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Abstract
Superluminal transmission of electromagnetic waves is
usually observed in a narrow bandwidth range and the ve-
locity outside this range is subluminal. In this paper, it
is shown that the transmission coefficient for superluminal
propagation through a periodic metamaterial structure satis-
fies a sum rule. The sum rule and its corresponding physical
bound relate frequency regions with a phase velocity above
an arbitrary threshold with the thickness of the slab. The
theoretical results are illustrated with numerical examples.

1. Introduction
Superluminal propagation of electromagnetic waves refers
to propagation faster than the speed of light in free
space [1–6]. It is common to distinguish between group
and phase velocity. The phase velocity of electromagnetic
waves in waveguides and periodic structures can exceed
the speed of light in free space. Material that supports su-
perluminal propagation are dispersive [4–6] and causality
pose some restrictions on the frequency dependence [7–9].
These restriction are not severe for active material mod-
els [8] but very powerful for passive models. The bounds
in [9] show that the deviation of the refractive index from
the desired superluminal value is proportional to the band-
width [9]. The material models are very useful but not
sufficient to fully understand inhomogeneous metamaterial
slabs. It is also known that the use of scattering data to de-
termine equivalent material parameters [10] is increasingly
problematic as the wavelength approaches the periodicity.

In this paper, superluminal propagation through arbi-
trary reciprocal periodic metamaterial slabs is analyzed by
comparison with the transmission through an idealized non-
dispersive superluminal slab. The use of transmission coef-
ficients offers a tool to analyze inhomogeneous structures
without defining an effective refractive index. It is shown
that the bandwidth is inversely proportional to 1 − nm,
where nm < 1 is the refractive index of the desired ideal
homogeneous superluminal slab.

The bounds are based on integral identities for Her-
glotz functions and follow the general approach introduced
in [11]. Similar approaches have previously been suc-
cessfully applied to derive bounds on lossless matching
networks [12], radar absorbers [13], high impedance sur-
faces [14], scattering and absorption of electromagnetic
waves [15–17], antennas [18], extra ordinary transmis-

sion [19], and temporal dispersion of metamaterials [9].
This paper is organized as follows. Superluminal trans-

mission through periodic slabs are analyzed in Sec. 2. Nu-
merical examples of a homogeneous Drude dispersive slab
and a periodic wire medium are presented in Sec. 3. Two
appendices follow the conclusions in Sec. 4. First, sum
rules for Herglotz functions and the Herglotz pulse func-
tion are reviewed in App. A. Transmission coefficients are
analyzed in App. B.

2. Superluminal transmission
An ideal superluminal homogeneous slab has refractive in-
dex nm < 1, see Fig. 1. There are refractive indices with
n(ω0) ≈ nm for a range of (angular) frequencies around
ω0. It is known that these refractive indices are dispersive
(frequency dependent) and it is shown that dispersion re-
stricts passive material models in many ways [8, 9]. In [9],
it is shown that the temporal dispersion of the refractive in-
dex is restricted by

max
ω1≤ω≤ω2

|ω(n(ω)− n∞)| ≥ ν(n∞ − nm)(ω2 − ω1), (1)

where n∞ = n(∞) is the high-frequency limit [9] and the
parameter ν quantifies the losses in the material and in-
creases continuously from the lossy to the lossless case [9]
with the extreme values

ν =

{
1/2 lossy
1 lossless.

(2)

The bound (1) shows that the deviation of the refractive
index n(ω) from the desired superluminal refractive in-
dex nm is proportional to the fractional bandwidth, B, and
n∞ − nm. The high-frequency limit n∞ is in many cases
considered to be unity [7].

Consider the synthesis of a periodic metamaterial de-
signed for superluminal transmission. The bound (1) is ap-
plicable if the material can be considered homogeneous and
the high-frequency limit n∞ is known. However, periodic
metamaterials cannot in general be modeled as homoge-
neous materials and it is obvious that the material descrip-
tion is problematic for high frequencies where the wave-
length is of the order of the material structure. It is also
known that computations of material parameters [10], such
as the permittivity and permeability, from scattering data
can produce parameter values that are not consistent with
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Figure 1: Transmission through a superluminal homoge-
neous slab with impedance ηm = ηb and refractive index
nm < 1 in z ∈ [−d, 0] immersed between two half spaces
with impedance ηb and refractive index nb.

passive material models. This implies that it is essential
to investigate the properties of metamaterial slabs without
referring to effective material parameters.

Here, we compare the transmission through arbitrary
periodic metamaterial slabs with the transmission coeffi-
cient of the desired homogeneous superluminal slab, see
Fig. 1. The transmitted field is E(t) = TmE

(i), where the
transmission coefficient for the slab in Fig. 1 is

Tm(k) =
(1− r20)ei(nm−1)kd

1− r20e2inmkd
= ei(nm−1)kd (3)

as the impedance mismatch, r0 = (ηb − ηm)/(ηb + ηm) =
0, where k = ω/c0 is the free space wavenumber and c0
the speed of light in free space. Note that the transmission
coefficient has a reversed phase, nm − 1 < 0, compared to
ordinary materials with refractive index n ≥ 1.

Consider the synthesis of a periodic metamaterial with
desired refractive index n(k) ≈ nm < 1 and impedance
η(k) ≈ ηm for a range of wavenumbers around k. The
metamaterial is placed between two slabs made from loss-
less non-dispersive materials with refractive index nb ≥ 1
and impedance ηb = ηm. Here, we assume that these mate-
rials exist. Note that they can be synthesized from ordinary
materials with εr ≥ 1 and µr ≥ 1 over a sufficiently large
bandwidth.

The transmitted field E(t)(k, r) is expanded in a
Fourier series (Floquet modes) [20]. It is only the lowest
order mode that propagates for low frequencies. Let T de-
note the co-polarized component of the lowest order mode
of the transmission dyadic [17]. Use that the periodic struc-
ture is composed of ordinary materials where the wavefront
velocity is limited by the speed of light c0. This means that
the transmitted field depends causally with respect to the
incident field, i.e., the transmitted field cannot precede the
incident field. The transmission coefficient is hence a holo-
morphic function of k in Im k > 0. Moreover passivity
imply that |T (k)| ≤ 1 for Im k ≥ 0. This gives the rep-
resentation T (k) = Bp(k)e

ih(k), where h(k) is a Herglotz
function with the high-frequency asymptotic h(k) ∼ αkd
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Figure 2: Transmission through a periodic structure in z ∈
[−d, 0] immersed between two half spaces with impedance
ηb and refractive index nb.

as k→̂∞ for some α ≥ 0 and Bp(k) is a Blaschke product,
see [11] and App. A.

The metamaterial slab is designed to mimic the ideal
superluminal slab with refractive index nm and transmis-
sion coefficient Tm. It is possible to synthesize metama-
terials with an effective refractive index n(k0) ≈ nm and
transmission coefficient T (k0) ≈ Tm(k0) in narrow band-
widths around k0. To circumvent the difficulties defining
effective material parameters over large bandwidth, we ana-
lyze fundamental constraints on the transmission coefficient
T (k) ≈ Tm(k). Consider the quotient

T (k)/Tm(k) = Bp(k)e
i(h(k)+kd(1−nm)), (4)

where the bandwidth, k1 ≤ k ≤ k2, with T (k)/Tm(k) ≈ 1
is determined from compositions with a pulse Herglotz
function see App. A. The asymptotic low- and high-
frequency expansions of the argument are

h(k)+kd(1−nm) ∼

{
O(k−1) as k→̂0

(α+ 1− nm)kd as k→̂∞
(5)

giving the bound (30)

max
k1≤k≤k2

|T (k)− Tm(k)| ≥
(1− nm)Bk0d

2
ν (6)

for fractional bandwidths B � 1, ν is given in (2), k0 =
(k1 + k2)/2, and B = (k2− k1)/k0. The equivalent bound
on the fractional bandwidth is

B ≤ Bbound = 2
maxk1≤k≤k2 |T (k)− Tm(k)|

(1− nm)k0dν
. (7)

It is illustrative to compare the bound (6) with (1). Re-
place ω in (1) with k and use an arbitrary small impedance
mismatch, r0 = 0, and |k(n− 1)| � 1 to get

max
k1≤k≤k2

|T (k)− Tm(k)| ≥ (1− nm)Bk0dν (8)

for B � 1. The results (6) and (8) differ by a factor of
two. This is explained by the fact that the transmission co-
efficients of homogeneous slabs have no transmission ze-
ros, i.e., there are no Blaschke product in the representation
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Figure 3: Drude dispersive model (9) with ωp = 1 and
ωr = 0.1. b) difference |T (k) − Tm(k)| with nm = 0.75
giving B ≈ 0.49 and B/Bbound ≈ 0.50 where the thresh-
old maxk∈B |T (k)− Tm(k)| = 0.25 is used.

T (k) = eih(k). The bound is hence reduced to the analysis
of |h(k)| ≤ ∆ over a bandwidth B. This is the case an-
alyzed in [9] using the pulse Herglotz function. Note that
|h(k) +m2π| < ∆ also adds a factor of two to the bound
if m 6= 0.

3. Numerical examples

3.1. Drude dispersive slab

A homogeneous slab with Drude models for the permit-
tivity and permeability is used to illustrate the bounds (6)
and (8). Let

ε(ω) = µ(ω) = 1 +
ω2
p

−iω(−iω + ωr)
, (9)

where dimensionless units are used for the thickness
d/c0 = 1, plasma frequency ωp = 1 and the reso-
nance frequency ωr = 0.1, see Fig. 3a. The difference
|T (ω) − Tm(ω)| is depicted in Fig. 3b for the refractive
index nm = 0.75. It is observed that T (ω) ≈ Tm(ω) and
n(ω) ≈ nm for ω = ω0 ≈ 2. The fractional bandwidth is
B ≈ 0.49 that is comparable to the bound (8) and a factor
of two below (6), where the lossless cases are used. Note,
that the bound (6) overestimates the bandwidth for the ho-
mogeneous slab since it has no transmission zeros and that
it is used for |h| � 1.
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Figure 4: Transmission through a periodic wire medium. a)
geometry. b) reconstructed refractive index, n, and relative
impedance, η using an equivalent homogeneous slab [10].

3.2. Periodic wire medium

The transmission is also illustrated with a periodic struc-
ture composed of a wire medium, i.e., infinite strips in the
y-direction, see Fig. 4a. This is a classical structure that
emulates a plasma [21] with a low-frequency permittivity
of the form (9). The strips are aligned with the y-direction
and periodic in the x-direction with the unit cell length
dx = 10mm. Five strips with width 1mm are placed in the
z-direction at distances 10mm. The strips are embedded in
a non-magnetic homogeneous slab with permittivity εb = 4
and thickness d = 50mm. This means that the speed of the
wave front is limited by c0/n∞, where n∞ =

√
εb = 2 is

the index if refraction for high frequencies.

The transmission and reflection coefficient are com-
puted for f ≤ 8GHz using the F-solver in CST Mi-
crowave studio. The relative impedance η and refractive
index n of an equivalent homogeneous slab using the in-
version [10] are depicted in Fig. 4b. The low-frequency re-
sults resembles the permittivity from a non-magnetic Drude
model (9). It is observed that η ≈ 1 and Imn ≈ 0 for
4GHz < f < 7.5GHz giving a transmission |T (ω)| ≈ 1.
The refractive index increases from 0 to 2 = n∞ in this
frequency range giving a phase velocity below c0/n∞. The
difference |T (ω) − Tm(ω)| with nm = 1.5 < n∞ is de-
picted in Fig. 5. Here, it is observed that T (ω) ≈ Tm(ω)
for ω/(2π) = f0 = 5.5GHz in agreement with the recon-
struction in Fig. 4b, where n(f0) ≈ 1.5 and η(f0) ≈ 1. The
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Figure 5: Transmission through a periodic wire medium. a)
difference |T (k) − Tm(k)| with nm = 1.5, B ≈ 6%, and
B/Bbound ≈ 0.36.

bound (7) is determined for max |T − Tm| = 0.25 giving

B ≤ Bbound =
2maxk1≤k≤k2 |T − Tm|

(n∞ − nm)k0d

=
1

2(n∞ − nm)k0d
. (10)

The result is B ≈ 6% and B/Bbound ≈ 0.36. This is
close to the result for the homogeneous slab (8). Also
the reconstructed refractive index in Fig. 4b satisfies the
Kramers-Kronig relations with a high-frequency response
n(ω)→ n∞ = 2 as ω→̂∞. The results are hence restricted
by the sharper bound in (8).

4. Conclusions
Bandwidth constraints on superluminal wave propagation
through passive metamaterial slabs are analyzed in this pa-
per. It is shown that the bandwidth is inversely propor-
tional to 1 − nm, where nm is the refractive index of the
desired superluminal slab. The derivation follows the ap-
proach in [11], where Herglotz functions are used to con-
struct sum rules and physical bounds. The results resemble
the bounds in [9] but differ by a factor of two due to the
possible zeros of the transmission coefficient. Passivity is
essential as it offers energy conservation used to bound the
transmission coefficients by unity. It is also known that the
temporal dispersion of causal but active material models is
not very restrictive [8].
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A. Pulse Herglotz function
Herglotz functions, h(z), are holomorphic in the upper half
plane Im z > 0 and map the upper half plane into itself, i.e.,
Imh(z) ≥ 0, see [11, 22]. Here, we also restrict the anal-
ysis to symmetric Herglotz function h(z) = −h∗(−z∗).
They have at most linear growth as z→̂∞ and at most a

simple pole as z→̂0, where →̂ denotes limits for 0 < α ≤
arg(z) ≤ π − α. Their asymptotic expansions are hence of
the form

h(z) =

N0∑
n=0

a2n−1z
2n−1 + o(z2N0−1) as z→̂0 (11)

and

h(z) =

N∞∑
n=0

b1−2nz
1−2n + o(z1−2N∞) as z→̂∞ (12)

for some N0 ≥ 0 and N∞ ≥ 0, see [11]. The expan-
sions (11) and (12) guarantees that Im(x) satisfy the inte-
gral identities

2

π

∫ ∞
0

Im{h(x)}
x2n

dx =


−b2n−1 n < 0

a−1 − b−1 n = 0

a1 − b1 n = 1

a2n−1 n > 1,

(13)

where n = 1 − N∞, ..., N0, see [11] for details. Note that
a simplified notation is used in this paper where the limits
in (13) are dropped, i.e., the integrand in (13) is the limit
h(x+ iy) as y → 0.

Composition of Herglotz functions is a powerful
method to construct new Herglotz functions and integral
identities (13). A pulse function is used in [9, 11] to bound
the amplitude of Herglotz functions. Here, the pulse func-
tion is generalized to bound the variation of Herglotz func-
tions from a constant. Consider the Herglotz function gen-
erated by a constant Imh(x) in |x∓ x0| < ∆, i.e.,

hx0,∆(z) =
1

π

∫
|ξ±x0|≤∆

1

ξ − z
dξ

=
1

π
ln
z − x0 −∆
z − x0 +∆

+
1

π
ln
z + x0 −∆
z + x0 +∆

=
1

π
ln

(z −∆)2 − x20
(z +∆)2 − x20

∼

{
4
π

∆
x2
0−∆2 z as z → 0

− 4
π
∆
z as z →∞,

(14)

where x0 > ∆, see Fig. 6. The generalized pulse function
has the properties

Imhx0,∆(z) ≤ 1

Imhx0,∆(x) = 1 for |x∓ x0| < ∆

Imhx0,∆(x) = 0 for |x∓ x0| > ∆

Imhx0,∆(z) ≥ 1/2 for |z ∓ x0| < ∆.

(15)

Note that the case x0 < ∆ reduces to the pulse Herglotz
function [9] with ∆ → x0 + ∆. It has similar properties
as in (15) but the high-frequency asymptotic is smaller, i.e.,
2(x0 +∆) < 4∆.

B. Passive transmission coefficients
Passive transmission coefficients can be decomposed as

T (k) = Bp(k)e
ih(k), (16)
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where Bp(k) is a Blaschke product and h(k) is a Herglotz
function [11]. The symmetry T (k) = T ∗(−k∗) implies the
symmetries Bp(k) = B∗p(−k∗) and h(k) = −h∗(−k∗).
Blaschke products have the amplitude |Bp(k)| = 1 for k ∈
R and can be constructed from the zeros, kn, of T (k) in
Im k > 0, i.e., T (kn) = 0. They have the representation

Bp(k) =
∏
n

k − kn
k − k∗n

, Im kn > 0, (17)

where the symmetry B∗p(−k∗) = Bp(k) implies that if kn
is a zero than so is −k∗n.

Blaschke products can also be written as functions
Bp(k) = eiφ(k), where the argument φ(k) = φ∗(k∗) is
an odd function for k ∈ R, i.e., φ(−k) = −φ(k). The
argument is determined from

φ(k) = −i
∫ k

0

B′p(κ)

Bp(κ)
dκ (18)

that shows that the argument is monotone for k ∈ R, i.e.,

φ′(k) = −i
B′p(k)

Bp(k)
=
∑
n

2 Im kn
(k − k∗n)2

k − k∗n
k − kn

=
∑
n

2 Im kn
(k − Re kn)2 + (Im kn)2

≥ 0. (19)

The function φ(k) is not holomorphic in the entire upper
half plane, Im k > 0, but it is holomorphic in a region
around k ∈ R. Its Taylor series expansion around a point
k0 ∈ R is

φ(k) =

∞∑
n=0

αn(k − k0)n, (20)

where the convergence radius is related to the distance
minn |kn − eiφ(k0)|. The inequality (19) ensures that the
linear term α1 ≥ 0. This expresses the transmission coeffi-
cient T (k) = Bp(k)e

ih(k) as

T (k) = ei(h(k)+α0+α1k−α1k0)ei
∑∞

m=2 αm(k−k0)m (21)

for Im k > 0 and |k − k0| < Im kn. It has a similar expan-
sion around k = −k0.

The results in this paper rely on the analysis of transmis-
sion coefficients that have T (k) ≈ 1 around k = ±k0 and
are generated by Herglotz functions h(k) having the high-
frequency asymptotic h(k) ∼ b1k as k→̂∞. Note that we
analyze the modified transmission coefficient (4). Consider
the difference 1− T (k) around k = k0. Use (21), to get

1−T (k) =
(
1−ei(h(k)+α1k+α0−α1k0)

)(
1+O(B2)

)
(22)

as B → 0. The difference is hence governed by the varia-
tion of ψ(k) = h(k) + α1k + α0 − α1k0 around k = k0,
i.e., one needs to have a function

h(k) + α1k ≈

{
−α0 + α1k0 for k ≈ k0
+α0 − α1k0 for k ≈ −k0.

(23)

This is a Herglotz function and its minimal variation can be
determined by composition of h(k) + α1k with the pulse
Herglotz function h−α0+α1k0,∆. This new Herglotz func-
tion has the asymptotic expansions

h−α0+α1k0,∆

(
h(k) + α1k

)
∼

{
O(1) as k→̂0

− 4∆
πk(b1+α1)

as k→̂∞
(24)

that follows from the expansion h(k) + α1k ∼ (b1 + α1)k
as k→̂∞. It satisfies the n = 0 sum rule (13)∫ ∞

0

Im{h−α0+α1k0,∆

(
h(k) + α1k

)
} dk =

2∆

b1 + α1
.

(25)
The integral is bounded from below by its minimum value
over a bandwidth B = [k1, k2] times the bandwidth, i.e.,

Bk0 min
k∈B

Im{h−α0+α1k0,∆

(
h(k) + α1k

)
}

≤ 2∆

b1 + α1
≤ 2∆

b1
, (26)
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where B = (k2 − k1)/k0 is the fractional bandwidth and
k0 = (k1+k2)/2 is the center wavenumber. Now, consider
a bandwidth such that

max
k∈B
|h(k) + α1k + α0 − α1k0| = ∆. (27)

Use (26) and the properties (15) to get

max
k∈B
|h(k) + α1k + α0 − α1k0| ≥

b1Bk0
2

ν, (28)

where ν is given in (2) and Imh(k) = 0 in the lossless case.
For the superluminal case, we consider |1− T (k)|. Set

ψ = ψr + iψi = h(k) + α1k + α0 − α1k0 and use

|1− eiψ| ≈ |ψ|+O(|ψ|2) as |ψ| → 0 (29)

as |ψ| → 0. This gives the final estimates

max
k∈B
|1− T (k)|

= max
k∈B
|1− ei(h(k)+α1k+α0−α1k0)|

(
1 +O(B2)

)
≥ |h(k) + α1k + α0 − α1k0|

(
1 +O(B2)

)
≥ b1Bk0

2
ν +O(B3) as B → 0. (30)
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