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1. Introduction

Many processes in industry are critical. They are often critical in the sense
that they have a limiting level. This can be either physical or artificial. Exam-
ples of the former are such levels that cannot be exceeded without catastrophic
consequences, e.g. explosion. One example on the latter is alarm levels, which
if they are exceeded will initiate emergency shutdown or a change in opera-
tional conditions. Another is quality levels, which if they are exceeded will
cause unsatisfied customers. Common to the critical processes are that they
enter their critical region abruptly as a signal exceeds a limiting level.

Control of critical processes has been described in [Hansson, 1991a; Hans-
son and Nielsen, 1991; Hansson, 1991b; Hansson, 1991c; Hansson, 1992a;
Hansson, 1992b; Hansson, 1993]. There the aim has been to design feedback
controllers for the case of a constant reference value.

Most critical processes are equipped with supervision. Often an alarm is

given when a signal crosses a certain alarm level. Then an operator, depending
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on the situation, either initiates emergency shutdown or a temporary change
of the operational conditions. This temporary change could be to choose a
new reference value in order to avoid that the controlled signal continues to
increase and thus preventing an exceedance of a higher more dangerous level.
This change of reference value is mostly done in an ad hoc fashion. It would
be of interest to make the modification in a more controlled and antomatic
way.

In this paper automatic and optimal modifications of reference values
are proposed. The scheme can be interpreted as an optimal feed-forward
controller. The measurement signal is an alarm, or more precisely the event
that a signal crosses an alarm level. Thus the scheme is based on discrete
events. It is supposed that the process is stable or stabilized by a feedback
controller. This will make it possible to use the proposed controller without
having to modify existing feedback controllers. This is of great importance,
since permission to modify working feedback controllers for critical processes
in industry is usually very difficult to get.

In Section 2 the problem formulation is given. The process is modeled as
a stochastic differential equation. The modified reference signal is obtained by
minimizing a certain loss function. In Section 3 it is shown how the solution to
the problem may be obtained by computing one-dimensional integrals and per-
forming some linear filtering. In Section 4 the resulting scheme is investigated

on some process-examples. Finally, in Section 5 the results are summarized.

2. Problem Formulation

In this section the problem formulation is given. In the first subsection the
process is modeled as a stochastic differential equation. In the second sub-
section a loss function is proposed. Minimizing this will give the modified
reference signal. The solution may be interpreted as a feed-forward controller.

In the last subsection the results are summarized.



Process Model

Different types of mathematical models have been used for the design of con-
trollers. Usually differential or difference equations are considered. These
describe among other things the dependence between the control signal and
the controlled signal. Furthermore they usually describe how disturbances in-
fluence the controlled signal. Models are often obtained via process identifica-
tion, and as a by-product of the identification-schemes statistical information
about the disturbances are usually obtained,[Ljung, 1987]. Therefore stochas-
tic differential equations will be considered as models of the critical processes
for which the reference signal scheme is to be designed.

Let the asymptotically stable process be modeled as
dz(t) = Az(t)dt + By [r(t) + u(t)]dt + Badv(t), =z(0) € N(mo, Ro)

y(t) = Crz(t)
Z(t) e sz(t)

where y(t) € R is a signal related to an alarm, 2(t) € R is the controlled signal,
7(t) € R is the nominal reference value, u(t) € R is the modification of the
reference value to be chosen based on the alarm, and v is a Wiener process with
incremental covariance R(t)dt. For the signal y to be differentiable in mean
square, it will be assumed that C;B; = 0. The reason for having C; # C,
is that the signal y may sometimes be a filtered version of z due to sensor

dynamics.

Loss Function

How should the modification u of the reference value 7 in the above model be
chosen? As stated previously the idea is to make this modification based on
an alarm, i.e. the upcrossing of a certain level, say yo, by the signal y at time
to. A possible choice would be to choose u as the solution that minimizes the

loss function
7=2{3 [ 160 - r0)? + p2(0)] ]y (1) = o, 5 0) > 0} (1)

It is assumed that the optimal u is a function of the alarm and that u(t) =
0, t <to. Further it is assumed that p > 0. With a suitable choice of this

weighting it will be possible to tune the speed of the modification. It will be
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seen that the solution to this problem is an open-loop controller, and thus
the modification of the reference value may be interpreted as a feed-forward
controller from the alarm signal.

It may be argued that other types of loss functions would be more appeal-
ing. The feedback-case with constant reference value described in [Hansson,

1991a; Hansson, 1991b; Hansson, 1993] would inspire loss functions of the type

E { sup [2(t) — 7(t)]]y (to) = yo, ¥ (to) > 0}

t€[to,t1]

However, the approximate solutions given there, making use of the upcrossing
intensity, are difficult to use here, since the expression for the upcrossing
intensity is much more complicated for the case of time-varying reference value,
see e.g. [Cramér and Leadbetter, 1967, Chapter 13.2].

The conditioning made in (1) is not the only possible one. It is also
possible to use so called vertical-window conditioning in stead of the here used
horizontal-window conditioning. This was first described in [Kac and Slepian,
1959]. See [Cramér and Leadbetter, 1967, Chapter 11.1] for a good explanation
of the difference. However, since the reference value is time-varying, it will not
be possible to benefit from the advantages due to considering other definitions

of conditioning.

Summary

A model in terms of a stochastic differential equation has been proposed for
the critical process. It is assumed that the model is asymptotically stable and
that the signal that causes the alarm is differentiable in mean square. Further
the modification of the reference value is to be obtained by solving an open-
loop optimal stochastic control problem, where the measurement is given in

terms of an upcrossing of an alarm level.

3. Controller Design

In this section the control problem posed in the previous section will be solved.
It will be sen that the solution can be obtained by using standard numerical
routines. In the first subsection the problem is rewritten into a deterministic

optimal open-loop control problem. In the second subsection this problem is
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solved using the Euler-Lagrange formalism, and in the third subsection the
input signals to the Euler-Lagrange equation are computed. Finally, in the
fourth subsection the results are summarized.

Deterministic Optimal Control Problem

To rewrite the loss-function introduce

d;’:” = Ao+ By(r+u), e(0)=mo
ity = C1mg (2)

r‘nz = Cz’ﬁ'lm
Thus it holds that
di = AZdt + Badv, £(0) € N(0, Ro)

L]
Il
P

—_
&1

N
Il
2
8

where

z

z—m,
Now the state vector and the output-signals are decomposed into one term cor-
responding to the influence of the Wiener-process and one term corresponding

to the influence of the reference signal and its modification. Let
ma(t) = E{ina(t)]y(t) = yo, §(to) > 0}
my(t) = E{iny(t)|y(to) = o, §(to) > 0}
m,(t) = E{m.(t)|y(to) = yo, ¥(to) > 0}

By expanding the signal it is seen that

B {(2(8) - 7(9))*] (t0) = o, § (t0) > 0}
= n(t,t0) + 2 (1, t0) [ma(t) — ()] + [ma(t) — v, £ > o

where
£(t,t0) =E {Z(t)|!7(t0) = yo — my (to), §(to) > —1iy (tO)} , >
n(t,to) = B {2(t)?]7 (to) = 9o — my (t0) , §(t0) > —rity (t0) }, £ > to
Thus it holds that
J = / "L (ma(t), u(t), t) dt

to



where

L (ma(t), () £) = 5 {16 to) + 26 t,40) [Cama(8) = 7(0)]
+[Cama(t) = 2(O)F + put(t)}

If £ and 5 are known, then this is a deterministic optimal control problem.

Euler-Lagrange Solution

To minimize the loss function J introduce the Lagrange-multiplier A. Then it
is easily shown, [Leitmann, 1981] that the optimal modification of the reference
value is given by

u(t) = —p ' BYA(%)

where A is part of the solution to the boundary problem

(5)-4(7)+(3)

with m, (t5) = ™, (to) given by Equation (2), and A (t1) = 0, and where

— ( A _p—lBlelF>
A —
_CFC;  -AT

/B0
B‘(—C%‘ C?)

- Bl
B =
(%)
To solve the boundary problem introduce

_(Zu(t) D)) _ i
=)= (Ezl(t) 222(t)) =<

where the blocking is done to correspond to the partitioning of the state vector.

(20) = fymem92 ()

i.e. the solution to (3) for zero initial values. Then it holds that

Now let

0=A(t1) = Ba1 (t1 — to) mz (o) + B2z (t1 — to) A (o) + a2 (t1)

from which A (¢9) can be found. This makes it possible to treat the boundary
problem (3) as an initial value problem. It then holds that the A-part of the

solution to (3) is given by

A(t) = B21 (t — to) ma (o) + S22 (£ — to) A(to) + a2 (t), to<t<ty



Conditioned Expectations

It now only remains to calculate the conditioned expectation £. To this end

introduce the Lyapunov equation

dpP

dt
where R may be time-dependent. Now by [Astrém, 1970, Theorem 6.1, p. 66
and Theorem 3.2, p. 219] it holds that

E {3(t)[§(to) = b,3i(to) = ¢}
= Cyelt=t0) (1) <C(;'1A>T Q™ (i)

o= (&) re ()

is the covariance matrix for §(to) and §(to). Further by the formula for total

= AP+ PAT + B,RBY, P(0)=R,

where

probability and an interchange of integration and expectation it follows that
for t > tg it holds
€ (t, o)
Loy P (0 = 0y (20) 1) E {2(8)[ (t0) = 90 — my (o) , i (t0) = v} dy
B [, (60) P (W0 — my (o) , ¥) dy

where p is the Gaussian density function for §(to) and §(to). This has zero
mean and covariance ). If it is assumed that § is a stationary random process,
which is the case if e.g. P(t) = Ro, Vt, then §(to) and §(to) are independent,
and the expression for £ can be somewhat simplified
£ (t, o)
[yt PV B {2(0)]5 (t0) = 90 = my (t0) G (t0) =y} dy  (4)
) Loy i) P () 4

where now p is the Gaussian density function for 3.7(to). This has zero mean
and covariance given by 03 = C;APATCYT. Note that the denominator in (4)

is easily expressed in terms of the normalized Gaussian distribution function

®(z) = [ #(t)dt, where ¢(z) = ﬁ exp(—z2/2), i.e.

/_:ﬂ(to)p(y)dy = (@)

which is easily computed with standard numerical routines. Thus only one
non-standard integral for the numerator has to be computed to obtain ¢ for

the case of § being stationary.



Summary

It has been seen how it is possible to solve the problem posed in Section 2 by
rewriting it as a deterministic optimal control problem and solving that prob-
lem by means of the Euler-Lagrange formalism. The solution involves solving
a linear initial value problem. The input signals to this problem can be ob-
tained by solving a linear Lyapunov equation and computing one-dimensional
integrals. Further the initial values can be obtained by computing a matrix
exponential and solving a linear set of equations. Thus the modification of
the reference value is obtained by using numerical routines that are easy to

implement.

4. Example

In this section the scheme designed in Section 3 will be computed for some
process-examples. In the first subsection a badly damped second order process
will be considered. The influence of the design-parameters, i.e. the weighting p
and the integration time ¢; — ¢y, will be investigated by means of simulations.
In the second subsection a third order non-minimum phase process will be
investigated. Although the non-minimum phase characteristics are difficult
to handle, it will be seen that it is possible to obtain a usable modification
also for this difficult process. Finally, in the last subsection the results of the

previous subsections are summarized.

Second order Process
Let the process be given by

da(t) = (j ;) 2()dt + (2) [r(t) + u(t)] de + (2) du(t)
y(t)=(1 0)=(t)

2(t)=(1 0)=z(t)

where y = z is the controlled signal which is related to the alarm, r is the
nominal reference value, u is the modification of the reference value to be cho-
sen based on the alarm, v is a Wiener process with incremental covariance dt,
and z(0) € M(0, Ry). The covariance Rg is chosen such that § is stationary.
Notice that the relative damping is only 0.5. Thus this example will illustrate
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t1 =2,tho ==0.01,0.1, 1

Xi+mz

~ T
= T

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
time

_30 i 1 | _ 1 L
0 0.5 1 1.5 2 2.5 3 35 4 4.5 5

time

Figure 1. Plot of £ and £ + m.—top, and of u—bottom, as functions of ¢t — 2.
The solid line in the top plot is £&. The dashed lines corresponds to p = 0.01, the
dotted lines to p = 0.1, and the dash-dotted lines to p = 1.

the behavior of the scheme when applied to a badly controlled process; re-
member that the process model describes the system when being controlled
with a feedback controller, i.e. the model is a closed loop model.

The optimal modification u has been computed for the alarm level yg = 2,
the constant reference value » = 0 and different values of the weighting p
and the integration time t; — to, where t{, = 0. In Figure 1 the optimal
modification u is plotted together with ¢ and the resulting m, + £ for t; = 2
and p = 0.01, 0.1, 1. Remember that it suffices to consider

E{2(t)|y(to) = vo, 9(to) > 0} = m.(2) + (¢, o)

since the conditioned variance 7 is not influenced by u. It is seen that the
modification of the reference value has greater influence on £ + m, the smaller
p is. A reasonable value seams to be p = 0.1. In Figure 2 the optimal
modification u is plotted together with ¢ and the resulting m, + £ for p = 0.1
and £; = 1, 2, 3. It is seen that the modification of the reference value has
greater influence on £ + m, the larger t; is. A reasonable value seams to be
ty = 1.

It could be argued that the conditioning in the loss-function J on y(tg) > 0

9



rho=0.1,11=1,2,3

Xi+mz

|
oo

0 0.5 1 1.5 2 25 3 35 4 45 5
time

Figure 2. Plot of ¢ and £ + m.—top, and of u—bottom, as functions of ¢t — to.
The solid line in the top plot is £&. The dashed lines corresponds to p = 0.01, the
dotted lines to p = 0.1, and the dash-dotted lines to p = 1.

not will give much more information than conditioning on only y(ts) = ¥o.
However, if this extra information is not considered, then it can be shown that
é(to,to) = 0, and then ¢ would not increase as in Figure 1 for small values of
t — to. This increase is of paramount interest to take care of when controlling
critical processes, since not considering it would give too small a modification

of the reference value, which could cause a catastrophe.

Third order non-minimum phase Process

Let the process be given by

[ -2 1 0 0 0
de(t)=[ -2 0 1 Je(t)dt+ | -1 |[r(t)+u(t)d+ | -1 ] dv(t)
-1 0 0 1 1

y(®)=(1 0 0)a(t)
| 2(5)=(1 0 0)a()

where y = z is the controlled signal which is related to the alarm, r is the
nominal reference value, u is the modification of the reference value to be
chosen based on the alarm, v is a Wiener process with incremental covariance

dt, and z(0) € N(0, Ro). The covariance Ry is chosen such that § is stationary.
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Xi+mz

0 0.5 1 1.5

2 2.5 3 35 4 4.5 5
time
2-5 T T T L} 1 T T L] L}
2k i
1.5 .
1F 71
0.5F -
0 e I~ ] L ] L I 1 L
0 0.5 1 1.5 2 25 3 35 4 4.5 5
time

Figure 3. Plot of £ and £ + m.—top, and of u—bottom, as functions of t — 1.
The solid line in the top plot is £ + mz, the dashed line in the top plot is §, and
the solid line in the bottom plot is u.

Notice the process zero at s = 1. Thus the closed loop is non-minimum phase,

and it will be difficult to control.

The optimal modification u has been computed for the alarm level yo = 2,

the constant reference value r = 0 and different values of the weighting p and

the integration time t; —tg, where to = 0. In Figure 3 the optimal modification

u is plotted together with £ and the resulting m, + § for t; = 1 and p = 0.1,

which are the best values of the investigated ones. Note that the modification

u is positive. This is due to the process being non-minimum phase.

Summary

The proposed scheme has been investigated on some examples. It has been

seen how the weighting and the integration time influences the modification.

Further it has been seen that also modifications of reference values for very

difficult processes, such as non-minimum phase processes, are easily obtained.
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5. Conclusions

Many processes in industry are critical, and they are often equipped with
supervision. Usually an operator use information from the supervision scheme,
such as e.g. alarms, to modify the operational conditions. One such important
modification is the change of reference value in order to avoid catastrophes.

In this paper automatic and optimal modifications of reference values have
been investigated. The scheme can be interpreted as an optimal feed-forward
controller. The measurement signal is an alarm, or more precisely the event
that a signal crosses an alarm level. Thus the scheme is based on discrete
events.

The process is modeled as a stochastic differential equation. The modi-
fied reference signal is obtained by minimizing a certain loss function. It has
been seen how the solution to the problem may be obtained by computing
one-dimensional integrals and performing some linear filtering. Thus the com-
putations needed are moderate. Further, if the reference value is constant and
the alarms are rare, then the initial values for (2) are zero, and the modifica-
tion may be pre-computed once and for all at the design-stage. The proposed
scheme has been investigated on some process-examples. It has been seen that
modifications of reference values for difficult processes, such as non-minimum

phase processes, are easily obtained.
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