(Xa)) = 2(f(Xo) — pu(Xe)))’ filds,
0 J|z|<a

+1>) (/Ma (fn(Xsm +2) = f(Xom +2) = (fu(Xso) = f(Xsm)) = 2(f'(Xsm) = pu(Xs=)) n({s’
s<t <

Since the first two sums contain only finitely many jumps the pointwise convergence en-

sures pathwise convergence to zero. For the third we may use the fact that (p,(Xs-) —

f'(Xs_))? is bounded by some constant so we may employ the stochastic version of

the dominated convergence theorem to conclude that this term vanishes. Now we con-

sider the fifth term (the fourth term is dealt with afterwards). We have the following

dominating bound for the integrand,

(fn(Xsf + .’17) - f(Xsf + m) - (fn(Xsf> - f(Xst - .’L'(f/(XS,) _pn()(sf»)2 =

1 2
(:c [ a0t 0m) = X+ 000 () pn<Xs_>>) <
1 2
22 (/0 (pn(Xs +02)| + Son)d6 + (o + |pn(Xs))) <422 (25, +1)%,  (3.8)

which is fi(ds, dz)-integrable, so we may apply the dominated convergence theorem
(pathwise). For the fourth term we can analogously dominate the integrand by 2|z|(25+

1) and use dominated convergence again. O

The next Theorem instead concerns (uniform) convergence in the LP sense, since this

is a much stronger form of convergence we will obviously need moment conditions of
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some kind as well as some kind of tail growth conditions on {fy},. The proof is rather

tedious and has been deferred to the Appendix.

Theorem 3.9. Let ({fun}n, f) fulfill Assumption 3.2, {X™},, and X be Dirichlet pro-
cesses such that for each n, X™ and X have quadratic variations along the same refining
sequence and such that X™ =% X. Assume also that X and X™ have fized time jumps
of finite variation. Letting A= {s <t:P(AX,#0)} and A, = {s <t:P(AX" #0)}
we also assume Y oy o4 |[AX] 5 Ys<tsenAXs| (ie. the total variation of the
fixed time jumps of}(" converge in pmba;)ility to the total variation of the fixed time
Jumps of X ).

a) Suppose |f,| < U for some U € RT, [X|} € L, E[[X" — X|}] — 0 with p € {5,1}
and

2p
{(ngt,seAn |AXQ\) } is u.i. then ,

[fu(X™) = F(X)P 250 as n — oo,

b) Suppose [X]} € L', E[[X" - X]{] — 0 with ¢ € {1,2}, {((X™)})*}, is w.i.,
’ 2

lim )00 supnm < C, for some C € RT and {(ZS<M€A” |AX;‘|> q} is w.i.

||
n

then
[fn(X™) — f(X)]2 LY 0 asn — 0o

Proof. See Appendix A.1.6. O

A slightly stronger condition than assuming X" —2 X and {((X™)#)2¢},, being u.i.

*

2
is to instead assume (X" — X); L% 0. An example where we have this is if we
H([0,t])
consider a sequence of Dirichlet processes X" = Z™ 4+ C™ such that Z™ =

9

2
(c™ —C)p)* L™ 0 and 2" is without fixed time jumps. We turn now to stability of

integrators in the UCP-topology.

Theorem 3.10. Suppose that ({fn}n, f) fulfil Assumption 3.1, for each n X and X"
have quadratic variations along the same refining sequence {D} }y, that [X™ — X, o

and (X™ — X); 50 then for any semimartingale Y

/0' Yoo dfu(X1) 2 /O Y df(X.),

Remark 3.11. An immediate consequence of this is that
lim lim P((/'ndfn(xg")—/'ndf(xsﬂ >e>
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= lim lim P <(/'y9_dfn(xgn) _/'Y,s_df(xs)y > e>

~ lm P (( | - | 'Y;df(Xg): > ) —0,

for alle > 0.

Proof. Fix t € RT and ¢, ¢ > 0 arbitrary. By Corollary 2.8 the integrals fo Yo_df, (X))
and [; Ys_df (X,) both exist and we also have

/ Vo dfa(XT) = fu(XD)Ys - / Fa(XT)AYs — [fa(X™), Y]
0 0
as well as _ _
/ Yo df(X,) = F(X,)Ys — / F(Xo_)dY, — [f(X), Y],
0 0

SO

< /0 Ve dfa(XT) /0 | Ys_dﬂXs)): <

0 = 1000 ¥y ([t = [ Fpavis) (067 = 107D
0 0 t
(3.9)
and it therefore suffices to show that each term in the right hand side of (3.9) converges
to zero in probability. By Lemma 3.4, f, — f uniformly on compacts and since { fy, }»
and f are continuous this implies that {f,}, are equicontinuous. Now take take R so
large that P (sup,>;(X™); > R) < e and § > 0 so small that |f,(z) — fu(y)| < ¢/2

when |z —y| < §, 2,y € [-R, R| and all n. Pick n; so large that n > n; implies
|[fn(z) = f(z)| < cfor z € [-R,R] and P ((X™ — X )} > ¢/2) < € then for n > ny

(fu(X™) = F(X))y < (Fu(X") = fu(X)); + (fu(X) = f(X)); < ¢

on the set {(X" — X); < c} N {sup,>;(X"); > R} which has measure less than 2e¢
and this shows that f,(X™) =2 f(X) so by the continuity of the (regular) stochastic

integral, the second term converges to zero in probability. Moreover for any L € R™

P((falX") = J(X)] Y7 2 ¢) S P((JalX") = (X)) Y, 2 e S L)+ PV > 1) <
P((falX™) = FOO); = 7) +P(Y > 1),

by first letting n — oo the first term vanishes and then by letting . — oo the second
term vanishes by continuity of probability. For the last term in (3.9) we note that by
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the Kunita-Watanabe inequality

famn
=
=
=
I
=
s
b
=
%
IN
g—
=
=
2
|
=
»
=
N
=
W=
N—
*
|
=
=
2
|
=
P
P
ol
=
o=

1

P
P (I (X" FOORIY 2 e V) <L) +P (V) > 1) <
P

(tfax™) = 10 = £) +P (V17 > 1),

where the first term vanishes as n — co by Theorem 3.5 and the second term vanishes as

L — o0, hence all four terms in (3.9) vanishes as n — oo which completes the proof. [

Now we consider integrator stability in the LP setting. This will naturally require us to

make some type of moment assumptions on the integrand Y.

Theorem 3.12. Assume Y € gz([(),t]), as well as either
1) Hypothesis a) of Theorem 3.9 and {((X™)})*}n is w.i.
or

2) Hypothesis b) of Theorem 3.9 and Y;* € L™,

or

3) Hypothesis b) of Theorem 3.9 {((X™);)*},, is u.i., then

e|( [ veanan- [ Ys_df(Xs)>] )

Remark 3.13. It is in fact possible to prove Theorem 3.9 with a weaker, albeit perhaps

as n — 0.

slightly less appetizing condition than requiring that X™ and X have quadratic variations
along the same refining sequence, namely that instead f,(X™) and f(X) have quadratic
variations along the same refining sequence. This weaker requirement is insufficient for
Theorem 3.5.

Proof. Let L = ||Y;*||oo- It suffices to show that all for terms on the right-hand side of

(3.9) converges to zero in expectation. Assuming 1) we have that

/ ) |f;<y>dy1 < |fulao) + Ullol +1a)).  (3.10)
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Let Y = M + A be a decomposition of Y such that ja(M, A) < 2[|Y|,(0.4))- Note that

([

for some constant D by the Burkholder Davis-Gundy. Therefore

E [(Y7)?] <E[2(M;)* +2(A;)?] < 2DE[[M],]+2E

< 4(D+1)IIY||22<[o,t])7

E [(fo(X™) = F(X)); Y 1p] < E[(|fu(@o)| + Ulzo| + U(Xy + (X)])) ¥/ 1p] <
(Ifn(@o)| + Ulwo|) E [V ]+UE [(XF + (X™)))Y 1s] <
(Ifn(@0)l + Ulzo) E[¥;1p] + UVE[(2(X7)? + 2((X™)1)?)1p)[VE[(Y/)?1E],

for any measurable set E, which shows that (f,(X") — f(X)); ¥;* is u.i. and since this
term converges to zero in probability as established by the proof of Theorem 3.10 it
follows that it converges to zero in expectation as well. Since [; (fn(X") — f(X)) dM,

is a local martingale (by martingale preservation property),

B |( [ (e - s00) dy)] <&[( [ thxm - 5000 dMH ;

2

E ( [t - g0x) dA) < DE ;

I (X F(X)) .|

\/ / (fu(X7) f(X))Qd[M]s] +

£ | [ 15,000) = F06)| ALl < DE [(7(X") - 1000V +

E / £u(XT) — F(X.0)| [dAS | = DE
LJO J

B [ = 000; [ 1| < Dy fR (Gt — rx07] VETIT

\/IE [((fn(X") - f(X))z*)2] J E (/Ot |dAs|)

(D + B (G X) — £ 2071

2

where we applied both the Burkholder Davis-Gundy and the Cauchy-Schwarz inequality.
From (3.10) it follows that ((fn(X") — £(X))})? < A+ B((X})%+ ((X™)})?) for some
positive constants A, B and since {((X™)7)2}, is wi. sois (((fn(X™) — f£(X))7)? which
also converges to zero in probability which then implies E [((fn (X™) — f(X));‘)Q} -0
and hence

E [(fo (fn(X™) — f(X))dYS):] — 0. For the final term we proceed as in the proof
Theorem 3.10 and note that
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(fn(X™) = F(X), Y] < [fu(X™) — F(X))Z[V)Z. By the Lemma 2.5, the Cauchy-

Schwarz and Kunita-Watanabe inequalities

E [([fn(X") = £(X), Y]] < VEIfu(X™) = FOLIVE[Y]] <

e+ ([ |dAs|)2

VE[[fn(X™) = FXOLIVE 2[M]: + 2[A]l] < VE[[fa(X™) — f(X)M\/i\j E

< VEU(X™) = FOOM2E Y] 2 00

which converges to zero by Theorem 3.9 a) and this concludes the proof when assuming
1).

Assuming either 2) or 3) then we may choose R > 0 such that |f},(z)] < 2C|z| for
|z] > R and by letting
M = sup,, sup,¢c_g g | f,(y)| we have that for |z[ < R

[fn(@)] < |fn(o)| + M(|zo| + [2]),

while for |z| > R

x

/ i‘/|dy‘ < | fulo)| + C (23 + 2?),
xo

which implies

|fn(2)] < | fu(20)| + C(2f + %) + M (|Jxo| + |2]). (3.11)

Assuming 2) then for the first term on the right-hand side of (3.9)
E [(fn(X") = f(X)); Y{'1p] <
(1fn(z0)| + Mlzol) LP(E) + MLE [(X] + (X™);))1p] + CLE [((X{)* + (X™)])*)1e] .

which shows that (f,,(X™) — f(X)); Y,* is also w.i., so the first term converges to zero
in expectation. For the second term we proceed as in the case when assuming 1) but
use the bound (3.11) instead of (3.10) and use the L> bound on Y;* instead of the
Cauchy-Schwarz inequality. For the final term,

E[([fa(X") = (X0, Y]);] < VIE [[fa(X") = F(XO)]

which converges to zero by Theorem 3.9 b), this concludes the proof for the case 2).
Assuming 3) then for the first term on the right-hand side of (3.9) we apply the bound
in (3.11) and find that

E [(fa(X™) = F(X)); ¥i 1p] <
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E [(|fa(zo)] + M(XF + (X™)] + |aol) + C((X7)? + (X")7)%) Y 1p] <

(Ifn(z0)| + Mlaol) E[¥;" 1] + ME [(X] + (X™);)¥,"1p] + CE [((X7)* + (X™)7)*)Y 1g]
< (Ifalz0)l + Mlzol) E[Yy" 1p] + MyVE[(2(X7)2 + 2((X™)7)*Le] VE[(Y7) 1]+
VE[2(X)*+2((X")1))1e)]VE[(Y))?1E],

for any measurable set £, which shows that (f,,(X™) — f(X)); Y;* is u.i.. For the second
term we proceed as in the case when assuming 1) with the only difference that we use
the bound (3.11) instead of (3.10) together with the assumption that {((X™);)*}, is

u.i..

The third term is dealt with analogously to the case when assuming 2) but we instead
invoke Theorem 3.9 b). O

We present an application of Theorem 3.10 for continuous semimartingales in the fol-
lowing corollary.
Corollary 3.14. Suppose that {f,}n and f fulfil Assumption 3.1. Assume that {X"},
are continuous semimartingales such that X" 2Py X, where X is some semimartingale.
Let M and M, denote the (unique) local martingale parts of X and X™ respectively.
Suppose also that M™ =Ls M and |M™| < |Z| for every n, for some semimartingale Z
with Zy € L', then [Y_df,(X™) =% [Y_df(X), for any semimartingale Y.
Proof. Let Z' = Z—Zy, by Theorem V.4 in [5] Z’ is pre-locally in gl (See Definitions 2.1
and 2.9). So let {T(m)},, be stopping times such that T'(m) <2 oo and Z7(™)~ ¢ gl.
Take € > 0, ¢ > 0 arbitrary and pick m so large that P(T'(m) < t) < e. Let X" =
M™+ A", X = M + A be the canonical decompositions of X" and X respectively.
Since {X"},, are continuous so are X, A, M, {M"},, and {A"},. By the continuity of
M™ — M,

|M™ — M7 = | M™ — M|T = < 2|z T,

Since A™ — A is both FV and continuous it follows that
[M" — M,A" — Al; =[A" — A]; =0

and therefore [X" — X, = [M™ — M];. Due to the Burkholder Davis-Gundy inequality

I(X™ = X)TNZ | = (M = M)T 2 1 < Gl ((M™ = M)YTYz| s,
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For some positive constant C;. Meanwhile ((M"™ — M)T(™)* < 2(ZT(™)=)* however
by Theorem V.2 in [5]

12T < (12T il + 120l < Coll 2T + (1 Zo 0 < oo,

for some positive constant Cy. Since (M™ — M)T(™ X% 0 and |M™ — M|T(™ <

2|1Z|Tm)= ¢ L', it follows from a variant of the dominated convergence theorem that
1 1

lim,, ||[((M™ — M)T™)¥| . = 0 and therefore [(X™ — X)T(m))]2 L, 0. By the Markov

inequality

i (7)) = i (10707 2 ) <

n—oo n—o00 -

1
lim (X" = X)TE [ =0

1
Az =l
for any ¢ > 0 so in other words [(X™ — X)T(™)], 5o. Hence,

P([(X™ = X)) > ¢) <P((X" = X)"™)]; > ¢) + P(T(m) <t) <
P([(X™ — X)T(™)),

Vv
o

) +e

which converges to € which was arbitrary and therefore the hypothesis in Theorem 3.10
is fulfilled and the result follows. O

4 Jump truncation

By a jump truncation we mean a modification of some given process X where jumps
below some level are not present. Jump truncations serve as important applications
for our results. For processes with jumps of finite variation one may simply discard all
jumps of X with modulus less than say a > 0 and let @ — 0" and in the limit we retain

our original process. Given a cadlag process X with jumps of finite variation we define

X(a)t = ti + ZAXSI\AXslza'

s<t

In the general case however, X (a) will not have a well-defined limit as a — 0T since
Xd =3 o< AX, is not well-defined. We will denote by p the jump measure corres-

ponding to a given cadlag process X and we will denote by v the compensator measure
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of p w.r.t. the filtration {F;}+>0 (see [3] ch. II for details on this). Suppose now that
we are given a cadlag process X = Z + C which is the sum of a semimartingale Z
and a continuous adapted process C'. This means that all jumps of X belong to the
semimartingale part. We may represent X by
X = Mc+b+ZAXI‘AX|>1+// v)(s,z) +C
x|<1
where M€ is the continuous part of the local martingale part of Z and b is a process of

finite variation. Given a process X = Z + C' of the form above we define for a < 1,

X(a)e = Mf +b(a t+ZAXI\AX|>1+// (n—=v)(s,z) + Cy.

s<t <|x\<1
Notice that )?(a) only has jumps greater or equal to a.

Lemma 4.1. Let X be a Dirichlet process whose jumps at fixed times have finite vari-

ation, then X (a) —2 X as well as [X(a) — X]; 50 asn— oo.

Proof. See Appendix 4.1 O

Definition 4.2. Given a cadlag process X we define the following set of reals
Ay :={aeR":P(3s<t:|AX,[=a)>0}.

Remark 4.3. Since X is cadlag it follows that Ax is countable

4.1 The case with finite variation of jumps

We now take a closer look at jump truncation for processes with jumps of finite variation.
Assuming that Z has jumps of finite variation then (X —X(a)); <> ., |[AX:|jax,|<a

so it follows that (X — X (a)); — 0 a.s. when a — 0 and therefore, obviously, X (a) —2»

Xasa— 0. Also [X—X(a)]; = >, ,(AX,)?]|ax,|<q Which also converges a.s. to zero

since the [' norm dominates the 12_n0rm. Moreover this kind of truncation actually

has some slightly peculiar properties, one may wonder whether X" “% X implies
ucp

X"(a) — X(a) for all @ > 0 and if [ X" — X]; 5o implies [X"(a) — X (a)]: 50 m

general neither is true, as the following example shows.

Example 4.4. Let X be a Poisson process with intensity 1 and let X™ = (1 — L)X

n

then X" %y X as well as [X" — X, = LX)y = 0 asn — oo but X"(1) =0
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for alln so X™(1) — 0 # X(1) = X and [X"(1) — X(1)]+ 7 0. Notice that in
this example however, that there is only a single jump size which is troublesome but
we may generalize this example to have countably many troublesome points as follows.
Let Xy = Y32 72 Ni(t), where {N(t)}r are i.i.d. Poisson processes with intensity 1.
Setting X" = (1 — L)X just as before shows despite X™ Py X as well as [X" — X, =
L[X]y — 0 as n — oo we get X"(5) N X(&) and [X"(%) — X(&)) % 0 for any

ke N.

The above example illustrates the difficulty of truncation when the distribution of the
jump size of X is non-continuous. There are however some reasonable assumptions that
can help us work around this problem.

Lemma 4.5. Suppose {X"}, and X are cadlag processes withs jumps of finite vari-
ucp

ation. If X™ —= X then the following three statements are equivalent,

1) (X =5 X

2) 3t AXY =% >os<t DX

3) iMoo+ agay Lo P ((ng. AXQIMX;LEa): > c) — 0 forallc>0 andt € RT.

Moreover if either one of the three above conditions hold then X™(a) —2 X (a) for any

a & Ax. Finally, if assume we the slightly stronger condition,

4) lim,_yo+ limy, 00 P (ngt IAX | Axr|<a > c) =0 for allc >0 and t € R then
lim lim P((X"(a) — X(a)); >¢) =0,

a—0t+ n—oo

for all ¢ > 0.

Remark 4.6. Notice that if X™ “% X and we assume one of 1)-3) then (obviously)

lim lim P((X"(a) — X(a)); >¢) =0,

a—01 agAx n—oo

in comparison to the final statement of the Lemma.

Proof. See Appendix A.1.4. O

Definition 4.7. For X(a) we define the following properties,

(V1): X and {X"™},, have jump processes of finite variation and either one of 1)-3) in
Lemma 4.5 holds true.

(V2): X and {X"},, have jump processes of finite variation and 4) in Lemma 4.5 holds

true.
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Lemma 4.8. Suppose a & Ax, [X"—X]: 50 and X7 2B X then [X"(a)—X(a)]: —

0 and if we assume assumption (V2) then

lim lim P([X"(a) — X(a)]; > ¢) =0,

a—0+ n—oo -

for all ¢ > 0.

Proof. Since

(XM= X T = Tl = Y A((X™) = XA = ) =0,
s<t
it follows that [X™ — X.]; = [(X™)°¢ — X°]; + [J™ — J]+, since the left hand side
converges to zero and both terms on the right are non-negative we conclude that
(Xme = x5 0. Similarly [X"(a) - X(@)] = [(X")° = X¥]; + [J"(a) — J(@);
so it suffices to show that [J"(a) — J(a)]+ L 0. A similar approach to the proof of
the implication 3) — 2) in Lemma 4.5 shows that also [J"(a) — J(a)]+ LoifadgAy
(indeed as in that proof on the set B ) we have [J"(a) — J(a)]; = Zle(A(X” -
X))%,)- Let us now assume assumption 4) of Lemma 4.5 then, since the I'-norm dom-
inates the /2-norm, lim,_,o+ lim, ., P (Esgt IAXT P iaxn|<a > c) = 0 and therefore
we may take ¢’ € Ay so small and ny so large that a < o’ and n > n; implies
P (ngt IAX?PTiaxn<a > c) < € as well as P (ngt IAX[*I|ax,|<a > c) < e. Let-

ting

By = |AXIPLiaxsi<a < ¢/9 ¢ N Y |AX T ax, <0 > ¢/9

s<t s<t

NA{l7" (@) = J (@)l < ¢/9]}

so on B,

[J"(a) = J(a)le < 3([J"(a) = J"(a)]¢ + [J"(a') = J(a')]¢ + [J(a') — J(a)]s)
<Y IAXIPLaxri<a +¢/3+ Y IAX T ax.1<a < 3(c/9+¢/9+¢/9) =<,

s<t s<t

where we used Lemma 2.4 together with the inequality (z +y + 2)? < 3(2? + y? + 2?)
in the first step. Hence,

P([7"(a) = J(a)l: = ¢) <P({[J"(a) = J(a)]s > ¢} N Bn) + P(By) = P(By) < 3¢,
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when a < @’ and n > ny, which shows the final statement.

[J"(a) t < ZA X)2In|xn—X|,<a

s<t
converges to zero a.s. for each t € RT it follows that

lim, o+ limy, oo P ([J™(a) — J(a)]; > ¢) = 0. If we again apply Lemma 4.5,

[(X"(a) = X(a)]; = [(X™)" = X+ J"(a) ¢ < VIX™)e = X+ V[T"(a) = (a)]e
and therefore [X"(a) — X (a)]: 5 0for a ¢ Ax and
lim, o+ limy, 00 P ([X™(a) — X(a)]t > ¢) = 0. O

The followmg example serves as a reminder that X" 2P, X does in general not imply

(X" — X, 2 0 or vice versa.

Example 4.9. Take X =0 and let

2n—1
X" =9~ (n+1)/2 ]; I[2<l;;1)7212x‘7;1)(') - I[zgn1)§ﬁ)( )-

We then have that (X™)%, = 27("+D/2 0 but [X"]; = 2~ FD/2)2(2(2" — 1) + 1) =
P
1— 2=+ 1. Which shows that [X™ — X]; /~ 0 so that

X" 2P X A[X"— X, 5 0.

On the other hand take any semimartingale Z plus a sequence {V™},, of continuous
processes of zero quadratic variation not converging to zero, then if we let X™ :=V"+Z
then [X™ — Z]y =0 for all t € RT.

We now show that when we are dealing with jumps finite variation then under (V'1) or
(V2) conditions, taking limits over n in Theorem 3.10 commutes in a sense with taking

limits over the truncation level a.

Theorem 4.10. Let (X,{X"},), (f,{fn}n) fulfil hypothesis of Theorem 3.5.
1) If {X™},, has the (V1) property from Definition 4.7 then

aﬁoljfggAX nh—>ngop<(/ Y dfn Xn /Y df ) 26) B
([ o= [reans) ) <o
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for every e > 0.
2) If {X™},, has the (V2) property from Definition 4.7 then

al_i}xgl+nli_>n;OIP<(/Y dfn(X"(a /Y df (X ) ze>
dm i ([ veanoe@o - [veaen) =)

for every € > 0.

0,

Proof. We start with 1). Assume that a ¢ Ax. From the integration by parts formula

we have

/0. Ys—dfn(Xn(a)s) = fn(Xn(a))Y - fn(XO)YEJ - /0 fn(Xn(a)s)dYs - [fn(Xn(a))’Y],
(4.12)

so to prove the first claim it will suffice to show that the right-hand side above converges
ucp

in ucp to [ Y_df(X(a)). Since X™(a) — X (a) and since f,, — f uniformly by Lemma
3.4 we have that f,(X"(a)) — f,,(X™(a)) we see that the first (by continuity of prob-
ability) and second (by continuity of the stochastic integral) term in (4.12) converges
in ucp to f(X)Y and [ f,,(X"(a))-dY respectively.

We now study the last term in 4.12, [f,(X™(a)),Y]. Since [X"(a) — X(a)]: L ooby
Lemma 4.8 and X" (a) — X (a) Theorem it follows from Theorem 3.9 that [f, (X (a)")—
f(X(a))l: £, 0 and therefore we may argue as in the proof of Theorem 3.5 to show that

[fn(X™(a),Y] 225 [f(X(a)),Y]. So we have shown that

/O'Y;_dfm"())ﬂf( (@)Y — F(Xo)Yo - / F(X(a))dYs — [f(X(a)),Y].
(4.13)

Since f is continuous and X (a) —% X it follows that f(X(a)) -2 f(X) so the first

and second term converges in ucp to f(X)Y and [ f(X)_dY respectively. For the
1 ;

last term in (4.13) we have [f(X(a)),Y]; < [f(X(a))]Z[Y]Z, but by Theorem 3.5 (the

fact that we are are working with a continuous parameter will pose no problem, as is
evident by the proof) [f(X(a)) — £(X)]; = 0 which implies [f(X(a))]; = [£(X)]; so
[f(X(a),Y] =& [f(X),Y] as a — 0T, so the right-hand side of 4.13 converges in ucp
to

FX)Y — F(Xo)Yo — / (XY, — [f(X),Y] = / Yo df(X.)
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as a — 07T, this shows

a—>01+ig11€&x ”ILIEQP (</O Yo-dfa(X™(@)s) - /O YS_df(XS))t - 6) -

To show the second equality of 1) note that by Lemma 2.4,
[Fa (X7 (@) = FOON < (X" (@) = Fa(X]F + [fa(X™) = FOO),

by first letting @ — 07 the first term on the right-hand side above converges to zero in
probability. Letting n — oo makes the second term converge to zero, i.e. [f,(X™(a)) —
f(X)]t% £, 0 which implies [fn(X™(a) — f(X),Y]; =% 0. By the fact that f, is C,
Fu(X™(a)) 2% f,(X™) as a — 0T and using the integration by parts formula concludes
the proof of 1). Showing 2) is completely analogous. O

A.1 Additional proofs

A.1.1 Proof of Lemma 2.2

Proof. If we can prove that

1) if X and Y have quadratic variations along { Dy} then so does X +7Y,

as well as

2) if g is a absolutely continuous function and X has quadratic variation along { Dy}
then so does g(X),

then it follows by 2) that g;(X) and g2(Y") have quadratic variations along { Dy}, and
by 1) that g1 (X) + ¢g2(Y) does as well. We start by showing 1). Since X and Y have a

quadratic variations along { Dy}, this implies that

lim P Yo -X ) - Y (X X)) 2] =

k,l—o00
t; €Dk, ti<s t;€Dy,ti<s

lim P 3 (X, — X1, )2 >c] =0

k,l—o00
t; or ti,leDf\Di

and similarly for Y,

im P Y (Vu—Yu)' = > (-Y.)|zc|=0

k,l—o00
t;€Dg,ti<s t;€D,t;<s

151



for all ¢ >0, 0 < s <t and n € N, where we used the notation Dj = {t; € Dy : t; < s}.
Now by the Cauchy-Schwarz inequality,

Z (Xti - th‘—l) (Ytt - Ytifl) - Z (th‘ - th‘—l) (Ytz - Ytz‘—l) =

ti€Dy,t;<s ti€Dy,t;<s

> (Xe, = Xe, ) (Yo, =Y, )| <
t; or t;_1€D;\D;

I
N

S (K -X) D

t; or t;_1€D\DS t; or t;_1€D!\D}

Now

Z (Xt1 + Y;fl - Xti—l - ni71)2 <

t; ort;_1€EDJ\D}

Z (Xti - Xti—l)Q + Z ()/tl - Yti—l)Q +

t; ort;_1€D\D;, ti ort;_1€D\D;}
2 2
2 2
> (n-x) S mevn)
ti or ti_1€D;\D;}, t; or t;i_1€D\D;,

and all three terms above converge to zero in probability as [,k — co which shows
that {S, (X +Y)s}, is Cauchy in probability and therefore there exists a finite random
variable S(X +Y),, if we can show that S(X +Y'), fulfils (1.1) then this shows 1). First
note that since S(X +Y), is finite and increasing in s it is a finite variation process
so we may decompose S(X +Y), as S(X +VY), = S+ >, (AS(X +Y)), where
S¢ is a continuous increasing process. It now suffices to show that (AS(X +Y)), =
(A(X+Y))2. To this end, we may take a subsequence of {S,,(X+Y)s}n, {Sn, (X+Y)s}r
such that S, (X +Y), =2 S(X +Y),. Using this subsequence we see that
(AS(X +Y))y=lim Y (Xy+Y, — X, ~ Vi)

k—o0
ti€Dy, ti<u

. 2 . 2
klggo Z (Xti +Y, - X, - )/ti—l) = khm (Xt; JFY; - th - Yf;;) )

—00
ti €Dy, t;<u

where ¢}, = min{¢; € Dy : ¢; > u} and ], = max{t; € Dy, : t; < u}. Since Dy, C Djyq it
follows that ¢}, | ¢, t} 1t and since X and Y are cadlag it follows that

klgrolo Xt;c + }/t;c - Xt;c/ — Y;;J =AX; + AY; = A(X + Y)u,
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hence (AS(X +Y)), = (A(X+Y),)? and this finishes the proof of 1). We now show 2).
Since g is absolutely continuous it is easy to verify that h(6) = g(Xs, + 0(X¢, — Xt,_,))
is (pathwise) as well and therefore h'() exists almost everywhere (in the Lebesgue
sense). For any point 6, where h'(f) exists we have by the chain rule that h'(6) =
(Xt, — X, )9 (Xt +0(Xt, — X+,_,)). Noting that h(1) — h(0) = g(Xt,) — g(X+,_,) and
meanwhile, by Theorem 10 of section 5, chapter 6 in [6], h(1) — h(0) = fol K (0)do from

which we derive the following representation
1
g(Xti) - g(Xti—l) = (Xti - Xti—l) / g/ (Xti—l + 9<X75L - Xti—l)) dg.
0
Let Ap = {X; <R}, Mp = ffR |¢'(x)|dz and note that on Ap

1 1
/ g/ (Xti—l + Q(th - th‘—1)) d@‘ < / |g/ (th‘—l + Q(th - Xti—l))| do < MR'
0 0

Now

im P[> (9(X)—g(Xe ) = Y (9(X) —e(Xe )| | =

k,l—o00
ti€Dy,ti<s ti€Dptiss
. 2
lim P Z (Q(thz) *Q(Xti—l)) zc| =

k,l—o00
t; or tifleDf\Di

2

1
lim P Z (XtL - Xti71)2 (/ g/ (Xti71 + Q(XtL - Xti—l)) dﬁ) Z Cc S
0

k,l—o0
t; or ti_leDf‘\ch

+P(AR) = P(AR)

2 &
lim P E X — Xy, > —
k=00 ( ‘ ”‘1) - M3
t; or tifleDf\Di

letting R — oo makes the right-most side above vanish by continuity of probability and
this shows that S, (g(X))u 5 S(g(X))y for u < ¢ where S(g(X)) is some increasing
finite process. As in 1) it now suffices to show that (AS(g(X))). = (Ag(X))2 for u < ¢.
We again choose a subsequence {S,,, (§(X))u}n, such that S, (g(X))u =23 S(g(X))u.

Now

2
(AS(9(X))u = lim (g(Xy) = g(Xe)) = (Ag(X))2,
with ¢} and ¢} as defined before using the same kind of argument as in 1). O
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A.1.2 Proof of Lemma 2.3

Proof. Expanding S, (X,Y) at time s < t gives us

1
Sk(X7 Y)S = 5 Z (Y;fzwrl + Xt'H»l - Yti - Xtri)Q

ti€Dg,ti<s

- Z (Y;fwrl - 1/;51)2 - Z (XtH»l - Xti)Q )

ti€Dg,t;<s ti€Dg,t;<s

by assumption the right-hand side converges in probability to § ([X + Y] — [V]s — [X],)

which can be decomposed as

(X +Y]s = [Y]s = [X]s) = 5 (X + V[T = [VI§ = [X]9) +

l\.’)\r—l

S AX+Y))2 -3 (Aax) -SAare | =

u<t u<t u<t

DN = N =

(X + YIS~ [Y]S = [X]9) + Y _(AX)u(AY),

s
u<t

DN | =

with 1 ([X + Y]S — [Y]S — [X]¢) as [X, Y]¢ the result follows. O

S S

A.1.3 Proof of Lemma 4.1

Proof. Let X(a) :== X(a); — X; = fot Jo<izj<a @d(p = v)(s,2) + b — b(a). Since b is

of finite variation (and therefore has jumps of finite variation) we trivially have that
ucp

[b—b(a)]; =25 0 as well as b — b(a) —> 0. Now we rewrite

At »/0<|93|<a z(p—v)(ds,dz) = /Ot /0<z<ax(ﬂ—uc)(ds,dx)

where [i is the measure p with all fixed time jumps removed and v, is the compensator

+24q@wwmm

s<t

of fi (which is the time-continuous part of the compensator of 1). By Lemma 2.4,

// i —v.)(ds,dz)
|x|<a

oosl e [ [ i (5wt

s<t

[X(a))? < [b-

ZA@MM%M)=

t
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since fot flx‘gleU(dS,dx) < [X] <ocas. and 3o o, [, < [2ln({s} dz) < oo as., it

~

follows that [X (a) — X]; converges to zero a.s. (and hence in probability) as a — 0. If we
let N(a); = f(f f|a;|<a zd(fi —v.)(ds,dx) then N(a) is a local martingale with N(a)o =0
for every a > 0 by Theorem 2.21 in [3] (since v, is the compensator measure of fi). Let
{Sk}r>0 be a sequence of stopping times such that N(a)°* is a martingale for every
k. Let Tp = 0 and for k& > 1, Ty, := inf{t > Tp_1 : (b —b(a)); V |N(a):] > k}. Let
Ui = Ty A Sk, then N(a)U* is a martingale for every k with |N(a)V*| < k+a. For a given
t and € > 0 we may take k such that P (U < t) < e. By the Burkholder Davis-Gundy

inequality
E [(£(07):] < [0~ bain] +E[(N@7] < b+ a+ G |/ IVG@)HL
<k+a+ OE[(N@)inw,] <k +a+Co (N@)fipu- +a) < (k+a)(Ca+1),

for some Cy,Cy € RT. Since [X(a)”*]; — 0 a.s. by the first part of the Lemma
that we already proved, it now follows from the dominated convergence theorem that

lim, o+ E [(X(a)T’“)ﬂ = 0 and then if we apply the Markov inequality we also see that
for any ¢ > 0, lim,_,o+ PP (()?(a) — X)iar, = c) = 0. We conclude that for any ¢ > 0,

lim P (()?(a) X)) > c) < lim P (()?(a) — X)ing, > c) +P(T}, < t)

a—0t a—0t
=P (Tk < t) < €,

ucp

hence )/(:(a) — X. O

A.1.4 Proof of Lemma 4.5

Proof. The equivalence of 1) and 2) follows trivially from the hypothesis and the linear-
ity of ucp convergence. We will now establish that 2) and 3) are equivalent. Let € > 0,
¢ > 0 be arbitrary. Let N denote the number of jumps of X with modulus larger or
equal to a on [0,¢] for X and denote Ap = {N = k} for k > 0 by the cadlag property
of X and continuity of probability, 1 = P (U, Ax) = limg 00 P (Uf:o Ak). We may

now choose Ky such that P (UkK:‘)O Ak> > 1 — €. Moreover if we let
A(a,d) ={3s <t:|AX,| € [a,a+ )}
then (1,5, Ai(a, 1y = {3s < t:|AX,| = a} this event has probability zero by definition

and so by continuity of probability we see that we may choose é > 0 such that for a
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given a € Ax, P(A¢(a,d)) < ¢/Ky. Take such a § and assume we are given a ¢ Ax.
Define analogously to J,, J =" AX?. We will now show that X" 2P X implies
ucp

J"(a) — J(a) when a ¢ Ax. Let N, denote the number of jumps with modulus
larger or equal to a for X” and denote {T;*}'", the jump times of X™(a), let {T}}F_,

s<u

denote the jump times of X (a) on Ay. X" “% X implies that there exists n; such
that if 7 > n; then P (Ak \ {(X” ~ X)! > min (ma) }) < ¢/Ky. Let

. C
Blim = A N {(Xn — X); < min (m,(s)}n {|AX,| & [a,a+ 6] Vs <t},

then P (Ak \B(k’n)) < [2(—60 It follows that if X™ has a jump of size greater or equal to
a in [0,t] on B ) then so must X and vice versa since otherwise |[A(X"™ — X)| > §
contradicting the definition of By ,). i.e. the jump times of J"(a) and J(a) coincide
on By ). Therefore we may write

k
J(a) = J"(a); = Y AX" = X)r,

1=1
on By ). We have for 1 <k < Ko on By )

(J(@) = J™@); <Y IAX" ~ X)

k
T < zz: (X" =X)7, + (X" = X)7, )
=1
<2Ko(X" - X)j <,
and obviously for k =0, J(a) — J"(a) = 0. So
P(Ay N {(J(a) — J"(a))i > c}) <P (ng,n) N Ay N {(J(a) — J*(a)) > c}) <=
This leads to

Ko
P((J(a) = J"(a)); > ¢) <Y P(An{(J(a) = J"(); = c}) + P ( U Ak)

k=1 k>K

SKOKLO+€:2E.

ucp

This shows that if a ¢ Ax then J"(a) — J(a) and if we combine this with 2) (which
is equivalent to 1)) we see that this implies X™(a) —= X (a) and it also trivially implies
lim, o+ limy, oo P ((J™(a) — J(a)); > ¢) = 0for all ¢ > 0. Assume that 3) is true. Take

any € > 0 and take a > 0 so small that lim, ., P ((ZS< AX;LI|AXH|<,1) > c) < € as
_= s I— t

well as P ((ZS< AXSI|AX§|<0,> > c) < €, which we may since J is of finite variation.
= =%

Therefore

lim P((J—J"); >¢) < lim P((J(a) — J"(a))] > )+

n—oQ n—oo
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* *

lim P | (> AXoax,<a | Zc| lim P [ Y AX axni<a | >c| <26

n—oo n—o00
s<. s<.

t t

which is zero if a ¢ Ax and this shows that 2) holds true. If we instead assume 2) is

true then we have that

lim P(((J" = J™(@)) = (J = J(@))); = ¢) < lim P((J" = J); = )+

lim B ((J"(a) ~ J(@))} > ¢) = lim B((J"(a) ~ J(@))} >c).

Letting @ — 07 eliminates the remaining term i.e.

li li P E AXT] n — E AX, ] AX a > - Ou
1m 1m ~ s HAXP|<a - s s1< C
which implies

lim lim P E AXIIaxr<a | 2c]| < lim lim P E AXlax,<a | =c¢
a—0t n—oo > sl= a—0+ n—oo = s|S
s<. s<.

t t

*

+P ZAX?Imxmga - z AXslax,<a | 2c¢] =0,

s<. s<. "

since X has jumps of finite variation. This shows 3). Suppose now that 4) is true. Take
a' € Ax so small that a < o’ implies lim,,_, o0 P (Zs<t IAXZ | axr<a = c) < € as well

as lim,, oo P (ngt IAX |IIax,|<a > c) < € then

P((J"(a) = J(a)); = ¢) SP((J"(a) = J"(a)); Z ¢) + P((J"(a') = J(a'))] = ) +

B((J(@) ~ J(@); =) <P [ SIAXT Laxy <o 2 ¢ | +P((I"(@) ~ J(@); = ¢) +

s<t

P (Y IAX fax,jca > ¢ | 26+ P((J"(@) = (@)} > ©),

s<t

since a’ & Ax the second term goes to zero as n — oo. This shows that
limg o0 limy, 00 P ((J™(a) — J(a)); > ¢) = 0 but since 4) is stronger than 3) it implies

2) and combined with this we have the final statement. O

157



A.1.5 Proof of Theorem 3.5

Proof. By Lemma 2.2 f,(X") — f(X), fo(X) — f(X) and f,(X™) — fn(X) all have

quadratic variations along {DJ} }x, so by Lemma 2.5 we have that

[fn(X™) = F(X)]e < 2[fn(X) = F(X)]e 4 2[fn(X") = fu(X)]t,

so therefore it will suffice to show,

1) [fa(X) = f(X)]u =0,

and then

2) [fn(X™) — fu(X)]u 50 We proceed with 1). Let h(x) € Li j0.([—R, R]) be such
that |f/| < |h| a.e. for all n (and therefore |f’| < |h| a.e.) as guaranteed by Assumption
3.1. Let t > 0, ¢ > 0 and € > 0 be arbitrary. Since X is cadlag we may choose R > 0
such that P (max (X}, [X].) > R) < e. Since |f},(z) — f'(z)| < 2|h(z)| a.e. it follows
from the dominated convergence theorem that there exists some n’ such that if n > n’

R c
then [Ty |f; () — f'(2)|dz <\ /577y

Finally, letting {Dy} be a refining sequence along which X has a quadratic variation

we take k so large that

pl(- Y (e -x07| >1] <e
t; <., t; €Dy u

P (([f(X)] B Z (f(X)ti+1 - f(X)t1)2> > ;) <€

t; <., t;€Dy,

and

P(([fn(X)}— > (fn<X>tM—fn<X>ti>§) >§) <&

t; <., €Dy

Next we define
* 2
A={max(X;,[X]) <R}nS [[X]— > (X, - X)) | <1y,
t; <., ti€Dyg “
then P(A°) < 2e. We have

P([fn(X) = f(X)]u > ¢) <

N o

P (([fn(x) - f(X)} - Z ((f”l(X)tiJrl - f(X)ti+1) - (fn(X)iL - f(X)tL))2> > )

t; <., t;€Dyg w
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*

+P (( ((fn(X)tz‘Jrl - f(X)ti+1) - (fn(X)tz - f(X)tz))Q) > ;) <

u

IA

Z ((fn(X)iiJrl 7f(X)ti+1) (fn(X)th(X)t1))2) > > +€

b

u

[\ e

P ({ ( Z ((fn(X)ti+1 - f(X)ti+1) - (fn(X)n - f(X)tl))2> >

We shall see that

oo

B = { ( Z ((fn(X)t1+1 - f(X)tqz+1) - (fn(X)tq - f(X)t7))2) >

t;<., t;€Dy

|

is disjoint from A. By applying the same type of representation as used in the proof of
Lemma 2.2, we find that on A when s < u,

ST (Xt = FXOt4) = (X, — F(X)1))? =

t;<s, t;€Dy
1 2
> (Ai / (F'(Xant, +00:) = fr(Xane, + 0A))) d9> <
t;<s, t;€Dy 0
1 2
>oooAl ( / |F' (Xant, + 00:) — fr(Xant, + 00| d9> <
t;<s, t;€Dy 0

R ? C C
([ 156 - o)) X Mgy s (X +1) <

which establishes that A and B are disjoint (hence P(A N B) = 0) so we conclude
that P ([f,(X) — f(X)]: > ¢) < 6¢, since € > 0 and ¢ > 0 are arbitrary it follows that
[fa(X) = F(O))u = 0.

We now prove 2). Since [X"—X], 5o implies that [X™],, 5 [X], and since X™ 2% X
there exists R’ such that

P (max ([X"]u, [X]u, (X™)5, X2) 2 R)) <,

for all n. Now we take n; so large that if n > ny then f[iR m (@) = f(@)lde <
\/ iy - And take 6 > 0 so small that if 2,y € [-R—a,R+a] and |z —y| < ¢ then

@) = W) < \/zxcn-

Now we may take ng so large that if n > no then P ([X” - X, > c ) <

N 24(f[—R,R] |h(z)|dm)2
e. Given any n > max(nj,ns) we may, since X, X" — X and f,(X") — f,(X) all have
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quadratic variations along { D} }1, choose a partition D} = {t}'},., (which depends on
n) such that

n n o no_ n 2 . n ) c
P <(ti<<§€D2 ((Xtrﬂ Xtiﬂ) (Xti e )) . X]) u ) 24 (f[—R,R] |h($)|dx)2)

2
P (Xt?“ - Xt;;) X)) <1 <eP((X"—X):t<6/3) <e
t: <., tiEDg "

c

5 o0
24 (f_R’R] |h(x)|da¢) }

Xﬁl 1 —Xt;'«_'_ th —Xt ¢ 3
T A B ) e el

ﬂ{([)q— Z (Xt?JA_th ) }ﬂ{ <(5/3}

We now let N = max(ny,ne,ns) then P(A ) < 7e forn> N.

A(n) = {max ([X"]u, [X]u, (X")5, X3) < R'}N {[X” - Xu <

So, for n > N,

P([fn(X") = fa(X)]u > ¢) <

P(([fn(X”)fn(X)] > (B, = £ )(fn(X"»;fn(X)ty))?)

t;<., t, €D}

>§)+P<<. 2 ((fn(X">t?+1—fn<X>t?+1)‘(f"(Xn)t?_f"(X)t?)Y) i )

*

u

N o
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<e+P (( Z ((f"(Xn)thl — fn(X)tlbrl) — (fn(X™)en — fn(X)z;l))2

<., t;€D}

P ({ ( S (™M, = £aX ) = (£ Xy, = fn<x>ty))2> > 2} mA@))

N———
e *
Vv
N o
N——
IN

t;<., t;€D}

+P(A(R)°) + e

‘We shall see that

B = { ( > (B, = £ ) = (£, - fn<X>t?))2) ’ 2}

ti<., t;€D}

is disjoint from A(n). Using the same trick as in 1) we find that,

Un(X)en,, = [n(X")in)s = A [ fL(X7 + 0AT)d6 and similarly

(Fn(X)ez,, = Fa(X)in)s = Ai fy Fi(Xep +0A,)d6 where AT = X7 — X[ and A, =
Xt;,aﬂ — Xt?. This allows us to rewrite

(FaX e, = Sa (X" ) = (FalXDap,, = fa(X)ip ) =

1 1
A?/ (X[ +0A)do — Ai/ fL(Xn +0A;)do
0 ¢ 0 ‘

1 1
— [ rux +onnan (A7 - A+ [ (005 +0AT) - £1(Xep + 08, ) doa
0 0
and furthermore on A(n),

1
[ (7axis +087) = £y +00)) doas 20|
0

1
</
0

1 1
0 0

fu(Xin +0AT) — f1(Xin +0A7)

F(XEn 4+ A7) — f/(Xin 4 044)| dO] A

< (2 Inw - r@lasiai+ s )18

where we used the fact that
[ X7h + AT — Xgn 4 00| < (X" — X); +0|A7 — Ay <0+ 20(X™ — X); <36

Plugging in the above representations expanding the squares and then using the Cauchy-
Schwartz inequality (for sums) on the cross terms we see that on A(n) for s < u,

S (M, £ XM) = (X, — FalX)r) )

t;<s, t;€DT

2
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1 2
< ¥ ([ s voana) @r-ay

t;<s, t;€D]

+ 3 ( / 1 (Fu(Xi +0AT) = Fr(Xep +604)) d9>)2 (A:)°

t;<s, t,€D}

+2( = </°1f’/1(X??+9A?)d9)2(A?—Ai>2>%

t;<s, t;€D}

1 2 2
<> ( | (saxi +087) = fuxy + 08) d9)> (2] <
t;<s, tyeDp N0

1 2
3> (/0 fo(Xin + 0A?)d9> (A7 — A+

t;<s, t;€D}

2

3 % ([ (s oan - fixg +onn) ) @0°

t;<s, t;ED}}

2
<3 (/{RR] |h(a:)|dm> 3 ((XJZLH th;H) - (th *th))z

t;<s, t;€D}

+3(2/_I;|f;(x)ff'(x)‘dm|+ m) t > (X%,Xt?)2

i» t; €D}

<3 |h(m)|dm> (X" — X, + = 7 | + 35— ([X]s + 1)
</[R,R] 24 (fi_p 1) 12(R +1)

2c c , c

= - 1) = =

BuPumrp Y=g
where we applied the AM-GM inequality to the cross term after the second inequality.
We therefore conclude that A(n) and B’ are disjoint and therefore we conclude that

[fa(X™) = fu(X)]u = 0. 0

A.1.6 Proof of Theorem 3.9

Proof. We will first show the Theorem for a) with p = % and b) with ¢ = 1, at the end
of this proof we outline how to carry out the other cases which are very much analogous.
Let € > 0 be arbitrary. Let ¢ > 0 be arbitrary. Let a > 1 be some (large) constant to
be chosen later. Let X = Z 4 C where Z is a semimartingale and C has zero quadratic
variation. According to Theorem 2.10 we have that f(X;) = Y.* + ' where Y* is a

semimartingale, I'* is continuous and [['*]; = 0 for all ¢ > 0. The expression for Y'* is
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given by

Y, = f(Xo) + Z (F(Xa) = F(Xo) = AX F(Xos)) Tiax. |50 + /O (X,

/ /| U 0 ) (X)) ),
Z/|< (f(Xo— +2) = f(Xso) —af'(Xs2)) v({s}, dz). (A.1.14)

We have by the mean-value theorem that for some 6(s,w) € [0, 1]

> /| O ) = ) =2 (X vl ) -

s<t

Z/||< 2f (X +0(s,0)7) — 2 (Xo_)| v({s}, dz) <

s<t

(Sup|fl(Xu—)| +  sup  |f(Xu- +2) > Z/ lz|v({s}, dz), (A.1.15)

u<t u<t,x€[—a,al s<t |z|<a
the factor in the parenthesis is a.s. finite since f € C' and X is cadlag, so the whole
expression on the left-most side of (A.1.15) is a.s. finite if 3 _, f|x|<a |z|v({s},dx) is.
. P
If we assume be) then since Z;gt fmga |2|pn ({8}, dx) = 30 oy f\z|§a |z|p({s}, dr) and
{(qu el <a |x\,un({s},dx)) } is u.i. it follows that

n

B (Z /m|<a |2|pn ({5}, d) ) (Z /m|<a ||p({s}, dw)) =0,

s<t s<t

2

SO (ngt flea |x\u({s},dz)) € L' and this implies (by Jensen’s inequality) that
doe<t flw|<a |z|p({s},dr) € L*. Similarly if we instead assume a) then

de<t flml<a |z|p({s},dx) € L*. We conclude our argument by noting that

E [fmga |z|v({s}, dx)} =E Umga |z ({s}, dx)} and by monotone convergence

[Z/ma v ({s}, das] SR Vz|<a v ({s}, dx)] _

s<t s<t

SE|[ o) dx]= {Z [ sy d@] .

s<t s<t
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so indeed, 37, [, 1<, [7lv({s}, dz) < oo as..

This allows us to to expand
/t /x|<a (f(Xso 1) = f(Xeo) —af'(Xs0)) (n— v)(ds, dx) =
/t /EKQ (f(Xom +2) = f(Xom) —2f'(Xs-)) (B — ve)(ds, do)+
Z/|x|<a (F(Xoe +2) — F(Xoo) —af' (X)) (1 — v) ({5}, dz),

where i denotes the jump measure p with all fixed time jumps removed. We may now

rewrite (A.1.14)

= F(X0) + Y (F(X) = F(Xa) = AXLF(Xa ) Tiaxjoa + / F(Xo

s<t

G ) = 0 e (X)) 1 )
EY [ U ) ) = 2 () ). )

s_

Similarly let X™ = Z™ + C™ where Z" is a semimartingale and C"™ has zero quadratic
variation. We again apply Theorem 2.10, we have that f,(X) = (Y™)? + (I'™)? where
(Y™)* is a semimartingale, (I'™)® is continuous and [(I'"™)*]; = 0 for all ¢ > 0. Arguing

as above we see that the expression for (Y)* will be given by

Y= Fa(XE) + 3 (Fa(X3) = ful(X[) = AXTF(XI)) Taxy o

s<t

+/0 /’E|<a (fn(X;l + x) - f”(X;L) - xfé(X;Lf» (Njn - (Vn)c)(ds, dl')
EX [ R ) £~ K ) alLsh, )

s<t |z|[<a

Since
FalXD 4 @) = F(Xom 4 @) — fulXI0)) + F(Xam) — 2 (FL(X2) — F(X.0))
=z (/01 (fr(Xio +0z) — f'(Xs— + 02)) df — f1, (X)) + f’(Xs)>

and the term in the parenthesis is clearly locally bounded we can conclude that

/. / < (fa(XI +2) — f(Xom +2) — fu( X)) + F(Xso)
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—x (fL(XI) = f1(Xs2))) (i — ve)(ds, dx)

is well defined (as a local martingale). Furthermore, since X™ and X have quadratic
variations along the same refining sequence then so does f,,(X™) and f(X) by Lemma
2.2 which implies that (I'")® — I'* has a quadratic variation along this sequence which
is zero (the quadratic variation of the semimartingale parts of f,,(X™) and f(X) do not
depend on the refining sequence). With this in mind we make the following estimate,

Fa(X™) = F(X))Z = (V™) = Y97 < [ [ ez - Z”)} :

t

[ Gnxny - recyazn]”

t

+ / ' / (Fa(XT 4 2) = F(Xo + ) — Fu(XI1)) + F(Xoo)) — 2 (FH(XI) — F(Xeo))
|z|<a

(o — ve)(ds, dx)

/ /| (X2 ) = Fu(XE0) = 2(XE) (= ve) )

[NIE

+
t

- /0 ‘ /| _ (U242 = FaOXI0) = 1 (X20) G — ()e) s )

N

[2/ (Fr(XE- +2) = f(Xam +2) = fu(XT) + f(Xeo) —2(fL (X)) = f/(Xs2)) u({s}, dw)}
s<t |z|<a

t

2

[2/x<a (X2 4 @) — fu(X3) — 2 (X)) (b — pn) ({5}, dx):|

s<t t

s<t

+ [Z (Fn(XT) = fn(XE) = AXTf1(XE)) jaxn|>a

Nl=

s<t

- Z (f(XS) - f(Xs—) - AXSf/(Xs—)) IAX5>0.:| (A~1-16)

t
Where we substituted the expressions for Y, Y* did a bit of rearrangement and then

used Lemma 2.4.

Since i is void of any fixed time jumps it follows from Theorem 1 of chapter 3, section
5 in [4], that if g(s, z,w) is locally integrable then

[/ / (s,z,w)(ft — Ve) dsdx] / / (s,x,w)%fi(ds, dx),
0,.] \w\<a [0,] |w\<a

(and similarly for fi,). We now expand (A.1.16) as

1

= (/01 F(X_)2d[Z - Z”]S)% + (/Ot+ (rnxz) - f’(XS_)>2d[Z"]S) L

t
( /O /| ) ((fn(xs_+x>f(Xs_+x)+fn<X:_>>f<Xs_>>x<f;<X:_>f'(xs_»)?ﬁ(ds,dx))
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+ /O/m<a ((Ffn(XP2 +2) = fr(X2))) — 2 fr (X)) (B — ve)(ds, dx)

-/ /| (X ) = uX20) 200 (ﬁnm)c)(ds,dx)}

+ (Z ( / X4 0) = f(Xan ) = Fu(XE) + (X)L (X2 = (Xe))

s<t

D=

2 % 2
#({S}ﬂdz)> ) + (Z </| - (fn (X +2) = fu(XI) — 2fp(Xsm)) (u—#n)({s}ﬂm)) >

s<t

s<t

+ [Z (Fn(XT) = fn (X)) = AXTFL(XT) iaxn|>a

[NE

-S> (f = f(Xso) = AXs f1(X s))IAX3>a:| , (A.1.17)

s<t t
here we used the fact that for term five and six of (A.1.16) (corresponding to term five
and six of (A.1.17)), the expressions inside the quadratic variations are quadratic pure

jump semimartingales so their contributions are just the square sums of their jumps.

We now collect some preliminary facts that will be used to tackle the terms of (A.1.17).

Note that assuming a), [(fo Sz #*p(ds dx))Q] < IE[[X}%] < oo and

t
[ eutdsdn) = S AX Laxier “550,
0 |z|<r

s<t

as r — 0%. So by dominated convergence it follows that

1
lim, o+ E [(fo f o|<r 22 p(ds dx)) ] = 0, while if we instead assume b) then

limr_>0+ E |:(f0t f‘z‘gr Z‘ZM(dS, d.T)) 2:| = 0.

Since [X"]; < 2[X"™ — X|; + 2[X]; it follows that [[X"]; — [X]¢]| < 2[X™ — X]¢ + 3[X]¢

and since [X"]; 5 [X]; we may conclude by Pratt’s lemma that if we assume b)

then [X"], &5 [X]; and therefore both {[X"];}n and {[X" — X];}» are w.i., un-

der this assumption. Similarly we have that [X ”]t% < XM — X}é + [X]t% implying
1 1 1 1 1
[[X")2 — [X]Z| < [X™ — X]? + 3[X]? and so if we assume a), both {[X"]?}, and

{[X™ - X]t%}n are w.i. in this case. By assumption a) (ngt I |ac|un({s},dx))§
is wi. and Y, [p |2|pn({s}, dx) 5 >e<t Jo 1zlu({s},dx) as n — oo, this implies
- 1 - 1
2 Lt 2 Qe
(Zoce fi l2lin({s}d2)) " 25 (Socq Jy lolu({s} da)) . Similany,

Y ect Jr 1xlpn ({5}, dz) , Y o<t Jrlzln({s}, dz) if we instead assume b).
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Furthermore,

lim L P n d.
i Timsup (Z/Nkw ({s},do) > >_

s<t

T1_1>r(§1+ hmsup (IP’ ( Z/ |z|pn ({5}, dz) Z/ |z|pu({s}, dz)| > )

for every ¢ > 0.

It remains to show that all seven terms on the right-most side of (A.1.17) converge to
zero in expectation under the assumed hypotheses. Our strategy will be the following.
We will begin by showing that if we assume a), term seven of (A.1.17) can be made
arbitrarily small in L! (or in L? if we instead assume b)) uniformly over n by choosing
a large enough. Once we have shown that term seven converges to zero in L' (or L?)
as a — oo we fix a so large that this term is smaller than say e. After this we show that
all other terms converge to zero as n — oo which means that the right-hand side of
(A.1.17) is less than € when n — oo and then we can finally let €, which is arbitrary, go
to zero. So for term seven, first note that P ((AX™); > a) < 2P ((X™); > a/2), which
can be made arbitrarily small for large enough a and therefore term seven converges
to zero in probability as a — oo for all n. so letting a — oo shows that the above
expression tends to zero in probability for all n as a — co. Assuming a) we have by the
mean value theorem that for some 61 (s,w) and 6s(s,w),

[Z (fa(XT) = fn(XI2) = AXTF(XI0) Iiaxpisa — 2 (F(Xs) = F(Xso) = AXsf (Xs-)) Tjax, |>a

= s<t
[ZAX" (fn (X2 +01(9)AXT) = fn(X2) flaxp|>a
s<t

2

=D AX (f'(Xe— 4 602(5)AX) — f'(Xs-)) IAXs>a:| <
s<t

[ AXY (fr(XE- +01()AX]) = fr(X)) Laxnisa| +
s<t

| S

[N

[ZAXS J'(Xs— +02(s)AXs) — f/(Xs-)) IAXS|>a:| =
s<t

N[

(AXT)? (fn (X2 +91(5)AX:)frlz(X;L—))ZIAX;IDa) +

<s<t
( D (AX)? (f/(Xsm + 02(s)AX,) — f/(X S—))2I|AXS>a> < (4U2 Z(AX:)2[|AX;1|>a) +
s<t

s<t
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1
<4U2 Z(AXS)QIAXSN) <20 ([X"]? Ly + X0 1HQ) 7
s<t
where H,(n) = {3s <t:|AX}| > a} and H, = {3s <t :|AX | > a}. We know that
P(H,(n)) tends to zero uniformly over n as a — oo, as well as P(H,) — 0 as a — oo.
This implies (due to tlhe w.i. property of {[X”}t%}n) that )
lim,—, o sup, E [[X”]f Li, )| =0, as well as lim, o E |[X]? lHa] = 0 which shows the
L' convergence when assuming a). If we instead assume b) then by using the bounds
| X7 +01(s)AXDT| < 3(X™); and | Xs— + 02(s)AX,| < 3X; we find that,

E [[Z (fa(X3) = fu(X2) = AXT fr(X30)) Laxn|>a

=3 (f(X) —f(Xs)—AXsf/(Xs))fos>a] <

E (Z(Ax:)? (FA(XI + 01 ()AXT) — fo(XI1))? fo;|>a> "
s<t

E (Z(AX5)2(f/(XS+92(5)AXS)_]‘.,(XS))QIAX5>a> <

s<t

N

E [2(M v2C(X");) (Z(AX?)%XMM) +E |2(M v 2CXY) (Z(AXS)QIWM)

s<t s<t
1 1 « 1
< 2E [[X™)il i, o] 2 B [(M V2C(X™)5) 1y ] 2 + 2B [[X]e1, ]2 B [(M vV 20X;)?15,] 2,

where we used the Cauchy-Schwarz inequality in the last step. By assumption b) and
the same kind of argument we made when assuming a) this shows uniform convergence

to zero as a — oo uniformly over n.

ucp

Since X" — X it follows that limpg_,o sup,, P ((X™); > R) = 0 hence we may choose
R so large that P(Ag(n)) < € for all n while also |f] (z)| < 2C|z| for all n if |x| > R
(under assumption b)), where Ar(n) = {max ((X™)}, X;) < R}. Let us also define

M = sup,, SUp,c[_R—q,r+q) |1 (@)]. For the first term in (A.1.17), under assumption a)

1
2

<U[Z" - Z)? = U[X" - X]

*pof=

)

([ rocyaiz-zm,)

which converges to zero in L' by assumption.
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If we instead assume b)

t

t
E \/ (X )2d[Z—2",| <E |Mv20X; /d[X—X"]S
0+ 0

+

M\H
=

<E[X" - X]:)? E [20(X;)* + M]*?

by the Cauchy-Schwartz inequality and this converges to zero by assumption.

For the second term in (A.1.17), fix ¢ > 0. Let M; be so large that P (X} > M;) < e.
Since [X — X", L 0asn — oo and (X" < ([X” —X]t% + [X]é)2 it follows that
we may take My so large that P ([X™]; > Ms) < € for n > ng. Let § > 0 be so small
that if @,y € [~My —a, My +a] and |z — y| < & then [f(z) — f(y)| < H=. Take
ny > 0 so large that P ((X™ — X); > J) < e for n > n;. Define Ey(n) = {(X" — X); <

8} N{[X"])y < Ma} then (f/(X™) — f/(X)); < —= on Es(n) and P(E2(n)®) < 2 if

vV Ms
n > n' ;= max(ny,ne) and on E3(n),
t ! n ! 2 n c n n
/O+ (fn(Xs,)_f(Xs,)) d[Z ] <E[Z ] — MQ[X ]

So forn >n/

F([ () - rx) dz. 2 ) <

F({ [ (00 - 560) iz, 2 o} 0 Ea) ) + B ()) = Bl < 25

+

2
thus f0t+ (fn(X;i) — f(Xsf)) d[Z"™]s L 0. To show convergence in expectation we

notice similarly to the first term that under assumption a) we have

( /0 (fu(xz) - f(XL))Q d[Zn]S)

and by dominated convergence this implies

1
2

< 2U[Z")7 = 2U[X"); € L

2 3
<f5+ (fn(X;’_) — f(Xs_)) d[Z”]S> ] — 0. If we instead assume b) then note that,

by letting Ar(n) and M be as above

[\// Fa(X X, )>2d[Zn]5] -
[\/ [ (e = s ) apxe, umm} +E[\/ [ () = 56 0) XL
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< me x| + 20 (7 + (xn) VIR - X1
< ME |[x" - XF | + 20 VETRT — XTI/ R + 2(X7)7)

which converges to zero since E [2(X7)? + 2((X™);)?] is uniformly bounded in n by
the wi. assumption (note that ((X");)? % (X;)? implies E [(X;)?] < oo by the w.i.
property as well).

The third term of (A.1.17) will be split into two terms, we will show that the first
one will vanish and the second terms is completely analogous. Given any € > 0 and
¢ > 0, take 7 > 0 so small that

P ({fg fIwIST |z|?fi(ds, dx) > 48M} N Ag(n )) < € and take K so large that

P (a([0,t] X [—a,a] \ [-r,7]) > K) < €. Let § > 0 be so small that if z,y € [-R—a, R+a]
and [e—y| < 8 then |£(@)~ F(3)| < 2. (X7~ X); 2 8) <
€ for n > ny. Since f([0,t] x [—a,a] \ [-7,7]) < co and since f], — f’ uniformly on

compacts there exists no such that if n > ny then

t
/Xn 7/Xs— 2~d,d i’
/0/r<|m|<a’f"( ) = [(Xeo)[ ilds, dz) < 10

on Ar(n). We define

2
Es(n) =Ar(n)N{(X" - X); <4}N {/ /|< f(ds,dz) < 64M2}m

N {ﬂ([ovt] X [—CL, a] \ [—1", T]) < K}

Now let n > max(ni,ns). If we now restrict our attention to the set Fs(n) and apply
the mean-value theorem then for some 61 (s,w),02(s,w) € [0,1],

/ / L Unx F(Xam +0) = Fu(XI) + F(Xo) — a(f, (X) — J(Xa—)))? filds, da)
< [ 74000 bl K2 4 020 bl X0 o £ (X)) s, )
|| <r
//H< 82 (| 74 (XI 4 02) 4|/ (Ko +022)[2 | (Xon ) | (XI2)2) flds, do)
02

<32M2/ / f(ds,dz) < 32M? - =c?/2,
‘ |<T ) 64 M2 /

while

t
/ / o (I ) = S ) = £ (X2 + £X0)) = 0 (X2 = (X)) s, )

//<\ I< (I X F(Xom + )| + [ F(Xom) = Fu(XI0)| + [£1(XT2) = F/(Xs2)|)? fds, da)

2

< 36—u([0 tx [~a,a]\ [=rr]) < -,

so therefore
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</ / (B 2) = FuXE )+ F(Kan 4 2) = f(Xo))

-z (f’r/L(X;lf) - f/(Xs)))z/l(d&dm)) < (c2 + 2) —c

Hence

P ((/Ot/l - ((f(Xs— +x) — f(Xs-)) — $f/(Xs_))2 ﬁ(ds’dz)> > C) < P(B5(n)°) < 4e.

To show convergence in L' under assumption a) we notice that by applying the mean
value theorem

</t/| 2 (X ) = F(Xam ) = FulX3) (X

1
2

—a(fl(X2) = f'(Xs-)))” Alds, dx))2 < V32U </ /‘ - fi(ds dm)) < VRUX)?,

so we have a L! bound for this term. Assuming b) then
1
2

( / ' /I \< (fn<X:+m>—f(Xs+x>—fn<xs>+f<xs)—x(f;<xs>—f’<xs)))%(ds,dx))

1
2

t
_ </ /||< 2 (FL(XT 4 012) — f/(Xae + 027) — FLOXT) + /(Xas))? ilds, dx)) <
0 z|<a
: ;
</ /H z? (4Mv20(X:+91x+XS_+92x|+Xg|+|Xs_))2ﬂ(ds,dx)> <
z|<a
+ 2 1
( i /I L (4Mvzc<2x|+(X”>r+X:>>2ﬁ(ds,dz)> < (AM +20(2lal + (X™); + X;)X]7,
z|<a
and since

E [(41\2 +20(20al + (X™)E + X;‘))[X]télE} < O1P(E) + 02\/]3 (X7)5)2 + (X))2)15]VE [X]4]

for any measurable E, some constants Cp,Cs that depend only on M, a and C, we see
that term three is u.i. but we already established convergence in probability to zero
therefore this implies convergence in L! to zero of term three.

For term four of (A.1.17) let r € RT and N denote the number of jumps of X larger than
/2 and take K so large that P(N > K) < e. We may now take L(r) € [r/2,r] such
that P(3s <t:|AX,| € [L(r) —v,L(r) +7]) < ¢/K for some v > 0 (this is possible
since there are only a finite number of jumps exceeding r/2 on [0,¢] for X) and we
may assume without loss of generality that v < r/2. Now let N and N,, denote the
number of jumps larger than L(r) of X and X™ in [0, t] respectively, then clearly N < N
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since L(r) > r/2. Let Ty,...,Ty and T7',..., Ty, denote the jumps of X and X" larger
than L(r) in [0,4]. Let Ay, := {N = k} N (m{i AIAXT| € [L(r) — v, L(r) +v)}) then
P ((Uszl Ak)c> < 2e. Now on Ay we know that if [|[AX7,| > L(r) then |AXp| >
L(r) +~ and if [AXF [ < L(r) then [A(X" — X)1,| > v for any [ € {1, ..., k}, similarly
if |[AX7n| < L(r) then in fact [AX7n| < L(r) — v implying [A(X™ — X)rn

>, SO
Tim P ({77, TR, } # {Th,. Te}} N Ag) < Tim P({(AX" = X)); 27} 0 Ay)

n—0o0 n—oo

< lim P((AX™ = X))i 29) < lim (B((X" = X); 27/2) + P((X" = X)i_ >7/2))
<2 lim P(((X" — X) >~/2) =0,

n—oo

for every k. Therefore

K
Jim P({T7, ... TR, } # {Th, ... Tn}) < lim P ({{TI",...,T](,n} #{Ty,...,Ti}} N (U Ak>>

+]P’(< Ak) ) <z7}LIEQP({{T1,.. TR, Y # {11, ., Ti}} N Ax) +]P’<<U Ak) >

_P(<k A>> <2

letting € — 07 shows limp o0 P ({T7", ..., TR } # {T1, ..., Tn}) = 0, i.e. with probability
tending to one the jump times corresponding to jumps of modulus greater or equal to
L(r) for X and and X™ on [0, ¢] coincide, this implies

C=iCn

P
Y axrzre — hax.zm| =0, (A.1.18)

s<t
as n — oo and since this sum cannot assume any values between 0 and 1 this means
that for large n the sum is exactly zero with large probability. Let
B(n,r):{Zs<t|l|Axn|>L(r)—l‘Ax |>L(r ’—0} then ]P)( ( ))—>1asn—>oo, for
each 7 > 0. On B(n,r), by applying the AM-GM inequality
> (AXI) axpi<oey = O (AKX = X)s + AXI) Taxpi<iir

s<t s<t

<QZ (X" = X)s +QZ(AX3)QI‘A)(;L‘§L(T)

s<t s<t

<2) (AX" = X)o)* +2) (AXo)Lax,j<pe < 2X" = X|: + 2> (AXe)* T ax,|<L(r)

s<t s<t s<t

(A.1.19)

the last inequality follows from the fact that [AX?| > L(r) if and only if |[AX,| > L(r)
which is the same as to say that |[AX"| < L(r) if and only if |AX| < L(r) so the last
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sum contains at most all the jumps less or equal to L(r) of X ((AXS)QI‘AXASL(T) >0
only if (AX;) < L(r) on B(n,r)).

Applying Lemma 2.4 and doing a bit of rearrangement of term four of (A.1.16) gives

us

U [ 002 ) = £ X2) = 03 (X00) (= ). )

[N

_ /0 / ; ((F(XD + @) = fu(XD) — 2o (X)) (i — (un)c)(ds,dx)]

1
2

IN

[ / | / (a2 4 2) = FulXT)) — 2 (X)) (3 — uc><ds,dx>]
0 Jlzl<Lr)

t

t

+ _/0 /.ac|§L(7”) ((fa( X1 +2) = fu(X2) — 2 fH(X) (fun — (Vn)c)(ds,dx)]

- /0 /L(T)<z|<a ((fu(X3 +2) = ful(X5D)) — 2 fr(X3D)) (- ,ﬁfn)(ds,dl')‘|

t

N

+ _/0 /L(r)<m|§a ((fa( X1 +2) = fu(XD2)) — afH (X)) (v — vn)e(ds, da) t
(A.1.20)

We will now show convergence of each term in the right-hand side of (A.1.20). Let
€ > 0 be arbitrary. We will show that if we assume a), the L!-limit (L2-limit if we
assume b)) in n, for some small r, of the right-hand side of (A.1.20) can be bounded
by some constant times € and since € is arbitrary this will show that (A.1.20) con-

verges to zero in L! if we assume a) (in L? if we assume b)). Assuming a), then by

1
taking r so small that E {(ZSSt(AXS)HlAXSgL(T)) 2} < € and using the fact that

1 1
lim,,o0 E [[X7)2 1B(n,)r} — 0 (this is true since {[X"]7 }n is wi. and

lim,, 00 P (B(n,r)) = 0 for every fixed r) we see that

n—oo
s<t s<t

1

2 2
im > (AXI)Iiaxy < lim > (AXI)Iaxy ol +
lim E ( (AXS) Liaxs <L(T)> < lim E (AXI) Niaxpi<eoy | 1Bmn

Nl=

n— oo
s<t

1
V2| lim E {[X" - X2 1B(m)] + lim E (Z(AXS)QIAXSKL(T)) g | | <

173



1
2
1
lim E {[X"]tﬂB(m)u} +42 lim E (§ :(AXS)ZIAXSQ(T)) < V2,

n—oo n—oo
s<t

where we used (A.1.19) and the triangle inequality at the first step. In the same fashion
if we take r so small that E ngt(AXs)ZI\AXAgL(r)} < € we see that if we assume b)

then lim,, o, E [ngt(AXg)QI\AxggL(r)] < 2€. For the first term on the right-hand
side of (A.1.20) we have assuming a)

E [ / /Imm (Fa(X 4 2) — Fu(XI))) — 2fo(XT)) (i — ucxds,dx)} ] -

E < / /MSM ((Fa (X2 4 2) — Fu(XT))) — 2 fl (X)) ﬂ(ds,da:)) ] <

E < /0 /mgw)x (£ (XD +02) — FL(XT)) ﬂ(ds,dx)) ] <

1

2
2UE (Z(AXS)2IAXS§L(T)> < 2UE,

s<t

Assuming b) then

E {/0 /xsm((fn(xg_w)fn<X:_>>)xfn<X:_>)<<ﬂuc><ds,dx>} }s

t
1E:| <

E | (2M +2C0(2(X"); + |al)) <Z(AXS)21AXS<L(T)) ] <

=

(/t/ 2% (2M v 2C(2(X™); +|z|))2ﬁ(ds,d:p)>
o Jialzzr)

s<t

\/IE @M +20exm); + |a|>)2]JE {Z(AXSVIAXSKL(T)} < \/IE @M +20(x™); + |al)?] 2¢,

s<t
since {((X™)?);}, is w.i.the factor in front of € can be made uniformly bounded over

all n.

For the second term of (A.1.20) the first steps are analogous to those of the first term.
Assuming a) and skipping ahead,

E[( / | /| <L()(((MX:L+x>—fn<X:_>>>—zf;<X:_)><ﬁn—(un>c><ds,da:>]) ]

<E [(// 2 (fr(X2 + 6z) — fé(X?))Qﬁn(d&d:v)) ]
0 Jlz|<L(r)
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N[=

<2UE (Z(Ax:)21mg<w>) <2UV2e

s<t
Assuming b) also gives the analogous bound that we had for term one of (A.1.20).

Next, for the third term in the right-hand side of (A.1.20) fix some arbitrary €, ¢ > 0.
Note that since f,, — f uniformly on [-R — a, R + a] there exists ¢ > 0 such that if
|z —y| < & then |fn(z) — fu(y)] < f for z,y € [-R — a, R+ a]. Let

n) = <U Ak) N {Z |1|Axg\ZL(r) IS A 0} N Agr(n)

s<t

N {(A(X" — X))i < min (5%)}

then P (Ey4(n)°) < 6¢ for large enough n. We have on E4(n), since 1py<|ax,|<a =

1(r)<|axn|<a for every s <,

/

(fn(X +2) = fu(X1))) — 2o (X)) (7 — fin)(ds, dx)

L(r)<|z|<a t

\'

I
'AM MM v 0%

((fu(XT + AX,) = fu(X7))) = AX [ (X)) 1L(ry<|aX.|<a

((fn(XgL +AXD) = fu(XD))) = AXD (X)) 1n<jaxri<a

t

n(XI+AXL) = fu(XE +AXT) = AX" = X)) (XT)) Li(ry<jax.|<a

(fa( XD 4+ AXS) = fu( XD+ AXD) = AX™ = X)ofo(X2)) 1o <iax.|<a

I
=

<4\\/[% +M4\/\/KEM>2 <ec.

Assuming a) we have for some 61 (s,w), 61 (s,w),

[N

[ / | / o (T 42) = (X0 — 2 (X)) G i), d)| <

t

(Z (frn(Xso 4+ 601(s)AX) — frll(X;ﬂ—)) (AX,)? lo(my<jax,)<at

s<t
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[N

Z Fr(XE + 02(s)AXY) — f’r/L(X:;))Z (AX:)QlL(r)<|AX;L<a> <
s<t

N

U ([X] + [X"])? < (FJF\/XT)

the right-most side is w.i. since /[X™]; is. Assuming b)

(Z (AX)?1r(y<|ax,|<a +4U° ZAX 1L<r><Axg|<a>
<t
<2

/0' /L( ol ((fa(XI +2) = fu(X2))) — 2 fa(XD)) (ﬂ—ﬂn)(ds,dx)} 1p

t

<

o= b—_—

IN

E|C(MV((X"); + X)) (Z(AXs)21L(r><|AXs<a + Z(AX5)21L(T)<AX;L|<«1> lg

s<t s<t

VE[O2 0 v (Ceny: + x00)216) VETTRT + ) 16]

so this term is u.i. as well.

Since the process [; fL(rle‘Sa ((fa(XZ +2) — fu(X2) —xf (X)) (v — vn)e(ds, dz) is
continuous and of finite variation it has zero quadratic variation so the final term gives
no contribution. We have thus shown that when assuming a) the right-hand side of
(A.1.20) has an L' limit less or equal D’¢ for some D’ € RT. Similarly the right-hand
side of (A.1.20) has an L? limit less or equal D"¢ for some D” € RT when assuming
b). This takes care of term four of (A.1.17).

For term five of (A.1.17) we note that

(}: </r<|< (fn(XT +'x) LXS,—%x)_-fnLX?7)+_fLX57)

s<t
1

2

—2(fr(X3) = f'(Xs2))) n({s}, dw))2> <

>

s<t

< Z/ |Fn(XE- 4 2) = F(Xom +2) = fu(XT) + f(Xsm) = 2(f (X)) = f1(Xs2))| u({s}, da).

s<t lz|<a

/<| - (Ffn(XE + o) = f(Xom +2) — fu(X3) + F(Xeo) — 2(fL (X)) = f1(Xs2))) n({s}, d)

(A.1.21)

Take W € Rt so large that P (u([0,t] X [—a,a] \ [-r,7]) > W) < e. Also let n’ be so
large and &’ > 0 be so small that |z — y| < ¢’ and n > n’ implies that
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max (| fn(z) = f(y)], |fn(2) = f'(Y)]) < G- Define

s<t

Bs(n) = Ar(n) N {(X" = X); <8} {Z / 2lu({s}, dz) < }
A {u((0,8] % [~a,a] \ [=r,7]) = W},

then for large n we have P (FE5(n)°) < 4e. Let us now restrict our attention to this
subset. Similarly to term three of (A.1.17) we may split the right-hand side of (A.1.21)

Z/I < |fn(Xio 4 2) = f(Xom +2) — fu(Xi2) + f(Xoo) —2(fn(Xi2) — f1(Xs-))| u({s}, da)

< Z/ 2| (|F' (Xoe + 012)| + | fo (XD + o) + | //(Xom)| + | £a(X)]) u({s}, d)

s<t |z <r

C
< AM 4M7 hd
Z/m (s da) < a0 oo = &
s<t
while

s<t

SZ/<| < !fn +x) — f(Xs— +:c)|+|f(X5,)—fn(X;L)|+|f;b(X;L)_f/(Xk)l)M({s}’dx)

s<t
< BWM([O t] X [—a,a] \ [-r,7]) < 3@ W = %

and therefore

Z/‘ - |(fr(XE +2) = fu(XT)) + f(Xom +2) = (X)) — 2 (Fr(XE) = F1(Xs0)) | u({s}, dx)
s<t’lzlsa

<ec,

on E5(n) so term five converges to zero in probability. Assuming a) we can bound the

right-most side of (A.1.21) by 3U ngtf\zKa |z|pu({s},dr) € L', and use dominated
convergence. Assuming b) then

E [Z/ P [(fn(X2- 4+ 2) — fu(X2)) 4+ fF(Xsm +2) — F(Xs2))
—z (fu (X)) = f1(Xa0))| u({s},da:)lE] <

s<t |<a

E [Z/ | (| (KXo + 012)| + [ Fo (XD + 622) | + | F/(Xom)| + [ Fo(XT0)]) p({s}, da) g

<E

2C (2a + 2(X™)F + 2X7) Z/

s<t |<a

|z|u({s}, dw)lE]

177



<QC’\/IE (2a + 2(X"); +2X;)? 1] [(Z/< || ({s}, dx)) 1E],

s<t

which shows u.i.
For term six of (A.1.17), take r so small that

({supz [ teatio). o) } {Z [ tetish, ) < W})<

s<t

let L(r), A and K be as defined earlier (for term four). Since

Z|A X)sl 1o(m<|axr|<a

s<t

only contains a finite number of terms and since (A(X"™ — X)) 0 it follows that this

term converges to zero in probability. Let

Eg(n) := {upz /MSL(T) |l ({5}, d) < 4M} n {Z /mw) 2l ({5}, dz) < 4M}

n {Z Laxpizoem = Lax.zLm| = 0} NAg(n)N {(A(X" - X)) < 4MK (U Ak) ’

s<t

then for large n we can make Eg(n) smaller than say 6e. Now for some 6(s,w) € [0,1]

we have on Fg(n)

[N

s<t

2
(Z </ o Un X4 0) = Ja(X0) = 2f1(Xo0) (uun)({s}»dx)> ) <

3 /| U 0) = FuX0) = X)) (1 ) (1), )] <

s<t

2 /| epy e 2) = n(XE) =2 (X)) (= pin) ({5} )|+

s<t

2 /L< e ) = 00 = (X)) (= ) (5}, )| <

s<t

203 [ el o) () o)+

ST(FalXD + AXL) = £l X)) = AXLFL(XI)) 1ogy<jax.|<asea

s<t,
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— ((fa(XT + AXT) = fu(X1)) = AXTFL(XT) 1iy<jaxs|<ased, | <
+ Z |fn(X?— + AXS) - fn(X:L— + AX?) - A(Xn - X)"'f':L(XzL—)| ]‘L(T')<|AX:|S@73€A71
s<t

Y A (XP) = AXTFLXT)| [TLiry<jaxs <ased, — 1oe)<|ax.|<asea| <
s<t

E+Z| (X 4+ AX 4 0A(X" = X)) = fr(X) AX™ = X)o| 1 <jaxri<a <

oo

2
s<t
C
— +2M AX™ 1 n
2+ ;| ( X)sllo(m<|axr|<a 2 4MK =c

where we used the fact that ngt |1L(T)<‘AX§L‘SG — 1L(r)<|AXS|§a| =0 on Fg(n). We

have now established that term six does go to zero in probability. Assuming a)

[N

2
> (/ < (fa(XE +2) = fu(XT) — 2 fp (X)) (p — un)({s},dz)>

s<t

<wy /Mm 2l + ) (), )

which is wi. since ), fm\<L || pn ({5}, dx) z, Zs<tf$|<L(r) |z|pu({s}, dz). As-
suming b)

2\ 2
E Z</|< (fo(X2 +2) = fu(XT) — 2 f1 (X)) (uun)({s},dx)> ne

s<t

|

B 20l #2000 42503 [ el ) (s} e | <

2

20y & (2lel + 200 +257° 18] || 2 [ s ) s | e

We now outline the proof in the case a) with p = 1 and b) with ¢ = 2. In place of the
inequality (A.1.16) we instead estimate [f,,(X"™) — f(X)]; by using Lemma 2.5. Note
that by doing so we get the constant 26 in front of each term (but this is obviously will
not affect the L' convergence). Now that we do not take the square root of each term
this has the only effect that it doubles the moment requirements and this will be the

only difference in the proof for this case. O
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