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The neutron-rich 213Pb isotope was produced in the fragmentation of a primary 1 GeV A 238U beam, 
separated in FRS in mass and atomic number, and then implanted for isomer decay γ -ray spectroscopy 
with the RISING setup at GSI. A newly observed isomer and its measured decay properties indicate that 
states in 213Pb are characterized by the seniority quantum number that counts the nucleons not in pairs 
coupled to angular momentum J = 0. The conservation of seniority is a consequence of a geometric 
phase associated with particle-hole conjugation, which becomes observable in semi-magic nuclei where 
nucleons half-fill the valence shell. The γ -ray spectroscopic observables in 213Pb are thus found to be 
driven by two mechanisms, particle-hole conjugation and seniority conservation, which are intertwined 
through a Berry phase.

© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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Observables in quantum mechanics are usually associated with 
the eigenvalue or expectation value of an operator. The major in-
sight of Berry’s paper [1] is that a class of observables exists, which 
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cannot be associated with any operator. If a Hamiltonian depends 
on a set of parameters {ξ}, then the phase change of an eigenstate 
of Ĥ(ξ) over a closed path in the parameter space is a gauge-
invariant quantity, and as such observable. This simple result has 
far-reaching consequences and has found application in a wide va-
riety of physical systems [2], a recent example being graphene [3]. 
Berry’s idea has also proven fruitful in nuclear physics with ap-
plications to pair transfer in superfluid rotating nuclei [4] and to 
the interplay between fast and slow degrees of freedom in the 
context of time-dependent Hartree-Fock-Bogoliubov theory [5,6] or 
the theory of collective motion [7–10]. Although of great theoret-
ical interest, the observation of clear experimental signatures of 
these ideas remained elusive up to now. In this letter we report 
on the isomer decay properties of 213Pb. We show that they are 
those of a nucleus at mid-shell and as such influenced by the Berry 
phase that connects particle-hole conjugation to seniority conser-
vation.

Particle-hole conjugation is known since the early days of quan-
tum mechanics (see, e.g., Chapter XII of Condon and Shortley [11]) 
and has found numerous seminal applications in atomic [12] as 
well as nuclear [13] physics. To this day it continues to inspire 
many branches of physics, a recent example being an application 
to the fractional quantum Hall effect [14]. Particle-hole conjuga-
tion transforms the problem of n interacting fermions in a shell 
into one with � − n fermions, where � is the number of Pauli-
allowed single-particle states. The n-fermion states correspond, up 
to a phase, to those for � − n fermions. Together with an appro-
priate particle-hole transformation of the Hamiltonian, this leads 
to an identical interacting shell problem.

Seniority υ is the number of particles not in pairs coupled to 
angular momentum J = 0. As shown by Racah in the context of 
atomic physics [12], it is a conserved quantum number for n iden-
tical particles, each with angular momentum j, interacting through 
a pairing force. This symmetry was later shown to hold for a 
much wider class of interactions [15,16] and to have an impact 
on the occurrence of nuclear isomers [17]. A special case arises for 
any two-body interaction if the j shell is half-filled with identical 
fermions, that is, if n = (2 j + 1)/2.

The relation between particle-hole conjugation and seniority υ
becomes clear by noting that an n-fermion state is transformed 
into a (� − n)-fermion state times a phase. The phase is normally 
without any observable consequence except if either neutrons or 
protons half-fill a valence single- j shell, in which case the original 
and transformed state are the same. This is an example of a gauge-
invariant and hence observable phase, that is, of a Berry phase [1].

This argument leads to the observation that at mid-shell a 
two-body interaction can only mix states that differ by four units 
of seniority, �υ = ±4, confirming a well-known shell-model re-
sult [18]. While the Berry-phase mechanism explains total senior-
ity conservation for j ≤ 7/2, for j = 9/2 it explains the partial
conservation of seniority [19–21] in self-conjugate semi-magic nu-
clei. It is an example of the general notion of partial dynamical 
symmetry [22,23], which describes quantum-mechanical systems 
where some but not all eigenstates are solvable with a fixed struc-
ture that is independent of the parameters in the Hamiltonian.

The experimental results described in this Letter originate in 
the uniqueness of the FRS-RISING experimental complex [24–27]
and the UNILAC-SIS-18 accelerator facilities at GSI. The neutron-
rich heavy nuclei beyond the N = 126 shell closure were produced 
in the fragmentation of a 1 GeV/u 238U beam, with an intensity 
of around 1.5 × 109 ions/spill. A beam extraction of ∼1 s was 
used, followed by a ∼2 s period without beam. The 238U ions were 
fragmented on a 2.5 g/cm2 Be target, where a 223 mg/cm2 Nb 
stripper was used, to increase the number of fully-stripped ions. 
The fragments produced in the reaction were separated accord-
ing to their magnetic rigidity (Bρ) with the double-stage magnetic 
2

Fig. 1. (a) Gamma-ray spectrum showing the six γ -ray transitions assigned to the 
decay of the isomeric state in 213Pb. The spectrum is obtained by selecting the time 
window �t = 0.12–1.70 μs after the implantation (referred to as delayed coinci-
dence). The inset shows the time distribution and exponential fit for the sum of the 
transitions, yielding a half-life of t1/2 = 0.26(2) μs. (b)–(g) Prompt γ -γ coincidence 
spectra (� t ≤ 100 ns) between the six observed transitions following the isomer 
decay.

spectrometer FRS [24]. This experimental setup was described in 
detail in Refs. [28–34]. At the final focal plane of the FRS spectrom-
eter, the fully-identified ions were slowed down in an Al degrader 
and eventually implanted in three layers of a double-sided silicon-
strip detector (DSSSD) system [27,35]. The RISING γ spectrometer 
consisted of 105 germanium crystals arranged in 15 clusters with 
7 crystals each [25,26] that surrounded the implantation DSSSD 
system.

Fig. 1 (a) shows the γ spectrum (non add-backed, with γ
multiplicity one) in delayed coincidence with about 2100 fully-
stripped 213Pb ions obtained by selecting a time window of �t =
0.12–1.70 μs after implantation. Six γ peaks with energies, in 
decreasing order, of 772, 488, 369, 311, 190, and 176 keV are iden-
tified. The uncertainty on all energies is around ±1 keV, except for 
the 176 keV transition, where it is ±2 keV. The peak at 75 keV 
corresponds to Kα X-rays of Pb. The analysis of prompt γ -γ coin-
cidences, shown in Fig. 1 (b)–(g), indicates that the 772, 369, and 
190 keV transitions are in mutual coincidence, while the 488 keV 
transition is only in coincidence with the 772 keV line. The sum 
of the energies of the 311 and 176 keV transitions is compatible, 
within uncertainties, with the energy of the 488 keV transition. 
These two lines should then be parallel to the 488 keV one and we 
place tentatively in mutual coincidence and with the 772 keV tran-
sition the 311 and 176 keV transitions. The γ coincidence spectra 
present a low background; a 3-σ significance has been consid-
ered for the γ -γ coincidences. Thus, as already shown [30] in 
210Hg with half the statistics of 213Pb, even one or two coinci-
dence counts, are significant. The yield of the 772 keV transition 
corresponds (after allowing for electron conversion) within un-
certainties to the sum of the 369, 488, and 311 transitions. The 
lifetimes of the 369-, 772-, 488-, 311-keV γ transitions are com-
patible among them. The 190- and 176-keV transitions do not have 
enough statistics for an individual lifetime determination, see Ta-
ble 1. The inset in Fig. 1 (a) shows the exponential χ2 fit to the 
time decay curve for the sum of the γ transitions, yielding a half-
life of t1/2 = 0.26(2) μs for the isomeric state.

In the following, a tentative spin-parity assignment will be dis-
cussed on the basis of systematics and basic shell-model expec-
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Table 1
Transition intensities corrected for efficiency and internal conver-
sion and their half-life t1/2 for the various gamma transitions 
in 213Pb. The 190- and 176-keV transitions do not have enough 
statistics for an individual lifetime determination.

Eγ (keV) Iγ (%) t1/2 (μs)

772 100(10) 0.23(4)
488 79(8) 0.21(3)
369 30(9) 0.26(5)
311 23(10) 0.25(7)
190 22(15)
176 19(16)

tations. A Jπ = 21/2+ seniority isomer with a half-life of 42 ns, 
originating from the maximum coupling of three 1g9/2 neutrons, 
is known [36] in 211Pb. Its decay to the 9/2+ ground state is 
identified in a sequence of three γ -ray transitions, 137, 322, and 
734 keV, feeding successively the 17/2+ , 13/2+ , and 9/2+ levels. 
An isomer with a longer half-life is expected in 213Pb as a conse-
quence of the parabolic behavior of reduced transition probabilities 
B(E2) predicted by the seniority scheme [37]. As discussed above, 
a similar sequence of coincident γ -rays 190, 369, and 772 keV is 
indeed observed in 213Pb. It is therefore associated with the cas-
cade 21/2+ → 17/2+ → 13/2+ → 9/2+ , from the isomer to the 
ground state. The 488, 311, and 176 keV transitions, in coinci-
dence with the 772 keV transition, necessarily belong to a second 
decay branch of the 21/2+ isomer, not observed in 211Pb. From 
energy arguments a 71 keV γ ray, which cannot be observed ex-
perimentally because of its high internal conversion coefficient, is 
necessary. Thus, coincidences and intensities (see Table 1) indi-
cate that the 21/2+ isomer also decays via the two γ sequences 
71–488 keV and 71–176–311 keV. The ordering of the 71 and 
488 keV transitions from the 21/2+ isomer to the 13/2+ level 
at 772 keV is determined by the half-life of the isomer, which is 
only compatible with an E2 γ -ray multipolarity for the 71 keV 
transition. Therefore, the isomer decays via a 71 keV E2 transi-
tion to a second 17/2+

2 level at 1260 keV followed by the 488 keV 
E2 transition to the 13/2+ level. This 17/2+

2 level also decays via 
a weaker branch (with around 15% of the intensity) to the same 
13/2+ level through the γ sequence 176–311 keV, requiring an 
intermediate level at 949 or 1084 keV. The most straightforward 
solution is that, parallel to the 488 keV transition, the other two 
γ rays are of M1 character, which suggests the spin and parity of 
the intermediate level to be 15/2+ . It is worth noting that this 
second branch, decaying via the 71 keV transition, has a much 
higher intensity (around 80% of the intensity) than the usual decay 
path 21/2+ → 17/2+

1 → 13/2+ → 9/2+ , which carries the small-
est fraction, around 20%, of the intensity. Fig. 2(a) shows the pro-
posed level scheme for 213Pb, together with results of shell-model 
calculations. The calculations predict not only the expected cascade 
21/2+ → 17/2+

1 → 13/2+ → 9/2+ but also two low-lying 17/2+
2

and 15/2+ states. These results agree with the experimentally in-
ferred level scheme. The theoretical calculations favor the ordering 
of the 176 and 311 keV γ lines shown in Fig. 2(a). The reduced E2
transition probabilities from the 21/2+ isomer to the two 17/2+
levels are determined as B(E2; 21/2+ → 17/2+

1 ) = 1.1(4) e2 fm4

and B(E2; 21/2+ → 17/2+
2 ) = 32(5) e2 fm4.

In the simplest shell-model approach the nucleus 213Pb is de-
scribed as five neutrons in the 1g9/2 shell. The effective interaction 
between the neutrons can then be obtained either from the mea-
sured levels of 210Pb, from those of 216Pb, or by interpolation. The 
latter is used to calculate the (sm-g) spectrum of Fig. 2 (b). The 
complete (1g9/2)

5 spectrum is shown in Fig. 3. While the exci-
tation energies do depend on the two-body matrix elements, the 
wave functions of most states in Fig. 3 are fixed and have defi-
nite seniority. For any two-body interaction, of all possible (1g9/2)5
3

Fig. 2. (a) Level scheme of 213Pb following the decay of the 21/2+ 0.26(2) μs iso-
mer deduced from the present data. The widths of the arrows are proportional to 
the relative γ -ray intensities but for display purposes the width of the 71 keV tran-
sition is reduced by a factor of three. The white part of the arrow is the internal 
conversion percentage of the transitions. Also shown is a schematic picture of the 
structure of the different states with seniority υ = 1 (black), υ = 3 (red), and υ = 5
(blue). The pairs of nucleons coupled to angular momentum J = 0 are shown in yel-
low. (b) Theoretical predictions of a simple shell-model approach with five neutrons 
in 1g9/2 (sm-g) and of a large-scale shell-model calculation with the Kuo-Herling 
interaction (sm-kh), as described in the text.

Fig. 3. Complete energy spectrum of five nucleons in the 1g9/2 shell. The spectrum 
applies to 213Pb and is calculated with two-body matrix elements derived by inter-
polation between 210Pb and 216Pb (sm-g). States can be of seniority υ = 1 (black), 
3 (red), or 5 (blue), having two, one, or no pairs of nucleons coupled to angular 
momentum J = 0 (yellow), respectively. All states conserve seniority, except for the 
two 9/2+ states with υ ≈ 1 and υ ≈ 5 shown on the left-hand side.

states only two can mix, namely those with Jπ = 9/2+ and senior-
ities υ = 1 and υ = 5. All other states must have good seniority, 
either υ = 3 or υ = 5.

To understand these features, we start from a general particle-
number-conserving, rotationally-invariant Hamiltonian with up to 
two-body interactions for a single- j shell,

Ĥ(E0, ε, νλ) = E0 + ε n̂ − 1
2

∑

λ

νλ(a
†a†)(λ) · (ãã)(λ), (1)

where a†
m creates a particle in the j shell with projection m, 

ãm ≡ (−) j+ma−m is the modified annihilation operator, n̂ is the 
particle-number operator and E0, ε and {νλ, λ = 0, 2, . . . , 2 j − 1}
are a constant energy, a single-particle energy and the two-body 
interaction matrix elements, respectively. The eigenstates of this 
Hamiltonian are characterized by particle number n, total angular 
momentum J , and its projection M . They depend on the parame-
ters and can be denoted as follows:

| jnα J M; E0, ε, νλ〉, (2)

where α = 1, 2, . . . denotes the first, second, etc. energy eigenstate 
for a given n and J . Since all Hamiltonians considered below are 
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rotationally invariant, the projection M is irrelevant and can be 
dropped.

We now apply particle-hole conjugation to the Hamiltonian (1),

�Ĥ(E0, ε, νλ)�
† = Ĥ(E ′

0, ε
′, νλ). (3)

The constant term and single-particle energy are modified but the 
two-body interaction is invariant under the particle-hole transfor-
mation �. The invariance of the interaction is crucial to the subse-
quent argument and, for example, a three-body interaction is not
invariant under the particle-hole transformation and the derivation 
given below is not generally valid in that case.

The proof of the invariance of νλ can be found, for example, 
in Chapter 3 of Ref. [18]. Furthermore, the relation of � to pairs 
of particles coupled to λ = 0, and therefore to seniority, becomes 
apparent with its explicit representation [38], � = e

1
2 π(Ŝ+−Ŝ−) , in 

terms of λ = 0 pair creation and annihilation operators Ŝ+ =
1
2

√
2 j + 1(a†

ja
†
j)

(0)
0 and Ŝ− = ( Ŝ+)†. As a result each λ = 0 pair in 

an n-particle state induces a minus sign under particle-hole conju-
gation such that the seniority basis transforms as follows:

�| jnυ J 〉 = (−)(n−υ)/2| j2 j+1−nυ J 〉. (4)

Since � is a unitary operator, �| jnα J ; E0, ε, νλ〉 is an eigenstate 
of the transformed Hamiltonian and we establish the identity

�| jnα J ; E0, ε, νλ〉 = ±| j2 j+1−nα J ; E ′
0, ε

′, νλ〉
= ±| j2 j+1−nα J ; E0, ε, νλ〉, (5)

where the phase is either + or − because of Eq. (4). The last 
equality holds since the constant and the single-particle energy do 
not affect the eigenfunctions of the Hamiltonian, only its eigenen-
ergies. The sign ± is without any consequence except if the states 
on the left- and right-hand side of Eq. (5) are the same, which is 
the case for a half-filled shell, n = 2 j + 1 − n. We note that a Berry 
phase, while usually defined along a continuous path, can also, 
following Pancharatnam [39,40], be defined for a discrete trans-
formation.

Consider as an example five particles in a j = 9/2 shell. An 
eigenstate of the Hamiltonian (1) can be expanded in the seniority 
basis,

| j5α J ; E0, ε, νλ〉 =
∑

υ=1,3,5

aυ | j5υ J 〉, (6)

with coefficients aυ that depend on the interaction matrix ele-
ments νλ . Application of Eq. (5) with the + sign, together with 
the relation (4), yields

a1| j5υ = 1 J 〉 − a3| j5υ = 3 J 〉 + a5| j5υ = 5 J 〉
= a1| j5υ = 1 J 〉 + a3| j5υ = 3 J 〉 + a5| j5υ = 5 J 〉.
Since the seniority basis is orthogonal, this implies that a3 = 0 and 
that mixing can only occur between states with seniority υ = 1
and υ = 5. Likewise, application of Eq. (5) with the − sign implies 
that a1 = a5 = 0 and that the state has seniority υ = 3.

The appearance of a geometric phase associated with particle-
hole conjugation therefore provides an understanding of the usual 
seniority selection rules [18]. The Berry-phase interpretation does 
not imply new selection rules but links seniority conservation to 
universal quantum mechanics features.

The partial conservation of seniority in mid-shell nuclei impacts 
on the electromagnetic decay. Matrix elements of the quadrupole 
operator between states of the same seniority are proportional to 
2 j + 1 − 2n and vanish in mid-shell nuclei [37], where E2 transi-
tions therefore satisfy the selection rule �υ = ±2. Specifically, the 
4

otherwise natural decay path of the 21/2+ level towards 17/2+
1

is forbidden while its decay to 17/2+
2 is allowed. This yields a 

qualitative explanation of the 21/2+ isomer decay: although from 
energy considerations the path via 17/2+

2 is around seven times 
less likely than that via 17/2+

1 , experimentally it is found that the 
decay path via 17/2+

2 is approximately four times more probable. 
This observation is a consequence of seniority conservation.

The results obtained with five neutrons in 1g9/2 will be al-
tered by the presence of other shells in the valence space. In order 
to study the consequences of an increasing valence space, large-
scale shell-model (LSSM) calculations were performed using the 
Kuo-Herling (KH) interaction [41] in the full neutron valence space 
beyond N = 126, akin to those reported in Ref. [42]. Single-particle 
energies were extracted from the experimental spectrum of 209Pb 
for the 1g9/2, 0i11/2, 2d3/2, 2d5/2, 1g7/2, 3s1/2 and 0 j15/2 neutron 
shells. The Hamiltonian was diagonalized using the m-scheme an-

toine and J -scheme nathan shell-model codes [43,44]. The latter 
allows one to obtain the seniority components of the calculated 
wave functions.

The results for the energies of the positive-parity states are 
shown in the (sm-kh) spectrum of Fig. 2(b) and found to be in 
good agreement with those of the simpler 1g9/2 approach (sm-g)
of Fig. 2(b) and the observed energies. The expected cascade start-
ing from the 21/2+ isomer proceeds through states with senior-
ity υ = 3, decaying into the 9/2+ ground state with υ = 1. The 
B(E2; 21/2+ → 17/2+

1 ) = 0.2 e2 fm4, calculated with the stan-
dard neutron effective charge eν = 0.5e, is small and similar to the 
experimental value 1.1(4) e2 fm4. The overlap of the wave func-
tion of a LSSM state with a υ = 3 (1g9/2)

5 configuration is 0.84
for 21/2+ and 0.83 for 17/2+

1 . A large E2 matrix element from 
21/2+ to 17/2+

2 is also predicted. The 17/2+
2 LSSM state has an 

overlap with a υ = 5 (1g9/2)
5 configuration of 0.93. The LSSM 

calculation therefore indicates the predominance of components 
with seniority υ = 3 and 5 in the 17/2+

1 and 17/2+
2 states, respec-

tively. The calculated strength from the isomer to the 17/2+
2 level 

is B(E2; 21/2+ → 17/2+
2 ) = 65 e2 fm4, in line with the large value 

of 32(5) e2 fm4 observed experimentally. The relevant result is that 
the LSSM calculation predicts, as observed experimentally, sub-
stantially different B(E2; 21/2+ → 17/2+

i ) values, with the largest 
strength going to 17/2+

2 . Of particular significance is also the find-
ing that the LSSM calculation yields two 17/2+ states that are 
close in energy, 1098 and 1304 keV, but which remain pure in 
seniority, υ = 3 and 5, respectively. The shell-model calculation in 
the full valence space beyond 208Pb therefore confirms the approx-
imate conservation of seniority, even if shells other than 1g9/2 are 
considered. Although the 1g9/2 shell is not isolated in energy, it is 
found to carry the dominant component of the wave function of 
low-energy states.

We note that the KLS interaction and the truncation from 
Ref. [28] cannot be used for testing seniority conservation since 
this approach includes only one-particle-one-hole excitations but 
no pair scattering from 1g9/2 to other shells.

Do other examples exist of semi-magic nuclei with valence nu-
cleons that half-fill a single j shell? For j < 7/2, any state with 
a given total angular momentum J is unique and conservation 
of seniority trivially follows from rotational invariance. The first 
non-trivial case occurs for four nucleons in the 0 f7/2 shell, e.g. 
for 44Ca or 52Cr. Studies of such 0 f7/2 nuclei reported consider-
able breaking of seniority in excited states as a result of mixing 
with the 1p3/2 shell [45]. The mid-shell nucleus 136Sn with four 
neutrons in the 1 f7/2 shell has a 6+ seniority-isomer [46], which 
B(E2; 6+ → 4+) is much larger than shell-model predictions, sug-
gesting a significant seniority mixing in the 4+ state. Concerning 
the next shell of interest with j = 9/2, of particular interest are 
the nickel isotopes (Z = 28) and the N = 50 isotones with ei-
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ther neutrons or protons in the 0g9/2 shell. (See Ref. [47] for a 
theoretical discussion of seniority isomers in this region.) The best-
studied mid-shell nucleus is 95Rh, which displays a decay of a 
21/2+ isomer into two 17/2+ levels (see Ref. [48] and references 
therein), similar to 213Pb. The isomer decay indicates substantially 
more seniority mixing in 95Rh, presumably as a result of neutron 
excitations across the N = 50 closure [49]. Another possible ex-
ample is 213Fr with five protons in 0h9/2. A simple shell-model 
calculation predicts in this case that the 17/2−

2 level with senior-
ity υ = 5 lies above the 21/2− isomer, which therefore can only 
have a retarded decay to the 17/2−

1 level with seniority υ = 3. 
This finding agrees qualitatively with the isomeric character of the 
21/2− level and the non-observation of a 17/2−

2 level [50]. Fi-
nally, of 73Ni with five neutrons in 0g9/2, too little is known at 
present [51,52] to give a conclusive answer concerning seniority 
conservation.

In summary, our study of 213Pb shows that its 21/2+ iso-
mer decays with asymmetric E2 transition probabilities to two 
17/2+ states that are close in energy but of different nature. One 
state has two nucleons coupled to angular momentum J = 0 (se-
niority υ = 3), while the other contains no J = 0 pairs (υ = 5). 
The purity of seniority in the 17/2+ states follows from the self-
conjugate character of 213Pb, where the particle-hole symmetry 
prevents �υ = ±2 mixing. The property of seniority conservation 
in mid-shell nuclei is given a novel interpretation by means of 
an observable Berry phase. Further studies are required to deepen 
our understanding of the Berry phase and look for its additional 
consequences in nuclei. Exclusive cross-section measurements of 
one-nucleon transfer can be envisaged since pick-up and stripping 
reactions obey seniority selection rules. Finally, we note that the 
present experiment and discussion concerns a semi-magic nucleus 
and the conservation of seniority. The Berry-phase mechanism is 
more general, however, and an investigation of its observational 
consequences in nuclei with neutrons and protons at mid-shell is 
called for. Experiments of this kind will further enhance our un-
derstanding of symmetries in the atomic nucleus.
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