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�#bi`�+i
8F BSF JOUFSFTUFE JO DPNQMFY FMFDUSPOJD TUSVDUVSFT PG WBSJPVT BUPNJD BOE JPOJDT TZTUFNT� 8F VTF BO BC JOJUJP
BQQSPBDI UIF NVMUJDPOmHVSBUJPOBM %JSBD�)BSUSFF�'PDL 	.$%)'
 UP DPNQVUF BUPNJD TUSVDUVSFT BOE QSPQFSUJFT�
8F DPOUSJCVUF JO UISFF NBJO XBZT UP UIF BMSFBEZ FYJTUFOU MJUFSBUVSF� CZ EFWFMPQJOH BOE JNQMFNFOUJOH PSJHJOBM
DPNQVUFS QSPHSBNT CZ JOWFTUJHBUJOH QPTTJCJMJUJFT PG BMUFSOBUJWF DPNQVUBUJPOBM NFUIPEPMPHJFT BOE TUSBUFHJFT BOE
mOBMMZ CZ QFSGPSNJOH BDDVSBUF BUPNJD TUSVDUVSF DBMDVMBUJPOT UP TVQQPSU PUIFS SFTFBSDI mFMET J�F� OVDMFBS QIZTJDT
BTUSPQIZTJDT PS FYQFSJNFOUBM QIZTJDT UISPVHI UIF UIFPSFUJDBM FTUJNBUJPO PG SFMFWBOU BUPNJD EBUB�

8F SBJTF RVFTUJPOT BCPVU UIF DIPJDF PG UIF PQUJNBM PSCJUBM CBTJT CZ DPOTJEFSJOH mOJUF CBTJT TFUT .$%)' PSCJUBM
CBTFT BOE OBUVSBM�PSCJUBM CBTFT� 8F EFNPOTUSBUF UIF QSPNJTJOH QPUFOUJBM PG UIF MBUUFS JO UIF DPOUFYU PG IZQFSmOF
TUSVDUVSFT BOE IPQF UIBU PUIFST XJMM mOE JOUFSFTU JO QVSTVJOH PVS BOBMZTJT� 6MUJNBUFMZ PVS XPSL QVU GPSXBSE TPNF
XFBLOFTTFT PG UIF USBEJUJPOBM PQUJNJ[BUJPO TUSBUFHZ CBTFE PO UIF MBZFS�CZ�MBZFS PQUJNJ[BUJPO TUSBUFHZ�

8F BMTP QFSGPSN MBSHF�TDBMF DBMDVMBUJPOT UP EFUFSNJOF BDDVSBUF BUPNJD QSPQFSUJFT TVDI BT FOFSHZ MFWFMT IZQFSmOF
TUSVDUVSFT JTPUPQF TIJGUT USBOTJUJPO QBSBNFUFST SBEJBUJWF MJGFUJNFT BOE -BOEÏ g GBDUPST� 8F TIPX UISPVHI UIF
WBSJFUZ PG BUPNJD QSPQFSUJFT BOE BUPNJD TZTUFNT TUVEJFE UIF EJċDVMUZ PG EFTDSJCJOH JO UIF SFMBUJWJTUJD GSBNFXPSL
UIF DPSSFMBUJPO CFUXFFO UIF TQBUJBM QPTJUJPO PG FMFDUSPOT EVF UP UIFJS $PVMPNC SFQVMTJPO�

ɨJT UIFTJT JT PSHBOJ[FE JO UXP NBJO QBSUT� ɨF mSTU POF JT EFEJDBUFE UP UIF UIFPSFUJDBM BOE DPNQVUBUJPOBM
CBDLHSPVOET UIBU BSF OFFEFE UP VOEFSTUBOE UIF UIFPSFUJDBM NPEFMT BOE UIF JOUFSQSFUBUJPO PG PVS SFTVMUT� ɨF
TFDPOE QBSU QSFTFOUT BOE TVNNBSJ[FT PVS BSUJDMFT BOE NBOVTDSJQUT� ɨFZ BSF TFQBSBUFE JO GPVS HSPVQT " # $
BOE % BSPVOE UIF UIFNFT PG UIF BUPNJD PSCJUBM CBTFT UIF BQQMJDBUJPOT UP OVDMFBS QIZTJDT UIF BQQMJDBUJPOT UP
BTUSPQIZTJDT BOE JOWFTUJHBUJPOT PG OFHBUJWF JPOT�

E2v rQ`/b
BUPNT FMFDUSPO DPSSFMBUJPO SFMBUJWJUZ RVBOUVN NFDIBOJDT DBMDVMBUJPOT OBUVSBM PSCJUBMT JTPUPQF TIJGUT IZQFSmOF
TUSVDUVSFT USBOTJUJPO QBSBNFUFST -BOEÏ g GBDUPST
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* UIF VOEFSTJHOFE CFJOH UIF DPQZSJHIU PXOFS PG UIF BCTUSBDU PG UIF BCPWF�NFOUJPOFE EJTTFSUBUJPO IFSFCZ HSBOU UP
BMM SFGFSFODF TPVSDFT UIF QFSNJTTJPO UP QVCMJTI BOE EJTTFNJOBUF UIF BCTUSBDU PG UIF BCPWF�NFOUJPOFE EJTTFSUBUJPO�
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" EPDUPSBM UIFTJT BU B VOJWFSTJUZ JO 4XFEFO UBLFT FJUIFS UIF GPSN PG B TJOHMF DPIFTJWF SF�
TFBSDI TUVEZ 	NPOPHSBQI
 PS B TVNNBSZ PG SFTFBSDI QBQFST 	DPNQJMBUJPO UIFTJT
 XIJDI UIF
EPDUPSBM TUVEFOU IBT XSJUUFO BMPOF PS UPHFUIFS XJUI POF PS TFWFSBM PUIFS BVUIPS	T
�

*O UIF MBUUFS DBTF UIF UIFTJT DPOTJTUT PG UXP QBSUT� "O JOUSPEVDUPSZ UFYU QVUT UIF SFTFBSDI XPSL
JOUP DPOUFYU BOE TVNNBSJ[FT UIF NBJO QPJOUT PG UIF QBQFST� ɨFO UIF SFTFBSDI QVCMJDBUJPOT
UIFNTFMWFT BSF SFQSPEVDFE UPHFUIFS XJUI B EFTDSJQUJPO PG UIF JOEJWJEVBM DPOUSJCVUJPOT PG
UIF BVUIPST� ɨF SFTFBSDI QBQFST NBZ FJUIFS IBWF CFFO BMSFBEZ QVCMJTIFE PS BSF NBOVTDSJQUT
BU WBSJPVT TUBHFT 	JO QSFTT TVCNJUUFE PS JO ESBGU
�

$PWFS JMMVTUSBUJPO GSPOU� "UPNFT FU MVNJÒSFT ª (FDLP

'VOEJOH JOGPSNBUJPO� ɨF UIFTJT XPSL XBT mOBODJBMMZ TVQQPSUFE CZ B '3*" HSBOU PG UIF #FMHJBO
'VOE GPS 4DJFOUJmD 3FTFBSDI '�3�4��'/34�

ª 4BDIB 4DIJĊNBOO ����
1BQFS "* ª "NFSJDBO 1IZTJDBM 4PDJFUZ ����
1BQFS "** ª ɨF BVUIPST ����
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1BQFS "7 ª &MTFWJFS #�7� ����
1BQFS #* ª ɨF BVUIPST ����
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1BQFS #*** ª "NFSJDBO 1IZTJDBM 4PDJFUZ ����
1BQFS #*7 ª "NFSJDBO 1IZTJDBM 4PDJFUZ ����
1BQFS $** ª ɨF "NFSJDBO "TUSPOPNJDBM 4PDJFUZ ����

-VOE 6OJWFSTJUZ 'BDVMUZ PG 4DJFODFT %FQBSUNFOU PG .BUIFNBUJDBM 1IZTJDT
6OJWFSTJUÏ MJCSF EF #SVYFMMFT ²DPMF QPMZUFDIOJRVF EF #SVYFMMFT 4QFDUSPTDPQZ 2VBOUVN $IFNJTUSZ
BOE "UNPTQIFSJD 3FNPUF 4FOTJOH 	426"3&4
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WPVT WPVT EÏCBUUJF[ EBOT EFT QSPCMÒNFT TJ FąSPZBCMFNFOU DPNQMJRVÏT
RVF NÐNF MF KFVOF IPNNF DBOEJEF FU PQUJNJTUF

RVF WPVT ÏUJF[ BMPST EVU QBSGPJT
DPNNF TFT DBNBSBEFT E�JOGPSUVOF

NBVEJSF MF KPVS Pá JM BWBJU FV M�JEÏF TBVHSFOVF
EF TF NÐMFS EF QIZTJRVF BUPNJRVF

-F QSJODJQF � +ÏSÙNF 'FSSBSJ <&YUSBJU>





"DLOPXMFEHFNFOUT

ǲJT UIFTJT TUBSUFE JO 4FQUFNCFS ���� BOE FOEFE JO .BZ ���� BOE EVSJOH UIFTF GPVS ZFBST * XBT
MVDLZ FOPVHI UP TIBSF NZ UJNF CFUXFFO #SVTTFMT 	6-#
 BOE -VOE 	-6
� )PXFWFS * TQFOU NPTU
PG MBTU �� NPOUIT JO NZ CFESPPN JO UIF TUSBOHFTU PG UJNFT JO MPDLEPXO CFDBVTF PG $07*%��� *
XBT BMTP WFSZ MVDLZ VOMJLF NBOZ PUIFS 1I% TUVEFOUT UIBU NZ XPSL DPVME CF QFSGPSNFE FOUJSFMZ
SFNPUFMZ XIJDI BMMPXT NF UP mOJTI NZ UIFTJT BT QMBOOFE� ǲBU JT PG DPVSTF OPU UIF POMZ SFBTPO
BOE * TIPVME UIBOL BMM UIF QFPQMF UIBU IBWF DPOUSJCVUFE UP NBLF UIBU IBQQFOFE�

'JSTU * XPVME MJLF UP XBSNMZ UIBOL .JDIFM (PEFGSPJE GPS IJT DPOTUBOU TVQQPSU BOE FODPVSBHF�
NFOUT UISPVHIPVU UIFTF GPVS ZFBST� *U JT IJT DPNNVOJDBUJWF QBTTJPO BOE FOUIVTJBTN GPS SFTFBSDI
JO HFOFSBM BOE BUPNJD QIZTJDT JO QBSUJDVMBS UIBU NPUJWBUFE NF UP TUBSU B UIFTJT� )F CSJOHT UIF
QFSGFDU CBMBODF CFUXFFO UVUPSJOH BOE GSJFOETIJQ BOE TP NBLFT UIF XPSLJOH FOWJSPONFOU PG IJT
1I% TUVEFOUT BOE DP�XPSLFST B SFBM USFBU� * BN BMTP FYUSFNFMZ HSBUFGVM UIBU IF WPMVOUBSJMZ 	PS
NBZCF OPU
 DPOUJOVFE UP TVQFSWJTF NZ XPSL BGUFS IJT SFUJSFNFOU� 'JOBMMZ * DBO OPU UIBOL IJN
FOPVHI GPS BDDFQUJOH UIF BEWFOUVSF PG B EPVCMF EFHSFF JO QBSUOFSTIJQ XJUI -VOE 6OJWFSTJUZ BOE
GPS IJT EFEJDBUFE IFMQ XJUI BMM UIF BENJOJTUSBUJWF QBQFSXPSL OFFEFE UP mOBMMZ SFBDI BO BHSFFNFOU
CFUXFFO UIF UXP VOJWFSTJUJFT�

4FDPOE * XPVME MJLF UP FYQSFTT NZ QSPGPVOE HSBUJUVEF UP 5PNBT #SBHF BOE 1FS +ÚOTTPO� ǲFZ
BMXBZT NBEF NF GFFM XFMDPNF JO 4XFEFO BOE JU XBT B HSFBU QMFBTVSF UP TIBSF NZ UJNF CFUXFFO
-VOE BOE .BMNÚ� ǲJT VOJRVF FYQFSJFODF DPVME OPU IBWF CFFO QPTTJCMF XJUIPVU UIFJS IFMQ� *
BMTP UIBOL UIFN GPS UIF QBTTJPOBUF EJTDVTTJPOT XF IBE BCPVU QIZTJDT BOE BUPNT� .BOZ UIBOLT UP
5PNBT GPS JOWJUJOH NF UP IJT GBNPVT NJETVNNFS QBSUJFT BOE UP 1FS GPS TIPXJOH NF UIF NJMMJPOT�
ZFBST�PME WPMDBOPFT PG 4LÌOF� * BN BMTP HSBUFGVM UP 1FS GPS UBLJOH UIF UJNF UP HVJEF NF JOUP BMM
(3"41 TVCSPVUJOFT�

ǲFO * XPVME MJLF UP UIBOL /BUIBMJF 7BFDL GPS BDDFQUJOH UP UBLF .JDIFM�T QMBDF BGUFS IJT SFUJSF�
NFOU� #FDBVTF PG UIBU TIF SFDFJWFE DPVOUMFTT BENJOJTUSBUJWF FNBJMT SFHBSEJOH UIF QSFQBSBUJPO PG
UIF EPVCMF EFHSFF BHSFFNFOU�

* HSBUFGVMMZ UIBOL +ÚSHFO &LNBO GPS BMM UIF EJTDVTTJPOT XF IBE BCPVU OVDMFBS QIZTJDT BOE OBUVSBM
PSCJUBMT BOE GPS UIF DPOTJEFSBUF JOUFSFTU IF BMXBZT IBE JO NZ XPSL�

* BMTP XJTI UP UIBOL NZ DPMMFBHVFT CPUI JO #FMHJVN BOE JO 4XFEFO� " UIFTJT JT JO NBOZ BTQFDUT
NPSF UIBO B TPMJUBSZ XPSL BOE TP JU IBT CFFO BO FYUSFNF QMFBTVSF UP CF QBSU PG UXP EFQBSUNFOUT�
'JSTU UIF $21�426"3&4 NFNCFST XIP NBEF UIFTF GPVS ZFBST TVDI BO FBTZ SPBE� * XBOU UP
UIBOL "OUPJOF +JNNZ BOE (JMMFT NZ EFTL NBUFT GPS BMM UIF HPPE UJNFT XF IBE UPHFUIFS� 'SPN
UIF MPOH MVODIFT BU /JOKB )PVTF UP UIF FOEMFTT QJOH�QPOH HBNFT JU XBT B SFBM QMFBTVSF UP TQFOE
UIFTF ZFBST XJUI UIFN� * TIPVME BMTP OPU GPSHFU ǲJCBVU "OESFX BOE /JDP XIP XFMDPNFE NF UP
UIF EFQBSUNFOU� ǲF OVNCFS PG GSJEBZ�T BGUFSXPSL EFmOJUFMZ ESPQQFE BGUFS UIFZ MFGU� * BMTP XBOU
UP UIBOL UIF 1I% TUVEFOUT GSPN UIF PUIFS TJEF PG UIF IBMMXBZ )ÏMÒOF /JDP BOE ǲJCBVMU GPS

J



UIF GVO NPNFOUT XF TIBSFE FWFSZEBZ� *U XBT B SFBM QMFBTVSF UP IBWF ZPV XJUI VT� * BMTP XJTI
UP FYQSFTT NZ HSBUJUVEF UP BMM PUIFS NFNCFST PG UIF EFQBSUNFOU FTQFDJBMMZ +VMJF 1JFSSF�'SBOÎPJT
BOE +FBO GPS UIFJS IFMQ BOE TVQQPSU� 'JOBMMZ * UIBOL 3BO BOE ,BJ� *U XBT TVDI B QMFBTVSF UP
GPSN UPHFUIFS B TNBMM BUPNJD QIZTJDT SFTFBSDI HSPVQ EVSJOH UIFJS TUBZT JO #SVTTFMT�

* BN BMTP UIBOLGVM UP NZ 4XFEJTI GSJFOET BOE DPMMFBHVFT JO -VOE BOE .BMNÚ� * XJTI UP UIBOL
"TJNJOB GPS TIPXJOH NF BSPVOE JO -VOE BOE .BMNÚ� *U XBT TP OJDF UP XPSL XJUI IFS PO PVS
AUJO� QSPKFDU 	FWFO UIPVHI JU LFQU VT CVTZ GPS PWFS � ZFBST
 BOE * BMXBZT GFMU WFSZ MVDLZ UIBU XF
XFSF CPUI EPJOH B UIFTJT PO DPNQVUBUJPOBM BUPNJD TUSVDUVSFT BU UIF TBNF UJNF 	BOE EFGFOEJOH
� EBZT BQBSU�
� * BMTP XBOU UP UIBOL .BEFMFJOF GPS IFS LJOEOFTT BOE IFS GSJFOETIJQ� ǲBOLT UP
IFS * TXBN JO UIF #BMUJD TFB TP DPPM � * BN PG DPVSTF OPU GPSHFUUJOH -6.$"4 NFNCFST #FUàM
8FOYJBO #SJBO )FOSJL )BNQVT BOE BMM UIF PUIFST� 'JOBMMZ * XJTI UP BDLOPXMFEHF BMM UIF
QFPQMF BU UIF NBUIFNBUJDBM QIZTJDT EFQBSUNFOU JO -VOE FTQFDJBMMZ ,BUBSJOB XIP IBT IFMQFE NF
DPVOUMFTT UJNFT�

* BMTP XBOU UP UBLF UIF PQQPSUVOJUZ UP UIBOL UIF $PNQ"4 DPNNVOJUZ� *U XBT B QSJWJMFEHF UP CF
B QBSU PG UIJT GBOUBTUJD JOUFSOBUJPOBM DPMMBCPSBUJPO� 0VS BOOVBM NFFUJOHT BSF XJUIPVU B EPVCU
UIF IJHIMJHIU PG UIF ZFBST� * XPVME MJLF UP TQFDJmDBMMZ UIBOL +PO GPS UIF HSFBU FOFSHZ IF BMXBZT
CSJOHT� * BMTP BEESFTT NZ NPTU HSBUFGVM UIBOLT UP $IBSMPUUF (FEJNJOBT +BDFL "MBO *BO BOE
BMM PUIFST GPS UIFJS HVJEBODF BOE UIFJS UIPVHIUGVMOFTT�

ǲFSF BSF BMTP NBOZ QFPQMF PVUTJEF PG UIF XPSME PG QIZTJDT XJUIPVU XIPN * DPVME OPU IBWF EPOF
UIJT� * UIJOL mSTU UP NZ SPPNNBUFT UIBU IBWF TVQQPSUFE NF PO B EBJMZ CBTJT� 'JSTU $MBSB .JMFOB
BOE .BSPVTTJB PG DPVSTF� 8IBU B ZFBS PG GVO BOE MBVHIUFST XF IBWF IBE UPHFUIFS� ǲBOLT ZPV
GPS BMM UIF QSFDJPVT NPNFOUT XF TIBSFE� "OE BMTP UIBOL ZPV GPS 	OPU
 BDDFQUJOH NZ NFTTJOFTT�
ǲFO PG DPVSTF * XBOU UP UIBOL /PÏ +VMJFO .JDIBÑM BOE BMM UIF QFPQMF UIBU IBWF MJWFE A$IF[
(BC� EVSJOH UIF MBTU � ZFBST� *U JT EFmOJUFMZ B DIBMMFOHF UP XSJUF B UIFTJT TUVDL BU IPNF XJUI �
SPPNNBUFT CVU UIFZ NBEF JU TP FBTZ� ǲBOL ZPV GPS UIF NPWJF OJHIUT PO PVS HJBOU TDSFFO UIF
DPVOUMFTT CPBSE HBNF OJHIUT BOE NPSF TJNQMZ GPS BMM UIF EJTDVTTJPOT MBVHIT EJOOFST PS ESJOLT
UIBU XF TIBSF FWFSZ EBZ� * BMTP XPVME MJLF UP UIBOL NZ DIJMEIPPET GSJFOET /PÏ .BOKJU BOE
5PUUJ GPS WJTJUJOH NF JO -VOE 	BMNPTU UXJDF�
� ǲBOL ZPV BMTP GPS UIF OJDF XBMLT XF IBE UIJT MBTU
XJOUFS JU EFmOJUFMZ IFMQFE NF HFU UISPVHI UIF XSJUJOH PG NZ UIFTJT� 'JOBMMZ * XBOU UP UIBOL
"OUPOJO GPS UIF HSFBU JMMVTUSBUJPO IF NBEF GPS UIF DPWFS QBHF JU DPVME OPU IBWF CFFO BOZ CFUUFS�

-BTU CVU OPU MFBTU NZ QBSFOUT XIP BSF BMXBZT UIFSF GPS NF� ǲFZ IBWF BMXBZT TVQQPSUFE NF JO
NZ DIPJDFT BOE FODPVSBHFE NF UP EP XIBU * XBOUFE� * BMTP XBOU UP UIBOL NZ CSPUIFS BOE TJTUFS
4JNPO BOE &MTB GPS UIF OJDFTU UJNF XF IBE XIFO UIFZ WJTJUFE NF JO -VOE� ǲJT mSTU QBSFOUT�GSFF
USJQ UPHFUIFS XBT NPTU EFmOJUFMZ UIF mSTU PG NBOZ� .BOZ UIBOLT UP &MTB GPS TIPPUJOH UIF CBDL
DPWFS QJDUVSF� 'JOBMMZ * XJTI UP UIBOL UIF SFTU PG NZ TNBMM GBNJMZ NZ HSBOEGBUIFS NZ BVOUT BOE
NZ DPVTJOT�
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1PQVMBS TVNNBSZ

ɨF XPSME XF MJWF JO JT GBTDJOBUJOH� &YUSBPSEJOBSZ JT PVS BCJMJUZ UP EFTDSJCF BOE DPNNV�
OJDBUF BCPVU BOZ PCTFSWFE QIFOPNFOPO XJUI B TJOHMF VOJWFSTBM MBOHVBHF� NBUIFNBUJDT�
ɨSPVHIPVU DFOUVSJFT IVNBOJUZ IBT EFWFMPQFE NPEFMT BOE UIFPSJFT UP VOEFSTUBOE BMNPTU
FWFSZUIJOH XF XJUOFTT� 'SPN UIF NJDSPTDPQJD JOmOJUFMZ TNBMM XPSME UP UIF NBDSPTDPQJD
JOmOJUFMZ MBSHF 6OJWFSTF BUPNT BSF TPNF PG UIF NPTU CBTJD DPOTUJUVFOUT XF LOPX� 'PS MPOH
BUPNT XFSF CFMJFWFE UP CF VOCSFBLBCMF TP UIBU CZ DPNCJOJOH BUPNT XF DPVME FYQMBJO UIF
DPOTUJUVUJPO PG BMM NBUUFS� /PXBEBZT UIF FYJTUFODF PG TVCBUPNJD QBSUJDMFT JT FTUBCMJTIFE
SFWFBMJOH UIF DPNQPVOE OBUVSF PG BUPNT� &BDI BUPN JT DPNQPTFE PG B TNBMM OVDMFVT NBEF
PG QSPUPOT BOE OFVUSPOT BOE BO FMFDUSPO DMPVE FYUFOEJOH GBS PVU GSPN UIF OVDMFVT 	UIF
OVDMFVT JT �� ��� TNBMMFS UIBO UIF BUPN
�

8F BSF JOUFSFTUFE JO UIF QSPQFSUJFT PG UIFTF BUPNT BOE JO QBSUJDVMBS XF BJN UP VOEFSTUBOE
BOE EFTDSJCF UIF DPMMFDUJWF CFIBWJPVS PG FMFDUSPOT� 'PS UIBU XF DPNCJOF UXP PG UIF NPTU
XFMM�LOPXO UIFPSJFT PG UIF ��UI DFOUVSZ� RVBOUVN NFDIBOJDT BOE HFOFSBM SFMBUJWJUZ� ɨF
GPSNFS JT JOUSJDBUF XJUI UIF JOmOJUFTJNBM OBUVSF PG FMFDUSPOT BOE BUPNT UIBU SFTVMUT JO B
EVBMJUZ PG DIBSBDUFST oDPSQVTDVMBS BOE XBWF�MJLFo GPS BMM NBUUFS XIJMF UIF MBUUFS EFBMT XJUI
IJHI FOFSHZ QIFOPNFOPO BOE TVQQMBOUFE DMBTTJDBM NFDIBOJDT� /FWFSUIFMFTT UIF EZOBNJ�
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4� 4DIJĊNBOO +� (� -J +� &LNBO (� (BJHBMBT .� (PEFGSPJE 1� +ÚOTTPO
5P CF TVCNJUUFE UP $PNQVU� 1IZT� $PNNVO� 	����


"*7 3FMBUJWJTUJD TFNJFNQJSJDBM�DPSF�QPUFOUJBM DBMDVMBUJPOT JO $B+ #B+ BOE 4S+ JPOT
PO -BHSBOHF NFTIFT�

-� 'JMJQQJO 4� 4DIJĊNBOO +� %PIFU�&SBMZ %� #BZF BOE .� (PEFGSPJE
1IZT� 3FW� " �� ������ 	����


"7 10-"-..� " QSPHSBN UP DPNQVUF QPMBSJ[BCJMJUJFT GPS OPNJOBM POF�FMFDUSPO
TZTUFNT VTJOH UIF -BHSBOHF�NFTI NFUIPE�

4� 4DIJĊNBOO -� 'JMJQQJO %� #BZF BOE .� (PEFGSPJE
$PNQVU� 1IZT� $PNNVO� ��� ������ 	����


JY



(SPVQ #� /VDMFBS QIZTJDT BQQMJDBUJPOT

#* /FX TUSVDUVSBM USFOET JO BUPNJD OVDMFJ GSPN MBTFS TQFDUSPTDPQZ PG UJO

%� 5� :PSEBOPW -� 7� 3PESJHVF[ %� -� #BMBCBOTLJ +� #JFSPƵ .� -� #JTTFMM
,� #MBVN #� $IFBM +� &LNBO (� (BJHBMBT 3� '� (BSDJB 3VJ[ (� (FPSHJFW
8� (JOT . �3� (PEFGSPJE $� (PSHFT ;� )BSNBO )� )FZMFO 1� +ÚOTTPO "�
,BOFMMBLPQPVMPT 4� ,BVGNBOO $� )� ,FJUFM 7� -BHBLJ 4� -FDIOFS #� .BBTT 4�
.BMCSVOPU�&UUFOBVFS 8� /B[BSFXJD[ 3� /FVHBSU (� /FZFOT 8� /ÚSUFSTIÊVTFS
/� 4� 0SFTILJOB "� 1BQPVMJB 1� 1ZZLLÚ 1��(� 3FJOIBSE 4� 4BJMFS 3� 4ÈODIF[ 4�
4DIJĊNBOO 4� 4DINJEU -� 8FIOFS $� 8SBJUI -� 9JF ;��:� 9V BOE 9��'� :BOH
$PNNVO� 1IZT� � ��� 	����


#** "C JOJUJP FMFDUSPOJD GBDUPST PG UIF A BOE B IZQFSmOF TUSVDUVSF DPOTUBOUT GPS UIF
5s25p6s 1,3P o

1 TUBUFT JO 4O *

"� 1BQPVMJB� 4� 4DIJĊNBOO� +� #JFSPƵ (� (BJHBMBT .� (PEFGSPJE ;� )BSNBO
1� +ÚOTTPO /� 4� 0SFTILJOB 1� 1ZZLLÚ BOE *� *� 5VQJUTZO
1IZT� 3FW� " ��� ������ 	����


#*** *O�HBT�DFMM MBTFS SFTPOBODF JPOJ[BUJPO TQFDUSPTDPQZ PG 196,197,198*S

.� .VLBJ :� )JSBZBNB :� 9� 8BUBOBCF 4� 4DIJĊNBOO +� &LNBO .� (PEFGSPJE
*� )BNBNPUP 1� 4DIVSZ :� ,BLJHVDIJ .� 0ZBJ[V .� 8BEB 4� $� +FPOH +� :�
.PPO +� )� 1BSL )� *TIJZBNB 4� ,JNVSB )� 6FOP .� "INFE "� 0[BXB )�
8BUBOBCF 4� ,BOBZB BOE )� .JZBUBLF
1IZT� 3FW� $ ��� ������ 	����


#*7 &MFDUSPOJD JTPUPQF TIJGU GBDUPST GPS UIF *S 5d76s2 4F9/2 → (PEE, J = 9/2) MJOF
BU ������� ON�

4� 4DIJĊNBOO BOE .� (PEFGSPJE
+� 2VBOU� 4QFDUSPTD� 3BEJBU� 5SBOTGFS ��� ������ 	����


�#PUI BVUIPST IBWF DPOUSJCVUFE FRVBMMZ�

Y



(SPVQ $� "TUSPQIZTJDT BQQMJDBUJPOT

$* "UPNJD TUSVDUVSF DBMDVMBUJPOT PG -BOEÏ g GBDUPST PG BTUSPQIZTJDBM JOUFSFTU XJUI
EJSFDU BQQMJDBUJPOT GPS TPMBS DPSPOBM NBHOFUPNFUSZ

4� 4DIJĊNBOO 5� #SBHF 1� +VEHF "� 1BSBTDIJG BOE ,� 8BOH
5P CF TVCNJUUFE UP "TUSPQIZT� +� 	����


$** #FODINBSLJOH "UPNJD %BUB GSPN -BSHF�TDBMF .VMUJDPOmHVSBUJPO %JSBDo
)BSUSFFo'PDL $BMDVMBUJPOT GPS "TUSPQIZTJDT� 4�MJLF *POT GSPN $S *9 UP $V 9*7

,� 8BOH $� 9� 4POH 1� +ÚOTTPO (� %FM ;BOOB 4� 4DIJĊNBOO .� (PEFGSPJE
(� (BJHBMBT 9� )� ;IBP 3� 4J $� :� $IFO BOE +� :BO
"TUSPQIZT� +� 4VQQM� 4FS� ��� �� 	����


(SPVQ %� /FHBUJWF JPOT

%* &YQFSJNFOUBM BOE UIFPSFUJDBM TUVEJFT PG UIF FYDJUFE TUBUFT PG *S−

.� ,� ,SJTUJBOTTPO 4� 4DIJĊNBOO +� (SVNFS +� ,BSMT /� EF 3VFUUF (� &LMVOE
7� *EFCÚIO %� (JCTPO 5� #SBHF )� ;FUUFSHSFO %� )BOTUPSQ BOE )� 5� 4DINJEU�
4VCNJUUFE UP 1IZT� 3FW� "

%** "C JOJUJP .$%)' DBMDVMBUJPOT PG UIF *O BOE 5M FMFDUSPO BċOJUJFT BOE UIFJS
JTPUPQF TIJGUT

3� 4J 4� 4DIJĊNBOO ,� 8BOH $� :� $IFO BOE .� (PEFGSPJE
4VCNJUUFE UP 1IZT� 3FW� "

"MM QBQFST BSF SFQSPEVDFE XJUI QFSNJTTJPO PG UIFJS SFTQFDUJWF QVCMJTIFST�

YJ



'VOEBNFOUBM DPOTUBOUT�

#PIS SBEJVT a0 = 5.29177210903(80)× 10−11 N
#PIS NBHOFUPO µB = 9.274 010 0783(28)× 10−24 + 5−1

&MFDUSPO NBTT me = 9.109 383 7015× 10−31 LH
&MFDUSPO g GBDUPS gs = −2.002 319 304 362 56
&MFNFOUBSZ DIBSHF e = 1.602 176 634× 10−19 $
'JOF�TUSVDUVSF DPOTUBOU α = 7.297 352 5693× 10−3

'SFF TQBDF QFSNFBCJMJUZ µ0 = 1.256 637 062 12(19)× 10−6 / "−2

'SFF TQBDF QFSNJUUJWJUZ ε0 = 8.854 187 8128(13)× 10−12 ' N−1

)BSUSFF FOFSHZ Eh = 4.359 744 722 2071× 10−18 +
1MBODL DPOTUBOU h = 6.626 070 15× 10−34 + )[−1

3FEVDFE 1MBODL DPOTUBOU ! = 1.054 571 817 . . . 10−34 + )[−1

3ZECFSH DPOTUBOU R∞ = 10 973 731.568 160 N−1

4QFFE PG MJHIU c = 299 792 458 N T−1

�7BMVFT UBLFO GSPN &� 5JFTJOHB 1� +� .PIS %� #� /FXFMM BOE #� /� 5BZMPS 	����
 iɨF ���� $0%"5"
3FDPNNFOEFE 7BMVFT PG UIF 'VOEBNFOUBM 1IZTJDBM $POTUBOUTw 	8FC 7FSTJPO ���
� %BUBCBTF EFWFMPQFE CZ
+� #BLFS .� %PVNB BOE 4� ,PUPDIJHPWB� "WBJMBCMF BU IUUQ���QIZTJDT�OJTU�HPW�DPOTUBOUT /BUJPOBM *OTUJUVUF PG
4UBOEBSET BOE 5FDIOPMPHZ (BJUIFSTCVSH .% ������

YJJ



-JTU PG BDSPOZNT

"- "WFSBHF MFWFM
"4 "DUJWF TFU
"4' "UPNJD TUBUF GVODUJPO
B�V� "UPNJD VOJUT
$$ $PSF�DPSF
$'1 $PFċDJFOUT PG GSBDUJPOBM QBSFOUBHF
$'(1 $PFċDJFOUT PG GSBDUJPOBM HSBOEQBSFOUBHF
$4' $POmHVSBUJPO TUBUF GVODUJPO
$4$0 $PNQMFUF TFU PG DPNNVUJOH PCTFSWBCMFT
$7 $PSF�WBMFODF
% %PVCMF
%$ %JSBD�$PVMPNC
%$# %JSBD�$PVMPNC�#SFJU
%)' %JSBD�)BSUSFF�'PDL
&"- &YUFOEFE BWFSBHF MFWFM
&0- &YUFOEFE PQUJNBM MFWFM
'4 'JFME TIJGU
)' )BSUSFF�'PDL
)'4 )ZQFSmOF TUSVDUVSF
)6. )ZMMFSBBT�6OEIFJN�.BD%POBME
*4 *TPUPQF TIJGU
*50 *SSFEVDJCMF UFOTPS PQFSBUPS
-#- -BZFS�CZ�MBZFS
-)4 -FGU�IBOE�TJEF
.$)' .VMUJDPOmHVSBUJPO )BSUSFF�'PDL
.$%)' .VMUJDPOmHVSBUJPO %JSBD�)BSUSFF�'PDL
.4 .BTT TIJGU
.#15 .BOZ�CPEZ QFSUVSCBUJPO
.3 .VMUJSFGFSFODF
/.4 /PSNBM NBTT TIJGU
0- 0QUJNBM MFWFM
1$'* 1BSUJUJPOFE DPSSFMBUJPO GVODUJPO JOUFSBDUJPO
14& 1FSJPEJD TZTUFN PG FMFNFOUT
15& 1FSJPEJD UBCMF PG FMFNFOUT
2 2VBESVQMF
2&% 2VBOUVN FMFDUSPEZOBNJDT
3$* 3FMBUJWJTUJD DPOmHVSBUJPO JOUFSBDUJPO
3)4 3JHIU�IBOE�TJEF
S'4 3FGPSNVMBUFE mFME TIJGU
SNT 3PPU NFBO TRVBSF
4 4JOHMF

YJJJ



4$' 4FMG�DPOTJTUFOU mFME
4& 4FMG�FOFSHZ
4.4 4QFDJmD NBTT TIJGU
43 4JOHMFSFGFSFODF
5 5SJQMF
6)' VOSFTUSJDUFE )BSUSFF�'PDL
7$ WFDUPS DPVQMJOH DPFċDJFOUT
77 7BMFODF�WBMFODF
8& 8JHOFS�&DLBSU
;' ;FSP�mSTU PSEFS NFUIPE

YJW



1BSU *

ɧFPSFUJDBM BOE DPNQVUBUJPOBM
CBDLHSPVOET

�





$IBQUFS �

*OUSPEVDUJPO

��� )JTUPSJD QFSTQFDUJWF

8IFO TUBSUJOH UP XSJUF NZ UIFTJT * DBNF BDSPTT BO JOUFSWJFX PG &UJFOOF ,MFJO GSFODI
QIZTJDJTU BOE QIJMPTPQIFS PG TDJFODFT�� )F EJTDVTTFE UIF JEFB UIBU iOPVT BWPOT VOF NBVWBJTF
DPOOBJTTBODF EF OPT DPOOBJTTBODFTw MJUFSBMMZ XF IBWF QPPS LOPXMFEHF PG PVS LOPXMFEHF UIBU
JT XF IBWF B UFOEFODZ UP GPSHFU IPX B QBSUJDVMBS LOPXMFEHF CFDBNF LOPXMFEHF BOE IPX JU
PWFSDBNF UIF BSHVNFOUT BHBJOTU JU GSPN QFPQMF UIBU IBE PQQPTJUF CFMJFWFT BU UIF UJNF� 5BL�
JOH UIF FYBNQMF PG UIF TQIFSJDBM TIBQF PG UIF FBSUI XFMM FTUBCMJTIFE JO UIF QPQVMBS PQJOJPO
TJODF UIF mSTU QJDUVSFT XFSF UBLFO GSPN TQBDF JO ���� IF RVFTUJPOFE� i$PNNFOU B�U�PO
TV RVF MB UFSSF ÏUBJU SPOEF &U RVBOE  <���> BWFD RVFMT BSHVNFOUT <���> Ë PQQPTFS Ë DFVY RVJ
QFOTBJFOU RVF MB UFSSF ÏUBJU QMBUF 	)PX EJE XF LOPX UIBU UIF FBSUI XBT SPVOE  "OE XIFO
 <���> XIBU XFSF UIF BSHVNFOUT <���> UP PQQPTF UP UIPTF XIP CFMJFWFE UIBU UIF FBSUI XBT
nBU 
� &WFO BT B TDJFOUJTU NZTFMG NZ BOTXFST UP UIFTF RVFTUJPOT XFSF POMZ QBSUJBM�

ɨFTF TNBMM EFTUBCJMJ[JOH RVFTUJPOT XFSF FOPVHI UP QVTI NZTFMG UP JOUFSSPHBUF IPX PVS
DPODFQUJPO PG UIF BUPN FWPMWFE UISPVHI UJNF BOE IPX UIF NPEFSO UIFPSZ PG UIF BUPNoB
RVBOUVN BUPN NBEF PG B OVDMFVT BOE B DMPVE PG XBWF�MJLF FMFDUSPOToXBT FTUBCMJTIFE BOE
VOJWFSTBMMZ BDDFQUFE� 5P HVJEF PVS UIPVHIUT XF GPMMPX UXP CPPLT UIBU QSPWJEF BO JOUFSFTU�
JOH IJTUPSJD QFSTQFDUJWF BCPVU UIF NPEFSO BUPNJD UIFPSZ <� �>�

�²UJFOOF ,MFJO � ²UIJRVF FU QIJMPTPQIJF EFT TDJFODFT MF SÙMF EFT TDJFOUJmRVFT  	WJEFP BWBJMBCMF TJODF
���������� BU IUUQT���XXX�ZPVUVCF�DPN�XBUDI W�,*XU5�D"",*


�



����� 'SPN UIF (SFFLT UP UIF BDDFQUBODF PG UIF BUPNJD UIFPSZ

*U JT PGUFO IFBSE UIBU UIF DPODFQU PG BO BUPN DPNFT GSPN BODJFOU (SFFL UJNF� *U XBT
JOEFFE NPTU MJLFMZ CPSO JO UIF BUPNJTU TDIPPM PG "CEFSB VOEFS UIF UFBDIJOH PG UIF GBNPVT
%FNPDSJUVT 	���o��� #$
� BOE IJT QSFEFDFTTPS -FVDJQQVT 	�UI DFOUVSZ #$
�� ɨF OBNF
BUPN JUTFMG JT (SFFL GPS JOEJWJTJCMF� ɨF EPDUSJOF UBVHIU CZ %FNPDSJUVT BOE -FVDJQQVT XBT
CBTFE PO UXP CBTJD DPOTUJUVFOUT BUPNT BOE WPJE� )PXFWFS iB DPMMFDUJPO PG UIF UFSNT PG UIF
QSFDFEJOH BUPNJTU RVPUBUJPOT QPJOUT PVU UIBU POF PG UIF UXP NPTU CBTJD DPOTUJUVFOUT BUPN JT
DBMMFE UIF GVMM DPNQBDU CFJOH UIF TPMJE� XIJMF UIF PUIFS QSJODJQBM JOHSFEJFOU UIF WPJE JT DBMMFE
UIF FNQUZ OPUIJOH OPOCFJOH BOE FMTFXIFSF JO PQQPTJUJPO UP DPNQBDU UIF SBSF� <���> UIF WPJE JT
BT SFBM BT UIF BUPNw� <� Q���>� ɨFJS QIJMPTPQIZ UIFSFGPSF BJNT UP FYQMBJO iUIF BMMw GPS XIJDI
UIFZ QPTUVMBUF BO JOmOJUF OVNCFS PG BUPNT PG JOmOJUF EJĊFSFOU GPSNT XIJDI XFSF DPNQBDU
PCKFDUT DPOTUBOUMZ NPWJOH BOE GSFF PG WPJE 	iXIBU JT OPUw 
� iUIFJS TVCTUBODF XBT GVMMw <� Q��>�
ɨF EJċDVMUZ UP BTTFTT UIBU JU JT JOEFFE BU UIBU UJNF BOE QMBDF UIBU UIF DPODFQU PG BO BUPN
XBT CPSO BSJTFT GSPN UIF MBDL PG BOUFSJPS XSJUJOH BOE UIF WFSZ GFX QJFDFT GSPN %FNPDSJUVT�
XPSL UIBU SFBDIFE VT UISPVHI UIF DFOUVSJFT�

.PTU PG XIBU XF LOPX BCPVU UIF FBSMZ BUPNJTU EPDUSJOF BDUVBMMZ DPNFT GSPN "SJTUPUMF 	���o
��� #$
 XIP NFSFMZ PWFSMBQQFE XJUI %FNPDSJUVT BOE XIP XBT QPXFSGVMMZ PQQPTFE UP UIF
OBUVSF JOEJWJTJCMF PG BOZ QIZTJDBM CPEZ� " NPSF DPNQMFUF BOBMZTJT PG "SJTUPUMF DSJUJDJTN
JT QSFTFOUFE JO UIF CPPL CZ .D%POOFMM <� Q���>� #FTJEFT UIF XSJUJOH PG "SJTUPUMF BOE
%FNPDSJUVT IJNTFMG UIF POMZ PUIFS BODJFOU TPVSDF JT -VDSFUJVT 	��o�� #$
 JO IJT %F 3FSVN
/BUVSB UIBU SFJOTUBUFE UIF BUPNJTU UIFPSZ� ɨF RVFTUJPO BTLFE CZ .D%POOFMM JT UIFSFGPSF
UP VOEFSTUBOE XIFUIFS UIF BUPN JNBHJOFE CZ UIF QIZTJDJTUT PG UIF ��UI DFOUVSZ MFE CZ
%BMUPO 	����o����
 JT UIF TBNF UIJOH PS TJNQMZ QPTTFTTFT UIF TBNF OBNF UIBU UIF POF
NFBOU CZ %FNPDSJUVT� ɨF SFMFWBODF PG TVDI BO JOUFSSPHBUJPO JT PCWJPVT XIFO DPOTJEFSJOH
UIF GBNPVT SFMBUJPO

� BUPN PG " QMVT � BUPN PG # � � BUPN PG $ CJOBSZ 	���


GSPN %BMUPO�T UIFPSZ <� Q� ���> XIJDI JT JO DMFBS DPOUSBEJDUJPO XJUI UIF JOEJWJTJCMF DIBS�
BDUFS PG %FNPDSJUVT� BUPNT� ɨF BOTXFS UP UIF BCPWF RVFTUJPO JT SFTVNFE CZ .D%POOFMM
BT GPMMPXT� i4PNF JOnVFODF ZFT� JEFOUJUZ OPw <� Q����>� ɨBU UIF OBNF BUPN XBT JOIFSJUFE
GSPN %FNPDSJUVT HPFT XJUIPVU RVFTUJPO QBTTFE UISPVHI UJNF NPTUMZ UIBOLT UP UIF mFSDF
PQQPTJUJPO PG "SJTUPUMF CVU iUIF DPOUFOU PG UIF OBNF DIBOHFE SBEJDBMMZw <� Q����> BOE DPO�
DMVEJOH iǲJT NFBOT UIFO UIBU %BMUPO�T HSBWJNFUSJD BUPN�DPODFQU XBT OFX� /POF PG %BMUPO�T
GFMMPX TDJFOUJTUT UVSOFE UP UIF BODJFOU EPDUSJOF UP mOE DPOmSNBUJPO PS FYQMJDBUJPO PG %BMUPO�T
PQFSBUJPOT� &TTFOUJBMMZ UIF OFX BUPN TJNQMZ EPFT OPU FRVBM UIF BODJFOU BUPN� *G UIJT CF USVF UIFO
UIPTF XIP FRVBMJ[F UIF UXP XJUIPVU EJTUJODUJPO EP B EJTTFSWJDF UP UIF USVUI� "O VOFRVJWPDBM

�ɨF EBUFT PG CJSUI BOE EFBUI BSF HJWFO GPS FBDI TDJFOUJTU JO QBSFOUIFTJT�
�/PUF UIBU UIF EBUFT PG CJSUI BOE EFBUI PG BODJFOU (SFFL QIJMPTPQIFST BSF BQQSPYJNBUF�

�



JEFOUJmDBUJPO PG UIF UXP BO FRVBUJOH PG UIF BODJFOU BOE UIF OFX XIFUIFS JO CPPL MFDUVSF PS
PSBUPSZ EPFT CBOFGVM BOE VOTDJFOUJmD EJTTFSWJDF UP UIF GBDUT�w <� Q����o���>�

*U JT TUJMM XPSUI GPMMPXJOH UIF NBKPS TUFQT JO UIF FWPMVUJPO PG BUPNJD UIFPSZ GSPN UIF EFG�
JOJUJPO HJWFO CZ UIF (SFFL QIJMPTPQIFST UP UIF DIFNJTUT PG UIF ��UI DFOUVSZ� 0OF NJHIU
BMTP CF TVSQSJTFE UIBU BUPNT XFSF ALOPXO� GPS BCPVU UXP NJMMFOOJB XIFO ASF�EJTDPWFSFE� CZ
%BMUPO -BWPJTJFS BOE PUIFST� 7BO .FMTFO IJHIMJHIUT JO IJT CPPL UXP SFBTPOT XIZ UIF TVQ�
QPSUFST PG BUPNJTN XFSF WFSZ GFX JO UIF .JEEMF "HFT�i*O UIF mSTU QMBDF %FNPDSJUVT� TZTUFN
TVąFSFE GSPN BO IFSFEJUBSZ JOGFDUJPO PG BOUJ�$ISJTUJBO NBUFSJBMJTN���4FDPOEMZ UIF "SJTUPUFMJBO
NJOJNB UIFPSZ PąFSFE BU MFBTU BT NBOZ QPTTJCJMJUJFT BT BUPNJTN�w <� Q����>� *U JT /FXUPO
	����o����
 IJNTFMG GPMMPXJOH UIF DPSQVTDVMBS QIJMPTPQIZ PG (BTTFOEJ 	����o����
 BOE
#PZMF 	����o����
 XIP MBJE UIF HSPVOE XPSL GPS UIF SFOFXBM PG BUPNJD QIZTJDT XJUI IJT
TUVEZ PO FMBTUJD nVJET 	J�F� HBT
 CZ QPTUVMBUJOH UIF IZQPUIFTJT UIBU HBTFT BSF DPOTUJUVUFE
PG SFQFMMJOH QBSUJDMFT� -BWPJTJFS 	����o����
 NBEF JNQPSUBOU DPOUSJCVUJPOT CZ SFEFmOJOH
AFMFNFOUT� BT iUIF OPUJPO PG UIF VMUJNBUF FOUJUZ BSSJWFE BU CZ BOBMZTJT� BMM TVCTUBODFT UIBU XF
IBWF OPU ZFU EFDPNQPTFE CZ BOZ NFBOT XF DPOTJEFS FMFNFOUT�w <� Q����> IFSFCZ JOWBMJEBUJOH
"SJTUPUMF GPVS FMFNFOUT 	FBSUI XBUFS BJS mSF
 BOE FTUBCMJTIJOH UIF MBX PG DPOTFSWBUJPO PG
NBUUFS UIBU XPVME CF UIF DPSOFSTUPOF GPS BMM GVUVSF SFTFBSDI JO BUPNJD QIZTJDT� ɨF DPO�
EJUJPOT XFSF UIFO PQUJNBM GPS 1SPVTU 	����o����
 BOE %BMUPO 	����o����
 UP EJTDPWFS
UIF HSBWJNFUSJD MBXT� UIF MBX PG DPOTUBOU QSPQPSUJPO BOE UIF MBX PG TJNQMF NVMUJQMF QSP�
QPSUJPOT SFTQFDUJWFMZ� iǲF mSTU TUBUF UIBU UXP FMFNFOUT BMXBZT DPNCJOF JO JOWBSJBOU SBUJPT PG
XFJHIU BOE UIF TFDPOE TQFDJmFT UIBU XIFO UXP FMFNFOUT DBO DPNCJOF JO TFWFSBM EJąFSFOU XBZT
UIFJS SFMBUJWF XFJHIUT JO UIF SFTVMUJOH DPNCJOBUJPOT GPSN TJNQMF SBUJPT UIBU JT UP TBZ SBUJPOBM
OVNCFST�w <� Q����> ɨFTF MBXT UVSO PVU UP CF DSVDJBM GPS %BMUPO UP FTUBCMJTI IJT UBCMF
PG SFMBUJWF XFJHIUT GPS B OVNCFS PG FMFNFOUT TVDI BT IZESPHFO PS PYZHFO� 6OGPSUVOBUFMZ
%BMUPO�T DPOTUBOU VTF PG UIF XPSE BUPN UP SFGFS UP DPNQPVOE TZTUFNT BEEFE DPOGVTJPO
VOUJM UIF XPSLT PG (BZ�-VTTBD 	����o����
 BOE "WPHBESP 	����o����
 XIP JOUSPEVDFE
UIF DPODFQU PG NPMFDVMFT�

ɨF VTF PG UIF HSBWJNFUSJD MBXT UP VOEFSTUBOE F�H� IPX UIF CBTJD DPOTUJUVFOUT PG XBUFS
DPNCJOFT XFSF BU UIF UJNF OPU BDDFQUFE CZ BMM� *O GBDU B OVNCFS PG 'SFODI DIFNJTUT MFE CZ
%VNBT 	����o����
 BUUBDLFE WJHPSPVTMZ UIF OFXMZ DSFBUFE BUPNJD UIFPSZ QSPDMBJNJOH UIBU
iXIFUIFS BODJFOU PS NPEFSO DIFNJTUT JOTJTU PO TFFJOH XJUI UIF FZFT PG UIF CPEZ OPU XJUI UIPTF
PG UIF NJOE� UIFZ BSF JOUFSFTUFE JO EFWFMPQJOH UIFPSJFT PG GBDUT OPU TFBSDIJOH GPS GBDUT TVQQPSUJOH
QSFDPODFJWFE UIFPSJFTw <� Q����>� ɨJT DSJUJDJTN UIBU OP�POF FWFS TFFT B HBT NPMFDVMF PS BO
BUPN XBT SFDVSSFOU BU UIF UJNF� 8F BSF BT GBS BT QPTTJCMF GSPN NPEFSO DPOTJEFSBUJPOT UIBU
MFE VT UP F�H� CVJME UIF -BSHF )BESPO $PMMJEFS 	-)$
 UP mOE B QBSUJDMF UIF )JHHT CPTPO
BMNPTU �� ZFBST BGUFS JUT UIFPSFUJDBM QSFEJDUJPO� 3FHBSEMFTT PG UIF BUUBDLT BHBJOTU BUPNJD
UIFPSZ UIF FWJEFODFT DPOUJOVFE UP NPVOU mOBMMZ BMMPXJOH .FOEFMFFW 	����o����
 JO
���� UP QSPQPTF IJT mSTU WFSTJPO PG UIF QFSJPEJD UBCMF PG FMFNFOUT� ɨF BSSBOHFNFOU PG UIF
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LOPXO FMFNFOUT BDDPSEJOH UP UIFJS BUPNJD XFJHIU SFWFBMFE B QFSJPEJD TUSVDUVSF PG UIFJS
DIFNJDBM QSPQFSUJFT� 'VSUIFSNPSF UIF TUSFOHUI PG UIF QFSJPEJD UBCMF XBT UP QSFEJDU UIF
FYJTUFODF PG OFX VOLOPXO FMFNFOUT CZ MFBWJOH FNQUZ TMPUT JO UIF UBCMF� 4UJMM UIF MBDL
PG JSSFGVUBCMF FWJEFODFT MFGU UIF TDJFOUJmD DPNNVOJUZ TQMJU VOUJM UIF JNQPSUBOU XPSL PG
1FSSJO 	����o����
 XIP EFUFSNJOFE "WPHBESP�T DPOTUBOU JO NVMUJQMF XBZT� )JT CPPL -FT
BUPNFT QVCMJTIFE JO ���� DBO CF DPOTJEFSFE BT UIF EFDJTJWF WJDUPSZ PG UIF BUPNJD UIFPSZ�
&WFO 1PJODBSÏ 	����o����
 XIP SFNBJOFE TDFQUJDBM VOUJM UIF WFSZ FOE BDLOPXMFEHFE UIF
FYJTUFODF PG BUPNT SJHIU CFGPSF IJT EFBUI BU B DPOGFSFODF PG UIF 'SFODI 1IZTJDBM 4PDJFUZ CZ
BENJUUJOH�iUIF BUPNJD IZQPUIFTJT IBT SFDFOUMZ BDRVJSFE FOPVHI DSFEFODF UP DFBTF CFJOH B NFSF
IZQPUIFTJT� "UPNT BSF OP MPOHFS KVTU B VTFGVM mDUJPO� XF DBO SJHIUGVMMZ DMBJN UP TFF UIFN TJODF
XF DBO BDUVBMMZ DPVOU UIFNw <� Q����>�

����� ɧF NPEFSO BUPN

*O UIF CFHJOOJOH PG UIF ��UI DFOUVSZ NBKPS BEWBODFT JO BUPNJD UIFPSZ PDDVSSFE GPMMPXJOH
UIF BDDFQUBODF PG BUPNT� "O JNQPSUBOU UVSOJOH QPJOU JT UIF EJTDPWFSZ CZ ɨPNTPO 	����o
����
 JO ���� PG B OFHBUJWFMZ DIBSHFE QBSUJDMF� UIF FMFDUSPO� *O IJT TUVEZ PO FMFDUSJDBM
EJTDIBSHFT JO MPX�EFOTJUZ HBTFT IF XBT BCMF UP EFNPOTUSBUF UIBU FMFDUSPOT XFSF EFUFDUFE JO�
EFQFOEFOU PG XIBU HBT XBT VTFE JO UIF FYQFSJNFOU� )F SJHIUGVMMZ DPODMVEFE i4JODF FMFDUSPOT
DBO CF QSPEVDFE CZ BMM DIFNJDBM FMFNFOUT XF NVTU DPODMVEF UIBU UIFZ FOUFS JO UIF DPOTUJUVUJPO
PG BMM BUPNT�w <� Q����>� ɨF OFVUSBM DIBSBDUFS PG BUPNT IPXFWFS GPSDFE TDJFOUJTUT UP QPT�
UVMBUF UIF FYJTUFODF PG B QPTJUJWF DIBSHF JO BUPNT UP DPVOUFSCBMBODF UIF OFHBUJWF DIBSHF
DBSSJFE CZ UIF FMFDUSPOT� ɨF mSTU FWFS NPEFM PG UIF BUPN XBT QSPQPTFE JO ���� CZ ,FMWJO
	����o����
 BOE ɨPNTPO JO XIJDI UIFZ EFTDSJCF BUPNT BT NBEF PG OFHBUJWFMZ DIBSHFE
QBSUJDMFT UIF FMFDUSPOT BOE B VOJGPSNMZ EJTUSJCVUFE QPTJUJWF FMFDUSJDBM DMPVE <� Q����>� ɨF
NBKPS QSPCMFN FODPVOUFSFE XJUI UIJT NPEFM CFTJEFT UIF QFDVMJBS EJĊFSFODF PG USFBUNFOUo
EJTDSFUF BOE DPOUJOVPVToPG UIF OFHBUJWF BOE QPTJUJWF DIBSHFT JT UIF PSJHJO PG UIF BUPNJD
NBTT MBSHFMZ TVQFSJPS UP UIBU PG UIF FMFDUSPO�

3VUIFSGPSE 	����o����
 PWFSDBNF UIF RVFTUJPO PG UIF BUPNJD NBTT UIBOLT UP IJT GBNPVT
FYQFSJNFOU� )F CPNCBSEFE UIJO MBZFST PG HPME XJUI α QBSUJDMFT BOE PCTFSWFE UIFJS TDBU�
UFSJOH� )JT PCTFSWBUJPOT MFE IJN UP QSPQPTF UIF QMBOFUBSZ NPEFM PG UIF BUPN JO ���� JO
XIJDI IF QPTUVMBUFE UIF FYJTUFODF PG B OVDMFVT UIBU JT DBSSZJOH B QPTJUJWF DIBSHF FRVBM UP UIF
TVN PG UIF OFHBUJWF DIBSHFT DBSSJFE CZ BMM FMFDUSPOT BOE BDDPVOUJOH GPS NPTU 	BMNPTU BMM
 PG
UIF BUPNJD NBTT BOE UIBU JT PG EJNFOTJPOT 10−5 TNBMMFS UIBO UIF BUPN JUTFMG UP FYQMBJO UIF
NFBTVSFE TDBUUFSJOH EJTUSJCVUJPO� *O IJT NPEFM UIF FMFDUSPOT BSF SPUBUJOH BSPVOE UIF OV�
DMFVT UIBOLT UP UIF $PVMPNC GPSDFT NVDI MJLF QMBOFUT BSF PSCJUJOH BSPVOE UIF 4VO UIBOLT
UP UIF HSBWJUBUJPOBM GPSDF� )PXFWFS IJNTFMG XBT BXBSF UIBU IJT NPEFM XBT OPU WJBCMF BT
JU JT XFMM�LOPXO GSPN DMBTTJDBM FMFDUSPEZOBNJDT TJODF TVDI FMFDUSPOT XPVME DPOUJOVPVTMZ
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MPTF FOFSHZ IFODF QSPHSFTTJWFMZ GBMMJOH POUP UIF OVDMFVT� ɨF NBJO GFBUVSF PG UIF NPEFM JT
UIFSFGPSF UIF EJTDPWFSZ PG UIF OVDMFVT BOE MBUFS PG UIF QSPUPO JEFOUJmFE BT UIF FMFNFOUBSZ
QPTJUJWFMZ DIBSHFE QBSUJDMF BOE ���� UJNFT IFBWJFS UIBO BO FMFDUSPO�

ɨF TIPSUDPNJOHT PG UIF QMBOFUBSZ NPEFM QSPQPTFE CZ 3VUIFSGPSE MFE #PIS 	����o����
 UP
QSPQPTF IJT PXO NPEFM PG UIF BUPN B GFX ZFBST MBUFS 	����
 	TFF 4FD� ���
� )F XBT HVJEFE CZ
UIF PSJHJOBM UIFPSZ PG MJHIU RVBOUB CZ 1MBODL 	����o����
 BOE &JOTUFJO 	����o����
 BOE
CZ UIF FNQJSJDBM SFMBUJPO PCTFSWFE CZ #BMNFS 	����o����
 JO IJT XPSL PO BUPNJD TQFDUSB PG
IZESPHFO� 5P SFTPMWF UIF JOBEFRVBUJPO PG UIFPSZoFYQFSJNFOU PO UIF CMBDLCPEZ SBEJBUJPO
EJTUSJCVUJPO 1MBODL QPTUVMBUFE UIBU NBUUFS FNJUT BOE BCTPSCT MJHIU JO EJTDSFUF iQBDLBHFTw
UIBU BSF NVMUJQMF PG FMFNFOUBSZ RVBOUVN PG MJHIU 	����
� ɨF FYJTUFODF PG MJHIU RVBOUB
TUSPOHMZ PQQPTFE UP UIF CFMJFWF UIBU FOFSHZ XBT FYDIBOHFE DPOUJOVPVTMZ� &JOTUFJO�T XPSL
PO UIF QIPUPFMFDUSJD FĊFDU B GFX ZFBST MBUFS 	����
 FTUBCMJTIFE UIF DPSQVTDVMBS OBUVSF PG
MJHIU� -JHIU JT DPNQPTFE PG FMFNFOUBSZ QBSUJDMFT DBMMFE QIPUPOT UIBU IBWF FOFSHJFT FRVBM UP
UIF GVOEBNFOUBM MJHIU RVBOUB JOUSPEVDFE CZ 1MBODL� #PIS�T CSJMMJBOU JEFB XBT UP DPNCJOF
UIF QMBOFUBSZ NPEFM PG 3VUIFSGPSE XJUI UIF UIFPSZ PG MJHIU RVBOUB� )JT NPEFM CSPVHIU
UIF TBUJTGBDUPSZ SFTVMU UP FYQMBJO #BMNFS�T GPSNVMB XIJDI EFTDSJCFT BUPNJD TQFDUSB VTJOH
TJNQMF JOUFHFST� #PIS TVHHFTUFE UIBU FWFSZ BUPNJD TZTUFN QPTTFTTFT B EJTDSFUF OVNCFS PG
QPTTJCMF TUBUFT FBDI BTTPDJBUFE UP B EJĊFSFOU FOFSHZ BOE UIBU UIF GSFRVFODZ PG UIF FNJUUFE
MJHIU JT mYFE CZ UIF DIBOHF JO FOFSHZ� ɨJT JNQMJFT UIBU FMFDUSPOT NPWF JO DFSUBJO TFMFDUFE
PSCJUT XJUI DPOTUBOU FOFSHZ BOE IBWF UIF QPTTJCJMJUZ UP KVNQ UP BOPUIFS PSCJU CZ FNJUUJOH
	PS BCTPSCJOH
 B RVBOUVN PG MJHIU XJUI BO FOFSHZ FRVBM UP UIF FOFSHZ EJĊFSFODF CFUXFFO
UIF UXP PSCJUT hν = E1 − E2� #PIS�T NPEFM PG UIF BUPN PQFOFE UIF EPPS UP RVBOUVN
NFDIBOJDT BT XF LOPX JU�

ɨF SFDVSSFOU VTF PG JOUFHFST BMSFBEZ BQQFBSJOH JO #BMNFS�T GPSNVMB BOE JOIFSJUFE GSPN UIF
UIFPSZ PG RVBOUB JO #PIS�T NPEFM XBT UIF mSTU TUFQ UPXBSE UIF XBWF�MJLF CFIBWJPVS PG NBU�
UFS� *OEFFE JOUFHFST BSF GSFRVFOU JO BMM QIZTJDT QIFOPNFOB UIBU EFBM XJUI XBWFT TVDI BT
BDPVTUJDT PS PQUJDT� 4UBOEJOH XBWFT GPS FYBNQMF BSF DIBSBDUFSJ[FE CZ UIFJS OVNCFS PG OPEFT
	���. . . 
� *U JT UIFSFGPSF OPU TP TVSQSJTJOH UP JNBHJOF UIBU FMFDUSPOT DPVME 	QBSUMZ
 CFIBWF
BT XBWFT� .PSFPWFS BT EJTDVTTFE FBSMJFS MJHIU UIBU XBT BMXBZT DPOTJEFSFE B XBWF IBE KVTU
BDRVJSFE QBSUJDMF�MJLF DIBSBDUFS� ɨJT EVBMJUZ XBT NBEF FYQMJDJU CZ EF #SPHMJF 	����o����

XIP JOTQJSFE CZ &JOTUFJO�T GPSNVMB E = mc2 J�F� UP BOZ QBSUJDMF PG NBTT m JT BTTPDJBUFE
BO FOFSHZ E = mc2 BTTJHOFE UP BOZ QBSUJDMF B GSFRVFODZ ν BOE BO FOFSHZ E = hν� EF
#SPHMJF XFOU POF TUFQ GVSUIFS CZ FTUBCMJTIJOH BOPUIFS SFMBUJPO λ = h/p XIJDI BTTPDJBUFT
UP BOZ QBSUJDMF XJUI UIF NPNFOUVN p B XBWF PG XBWFMFOHUI λ� ɨFTF SFMBUJPOT FTUBCMJTI
UIF EVBM OBUVSF oDPSQVTDVMBS BOE XBWF�MJLFo PG BOZ NBUFSJBM� "OE TP EPFT RVBOUJ[BUJPO MPTF
JUT NZTUFSZ� JU CFDPNFT B OBUVSBM DPOTFRVFODF PG UIF TUBOEJOH XBWF DIBSBDUFS PG FMFDUSPOT JO BO
BUPN� <� Q����>
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"DLOPXMFEHJOH UIF XBWF DIBSBDUFS PG NBUUFS 4DISÚEJOHFS 	����o����
 EFSJWFE UIF XBWF
FRVBUJPO UIBU DBSSJFT IJT OBNF UIF 4DISÚEJOHFS FRVBUJPO� ɨF NBUIFNBUJDBM EFUBJMT BSF EJT�
DVTTFE GVSUIFS JO MBUFS TFDUJPOT CVU JUT NBJO GFBUVSFT BSF UIF GPMMPXJOH� ɨF TPMVUJPO PG
UIF UJNF�JOEFQFOEFOU FRVBUJPO QSPWJEFT B XBWF GVODUJPO UIBU EFTDSJCFT UIF QBSUJDMF JO B
QBSUJDVMBS TUBUF PG FOFSHZ E� ɨF JOUFSQSFUBUJPO PG XIBU UIF XBWF GVODUJPO SFBMMZ JT MFE
UIF QIZTJDJTUT UP DPOTJEFSBCMF EFCBUFT� "T BO FYBNQMF 4DISÚEJOHFS IJNTFMG DPOTJEFSFE UIF
XBWF GVODUJPO BT SFBM QSPQFSUZ PG UIF FMFDUSPOT KVTU BT SFBM BT BDPVTUJD PS PQUJD XBWFT� "
WFSZ EJĊFSFOU JOUFSQSFUBUJPO XBT QSPQPTFE CZ #PSO 	����o����
 BOE JT XJEFMZ BDDFQUFE
UPEBZ�iǲF TRVBSF PG UIF NPEVMF PG UIF XBWF GVODUJPO Ψ BU BOZ HJWFO QPJOU BOE BOZ HJWFO JO�
TUBOU JT B NFBTVSF PG UIF QSPCBCJMJUZ UIBU UIF DPSSFTQPOEJOH QBSUJDMF CF GPVOE BU UIBU QPJOU BOE BU
UIBU JOTUBOU�w <� Q����> � ɨJT JOUFSQSFUBUJPO DIBOHFE SBEJDBMMZ PVS QFSDFQUJPOT PG UIF BUPN
BOE FMFDUSPOT� UIFSF JT OP DFSUBJOUZ BCPVU BO FMFDUSPO QPTJUJPO� 0OMZ B DFSUBJO QSPCBCJMJUZ
UP mOE JU JO B DFSUBJO WPMVNF PG TQBDF� /FWFSUIFMFTT BO FMFDUSPO DPVME CF EFUFDUFE FYQFSJ�
NFOUBMMZ F�H� CZ TDJOUJMMBUJPO PO B nVPSFTDFOU TDSFFO BOE JUT QPTJUJPO SFTPMWFE BOE LOPXO�
)PX DPODJMJBUF UIBU B TQSFBE�PVU XBWF�FMFDUSPO TVEEFOMZ DPODFOUSBUF JO B HJWFO QPJOU PG
TQBDF  ɨF DPMMBQTF PG UIF XBWF GVODUJPO JT PCWJPVTMZ B EJċDVMU QIFOPNFOPO UP JOUFSQSFU�
ɨF CFTU FYQMBOBUJPO JT UIBU UIF XBWF GVODUJPO DPMMBQTFT EVF UP PVS PXO JOUFSWFOUJPO J�F�
CZ EPJOH UIF NFBTVSFNFOU�

8F IFSF TUPQ PVS IJTUPSJDBM QFSTQFDUJWF PO BUPNJD UIFPSZ MFBWJOH PVU JNQPSUBOU BTQFDUT
EVF UP UIFJS JODSFBTJOH NBUIFNBUJDBM DPNQMFYJUZ� 4PNF BSF EJTDVTTFE JO HSFBU EFUBJMT JO
MBUFS TFDUJPOT� /FWFSUIFMFTT JU JT JNQPSUBOU UP DJUF UIF OBNFT PG %JSBD 	����o����
 XIP
QSPQPTFE BOPUIFS XBWF FRVBUJPO GPS UIF FMFDUSPO B GFX ZFBST BGUFS 4DISÚEJOHFS UIBU SF�
WFBMFE UIF FYJTUFODF PG UIF QPTJUSPO BOUJ�QBSUJDMF PG UIF FMFDUSPO BOE UIFSFGPSF BOUJ�NBUUFS
JO HFOFSBM 1BVMJ 	����o����
 XIP UPPL BEWBOUBHF PG UIF EJTDPWFSZ PG UIF FMFDUSPO TQJO
UP FTUBCMJTI IJT FYDMVTJPO QSJODJQMF )FJTFOCFSH 	����o����
 BOE IJT VODFSUBJOUZ QSJODJQMF
PS &JOTUFJO 	����o����
 BOE UIF UIFPSZ PG SFMBUJWJUZ� 'JOBMMZ XF TIPVME BU UIF WFSZ MFBTU
NFOUJPO $VSJF 	����o����
 XIP�T XPSL PO SBEJPBDUJWJUZ QSPPGFE XSPOH %FNPDSJUVT BOE
-FVDJQQJVT PODF BOE GPS BMM� BUPNT BSF OPU JOEJWJTJCMF�

��� ɧF QFSJPEJD TZTUFN PG FMFNFOUT

ɨF QFSJPEJD UBCMF PG FMFNFOUT 	15&
 JT UIF QMBZHSPVOE PG BUPNJD QIZTJDJTUT 	TFF 'JH� ���

BMUIPVHI JU NJHIU CF NPSF GBJUIGVM UP JOUSPEVDF BUPNT BT GPSNJOH B QFSJPEJD TZTUFN PG FMFNFOUT
	14&
 HSBQIJDBMMZ EJTQMBZFE JO UBCMFT TVDI BT UIF JDPOJD 15& 	TFF F�H� <�>
� ɨF 15& BT
XF LOPX JU JT CBTFE PO UIF PCTFSWBUJPO PG TJNJMBSJUJFT PG DIFNJDBM QSPQFSUJFT PG HSPVQT PG
FMFNFOUT� #BTFE PO UIF HSBQIJDBM EJTQMBZ PG UIF 15& 8BOH BOE 4DIXBS[ <�> MJTU iWFSUJDBMw
HSPVQT TVDI BT -Jo, PS )Fo3O iIPSJ[POUBMw HSPVQT TVDI BT $So$V PS -Bo-V CVU BMTP
iEJBHPOBMw HSPVQT BT #Fo"M UIBU XFSF PCTFSWFE QSJPS UP UIF 15&� 'JOBMMZ TNBMMFS HSPVQT BSF
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GPSNFE CZ QBJST PG FMFNFOUT TIBSJOH JOUFSFTUJOH QSPQFSUJFT TVDI BT "H�5M 	iLOJHIU�T NPWF
QBJSw
 3V�1U 	iDPOOFDUFE mFMETw
 PS "M�'F 	iEJTUBOU QBJSw
� *OUFSFTUJOHMZ UIF MBSHF WBSJFUZ PG
BUPNJD BOE DIFNJDBM QSPQFSUJFT TVDI BT BUPNJD SBEJJ OVNCFS PG FMFDUSPOT JO WBMFODF TIFMMT
EPNJOBOU WBMFODF OVNCFST FMFDUSPOFHBUJWJUZ SFBDUJWJUJFT . . .  BSF CFTU PSEFSFE BDDPSEJOH
UP UIF OVDMFBS DIBSHF Z� "OZ BUUFNQUT UP DMBTTJGZ FMFNFOUT BDDPSEJOH UP BOPUIFS RVBOUJUZ
XBT VOTVDDFTTGVM� JU JT UIF OVDMFBS DIBSHF UIBU EFUFSNJOFT GVMMZ UIF PSEFSJOH PG UIF FMFNFOUT
BOE SFWFBMT UIF QFSJPEJDJUJFT PG DIFNJDBM QSPQFSUJFT�

ɨF PSJHJO PG UIFTF QFSJPEJDJUJFT JT NPTU MJLFMZ DFOUSFE BSPVOE UIF OPCMF HBTFT BOE UIF DMP�
TVSF PG UIF 1s2 BOE np6 TIFMMT� 5PHFUIFS XJUI FMFNFOUT CFMPOHJOH UP UIF QSFWJPVT HSPVQ
	HSPVQ ��� IBMPHFOT
 BOE UIF OFYU HSPVQ 	HSPVQ �� BMLBMJ NFUBMT
 UIFZ BSF UIF CBDLCPOF
PG UIF 14& <�>� .PTU PG UIF PUIFS FMFNFOUT BSF UIFSFGPSF EFmOFE XJUI UIFJS EJTUBODF GSPN
UIF OPCMF HBTFT� ɨFJS FYUSBPSEJOBSZ TUBCJMJUZ JT EVF UP UIF MBSHF FOFSHZ HBQ BCPWF UIBU
NBLFT UIF FYUSB FMFDUSPO PG UIFJS TVDDFTTPS FMFNFOUT MPPTFMZ CPVOE BOE DPSSFTQPOEJOHMZ
UIFTF FMFNFOUT BSF FMFDUSPQPTJUJWF XIJMF UIFJS QSFEFDFTTPST IBWF WBMFODF�BDUJWF p�IPMFT� UIFZ
BSF FMFDUSPOFHBUJWF� ɨF VOEFSTUBOEJOH PG UIF DIFNJDBM QSPQFSUJFT PG FMFNFOUT CFMPOHJOH
UP HSPVQT � UP �� DPSSFTQPOEJOH UP UIF mMMJOH PG UIF d�TIFMMT JT NPSF EJċDVMU� (SPVQ ��
	/J�1E�1U
 JT QBSUJDVMBSMZ JOUFSFTUJOH� ɨF HSPVOE DPOmHVSBUJPOT PG UIF CPVOE GSFF BUPNT
BSF 3d84s2 4d105s0 BOE 5d96s SFTQFDUJWFMZ UIBU NBLF JU OPU FBTZ UP SFMBUF UIFN XJUI
DIFNJDBM USFOET� &YUSBPSEJOBSJMZ UIF /J BUPN JO B DPNQPVOE TVDI BT /J	$0
4 BOE UIF
GSFF�BUPN /J BSF EJTTJNJMBS� ɨFJS HSPVOE DPOmHVSBUJPOT BSF 4d10 GPS UIF DPNQPVOE /J
BOE 3d84s2 GPS UIF GSFF BUPN� UIFZ TJHOJmDBOUMZ EJĊFS� 8IFO JOTFSUFE JO DPOUBDU XJUI
JUT FOWJSPONFOU UIF BUPNJD WBMFODF s PSCJUBM PWFSMBQT XJUI s PSCJUBMT PG PUIFS BUPNT UIBU
EFTUBCJMJ[FT UIF BUPNJD PSCJUBMT BOE MFBET UP B NVDI MPXFS FOFSHZ GPS UIF nd PSCJUBM DPN�
QBSFE UP UIF (n + 1)s PSCJUBM <�>� *O UIJT UIFTJT XF FYDMVTJWFMZ GPDVT PO GSFF BUPNT BOE
DPOTJEFS POMZ UIF JOnVFODF PG FYUFSOBM FMFDUSPNBHOFUJD mFMET PO UIF FMFDUSPOJD TUSVDUVSF�

ɨF 15& JT BO FYDFMMFOU UPPM UP QSFEJDU DIFNJDBM QSPQFSUJFT UIBOLT UP UIF PCTFSWFE USFOET
BMPOH FMFNFOUT PG B HJWFO HSPVQ PS QFSJPE� )PXFWFS UIFTF USFOET TUBSU UP CF CSPLFO UPXBSE
UIF FOE PG UIF 15&� ɨJT JT FYQMBJOFE CZ UIF HSPXJOH JOnVFODF PG SFMBUJWJUZ UIBU QFSUVSCT
DPOTJEFSBCMZ UIF FMFDUSPOJD BUPNJD TUSVDUVSFT� ɨF SFMBUJWJTUJD FąFDUT BSF TPNFXIBU IBSE UP
EFmOF QSFDJTFMZ� 1ZZLLÚ BOE %FTDMBVY <�> EFmOF UIF SFMBUJWJTUJD FĊFDUT BT UIF EJĊFSFODFT
PCTFSWFE XIFO VTJOH BO JOmOJUF WBMVF GPS c UIF TQFFE PG MJHIU BOE JUT BDUVBM mOJUF WBMVF�
ɨBU BNCJHVJUZ JT BMTP SBJTFE CZ 'SPFTF 'JTDIFS FU BM� UIBU SFGFS UP SFMBUJWJTUJD FĊFDUT BT
UIF EJĊFSFODF CFUXFFO UIF 4DISÚEJOHFS BOE %JSBD FRVBUJPOT <� §�>� 8JUI UIF MBUUFS EFG�
JOJUJPO UIF DPSSFDUJPO UP UIF $PVMPNC PQFSBUPS LOPXO BT UIF #SFJU JOUFSBDUJPO JT OPU B
SFMBUJWJTUJD FĊFDU� 'PMMPXJOH 1ZZLLÚ BOE %FTDMBVY XF EJTDVTT UISFF NBJO SFMBUJWJTUJD FĊFDUT�
PSCJUBM DPOUSBDUJPOT TQJO�PSCJU TQMJUUJOH BOE SFMBUJWJTUJD TFMG�DPOTJTUFOU FYQBOTJPOT <�>� ɨF
PSCJUBM DPOUSBDUJPOT BĊFDU NPTUMZ UIF s BOE p1/2 PSCJUBMT UIBU BSF QVMMFE UPXBSE UIF OV�
DMFVT� #FDBVTF UIFTF PSCJUBMT BSF DPOUSBDUFE UIFZ QSPWJEF B NPSF FċDJFOU TDSFFOJOH PG UIF
OVDMFBS DIBSHF XIJDI FYQMBJOT UIF FYQBOTJPO PG UIF p3/2 BOE IJHIFS l�BOHVMBS NPNFOUB
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speed of light in vacuum 299 792 458  m sí1

Planck constant 6.626 070 15 x 10í34 J Hz í1 
elementary charge
electron energy
proton mass
fine-structure constant 1/137.035 999
Rydberg constant 10 973 731.569  mí1

Boltzmann constant 1.380 65 x 10í23 J Kí1

c
h
e

molar gas constant 8.314 5 J molí1 Kí1

electron volt 1.602 177 x 10-19 J  

(exact)

0.510 998 950  MeV

13.605 693 eV

R
R c
R

R

hc

mec
2

mp

1.602 176 634 x 10í19 C 

1.672 622 x 10í27 kg 

3.289 841 960 x 1015 Hz

eV
k

P  E  R  I  O  D  I  C     T  A  B  L  E

Atomic Properties of the Elements
FREQUENTLY USED FUNDAMENTAL PHYSICAL CONSTANTS§  

1 second = 9 192 631 770 periods of radiation corresponding to the 
transition between the two hyperfine levels of the ground state of 133Cs 

speed of light in vacuum 299 792 458  m sí1

Planck constant 6.626 070 15 x 10í34 J Hz í1 
elementary charge

fine-structure constant 1/137.035 999
Rydberg energy

Boltzmann constant 1.380 649 x 10í23 J Kí1

c
h
e

electron volt 1.602 176 634 x 10-19 J  

(exact)
(exact)
(exact)
(exact)
(exact)
(exact)

13.605 693 1230 eVR hc

1.602 176 634 x 10í19 C 

eV
k

Newtonian constant of 
gravitation

6.674 x 10í�� m3 kgí� sí�G

 117

Ts
Tennessine

(294)

Solids

Artificially
Prepared

Liquids
Gases

 58
Ce
Cerium
140.12

5.5386

°

Atomic
Number

Symbol

Name

Ground-state
Configuration

Ground 
State

Ionization
Energy (eV)

†Based upon 12C. () indicates the mass number of the longest-lived isotope.

Standard
Atomic

Weight†(u)

 29
Cu
Copper
63.546

7.7264

 11
Na
Sodium
22.990

5.1391

 12
Mg

Magnesium
24.305

7.6462

 13
Al

Aluminum
26.982

5.9858

 14
Si

Silicon
 28.085

8.1517

 15
P

Phosphorus
30.974

10.4867

 16
S

Sulfur
 32.06

10.3600

 17
Cl

Chlorine
 35.45

12.9676

 18
Ar
Argon
39.948

15.7596

 1 2S1/2

H
Hydrogen

1.008

13.5984

 4
Be

Beryllium
9.0122

9.3227

 37
Rb

Rubidium
85.468

4.1771

 55
Cs
Cesium
132.91

3.8939

 42
Mo

Molybdenum
95.95

7.0924

 41
Nb
Niobium
92.906

6.7589

 86
Rn
Radon
(222)

10.7485

 74
W

Tungsten
183.84

7.8640

 43
Tc

Technetium
(97)

7.1194

 75
Re

Rhenium
186.21

7.8335

 44
Ru

Ruthenium
101.07

7.3605

 76
Os
Osmium
190.23

8.4382

 45
Rh
Rhodium
102.91

7.4589

 77
Ir

Iridium
192.22

8.9670

 46
Pd

Palladium
106.42

8.3369

 78
Pt

Platinum
195.08

8.9588

 47
Ag
Silver
107.87

7.5762

 79
Au

Gold
196.97

9.2256

 48
Cd
Cadmium
112.41

8.9938

 80
Hg
Mercury
200.59

10.4375

 60
Nd

Neodymium
144.24

5.5250

 62
Sm

Samarium
150.36

5.6437

 63
Eu

Europium
151.96

5.6704

 64
Gd

Gadolinium
157.25

6.1498

 65
Tb
Terbium
158.93

5.8638

 61
Pm

Promethium
(145)

5.577

 66
Dy

Dysprosium
162.50

5.9391

 67
Ho

Holmium
164.93

6.0215

 68
Er

Erbium
167.26

6.1077

 69
Tm
Thulium
168.93

6.1843

 49
In
Indium
114.82

5.7864

 50
Sn

Tin
118.71

7.3439

 51
Sb

Antimony
121.76

8.6084

 52
Te

Tellurium
127.60

9.0097

 53
I

Iodine
126.90

10.4513

 81
Tl

Thallium
  204.38

6.1083

 82
Pb
Lead
207.2

7.4167

 83
Bi

Bismuth
208.98

7.2855

 84
Po

Polonium
(209)

8.414

 85
At

Astatine
(210)

 58
Ce
Cerium
140.12

5.5386

 59
Pr

Praseodymium

5.4702

 70
Yb

Ytterbium
173.05

6.2542

 90
Th

Thorium
232.04

6.3067

 92
U

Uranium
238.03

6.1941

 93
Np

Neptunium
(237)

6.2655

 94
Pu

Plutonium
(244)

6.0258

 95
Am

Americium
(243)

5.9738

 96
Cm
Curium
(247)

5.9914

 91
Pa

Protactinium
231.04

5.89

 97
Bk

Berkelium
(247)

6.1978

 98
Cf

Californium
(251)

6.2817

 99
Es

Einsteinium
(252)

6.3676

 100
Fm
Fermium

(257)

6.50

 101
Md

Mendelevium
(258)

6.58

 102
No

Nobelium
(259)

6.66

° ° °

° °

° °

°

°

° ° ° ° ° ° °

°

°

° °

° °

° ° ° °°

 105  107 106  108  109  111 110  112
Db
Dubnium

(268)

Sg
Seaborgium

(269)

Hs
Hassium

(269)

Bh
Bohrium

(270)

Mt
Meitnerium

(278)

Ds
Darmstadtium

(281)

Rg
Roentgenium

(282)

°

1s

 114  116

 3

1s22s

Li
Lithium
 6.94

5.3917

 10
Ne
Neon

20.180

21.5645

 2
He
Helium
4.0026

24.5874

 9
O

Oxygen
15.999

13.6181

 8
F

Fluorine
18.998

17.4228

 7
N

Nitrogen
 14.007

14.5341

 6
C

Carbon
 12.011

11.2603

 5
B

Boron
 10.81

8.2980

 57
La

Lanthanum
138.91

5.5769

 89
Ac

Actinium
(227)

5.3802

 71
Lu

Lutetium
174.97

5.4259

 103
Lr

Lawrencium
(266)

4.96

 87
Fr

Francium
(223)

4.0727

 88
Ra
Radium
(226)

5.2784

 104  

Rf
Rutherfordium

(267)

6.02

 72
Hf

Hafnium
178.49

6.8251

 40
Zr

Zirconium
91.224

6.6341

 39
Y

Yttrium
88.906

6.2173

 38
Sr

Strontium
87.62

5.6949

140.91

 56
Ba
Barium
137.33

5.2117

 73
Ta

Tantalum
180.95

7.5496

 54
Xe
Xenon

 131.29

12.1298

 19
K

Potassium
39.098

4.3407

 20
Ca
Calcium
40.078

6.1132

 21
Sc

Scandium
44.956

6.5615

 22
Ti

Titanium
47.867

6.8281

 30
Zn

Zinc
65.38

9.3942

 31
Ga
Gallium
69.723

5.9993

 32
Ge

Germanium
72.630

7.8994

 33
As Se
Arsenic
74.922

9.7886

 34

Selenium
78.971

9.7524

 35
Br

Bromine
79.904

11.8138

 36
Kr
Krypton
83.798

13.9996

 23
V

Vanadium
50.942

6.7462

 24
Cr

Chromium
51.996

6.7665

 25
Mn

Manganese
54.938

7.4340

 26
Fe
Iron

55.845

7.9025

 27
Co
Cobalt
58.933

7.8810

 28
Ni
Nickel
58.693

7.6399

Cn
Copernicium

(285)

Fl
Flerovium

(289)

Lv
Livermorium

(293)

NIST SP 966 (July 2019)

P
er

io
d

1

6

5

4

3

2

7

For the most precise values and uncertainties visit ciaaw.org and pml.nist.gov/data.

2S1/2

1s22s2

2S1/2

2S1/2

[Ne]3s2[Ne]3s

1S0

2S1/2
1S0

2S1/2
1S0

2S1/2
1S0

[Ar]4s2[Ar]4s

[Kr]5s2[Kr]5s

[Xe]6s2[Xe]6s

[Rn]7s2[Rn]7s

1G4

[Xe]4f5d6s2

2D3/2
3F2

2D3/2
3F2

3F2

3F2

[Ar]3d4s2 [Ar]3d24s2

[Kr]4d5s2 [Kr]4d25s2

[Xe]4f145d26s2

[Rn]5f146d27s2

4F3/2
7S3

6D1/2
7S3

4F3/2
5D0

[Xe]4f145d36s2 [Xe]4f145d46s2

[Kr]4d45s [Kr]4d55s

[Ar]3d34s2 [Ar]3d54s

6S5/2
5D4

[Ar]3d54s2 [Ar]3d64s2

6S5/2

6S5/2

[Xe]4f145d56s2

[Kr]4d55s2

4F9/2

[Ar]3d74s2

4F9/2

[Kr]4d85s

3F4
2S1/2

5F5

[Kr]4d75s

5D4

[Xe]4f145d66s2

4F9/2

[Xe]4f145d76s2

2S1/2

[Kr]4d105s

1S0

[Kr]4d10

3D3

[Xe]4f145d96s

2S1/2

[Xe]4f145d106s

1S0
2P1/2

1S0

[Kr]4d105s2 [Kr]4d105s25p

[Xe]4f145d106s2

1S0

[Hg]6p

2P1/2

1s22s22p

1S0

1s2

3P0

1s22s22p2

4S3/2

1s22s22p3

3P2

1s22s22p4

2P3/2

1s22s22p5

1S0

1s22s22p6

2P1/2
3P0

4S3/2
3P2

2P3/2
1S0

3P0
4S3/2

3P2
2P3/2

1S0

2P1/2
3P0

4S3/2
3P2

2P3/2
1S0

2P1/2
3P0

4S3/2
3P2

2P3/2
1S0

[Ar]3d104s24p[Ar]3d104s2[Ar]3d84s2 [Ar]3d104s [Ar]3d104s24p2

[Kr]4d105s25p2

[Ar]3d104s24p3

[Kr]4d105s25p3

[Ar]3d104s24p4

[Kr]4d105s25p4

[Ar]3d104s24p5

[Kr]4d105s25p5

[Ar]3d104s24p6

[Kr]4d105s25p6

[Hg]6p2 [Hg]6p3 [Hg]6p4 [Hg]6p5 [Hg]6p6

2D3/2

[Xe]4f145d6s2

1S0

[Xe]4f146s2

[Ne]3s23p [Ne]3s23p2 [Ne]3s23p3 [Ne]3s23p4 [Ne]3s23p5 [Ne]3s23p6

[Xe]4f136s2[Xe]4f126s2[Xe]4f116s2[Xe]4f106s2[Xe]4f96s2[Xe]4f75d6s2[Xe]4f76s2[Xe]4f66s2[Xe]4f56s2[Xe]4f46s2[Xe]4f36s2[Xe]4f5d6s2[Xe]5d6s2

[Rn]5f147s27p[Rn]5f147s2[Rn]5f137s2[Rn]5f127s2[Rn]5f117s2[Rn]5f107s2[Rn]5f97s2[Rn]5f76d7s2[Rn]5f77s2[Rn]5f67s2[Rn]5f46d7s2[Rn]5f36d7s2[Rn]5f26d7s2[Rn]6d27s2[Rn]6d7s2

2D3/2
1G4

2D3/2
3F2

4I9/2
5I4

5I8
4I15/2

°4I15/2
5I8

6H5/2
7F0

8S7/2
9D2

6H15/2
2F7/2

3H6

1S0
2F7/2

3H6
9D2

6H15/2
7F0

8S7/2
6L11/2

5L6
4K11/2

L
an

th
an

id
e

s
A

ct
in

id
es

Group
1
IA

2
IIA

3
IIIB

4
IVB

5
VB

6
VIB

7
VIIB

9
VIII

8 10 11
IB

12
IIB

13
IIIA

14
IVA

Physical Measurement Laboratory www.nist.gov/pml

Standard Reference Data www.nist.gov/srd

15
VA

16
VIA

17
VIIA

18
VIIIA

 113
 Nh
 Nihonium

(286)

 115

 Mc
  Moscovium

(289)

 118

Og
Oganesson

(294)

9.3175

6.8 7.8 7.7 7.6
[Rn]5f146d37s2 [Rn]5f146d47s2 [Rn]5f146d57s2

4F3/2

[Rn]5f146d67s2

2P1/2°

5/2 40

§ For the most accurate 
values of these and 
other constants, visit 
pml.nist.gov/constants.

1S0

1S0

electron mass

proton mass

9.109 383 70 x 10í31 kgme
energy equivalent 0.510 998 950  MeVmec

2

mp 1.672 621 924 x 10í27 kg 
energy equivalent mpc

2 938.272 088 MeV

Avogadro constant NA 6.022 140 76 x 1023 molí1

6B;m`2 RXR, S2`BQ/B+ i�#H2 Q7 2H2K2Mib i�F2M 7`QK LAah (N)X h?2 2H2K2Mib BM HB;?i #Hm2 +Q``2bTQM/ iQ i?2 �iQKB+ bvbi2Kb
bim/B2/ BM i?Bb i?2bBbX

PSCJUBMT J�F� UIF FĊFDUJWF DIBSHF PG UIF OVDMFVT JT MFTTFS BOE UIFZ BSF MFTT UJHIUMZ CPVOE�
ɨF TQJO�PSCJU DPVQMJOH SFTVMUT GSPN UIF DPVQMJOH PG UIF PSCJUBM BOHVMBS NPNFOUVN BOE
UIF FMFDUSPO TQJO� 4QFDUBDVMBS DPOTFRVFODFT PG UIFTF FĊFDUT BSF PCTFSWFE JO F�H� UIF "V�)H
QBJS UIBU JT NPTUMZ EVF UP UIF DPOUSBDUJPO PG UIF 6s PSCJUBM� #FDBVTF PG UIBU DPOUSBDUJPO
)H XJUI JUT <9F>4f145d106s2 DMPTFE TIFMM TUSVDUVSF CFIBWFT BMNPTU BT BO JOFSU OPCMF HBT
FMFNFOU� 5PXBSE UIF FOE PG UIF 15& JO UIF SFHJPO PG UIF TVQFS�IFBWZ FMFNFOUT 	4)&T

XJUI Z > 103 UIF SFMBUJWJTUJD FĊFDUT NBLF UIF DIFNJDBM QSPQFSUJFT FWFO MFTT QSFEJDUBCMF�
#FDBVTF UIFTF 4)&T BMSFBEZ EFWJBUF TVCTUBOUJBMMZ GSPN UIF USFOET FYQFDUFE GSPN UIFJS MJHIUFS
IPNPMPHPVT POF DBO FYQFDU UIF DPNQMFUF CSFBL EPXO PG UIF 15& JO UIF �UI SPX <�>� "
TUSJLJOH FYBNQMF JT 0H 	Z = 118
 UIF IFBWJFTU FMFNFOU FWFS SFDPHOJ[FE� "MUIPVHI QSF�
EJDUFE BT B OPCMF HBT JU IBT ESBTUJDBMMZ EJĊFSFOU DIFNJDBM QSPQFSUJFT F�H� JU JT OPU JOFSU EVF
UP B DPNCJOBUJPO PG UIF UISFF SFMBUJWJTUJD FĊFDUT MJTUFE BCPWF� UIF DPOUSBDUJPO PG UIF 7s BOE
7p1/2 PSCJUBMT GPMMPXFE CZ UIF FYQBOTJPO PG UIF 7p3/2 PSCJUBM IFODF UIF MBSHF mOF�TUSVDUVSF
TQMJUUJOH CFUXFFO UIF 7p1/2 BOE 7p3/2 PSCJUBMT FYQMBJO UIF EJĊFSFOU DIFNJDBM OBUVSF PG 0H�

��



��� .PUJWBUJPO

5VSOJOH UP PVS TQFDJmD SFTFBSDI XPSL XF IBWF DIPTFO B UJUMF $PNQVUBUJPOBM "UPNJD 4USVD�
UVSFT 5PXBSE )FBWZ &MFNFOU 3FTFBSDI UIBU JT JOUFOUJPOBMMZ CSPBE BOE VOTQFDJmD TP UIBU JU
MFBWFT TPNF SPPN GPS JOUFSQSFUBUJPO� *O PVS JOUSPEVDUJPO XF XJMM EFDPNQPTF BOE KVTUJGZ
FBDI PG JUT FMFNFOUT UP QSPWJEF B DMFBSFS DPOUFYU JO XIJDI UIJT UIFTJT JT XSJUUFO� &TTFOUJBMMZ
JU DPOWFZT UIF HVJEJOH QSJODJQMF UIBU DPOOFDUT UIF EJĊFSFOU QSPKFDUT DPOEVDUFE PWFS UIF MBTU
GPVS ZFBST�

'JSTU BOE BCPWF BMM UIJT JT B UIFTJT BCPVU BUPNT BOE UIFJS FMFDUSPOJD TUSVDUVSF� ɨSPVHI�
PVU UIJT NBOVTDSJQU XF BJN UP TUVEZ IPX FMFDUSPOT JOUFSBDU XJUI FBDI PUIFS BOE XJUI UIF
OVDMFVT� "UPNJD 4USVDUVSFT SFGFS CSPBEMZ UP UIF FOFSHZ MFWFM QPTJUJPOJOH BOE UIF USBOTJUJPO
DIBSBDUFSJTUJDT CFUXFFO UXP FOFSHZ MFWFMT� "UPNJD USBOTJUJPOT BSF PG UIF HSFBUFTU JNQPSUBODF
JO UIF VOEFSTUBOEJOH PG PCTFSWFE TQFDUSB UIBU DPOTJTU PG UIF GSFRVFODZ EFDPNQPTJUJPO PG
F�H� JODPNJOH MJHIU� 1SPCBCMZ POF PG UIF NPTU TUVEJFE TQFDUSB DPNFT GSPN UIF MJHIU FNJU�
UFE CZ UIF 4VO BOE SFBDIJOH &BSUI BGUFS JU IBT QBTTFE UISPVHI PVS BUNPTQIFSF� "DUVBMMZ
NPTU PG UIF JOGPSNBUJPO XF IBWF BCPVU TUFMMBS PCKFDUT DPOTJTU PG TQFDUSB� ɨF TQFDUSBM BOBM�
ZTJT DPOTJTUJOH PG UIF GSFRVFODZ EFDPNQPTJUJPO PG UIF JODPNJOH MJHIU JT UIFSFGPSF PG QSJNF
JNQPSUBODF UP DIBSBDUFSJ[F UIF MJHIU TPVSDF J�F� UIF QSFTFODF PG DFSUBJO FMFNFOUT UIFJS
BCVOEBODF BOE VMUJNBUFMZ JU QSPWJEFT JOGPSNBUJPO BCPVU UIF CJSUI PG UIF 6OJWFSTF BOE UIF
QSPEVDUJPO PG BMM LOPXO FMFNFOUT� )PXFWFS UIFTF PCTFSWBUJPOT SFMZ HSFBUMZ PO UIFPSFUJDBM
TVQQPSU BOE QSFEJDUJPOT� ɨF MJUFSBUVSF JT PWFS�BCVOEBOU PO UIF UIFPSFUJDBM BTQFDUT BT BUUFTUT
UIF GPMMPXJOH CPPLT BOE QBQFST ǲF ǲFPSZ PG $PNQMFY 4QFDUSB 	����
 <��> ǲF ǲFPSZ PG
"UPNJD 4QFDUSB 	����
 <��> ǲFPSZ PG $PNQMFY 4QFDUSB� *�*7 	����o����
 <�� �� �� ��>
"UPNJD 4QFDUSB 	����
 <��> ǲF UIFPSZ PG BUPNJD TUSVDUVSF BOE TQFDUSB 	����
 <��> ǲFPSFU�
JDBM "UPNJD 4QFDUSPTDPQZ 	����
 <��> $PNQVUBUJPOBM "UPNJD 4USVDUVSF 	����
 <�> 0QFSBUPS
5FDIOJRVFT *O "UPNJD 4QFDUSPTDPQZ 	����
 <��> PS "UPNJD 4USVDUVSF ǲFPSZ 	����
 <��> UP
DJUF B GFX� ɨJT SFTFBSDI BSFB JT TUJMM WFSZ BDUJWF BU UIF CFHJOOJOH PG UIF ��UI DFOUVSZ 	TFF
F�H� <�� �� �� �� �� ��>
 BT BMTP TVQQPSUFE CZ PVS SFTFBSDI QBQFST BOE NBOVTDSJQUT�

ɨF UIFPSFUJDBM USFBUNFOU PG BUPNJD TZTUFNT GSPN mSTU QSJODJQMFT JT B DPNQMFY UBTL� 4P
NVDI UIBU UIF FRVBUJPOT UIBU DIBSBDUFSJ[F UIF TUBUF PG B TZTUFN DBO CF TPMWFE BOBMZUJDBMMZ
POMZ JO UIF TJNQMFTU DBTFT UIBU BSF BUPNJD BOE JPOJD TZTUFNT XJUI B TJOHMF FMFDUSPO� ɨF
$PVMPNC SFQVMTJPO UIBU BSJTFT CFUXFFO UXP FMFDUSJD DIBSHFT PG UIF TBNF TJHO JT TVDI UIBU
)F�MJLF TZTUFNT J�F� UXP�FMFDUSPO TZTUFNT IBWF OP BOBMZUJDBM TPMVUJPOT UP UIFJS EJĊFSFOUJBM
FRVBUJPOT� ɨBU JT XIZ XF UVSO UP $PNQVUBUJPOBM NFUIPET UIBU TPMWF OVNFSJDBMMZ 	BOE
BQQSPYJNBUFMZ
 UIF NBOZ�FMFDUSPO FRVBUJPOT� *U TIPVME UIFO CFDPNF DMFBS UIBU UIJT UIFTJT
GPDVTFT PO $PNQVUBUJPOBM "UPNJD 4USVDUVSFT� UIF NFUIPE PG DBMDVMBUJPOT JUTFMG JT PVS HVJEJOH
QSJODJQMF� 8F BSF VTJOH UISPVHIPVU UIJT UIFTJT WBSJBUJPOBM NFUIPET BOE JO QBSUJDVMBS UIF
NVMUJDPOmHVSBUJPOBM %JSBD�)BSUSFF�'PDL 	.$%)'
 NFUIPE <�� ��> BT JNQMFNFOUFE JO
UIF HFOFSBM�QVSQPTF SFMBUJWJTUJD BUPNJD TUSVDUVSF QSPHSBN 	(ģĒĤġ
 <�� ��>� /FWFSUIFMFTT JU

��



JT XPSUI NFOUJPOJOH UIF ĞĔĕėĘĞĖ DPEF UIBU JT BMTP CBTFE PO UIF .$%)' NFUIPE <��
�� ��>� 0UIFS NBOZ�CPEZ BQQSPBDIFT FYJTU CVU XJMM OPU CF EJTDVTTFE JO UIF GPMMPXJOH�
8IFSFBT UIF .$%)' NFUIPE UBLFT BEWBOUBHF UP UIF WBSJBUJPOBM QSJODJQMF UP HFOFSBUF UIF
CBTJT GVODUJPOT UIBU NJOJNJ[F UIF FOFSHZ PUIFS NFUIPET MJLF UIF NBOZ�CPEZ QFSUVSCBUJPO
UIFPSZ 	.#15
 BOE DPVQMFE DMVTUFS 	$$
 NFUIPET FNQMPZ QFSUVSCBUJPO UIFPSZ BOE EFmOF
FĊFDUJWF )BNJMUPOJBOT <�� �� ��>� /VNFSPVT QSPHSBNT BSF BWBJMBCMF UP QFSGPSN FJUIFS
.#15 PS $$ DBMDVMBUJPOT TVDI BT UIF '"$ DPEF <��> UIF %*3"$�� QSPHSBN <��> UIF
$*�.#15 QSPHSBN <��> UIF ".#J5 QSPHSBN <��> PS UIF 3$$1"$ QSPHSBN <��>� &BDI
PG UIFTF QSPHSBNT IBT JUT PXO TQFDJmDJUJFT BOE UIFSFGPSF NJHIU CF NPSF TVJUBCMF UIBO UIF
PUIFST EFQFOEJOH PO UIF BQQMJDBUJPO BU IBOE�

ɨF DPODFQU PG )FBWZ &MFNFOU JT EFmOFE JO UIF OVDMFBS QIZTJDT DPOUFYU BOE JT EJSFDUMZ SFMBUFE
UP UIF NBTT PG UIF OVDMFVT� 6OGPSUVOBUFMZ UIF MJNJUT PG UIF IFBWZ OVDMFJ HSPVQ BSF TPNFXIBU
VODMFBS� "MUIPVHI UIFSF JT MJUUMF EPVCU UIBU F�H� 1C 	Z = 82
 TIPVME CF DPOTJEFSFE BT IFBWZ
PS $ 	Z = 6
 BT MJHIU OVDMFJ JO UIF NJEEMF�SBOHF TVDI BT 'F 	Z = 26
 BSF NPSF TVCKFDU UP
JOUFSQSFUBUJPO� 'VSUIFSNPSF EJTDVTTJOH XIFUIFS BO FMFNFOU JT IFBWZ PS OPU CBTFE PO UIF
TPMF BUPNJD OVNCFS JT TPNFXIBU CJBTFE BOE UIF OVDMFBS QIZTJDJTUT XPVME SBUIFS VTF UIF NBTT
OVNCFS A UIBU DPNCJOFT UIF OVNCFS PG QSPUPOT BOE OFVUSPOT� ɨBU XBZ JTPUPQFT XIJDI
BSF OVDMFJ XJUI UIF TBNF BUPNJD OVNCFS CVU EJĊFSFOU OFVUSPO OVNCFS BSF BMTP JODMVEFE�
-PPLJOH UPXBSE UIF FOE PG UIF QFSJPEJD UBCMF IPXFWFS UIF HSPVQ PG TVQFS�IFBWZ FMFNFOUT
	4)&T
 JT RVJUF XFMM EFmOFE� /VNFSPVT QBQFST SFGFS UP 4)&T BT UIF FMFNFOUT XJUI Z >
103 XIJDI UIFO DPSSFTQPOE FYBDUMZ UP UIF USBOTBDUJOJEFT <�� �� ��>� 4UJMM 0HBOFTTJBO SFGFST
UP 4)& BT FMFNFOUT XJUI Z > 113 CBTFE PO OVDMFBS QIZTJDT DPOTJEFSBUJPOT <��>� (SFWFTTF
FU BM� QSPWJEF B DMFBSFS EFmOJUJPO PG IFBWZ FMFNFOUT BT UIF FMFNFOUT XJUI 29 ≤ Z ≤ 90
	GSPN DPQQFS UP UIPSJVN
 BOE FWFO EFmOFT NFEJVN FMFNFOUT BT FMFNFOUT XJUI Z > 8
J�F� IFBWJFS UIBO PYZHFO� 0UIFS FYBNQMFT BSF F�H� 2VJOFU XIP SFGFST UP IFBWZ FMFNFOUT BT
UIPTF XJUI Z ≥ �� 	3C BOE BCPWF
 <��> *OEFMJDBUP BOE -JOESPUI XIP SFGFS UP NFEJVN UP
WFSZ IFBWZ FMFNFOUT UP FMFNFOUT XJUI 31 ≤ Z ≤ 100 	(B UP 'N
 <��> PS ɨJFMFNBOO FU BM�
XIP EFmOFT IFBWZ FMFNFOUT BT IFBWJFS UIBO 'F <��>� ɨF DPODFQU PG WFSZ IFBWZ FMFNFOUT
JT BMTP VTFE CZ %PSWBVY FU BM� BT UIF FMFNFOUT IFBWJFS UIBO 1C 	Z = 82
 <��>� *NQSFTTJWF
JT UIF OVNCFS PG QBQFST NFOUJPOJOH IFBWZ FMFNFOUT XJUIPVU HJWJOH BO FYQMJDJU EFmOJUJPO
NPTU MJLFMZ SFMZJOH PO TPNF JNQMJDJU DPNNPO LOPXMFEHF� 4USJLJOH FYBNQMFT BSF UIF QBQFST
2VBOUVN &MFDUSPEZOBNJDT PG )FBWZ *POT BOE "UPNT CZ 4IBCBFW FU BM� <��> PS 0O UIF BDDVSBDZ
PG WBMFODFoTIFMM DPNQVUBUJPOT GPS IFBWZ BOE TVQFSoIFBWZ FMFNFOUT CZ 'SJU[TDIF <��>�

*O BUPNJD QIZTJDT IPXFWFS UIF TPMF OVDMFBS DIBSHF JT OPU FOPVHI UP BTTFTT UIF DPNQMFYJUZ
PG B TZTUFN� 'PS FYBNQMF UIF 691+ JPO JT IFBWZ XJUIPVU B EPVCU CVU UIF DPSSFTQPOE�
JOH %JSBD FRVBUJPO DBO CF TPMWFE BOBMZUJDBMMZ� 5XP FĊFDUT BSF DPNQFUJOH XIFO EFTDSJCJOH
DPNQMFY BUPNJD TZTUFNT� UIF FMFDUSPO DPSSFMBUJPO BOE UIF SFMBUJWJTUJD FąFDUT 	BOE RVBOUVN
FMFDUSPEZOBNJDT 	2&%
 FĊFDUT
� ɨF DIBMMFOHFT GBDFE JO DPNQVUBUJPOBM BUPNJD TUSVDUVSF
EJSFDUMZ EFQFOE PO UIF SFMBUJWF JNQPSUBODF PG UIFTF UXP BTQFDUT� ɨF GPSNFS JT PCWJPVTMZ

��



SFMBUFE UP UIF OVNCFS PG FMFDUSPOT J�F� OFVUSBM BOE BOJPOJD TZTUFNT BSF UIF NPTU TFOTJUJWF
XIJMF UIF MBUUFS JT SFMBUFE UP UIF OVDMFBS DIBSHF� 8F XJMM TIPX MBUFS UIBU UIF LFZ QBSBNFUFS
GPS SFMBUJWJTUJD BOE 2&% FĊFDUT JT αZ XIFSF α ≈ 1/137 JO BUPNJD VOJUT 	TFF 4FD� ���
�
" TPNFXIBU TUJMM GV[[Z EFmOJUJPO JT UIFSFGPSF UP DPOTJEFS BO FMFNFOU BT IFBWZ XIFO Z CF�
DPNFT ADPNQBSBCMF� UP 1/α <��>� *O IJHIMZ DIBSHFE IFBWZ JPOT UIF SFMBUJWJTUJD BOE 2&%
FĊFDUT DPNQMFUFMZ EPNJOBUF PWFS UIF FMFDUSPO DPSSFMBUJPO� ɨFTF BUPNJD TZTUFNT BSF UIFSF�
GPSF PGUFO TUVEJFE UP JNQSPWF PVS VOEFSTUBOEJOH PG UIFTF FĊFDUT BOE UIFJS TFQBSBUF EJĊFSFOU
TNBMM DPOUSJCVUJPOT 	TFF F�H� <�� ��>
� ɨFTF TZTUFNT BSF BMTP VTFE UP JOWFTUJHBUF UIF FG�
GFDU PG OVDMFBS QPMBSJ[BUJPOT PS mOJUF OVDMFBS TJ[F DPSSFDUJPOT <�� ��>� 0O UIF PUIFS IBOE
MJHIU OFVUSBM TZTUFNT BSF EPNJOBUFE CZ FMFDUSPO DPSSFMBUJPO BOE POF NJHIU QFSGPSN BDDVSBUF
DBMDVMBUJPOT JO UIF OPO�SFMBUJWJTUJD GSBNFXPSL�

*O PVS XPSL )FBWZ &MFNFOU SFGFS UP BUPNJD TZTUFNT GPS XIJDI CPUI FMFDUSPO DPSSFMBUJPO
BOE SFMBUJWJTUJD FĊFDUT BSF MBSHF� ɨBU JT XIZ XF BMNPTU FYDMVTJWFMZ GPDVT PO OFVUSBM BOE
OFBS�OFVUSBM BUPNJD TZTUFNT FYDFQU JO PVS TUVEZ PG IJHIMZ DIBSHFE JPOT PG BTUSPQIZTJDBM
JOUFSFTU� *O UIF GSBNFXPSL PG UIF .$%)' NFUIPE FMFDUSPO DPSSFMBUJPO JT JODMVEFE CZ
FYQBOEJOH UIF XBWF GVODUJPO PWFS B MBSHF TFU PG NBOZ�FMFDUSPO CBTJT GVODUJPOT HFOFSBUFE CZ
FMFDUSPO TVCTUJUVUJPOT XIJMF SFMBUJWJTUJD FĊFDUT BSF UBLFO JOUP BDDPVOU CZ TPMWJOH UIF NBOZ�
CPEZ %JSBD�$PVMPNC FRVBUJPOT� &YDFQU GPS UIF JODSFBTJOH OVNCFS PG PSUIPHPOBMJUZ DPO�
TUSBJOUT UIF DPNQMFYJUZ PG UIF MBUUFS JT JOEFQFOEFOU PG UIF OVNCFS PG FMFDUSPOT� UIFSF JT OP
BEEJUJPOBM EJċDVMUZ UP TPMWF UIF FRVBUJPOT GPS B MBSHFS OVNCFS PG FMFDUSPOT� )PXFWFS UIF
EFTDSJQUJPO PG FMFDUSPO DPSSFMBUJPO DSVDJBMMZ EFQFOET PO UIF OVNCFS PG FMFDUSPOT BOE UIF
DPSSFTQPOEJOH PDDVQJFE TIFMMT� 'SPN B DPNQVUBUJPOBM BUPNJD TUSVDUVSFT QFSTQFDUJWF UIF
PDDVQBUJPO PG UIF mSTU d�TIFMM DBO CF DPOTJEFSFE BT B QJWPUBM QPJOU� 8IFO UIF 3d�TIFMM JT
QBSU PG UIF DPSF 	OFVUSBM BUPNT XJUI Z ≥ 37
 BO BDDVSBUF EFTDSJQUJPO PG UIF DPSSFMBUJPO
XJUIJO UIF BUPNJD DPSF JT BMSFBEZ DIBMMFOHJOH TP UIBU XF DBO DPOTJEFS BT IFBWZ BMM FMFNFOUT
XJUI NPSF UIBO �� FMFDUSPOT� /FWFSUIFMFTT XF DPOUFYUVBMJ[FE PVS XPSL 5PXBSE IFBWZ FMF�
NFOUT XIJDI BEET FWFO NPSF GV[[JOFTT UP PVS UJUMF BT XF QFSGPSN BUPNJD DBMDVMBUJPOT OPU
POMZ UBSHFUJOH IFBWZ TZTUFNT CVU BMTP mOEJOH FċDJFOU XBZT UP BDIJFWF BDDVSBDZ JO UIFJS EF�
TDSJQUJPO� ɨJT FYQMBJOT XIZ XF BMTP DPOTJEFS BUPNJD TUSVDUVSF DBMDVMBUJPOT GPS TPNF MJHIUFS
FMFNFOUT BT VTFGVM CFODINBSLT LFFQJOH JO NJOE UIF SPBE UP IFBWZ FMFNFOUT�

ɨF OFFE GPS JNQSPWJOH DPEFT BOE DPNQVUBUJPOBM NFUIPEPMPHJFT JT NPUJWBUFE CZ NBOZ
XFMM�LOPXO POHPJOH SFTFBSDI UPQJDT UIBU TPNFIPX SFMZ PO BUPNJD EBUB� /PUPSJPVT FYBN�
QMFT JODMVEF UIF TFBSDI PG BO JTMBOE PG TUBCJMJUZ BSPVOEN = 184 UIBU ESJWFT UIF DBMDVMBUJPOT
GPS 4)&T 	TFF F�H� <�� �� �� �� ��>
 PS DPTNPDISPOPNFUSZ PG VMUSB�QPPS NFUBM TUBST GPS
XIJDI UIF EFUFSNJOBUJPO PG UIF BCVOEBODFT PG ɨ PS 6 DSVDJBMMZ EFQFOET PG UIF LOPXMFEHF
PO UIF USBOTJUJPO GSFRVFODJFT BOE UIFJS BTTPDJBUFE PTDJMMBUPS TUSFOHUIT 	TFF F�H� <�� ��>
�
ɨFSF BSF BMTP WBTU JOUFSFTUT JO OVDMFBS QIZTJDT UP EFUFSNJOF F�H� OVDMFBS TIBQFT BOE EFGPS�
NBUJPOT 	TFF F�H� <�� �� �� ��> PS UIF TIBQF�TUBHHFSJOH FĊFDU JO )H <�� ��>
� 0UIFS
FYBNQMFT JODMVEF BTUSPQIZTJDBM QVSQPTFT UP BOBMZTF PCTFSWFE TQFDUSB CZ DPNQVUJOH USBO�

��



TJUJPO QSPQFSUJFT PWFS B XJEF GSFRVFODZ SBOHF 	TFF F�H� <�� �� �� �� �� ��>
 PS UIF
EFUFSNJOBUJPO PG TPMBS NBHOFUJD mFME VTJOH NBHOFUJD�JOEVDFE USBOTJUJPOT 	TFF F�H� <�� ��
�� �� �� ��>
� 'JOBMMZ BUPNJD QIZTJDT QMBZT B SPMF JO UIF TFBSDI GPS iOFX QIZTJDTw UIBU
XPVME JOEVDF VOFYQFDUFE FĊFDUT TVDI BT OPO�MJOFBSJUJFT JO ,JOH QMPUT 	TFF F�H� <�� ��>

PS UIF WBSJBUJPO JO TQBDF BOE UJNF PG VOJWFSTBM DPOTUBOUT MJLF UIF mOF�TUSVDUVSF DPOTUBOU
α <�� ��>�

*O UIJT UIFTJT XF UIFSFGPSF BJN UP QSFTFOU UIF SFTVMUT PG PVS XPSL $PNQVUBUJPOBM "UPNJD
4USVDUVSFT 5PXBSE )FBWZ &MFNFOU 3FTFBSDI� *O UIF mSTU QBSU UIBU JT EFEJDBUFE UP UIF UIFP�
SFUJDBM BOE DPNQVUBUJPOBM CBDLHSPVOET XF mSTU EFTDSJCF UIF CBTJD NBUIFNBUJDBM DPODFQUT
PG BUPNJD TUSVDUVSF UIFPSZ CZ DPOTJEFSJOH POF�FMFDUSPO TZTUFNT 	$IBQ� �
 GPS XIJDI XF
EFDJEFE UP GPMMPX UIF PSJHJOBM DISPOPMPHJDBM TUFQT UBLFO CZ UIF QIZTJDJTUT PG UIF CFHJOOJOH
PG UIF ��UI DFOUVSZ� *O $IBQ� � XF PVUMJOF UIF NBUIFNBUJDBM BOE DPNQVUBUJPOBM UPPMT
UIBU XF VTF UP JOWFTUJHBUF UIF BUPNJD TUSVDUVSFT PG DPNQMFY NBOZ�CPEZ TZTUFNT� *O UIF
TFDPOE QBSU XF QSFTFOU PVS PSJHJOBM TDJFOUJmD SFTVMUT CZ DPNNFOUJOH BOE TVNNBSJ[JOH PVS
NBOVTDSJQUT BOE QVCMJTIFE QBQFST� 8F EJWJEFE UIFN JO GPVS UIFNBUJD HSPVQT MBCFMMFE "
# $ BOE % UIBU IBWF EJĊFSFOU GPDJ� ɨF mSTU POF (SPVQ " 	$IBQ� �
 JT EFEJDBUFE UP
BO JOUFOTJWF TUVEZ PG UIF SPMF PG UIF PSCJUBM CBTJT JO WBSJBUJPOBM NFUIPET� ɨF TFDPOE POF
(SPVQ # 	$IBQ� �
 HBUIFST PVS TUVEJFT SFMFWBOU UP OVDMFBS QIZTJDT XIJMF UIF UIJSE POF
(SPVQ $ 	$IBQ� �
 GPDVTFT PO XPSLT PSJFOUFE UP BTUSPQIZTJDBM BQQMJDBUJPOT� 'JOBMMZ UIF
MBTU DIBQUFS QSFDFEJOH UIF DPODMVEJOH SFNBSLT (SPVQ % 	$IBQ� �
 JT FOUJSFMZ EFEJDBUFE
UP OFHBUJWF JPOT� ɨF DIPJDF PG UIF TUVEJFE TZTUFNT EFQFOET PO FYUFSOBM DSJUFSJB TVDI BT
POHPJOH FYQFSJNFOUT UIBU SFRVJSF BUPNJD EBUB VOSFTPMWFE EJTDSFQBODJFT CFUXFFO UIFPSZ
BOE FYQFSJNFOU PS FYQMPSBUPSZ XPSL PG MFTTFS LOPXO BUPNJD TZTUFNT� ɨF MBSHF WBSJFUZ PG
TUVEJFE TZTUFNT JO UIJT UIFTJT JT JMMVTUSBUFE PO 'JH� ��� JO XIJDI XF IBWF IJHIMJHIUFE JO MJHIU
CMVF BMM TUVEJFE FMFNFOUT JO UIF 15&� "MUIPVHI JU JT DMFBS UIBU CPUI UIF OVDMFBS DIBSHF BOE
UIF OVNCFS PG FMFDUSPOT BSF SFRVJSFE UP EFmOF VOFRVJWPDBMMZ BO BUPNJD TZTUFN PG JOUFSFTU
XF IBWF EFDJEFE UP POMZ EJTQMBZ UIF TUVEJFE FMFNFOUT BDDPSEJOH UP UIFJS OVDMFBS DIBSHF GPS
QSBDUJDBM SFBTPOT�
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$IBQUFS �

2VBOUVN UIFPSZ PG UIF IZESPHFO�MJLF
BUPN

ɨF UIFPSFUJDBM CBDLHSPVOE SFRVJSFE UP VOEFSTUBOE NPEFSO BUPNJD QIZTJDT JT WBTU� *U SFMJFT
PO B DPNQMFY NBUIFNBUJDBM GPSNBMJTN BOE B IJHI MFWFM PG BCTUSBDUJPO� 2VBOUVN NFDIBOJDT
JT BU UIF IFBSU PG FWFSZ TJOHMF TUFQ XF UBLF� 7BSJPVT QBUIT FYJTU UP JOUSPEVDF UIF NPTU VQ�
UP�EBUF BUPNJD NPEFMT BOE DPNQVUBUJPOBM NFUIPET BUPNJD QIZTJDJTUT BSF FNQMPZJOH JO UIF
CFHJOOJOH PG UIF ��UI DFOUVSZ� $PVOUMFTT UFYUCPPLT FYJTU PO RVBOUVN NFDIBOJDT JO HFOFSBM
BOE BUPNJD QIZTJDT JO QBSUJDVMBS BOE XF GPMMPX JO UIJT XPSL B DPVQMF PG UIFN <�� �� ��
��>� *O UIJT UIFTJT XF BJN UP QSPWJEF B CSJFG JOUSPEVDUJPO UP RVBOUVN NFDIBOJDT BOE UIF
RVBOUVN UIFPSZ PG BUPNT CZ GPMMPXJOH UIF PSJHJOBM DIBJO PG UIPVHIUT PG UIF FBSMZ RVBOUVN
QIZTJDJTUT VOUJM UIF FTUBCMJTINFOU PG UIF POF�FMFDUSPO %JSBD FRVBUJPO�

��� #PIS�T NPEFM

#PIS�T NPEFM PG UIF BUPN JT BO FYDFMMFOU TUBSUJOH QPJOU UP EJWF JOUP UIF EFTDSJQUJPO PG BUPNJD
TUSVDUVSF UIFPSZ� 8F BMSFBEZ EJTDVTTFE JO UIF JOUSPEVDUJPO IPX UIF IVNBO VOEFSTUBOEJOH
PG BO BUPN FWPMWFE UISPVHI UJNF BOE QSFTFOUFE UIF CFHJOOJOH PG UIF 20UI DFOUVSZ BT B
UVSOJOH QPJOU JO PVS QFSDFQUJPO PG UIF BUPNT�

ɨF EJTDPWFSZ UIBU FBDI FMFNFOU FNJUT MJHIU XJUI B EJTDSFUF OVNCFS PG GSFRVFODJFT EJĊFSFOU
GSPN UIF PUIFST DVMNJOBUFE XJUI UIF EFSJWBUJPO PG UIF FNQJSJDBM GPSNVMB PG #BMNFS JO 1885

ν̃ab = R∞

(
1

n2
a
− 1

n2
b

)
; na = 2; nb > na , 	���


XIFSF ν̃ab = νab/c JT UIF XBWF OVNCFS DPSSFTQPOEJOH UP UIF GSFRVFODZ νab PG UIF PCTFSWFE
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6B;m`2 kXR, SQ`iBQM Q7 i?2 ?v/`Q;2M bT2+i`mK Q#b2`p2/ #v � HQr@`2bQHmiBQM bT2+i`QK2i2` +Q``2bTQM/BM; iQ i?2 "�HK2`
b2`B2bX ?iiTb,ffrrrX#`Bi�MMB+�X+QKfb+B2M+2fbT2+i`Qb+QTvf"�bB+@T`QT2`iB2b@Q7@�iQKb

MJOF na BOE nb BSF QPTJUJWF JOUFHFS XJUI nb > na c JT UIF TQFFE PG MJHIU BOE R∞ JT UIF
3ZECFSH DPOTUBOU� #BMNFS NBEF UIJT JNQPSUBOU mSTU TUFQ UIBOLT UP IJT PCTFSWBUJPOT PG UIF
IZESPHFO WJTJCMF TQFDUSVN 	TFF F�H� 'JH� ���
�

ɨF TDJFOUJmD FĊFSWFTDFODF GPMMPXJOH UIF UIFPSZ PG MJHIU RVBOUB TVHHFTUFE CZ 1MBODL BOE
QVSTVFE CZ &JOTUFJO MFE #PIS UP QSPQPTF IJT NPEFM PG UIF BUPN� *UT NBKPS TVDDFTT XBT UP
SFQSPEVDF #BMNFS�T GPSNVMB GSPN UIFPSFUJDBM DPOTJEFSBUJPOT� #PIS JOUSPEVDFE UIF GPMMPX�
JOH TFSJFT PG QPTUVMBUFT UP PWFSDPNF UIF MJNJUBUJPO PG UIF DMBTTJDBM QMBOFUBSZ WJTJPO PG UIF
BUPN <��>�

�� ɨF FMFDUSPO NPWFT BSPVOE UIF OVDMFVT JO B DJSDVMBS PSCJU�

�� ɨF OVNCFS PG BDDFTTJCMF PSCJUT JT DPVOUBCMF FBDI DPSSFTQPOEJOH UP B EJĊFSFOU FOFSHZ
En�

�� "O BUPN POMZ SBEJBUFT PS FNJUT B QIPUPO PG FOFSHZ hνab XIFO BO FMFDUSPO KVNQT
GSPN BO PSCJU b UP BOPUIFS PSCJU a FTUBCMJTIJOH UIF XFMM�LOPXO GSFRVFODZ SFMBUJPO

hνab = Eb − Ea , 	���


XIFSF Eb > Ea�

�� ɨF FMFDUSPO IBT BO BOHVMBS NPNFOUVN UIBU DBO POMZ UBLF EJTDSFUF WBMVFT L =
nh/2π = n! XIFSF ! = h/2π JT UIF SFEVDFE 1MBODL DPOTUBOU�

4JODF UIF FMFDUSPO JT NPWJOH BSPVOE UIF JOmOJUF�NBTT OVDMFVT PO JUT PSCJU XJUI B DPOTUBOU
WFMPDJUZ v BU UIF EJTUBODF r UIF BUUSBDUJWF FMFDUSJD GPSDF CFUXFFO UIF FMFDUSPO BOE UIF OVDMFVT

��



PG DIBSHF Ze XIFSF Z JT UIF OVNCFS PG QSPUPOT BOE e JT UIF FMFDUSJD DIBSHF PG UIF QSPUPO
FRVBMT UIF QSPEVDU PG m UIF NBTT PG UIF FMFDUSPO BOE v2/r UIF DFOUSJQFUBM BDDFMFSBUJPO PS

Ze2

4πε0r2
=

mv2

r
, 	���


XIFSF ε0 JT UIF VOJWFSTBM DPOTUBOU GPS UIF GSFF TQBDF�T QFSNJUUJWJUZ UIBU BQQFBST JO UIF FMFD�
USPNBHOFUJD JOUFSBDUJPO GPSNVMB� ɨF TFDPOE FRVBUJPO EFSJWFE CZ #PIS SFMBUFT UIF DMBTTJDBM
BOHVMBS NPNFOUVN L = mvr BOE JUT RVBOUJ[FE DPVOUFSQBSU L = n!

mvr = n! , n = 1, 2, . . . . 	���


4PMWJOH UIF TZTUFN PG FRVBUJPOT 	���
 BOE 	���
 GPS v BOE r POF mOET

v =
Ze2

4πε0!n
, 	���


r =
4πε0!2n2

Ze2m
. 	���


6TJOH UIF DMBTTJDBM FYQSFTTJPO PG UIF LJOFUJD FOFSHZ T = mv2/2 BOE UIF QPUFOUJBM FOFSHZ
V = −Ze2/4πε0r BOE LOPXJOH UIBU UIF UPUBM FOFSHZ PG UIF TZTUFN JT HJWFO CZ UIFJS TVN
#PIS EFSJWFE

En = T + V = −m

!2

(
Ze2

4πε0

)2
1

n2
. 	���


$POTJEFSJOH UIF TJNQMFTU DBTF PG UIF IZESPHFO BUPN 	Z = 1
 UIF GSFRVFODZ PG UIF QIPUPO
FNJUUFE CZ UIF KVNQ b → a CFUXFFO UXP FOFSHZ MFWFMT a BOE b JT HJWFO CZ

ν̃ab =
m

4π!3c

(
e2

4πε0

)2(
1

n2
a
− 1

n2
b

)
, 	���


XIJDI SFQSPEVDFT UIF FNQJSJDBM GPSNVMB PG #BMNFS 	���
 JG UIF 3ZECFSH DPOTUBOU JT JEFOUJmFE

BT R∞ = m
4π!3c

(
e2

4πε0

)2
�

#PIS�T NPEFM PG UIF BUPN XBT SFWPMVUJPOBSZ BT JU JT UIF mSTU FWFS NPEFM BCMF UP FYQMBJO UIF
EJTDSFUF DIBSBDUFS PG UIF PCTFSWFE TQFDUSB� *U BMTP QSPWJEFT UIF LFZ UP EFmOF BO BMUFSOBUJWF
TZTUFN PG VOJUT UP UIF *OUFSOBUJPOBM 4ZTUFN PG VOJUT DBMMFE BUPNJD VOJUT 	B�V�
 BOE XJEFMZ VTFE
JO UIF QSFTFOU EBZT CZ BMM BUPNJD QIZTJDJTUT� $POTJEFS UIF IZESPHFO BUPN 	Z = 1
 XJUI
JUT TJOHMF FMFDUSPO JO JUT MPXFTU FOFSHZ MFWFM 	n = 1
 BT UIF SFGFSFODF� 'SPN FRVBUJPOT 	���

BOE 	���
 UIF VOJU PG MFOHUI a0 DBMMFE UIF #PIS SBEJVT JT EFSJWFE UP CF a0 = 4πε0!2/e2m
BOE UIF VOJU PG WFMPDJUZ v0 UP CF v0 = e2/4πε0! SFTQFDUJWFMZ� &RVJWBMFOUMZ XF DBO TFU
e = ! = m = 4πε0 = 1 UIBU EFmOF UIF VOJU PG FMFDUSJD DIBSHF BT UIF BCTPMVUF WBMVF PG
UIF FMFDUSPO DIBSHF UIF VOJU PG BOHVMBS NPNFOUVN BT ! UIF VOJU PG NBTT BT UIF FMFDUSPO

��



NBTT BOE UIF VOJU PG MFOHUI BT UIF #PIS SBEJVT� 'JOBMMZ UIF VOJU PG FOFSHZ Eh = 2hcR∞
UIF )BSUSFF DPSSFTQPOET UP 27.211 386 988(53) ' 27.2 F7�

6MUJNBUFMZ UIJT NPEFM QSPWJEFT UIF GVOEBNFOUBMT UP EJTDVTT UIF JNQPSUBODF UP JODMVEFoPS
OPUoUIF UIFPSZ PG SFMBUJWJUZ JO PVS RVBOUVN EFTDSJQUJPO PG UIF BUPN� "OZ PCKFDU JT TBJE UP
CF SFMBUJWJTUJD XIFO JUT WFMPDJUZ BQQSPBDIFT c = 299 792 458 N T−1 UIF TQFFE PG MJHIU JO
WBDVVN� *U JT UIFSFGPSF VTFGVM UP SFXSJUF UIF WFMPDJUZ PG #PIS�T mSTU PSCJU BT

v0 = αc 	���


XIFSFα = 7.297 352 5693(11)×10−3 ' 1/137 BT UIF TQFFE PG MJHIU JT JO B�V� c ' 137
JT DBMMFE UIF EJNFOTJPOMFTT mOF TUSVDUVSF DPOTUBOU� ɨF #PIS WFMPDJUZ PG BO IZESPHFOJD TZTUFN
XJUI OVDMFBS DIBSHFZ JT UIFSFGPSF TJNQMZ HJWFO CZ v = αZc� ɨF QSPEVDUαZ UIVT QSPWJEFT
JOGPSNBUJPO BCPVU UIF SFMBUJWJTUJD DIBSBDUFS PG UIF FMFDUSPO�

��� 4DISÚEJOHFS FRVBUJPO

#PIS�T NPEFM GPS UIF BUPN XBT VOTBUJTGBDUPSZ GPS NVMUJQMF SFBTPOT F�H� UIBU JU DBO OPU EFBM
XJUI TZTUFNT XJUI NPSF UIBO POF FMFDUSPO UIF BSCJUSBSZ DIPJDF PG DJSDVMBS PSCJUT UIF MBDL PG
BOZ NFUIPE UP DBMDVMBUF USBOTJUJPO SBUFT BOE JUT JOBCJMJUZ UP EFTDSJCF VOCPVOE TZTUFNT <��>�
ɨFTF MJNJUBUJPOT FOHBHFE PUIFS TDJFOUJTUT UP QSPQPTF UIFJS PXO RVBOUVN UIFPSZ PG UIF
BUPN 4DISÚEJOHFS MFBEJOH UIF XBZ� ɨF TPVSDF PG IJT JOTQJSBUJPO HPFT CBDL UP UIF SPPUT
PG DMBTTJDBM NFDIBOJDT LOPXO TJODF UIF JOUFHSBM DBMDVMVT PG /FXUPO BOE -FJCOJU[ BOE UIF
FRVBUJPOT PG NPUJPO PG -BHSBOHF BOE )BNJMUPO� /FXUPO�T TFDPOE MBX PG NPUJPO

F = ma =
∂p

∂t
= m

∂2x

∂t2
, 	����


XIFSF p = mv JT UIF NPNFOUVN PG BO PCKFDU PG NBTT m BOE WFMPDJUZ v JT TUJMM BO JN�
QPSUBOU TUBSUJOH QPJOU� *OEFFE 4DISÚEJOHFS XBT TUSPOHMZ JOnVFODFE CZ DMBTTJDBM NFDIBOJDT
XIFO IF JNBHJOFE IJT RVBOUVN XBWF UIFPSZ� ɨF EVBMJUZ XBWFoQBSUJDMF XBT QPTUVMBUFE CZ
EF #SPHMJF XJUI UIF SFMBUJPOT

E = !w , p = !k , 	����


XIFSFE SFGFST UP UIF FOFSHZ PG UIF XBWFoQBSUJDMFw JT UIF BOHVMBS GSFRVFODZ BTTPDJBUFE XJUI
UIF QSPQBHBUJOH XBWF k JT UIF QSPQBHBUJPO WFDUPS BOE ! JT UIF SFEVDFE 1MBODL DPOTUBOU�
ɨFTF SFMBUJPOT XFSF XFMM LOPXO GSPN BDPVTUJDT BOE PQUJDT BT UIFZ BSF JOUJNBUFMZ SFMBUFE
UP UIF DMBTTJDBM XBWF FRVBUJPO

∇2Ψ(r, t) =
1

v2
∂2Ψ(r, t)

∂t2
	����


��



XIFSF ψ(r, t) JT B XBWF GVODUJPO PG UIF TQBUJBM DPPSEJOBUFT x, y, z BOE UIF UJNF t BOE v JT
JUT WFMPDJUZ� ɨF QMBOF XBWFT

ψ(r, t) = A exp[J(k · r − wt)] , 	����


XIFSF A JT B SFBM OVNCFS BSF USJWJBMMZ TPMVUJPOT PG &R� 	����
 JG v2 = w2/k2 TJODF

∇2ψ(r, t) = −k2ψ(r, t) , 	����

∂2Ψ

∂t2
= −w2ψ(r, t) . 	����


ɨF HFOJVT PG EF #SPHMJF XBT UP BTTPDJBUF UP BOZ GSFF QBSUJDMF PG NBTT m BOE FOFSHZ E =
p2/2m B XBWF DIBSBDUFS� 6TJOH SFMBUJPOT 	����
 BOE JOTFSUJOH UIF TUBOEBSE FYQSFTTJPO PG
UIF FOFSHZ IF GPVOE UIF GPMMPXJOH EJTQFSTJPO SFMBUJPO

w =
!k2

2m
. 	����


*O IJT PSJHJOBM XPSL 4DISÚEJOHFS XSPUF� i<���> UIF XBWF�QIFOPNFOB NVTU JO UIJT DBTF CF
TUVEJFE JO EFUBJM� ǲJT DBO POMZ CF EPOF VTJOH BO iFRVBUJPO PG XBWF QSPQBHBUJPOw� 8IJDI POF JT
UIJT UP CF  *O UIF DBTF PG B TJOHMF NBUFSJBM QPJOU NPWJOH JO BO FYUFSOBM mFME PG GPSDF UIF TJNQMFTU
XBZ JT UP USZ UP VTF UIF PSEJOBSZ XBWF FRVBUJPO�w <��>� )F QSPQPTFE B XBWF FRVBUJPO

J!∂ψ(r, t)
∂t

=
−!2
2m

∇2ψ(r, t) , 	����


GPS XIJDI QMBOFT XBWFT BSF TPMVUJPOT TBUJTGZJOH UIF SFMBUJPO &R� 	����
� ɨF JEFOUJmDBUJPOT

E ↔ J! ∂
∂t

p ↔ −J!∇ 	����


XFSF EFSJWFE GSPN CVJMEJOH UIF XBWF FRVBUJPO� ɨF TUSPOH QPTUVMBUF PG RVBOUVN NFDIBOJDT
JT UP BTTVNF UIBU UIFTF SFMBUJPOT IPME GPS OPO�QMBOF XBWF TPMVUJPOT F�H� XIFO B QPUFOUJBM
JT BEEFE

J!∂Ψ(r, t)

∂t
=

[
−!2
2m

∇2 + V (r, t)

]
ψ(r, t) . 	����


*G UIF QPUFOUJBM JT UJNF�JOEFQFOEFOU POF DBO TPMWF UIF XBWF FRVBUJPO CZ TFQBSBUJOH UIF
TQBUJBM BOE UJNF DPPSEJOBUFT� ɨF XBWF GVODUJPO JT UIFSFGPSF XSJUUFO BT

ψ(r, t) = φ(r) exp[−JEt/!] 	����


XIFSF φ(r) POMZ EFQFOET PO SBEJBM DPPSEJOBUFT BOE exp[−JEt/!] DPNQMFUFMZ EFmOFT UIF
FWPMVUJPO PG UIF TZTUFN PWFS UJNF� φ(r) JT TPMVUJPO PG UIF TUBUJPOBSZ FJHFOWBMVF QSPCMFN PS
UJNF�JOEFQFOEFOU 4DISÚEJOHFS FRVBUJPO

Hφ(r) = Eφ(r) , 	����


��



XIFSF H =
[
−!2
2m ∇2 + V (r)

]
JT UIF )BNJMUPOJBO PG UIF TZTUFN� "MUIPVHI 4DISÚEJOHFS

EFTJHOFE IJT XBWF UIFPSZ IBWJOH JO NJOE SFBM XBWFT UIBU XPVME QIZTJDBMMZ WJCSBUF UIF
BEPQUFE JOUFSQSFUBUJPO PG UIF XBWF GVODUJPO JT QSPCBCJMJTUJD� ɨF RVBOUJUZ

φ∗(r)φ(r)dr = |φ(r)|2dr 	����


JT BTTPDJBUFE UP UIF QSPCBCJMJUZ PG mOEJOH UIF NBTTJWF QBSUJDMF F�H� BO FMFDUSPO JO UIF
FMFNFOU PG WPMVNF dr� ɨF OPSNBMJ[BUJPO DPOEJUJPO

∫

R3
φ∗(r)φ(r)dr = 1 , 	����


USJWJBMMZ DPSSFTQPOET UP B QSPCBCJMJUZ PG 1 UP mOE UIF QBSUJDMF TPNFXIFSF JO TQBDF 	R3
�

*O UIF DBTF PG IZESPHFOJD BUPNT UIF TJOHMF FMFDUSPO JT XFMM EFTDSJCFE CZ UIF TUBUJPOBSZ
4DISÚEJOHFS FRVBUJPO BTTVNJOH B $PVMPNC QPUFOUJBM V = −Ze2/4πε0|r|� 4DISÚEJOHFS
JEFOUJmFE UXP UZQFT PG TPMVUJPOT� XJUI E > 0 PS E < 0� ɨF TPMVUJPOT PG QPTJUJWF FOFSHZ
DBO UBLF BOZ WBMVF PG E J�F� UIFSF JT B DPOUJOVVN PG TPMVUJPOT DPSSFTQPOEJOH UP VOCPVOE
TZTUFNT� ɨF TPMVUJPOT PG OFHBUJWF FOFSHZ POMZ FYJTU GPS EJTDSFUF RVBOUJ[FE WBMVFT PG UIF
FOFSHZ DPSSFTQPOEJOH UP UIF FOFSHJFT QSPWJEFE CZ #BMNFS�T GPSNVMB BOE #PIS�T NPEFM�
4DISÚEJOHFS IJNTFMG XBT BXBSF PG UIF MJNJUBUJPOT PG IJT NPEFM BT IF XSPUF� i<���>UIF VOEF�
MBUPSZ UIFPSZ PG NFDIBOJDT IBT CFFO EFWFMPQFE XJUIPVU SFGFSFODF UP UXP WFSZ JNQPSUBOU UIJOHT
WJ[� 	�
 UIF SFMBUJWJUZ NPEJmDBUJPOT PG DMBTTJDBM NFDIBOJDT 	�
 UIF BDUJPO PG B NBHOFUJD mFME
PO UIF BUPNw <��>� ɨF EJTBHSFFNFOU PG IJT NPEFM XJUI UIF FYQFSJNFOUBMMZ NFBTVSFE mOF
TUSVDUVSF PG IZESPHFO BOE PG JUT ;FFNBO DPNQPOFOUT MFBEJOH UP IBMG�JOUFHFS RVBOUVN
OVNCFST iNVTU CF JOUJNBUFMZ DPOOFDUFE XJUI 6IMFOCFDL�(PVETNJU�T UIFPSZ PG UIF TQJOOJOH
FMFDUSPO� #VU JO XIBU XBZ UIF FMFDUSPO TQJO IBT UP CF UBLFO JOUP BDDPVOU JO UIF QSFTFOU UIFPSZ JT
ZFU VOLOPXO�w <��>�

��� 0OF�FMFDUSPO %JSBD FRVBUJPO

����� ɧF TQJOOJOH FMFDUSPO

ɨF 4DISÚEJOHFS FRVBUJPO JT SFWPMVUJPOBSZ JO NBOZ BTQFDUT BOE JT TUJMM POF PG UIF GVOEBNFO�
UBM SFMBUJPO UBVHIU JO BMM RVBOUVN NFDIBOJDT DMBTTFT� )PXFWFS JU GBJMT UP QSPWJEF BO VOEFS�
TUBOEJOH PG UIF 4UFSO�(FSMBDI FYQFSJNFOU XIJDI XBT EFTJHOFE UP NFBTVSF UIF FMFDUSPO�T
NBHOFUJD NPNFOU� 4UFSO BOE (FSMBDI XFSF TUVEZJOH UIF JOnVFODF PG FYUFSOBM NBHOFUJD
mFMET PO FMFDUSPOT XIFO UIFZ PCTFSWFE UIBU FMFDUSPOT XFSF EFnFDUFE JO UXP EJĊFSFOU QSFG�
FSFOUJBM EJSFDUJPOT <��>� ɨJT EFNPOTUSBUFE UIF RVBOUJ[BUJPO PG UIF NBHOFUJD NPNFOU PG

��



UIF FMFDUSPO� 5P SFTPMWF UIF UIFPSZoFYQFSJNFOU EJTBHSFFNFOU UIF TQJO PS QSPQFS NPNFOUVN
PG UIF FMFDUSPOT XBT JOUSPEVDFE�

ɨF DPOTFRVFODFT PG JOUSPEVDJOH UIF FMFDUSPO TQJO XFSF TUVEJFE CZ 1BVMJ JO IJT BOBMZTJT PG
UIF TQFDUSVN PG FBSUI BMLBMJOF BUPNT� )F XSPUF� i'PS JOTUBODF UIF HSPVOE TUBUF PG UIF BMLBMJOF
FBSUIT JO XIJDI UIF UXP WBMFODF FMFDUSPOT BSF FRVJWBMFOU DPSSFTQPOET UP B TJOHMFU S�UFSN�  XIJMF
JO UIPTF TUBUJPOBSZ TUBUFT PG UIF BUPN XIJDI CFMPOH UP UIF USJQMFU TZTUFN UIF WBMFODF FMFDUSPOT BSF
OFWFS CPVOE FRVJWBMFOUMZ BT UIF MPXFTU USJQMFU S�UFSN� IBT B QSJODJQBM RVBOUVN OVNCFS FYDFFE�
JOH UIBU PG UIF HSPVOE TUBUF CZ VOJUZ�w <��> UIBU BMSFBEZ BOOPVODFT 1BVMJ�T GBNPVT FYDMVTJPO
QSJODJQMF QSPQPTFE GVSUIFS JO UIF TBNF QBQFS� *O B TVCTFRVFOU QBQFS <��> IF FTUBCMJTIFE
UIF NBUIFNBUJDBM UPPMT UP EFBM XJUI UIF FMFDUSPO TQJO� .PSF TQFDJmDBMMZ IF QSPNPUFE JU BT
BO JOEFQFOEFOU WBSJBCMF XJUI UIF DPNQPOFOUT sx, sy BOE sz � )F GVSUIFS TVHHFTUFE UIF VTF
PG UXP�DPNQPOFOUT XBWF GVODUJPOT PS TQJOPST UP BDDPVOU GPS UIF UXP PCTFSWFE WBMVFT PG UIF
NBHOFUJD NPNFOUVN +!/2 BOE −!/2�

-FU VT EJWF JOUP NPSF UFDIOJDBM DPOTJEFSBUJPOT BT UIF NBUIFNBUJDBM USFBUNFOU PG UIF TQJO JT
SFMFWBOU CPUI GPS UIF VOEFSTUBOEJOH PG BOHVMBS BMHFCSB JO HFOFSBM CVU BMTP GPS UIF EFSJWBUJPO
PG UIF %JSBD FRVBUJPO� ɨF TQJO BT BOZ PUIFS BOHVMBS NPNFOUVN TBUJTmFT UIF JNQPSUBOU
DPNNVUBUJPO SFMBUJPOT

[sx, sy] = J!sz BOE [sz, s
2] = 0 , 	����


BOE UIFJS DZDMJD QFSNVUBUJPOT XIFSF UIF DPNNVUBUPS PG UXP PQFSBUPST A BOE B JT EFmOFE
BT [A,B] = AB−BA� ɨFTF SFMBUJPOT BSF FBTJMZ EFSJWFE GPS UIF PSCJUBM BOHVMBS NPNFOUVN
L = r × p CZ DPNQVUJOH UIF DPNNVUBUPS FYQMJDJUMZ�� ɨF TQJO FJHFOGVODUJPOT χs,ms 
TJNVMUBOFPVTMZ TBUJTGZ UIF FJHFOWBMVF FRVBUJPOT

s2χs,ms = s(s+ 1)!2χs,ms 	����


BOE
szχs,ms = ms!χs,ms , 	����


XIFSF ms JT UIF TQJO QSPKFDUJPO BMPOHTJEF UIF z�BYJT� 'PS BO FMFDUSPO ms = ±1/2 BOE
s = 1/2� 4JODF UIFSF BSF POMZ UXP QPTTJCMF FJHFOGVODUJPOT XF DBO EFOPUF UIFN χ1/2,+1/2

�ɨF TJOHMFU BOE USJQMFU TUBUFT SFGFS UP TZTUFNT PG UXP FMFDUSPOT XJUI BOUJ�QBSBMMFM BOE QBSBMMFM TQJOT SFTQFD�
UJWFMZ�

�4UBSUJOH XJUI UIF DMBTTJDBM PSCJUBM BOHVMBS NPNFOUVN L = r × p BOE JOTFSUJOH UIF SFQMBDF�
NFOU p → −J!∇ XF mOE UIF UISFF DPNQPOFOUT PG L UP CF Lx = −J!

(
y ∂

∂z − z ∂
∂y

)
 Ly =

−J!
(
z ∂
∂x − x ∂

∂z

)
BOE Lz = −J!

(
x ∂

∂y − y ∂
∂x

)
� 'SPN UIFSF POF mOET UIBU [Lx, Ly] = LxLy −

LyLx = !2
(
(y ∂

∂z − z ∂
∂y )(z

∂
∂x − x ∂

∂z )
)
− !2

(
(z ∂

∂x − x ∂
∂z )(y

∂
∂z − z ∂

∂y )
)
 BOE CZ SFNFNCFSJOH UIBU

F�H� y ∂
∂z z

∂
∂x = y ∂

∂x + yz ∂2

∂z∂x  UIF QSFWJPVT FYQSFTTJPO SFEVDFT UP !2
(
y ∂

∂x − x ∂
∂y

)
= i!Lz  TJODF BMM

EPVCMF EFSJWBUJWFT DBODFM PVU�

��



BOE χ1/2,−1/2� 0OF DBO SFBEJMZ mOE UIF NBUSJY SFQSFTFOUBUJPO PG s2 BOE sz UP CF

s2 =
3

4
!2
(
1 0
0 1

)
	����


sz =
!
2

(
1 0
0 −1

)
. 	����


ɨF EFUBJMT PG UIF EFSJWBUJPO PG UIF sx BOE sy NBUSJDFT DBO CF GPVOE FMTFXIFSF <��>� )PX�
FWFS UIF mOBM SFTVMU JNQPSUBOU UP IJHIMJHIU IFSF JT UIF NBUSJY EFmOJUJPO PG UIF TQJO WFDUPS
BT

s =
!
2
σ 	����


XIFSF
σx =

(
0 1
1 0

)
σy =

(
0 −J
J 0

)
σx =

(
1 0
0 −1

)
	����


BSF UIF XFMM�LOPX 1BVMJ NBUSJDFT� ɨF MBUUFS IBWF JNQPSUBOU QSPQFSUJFT UIBU XJMM CF VTFGVM
JO UIF GPMMPXJOH XIJDI BSF

σ2x = σ2y = σ2z = I2×2 , {σx,σy} ≡ σxσy + σyσx = O2×2 , [σx,σy] = Jσz
	����


BOE UIFJS DZDMJD QFSNVUBUJPOT XIFSF UIF BOUJDPNNVUBUPS PG UXP PQFSBUPST A BOE B JT
EFmOFE BT {A,B} = AB+BA BOE I2×2 BOEO2×2 BSF UIF 2×2 JEFOUJUZ BOE [FSP NBUSJDFT
SFTQFDUJWFMZ� *G BO FMFDUSPO JT OFJUIFS JO POF PG UIF FJHFOTUBUFT χ1/2,+1/2 PS χ1/2,−1/2 JUT
TQJO JT EFTDSJCFE CZ VTJOH UIF UXP�DPNQPOFOU TQJOPS

χ =

(
χ+

χ−

)
PS χ = χ+ (χ1/2,+1/2) + χ− (χ1/2,−1/2) , 	����


XIFSF χ+ BOE χ− BSF UIF TQJO DPNQPOFOUT BMPOH χ1/2,+1/2 BOE χ1/2,−1/2 SFTQFDUJWFMZ�
)PXFWFS UIF BSUJmDJBM JOUSPEVDUJPO PG UIFTF TQJOPST JO UIF OPO�SFMBUJWJTUJD UIFPSZ PG 4DISÚE�
JOHFS CZ DPOTJEFSJOH SFMBUJWJTUJD BOE NBHOFUJD DPSSFDUJPOT UP IJT XBWF FRVBUJPO XBT VOFY�
QMBJOFE� 1BVMJ IJNTFMG XBT DPOTDJPVT UIBU UIF TQJO PG UIF FMFDUSPO BOE UIF TQJOPS XBWF
GVODUJPO J�F� UXP�DPNQPOFOUT XBWF GVODUJPO TIPVME FNFSHF OBUVSBMMZ GSPN UIF XBWF
FRVBUJPO BT IF XSPUF� iUIF UIFPSZ UIBU JT GPSNVMBUFE IFSF JT UP CF SFHBSEFE BT POMZ QSPWJTJPOBM
TJODF POF NVTU EFNBOE PG BO VMUJNBUF UIFPSZ UIBU JU CF GPSNVMBUFE JO B SFMBUJWJTUJDBMMZ�JOWBSJBOU
XBZ�w <��>�

����� 3FMBUJWJUZ

ɨF UIFPSZ PG SFMBUJWJUZ XBT mSTU JOUSPEVDFE CZ &JOTUFJO� ɨF FYQFSJNFOUBM GBDU UIBU UIF
TQFFE PG MJHIU XBT UIF TBNF JO BMM SFGFSFODF GSBNFT XBT JO PCWJPVT WJPMBUJPO PG UIF UIFPSFN

��



PG BEEJUJPO PG WFMPDJUJFT� ɨF DIBOHF PG GSBNF PG SFGFSFODF UIBU XPVME QSFTFSWF CPUI UIF
MBXT PG QIZTJDT BOE UIF TQFFE PG MJHIU�T JOWBSJBODF BSF EFTDSJCFE CZ -PSFOU[�T USBOTGPSNBUJPOT
JO UIF GSBNFXPSL PG TQFDJBM SFMBUJWJUZ� 'SPN UIJT UIFPSZ JU GPMMPXT UIBU PCKFDUT NPWJOH XJUI
B WFMPDJUZ DMPTF UP UIF TQFFE PG MJHIU XFSF TVCKFDU UP UJNF EJMBUBUJPO BOE EJTUBODF DPOUSBD�
UJPO� 8JUIJO UIBU UIFPSZ UJNF BOE TQBDF GPSN B GPVS�EJNFOTJPOBM TQBDFUJNF DBMMFE UIF
.JOLPXTLJ TQBDF UIBU TVQQSFTTFT UIF TQFDJBM DIBSBDUFS PG UIF UJNF EJNFOTJPO SFMBUJWFMZ UP
UIF UISFF TQBUJBM EJNFOTJPOT� 5JNF EJMBUBUJPO BOE EJTUBODF DPOUSBDUJPO BSF UIFO FYQMBJOFE
CZ SPUBUJPOT JO UIF GPVS�EJNFOTJPOBM TQBDFUJNF BMMPXJOH UJNF BOE TQBDF UP NJY XJUI FBDI
PUIFS�

ɨF EFSJWBUJPO PG UIF %JSBD FRVBUJPO IPXFWFS SFRVJSFT UIF LOPXMFEHF PG VTFGVM DPODFQUT
PG HFOFSBM SFMBUJWJUZ� ɨF UIFPSZ PG HFOFSBM SFMBUJWJUZ JNBHJOFE CZ &JOTUFJO PWFSSVMFE UIF
iDMBTTJDBMw /FXUPO MBXT PG NPUJPO TIPXJOH EJTBHSFFNFOU NPTUMZ JO UIF IJHI�FOFSHZ EP�
NBJO� *U XBT POMZ B NBUUFS PG UJNF GPS RVBOUVN NFDIBOJDToUIF NFDIBOJDT PG UIF JOmOJUFMZ
TNBMMoBOE SFMBUJWJUZoUIF NFDIBOJDT PG IJHI FOFSHJFToUP CF VOJmFE�

*O UIF SFMBUJWJUZ UIFPSZ GPVS�DPNQPOFOUT WFDUPST xµ = {x0, x1, x2, x3} BSF EFmOFE JO
UIFJS DPOUSBWBSJBOU GPSN PS xµ = {x0, x1, x2, x3} JO UIFJS DPWBSJBOU GPSN� ɨF USBOTGPS�
NBUJPO GSPN UIF DPWBSJBOU GPSN UP UIF DPOUSBWBSJBOU GPSN JT QFSGPSNFE CZ VTJOH UIF NFUSJD
UFOTPS

gµν =





1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1



 , 	����


XIJDI JT JEFOUJDBM JO JUT DPWBSJBOU BOE DPOUSBWBSJBOU GPSNT gµν = gµν � ɨF USBOTGPSNBUJPO
GSPN POF GPSN UP UIF PUIFS JT NBEF FYQMJDJU CZ UIF MPXFSJOH PS IJHIFSJOH PG JOEJDFT

xµ = gµνxν , xµ = gµνx
ν . 	����


"T BO FYBNQMF UIF GPVS�DPNQPOFOU TQBDFUJNF DPPSEJOBUF WFDUPS JT xµ ≡ (ct, x, y, z) JO JUT
DPOUSBWBSJBOU GPSN BOE xµ ≡ (ct,−x,−y,−z) JO JUT DPWBSJBOU GPSN� 4JNJMBSMZ XF EFmOF
UIF VTVBM GPVS�NPNFOUVN WFDUPS

pµ = {p0, p1, p2, p3} = {E/c, px, py, pz} 	����


BOE UIF GPVS�QPUFOUJBM WFDUPS PG UIF FMFDUSPNBHOFUJD mFME

aµ = {A0, A1, A1, A1} = {Φ, cAx, cAy, cAz} . 	����


ɨF DPNQPOFOUT PG UIF GPVS�NPNFOUVN WFDUPS DBO CF XSJUUFO VTJOH UIF -PSFOU[ GBDUPS
γ(v) = 1/

√
1− v2/c2 XIFSF v = |v| BT

p0 = E/c = mcγ(v) , p = mvγ(v) . 	����


��



&YQBOEJOH UIF BCPWF FYQSFTTJPOT JO TFSJFT PG 	v/c
 XF FBTJMZ EFSJWF

E = mc2 +
mv2

2
+

3mv4

8c2
+ . . . , p = mv

(
1 +

v2

2c2
+ . . .

)
, 	����


XIJDI SFEVDF UP mSTU PSEFS UP UIFJS DMBTTJDBM FYQSFTTJPO E −mc2 = mv2/2 BOE p = mv
SFTQFDUJWFMZ <�� Q���>� ɨF JOOFS QSPEVDU BTTPDJBUFE UP GPVS�DPNQPOFOUT WFDUPST JT EFmOFE
BT

x · x = xµxµ = x0x0 + x1x1 + x2x2 + x3x3 = x20 − x2 	����


VTJOH &JOTUFJO�T OPUBUJPO xµxµ =
∑3

µ=0 x
µxµ�

" mSTU XBWF FRVBUJPO XBT QSPQPTFE CZ ,MFJO <��> BOE (PSEPO <��> XIP DPOTJEFSFE UIF
SFMBUJWJTUJD SFMBUJPO

pµpµ = E2/c2 − p2 = m2
0c

2 , 	����


XIFSF m0 JT UIF SFTU NBTT PG UIF DPOTJEFSFE QBSUJDMF BOE NBEF UIF SFQMBDFNFOU JOTQJSFE CZ
4DISÚEJOHFS 	TFF &R� ����



pµ → J! ∂

∂xµ
.� 	����


ɨFZ PCUBJO UIF ,MFJO�(PSEPO FRVBUJPO GPS B GSFF QBSUJDMF EFTDSJCFE CZ B XBWF GVODUJPO
ψ(x) ≡ ψ(r, t)

pµpµψ(x) = m2
0c

2ψ(x) 	����


PS (
∂2

c2∂t2
−∇2 +

m2
0c

2

!2

)
ψ(x) = 0 . 	����


ɨF TVDDFTT PG UIJT FRVBUJPO XBT MJNJUFE� &WFO UIPVHI JU JT -PSFOU[�JOWBSJBOU UIF TFDPOE
EFSJWBUJWF XJUI SFTQFDU UP UJNF GPSCJET UIF VTVBM QSPCBCJMJTUJD JOUFSQSFUBUJPO PG UIF XBWF
GVODUJPO� .PSFPWFS JU NFBOT UIBU UIF XBWF GVODUJPO OPU POMZ EFQFOET PO UIF XBWF GVOD�
UJPO JUTFMG CVU BMTP PO JUT mSTU EFSJWBUJWF� ɨF ,MFJO�(PSEPO FRVBUJPO IPXFWFS JT XFMM
TVJUFE GPS UIF EFTDSJQUJPO PG UIF NPUJPO PG TQJO�0 QBSUJDMF TVDI BT QJPOT BOE LBPOT UIBU
XFSF VOLOPXO BU UIF UJNF� *U XBT UIFSFGPSF MPHJDBM UP TFBSDI GPS BO BMUFSOBUJWF�

4JODF JU CFDBNF PCWJPVT UIBU UIF XBWF FRVBUJPO IBE UP CF MJOFBS XJUI SFTQFDU UP UIF mSTU
EFSJWBUJWF PG UJNF %JSBD TVHHFTUFE UIBU JU TIPVME BMTP CF MJOFBS XJUI SFTQFDU UP UIF mSTU
EFSJWBUJWF PG TQBDF TP UIBU UIF TZNNFUSZ CFUXFFO UJNF BOE TQBDF SFRVJSFE CZ SFMBUJWJUZ JT
SFDPWFSFE� )F UIFO QPTUVMBUFE UIBU UIF GPSN PG UIF XBWF FRVBUJPO IBE UP CF

(p0 + α1p1 + α2p2 + α3p3 + β)ψ(x) = 0 , 	����

�/PUF UIF JNQPSUBODF PG UIF DPOUSBWBSJBOU BOE DPWBSJBOU JOEJDFT XIJDI QSPWJEF UIF DPSSFDU OFHBUJWF TJHO

XIFO UIF GPVS DPNQPOFOUT BSF XSJUUFO FYQMJDJUMZ 	TFF &R� 	����
 JO 3FG� <��>


��



XIFSF UIF PQFSBUPST α1,α2,α3 BOE β BSF JOEFQFOEFOU PG r BOE p� 'PMMPXJOH %JSBD DIBJO�T
PG UIPVHIUT <��> &R� 	����
 MFBET VT UP

0 = (−p0 + α1p1 + α2p2 + α3p3 + β)(p0 + α1p1 + α2p2 + α3p3 + β)ψ(x)

=
[
−p20 +

∑
α2
1p

2
1 +

∑
(α1α2 + α2α1)p1p2 + β2 +

∑
(α1β + βα1)p1

]
ψ(x)

	����


XIFSF
∑

SFQSFTFOUT UIF DZDMJD QFSNVUBUJPOT PG UIF JOEJDFT ���� %JSBD�T JEFB XBT UIBU
&R� 	����
 TIPVME CF FRVBM UP UIF ,MFJO�(PSEPO FRVBUJPO 	����
� ɨJT JT POMZ QPTTJCMF JG
	QVUUJOH β = α4mc


α2
µ = 1 BOE αµαν + αναµ = 0 (µ *= ν) , µ, ν = 1, 2, 3, 4 , 	����


XIJDI BSF RVJUF TJNJMBS UP UIF SFMBUJPOT 	����
 TBUJTmFE CZ 1BVMJ�T NBUSJDFT� )PXFWFS JO
PSEFS UP mOE 4 NBUSJDFT UIBU TBUJTGZ UIF DPOEJUJPOT 	����
 POF NVTU FYUFOE UIF EJNFOTJPOT
PG 1BVMJ�T NBUSJDFT GSPN 2 UP 4� ɨF %JSBD NBUSJDFT UIFO UBLF UIF GPSN

αi =

(
O2×2 σi
σi O2×2

)
i = 1, 2, 3 , α4 =

(
I2×2 O2×2

O2×2 −I2×2

)
. 	����


ɨF POF�FMFDUSPO %JSBD FRVBUJPO UIFO CFDPNFT

(p0 +α · p+ α4mc)ψ(x) = 0 . 	����


*OUFSFTUJOHMZ UIJT mSTU WFSTJPO PG %JSBD�T FRVBUJPO JT OPU FYQMJDJUMZ -PSFOU[�JOWBSJBOU� )PX�
FWFS %JSBD EFNPOTUSBUFE UIBU UIF BCPWF FRVBUJPO DPVME CF SF�XSJUUFO JO B GPSN XIJDI JT
NPSF DPOWFOJFOU UP QSPWF UIF -PSFOU[�T JOWBSJBODF SFRVJSFE CZ SFMBUJWJUZ <��>� (SBOU <��
Q����> QSPWJEFT UIF FYQMJDJU QSPPG PG JUT JOWBSJBODF TUBSUJOH GSPN

(γµpµ −mc)ψ(x) = 0 	����


XIFSF γµ BSF 4× 4 NBUSJDFT UIBU DBO CF CVJMU CZ BQQMZJOH DBOPOJDBM USBOTGPSNBUJPOT UP UIF
%JSBD NBUSJDFT�

*O UIF QSFTFODF PG BO FYUFSOBM FMFDUSPNBHOFUJD mFME SFQSFTFOUFE CZ JUT GPVS�WFDUPS aµ %JSBD
FRVBUJPO CFDPNFT

[
p0 −

e

c
Φ0 +α · (p+ eA) + α4mc

]
ψ(x) = 0 . 	����


*O UIF DBTF PG BO UJNF�JOEFQFOEFOU FMFDUSPNBHOFUJD mFME UIF UJNF EFQFOEFODF PG UIF XBWF
GVODUJPO JT DBSSJFE CZ B UJNF EFQFOEFOU QIBTF GBDUPS TJNJMBSMZ BT JO UIF OPO�SFMBUJWJTUJD
UIFPSZ PG 4DISÚEJOHFS 	TFF &R� 	����

� 0OF DBO UIFSFGPSF CVJME UIF UJNF�JOEFQFOEFOU
POF�FMFDUSPO %JSBD FRVBUJPO CZ MPPLJOH GPS UIF )BNJMUPOJBO HD TVDI UIBU

(HD − E)φ(r) = 0 	����


XIFSF φ(r) = ψ(x) exp [JEt/!] POMZ EFQFOET PO TQBUJBM DPPSEJOBUFT�

��



����� 3FMBUJWJTUJD PSCJUBMT BOE RVBOUVN OVNCFST

ɨF POF�FMFDUSPO %JSBD FRVBUJPO JT DSVDJBM UP QSPWJEF UIF UPPMT UP VOEFSTUBOE BOE EFSJWF
UIF FRVBUJPOT PG UIF NeoFMFDUSPO BUPNJD TZTUFNT UIBU BSF TUVEJFE JO UIJT UIFTJT� ɨF DBTF
PG UIF IZESPHFOJD BUPNT 	Ne = 1
 JO XIJDI UIFSF JT OP FYUFSOBM FMFDUSPNBHOFUJD mFME BOE
UIF QPUFOUJBM SFEVDFT UP UIF $PVMPNC QPUFOUJBM CFUXFFO UIF OVDMFVT BOE UIF FMFDUSPO JT
UIF DPSOFSTUPOF PO XIJDI NPSF DPNQMFY TZTUFNT BSF CVJMU� 8F UIFSFGPSF GPMMPX UIF CPPL PG
(SBOU <��> VQ UP UIF SBEJBM %JSBD FRVBUJPO HJWJOH BMPOH UIF XBZ UIF JNQPSUBOU EFmOJUJPO
PG UIF SFMBUJWJTUJD PSCJUBMT BOE UIFJS BTTPDJBUFE RVBOUVN OVNCFST�

ɨF %JSBD )BNJMUPOJBO GPS BO FMFDUSPO JO B DFOUSBM QPUFOUJBM JT TJNQMZ 	XJUI r = |r|


HD = cα · p+ β′mc2 + V (r) 	����


XIFSF β′ ≡ α4 UP GPMMPX (SBOU�T OPUBUJPOT� *O PSEFS UP mOE UIF BQQSPQSJBUF TFU PG RVBOUVN
OVNCFST BOE UIF TVJUBCMF TUSVDUVSF PG UIF GPVS�DPNQPOFOU TQJOPST φnκm(r) 	UIF NFBOJOH
PG UIF RVBOUVN OVNCFST nκm PS FRVJWBMFOUMZ nljm XJMM OBUVSBMMZ BQQFBS MBUFS
 XF TIPVME
JEFOUJGZ UIF PQFSBUPST UIBU DPNNVUF XJUIHD� 5PHFUIFS UIFZ GPSN XIBU JT DBMMFE B $PNQMFUF
4FU PG $PNNVUJOH 0CTFSWBCMFT� 	$4$0
� *U JT XFMM�LOPXO GSPN CBTJD RVBOUVN NFDIBOJDT
UIBU UXP PQFSBUPST UIBU DPNNVUF IBWF UIF TBNF TFU PG FJHFOGVODUJPOT <��>�� ɨF %JSBD
)BNJMUPOJBO DPNNVUFT XJUI UIF UPUBM BOHVMBS NPNFOUVN J = L + S JODMVEJOH JUT
QSPKFDUJPO PO UIF z�BYJT Jz � )PXFWFS JU EPFT OPU DPNNVUF XJUI L OPS S FWFO UIPVHI
[HD,L] = −[HD,S] TP UIBU [HD,J ] JT JOEFFE FRVBM UP 0� 'VSUIFSNPSF TJODF [Ji, Jj ] *=
0 	i *= j
 UXP EJĊFSFOU DPNQPOFOUT PG J DBO OPU CF QBSU TJNVMUBOFPVTMZ PG PVS $4$0�
ɨF MBUUFS DPNNVUBUJPO SFMBUJPOT XFSF BMSFBEZ EJTDVTTFE GPS UIF TQJO PQFSBUPS JO &R� 	����

BOE USBOTMBUF GPS UIF UPUBM BOHVMBS NPNFOUVN J BT

[J ,J ] = i!J BOE [Jz,J
2] = 0 . 	����


*U GPMMPXT OBUVSBMMZ UIBU [HD,J2] = 0��

ɨF QBSJUZ�PQFSBUPS P  BDUJOH PO B GVODUJPO f(r) TVDI UIBU Pf(r) = f(−r) EPFT OPU
DPNNVUF XJUI HD� ɨF BMUFSOBUJWF GPSN GPS UIF QBSJUZ�PQFSBUPS P = βP EPFT IPXFWFS

�ɨF BQQFMMBUJPO iPCTFSWBCMFw EFTJHOBUFT BOZ PQFSBUPS GPS XIJDI JUT FYQFDUBUJPO WBMVF JT B NFBTVSBCMF
RVBOUJUZ�

�-FU VT DPOTJEFS UXP DPNNVUJOH PQFSBUPST A BOE B TVDI UIBU [A,B] = 0� "TTVNJOH UIBU XF LOPX
UIF OPO�EFHFOFSBUF DPNQMFUF TFU PG FJHFOGVODUJPOT ψn PG UIF PQFSBUPS A TVDI UIBU Aψn = anψn XF IBWF
BAψn = Banψn = anBψn BOE BAψA = ABψn VTJOH [A,B] = 0� ɨFSFGPSF XF PCUBJO UIF JNQPSUBOU
SFTVMU UIBU ABψn = anBψn XIJDI NFBOT UIBU Bψn JT BMTP FJHFOGVOUJPO PG A XJUI UIF FJHFOWBMVF an�
4JODF UIF TFU PG FJHFOGVODUJPOT JT OPO�EFHFOFSBUF JU NFBOT UIBU Bψn IBT UP EJĊFS GSPN ψn CZ B NVMUJQMJDBUJWF
DPOTUBOU OBNFMZ bn� Bψn = bnψn� *U GPMMPXT UIBU ψn JT TJNVMUBOFPVTMZ FJHFOGVODUJPO PG A BOE B XJUI UIF
FJHFOWBMVF an BOE bn SFTQFDUJWFMZ�

�6TJOH UIF NBUIFNBUJDBM SFMBUJPO [A,BC] = [A,B]C + B[A,C] XF mOE UIBU [HD,J
2] = [HD,J ·

J ] = [HD,J ]J + J [HD,J ] = 0 TJODF [HD,J ] = 0�

��



DPNNVUFT XJUI HD� ɨF $4$0 JT UIFSFGPSF DPNQPTFE PG {HD,J2, Jz,P} BOE φnκm(r)
JT TJNVMUBOFPVT FJHFOGVODUJPO PG UIFTF GPVS PQFSBUPST BOE DBO CF UIFSFGPSF BTTPDJBUFE UP B
EFmOJUF FOFSHZ B UPUBM BOHVMBS NPNFOUVN BOE JUT QSPKFDUJPO BOE B QBSJUZ�

ɨF GPSN PG UIF POF�FMFDUSPO XBWF GVODUJPO PS SFMBUJWJTUJD PSCJUBMT φnκm(r) IJHIMZ EFQFOET
PO UIF GPVS�DPNQPOFOU OBUVSF PG UIF %JSBD FRVBUJPO� %VF UP UIF TUSVDUVSF PG UIF α BOE β
NBUSJDFT 	TFF &R� 	����

 UIF HFOFSJD GPSN PG UIF GPVS�DPNQPOFOU TQJOPS JT

φnκm(r) =
1

r

(
Pnκ(r)Ωκm(θ,ϕ)

JQnκ(r)Ω−κm(θ,ϕ)

)
	����


XIFSF UIF SBEJBM BOE BOHVMBS QBSUT BSF TFQBSBUFE BOE (r, θ,ϕ) BSF UIF VTVBM TQIFSJDBM DP�
PSEJOBUFT� Pnκ(r) BOE Qnκ(r) BSF UIF MBSHF BOE TNBMM DPNQPOFOUT� SFTQFDUJWFMZ BOE
Ωκm(θ,ϕ) BSF TQJO�BOHVMBS UXP�TQJOPST� ɨF MBUUFS BSF FJHFOGVODUJPOT PG j̃2, j̃z, l̃2 BOE
s̃2 XIFSF UIF UJMEF JT JOUSPEVDFE UP FNQIBTJ[F UIBU UIFTF PQFSBUPST BDU PO UXP�EJNFOTJPOBM
TQJOPST JOTUFBE PG GPVS�DPNQPOFOU TQJOPST� ɨFZ WFSJGZ UIF FJHFOWBMVF FRVBUJPOT JO B�V�

j̃2Ωκm(θ,ϕ) = j(j + 1)Ωκm(θ,ϕ) 	����

j̃zΩκm(θ,ϕ) = mΩκm(θ,ϕ) 	����

l̃2Ωκm(θ,ϕ) = l(l + 1)Ωκm(θ,ϕ) 	����


s̃2Ωκm(θ,ϕ) =
3

4
Ωκm(θ,ϕ) , 	����


XIFSF j JT B QPTJUJWF IBMG�JOUFHFS m = −j,−j + 1, · · · , j − 1, j BOE l = j ± 1/2� ɨFJS
NPTU FċDJFOU DMBTTJmDBUJPO SFRVJSFT UIF EFmOJUJPO PG UIF PQFSBUPS K̃ BT

K̃ = −
[
1 + j̃2 − l̃2 − s̃2

]
= −(1 + σ · l̃) , 	����


UIBU JNNFEJBUFMZ GPMMPXT UIF EFmOJUJPO PG UIF UPUBM BOHVMBS NPNFOUVN j̃ = l̃ + s̃� ɨF
UXP�TQJOPST BSF BMTP FJHFOGVODUJPOT PG K̃

K̃Ωκm(θ,ϕ) = κΩκm(θ,ϕ) , 	����


XIFSF κ JT UIF SFMBUJWJTUJD BOHVMBS RVBOUVN OVNCFS�UIBU UBLFT UIF WBMVFT

κ = ±(j + 1/2) XIFO l = j ± 1/2 . 	����


�*O 3FG� <��> (SBOU DPNNFOUT UIBU UIF MBCFMT AMBSHF� BOE ATNBMM� BSF EFmOFE JO UIF DBTF PG TUBUFT PG QPTJUJWF
FOFSHZ� *U JT OPU IBSE UP JNBHJOF UIBU UIF TJUVBUJPO JT ASFWFSTF� GPS OFHBUJWF FOFSHZ TUBUFT J�F� Pnκ(r) BOE
Qnκ(r) XPVME CF ATNBMM� BOE AMBSHF� SFTQFDUJWFMZ�

�/PUF UIBU GPS FBDI OPO�SFMBUJWJTUJD PSCJUBM DIBSBDUFSJ[FE CZ JUT BOHVMBS RVBOUVN OVNCFS l $= 0 UXP
SFMBUJWJTUJD PSCJUBMT FYJTU XJUI UPUBM BOHVMBS NPNFOUVN j = l ± 1/2� 'PMMPXJOH UIF OPO�SFMBUJWJTUJD OPUBUJPO
s(l = 0) p(l = 1) d(l = 2) f(l = 3) . . .  UIF SFMBUJWJTUJD PSCJUBMT BSF JEFOUJmFE CZ UIF DPVQMF PG RVBOUVN
OVNCFS lj JOTUFBE PG κ BT s1/2(κ = −1) p1/2(κ = 1) p3/2(κ = −2) d3/2(κ = 2) d5/2(κ = −3) . . . �

��



ɨF UXP�TQJOPST BSF FJHFOGVODUJPOT PG CPUI UIF TQJO BOE UIF PSCJUBM BOHVMBS NPNFOUVN�
ɨFZ DBO UIFSFGPSF CF FYQBOEFE PWFS EJSFDU QSPEVDUT PG UIF TQJO BOE PSCJUBM BOHVMBS NP�
NFOUVN FJHFOGVODUJPOT� 8F BMSFBEZ TBX JO 4FD� ����� UIBU UIF TQJO FJHFOGVODUJPOT BSF
χ1/2,1/2 BOE χ1/2,−1/2 XIJDI JO UIFJS NBUSJY SFQSFTFOUBUJPOT BSF

χ1/2,1/2 =

(
1
0

)
BOE χ1/2,−1/2 =

(
0
1

)
. 	����


ɨF FJHFOGVODUJPOT PG UIF PSCJUBM BOHVMBS NPNFOUVN BSF UIF XFMM�LOPXO TQIFSJDBM IBS�
NPOJDT Y ml

l (θ,φ) ml = −l,−l + 1, · · · , l − 1, l BTTPDJBUFE UP UIF FJHFOWBMVFT l(l + 1)
BOE ml GPS UIF TRVBSF PG UIF PSCJUBM BOHVMBS NPNFOUVN PQFSBUPS BOE JUT QSPKFDUJPO PO UIF
z�BYJT� ɨF UXP�TQJOPST BSF UIFO DPOTUSVDUFE VTJOH UIF HFOFSBM GPSNVMB

Ωκm(θ,ϕ) =
∑

ms=−1/2,1/2

(l,m−ms, 1/2,ms|l, 1/2, j,m)Y m−ms
l (θ,ϕ)χ1/2,ms

,

	����

XIFSF (l,m − ms, 1/2,ms|l, 1/2, j,m) BSF $MFCTDI�(PSEBO DPFċDJFOUT <��> 	TFF BMTP
4FD� �����
 BOE l = j ± 1/2 EFQFOEJOH PO UIF TJHO PG κ 	TFF &R 	����

� ɨFJS FYQSFTTJPO
JT mOBMMZ HJWFO CZ

Ω+|κ|m(θ,ϕ) =




−
(
j+1−m
2j+2

)1/2
Y m−1/2
j+1/2 (θ,ϕ)

(
j+1+m
2j+2

)1/2
Y m+1/2
j+1/2 (θ,ϕ)



 	����


Ω−|κ|m(θ,ϕ) =





(
j+m
2j

)1/2
Y m−1/2
j−1/2 (θ,ϕ)

(
j−m
2j

)1/2
Y m+1/2
j−1/2 (θ,ϕ)



 . 	����


ɨFTF UXP�TQJOPST KVTU BT UIF TQIFSJDBM IBSNPOJDT GPSN BO PSUIPOPSNBM CBTJT TVDI UIBU
UIF TDBMBS QSPEVDU CFUXFFO UXP EJĊFSFOU UXP�TQJOPST JT TJNQMZ HJWFO CZ

(Ωκm(θ,ϕ)|Ωκ′m′(θ,ϕ)) = δκκ′δmm′ , 	����


XIJDI DPSSFTQPOET UP BO BOHVMBS JOUFHSBUJPO PWFS UIF VOJU TQIFSF�

(Ωκm(θ,ϕ)|Ωκ′m′(θ,ϕ)) ≡
∫ π

0
sin θdθ

∫ 2π

0
Ω†
κm(θ,ϕ)Ωκ′m′(θ,ϕ)dφ . 	����


ɨBOLT UP UIJT SFMBUJPO POF DBO BTTPDJBUF UP UIF QSPCBCJMJUZ EFOTJUZ

ρnκm(r) = |φnκm(r)|2 	����


B SBEJBM EFOTJUZ
Dnκ(r) = |Pnκ(r)|2 + |Qnκ(r)|2 . 	����


ɨF RVBOUJUZDnκ(r)dr JT UIFSFGPSF UIF QSPCBCJMJUZ UP mOE UIF FMFDUSPO JO UIF SBEJBM JOUFSWBM
<r r + dr> BXBZ GSPN UIF OVDMFVT SFHBSEMFTT PG UIF EJSFDUJPO�

��



����� 3BEJBM FRVBUJPO

*O UIF QSFWJPVT TFDUJPOT XF EFmOFE 	BMNPTU
 FWFSZUIJOH UIBU JT OFFEFE UP EFSJWF UIF SB�
EJBM POF�FMFDUSPO %JSBD FRVBUJPO� 3FNBJOJOH JT UIF USFBUNFOU PG UIF α · p PQFSBUPS� "O
JNQPSUBOU SFMBUJPO JT HJWFO JO <�� §�����>

σ · p = −Jσr
(
∂r +

K + 1

r

)
, 	����


XIFSF UIF PQFSBUPS σr 	BOUJ�
DPNNVUFT XJUI j̃(P ) BOE BDUT PO UIF ��TQJOPST BT

σrΩκm(θ,ϕ) = −Ω−κm(θ,ϕ) , 	����


XIJDI DPOOFDUT CBTJT GVODUJPOT PG PQQPTJUF TJHO PG κ� ɨF EFSJWBUJPO PG UIF SBEJBM %JSBD
FRVBUJPOT JT UIFO TUSBJHIUGPSXBSE

0 = (HD − Enκ)φnκm(r)

= (cα · p+ β′mc2 + V (r)− Enκ)
1

r

(
Pnκ(r)Ωκm(θ,ϕ)

JQnκ(r)Ω−κm(θ,ϕ)

)

=

(
mc2 + V (r)− Enκ −Jcσr

(
∂r +

K+1
r

)

−Jcσr
(
∂r +

K+1
r

)
−mc2 + V (r)− Enκ

)
1

r

(
Pnκ(r)Ωκm(θ,ϕ)

JQnκ(r)Ω−κm(θ,ϕ)

)

=
1

r





{
(mc2 + V (r)− Enκ)Pnκ(r) + c

(
−dQnκ(r)

dr + κ
rQnκ(r)

)}
Ωκm(θ,ϕ)

{
c
(
dPnκ(r)

dr + κ
rPnκ(r)

)
+ (−mc2 + V (r)− Enκ)Qnκ(r)

}
Ω−κm(θ,ϕ)



 ,

	����


MFBEJOH UP UIF DPVQMFE TZTUFN PG SBEJBM FRVBUJPOT

(mc2 + V (r)− Enκ)Pnκ(r) + c

(
−dQnκ(r)

dr
+
κ

r
Qnκ(r)

)
= 0

c

(
dPnκ(r)

dr
+
κ

r
Pnκ(r)

)
+ (−mc2 + V (r)− Enκ)Qnκ(r) = 0 .

	����


����� %JTDVTTJPO

3FMBUJWJTUJD XBWF FRVBUJPOT PQQPTFE UP OPO�SFMBUJWJTUJD 4DISÚEJOHFS�MJLF FRVBUJPOT IBWF JO�
UFSFTUJOH QSPQFSUJFT UIBU GPMMPX EJSFDUMZ GSPN B SFMBUJWJTUJD USFBUNFOU� $POTJEFSJOH &R� 	����

UIF FOFSHZ PG UIF SFMBUJWJTUJD QBSUJDMF JT

Enκ = ±c
√
p2 +m2c2 , 	����


��



XIJDI BENJUT QPTJUJWF BOE OFHBUJWF TPMVUJPOT� (SFJOFS <�� § ���> QSPWJEFT BO JOUFSFTUJOH
BMUFSOBUJWF EFSJWBUJPO PG UIJT SFTVMU TUBSUJOH GSPNHD GPS B GSFF QBSUJDMF 	V (r) = 0
� ,FFQJOH
UIF PQFSBUPS σ · p JO JUT WFDUPSJBM GPSN UIF DPVQMFE TZTUFN PG FRVBUJPOT BENJUT OPO�[FSP
TPMVUJPOT GPS φnκm(r) POMZ JG

∣∣∣∣
Enκ −mc2 −cσ · p
−cσ · p Enκ +mc2

∣∣∣∣ = 0 . 	����


ɨJT EFUFSNJOBOU JT FYBDUMZ [FSP POMZ JG &R� 	����
 JT WFSJmFE� ɨF FYJTUFODF PG OFHBUJWF
TPMVUJPOT XBT SFWPMVUJPOBSZ XIFO %JSBD FTUBCMJTIFE IJT FRVBUJPO� ɨFJS JOUFSQSFUBUJPO JT
EJTDVTTFE GVSUIFS JO UIJT TFDUJPO�

'JSTU JU JT XPSUI EJTDVTTJOH UIF IZESPHFOJD DBTF GPS XIJDI UIF QPUFOUJBM JT UIF QVSF $PVMPNC
QPUFOUJBM V (r) = −Z/r BTTVNJOH B QPJOU�MJLF OVDMFVT� 4FFLJOH TRVBSFE�JOUFHSBCMF
CPVOE TPMVUJPOT J�F� UIBU UIF SBEJBM EFOTJUZ Dnκ(r) 	����
 NVTU CF mOJUF PO 0 ≤ r ≤ ∞
XF TIPVME JOWFTUJHBUF UIF CFIBWJPVS PG UIF XBWF GVODUJPOT GPS UIF UXP MJNJUT r → 0 BOE
r → ∞� *OTFSUJOH V (r) JO &R� 	����
 BOE BTTVNJOH mSTU r → ∞ UIF TZTUFN PG FRVBUJPOT
SFTVNFT UP JO NBUSJY OPUBUJPOT

(
mc2 − Enκ −c d

dr
c d
dr −mc2 − Enκ

)(
Pnκ(r)
Qnκ(r)

)
→ 0 	����


&YUSBDUJOH QEκ GSPN UIF TFDPOE FRVBUJPO BOE JOTFSUJOH JU JOUP UIF mSTU POF XF mOE

d2Pnκ(r)

dr2
+ (E2

nκ/c
2 −m2c2)Pnκ(r) = 0 . 	����


*U JT FBTZ UP TFF UIBU UIF BCPWF FRVBUJPO BDDFQU TPMVUJPOT PG UIF UZQF exp[±λr] XIFSF
λ2 = (m2c2 − E2

nκ/c
2)� 4JNJMBS SFBTPOJOH JT BQQMJFE UP Qnκ(r) BOE UIF TBNF SFTVMU

DBO CF GPVOE� 8F JEFOUJGZ UXP FOFSHZ SFHJNFT XJUI TUSPOHMZ EJĊFSFOU JNQMJDBUJPOT� &JUIFS
−mc2 ≤ Enκ ≤ mc2 PS mc2 < |Enκ| < ∞�

*O UIF mSTU TDFOBSJP λ JT SFBM BOE UIF TPMVUJPOT PGPnκ(r) BOEQnκ(r) CFIBWF MJLF exp[±|λ|r]�
ɨF QPTJUJWF TPMVUJPOT PCWJPVTMZ EJWFSHF� ɨJT JT PCWJPVT XIFO XF DPOTJEFS UIF JOUFHSBUJPO
PG UIF SBEJBM EFOTJUZ PWFS (R,∞)

∫ ∞

R
Dnκ(r)dr , 	����


XIFSFDnκ(r) JT HJWFO CZ &R� 	����
� 0QQPTJUFMZ UIF OFHBUJWF TPMVUJPOT JNQMZ UIBUPnκ(r)
Qnκ(r) → 0 GPS r → ∞ BOE UIF FYQSFTTJPO 	����
 SFNBJOT mOJUF� ɨFZ DPSSFTQPOE UP
CPVOE TUBUFT�

*O UIF TFDPOE TDFOBSJP mc2 < |Enκ| < ∞ λ JT QVSF JNBHJOBSZ� 5BLJOH λ = −iλ̃
XIFO Enκ > 0 XF IBWF λ̃2 = E2/c2 − m2c2� Pnκ(r) BOE Qnκ(r) UIFO CFIBWF MJLF

��



exp[±J|λ̃|r] DPSSFTQPOEJOH UP QSPHSFTTJWF PS TUBOEJOH XBWFT� *O BOZ DBTF UIF JOUFHSBUJPO
PG UIF SBEJBM EFOTJUZ 	����
 EJWFSHFT�

8F DBO OPX MPPL BU UIF DBTF r → 0 GPS XIJDI UIF Pnκ(r) BOE Qnκ(r) BSF EFWFMPQFE
JO QPXFS TFSJFT PG r BT r±γ{1 + O(r)} XJUI γ2 = κ2 − α2Z2 XIFSF α2 = 1/c2 JT UIF
mOF�TUSVDUVSF DPOTUBOU JOUSPEVDFE JO 4FD� ���� ɨF TPMVUJPOT NVTU CF CPVOEFE DMPTF UP UIF
PSJHJO NPSF QSFDJTFMZ ∫ R′

0
Dnκ(r)dr 	����


NVTU SFNBJO CFUXFFO 0 BOE TBZ M1 TPNF SFBM mOJUF OVNCFS� ɨJT DPOEJUJPO JNQMJFT UIBU
±2γ > −1 TJODF Dnκ(r) JT ∝ r±2γ GPS r → 0� $POTJEFSJOH UIF NPTU MJNJUJOH DBTF XIFSF
|κ| = 1 PS j = 1/2 UIF BUPNJD OVNCFS Z JT MJNJUFE CZ Z < c

√
3/2 ≈ 118.6 TP UIBU

&R� 	����
 SFNBJOT mOJUF� ɨJT MJNJU JT GVSUIFS FYUFOEFE UP Z = 137 XIFO DPOTJEFSJOH UIF
mOJUF FYQFDUBUJPO WBMVF PG UIF $PVMPNC QPUFOUJBM� ɨJT SFTVMU JT DSVDJBM JU NFBOT UIBU UIFSF
BSF OP CPVOE TPMVUJPOT GPS IZESPHFOJD BUPNT XJUI Z > 137� )PXFWFS HPJOH CFZPOE UIF
QPJOU�MJLF OVDMFVT BTTVNQUJPO BOE IFODF SFQMBDJOH UIF $PVMPNC QPUFOUJBM −Z/r CZ TPNF
QPUFOUJBM Vnuc(r) FYUFOET GVSUIFS UIF SBOHF PG TPMVUJPOT UP Z > 137� ɨFTF DPOEJUJPOT
PO UIF XBWF GVODUJPOT BSF EFSJWFE GSPN UIF TRVBSFE�JOUFHSBCJMJUZ SFRVJSFNFOU PG CPVOE
TPMVUJPOT BT TVNNBSJ[FE CZ (SBOU JO IJT 1SPQPTJUJPO � BOE 1SPQPTJUJPO � <��> BOE MBUFS
EFNPOTUSBUFE JO UIF TBNF QBQFS�

%FUBJMT PG UIF DBMDVMBUJPOT PG UIF CPVOE BOE DPOUJOVVN TUBUFT BSF HJWFO CZ (SBOU <��
§�����>� 8F IFSFCZ POMZ JOUSPEVDF B GFX RVBOUJUJFT SFMFWBOU JO UIF GPMMPXJOH� 8IFO TFFL�
JOH GPS CPVOE TUBUF TPMVUJPOT UIF EFmOJUJPOT PG N  n BOE nr XIJDI BSF UIF BQQBSFOU
QSJODJQBM RVBOUVN OVNCFS UIF QSJODJQBM RVBOUVN OVNCFS BOE UIF JOOFS RVBOUVN OVNCFS
SFTQFDUJWFMZ OBUVSBMMZ BQQFBS� ɨF MBUUFS JT BTTPDJBUFE XJUI UIF OVNCFS PG OPEFT PG UIF MBSHF
SBEJBM DPNQPOFOU XIJMF

N =
[
n2 − 2nr(|κ|− γ)

]1/2 	����


BOE
n = nr + |κ| . 	����


ɨF DPSSFTQPOEJOH CPVOE SFMBUJWJTUJD FOFSHZ DBO CF DPNQVUFE BMHFCSBJDBMMZ BOE JT HJWFO
CZ <��>

Enκ = mc2






[
1 +

Z2α2

[n− |κ|+
√
(|κ|2 − Z2α2)]2

]−1/2



 . 	����


ɨF MBUUFS OPU POMZ EFQFOET PO UIF QSJODJQBM RVBOUVN OVNCFS n BT JO UIF OPO�SFMBUJWJTUJD
UIFPSZ CVU BMTP PO UIF SFMBUJWJTUJD RVBOUVN OVNCFS κ� ɨJT SFTPMWFE UIF UIFPSZoFYQFSJNFOU
EJTDSFQBODZ EVF UP UIF FYQFSJNFOUBMMZ NFBTVSFE mOF TUSVDUVSF TQFDUSVN XIJDI SFNPWFT UIF

��



n�EFHFOFSBDZ PCUBJOFE JO OPO�SFMBUJWJTUJD UIFPSZ� /FWFSUIFMFTT UIF %JSBD NPEFM MFBWFT EF�
HFOFSBUF TUBUFT XJUI TBNF n BOE |κ| PS FRVJWBMFOUMZ n BOE j F�H� 2s1/2 BOE 2p1/2� :FBST
BGUFS UIF FTUBCMJTINFOU PG %JSBD UIFPSZ -BNC BOE 3FUIFSGPSE QSPQPTFE BO FYQFSJNFOU
UIBU QVU GPSXBSE B TNBMM GSFRVFODZ TIJGU CFUXFFO UIF 2s1/2 BOE 2p1/2 TUBUFT PG IZESPHFO PG
BCPVU B 1000 .)[ SFNPWJOH UIF EFHFOFSBDZ PCUBJOFE XJUI UIF %JSBD FRVBUJPO JO TQJUF PG
B GVMMZ SFMBUJWJTUJD NPEFM PG UIF FMFDUSPO <��>� ɨJT GSFRVFODZ TIJGU OPXBEBZT XFMM�LOPX BT
UIF -BNC TIJGU JT UIF TUBSUJOH QPJOU PG B DIBJO PG UIPVHIUT UIBU XPVME FOE XJUI UIF RVBOUVN
FMFDUSPEZOBNJDT 	2&%
 UIFPSZ� A3BEJBUJWF DPSSFDUJPOT� BSF BEEFE UP %JSBD UIFPSZ UP BDDPVOU
GPS UIF JOUFSBDUJPO PG UIF FMFDUSPO XJUI UIF RVBOUJ[FE FMFDUSPNBHOFUJD mFME� ɨF UIFPSFUJDBM
EFWFMPQNFOUT BSF CFZPOE UIF TDPQF PG UIJT UIFTJT CVU BO PSJHJOBM JOUFSQSFUBUJPO QSFTFOUFE
CZ 8FMUPO <��> JT BT GPMMPXT 	TFF BMTP #SBOTEFO BOE +PBDIBJO <�� §���>
� ɨF RVBOUJ[B�
UJPO PG UIF SBEJBUJPO mFME TIPXFE UIBU FWFO JO UIF WBDVVN UIFSF BSF nVDUVBUJPOT XIJDI
JOUFSBDU XJUI FMFDUSPOT DBVTJOH SBQJE PTDJMMBUJPOT� ɨFSFGPSF XIFO UIF FMFDUSPO JT TVCKFDU UP
UIF OPO�VOJGPSN FMFDUSJD mFME PG UIF OVDMFVT JU XJMM FYQFSJFODF B QPUFOUJBM UIBU JT TMJHIUMZ
EJĊFSFOU UIBO UIBU BU JUT NFBO QPTJUJPO� ɨF FMFDUSPOT UIBU BSF UIF DMPTFTU UP UIF OVDMFVT
XJMM UIFO CF NPSF BĊFDUFE XIJDI FYQMBJOT XIZ UIF s�TUBUFT FYIJCJU UIF MBSHFTU -BNC TIJGUT�
ɨF SFTVMU JT UIBU UIF 2p1/2 TUBUF JT NPSF UJHIUMZ CPVOE UIBO UIF 2s1/2 JO UIF IZESPHFO
BUPN 	TFF 'JH� ��� PG 3FG <��> GPS BO JMMVTUSBUJPO
�

6Q UP OPX XF POMZ CSJFnZ EJTDVTTFE UIF FYJTUFODF BOE UIF NFBOJOH PG UIF OFHBUJWF FOFSHZ
DPOUJOVVN� *U JT XPSUI DPNJOH CBDL UP JUT JOUFSQSFUBUJPO BT JUT EJTDPWFSZ TIPPL UIF TDJFOUJmD
DPNNVOJUZ PG UIF CFHJOOJOH BU UIF ��UI DFOUVSZ� ɨF NPTU DPNNPOMZ BDDFQUFE JOUFSQSF�
UBUJPO JT UIBU PG %JSBD TFB PS UIF IPMF UIFPSZ JO XIJDI POMZ UIF TPMVUJPOT XJUI QPTJUJWF FOFSHZ
E > mc2 BSF BTTPDJBUFE UP SFBM FMFDUSPOT� ɨF EJTDPWFSZ PG OFHBUJWF�FOFSHZ QBSUJDMFT DPO�
USBEJDUFE UIF GPVOEBUJPOT PG RVBOUVN NFDIBOJDT XIJDI BTTVNF UIBU BOZ BUPN IBT B TUBUF
PG MPXFTU FOFSHZ J�F� UIF HSPVOE TUBUF� *G OFHBUJWF TPMVUJPOT XFSF BWBJMBCMF UP FMFDUSPOT UIFZ
XPVME DPOUJOVPVTMZ MPTF FOFSHZ GPSNJOH VOTUBCMF TZTUFNT� ɨF IPMF UIFPSZ <�� §��> JT
CBTFE PO UIF IZQPUIFTJT UIBU BMM TUBUFT PG OFHBUJWF FOFSHZ BSF BMSFBEZ PDDVQJFE CZ FMFDUSPOT�
ɨBOLT UP 1BVMJ�T QSJODJQMF BO FMFDUSPO JT GPSCJEEFO UP GBMM JOUP UIF OFHBUJWF DPOUJOVVN
CZ FNJUUJOH SBEJBUJPO� ɨF OFHBUJWF�FOFSHZ FMFDUSPOT IPXFWFS JG UIFZ BCTPSC B SBEJBUJPO
RVBOUVN XJUI BO FOFSHZ MBSHFS UIBO 2mc2 DBO SFBDI B TUBUF JO UIF QPTJUJWF DPOUJOVVN
MFBWJOH B IPMF JO UIF %JSBD TFB� ɨJT IPMF CFIBWFT KVTU BT BO FMFDUSPO PG DIBSHF +e BT %JSBD
XSPUF iBO FMFDUSPO XJUI OFHBUJWF FOFSHZ NPWFT JO BO FYUFSOBM mFME BT UIPVHI JU DBSSJFT B QPTJ�
UJWF DIBSHF�w <��>� "MUIPVHI %JSBD NJTJEFOUJmFE UIFN BT QSPUPOT 	IJT QBQFS JT FOUJUMFE i"
ǲFPSZ PG &MFDUSPOT BOE 1SPUPOT�w 
 UIFZ XFSF MBUFS EFmOFE BT UIF FMFDUSPO�T BOUJQBSUJDMF UIF
QPTJUSPO BOE UIF FOFSHZ 2mc2 JT OPXBEBZT XFMM�LOPXO BT UIF NJOJNBM BNPVOU PG FOFSHZ
SFRVJSFE GPS UIF DSFBUJPO PG FMFDUSPO�QPTJUSPO QBJST�

��



����� /PO�SFMBUJWJTUJD MJNJU

"UPNJD QIZTJDT JT PGUFO UBVHIU BOE MFBSOFE TUBSUJOH GSPN UIF OPO�SFMBUJWJTUJD 4DISÚEJOHFS
FRVBUJPO� .PTU PG UIF UFYUCPPLT EFEJDBUFE UP FEVDBUJPO BSF GPDVTFE PO OPO�SFMBUJWJTUJD
RVBOUVN NFDIBOJDT <�� �� �> BOE POMZ CSJFnZ NFOUJPO UIF FYJTUFODF PG UIF %JSBD FRVB�
UJPO EFSJWFE GSPN B GVMMZ SFMBUJWJTUJD USFBUNFOU� ɨF SFBTPO JT NPTU MJLFMZ PG QFEBHPHJDBM
OBUVSF TJODF SFMBUJWJTUJD FĊFDUT NBZ CF BQQSPBDIFE UISPVHI UIF BEEJUJPO PG BE�IPD SFMBUJWJT�
UJD DPSSFDUJPOT 	EFSJWFE CZ 'PMEZ BOE 8PVUIVZTFO <��>
 UP UIF OPO�SFMBUJWJTUJD )BNJMUPOJBO
VTJOH QFSUVSCBUJPO UIFPSZ XJUI UIF OPO�SFMBUJWJTUJD FJHFOGVODUJPOT PG UIF 4DISÚEJOHFS FRVB�
UJPO BT [FSPUI�PSEFS XBWF GVODUJPOT� ɨF SFTVMUT TP PCUBJOFE BSF JOEFFE JO HPPE BHSFFNFOU
XJUI UIPTF DBMDVMBUFE GSPN %JSBD FRVBUJPO BU MFBTU GPS MJHIU TZTUFNT�

.PTU PG PVS XPSL JT CBTFE PO UIF GVMMZ SFMBUJWJTUJD %JSBD FRVBUJPO� /FWFSUIFMFTT JU JT JOUFS�
FTUJOH UP QSFTFOU TPNF BTQFDUT PG UIF OPO�SFMBUJWJTUJD BOE RVBTJ�SFMBUJWJTUJD UIFPSJFT BT UIFZ
DPSSFTQPOE UP B NPSF OBUVSBM XBZ PG JOUFSQSFUJOH PVS SFTVMUT�

'PS OPX MFU VT DPOTJEFS CSJFnZ UIF 1BVMJ BQQSPYJNBUJPO BT QSFTFOUFE CZ 'SPFTF 'JTDIFS
FU BM� <�>� *O PSEFS UP DPNQBSF OPO�SFMBUJWJTUJD BOE SFMBUJWJTUJD UIFPSJFT JU JT DPNNPO UP
EFmOF ε = E − mc2 TP UIBU UIF SFMBUJWJTUJD FOFSHJFT DPJODJEF XJUI OPO�SFMBUJWJTUJD POFT�
3FEFmOJOH UIF GPVS�TQJOPST 	����
 BT 	ESPQQJOH BMM nκm JOEJDFT


φ(r) =

(
ξ(r)
η(r)

)
, 	����


UIF %JSBD DPVQMFE FRVBUJPOT SFBET

εξ(r) = c(−J!σ ·∇)η(r) + V (r)ξ(r) 	����

(ε+ 2mc2)η(r) = c(−J!σ ·∇)ξ(r) + V (r)η(r) . 	����


&YUSBDUJOH η(r) GSPN &R� 	����
 BOE JOTFSUJOH JU JOUP &R� 	����
 MFBET UP BO JOBEFRVBUF
EFmOJUJPO PG UIF QSPCBCJMJUZ EFOTJUZ

ρ(r) = |ξ(r)|2 + |η(r)|2 , 	����


BT QPJOUFE PVU CZ 'SPFTF 'JTDIFS FU BM� <� §#����>� *OEFFE UIF QSPCBCJMJUZ EFOTJUZ DBO OPU
CF SFXSJUUFO BT ρ(r) = |ψ(r)|2 XIFSF ψ(r) XPVME CF B UXP�TQJOPS BT FYQFDUFE GSPN
OPO�SFMBUJWJTUJD UIFPSZ� )PXFWFS UIF USBOTGPSNBUJPO

ψ(r) =

(
1− !2

8m2c2
∇2

)
ξ(r) 	����


��



SFTUPSFT UIF BQQSPQSJBUF GPSN PG UIF QSPCBCJMJUZ EFOTJUZ� 4LJQQJOH UIF NBUIFNBUJDBM EFUBJMT
UIF 1BVMJ )BNJMUPOJBO TBUJTGZJOH UIF FJHFOWBMVF FRVBUJPO

HPψ(r) = εψ(r) , 	����


JT HJWFO CZ

HP = − !2
2m

∇2 + V (r)− !4
8m3c2

∇4 +
1

2m2c2
1

r

dV

dr
l · s+

!2
8m2c2

∇2V . 	����


ɨF UXP mSTU UFSNT BSF FBTJMZ JEFOUJmFE BT UIF 4DISÚEJOHFS )BNJMUPOJBO PG &R� 	����
 XIJMF
UIF PUIFST BSF UIF SFMBUJWJTUJD NBTT DPSSFDUJPO UIF TQJOoPSCJU JOUFSBDUJPO BOE UIF POF�CPEZ
%BSXJO UFSN SFTQFDUJWFMZ� &BDI PG UIFTF DPSSFDUJPOT JOEVDFT BO FOFSHZ TIJGU XJUI SFTQFDU
UP UIF OPO�SFMBUJWJTUJD εn = −Z2/2n2 IZESPHFOJD FOFSHZ EFSJWFE JO #PIS�T NPEFM BOE
DPOmSNFE CZ 4DISÚEJOHFS FRVBUJPO� ɨF UPUBM FOFSHZ JT UIFO HJWFO CZ

εnj = εn

[
1 +

(Zα)2

n2

(
n

j + 1/2
− 3

4

)]
, 	����


UIBU OPX EFQFOET PO n BOE j XIJDI BHSFFT XJUI UIF %JSBD GVMMZ SFMBUJWJTUJD FOFSHZ PG
&R� 	����
 UP TFDPOE PSEFS JO (αZ)2� )FODF XF TIPX FYQMJDJUMZ UIBU UIF SFMBUJWJTUJD DPS�
SFDUJPOT BSF FYQBOEFE JO QPXFST PG 	αZ
 BT BMSFBEZ BOOPVODFE JO 4FD� ����

3FMBUJWJTUJD FĊFDUT IBWF EJSFDU NFBTVSBCMF DPOTFRVFODFT�� &TQFDJBMMZ XF PCTFSWF UIBU UIF
SFMBUJWJTUJD EFOTJUZ EJTUSJCVUJPOT BSF NPSF DPNQBDU UIBO OPO�SFMBUJWJTUJD POFT� ɨF NFBO
SBEJJ BSF 〈rnκ〉 < 〈rnl〉 TVDI UIBU UIFJS SFMBUJWF EJĊFSFODF JT PG UIF PSEFS PG (αZ)2� 'VS�
UIFSNPSF %JSBD FMFDUSPOT BSF NPSF UJHIUMZ CPVOE UIBO 4DISÚEJOHFS�T BDDPSEJOH UP UIFJS
JOEJWJEVBM FOFSHJFT εnκ < εnl XJUI UIF TQJO�PSCJU TQMJUUJOH CFFJOH TVDI UIBU εn,κ=l <
εn,κ=−l−1 < εnl J�F� UIF p1/2 JT NPSF UJHIUMZ CPVOE UIBO UIF p3/2 <�� Q���>� 3BEJBM
DPOUSBDUJPOT BSF JNQPSUBOU BOE XFMM�LOPXO FĊFDUT HPJOH GSPN OPO�SFMBUJWJTUJD UP SFMBUJWJT�
UJD UIFPSZ <��>� *U IBT TFOTJUJWF DPOTFRVFODFT JO WFSZ IFBWZ FMFNFOUT GPS XIJDI αZ JT DMPTF
UP VOJUZ� ɨF NPTU SFDFOU FYBNQMF JT UIF DBTF PG PHBOFTTPO UIBU BMUIPVHI DMBTTJmFE JO UIF
QFSJPEJD UBCMF BT B SBSF OPCMF HBT IBT UIF QPTTJCJMJUZ UP DBQUVSF BO FYUSB FMFDUSPO <�� ��>�
ɨJT JTTVF JT EJTDVTTFE JO NPSF EFUBJMT JO PVS QBQFS "7�

�/PUF UIBU TJODF v JT JOWFSTFMZ QSPQPSUJPOBM UP UIF PSCJUBM BOHVMBS NPNFOUVN XF FYQFDU UIF PSCJUBMT XJUI
UIF MPXFTU l UP CF BĊFDUFE CZ SFMBUJWJTUJD FĊFDU UIF TUSPOHFTU <�� Q���>�

��



$IBQUFS �

.BOZ�CPEZ TZTUFNT

ɨF QFSJPEJD UBCMF XBT SFDFOUMZ FYUFOEFE UP JODMVEF FMFNFOUT XJUI UIF OVNCFS PG QSPUPOT
Z ≥ 110 IFODF DPNQMFUJOH JUT TFWFOUI SPX 	TFF F�H� <��� ��� �� ��� ��> GPS SFWJFXT
�
ɨF WFSZ MBTU FMFNFOU PG UIF QFSJPEJD UBCMF UIF PHBOFTTPO CFMPOHT UP UIF OPCMF HBT DPMVNO
XJUI JUT 118 QSPUPOT JUT FMFDUSPOT mMMJOH VQ DPNQMFUFMZ �� OPO�SFMBUJWJTUJD PSCJUBMT GSPN
UIF 1s UP UIF 7p PS FRVJWBMFOUMZ UIF �� SFMBUJWJTUJD PSCJUBMT GSPN UIF 1s1/2 UP UIF 7p3/2�
ɨF POF�FMFDUSPO %JSBD FRVBUJPO POMZ EFTDSJCFT TZTUFNT XJUI B TJOHMF FMFDUSPO XIBUFWFS
OVDMFVT JT DPOTJEFSFE BOE UIFSFGPSF JT JOBEFRVBUF UP EFTDSJCF NPSF DPNQMFY TZTUFNT� ɨJT
DIBQUFS BJNT UP QSPWJEF UIF EFUBJMT PG UIF UIFPSFUJDBM BOE DPNQVUBUJPOBM NFUIPET VTFE GPS
UIF EFUFSNJOBUJPO PG BUPNJD QSPQFSUJFT PG )F�MJLF 	� FMFDUSPOT
 UP 0H�MJLF 	��� FMFDUSPOT

BUPNJD TZTUFNT TQBOOJOH UIF FOUJSF SBOHF PG UIF QFSJPEJD UBCMF PG FMFNFOUT JODMVEJOH CPUI
QPTJUJWF BOE OFHBUJWF JPOT�

8F GPMMPXT IFSF B ADMBTTJDBM� XBZ UP QSFTFOU NBOZ�CPEZ TZTUFNT SBUIFS UIBO DISPOPMPHJDBMMZ
BT JU JT EPOF JO UIF QSFWJPVT $IBQUFS� *U XJMM BMMPX VT UP CF NPSF EJSFDU BOE UP FTUBCMJTI GSPN
UIF TUBSU UIF TDJFOUJmD WPDBCVMBSZ BOE NBUIFNBUJDBM UPPMT UIBU BSF JO VTF OPXBEBZT� 8F XJMM
DPOUJOVF UP QSFTFOU PVS RVBOUVN UIFPSZ JO UIF GVMMZ SFMBUJWJTUJD TDIFNF� )PXFWFS TJODF
NBOZ QIZTJDT JOUFSQSFUBUJPOT BOE DPNQVUBUJPOBM TUSBUFHJFT SFMZ PO BSHVNFOUT GSPN OPO�
SFMBUJWJTUJD UIFPSZ XF XJMM PGUFO TXJUDI GSPN POF GSBNFXPSL UP UIF PUIFS BTTVNJOH UIBU
PVS DPODMVTJPOT JO UIF OPO�SFMBUJWJTUJD DPOUFYU TUJMM BQQMZ JO UIF SFMBUJWJTUJD DPOUFYU� 4JODF
XF POMZ EFTDSJCF IFSF UIF GVMMZ�SFMBUJWJTUJD UIFPSZ XF SFGFS UIF SFBEFS UP B TFSJFT PG UFYUCPPLT
BOE SFWJFX QBQFST UIBU GPDVT PO UIF OPO�SFMBUJWJTUJD DPVOUFSQBSU PG XIBU XF QSFTFOU IFSF
TVDI BT UIF CPPLT PG $PXBO <��> #SBOTEFO BOE +PBDIBJO <��> BOE 'SPFTF 'JTDIFS FU BM� <�>
BT XFMM BT UP UIF SFWJFX QBQFS CZ 'SPFTF 'JTDIFS FU BM� <��>�

��



��� .BOZ�CPEZ )BNJMUPOJBO

ɨBOLT UP PVS VOEFSTUBOEJOH PG UIF POF�FMFDUSPO %JSBD FRVBUJPO XF DBO NPWF PO UP UIF
EFTDSJQUJPO PG UIF BDUVBM QSPCMFN TUVEJFE JO UIJT UIFTJT� UIF NBOZ�FMFDUSPO TZTUFNT J�F� BOZ
BUPNJD TZTUFN XJUI NPSF UIBO POF FMFDUSPO� 4UBSUJOH GSPN UIF UJNF�JOEFQFOEFOU %JSBD
)BNJMUPOJBO HD PG &R� 	����
 JO XIJDI V (r) JT UIF OVDMFBS QPUFOUJBM Vnuc(r) XF CVJME

HDC =
Ne∑

i=1

HD(i) +
Ne∑

i<j=1

1

rij
, 	���


UIF NBOZ�CPEZ %JSBD�$PVMPNC 	%$
 )BNJMUPOJBO� ɨF MBUUFS JT TJNQMZ B TVN PG POF�
FMFDUSPO %JSBD )BNJMUPOJBOT GPS UIF Ne FMFDUSPOT QMVT UIF $PVMPNC SFQVMTJPO 1/rij =
1/|ri − rj | GPS FBDI QBJS PG FMFDUSPOT� ɨF JOUSPEVDUJPO PG UIF FMFDUSPO�FMFDUSPO SFQVMTJPO
QPUFOUJBM IBT USFNFOEPVT DPOTFRVFODFT BT XF XJMM EJTDVTT MBUFS TJODF 1/rij → ∞ XIFO
UXP FMFDUSPOT BSF HFUUJOH DMPTFS UP FBDI PUIFS� 8F BSF UIFO MPPLJOH GPS XBWF GVODUJPOT
Ψ(r1, r2, . . . , rNe) UIBU BSF TPMVUJPOT PG UIF FJHFOWBMVF QSPCMFN

HDCΨ(r1, r2, . . . , rNe) = EΨ(r1, r2, . . . , rNe) , 	���


XIFSF E JT UIF UPUBM FOFSHZ PG UIF TZTUFN� (SBOU <�� §���> EJTDVTTFT JO EFUBJMT UIF SFUBSEB�
UJPO FĊFDUT BSJTJOH GSPN UIF mOJUF WBMVF PG UIF TQFFE PG MJHIU JO RVBOUVN FMFDUSPEZOBNJDT
	2&%
 UIFPSZ� 8F IFSFCZ POMZ SFDBMM UIF NPTU JNQPSUBOU DPSSFDUJPOT BEEFE UP HDC� 8F
JOUSPEVDF UIF MPOH XBWFMFOHUI BQQSPYJNBUJPO PG UIF USBOTWFSTF QIPUPO JOUFSBDUJPO

HBreit = −
Ne∑

j>i=1

1

2rij

[
(αi ·αj) +

(αi · rij)(αj · rij)
r2ij

]
, 	���


XIJDI JT UIFO DBMMFE UIF #SFJU JOUFSBDUJPO UIBU JT B SFMBUJWJTUJD DPSSFDUJPO UP UIF $PVMPNC
JOUFSBDUJPO� /PUF UIBU UIF JOUFSBDUJPO CFUXFFO UXP DIBSHFE QBSUJDMFT XIJDI JODMVEFT SF�
UBSEBUJPO FĊFDUT BT UIF MPXFTU PSEFS SFMBUJWJTUJD DPSSFDUJPO DBO CF EFSJWFE JO DMBTTJDBM FMFD�
USPEZOBNJDT BT EJTDVTTFE CZ +BDLTPO <��� §����>� "EEJOH 	���
 UP HDC HJWFT UIF %JSBD�
$PVMPNC�#SFJU 	%$#
 )BNJMUPOJBO

HDCB = HDC +HBreit . 	���


'VSUIFS 2&% DPSSFDUJPOT BSF JODMVEFE TVDI BT UIF TFMG�FOFSHZ 	4&
 DPSSFDUJPO

∆ESE =
(α
π

) α2Z4

n3
F (nlj, Zα) , 	���


XIJDI BSJTFT GSPN UIF FMFDUSPO JOUFSBDUJPO XJUI JUT PXO FMFDUSPNBHOFUJD mFME� PS UIF WBD�
VVN QPMBSJ[BUJPO BSJTJOH GSPN UIF DSFBUJPO BOE BOOJIJMBUJPO PG WJSUVBM FMFDUSPOoQPTJUSPO

�ɨF FMFDUSPO JOUFSBDUJPO XJUI JUT PXO NBHOFUJD mFME JT EJSFDUMZ SFMBUFE UP UIF JOUFSQSFUBUJPO PG UIF -BNC
TIJGU HJWFO JO 4FD� ����� CZ DPOTJEFSJOH RVBOUVN nVDUVBUJPOT PG UIF SBEJBUJPO mFME UIBU BĊFDUT UIF FMFDUSPO�T
NFBO QPTJUJPO BT EFNPOTUSBUFE CZ 8FMUPO <��>� /PUF UIBU UIF TBNF FYQSFTTJPO PG UIF TFMG�FOFSHZ XBT BMTP
DPNQVUFE OPO�SFMBUJWJTUJDBMMZ CZ #FUIF <���> BOE #FUIF BOE 4BMQFUFS <��� §��>�

��



QBJST <��>� /PUF UIBU UIF FYQSFTTJPO PG UIF 4& DPSSFDUJPO HJWFO BCPWF JT POMZ WBMJE GPS POF�
FMFDUSPO TZTUFNT BOE UIBU UIF GVODUJPO F (nlj, Zα) JT TMPXMZ WBSZJOH XJUI Zα <���>� *UT
JNQMFNFOUBUJPO GPS NPSF DPNQMFY BUPNJD TZTUFNT JT HJWFO CZ (SBOU <�� §����>� ɨF ACFTU�
)BNJMUPOJBO XF EFBM XJUI JT UIFSFGPSF

HDCB+QED = HDCB +HSE +HVP . 	���


��� $POmHVSBUJPO TUBUF GVODUJPOT

ɨF FJHFOGVODUJPO TPMVUJPOT UP &R� 	���
 BSF CVJMU CBTFE PO TPMVUJPOT UP UIF DFOUSBM mFME
BQQSPYJNBUJPO PG UIF HDC )BNJMUPOJBO

HDC ≈ H̃DC =
Ne∑

i=1

[HD(i) + ui(ri)] , 	���


JO XIJDI FBDI FMFDUSPO JT EFTDSJCFE JO B DFOUSBM mFME QPUFOUJBM ui(ri) UIBU BDDPVOUT GPS UIF
FMFDUSPOoFMFDUSPO JOUFSBDUJPOT� H̃DC JT TFQBSBCMF BOE BMM QSPEVDU GVODUJPOT PG UIF UZQF

Ψ(r1, r2, . . . , rNe) = φα1(r1)φα2(r2) . . .φαNe
(rNe) , 	���


XIFSFφαi(ri) BSF GPVS�TQJOPST 	����
 BOEαi SFQSFTFOUT UIF RVBESVQMFU (nljm) PG RVBOUVN
OVNCFST BSF TPMVUJPOT PG

H̃DCΨ(r1, r2, . . . , rNe) = EΨ(r1, r2, . . . , rNe) 	���


XJUI E =
∑Ne

i=1 εαi  εαi CFJOH UIF JOEJWJEVBM FOFSHZ PG UIF SFMBUJWJTUJD PSCJUBM φαi � ɨFTF
TPMVUJPOT BSF IPXFWFS VOTBUJTGBDUPSZ BT TVDI� *OEFFE TJODF UIF )BNJMUPOJBOHDC JT JOWBSJ�
BOU VOEFS UIF FYDIBOHF PG UXP FMFDUSPOT XIJDI JT JOIFSJUFE GSPN UIF JOEJTUJOHVJTIBCJMJUZ
DIBSBDUFS PG FMFDUSPOT UIF QSPCBCJMJUZ EFOTJUZ |Ψ(r1, r2, . . . , rNe)|2 TIPVME UIFSFGPSF BMTP
CF JOWBSJBOU XJUI UIF FYDIBOHF PG UXP FMFDUSPOT� &YQMJDJUMZ

|Ψ(r1, . . . , ri, . . . , rj , . . . , rNe)|2 = |Ψ(r1, . . . , rj , . . . , ri, . . . , rNe)|2 , 	����


XIJDI EFmOFT UXP HFOFSBM GBNJMJFT PG TPMVUJPOT

Ψ(r1, . . . , ri, . . . , rj , . . . , rNe) = +Ψ(r1, . . . , rj , . . . , ri, . . . , rNe) , 	����

Ψ(r1, . . . , ri, . . . , rj , . . . , rNe) = −Ψ(r1, . . . , rj , . . . , ri, . . . , rNe) . 	����


ɨF GPSNFS BSF TZNNFUSJD TPMVUJPOT XJUI SFTQFDU UP UIF JOUFSDIBOHF PG DPPSEJOBUFT (ri, rj)
XIJMF UIF MBUUFS BSF BOUJTZNNFUSJD TPMVUJPOT� "DDPSEJOH UP $PXBO <�� § ���> iJU JT B TUSPOH

��



QPTUVMBUF PG RVBOUVN NFDIBOJDT UIBU Ψ CF BOUJTZNNFUSJD VQPO JOUFSDIBOHF PG UXP FMFDUSPOTw
TP UIBU

Ψ(r1, . . . , ri, . . . , rj , . . . , rNe) = −Ψ(r1, . . . , rj , . . . , ri, . . . , rNe) 	����


BSF UIF POMZ BDDFQUBCMF QIZTJDBM TPMVUJPOT� 'PS TJNQMF TZTUFNT UIF FBTJFTU TPMVUJPO JT UP
CVJME UIF UPUBM XBWF GVODUJPO BT B 4MBUFS EFUFSNJOBOU

Ψ(r1, r2, · · · , rNe) =
1√
Ne!

∣∣∣∣∣∣∣∣∣

φα1(r1) φα1(r2) · · · φα1(rNe)
φα2(r1) φα2(r2) · · · φα2(rNe)

���
��� � � � ���

φαNe
(r1) φαNe

(r2) · · · φαNe
(rNe)

∣∣∣∣∣∣∣∣∣

, 	����


XIJDI BVUPNBUJDBMMZ FOTVSFT UIF BOUJTZNNFUSZ PG UIF XBWF GVODUJPO BOE TBUJTmFT UIF 1BVMJ
FYDMVTJPO QSJODJQMF� *OEFFE BTTVNJOH UIBU UXP FMFDUSPOT PDDVQZ UIF TBNF SFMBUJWJTUJD PS�
CJUBM F�H� α1 = α2 UIFO UIF UXP mSTU SPXT BSF JEFOUJDBM XIJDI MFBET BVUPNBUJDBMMZ UP B
WBOJTIJOH XBWF GVODUJPO UIBOLT UP UIF QSPQFSUJFT PG EFUFSNJOBOUT�

+VTU BT JO UIF POF�FMFDUSPO DBTF UIF NBOZ�CPEZ XBWF GVODUJPO JT B TJNVMUBOFPVT FJHFOGVOD�
UJPO PG B TFU PG PQFSBUPST UIBU DPNNVUF XJUI UIF )BNJMUPOJBO� ɨFTF PQFSBUPST BSF J2 Jz
BOE P  DPSSFTQPOEJOH UP UIF TRVBSF PG UIF UPUBM BOHVMBS NPNFOUVN JUT QSPKFDUJPO BOE UIF
QBSJUZ� ɨF XBWF GVODUJPO TIPVME UIFSFGPSF TBUJTGZ UIF GPMMPXJOH FJHFOWBMVF FRVBUJPOT

PΨ(r1, r2, · · · , rNe) = πΨ(r1, r2, · · · , rNe) , π = (−1)l1+···+lNe ,

J2Ψ(r1, r2, · · · , rNe) = J(J + 1)Ψ(r1, r2, · · · , rNe) ,

JzΨ(r1, r2, · · · , rNe) = MJΨ(r1, r2, · · · , rNe) ,

	����


XIFSF MJ UBLFT UIF WBMVFT −J,−J + 1, . . . , J � )PXFWFS UIF 4MBUFS EFUFSNJOBOU XBWF
GVODUJPO 	����
 JT VTVBMMZ OPU BO FJHFOGVODUJPO PG J2 BOE UIF NPTU HFOFSBM DBTF UIFSFGPSF
SFRVJSFT UP HFOFSBUF UIF XBWF GVODUJPO BT B MJOFBS DPNCJOBUJPO PG 4MBUFS EFUFSNJOBOUT� ɨFO
UIF XBWF GVODUJPO JT BMTP BO FJHFOGVODUJPO PG J2�

.VMUJQMF XBZT FYJTU UP DPVQMF BOHVMBS NPNFOUB <�� §���� §�> UP GPSN UIF UPUBM BOHVMBS
NPNFOUVNJ � ɨF jj JOUFSNFEJBUF DPVQMJOH OBUVSBMMZ BSJTFT GSPN UIF SFMBUJWJTUJD USFBUNFOU
PG UIF FMFDUSPO GPS XIJDI UIF PSCJUBM BOE TQJO BOHVMBS NPNFOUB BSF DPVQMFE JO UIF UPUBM POF�
FMFDUSPO BOHVMBS NPNFOUVN J�F� l+s = j� *O jj DPVQMJOH UIF UPUBM BOHVMBS NPNFOUVN
JT TJNQMZ

J =
Ne∑

i=1

ji =
Ne∑

i=1

(li + si) . 	����


"OPUIFS DPVQMJOH TUJMM XJEFMZ VTFE FWFO JO GVMMZ SFMBUJWJTUJD UIFPSJFT JT UIF BQQSPYJNBUF
LS DPVQMJOH� ɨF MBUUFS BSJTFT OBUVSBMMZ GSPN UIF OPO�SFMBUJWJTUJD UIFPSZ JO XIJDI UIF UPUBM

��



BOHVMBS BOE TQJO NPNFOUB BSF EFmOFE BT

L =
Ne∑

i=1

li ; S =
Ne∑

i=1

si 	����


UIBU DPVQMFT JOUP UIF UPUBM BOHVMBS NPNFOUVN BT J = L + S�� ɨF IBCJUT PG OPO�
SFMBUJWJTUJD UIFPSZ UP SFGFS UP LS UFSNT OPUFE BT 2S+1L BSF TUJMM XFMM BODIPSFE JO UPEBZ�T
OPUBUJPOT� 0UIFS DPVQMJOH TDIFNFT FYJTU XIJDI NJHIU CF SFMFWBOU EFQFOEJOH PO UIF SFM�
BUJWF TUSFOHUI PG UIF $PVMPNC JOUFSBDUJPO BOE UIF TQJOoPSCJU DPVQMJOH� 5SBOTGPSNBUJPO
NBUSJDFT FYJTU UP TXJUDI GSPN POF SFQSFTFOUBUJPO UP BOPUIFS BT EFTDSJCF CZ $PXBO <��
§�>� /FWFSUIFMFTT UIFTF SFDPVQMJOH NBUSJDFT BSF POMZ BWBJMBCMF GPS UIF TJNQMFTU TZTUFNT�
'PS NPSF DPNQMFY TUVEJFT DPNQVUBUJPOBM UPPMT BSF SFRVJSFE TVDI BT UIF POFT EFWFMPQFE CZ
(BJHBMBT BOE DP�XPSLFST JO UIF GSBNFXPSL PG UIF (ģĒĤġ QBDLBHF <��� �� ���>�

*OTUFBE PG GPMMPXJOH B 4MBUFS EFUFSNJOBOU CBTFE BQQSPBDI XF GPMMPX BOPUIFS FRVJWBMFOU
SPVUF UIBU JT DPNQVUBUJPOBMMZ NPSF USBDUBCMF� 8F JOUSPEVDF UIF DPODFQU PG SFMBUJWJTUJD FMFD�
USPO DPOmHVSBUJPO UIBU JT GVMMZ KVTUJmFE TUBSUJOH GSPN UIF DFOUSBM mFME BQQSPYJNBUJPO 	���
�
*O UIJT BQQSPYJNBUJPO JOEFFE UIF POF�FMFDUSPO FOFSHJFT BSF JOEFQFOEFOU PG UIF NBHOFUJD
RVBOUVN OVNCFST BOE XF DBO BTTPDJBUF UIF SFMBUJWJTUJD FMFDUSPO DPOmHVSBUJPO

(n1κ1)
w1(n2κ2)

w2 . . . (nmκm)wx , 	����


UP UIF UPUBM FOFSHZ

E =
x∑

i=1

wiεniκi 	����


XIFSFwi JT UIF PDDVQBUJPO OVNCFS PG UIF TVCTIFMM (niκi) i = 1, . . . , x TP UIBU
∑x

i=1wi =
Ne� %VF UP UIF TUSPOH IFSJUBHF GSPN OPO�SFMBUJWJTUJD UIFPSZ UIF DPOmHVSBUJPOT BSF VTVBMMZ
TUJMM XSJUUFO JO UIFJS FRVJWBMFOU OPO�SFMBUJWJTUJD GPSN BT

(n1l1)
w̃1(n2l2)

w̃2 . . . (nm′ lm′)w̃x′ 	����


XIFSF w̃i JT UIF PDDVQBUJPO OVNCFS PG UIF OPO�SFMBUJWJTUJD TVCTIFMM (nili)� 5P UIF w SFMB�
UJWJTUJD FRVJWBMFOU FMFDUSPOT IBWJOH UIF TBNF κ�WBMVF J�F� (nκ)w XF BTTPDJBUF UIF TVCTIFMM
XBWF GVODUJPO

Φ((nκ)wανJMJ) ≡ |(nκ)wανJMJ)〉 ≡ |(nlj)wανJMJ)〉 , 	����


XIFSF XF VTFE UIF LFU OPUBUJPO PG %JSBD | · 〉 BOE α BOE ν BSF BEEJUJPOBM RVBOUVN OVN�
CFST UP VOJRVFMZ EFmOF UIF XBWF GVODUJPO CFTJEFT UIF UPUBM BOHVMBS NPNFOUVN J BOE JUT

�/PUF UIBU UIF XBWF GVODUJPOT CVJMU GSPN UIF DPVQMJOH L + S BOE S + L EJĊFS CZ UIF QIBTF GBDUPS
(−1)L+S−J �

��



QSPKFDUJPO MJ 	TFF <��> BOE SFGFSFODFT UIFSFJO GPS NPSF EFUBJMT
� ɨF BOUJTZNNFUSZ PG
UIF XBWF GVODUJPO JT BDIJFWFE UISPVHI UIF VTF PG DPFĆDJFOUT PG GSBDUJPOBM QBSFOUBHF 	$'1T

XIJDI QSPWJEFT UIF BQQSPQSJBUF DPVQMJOH CFUXFFO UIF BEEJUJPOBM FMFDUSPO BOE UIF (wi− 1)
FMFDUSPOT BMSFBEZ DPVQMFE UP GPSN BO BOUJTZNNFUSJD XBWF GVODUJPO

|(nlj)wαJMJ)〉 =
∑

ᾱJ̄

|((nlj)w−1ᾱJ̄ , nlj)αJMJ〉 ((lj)w−1ᾱJ̄ |}(lj)wαJ) 	����


XIFSF ((lj)w−1ᾱJ̄ |}(lj)wαJ) JT UIF $'1 BTTPDJBUFE UP UIF QBSFOU |(nlj)w−1ᾱJ̄M̄J̄〉�
ɨJT SFDVSSFODF SFMBUJPO JT VTFE VOUJM w = 1 GPS XIJDI UIFSF JT OP BOUJTZNNFUSJD SFRVJSF�
NFOU�� ɨF DPVQMJOH QSPDFEVSF GPMMPXFE JO UIJT XPSL JT UIFSFGPSF UP mSTU DPVQMF FRVJWBMFOU
FMFDUSPOT XJUIJO FBDI TVCTIFMM BOE UIFO QSPHSFTTJWFMZ DPVQMF TVCTIFMMT UP mOBMMZ CVJME UIF UP�
UBM XBWF GVODUJPO PG BQQSPQSJBUF πJMJ TZNNFUSZ�� ɨF SFTVMUJOH XBWF GVODUJPO JT LOPXO
BT B SFMBUJWJTUJD DPOmHVSBUJPO TUBUF GVODUJPO 	$4'
 XSJUUFO BT

|γπJMJ〉 PS |γπJ〉 	����


XIFSF γ SFQSFTFOUT BMM BEEJUJPOBM JOGPSNBUJPO TVDI BT UIF DPOmHVSBUJPO BOE JUT BOHVMBS
DPVQMJOH USFF XJUI UIF DPNQMFUF RVBOUVN OVNCFST JOGPSNBUJPO� ɨF QSPKFDUJPO PG UIF
UPUBM BOHVMBS NPNFOUVN J  MJ  JT PGUFO PNJUUFE TJODF UIF 2J+1 MFWFMT XJUI UPUBM BOHVMBS
NPNFOUVN J BOE QSPKFDUJPO MJ = −J,−J + 1, J − 1, J BSF EFHFOFSBUF JO UIF BCTFODF
PG FYUFSOBM mFMET�

��� ɧF WBSJBUJPOBM QSJODJQMF BOE UIF %JSBD�)BSUSFF�'PDL NFUIPE

ɨF EFmOJUJPO PG UIF $4' QSPWJEFT UIF BOHVMBS TUSVDUVSF PG UIF NBOZ�CPEZ XBWF GVODUJPO�
)PXFWFS UIF TFU PG SBEJBM GVODUJPOT {Pa, Qa} BSF TUJMM UP CF EFUFSNJOFE�� 8F GPDVT JO UIJT
XPSL PO WBSJBUJPOBM NFUIPET UP DPNQVUF UIF SBEJBM QBSUT PG UIF PSCJUBMT�

8JUIJO UIF GBNJMZ PG WBSJBUJPOBM NFUIPET UIF DPNQVUBUJPOT SFMZ PO UIF 3BZMFJHI�3JU[�T
WBSJBUJPOBM QSJODJQMF XIJDI JT B GVOEBNFOUBM UPPM VTFE JO RVBOUVN NFDIBOJDT� "O FOFSHZ
GVODUJPOBM JT EFmOFE BT

F [Ψ] =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉 	����


�ɨF FRVJWBMFOU FMFDUSPO XBWF GVODUJPO DBO BMTP CF EFTDSJCFE XJUIJO UIF RVBTJTQJO BOHVMBS UIFPSZ BT
|(nκ)αQJMQMJ)〉 XIFSF Q JT UIF RVBTJTQJO BT EFmOFE JO 3FG� <��> 	TFF 4FD� �����
�

�ɨF QBSJUZ π XBT DPOTDJPVTMZ UBLFO PVU PG UIF SFDPVQMJOH GPSNVMB UP MJHIUFO UIF OPUBUJPOT� /FWFSUIFMFTT
UIFZ BSF PG DSVDJBM JNQPSUBODF JO UIF GPMMPXJOH BOE POF TIPVME OPU GPSHFU JU XIFO EFmOJOH UIF $4'T PG JOUFSFTU�

�5P MJHIUFO UIF OPUBUJPOT UIF SBEJBM DPNQPOFOUT PG UIF %JSBD PSCJUBMT BSF OPUFE Pa BOE Qa JOTUFBE PG
Pnlj(r) BOE Qnlj(r) PS Pnκ(r) BOE Qnκ(r)�

��



XIFSF H DBO CF FJUIFS PG UIF )BNJMUPOJBOT QSFTFOUFE JO 4FD� ��� GPS PVS QVSQPTFT� 8F VTF
IFSF BHBJO UIF TUBOEBSE %JSBD OPUBUJPO BDDPSEJOH UP XIJDI

〈Ψ|O|Ψ〉 =
∫

Ψ∗OΨdr , 	����


XIFSF dr SFQSFTFOU UIF JOUFHSBUJPO PWFS TQBDF DPPSEJOBUFT JT UIF FYQFDUBUJPO WBMVF PG BO
PQFSBUPS O BOE

〈Ψ|Ψ〉 =
∫

Ψ∗Ψdr 	����


DPSSFTQPOET UP UIF OPSN PG |Ψ〉� *O UIF GSBNFXPSL PG UIF WBSJBUJPOBM QSJODJQMF JU DBO CF
EFNPOTUSBUFE UIBU UIFSF JT BO FRVJWBMFODF CFUXFFO TPMWJOH UIF FJHFOWBMVF QSPCMFN

(H− F [Ψ]) |Ψ〉 = 0 , 	����


BOE MPPLJOH GPS TPMVUJPOT |Ψ〉 TVDI UIBU UIF FOFSHZ GVODUJPOBM 	����
 JT TUBUJPOBSZ UP mSTU
PSEFS XJUI BOZ WBSJBUJPO |δΨ〉 PG UIF XBWF GVODUJPO <� §���>� ɨF HFOFSBM JEFB CFIJOE
WBSJBUJPOBM NFUIPET JT UIFSFGPSF UP TFFL GPS XBWF GVODUJPOT |Ψ〉 TVDI UIBU

δF = 0 ∀ δΨ . 	����


*O UIF DBTF XIFSF |Ψ〉 JT B TJOHMF $4' |δΨ〉 SFQSFTFOUT BMM WBSJBUJPOT XJUI SFTQFDU UP UIF
SBEJBM DPNQPOFOUT PG UIF PSCJUBMT |δΨ〉 ≡ {δPa, δQa}� 8IFO UIF )BNJMUPOJBO JT UIF
%JSBD�$PVMPNC )BNJMUPOJBO UIF WBSJBUJPOBM QSJODJQMF BQQMJFE UP

F({P}, {Q}; γπJ) = 〈γπJ |HDC|γπJ〉+
∑

a,b

δκa,κbλabCab 	����


JT UIF DPSF PG UIF %JSBD�)BSUSFF�'PDL 	%)'
 NFUIPE� ɨF BCPWF FOFSHZ GVODUJPOBM FOGPSDFT
UIF PSUIPOPSNBMJUZ GPS BMM QBJST PG PSCJUBMT (a, b) 	XIFSF a PS b JT B TIPSU OPUBUJPO GPS BMM
RVBOUVN OVNCFST UP VOJRVFMZ JEFOUJGZ BO PSCJUBM
 CFMPOHJOH UP UIF TBNF κoTZNNFUSZ
UISPVHI UIF VTF PG -BHSBOHF NVMUJQMJFST� ɨFTF DPOTUSBJOUT UBLF UIF GPMMPXJOH GPSN

Cab ≡
∫

[Pa(r)Pb(r) +Qa(r)Qb(r)] dr − δnanb = 0 , 	����


XIJDI DPNCJOF UIF PSUIPHPOBMJUZ DPOEJUJPO XIFO na *= nb XJUI UIF OPSNBMJ[BUJPO DPOEJ�
UJPO GPS na = nb� ɨF PUIFS UFSN JO &R� 	����
 JT UIF FYQFDUBUJPO WBMVF PG HDC� ɨF MBUUFS
JT VTVBMMZ FYQSFTTFE BT B TVN PWFS POF�CPEZ DPOUSJCVUJPOT BOE UXP�CPEZ DPOUSJCVUJPOT

〈γπJ |HDC|γπJ〉 =
∑

a

waI(a, a) +
∑

abk

[
fabkF

k(ab) + gabkG
k(ab)

]
, 	����


��



XIFSF I(a, b) JT JO BMM HFOFSBMJUZ

I(a, b) = δκaκb

∫ {
Pa(r)Vnuc(r)Pb(r)− cPa(r)

(
d

dr
− κa

r

)
Qb(r)

+ cQa(r)

(
d

dr
+
κa
r

)
Pb(r) +Qa(r)(Vnuc(r)− 2c2)Qb(r)

}
dr . 	����


ɨF UXP�CPEZ QBSU PG &R� 	����
 JT B XFJHIUFE TVN PG 4MBUFS JOUFHSBMT

Rk(ab, cd) =

∫
[Pa(r)Pc(r) +Qa(r)Qb(r)]

1

r
Y k(bd; r)dr , 	����


XIFSF
Y k(ab; r) = r

∫
rk<

r(k+1)
>

[Pa(s)Pb(s) +Qa(s)Qb(s)] ds 	����


BT JOTQJSFE CZ UIF OPO�SFMBUJWJTUJD XPSL PG )BSUSFF <���>� F k(ab) = Rk(ab, ab) BOE
Gk(ab) = Rk(ab, ba) BSF LOPXO BT UIF EJSFDU BOE FYDIBOHF DPOUSJCVUJPOT� ɨFZ BSJTF
GSPN UIF EFWFMPQNFOU JO -FHFOESF QPMZOPNJBMT PG UIF FMFDUSPOoFMFDUSPO JOUFSBDUJPO

1

rij
=
∑

k

rk<
rk+1
>

Pk(cos θ) , 	����


XIFSF r< = min(ri, rj) r> = max(ri, rj) BOE θ JT UIF BOHMF CFUXFFO ri BOE rj � ɨF
MBUUFS FYQSFTTJPO JT PGUFO HJWFO JO JUT UFOTPSJBM GPSN BT

1

rij
=
∑

k

rk<
rk+1
>

C(k)(θi,φi) ·C(k)(θj ,φj) , 	����


XIFSF C(k) JT UIF UFOTPS PG PSEFS k 	TFF 4FD� ����� GPS NPSF JOGPSNBUJPO BCPVU UFOTPS
PQFSBUPST
 DPSSFTQPOEJOH UP SFOPSNBMJ[FE TQIFSJDBM IBSNPOJDT <�� §#��>� ɨF DPFċDJFOUT
fabk BOE gabk BQQFBSJOH JO &R� 	����
 BSF QVSF BOHVMBS DPFċDJFOUT BT TIPXO CZ (SBOU <��
§���>�

*O UIF SFMBUJWJTUJD NBOZ�CPEZ UIFPSZ UIF WBSJBUJPOBM QSJODJQMF SFRVJSFT UP WBSZ UIF SBEJBM QBSU
PG BMM PSCJUBMT� 'PS FBDI PSCJUBM UIF WBSJBUJPO |δΨ〉 DPOTJTUT JO UIF TJNVMUBOFPVT WBSJBUJPO PG
UIF TNBMM BOE MBSHF DPNQPOFOUT� $POTJEFSJOH UIF QFSUVSCBUJPO PO UIF PSCJUBM a XF IBWF

{
Pa → Pa + δPa

Qa → Qa + δQa .
	����


ɨF TUBUJPOBSZ DPOEJUJPO δF = 0 XJUI SFTQFDU UP UIF BCPWF QFSUVSCBUJPOT MFBET UP UIF
GPMMPXJOH TZTUFN PG FRVBUJPOT DBMMFE UIF %)' FRVBUJPOT

wa

(
V (a; r) −c

[
d
dr −

κa
r

]

c
[
d
dr +

κa
r

]
V (a; r)− 2c2

)(
Pa(r)
Qa(r)

)
=
∑

b

εabδκaκb

(
Pb(r)
Qb(r)

)
	����


��



XIFSF V (a; r) = Vnuc(r) + Y (a; r) + X̄(a; r)� Y (a; r) BOE X̄(a; r) BSF UIF EJSFDU
BOE FYDIBOHF QPUFOUJBMT NBEF PG UIF BDDVNVMBUFE DPOUSJCVUJPO GSPN UIF WBSJBUJPO PG UIF
FOFSHZ DPOUSJCVUJPOT GSPN ' BOE ( JOUFHSBMT SFTQFDUJWFMZ� ɨF MBUUFS JT EFmOFE BT

waX̄(a; r)Pa(r) =
∑

bk

gabk

(
Y k(ab; r)

r

)
Pb(r) , 	����


XIJDI NFBOT UIBU Pa(r) BOE Qa(r) BSF QBSU PG BO JOUFHSBOE� ɨFSFGPSF POF OFFET UP TPMWF
UIF DPVQMFE JOUFHSP�EJĊFSFOUJBM FRVBUJPOT JUFSBUJWFMZ VQEBUJOH UIF SBEJBM PSCJUBMT BU FBDI
TUFQ� 4VDI B TZTUFN PG FRVBUJPOT JT EFSJWFE GPS BMM PDDVQJFE PSCJUBMT PG UIF %)' $4' BOE
UIFSFGPSF UIF %)' FRVBUJPOT GPSN B DPNQMFY TZTUFN PG DPVQMFE FRVBUJPOT UP TPMWF� 4JODF
UIF FWBMVBUJPO PG UIF EJSFDU BOE FYDIBOHF QPUFOUJBMT SFRVJSFT UIF LOPXMFEHF PG UIF SBEJBM
PSCJUBMT POF OFFET UP TUBSU XJUI USJBM GVODUJPOT TP UIBU UIF QPUFOUJBMT DBO CF EFUFSNJOFE
BOE UIF TZTUFN PG FRVBUJPOT TPMWFE GPS UIF FOFSHJFT εab BOE UIF VQEBUFE SBEJBM PSCJUBMT�
ɨF QPUFOUJBMT BSF UIFO SF�FWBMVBUFE XJUI UIFTF OFX SBEJBM PSCJUBMT BOE UIF SBEJBM FRVBUJPOT
BSF TPMWFE BHBJO� "T -ÚXEJO XSPUF JO UIF OPO�SFMBUJWJTUJD DPOUFYU PG UIF )BSUSFFo'PDL
	)'
 NFUIPE iǲF QSPDFTT JT DBSSJFE PO VOUJM JU CFDPNFT TFMG�DPOTJTUFOU J�F� VOUJM UXP TVDDFTTJWF
BQQSPYJNBUJPOT BHSFF XJUIJO UIF BDDVSBDZ EFTJSFE BOE UIF QSPDFEVSF JT UIFSFGPSF DBMMFE UIF ATFMG�
DPOTJTUFOU�mFME� NFUIPEw <���>�

3FNBSLT

ɨF EFSJWBUJPO PG UIF %)' FRVBUJPOT VTJOH UIF WBSJBUJPOBM QSJODJQMF SFRVJSFT TPNF BEEJ�
UJPOBM DPNNFOUT�

ɨF CJHHFTU DPODFSO BCPVU UIJT NFUIPE JT QSPCBCMZ SFMBUFE UP UIF QPUFOUJBM WBSJBUJPOBM DPM�
MBQTF PG UIF XBWF GVODUJPO XIJDI SFGFST UP UIF GBMM PG CPVOE TUBUFT JOUP UIF OFHBUJWF DPO�
UJOVVN XIFO TFFLJOH GPS UIF NJOJNVN PG UIF FOFSHZ GVODUJPOBM� ɨF EJTDVTTJPO WBSJFT EF�
QFOEJOH PO UIF OVNFSJDBM NFUIPE VTFE UP TPMWF UIF %)' FRVBUJPOT� (SBOU <��> EJTDVTTFT
UIJT JTTVF VTJOH mOJUF�CBTJT NFUIPET XIJDI BSF SFMFWBOU UP PVS QBQFST VTJOH UIF -BHSBOHF�
NFTI NFUIPE 	TFF 4FD� �����
 BT QSFTFOUFE JO MBUFS TFDUJPOT� "MUIPVHI NPTU PG PVS DBMDV�
MBUJPOT BSF QFSGPSNFE VTJOH UIF (ģĒĤġ QBDLBHFT XIJDI BSF CBTFE PO UIF mOJUF�EJĊFSFODF
NFUIPE IFODF TPMWJOH UIF %)' DPVQMFE FRVBUJPOT GPS POF TUBUF BU UIF UJNF UIF EJTDVT�
TJPO BCPVU UIF WBSJBUJPOBM DPMMBQTF QSPQPTFE CZ (SBOU VTJOH mOJUF�CBTJT NFUIPET JT TUJMM BO
JOUFSFTUJOH POF UP VOEFSTUBOE UIF EJċDVMUJFT SBJTFE CZ UIF OFHBUJWF FOFSHZ DPOUJOVVN�

)F EFNPOTUSBUFE UIBU UIF 2N TPMVUJPOT BSJTJOH GSPN UIF DIPJDF PG N CBTJT GVODUJPOT BSF
XFMM TQMJU JOUP UXP EJTKPJOU TFUT PGN TPMVUJPOT� 0OF JT BTTPDJBUFE UP UIF CPVOE TUBUFT BOE UIF
QPTJUJWF DPOUJOVVN UIBU DPSSFTQPOET UP UIF 4DISÚEJOHFS TQFDUSVN JO UIF OPO�SFMBUJWJTUJD
MJNJU BOE BOPUIFS POF BTTPDJBUFE UP UIF OFHBUJWF DPOUJOVVN�� )F XSPUF i<���> XF DBO JHOPSF

�.PSF JOGPSNBUJPO BCPVU mOJUF�CBTJT NFUIPET BSF HJWFO JO 4FD� ����� BOE JO QBQFST "*7 BOE "V �

��



UIF MPXFS DPOUJOVVN XIFO DPOTUSVDUJOH CPVOE TUBUFT BT JU JT XFMM LOPXO UIBU UIF JNQPTJUJPO PG
TVJUBCMF CPVOEBSZ DPOEJUJPOT JT BMM UIBU JT SFRVJSFE GPS UIFJS FYJTUFODF� ǲF USBEJUJPOBM BQQSPBDI
UP %JSBD�'PDL UIFPSZ DBO UIVT CF KVTUJmFE�w <��>� )F GVSUIFS QSPWJEFE UIF EFNPOTUSBUJPO
UIBU UIF N FJHFOWBMVFT DPSSFTQPOEJOH UP QPTJUJWF FOFSHZ TUBUFT BSF CPVOEFE GSPN CFMPX
QSFWFOUJOH UIFN UP GBMM JOUP UIF OFHBUJWF FOFSHZ DPOUJOVVN� +VTU BT JO UIF OPO�SFMBUJWJTUJD
UIFPSZ UIFTF FJHFOWBMVFT BSF WBSJBUJPOBM VQQFS CPVOE UP UIF FYBDU FOFSHJFT� ɨJT JT WFSZ
XFMM TVNNBSJ[FE CZ IJT ɨFPSFN � JO 3FG� <��>� 'JOBMMZ POF TIPVME SFBMJ[F UIF JNQPSUBODF
PG UIF PSJHJOBM EFCBUF JO XIJDI TPNF QIZTJDJTUT TVHHFTUFE UIF VTF PG QSPKFDUPST 	UP TFQBSBUF
UIF OFHBUJWF FOFSHZ TUBUFT BOE QPTJUJWF FOFSHZ TUBUFT
 XIJMF PUIFST BSHVFE UIBU JU XBT OPU
OFFEFE JG UIF UIFPSZ XBT FTUBCMJTIFE JO UIF 2&% GSBNFXPSL <��� ���>� -BUFS %FTDMBVY
XPVME XSJUF UIBU iUIF WBSJBUJPOBM QSJODJQMF HJWFT POMZ B TUBUJPOBSZ TPMVUJPO BOE OPU B NJOJNVN
FWFO GPS UIF HSPVOE TUBUF� *O QSBDUJDF UIJT EPFT OPU JOUSPEVDF BOZ OVNFSJDBM EJĆDVMUZw <��>� "E�
EJUJPOBM JOGPSNBUJPO BCPVU UIF WBSJBUJPOBM DPMMBQTF VTJOH mOJUF CBTJT TFUT DBO CF GPVOE JO
3FGT� <�� §���> BOE <���>�

"OPUIFS JOUFSFTUJOH GFBUVSF PG UIF %)' NFUIPE JT UIF BTTVNQUJPO UIBU SBEJBM PSCJUBMT BSF
JOEFQFOEFOU PG UIF FMFDUSPO TQJO� "O JOWFTUJHBUJPO BCPVU UIF 1s2s 3S BOE UIF 1s2s 1S )F�
MJLF MFWFMT TIPXFE UIBU UIFTF UXP MFWFMT TIPVME CF USFBUFE EJĊFSFOUMZ BT EJTDVTTFE CZ 'SPFTF
'JTDIFS JO UIF OPO�SFMBUJWJTUJD GSBNFXPSL <���>� 8IFO UIFTF UXP FMFDUSPOT BSF FRVJWBMFOU
UIF VTVBM XBZ UP XSJUF UIF DPOmHVSBUJPO JT 1s2 BTTVNJOH UIFO UIBU UIF SBEJBM DPNQPOFOUT
PG UXP 1s SFMBUJWJTUJD PSCJUBMT BSF JEFOUJDBM� ɨF SFNPWBM PG UIJT DPOEJUJPO MFBEJOH UP OPO�
PSUIPHPOBMJUJFT BOE IFODF B NPSF DPNQMFY EFSJWBUJPO PG UIF )' FRVBUJPOT MFBET UP UIF
TP�DBMMFE VOSFTUSJDUFE )BSUSFF�'PDL 	6)'
 NFUIPE� 'SPFTF 'JTDIFS BSHVFE UIBU BMUIPVHI
UIF PWFSMBQ CFUXFFO UXP s FMFDUSPOT ns BOE n′s JT VTVBMMZ TNBMM JU DBO CF DMPTF UP � GPS
FRVJWBMFOU FMFDUSPOT 1s1s′ XIJDI DBO MFBE UP TFWFSF OVNFSJDBM JOTUBCJMJUJFT� 'VSUIFSNPSF
UIF 6)' NFUIPE JT TVCKFDU UP TQJO�DPOUBNJOBUJPO J�F� UIF UPUBM XBWF GVODUJPO JT OP MPOHFS
BO FJHFOWBMVF PG S2 <���>� /FWFSUIFMFTT JU JT OPU TVSQSJTJOH UIBU UIF 6)' NFUIPE JN�
QSPWFT UIF FOFSHZ 	HJWFT B MPXFS UPUBM FOFSHZ
 DPNQBSFE UP UIF TUBOEBSE )' NFUIPE TJODF
JU JODSFBTFT UIF nFYJCJMJUZ PG UIF NFUIPE� )PXFWFS CFDBVTF UIF HBJO PCUBJOFE XJUI UIF
6)' NFUIPE XBT TIPXO UP EFDSFBTF XJUI Z PUIFS NFUIPET TVDI BT UIPTF QSFTFOUFE JO
UIF OFYU TFDUJPOT BSF UIFSFGPSF NPSF XJEFMZ VTFE� ɨF JOUSPEVDUJPO PG OPO�PSUIPHPOBMJUJFT
JT JOUFSFTUJOH JO TQJUF PG B IFBWJFS NBUIFNBUJDBM USFBUNFOU BT EJTDVTTFE JO 4FD� ����� BOE
$IBQ� ��

��



��� .VMUJDPOmHVSBUJPO NFUIPET

����� &MFDUSPO DPSSFMBUJPO

ɨF %)' NFUIPE BOE JUT OPO�SFMBUJWJTUJD DPVOUFSQBSU UIF )' NFUIPE <���> BSF LFZ JO
BOZ BUPNJD TUSVDUVSF UIFPSJFT� )PXFWFS JU GBJMT UP EFTDSJCF UIF DPSSFMBUJPO JO UIF NPWFNFOU
PG UIF FMFDUSPOT QSPQFSMZ� ɨF TUSPOH BTTVNQUJPO PG UIF %)' NFUIPE UIBU UIF UPUBM XBWF
GVODUJPO DBO CF CVJMU BT B MJOFBS DPNCJOBUJPO PG QSPEVDUT PG JOEJWJEVBM SFMBUJWJTUJD PSCJUBMT
BT JO &RT� 	���
 BOE 	����
 JT EJSFDUMZ SFMBUFE UP UIF JOEFQFOEFOU�QBSUJDMF NPEFM PG UIF
BUPN� *OEFFE UIF $PVMPNC SFQVMTJPO 1/rij JT MFGU PVU XIFO EJTDVTTJOH UIF HFOFSBM GPSN
PG UIF XBWF GVODUJPO� )PXFWFS UIF WBMVF PG UIJT QPUFOUJBM JODSFBTFT SBQJEMZ XIFO UIF UXP
FMFDUSPOT i BOE j BSF DMPTF UP FBDI PUIFS� *U UFOET UP LFFQ UIFTF QBSUJDMFT BQBSU BOE TJODF UIJT
DPSSFMBUJPO JT DPNQMFUFMZ OFHMFDUFE XIFO GPSNJOH UIF EFUFSNJOBOU XBWF GVODUJPO 	����

UIF DPSSFTQPOEJOH FOFSHZ JT DBMMFE UIF DPSSFMBUJPO FOFSHZ <���> BOE

Ecorr = Eexact − EDHF 	����


XIFSF Eexact DPSSFTQPOET UP UIF FYBDU FOFSHZ PG UIF NBOZ�FMFDUSPO %JSBD�$PVMPNC FRVB�
UJPO� *U XBT QPJOUFE PVU CZ -ÚXEJO JO UIF OPO�SFMBUJWJTUJD DPOUFYU UIBU UIF 1BVMJ QSJODJ�
QMF QSFWFOUT UXP FMFDUSPOT XJUI UIF TBNF TQJO 	BOE UIF TBNF PUIFS RVBOUVN OVNCFST
 UP
CF DMPTF UP FBDI PUIFS� )F GVSUIFS XSPUF iǲF BOUJTZNNFUSZ PO UIF XBWF GVODUJPO UIFSF�
GPSF BDUT BT JG UIFSF XPVME CF B TUSPOH SFQVMTJPO CFUXFFO QBSUJDMFT XJUI UIF TBNF TQJO BU TNBMM
EJTUBODFTw <���> XIJDI NFBOT UIBU JO B XBZ QBSU PG UIF FMFDUSPO DPSSFMBUJPO JT BMSFBEZ
JODMVEFE�

ɨF FWBMVBUJPO PG UIF FMFDUSPO DPSSFMBUJPO FĊFDUT PO BUPNJD QSPQFSUJFT JT UIFSFGPSF POF PG UIF
NBJO HPBMT PG UIF BUPNJD TUSVDUVSF NFUIPET OPXBEBZT� *O PVS XPSL XF VTFE UXP BC JOJUJP
NFUIPET UP DBQUVSF FMFDUSPO DPSSFMBUJPO CFZPOE UIF %)' BQQSPYJNBUJPO UIF SFMBUJWJTUJD
DPOmHVSBUJPO JOUFSBDUJPO 	3$*
 NFUIPE BOE UIF NVMUJDPOmHVSBUJPO %JSBD�)BSUSFF�'PDL
	.$%)'
 NFUIPE BOE POF TFNJFNQJSJDBM NFUIPE CBTFE PO UIF EFmOJUJPO PG B TFNJFN�
QJSJDBM DPSF QPUFOUJBM� ɨF BC JOJUJP NFUIPET BSF EFTDSJCFE JO 4FD� ����� BOE ����� SFTQFD�
UJWFMZ XIJMF UIF TFNJFNQJSJDBM NFUIPE JT EFTDSJCFE JO "*7� #PUI BC JOJUJP NFUIPET SFTVMU
GSPN UIF WBSJBUJPOBM QSJODJQMF BOE UIFSFGPSF CFMPOH UP UIF GBNJMJFT PG WBSJBUJPOBM NFUIPET�
ɨF MBUUFS BSF PGUFO PQQPTFE UP UIF NBOZ�CPEZ QFSUVSCBUJPO 	.#15
 NFUIPET <�� �� ��>
UIBU UBLF BEWBOUBHF PG B QFSUVSCBUJWF BQQSPBDI� 8F XJMM OPU EJTDVTT .#15 NFUIPET JO EF�
UBJMT BT XF TPMFMZ VTFE WBSJBUJPOBM NFUIPET JO UIJT UIFTJT� /FWFSUIFMFTT JU JT JOUFSFTUJOH UP
QPJOU PVU UIBU FWFO UIF .#15 NFUIPET SFMZ PO %)' DBMDVMBUJPOT BU MFBTU UP DPNQVUF UIF
PSCJUBMT PG UIF DPOmHVSBUJPO PG JOUFSFTU�

��



����� 3FMBUJWJTUJD DPOmHVSBUJPO JOUFSBDUJPO

ɨF SFMBUJWJTUJD DPOmHVSBUJPO JOUFSBDUJPO NFUIPE SFMJFT PO UIF EFTDSJQUJPO PG UIF UPUBM XBWF
GVODUJPOT PS BUPNJD TUBUF GVODUJPOT 	"4'T
 BT

|ΓπJ〉 =
NCSF∑

α=1

cΓα |γαπJ〉 XJUI
NCSF∑

α=1

(cΓα)
2 = 1, 	����


XIFSF cα BSF SFBM OVNCFST LOPXO BT UIF FYQBOTJPO DPFĆDJFOUT PS NJYJOH DPFĆDJFOUT {|γαπJ〉}
JT UIF $4' CBTJT TFU BOE Γ TQFDJmFT UIF UBSHFUFE TUBUF BNPOH BMM QPTTJCMF TUBUFT SFQSFTFOUFE
CZ UIF TFU PG $4'T� *O UIF AQVSF� 3$* NFUIPE UIF CBTJT GVODUJPOT J�F� UIF $4'T BSF LOPXO
BOE mYFE BOE GPSN UIBOLT UP UIF PSUIPOPSNBMJZ DPOTUSBJOUT PG UIF SBEJBM QBSUT PG UIF PS�
CJUBMT BO PSUIPOPSNBM TFU TVDI UIBU 〈γαπJ |γβπJ〉 = δαβ 	TFF 4FD� �����
� ɨJT NFBOT
UIBU XIFO BQQMZJOH UIF WBSJBUJPOBM QSJODJQMF BDDPSEJOH UP &R� 	����
 UIF QFSUVSCBUJPOT PG
UIF "4' DPOTJTU JO QFSUVSCJOH UIF NJYJOH DPFċDJFOUT

δΨ = δcΓα α = 1, . . . , NCSF . 	����


ɨF FOFSHZ GVODUJPOBM JT

F({cΓα};ΓπJ) = 〈ΓπJ |H|ΓπJ〉 − EΓ

NCSF∑

α=1

(cΓα)
2

=
NCSF∑

αβ=1

cΓαc
Γ
β 〈γαπJ |H|γβπJ〉 − EΓ

NCSF∑

α=1

(cΓα)
2

=
NCSF∑

α=1

(cΓα)
2 〈γαπJ |H|γαπJ〉+

NCSF∑

α &=β=1

cΓαc
Γ
β 〈γαπJ |H|γβπJ〉

− EΓ

NCSF∑

α=1

(cΓα)
2

	����

XIFSF EΓ JT UIF -BHSBOHF NVMUJQMJFS BTTPDJBUFE UP UIF OPSNBMJ[BUJPO DPOEJUJPO BOE DPS�
SFTQPOET UP UIF UPUBM FOFSHZ� H JT BOZ PG UIF )BNJMUPOJBOT QSFTFOUFE JO 4FD� ���� ɨF
TUBUJPOBSZ DPOEJUJPO δF = 0 ∀ δcΓα MFBET FBTJMZ UP UIF FJHFOWBMVF QSPCMFN

()NCSF − EΓ*)DΓ = 0 , 	����


UIBU JT XSJUUFO JO NBUSJY OPUBUJPO GPS TJNQMJDJUZ BOE XIFSF DΓ JT UIF WFDUPS DPMVNO PG
EJNFOTJPO NCSF DPOUBJOJOH UIF cΓα FYQBOTJPO DPFċDJFOUT * JT UIF NCSF×NCSF JEFOUJUZ
NBUSJY BOE )NCSF JT UIF NCSF × NCSF JOUFSBDUJPO NBUSJY� /PUF UIBU TJODF UIF $4'T
|γαπJ〉 BOE |γα′π′J ′〉 BSF UXP EJĊFSFOU TPMVUJPOT PG UIF TBNF )FSNJUJBO PQFSBUPS UIFZ

��



IBWF OP JOUFSBDUJPO J�F� 〈γαπJ |H|γα′π′J ′〉 ∝ δJJ ′δππ′ BOE UIF JOUFSBDUJPO NBUSJY JT
UIFSFGPSF 	J  π
�CMPDL EJBHPOBM� ɨF NBUSJY FMFNFOUT PG UIF JOUFSBDUJPO NBUSJY BSF EFmOFE
CZ

Hαβ = 〈γαπJ |H|γβπJ〉 . 	����


ɨF FJHFOWBMVF QSPCMFN 	����
 JT TPMWFE CZ EJBHPOBMJ[JOH UIF JOUFSBDUJPO NBUSJY BOE XF
UIVT PCUBJO B TFU PG NCSF FJHFOWBMVFT BOE UIFJS DPSSFTQPOEJOH FJHFOWFDUPS� ɨF FYQBOTJPO
	����
 UIFSFGPSF SFQSFTFOUT NCSF EJĊFSFOU BOE PSUIPHPOBM "4'T IFODF UIF OFFE UP QSFDJTF
XIJDI "4' JT PG JOUFSFTU XJUI Γ� 5P FBDI "4' |ΓπJ〉 XF UIFSFGPSF BTTPDJBUF POF SPPU PG
UIF )BNJMUPOJBO XJUI UIF FJHFO�FOFSHZ�

EΓ = (DΓ)T )NCSFDΓ , 	����


BOE UIF DPSSFTQPOEJOH NJYJOH DPFċDJFOUT DΓ =
(
cΓ1 , c

Γ
2 , . . . , c

Γ
)T �

" DSVDJBM UIFPSFN SFMBUFE UP UIF 3$* NFUIPE XBT EFNPOTUSBUFE CZ )ZMMFSBBT BOE 6OE�
IFJN <���> BOE .BD%POBME <���> OBNFMZ UIF )ZMMFSBBTo6OEIFJNo.BD%POBME 	)6.

JOUFSMFBWJOH UIFPSFN� ɨJT UIFPSFN TUBUFT UIBU B SFMBUJPOTIJQ FYJTUT CFUXFFO UIF FJHFOWBMVFT
PG UIF JOUFSBDUJPO NBUSJY PG TJ[FT M BO M + 1 TVDI UIBU

. . . EM
Γ−1 ≤ EM+1

Γ ≤ EM
Γ . . . . 	����


" TDIFNBUJD SFQSFTFOUBUJPO PG JU JT QSFTFOUFE JO 'JH� ���� 0CTFSWJOH B QBSUJDVMBS SPPU TBZ
UIF ΓUI SPPU XF TFF UIBU JUT FOFSHZ QSPHSFTTJWFMZ EFDSFBTFT GPS BO JODSFBTJOH TJ[F PG UIF TZT�
UFN EM

Γ ≥ EM+1
Γ ≥ EM+2

Γ ≥ EM+3
Γ ≥ . . . � ɨJT IBT EFUFSNJOJOH DPOTFRVFODFT TJODF

BDDPSEJOH UP UIF 3BZMFJHIo3JU[ NFUIPE UIFTF FOFSHJFT BSF VQQFS CPVOE UP UIF FYBDU FOFSHZ�
4P UIBU CZ JODSFBTJOH UIF TJ[F PG UIF TZTUFN J�F� BEEJOH $4'T UP UIF CBTJT TFU UIF DPNQVUFE
FOFSHZ DPOWFSHFT UPXBSE UIF FYBDU FOFSHZ� 8F IBWF UIVT JNQSPWFE UIF DPNQVUFE FOFSHJFT�

8F VTFE JOUFOTJWFMZ UIF 3$* NFUIPE JO UIJT UIFTJT BT BUUFTUT JUT QSFTFODF JO NPTU PG PVS
QVCMJTIFE QBQFST� .PSF TQFDJmDBMMZ UIF )6. UIFPSFN QSPWFE UP CF IFMQGVM JO PVS TUVEZ
PO UIF JTPUPQF TIJGU PG *S 	TFF #*7
 XIJDI MFE VT UP B SJHPSPVT EFUFDUJPO PG B SPPU�nJQQJOH
	TFF 4FD� ���
� 'VSUIFSNPSF UIF DBTF PG UIF 2× 2 $* NBUSJY XBT EFWFMPQFE JO PVS QBQFS PO
g�GBDUPST 	TFF $*
 GPMMPXJOH 3FG� <��> UP JMMVTUSBUF UIF JNQPSUBODF PG SFMBUJWJTUJD NJYJOH�

����� .VMUJDPOmHVSBUJPO %JSBDo)BSUSFFo'PDL NFUIPET

ɨF NVMUJDPOmHVSBUJPO %JSBDo)BSUSFFo'PDL 	.$%)'
 NFUIPE JT EFTDSJCFE GPMMPXJOH
UIF TBNF SFBTPOJOH UIBO UIF %)' NFUIPE XJUI UIF JNQPSUBOU EJĊFSFODF UIBU UIF "4' JT

�ɨF OPUBUJPOT BSF VTVBMMZ MJHIUFOFE CZ ESPQQJOH UIF OVNCFS PG $4'� ɨF FYQSFTTJPO GPS UIF FOFSHZ JT
UIFSFGPSF EΓ = (DΓ)THDΓ�

��



E

E1
1

E2
2

E2
1

E3
3

E3
2

E3
1

E4
4

E4
3

E4
2

E4
1

. . .

. . .

. . .

M=1 M=2 M=3 M=4 . . .

6B;m`2 jXR, a+?2K�iB+ BHHmbi`�iBQM Q7 i?2 BMi2`H2�pBM; >lJ i?2Q`2K (39- TXRj8)- r?B+? /BbTH�vb i?2 2M2`;v 2B;2Mp�Hm2b EM
Γ

7Q` �HH `QQib Γ = 1, . . . ,M Q7 i?2 BMi2`�+iBQM K�i`Bt Q7 /BK2MbBQM M = 1, 2, 3, 4X

OPX EFmOFE BDDPSEJOH UP &R� 	����
� ɨF USJWJBM DBTF XJUI NCSF = 1 SFEVDFT UP UIF %)'
NFUIPE� "T JO UIF DBTF PG UIF %)' BOE 3$* NFUIPET XF TUBSU CZ CVJMEJOH UIF FOFSHZ
GVODUJPOBM UIBU UBLFT UIF GPMMPXJOH GPSN

F({cΓα}, {Pa}, {Qa};ΓπJ) = 〈ΓπJ |HDC|ΓπJ〉+
∑

a,b

δκa,κbλabCab 	����


XIJDI SFTFNCMFT B NJY CFUXFFO UIF %)' FOFSHZ GVODUJPOBM BOE UIF 3$* FOFSHZ GVODUJPOBM�
*O UIF GSBNFXPSL PG UIF (ģĒĤġ QBDLBHF UIF )BNJMUPOJBO JT BMXBZT UIF %JSBDo$PVMPNC
)BNJMUPOJBO� +VTU BT JO UIF %)' NFUIPE PSUIPHPOBMJUZ DPOTUSBJOUT BSF BEEFE UISPVHI
UIF VTF PG -BHSBOHF NVMUJQMJFST λab GPS BMM QBJST PG PSCJUBMT PG UIF TBNF κ�TZNNFUSZ� ɨF
DPOTUSBJOUT Cab BSF JEFOUJDBM UP UIPTF JO UIF %)' NFUIPE� )PXFWFS TJODF UIF "4' JT OPX
FYQBOEFE BT B MJOFBS DPNCJOBUJPO PG $4'T UIF QSFTFOU FOFSHZ GVODUJPOBM OPU POMZ EFQFOET
PO UIF SBEJBM GVODUJPOT {Pa} BOE {Qa} CVU BMTP PO UIF NJYJOH DPFċDJFOUT {cΓα}� ɨF
EFUFSNJOBUJPO PG UIF SBEJBM GVODUJPOT JT PCUBJOFE CZ TPMWJOH UIF .$%)' SBEJBM FRVBUJPOT
EFSJWFE CZ TFFLJOH UIF TUBUJPOBSZ TPMVUJPOT PG UIF FOFSHZ GVODUJPOBM XJUI SFTQFDU UP UIF
QFSUVSCBUJPOT {δPa} BOE {δQa} GPS B HJWFO TFU PG NJYJOH DPFċDJFOUT� ɨF NBJO EJĊFSFODF
XJUI UIF %)' NFUIPE JT UIBU UIF FYQFDUBUJPO WBMVF PG UIF )BNJMUPOJBO OPX XSJUFT

〈ΓπJ |HDC|ΓπJ〉 =
∑

ab

tabI(a, b) +
∑

abcd;k

νabcd;kR
k(ab, cd) , 	����


��



XIFSF
tab =

∑

αβ

tαβab c
Γ
αc

Γ
β BOE νabcd;k =

∑

αβ

ναβabcd;kc
Γ
αc

Γ
β . 	����


ɨF DPFċDJFOUT tαβab BOE ναβabcd;k BSF QVSF BOHVMBS DPFċDJFOUT BT JO UIF %)' NFUIPE� )PX�
FWFS UIF BCPWF FYQSFTTJPO EPFT OPU SFEVDF POMZ UP I(a, a) F k(ab) BOE Gk(ab) JOUFHSBMT
BOE UIF HFOFSBM FYQSFTTJPOT PG I(a, b) BOE Rk(ab, cd) BSF OFFEFE� ɨF DPFċDJFOUT tab DPS�
SFTQPOE UP UIF HFOFSBMJ[FE PDDVQBUJPO OVNCFS XIFO ab = aa BOE taa = wa JT TJNQMZ UIF
DPFċDJFOU UP UIF I(a, a) JOUFHSBM� ɨF .$%)' SBEJBM FRVBUJPOT IBWF UIF TBNF GPSN BT
&R� 	����
 DPOTJEFSJOH UIBU UIF EJSFDU BOE FYDIBOHF QPUFOUJBMT JODMVEF DPOUSJCVUJPOT GSPN
CPUI EJBHPOBM BOE PĊ�EJBHPOBM 〈γαπJ |H|γβπJ〉 NBUSJY FMFNFOUT�

ɨF TPMVUJPOT PG UIF .$%)' FRVBUJPOT QSPWJEF UIF SBEJBM DPNQPOFOUT PG UIF PSCJUBMT� ɨJT
TUFQ JT GPMMPXFE CZ B 3$* DBMDVMBUJPO UP EFUFSNJOF UIF VQEBUFE NJYJOH DPFċDJFOUT XIJDI
BSF UIFO SFoJOKFDUFE JO UIF .$%)' FRVBUJPOT� ɨF TFRVFODF PG TPMWJOH UIF .$%)'
FRVBUJPOT BOE TPMWJOH UIF 3$* FJHFOWBMVF QSPCMFN JT QFSGPSNFE VOUJM TFMG�DPOTJTUFODZ�

0GUFO NPSF UIBO POF TUBUF JT PG JOUFSFTU BOE UIFSFGPSF UIF EFmOJUJPO PG UIF FOFSHZ GVOD�
UJPOBM 	����
 TIPVME CF FYUFOEFE� *O FYUSFNF DBTFT UIF DBMDVMBUJPOT BSF QFSGPSNFE UBSHFUJOH
IVOESFET PG TUBUFT EJTUSJCVUFE PWFS WBSJPVT UPUBM BOHVMBS NPNFOUB BOE�PS QBSJUJFT 	TFF F�H�
$**
� 8IFO nL TUBUFT BSF UBSHFUFE TJNVMUBOFPVTMZ UIF FOFSHZ GVODUJPOBM JT

F({c}, {P}, {Q}) =
NCSF∑

α,β=1

dαβHαβ +
∑

a,b

δκa,κbλabCab 	����


XIFSF Hαβ = 〈γαπαJα|HDC|γβπβJβ〉 JO BMM HFOFSBMJUZ BOE

dαβ =
nL∑

i=1

(2Ji + 1)ciαc
i
β/

nL∑

i=1

(2Ji + 1) . 	����


4JODF UIF nL "4'T BSF FJHFOWFDUPST PG UIF TBNF )BNJMUPOJBO UIFZ BSF PSUIPOPSNBM TP UIBU

(ci)Tcj = δij 	����


JO NBUSJY OPUBUJPO� "DDPSEJOH UP (SBOU <�� §���> UIF mSTU UFSN PG UIF SJHIU�IBOE TJEF PG
&R� 	����
 DBO CF JOUFSQSFUFE BT UIF XFJHIUFE TVN PWFS UIF nL FJHFOWBMVFT

NCSF∑

α,β=1

dαβHαβ =
nL∑

i=1

(2Ji + 1)Ei/
nL∑

i=1

(2Ji + 1) , 	����


SFNFNCFSJOH UIF FYQSFTTJPO PG UIF FOFSHZ Ei GSPN &R� 	����
� 8IFO POMZ POF TUBUF JT
UBSHFUFE &R� 	����
 USJWJBMMZ SFEVDFT UP &R� 	����
� ɨFTF UXP PQUJNJTBUJPO TDIFNFT BSF

��



EFmOFE BT UIF FYUFOEFE PQUJNBM MFWFM 	&0-
 NPEF BOE UIF PQUJNBM MFWFM 	0-
 SFTQFD�
UJWFMZ <���>� 5XP BEEJUJPOBM NPEFT FYJTU� UIF BWFSBHF MFWFM 	"-
 NPEF UIBU EFmOFT UIF
XFJHIUT dαβ = δαβ(2Jα + 1)/

∑NCSF
r=1 (2Jr + 1) XIJDI BSF JOEFQFOEFOU PG UIF NJYJOH

DPFċDJFOUT J�F� FBDI $4' JT XFJHIUFE BDDPSEJOH UP JUT J WBMVF BOE UIF FYUFOEFE BWFSBHF
MFWFM 	&"-
 JO XIJDI UIF XFJHIUT BSF DIPTFO BSCJUSBSJMZ�

����� "OHVMBS BMHFCSB

ɨF UIFPSZ PG BOHVMBS BMHFCSB BOE UFOTPS PQFSBUPST JT UIF LFZ GPS XIPFWFS XBOUT UP QFS�
GPSN NBOZ�CPEZ BUPNJD DBMDVMBUJPOT� *O 4FDT� ��� ��� BOE ��� UIF GVMM EFSJWBUJPOT PG
UIF QSFTFOUFE FRVBUJPOT XFSF JOUFOUJPOBMMZ MFGU PVU EVF UP UIFJS IJHI DPNQMFYJUZ� ɨF
DBMDVMBUJPOT PG NBUSJY FMFNFOUT BSF EJTDVTTFE JO DPVOUMFTT CPPLT BOE QBQFST� *O ����
POMZ B EFDBEF BGUFS UIF CJSUI PG RVBOUVN XBWF NFDIBOJDT $POEPO BOE 4IPSUMFZ XSPUF
iǲF ǲFPSZ PG "UPNJD 4QFDUSBw <��> XIJDI TUSFTTFT IPX GBTU UIF OFFEFE UIFPSFUJDBM BOE
NBUIFNBUJDBM EFWFMPQNFOUT PDDVSSFE� 2VJDLMZ TDJFOUJTUT SFBMJ[FE UIBU UIF BUPNJD UIFPSZ
OFFEFE FċDJFOU BOE VOJGPSN XBZT UP EFBM XJUI TZTUFNT PG JODSFBTJOH DPNQMFYJUZ� 8F
TIPVME IFSF NFOUJPO UIF FBSMZ XPSL PG 4MBUFS <��> BOE FWFO NPSF JNQPSUBOUMZ UIF XPSL
PG 3BDBI <�� �� �� ��> BOE 'BOP <���>� 3BDBI�T QJPOFFS XPSL JO UIF UIFPSZ PG UFOTPS
PQFSBUPST BOE BOHVMBS BMHFCSB JT OPX XFMM FTUBCMJTIFE BOE LOPXO BT UIF 3BDBI PS 3BDBI�
'BOP BMHFCSB� ɨFJS UIFPSZ TJNQMJmFE HSFBUMZ UIF DBMDVMBUJPOT PG NBUSJY FMFNFOUT BWPJEJOH
PS SFEVDJOH UIF OFFE PG MPOH UBCMFT� *U JT TUSBJHIUGPSXBSE GPS BOZ OPO�TQFDJBMJTU UP DIFDL
UIBU BOHVMBS JOUFHSBUJPO SFRVJSFT DPNQMJDBUFE GPSNVMBT CZ PQFOJOH UIF CPPLT PG +VEE <��>
#SJOL BOE 4BUDIMFS <���> PS 3VE[JLBT <��> UP DJUF B GFX� 4UJMM UIF UIFPSZ PG BOHVMBS BMHF�
CSB JT GBS GSPN CFJOH DPNQMFUF BT BUUFTUT UIF NPSF SFDFOU TFSJFT PG QBQFST CZ (BJHBMBT BOE
DP�XPSLFST <��� ��� ��� ��� ��� ��� ���> XIJDI BSF PG UIF IJHIFTU JNQPSUBODF JO
UIF GVMMZ SFMBUJWJTUJD DPOUFYU PG UIF .$%)' NFUIPE BT JNQMFNFOUFE JO (ģĒĤġ� ɨF DPN�
QMFYJUZ PG UIF BOHVMBS BMHFCSB JT PGUFO IJEEFO JO iTJNQMFw DPFċDJFOUT MJLF tαβab PS vαβabcd;k
XIJDI BSJTF GSPN UIF FWBMVBUJPO PG UIF NBUSJY FMFNFOUT PG HDC 	TFF F�H� 4FD� �����
� ɨF
BJN PG UIF QSFTFOU TFDUJPO JT UP HJWF UP UIF SFBEFS BO JOTJHIU JO UIF UIFPSZ PG BOHVMBS BMHFCSB
SFWFBMJOH UIF BUPNJD UIFPSZ JO JUT GVMM DPNQMFYJUZ�

������� 0SUIPHPOBMJUJFT JO POF� BOE UXP�CPEZ PQFSBUPST NBUSJY FMFNFOUT

ɨF PSUIPHPOBMJUZ CFUXFFO UXP POF�FMFDUSPO PSCJUBMT IBT USFNFOEPVT JNQMJDBUJPOT� $PO�
TJEFS UIF XFMM�LOPXO EFDPNQPTJUJPO PG UIF )BNJMUPOJBO JO TVNT PG POF�FMFDUSPO PQFSBUPST
BOE UXP�FMFDUSPO PQFSBUPST

H = F +G =
Ne∑

i=1

f(i) +
1

2

Ne∑

i &=j=1

g(ij) . 	����


��



4MBUFS <��> BOE $POEPO BOE 4IPSUMFZ <�� §76> TIPXFE UIBU UIF NBUSJY FMFNFOUT PG UIF
PQFSBUPST F BOE G CFUXFFO EFUFSNJOBOU XBWF GVODUJPOT 	����
 WBOJTI JG UIF UXP EFUFSNJ�
OBOUT EJĊFS CZ NPSF UIBO POF SFMBUJWJTUJD PSCJUBM BOE NPSF UIBO UXP SFMBUJWJTUJD PSCJUBMT GPS
F BOE G SFTQFDUJWFMZ� ɨJT TUSPOH TJNQMJmDBUJPO JT POMZ EVF UP UIF PSUIPHPOBMJUZ CFUXFFO
UXP SFMBUJWJTUJD PSCJUBMT 	����


〈φα|φβ〉 = δαβ . 	����


*U BMTP BMMPXT GPS FYBNQMF UP SFEVDF UIF EJBHPOBM NBUSJY FMFNFOUT

〈Ψ|F |Ψ〉 = 〈Ψ|
Ne∑

i=1

f(i)|Ψ〉 =
∑

α

〈φα(1)|f(1)|φα(1)〉 	����


UP B TVN PWFS POF�FMFDUSPO NBUSJY FMFNFOUT PG JOEJWJEVBM SFMBUJWJTUJD PSCJUBMT�

4JNJMBS TJNQMJmDBUJPOT PDDVS GPS NBUSJY FMFNFOUT PG UXP�CPEZ PQFSBUPST

〈Ψ|G|Ψ〉 = 〈Ψ|
∑

i<j

g(ij)|Ψ〉 	����


=
1

2

∑

αβ

(
〈φα(1)φβ(2)|g(12)|φα(1)φβ(2)〉

− 〈φα(1)φβ(2)|g(12)|φβ(1)φα(2)〉
)
.

5P NFBTVSF UIF JNQBDU PG UIF DPOEJUJPO 	����
 PO UIF FWBMVBUJPO PG NBUSJY FMFNFOUT CFUXFFO
$4'T XF SFGFS UP UIF "QQFOEJY PG 3FG� <���> BOE UP 3FG� <���> UIBU FYQMJDJUMZ JMMVTUSBUF UIF
FĊFDUT PG SFMBYJOH UIFTF PSUIPHPOBMJUZ DPOTUSBJOUT PO UIF 3BDBI�8JHOFS�'BOP BMHFCSB�

������� $MFCTDI�(PSEBO DPFċDJFOUT

*O 4FD� ��� XF QSFTFOUFE UIF DPVQMJOH PG BOHVMBS NPNFOUB 	����
 XJUIPVU EJTDVTTJOH JUT
DPOTFRVFODFT� )PXFWFS GSPN CBTJD DPOTJEFSBUJPOT F�H� UIF DPVQMJOH PG UXP BOHVMBS NP�
NFOUB J1 + J2 = J  JNQPSUBOU SFMBUJPOT DBO CF GPVOE� *O UIF BUPNJD QIZTJDT DPOUFYU
J1 BOE J2 DPVME CF JOEJWJEVBM UPUBM BOHVMBS NPNFOUB J1 = j1 BOE J2 = j2 JOEJWJEVBM
TQJO J1 = s BOE PSCJUBM NPNFOUB J2 = l PS FWFO UIF UPUBM TQJO J1 = S BOE UPUBM PSCJUBM
NPNFOUVN J2 = L� (PJOH GSPN UIF VODPVQMFE CBTJT |j1m1〉 |j2m2〉 UP UIF DPVQMFE CBTJT
|j1j2jmj〉 EFmOFT UIF XFMM�LOPXO $MFCTDI�(PSEBO DPFċDJFOUT PS WFDUPS DPVQMJOH 	7$

DPFċDJFOUT� ɨFJS EFmOJUJPO JT HJWFO JO BMM RVBOUVN NFDIBOJDT UFYUCPPLT 	TFF F�H� <��
§����>
�

ɨF GVODUJPOT |j1m1〉 BOE |j2m2〉 BSF TJNVMUBOFPVTMZ FJHFOGVODUJPOT PG J2
i BOE Jzi i =

1, 2� ɨFJS EJSFDU QSPEVDU JT UIFSFGPSF FJHFOGVODUJPO PG J2
1 , J

2
2 , Jz1 BOE Jz2� )PXFWFS

��



TJODF J2 EPFT OPU DPNNVUF XJUI J1z OPS J2z  UIF QSPEVDU GVODUJPO |j1m1〉 |j2m2〉 JT OPU
BO FJHFOGVODUJPO PG J2 BOE POF NVTU TFFL GPS UIF DPNNPO FJHFOGVODUJPOT PG J2, Jz, J2

1

BOE J2
2  UIBU BSF EFOPUFE |j1j2jmj〉� #PUI CBTFT PG FJHFOGVODUJPOT J�F� UIF AQSPEVDU� CBTJT

|j1m1〉 |j2m2〉 = |j1m1j2m2〉 BOE UIF ADPVQMFE� CBTJT |j1j2jmj〉 GPSN SFTQFDUJWFMZ B
DPNQMFUF PSUIPOPSNBM TFU� ɨF UXP BSF UIFSFGPSF SFMBUFE CZ B VOJUBSZ USBOTGPSNBUJPO

|j1j2jmj〉 =
∑

m1m2

〈j1m1j2m2|jmj〉 |j1m1j2m2〉 	����


XIFSF 〈j1j2m1m2|jmj〉 BSF UIF $MFCTDI�(PSEBO DPFċDJFOUT� ɨFJS FYQSFTTJPO JT HJWFO FY�
QMJDJUMZ JO F�H� <�� §���>� *U GPMMPXT EJSFDUMZ GSPN Jz = J1z+J2z UIBU 〈j1m1j2m2|jmj〉 =
0 JG m1 + m2 *= mj � ɨF $MFCTDI�(PSEBO DPFċDJFOUT BSF SFMBUFE UP UIF 8JHOFS 3j�
DPFċDJFOUT BT <�� §���>

〈j1m1j2m2|j −mj〉 = (−1)j1−j2−mj
√
2j + 1

(
j1 j2 j
m1 m2 mj

)
. 	����


ɨF 8JHOFS 3j�DPFċDJFOUT IBWF UIF BEWBOUBHF PG BO FBTJFS EJTQMBZ PG UIF TZNNFUSZ SFMBUJPOT
PG JOUFSDIBOHJOH BOHVMBS NPNFOUB� 8F BMTP IBWF UIBU UIF GPMMPXJOH TFMFDUJPO SVMFT IBWF UP
CF GVMmMMFE GPS UIF DPFċDJFOUT UP CF OPO�[FSP� m1+m2+mj = 0 BOE δ(j1, j2, j) XIFSF
δ(j1, j2, j) SFQSFTFOUT UIF USJBOHVMBS SFMBUJPO CFUXFFO UIF BOHVMBS NPNFOUB j1, j2 BOE
j� ɨF 8JHOFS 3j�DPFċDJFOUT BOE UIF $MFCTDI�(PSEBO DPFċDJFOUT BMTP TBUJTGZ JNQPSUBOU
PSUIPOPSNBMJUZ DPOEJUJPOT TVDI BT

∑

m1m2

(
j1 j2 j
m1 m2 mj

)(
j1 j2 j′

m1 m2 mj′

)
= (2j + 1)−1δjj′ , 	����


XIJDI EFSJWFT EJSFDUMZ GSPN UIF PSUIPOPSNBMJUZ DPOEJUJPOT

〈j1m1j2m2|j1m′
1j2m

′
2〉 = δm1m′

1
δm2m′

2
,

〈j1j2jmj |j1j2j′mj′〉 = δjj′δmjmj′ .
	����


ɨF $MFCTDI�(PSEBO DPFċDJFOUT SFXSJUUFO JO UFSNT PG 3j�DPFċDJFOUT BSF UIF CVJMEJOH
CMPDLT UP EFTDSJCF UIF DPVQMJOH PG MBSHF OVNCFST PG BOHVMBS NPNFOUB BT XF XJMM TFF JO
UIF OFYU TFDUJPO�

������� 3nj�DPFċDJFOUT

ɨF DPVQMJOH PG NPSF UIBO UXP DPFċDJFOUT JT NPSF DPNQMFY BT UIFSF BSF NPSF UIBO POF DPV�
QMJOH TDIFNF BWBJMBCMF� ɨF MBUUFS JOWPMWFT IJHIFS PSEFS DPFċDJFOUT DBMMFE 3nj�DPFċDJFOUT�
-FU VT DPOTJEFS UIF DPVQMJOH PG UISFF BOHVMBS NPNFOUB J1, J2 BOE J3� 4USBJHIUGPSXBSEMZ

��



XF DBO CVJME UIF QSPEVDU CBTJT |j1m1〉 |j2m2〉 |j3m3〉 = |j1m1j2m2j3m3〉 UIBU JT TJNVM�
UBOFPVT FJHFOGVODUJPO PG J2

1 , J2
2 , J2

3 , Jz1, Jz2 BOE Jz3� )PXFWFS UP CVJME UIF UPUBM
BOHVMBS NPNFOUVN

J = J1 + J2 + J3 	����

XF DPVME DIPTF CFUXFFO UIF GPMMPXJOH TDIFNFT

J = J1 + J23 	����

J = J12 + J3 	����

J = J13 + J2 	����


XIFSF J12, J23 BOE J13 BSF JOUFSNFEJBUF DPVQMJOHT GPS XIJDI UIF BOHVMBS DPVQMJOH SVMFT
EFUBJMFE JO UIF QSFWJPVT TFDUJPO DBO CF BQQMJFE� " TVDDFTTJWF VTF PG GPSNVMB 	����
 HJWFT

|(j1j2)j12, j3, jmj〉 =
∑

m12,m3,m1,m2

〈j1m1j2m2|j1j2j12m12〉 〈j12m12j3m3|j12j3jmj〉

× |j1m1j2m2j3m3〉
	����


XIFSF 〈j1m1j2m2|j1j2j12m12〉 BOE 〈j12m12j3m3|j12j3jmj〉 BSF $MFCTDI�(PSEBO DPFG�
mDJFOUT GPS DPVQMJOH UIF BOHVMBS NPNFOUB J1 BOE J2 UP J12 BOE UIF BOHVMBS NPNFOUB J12

BOE J3 UP J � )PXFWFS POF DPVME FRVJWBMFOUMZ CVJME UIF TUBUF |j1, (j2j3)j23, jmj〉 VTJOH
UIF TBNF &R� 	����
� ɨF SFMBUJPO CFUXFFO UIF TUBUFT JO UIF UXP DPVQMJOH TDIFNFT JT HJWFO
CZ

|j1, (j2j3)j23, jmj〉 =
∑

j′12

〈(j1j2)j′12, j3, jm|j1, (j2j3)j23, jmj〉 |(j1j2)j′12, j3, jmj〉

	����

XIFSF UIF DPFċDJFOUT

〈(j1j2)j′12, j3, jmj |j1, (j2j3)j23, jmj〉 =
√
(2j′12 + 1)(2j23 + 1)(−1)j1+j2+j3+j

×
{
j3 j j′12
j1 j2 j23

}

	����

BSF FYQSFTTFE JO UFSNT PG 6j�DPFċDJFOUT <�� §�>� ɨF MBUUFS BSF IJHIMZ TZNNFUSJD VOEFS
FYDIBOHFT PG DFSUBJO SPXT BOE PS DPMVNOT BT EFTDSJCFE CZ +VEE <�� §�>� ɨF NPTU JN�
QPSUBOU GFBUVSF JT UIBU UIFZ DPOUBJO GPVS USJBOHVMBS SFMBUJPOT UIBU DBO CF NBEF FYQMJDJU CZ
FYQSFTTJOH UIF 6j�DPFċDJFOU JO UFSN PG 3j�DPFċDJFOUT� ɨFZ BSF VTVBMMZ SFQSFTFOUFE BT

{
◦

◦ ◦

} {
◦ ◦ ◦

} {
◦

◦ ◦

} {
◦

◦ ◦

}
. 	����


*U UIFO CFDPNFT PCWJPVT UIBU UIF DPVQMJOH PGn BOHVMBS NPNFOUB XJMM SFRVJSF UIF LOPXMFEHF
PG 3nj�DPFċDJFOUT� ɨF JODSFBTJOH DPNQMFYJUZ UP mOE UIF BQQSPQSJBUF GPSNVMB MFE TDJFOUJTUT
UP EFWFMPQ HSBQIJDBM BQQSPBDIFT <��� ��� ���>�

��



������� *SSFEVDJCMF UFOTPS PQFSBUPST BOE UIF 8JHOFS�&DLBSU UIFPSFN

ɨF UIFPSZ PG JSSFEVDJCMF UFOTPS PQFSBUPST 	*50T
 JT NPTUMZ EVF UP 3BDBI BOE 'BOP <���>�
" SJHPSPVT QSFTFOUBUJPO PG *50T JT VTVBMMZ NBEF JO UIF GSBNFXPSL PG HSPVQ UIFPSZ� ɨJT JT
GBS CFZPOE UIF TDPQF PG UIJT UIFTJT BOE XF XJMM SBUIFS VTF UIF PSJHJOBM EFmOJUJPO QSPQPTFE
CZ 3BDBI JO ���� <��>�i8F NBZ UIFSFGPSF EFmOF BT AJSSFEVDJCMF UFOTPS PQFSBUPS PG UIF EFHSFF k�
FBDI PQFSBUPS T(k) XIPTF 2k + 1 DPNQPOFOUT T (k)

q (q = −k,−k + 1, . . . , k − 1, k) TBUJTGZ
UIF TBNF DPNNVUBUJPO SVMF XJUI SFTQFDU UP J BT UIF TQIFSJDBM�IBSNPOJDT Y q

k � <���> BOE JT
[
(Jx ± JJy), T (k)

q

]
=
√
(k ∓ q)(k ± q + 1)T (k)

q±1 ,
[
Jz, T

(k)
q

]
= qT (k)

q .
	����


6TJOH UIF GPSNVMB 	����
 3BDBI TIPXFE UIBU UIF EFQFOEFODF PO q PG UIF NBUSJY FMFNFOUT
PG T (k)

q DPVME CF FOUJSFMZ SFQSFTFOUFE CZ B TJOHMF 8JHOFS 3j�DPFċDJFOU� ɨJT JT UIF XFMM�
LOPXO 8JHOFS�&DLBSU 	8&
 UIFPSFN

〈αjmj |T (k)
q |α′j′mj′〉 = (−1)j−mj

(
j k j′

−mj q mj′

)
〈αj||T (k)||α′j′〉 , 	����


XIJDI DPOOFDUT UIF NBUSJY FMFNFOUT UIBU EFQFOE PO q UP 〈αj||T (k)||α′j′〉 UIF SFEVDFE
NBUSJY FMFNFOUT� XIJDI BSF JOEFQFOEFOU PG q, mj BOE mj′ � ɨJT IBT UIF BEWBOUBHF UIBU
UIF SFEVDFE NBUSJY FMFNFOU TIPVME CF DPNQVUFE POMZ PODF UP FWBMVBUF UIF DPSSFTQPOEJOH
NBUSJY FMFNFOUT GPS BMM WBMVFT PG mj , mj′ BOE q�

ɨF BMHFCSB PG *50T JT SJDI BOE POF PG JUT NBJO GFBUVSFT JT UIF UFOTPSJBM QSPEVDU PG UXP
*50T T(k1) BOE U(k2) XIJDI JT EFmOFE BT

X(k)
q =

[
T(k1) ×U(k2)

](k)
q

=
∑

q1q2

T (k1)
q1 U (k2)

q2 (−1)k1−k2+q
√
2k + 1

(
k1 k2 k
q1 q2 −q

)
.

	����

8FMM�LOPXO FYBNQMFT BSF UIF DBTFT k = 0 GPS XIJDI &R� 	����
 SFEVDFT UP

(−1)k
√
2k + 1

[
T(k) ×U(k)

](0)
0

=
∑

q

(−1)qT (k)
q U (k)

−q 	����


XIFSF Q = (T(k) · U(k)) =
∑

q(−1)qT (k)
q U (k)

−q JT UIF TDBMBS QSPEVDU PG UXP *50T BOE

k = k1 = k2 = 1 XIFSF
[
T(1) ×U(1)

](1)
q

JT UIF VTVBM WFDUPS QSPEVDU PG UIF UXP PQFSBUPST
	VQ UP B GBDUPS J/

√
2
�

�4FWFSBM EFmOJUJPOT PG SFEVDFE NBUSJY FMFNFOUT FYJTU UIBU MFBE UP EJĊFSFOU WFSTJPOT PG UIF 8& UIFPSFN�
ɨJT DBO MFBE UP DPOGVTJOH JODPOTJTUFODJFT BT QPJOUFE PVU CZ (PEFGSPJE BOE (BJHBMBT <���>�

��



ɨF TUSFOHUI PG 3BDBI BMHFCSB JT UP FOBCMF UIF DBMDVMBUJPO PG UIF NBUSJY FMFNFOUT PG UIF
SFTVMUJOH *50 X(k)

q � "DDPSEJOH UP UIF 8& UIFPSFN XF IBWF

〈γj1j2jmj |X(k)
q |γ′j′1j′2j′mj′〉=(−1)j−mj

(
j k j′

−mj q mj′

)
〈γj1j2j||X(k)||γ′j′1j′2j′〉 ,

	����

XIFSF UIF TVCTDSJQU 1 BOE 2 SFGFST UP UIBU UIF PQFSBUPSTT(k1) BOEU(k2) BDU PO UXP EJĊFSFOU
QBSUT PG UIF TZTUFN F�H� UIF PSCJU BOE UIF TQJO FBDI PO UIF FMFDUSPOT PG B HJWFO QBJS 	F�H� UIF
$PVMPNC SFQVMTJPO
 PS UIF OVDMFBS BOE BUPNJD QBSUT 	TFF 4FDT� ����� BOE �����
� ɨFO CZ
VODPVQMJOH UIF CBTJT |γj1j2jmj〉 VTJOH &R� 	����
 BOE BGUFS TPNF BMHFCSBJD NBOJQVMBUJPOT
POF mOET <�� §���>

〈γj1j2j||X(k)||γ′j′1j′2j′〉 =
∑

γ′′

〈γj1||T (k1)||γ′j′1〉 〈γj2||U (k2)||γ′j′2〉

×
√
[j, k, j′]






j1 j′1 k1
j2 j′2 k2
j j′ k




 ,

	����


XIJDI JOUSPEVDFT UIF 9j�DPFċDJFOU BOE XIFSF [j, k, j′] = (2j + 1)(2k + 1)(2j′ + 1)�

ɨBOLT UP UIF VTF PG GPSNVMB TVDI BT UIF POFT QSFTFOUFE BCPWF UIF DBMDVMBUJPOT PG NBUSJY
FMFNFOUT FMFNFOUT DBO CF QFSGPSNFE JO UISFF TUFQT BT TVNNBSJ[FE CZ +VEE <�� §���>�i

�� ǲF DPOUSJCVUJPO UP UIF )BNJMUPOJBO JT FYQSFTTFE JO UFOTPSJBM PQFSBUPS GPSN�

�� ǲF BOHVMBS QBSUT PG UIF NBUSJY FMFNFOUT BSF DBMDVMBUFE CZ NFBOT PG UIF GPSNVMB <QSFTFOUFE
JO UIJT TFDUJPO>�

�� ǲF SBEJBM JOUFHSBMT BSF DPOTJEFSFE BOE UIF UIFPSZ JT DPNQBSFE XJUI FYQFSJNFOU�w

������� 4FOJPSJUZ BOE RVBTJTQJO

*O 4FD� ��� XF EJTDVTTFE IPX UIF $4'T BSF CVJMU VTJOH BO BQQSPBDI CBTFE PO UIF $'1T�
)PXFWFS POF TIPVME CF BXBSF PG UIF EFHSFF PG DPNQMFYJUZ UIBU UIF MBUUFS BQQSPBDI SF�
RVJSFT� "T BO FYBNQMF UIF BOUJTZNNFUSJ[BUJPO PG UIF XBWF GVODUJPO PG BUPNJD TZTUFNT
XJUI NVMUJQMF PQFO TIFMMT JT GBS GSPN CFJOH USJWJBM 	TFF 3FG� <���>
� "OPUIFS FYBNQMF JT
UIF OPO�VOJRVFOFTT PG UIF TUBUFT MBCFMMFE CZ UIF TPMF J BOE π RVBOUVN OVNCFST� *U JT
SBUIFS FBTZ UP VOEFSTUBOE UIBU UIF BEEJUJPO PG UXP FMFDUSPOT JO BO PQFO TIFMM DBO BNPOH
PUIFS QPTTJCJMJUJFT HJWF UIF TBNF LS UFSN� 8IFUIFS XF DPOTJEFS UIF LSJ � PS jj�DPVQMJOH
TDIFNF UIF DPVQMJOH PG UXP FRVJWBMFOU FMFDUSPOT XJMM BMXBZT MFBE UP BU MFBTU POF 1S0 PS
(jj)0 UFSN� 4JODF JU IBT BMM RVBOUVN OVNCFST FRVBM UP � 	FJUIFS L = S = J = 0 PS

��



TJNQMZ J = 0
 JUT DPVQMJOH XJUI UIF w BMSFBEZ DPVQMFE FRVJWBMFOU FMFDUSPO MFBET UP UIF
FYBDU TBNF UFSN� ɨJT EPFT OPU IBQQFO JO UIF s OPS p TIFMMT� *U JT IPXFWFS B LFZ DPODFQU
GPS UIF EFTDSJQUJPO PG d TIFMMT BOE NPSF ESBNBUJDBMMZ GPS UIF f �TIFMMT� *OEFFE UBLJOH UIF
FYBNQMF PG UIF d3 DPOmHVSBUJPO UIF d1 2D UFSN JT DPVQMFE UP UIF BEEJUJPOBM d2 1S XIJDI
MFBET UP d3 2D� ɨFSFGPSF POF OFFET BO BEEJUJPOBM RVBOUVN OVNCFS UP EJĊFSFOUJBUF UIF
2D UFSN PSJHJOBUJOH GSPN UIF d1 BOE d3 DPOmHVSBUJPOT� 3BDBI JOUSPEVDFE UIF DPODFQU PG
TFOJPSJUZ UP PWFSDPNF UIJT JTTVF <��>�

#Z SFXSJUJOH &R� 	����
 JO UFSNT PG DPFċDJFOUT PG GSBDUJPO HSBOEQBSFOUBHF 	$'(1
 BT

|(nlj)wαJMJ)〉 =
∑

ᾱJ̄ J̄ ′

|((nlj)w−2ᾱJ̄ , (nlj)2J̄ ′)αJMJ〉 ((lj)w−2ᾱJ̄ |}(lj)wαJ) ,

	����

UIF TFOJPSJUZ BQQFBSFE OBUVSBMMZ 	TFF 3VE[JLBT <�� §���>
� "MUIPVHI UIF DPNQMFUF EFSJWB�
UJPO PG UIF TFOJPSJUZ DBO CF EPOF JO UIF GSBNFXPSL PG HSPVQ UIFPSZ <���> B NPSF DPNQSF�
IFOTJWF BOE EJSFDU EFmOJUJPO DBO CF HJWFO CBTFE PO UIF BCPWF FYBNQMF� ɨF JEFB JT UP BEE
B TVCTDSJQU ν UP UIF 2S+1L UFSN BT 2S+1

ν L XIFSF ν JT UIF TFOJPSJUZ OVNCFS� ɨF DPNNPO
XBZ UP EFmOF JU JT UP TFFL GPS UIF PDDVQBUJPO OVNCFS PG UIF TIFMM PG JOUFSFTU XIFO B HJWFO
UFSN JT HFOFSBUFE GPS UIF mSTU UJNF� (PJOH CBDL UP PVS FYBNQMF UIF mSTU 2D BSJTFT GSPN
UIF d1 DPOmHVSBUJPO BOE XJMM UIFSFGPSF CF OPUFE 2

1D XIJMF UIF TFDPOE 2D BSJTFT GSPN UIF d3
DPOmHVSBUJPO BOE XJMM UIFSFGPSF CF OPUFE 2

3D�

4UBSUJOH GSPN B HSPVQ�UIFPSFUJDBM JOUFSQSFUBUJPO JU JT QPTTJCMF UP TIPX UIBU UIF PQFSBUPS

Q =
1

2

(
2j + 1

2
− ν

)
	����


XJMM IBWF UIF TBNF USBOTGPSNBUJPO BOE DPNNVUBUJPOT BT UIF TQJO BOHVMBS NPNFOUVN� ɨBU
JT XIZ Q JT VTVBMMZ DBMMFE UIF RVBTJTQJO� *UT QSPKFDUJPO JT HJWFO CZ

MQ =
1

2

(
w − 2j + 1

2

)
	����


BOE TP UIF JOGPSNBUJPO BCPVU UIF OVNCFS PG FRVJWBMFOU FMFDUSPOT JO B HJWFO TIFMM JT FNCFE�
EFE JO UIF EFmOJUJPO PG MQ� ɨF UIFPSZ PG RVBTJTQJO UIFSFGPSF GPMMPXT UIF HFOFSBM SVMFT PG
BOHVMBS BMHFCSB BOE JO QBSUJDVMBS TBUJTmFT UIF 8& UIFPSFN� *O RVBTJTQJO TQBDF UIF MBUUFS
JT

〈jw αQJMQ||A
(kqk)
mq ||jw′

α′Q′J ′MQ′〉 =(−1)Q−MQ

(
Q kq Q′

−MQ mq MQ′

)

× 〈j αQJ |||A(kqk)|||jw′
α′Q′J ′〉

	����


XIFSF A
(kqk)
mq JT BOZ UFOTPSJBM PQFSBUPS PG SBOL kq BOE QSPKFDUJPO mq JO RVBTJTQJO TQBDF

〈jw αQJMQ||A
(kqk)
mq ||jw′

α′Q′J ′MQ′〉 JT UIF SFEVDFE NBUSJY FMFNFOUT PG A(kqk)
mq XJUI

��



SFTQFDU UP J BOE 〈jw αQJ |||A(kqk)|||jw′
α′Q′J ′〉 JT UIF DPNQMFUFMZ SFEVDFE NBUSJY FMF�

NFOUT <���>� ɨF DPODFQU PG DPNQMFUFMZ SFEVDFE NBUSJY FMFNFOUT EFDSFBTFT USFNFOEPVTMZ
UIF TJ[F PG UIF SFRVJSFE UBCMFT BOE UIF OVNCFS PG FMFNFOUT UP CF DPNQVUFE� ɨF VTF PG
RVBTJTQJO GPSNBMJTN JT VTVBMMZ DMPTFMZ SFMBUFE UP UIF TFDPOE RVBOUJ[BUJPO GPSNBMJTN <���
��� ���> JO XIJDI UIF DSFBUJPO BOE BOOJIJMBUJPO PQFSBUPST JO RVBTJTQJO TQBDF BSF VTFE�
"MUIPVHI XF EP OPU QSPWJEF FYQMJDJU EFUBJMT UIF TFDPOEMZ RVBOUJ[FE UIFPSZ BOE RVBTJTQJO
TQBDF BSF JO QSBDUJDF FNQMPZFE JO UIF GSBNFXPSL PG UIF (ģĒĤġ QBDLBHF�

��� "UPNJD QSPQFSUJFT

ɨF TUSFOHUI PG UIF NBOZ�CPEZ NFUIPET JT UIFJS BCJMJUZ UP DPNQVUF B MBSHF WBSJFUZ PG BUPNJD
QSPQFSUJFT� *O WBSJBUJPOBM BQQSPBDIFT UIFJS EFUFSNJOBUJPO SFMJFT PO UIF QSJPS LOPXMFEHF PG
UIF BUPNJD XBWF GVODUJPO UIF EFmOJUJPO PG UIF DPSSFTQPOEJOH PQFSBUPST BOE UIF BOHVMBS
BMHFCSB EFTDSJCFE JO UIF QSFWJPVT TFDUJPO� *O UIF DPOUFYU PG UIF .$%)' NFUIPE UIFJS
FTUJNBUJPO EPFT OPU NPEJGZ UIF XBWF GVODUJPO JUTFMG OFJUIFS UIF NJYJOH DPFċDJFOUT OPS UIF
SBEJBM PSCJUBMT� ɨF FYQFDUBUJPO WBMVF PG BOZ PQFSBUPS O JT UIFSFGPSF DPNQVUFE BT

〈Ψ|O|Ψ〉 . 	����


4PNF QSPQFSUJFT DPOOFDU UXP EJĊFSFOU BUPNJD TUBUFT BOE UIFZ BSF UIFSFGPSF DPNQVUFE BT

〈Ψ|O|Ψ′〉 . 	����


*O UIJT TFDUJPO XF JOUSPEVDF UIF PQFSBUPST PG UIF BUPNJD QSPQFSUJFT SFMFWBOU GPS EJTDVTTJOH
PVS DPOUSJCVUJPOT UP UIF TDJFOUJmD MJUFSBUVSF 	TFF 1BSU **
�

����� )ZQFSmOF TUSVDUVSFT

ɨF IZQFSmOF TUSVDUVSF SFTVMUT GSPN UIF FMFDUSPOJD JOUFSBDUJPO CFUXFFO UIF FMFDUSPNBHOFUJD
NPNFOUT PG UIF OVDMFVT BOE UIF FMFDUSPOT� ɨF JOUFSBDUJPO MFBET UP B DPVQMJOH PG UIF UPUBM
FMFDUSPOJD BOHVMBS NPNFOUVN J BOE UIF OVDMFBS TQJO I UP B UPUBM BOHVMBS NPNFOUVN

F = J + I , 	����


BOE UP FOFSHZ TQMJUUJOHT PG UIF mOF TUSVDUVSF MFWFMT� "DDPSEJOH UP UIF BOHVMBS UIFPSZ EFWFM�
PQFE JO 4FD� ����� TVDI BOHVMBS DPVQMJOH EFmOFT UIF DPVQMFE BUPNJD�OVDMFBS XBWF GVOD�
UJPO |ΓJIF 〉 VTJOH UIF $MFCTI�(PSEBO DPFċDJFOUT 	����
 BOE QSPEVDUT |JMJ〉 |IMI〉 PG
BUPNJD BOE OVDMFBS XBWF GVODUJPOT� ɨF DPOUSJCVUJPO PG UIF IZQFSmOF JOUFSBDUJPO UP UIF
)BNJMUPOJBO JT SFQSFTFOUFE CZ UIF GPMMPXJOH NVMUJQPMF FYQBOTJPO

HHFS =
∑

k

T(k) ·M(k) , 	����


��



XIFSF T(k) BOE M(k) BSF *50T BDUJOH PO UIF BUPNJD BOE OVDMFBS XBWF GVODUJPOT SFTQFD�
UJWFMZ <���>� ɨF BCPWF FYQBOTJPO JT VTVBMMZ USVODBUFE UP JUT UXP MPXFTU PSEFST XIJDI
DPOTJTU PG UIF NBHOFUJD EJQPMF JOUFSBDUJPO 	k = 1
 BOE UIF FMFDUSJD RVBESVQPMF JOUFSBD�
UJPO (k = 2)� $PNNPOMZ POMZ UIF EJBHPOBM DPOUSJCVUJPO UP UIF FOFSHZ JT DPOTJEFSFE
BOE UIF DPSSFTQPOEJOH FOFSHZ TIJGU JOEVDFE CZ UIF IZQFSmOF JOUFSBDUJPO JT TJNQMZ HJWFO CZ
&R� 	����
 PS NPSF TQFDJmDBMMZ

〈ΓJIFMF |HHFS|ΓJIFMF 〉 . 	����


*O FYUSFNF DBTFT IPXFWFS UIF IZQFSmOF JOUFSBDUJPO JT UPP TUSPOH UP CF DPOTJEFSFE BT B
QFSUVSCBUJPO XIJDI UIFO SFRVJSFT UP FWBMVBUF UIF PĊ�EJBHPOBM FMFNFOUT

〈ΓJIFMF |HHFS|Γ′J ′IFMF 〉 	����


UIBU DPVQMFT EJĊFSFOU FMFDUSPOJD mOF�TUSVDUVSF MFWFMT BOE UP EJBHPOBMJ[F UIF IZQFSmOF JO�
UFSBDUJPO NBUSJY <��� ���>�

ɨF EJBHPOBM DPOUSJCVUJPO UP UIF FOFSHZ PG UIF NBHOFUJD EJQPMF JOUFSBDUJPO BOE FMFDUSJD
RVBESVQPMF JOUFSBDUJPO BSF DPOTJEFSFE TFQBSBUFMZ BDDPSEJOH UP

EHFS = 〈ΓJIFMF |HHFS|ΓJIFMF 〉 = E(1)
HFS + E(2)

HFS . 	����


*O QSBDUJDF FYQFSJNFOUBM BOE UIFPSFUJDBM TUVEJFT PG IZQFSmOF TUSVDUVSFT SBUIFS EJTDVTT UIF
IZQFSmOF TUSVDUVSF DPOTUBOUT A BOE B XIJDI BSF SFMBUFE UP UIF FOFSHZ TQMJUUJOHT BT

E(1)
HFS =

1

2
AC ,

E(2)
HFS = B

3
4C(C + 1)− J(J + 1)I(I + 1)

2I(2I − 1)J(2J − 1)
,

	����


XIFSF C = F (F +1)J(J +1)I(I +1) <�� §����>� ɨBOLT UP 3BDBI BMHFCSB UIF A BOE
B DPOTUBOUT DBO CF FWBMVBUFE VTJOH GPSNVMB TVDI BT &R� 	����
� ɨFZ BSF

A =
µI

I

1√
J(2J + 1)(J + 2)

〈ΓπJ ||T(1)||ΓπJ〉 ,

B =2Q

√
J(2J − 1)

(J + 1)(2J + 1)(2J + 3)
〈ΓπJ ||T(2)||ΓπJ〉 ,

	����


XFSF µI BOE Q BSF UIF OVDMFBS NBHOFUJD EJQPMF NPNFOU BOE OVDMFBS RVBESVQPMF FMFDUSJD
NPNFOU SFTQFDUJWFMZ� ɨF MBUUFS BSF SFMBUFE UP UIF SFEVDFE NBUSJY FMFNFOUT PG UIF OVDMFBS
PQFSBUPST M(1) BOE M(2)� ɨF FMFDUSPOJD *50T BSF HJWFO CZ

T(1) = −iα
Ne∑

i=1

(
αi · li C(1)(i)

) 1

r2i
, 	����


T(2) = −
Ne∑

i=1

C(2)(i)
1

r3i
, 	����


��



XIFSFC(1) BOEC(2) BSF UIF SFOPSNBMJ[FE TQIFSJDBM IBSNPOJDT PG SBOL � BOE � SFTQFDUJWFMZ�
%VF UP UIF TQJO�BOHVMBS TUSVDUVSF PG UIF PEE PQFSBUPST(1) <�� §���> JUT SBEJBM EFQFOEFODF
TDBMFT BT BT 1/r3i  XIJDI UIFO BHSFFT XJUI JUT OPO�SFMBUJWJTUJD MJNJU 	TFF BMTP 4FD� �����
� *O
PVS QBQFS #** XF QSPQPTFE UIF EFmOJUJPO PG QVSFMZ FMFDUSPOJD RVBOUJUJFT Ael BOE Bel CZ
SFNPWJOH UIF EFQFOEFODF PG A BOE B PO UIF OVDMFBS QBSBNFUFST�

Ael = A

(
I

µI

)
BOE Bel = B/Q . 	����


����� *TPUPQF TIJGUT

*TPUPQF TIJGUT BMTP DPNCJOF OVDMFBS BOE BUPNJD QIZTJDT� "O JTPUPQF TIJGU RVBOUJmFT UIF
PCTFSWFE GSFRVFODZ 	PS FRVJWBMFOUMZ FOFSHZ
 TIJGU PG B HJWFO USBOTJUJPO MJOF CFUXFFO UXP
JTPUPQFT <���>� $POTJEFS UIF USBOTJUJPO k PG GSFRVFODZ νk DPOOFDUJOH BO VQQFS BUPNJD
MFWFM u UP B MPXFS BUPNJD MFWFM l GPS UXP JTPUPQFT PG NBTT A BOE A′� ɨF BTTPDJBUFE JTPUPQF
TIJGU JT EFmOFE BT

δνAA′
*4,k = νAk − νA

′
k . 	����


ɨF MBUUFS JT VTVBMMZ EFDPNQPTFE JOUP UXP DPOUSJCVUJPOT� 0OF BSJTFT GSPN UIF EJĊFSFOU
NBTTFT PG UIF JTPUPQFT OBNFMZ UIF NBTT TIJGU 	.4
 XIJMF UIF PUIFS BSJTFT GSPN UIF DIBOHF
JO UIF OVDMFBS DIBSHF EFOTJUZ BOE JT LOPXO BT UIF mFME TIJGU 	'4
 TP UIBU

δνAA′
*4,k = δνAA′

.4,k + δνAA′
'4,k . 	����


ɨF NBTT TIJGU
δνAA′

.4,k =

(
1

M
− 1

M ′

)
∆K.4,k

h
, 	����


JT UIF QSPEVDU PG B NBTT�GBDUPS (M ′ −M) /MM ′ XIFSF M  M ′ BSF UIF SFTQFDUJWF NBTTFT
PG JTPUPQFT A A′ BOE ∆K.4,k = K.4,u −K.4,l UIBU JT UIF EJĊFSFODF CFUXFFO OVDMFBS
SFDPJM DPSSFDUFE MFWFM QBSBNFUFST� ɨF MBUUFS BSF EFmOFE JO UFSNT PG FYQFDUBUJPO WBMVFT PG
PQFSBUPST <��� ���> EFmOJOH UIF OPSNBM NBTT TIJGU 	/.4
 BOE TQFDJmD NBTT TIJGU 	4.4

JODMVEJOH UIF SFMBUJWJTUJD GPSNVMBUJPO PG UIF OVDMFBS SFDPJM <��� ��� ���>�

8F SBUIFS GPDVT PO UIF '4 XIJDI CFDPNFT EPNJOBOU GPS IFBWZ TZTUFNT EVF UP UIF GBTU
EFDSFBTF PG UIF NBTT GBDUPS XJUI UIF OVDMFBS NBTT� ɨF EJĊFSFODFT JO UIF OVDMFBS DIBSHF
EFOTJUJFT XIJDI SFTVMU JO UIF '4 DBO CF FWBMVBUFE CZ QFSGPSNJOH TFQBSBUF DBMDVMBUJPOT GPS
EJĊFSFOU TFUT PG OVDMFBS QBSBNFUFST <���>� )PXFWFS UIJT BQQSPBDI JT NPEFM�EFQFOEFOU BOE
QSFWFOUT VT GSPN IBWJOH B IJHI nFYJCJMJUZ GPS UIF QBSBNFUSJ[BUJPO PG UIF OVDMFBS DIBSHF
EFOTJUZ 	TFF 4FD� ���
� ɨFSFGPSF B QFSUVSCBUJWF BQQSPBDI JT PGUFO QSFGFSSFE EFmOJOH UIF
'4 BT

δνAA′
'4,k = −1

h

∫ [
V A
nuc(r)− V A′

nuc(r)
]
∆ρek(r)dr , 	����


��



XIFSF V A
nuc(r) JT UIF OVDMFBS QPUFOUJBM BSJTJOH GSPN UIF OVDMFBS DIBSHF EFOTJUZ BTTPDJBUFE UP

UIF OVDMFVT XJUI NBTT OVNCFS A BOE ∆ρek(r) = ρeu(r)−ρel (r) JT UIF DIBOHF JO FMFDUSPOJD
EFOTJUZ CFUXFFO u BOE l UIF UXP BUPNJD MFWFMT JOWPMWFE JO UIF USBOTJUJPO k� ɨF EFmOJUJPO
PG UIF NBOZ�FMFDUSPO FMFDUSPOJD EFOTJUZ JT HJWFO JO 3FGT <��� ���>� &YUFOTJWF EFUBJMT BSF
QSPWJEFE JO UIF OPO�SFMBUJWJTUJD DPOUFYU PG UIF .$)' NFUIPE JO 3FG� <���> UP EFNPO�
TUSBUF IPX UIF TQIFSJDBM TZNNFUSZ PG UIF EFOTJUZ JT SFTUPSFE XIFO DPOTJEFSJOH JUT BWFSBHF
PWFS NBHOFUJD DPNQPOFOUT� 4FDPOE RVBOUJ[BUJPO UIFPSZ JT VTFE GPS UIF EFNPOTUSBUJPO BOE
TP UIF EFUBJMT BSF MFGU UP UIF QBQFST� /FWFSUIFMFTT XF QSFTFOU TPNF JUT NPTU GVOEBNFOUBM
GFBUVSFT IFSF�

ɨF FMFDUSPOJD EFOTJUZ PG BO BUPNJD TUBUF EFTDSJCFE CZ UIF "4' |ΓπJMJ〉�

ρ(r)JMJ =
∑

αβ

cαcβ 〈γαπJMJ |δ(r)|γβπJMJ〉 , 	����


JT UIF FYQFDUBUJPO WBMVF PG UIF POF�FMFDUSPO PQFSBUPS δ(r) =
∑Ne

i=1 δ(r−ri)� ɨF TQIFSJDBM
TZNNFUSZ PG UIF FMFDUSPO EFOTJUZ IPXFWFS JT POMZ BDIJFWFE CZ UBLJOH UIF BWFSBHF

ρe(r) =
1

2J + 1

MJ∑

J=−MJ

ρ(r)JMJ , 	����


PWFS UIF 2J + 1 NBHOFUJD DPNQPOFOUT MJ �

"O FBTJFS XBZ PG HFUUJOH BO FMFDUSPO EFOTJUZ PG TQIFSJDBM TZNNFUSZ JT UP TUBSU GSPN UIF SBEJBM
PQFSBUPS δ(r) =

∑Ne
i=1 δ(r − ri) XIPTF FYQFDUBUJPO WBMVF 〈δ(r)〉 MFBET UP

ρe(r) =
∑

αβ

cαcβ 〈γαπJMJ |δ(r)|γβπJMJ〉 , 	����


GSPN XIJDI UIF SBEJBM EFOTJUZ GVODUJPO D(r) DBO CF EFmOFE

D(r) = r2ρe(r) = 4πr2ρe(r) . 	�����


/PUF UIBU UIJT FMFDUSPO EFOTJUZ JT OPSNBMJ[FE UP UIF OVNCFS PG FMFDUSPOT TP UIBU
∫ ∞

0
D(r)dr =

∫ ∞

0
r2ρe(r)dr = Ne . 	�����


ɨJT EFmOJUJPO PG UIF SBEJBM EFOTJUZ EPFT OPU SFRVJSF UP BWFSBHF PWFS UIF NBHOFUJD DPN�
QPOFOUT UP SFDPWFS UIF TQIFSJDBM TZNNFUSZ� ɨF PQFSBUPS δ(r) CFJOH SBEJBM J�F� B TDBMBS
JOWBSJBOU VOEFS SPUBUJPOT JUT FYQFDUBUJPO WBMVF JT PCWJPVTMZ MJ �JOEFQFOEFOU�

�/PUF UIBU JO UIF QSFTFOU DPOUFYU UIF NBHOFUJD RVBOUVN OVNCFS JT FYQMJDJUMZ HJWFO JO UIF DIBSBDUFSJ[BUJPO
PG UIF "4'�

��



6TJOH UIF TFDPOE RVBOUJ[BUJPO GPSNBMJTN UIF SBEJBM PQFSBUPS CFDPNFT

δ̂(r) = −
∑

j

√
2j + 1

∑

n,n′,l

(
a†n′lj anlj

)(0)
0

[Pn′κ(r)Pnκ(r) +Qn′κ(r)Qnκ(r)] ,

	�����

XIFSF UIF JSSFEVDJCMF UFOTPS PG SBOL [FSP

(
a†n′lj anlj

)(0)
0

JT CVJMU GSPN UIF (2j + 1) DPN�

QPOFOUT PG UIF DSFBUJPO a†n′ljmj
BOE BOOJIJMBUJPO anljmj PQFSBUPST <���>

(
a†n′lj anlj

)(0)
0

= − 1√
2j + 1

∑

mj

a†n′ljmj
anljmj , 	�����


ɨF FYQFDUBUJPO WBMVF PG 	�����
 QSPWJEFT UIF TQIFSJDBM EFOTJUZ GVODUJPO GPS BOZ BUPNJD
TUBUF� ɨF EJTDVTTJPO PO UIF FMFDUSPOJD EFOTJUJFT XJMM CF GVSUIFS FYUFOEFE XIFO QSFTFOUJOH
UIF OBUVSBM PSCJUBMT JO 4FD� ����

8IFO FWBMVBUJOH UIF '4 	����
 UIF FMFDUSPOJD EFOTJUZ PG UIF MFWFM i JT XFMM BQQSPYJNBUFE
CZ BO FWFO�QPXFS QPMZOPNJBM FYQBOTJPO <���> XIFO r → 0

ρei (r) =
ρei (r)

4π
≈ b(r) =

∑

n=0

bi,nr
2n , 	�����


XIJDI JT PGUFO USVODBUFE UP n = 3� *OTFSUJOH UIF SFMBUJPO (2n+2)(2n+3)r2n = ∇2r2n+2

JO 	����
 JOUFHSBUJOH CZ QBSUT VTJOH ∇2V A(r) = −4πρA(r) BOE EFmOJOH UIF OVDMFBS
NFBO TRVBSF SBEJJ BT

〈r2n〉A =
1

Z

∫
r2nρA(r)dr , 	�����


XIFSF ρA(r) JT UIF OVDMFBS DIBSHF EFOTJUZ PG UIF JTPUPQF " UIF '4 CFDPNFT

δνAA′
'4,k ≈ 1

h

3∑

n=0

∆Fk,2n δ〈r2n+2〉A,A′
. 	�����


ɨF FWBMVBUJPO PG UIF '4 UIFSFGPSF SFMBUFT UIF mFME TIJGU MJOF QBSBNFUFST

∆Fk,2n = Fu,2n − Fl,2n =
4πZ∆bk,2n

(2n+ 2)(2n+ 3)
, 	�����


XIJDI BSF FMFDUSPOJD RVBOUJUJFT BOE UIF EFWJBUJPO JO OVDMFBS NFBO TRVBSF SBEJJ

δ〈r2n+2〉A,A′
= 〈r2n+2〉A−〈r2n+2〉A

′
=

1

Z

∫
r2n+2

[
ρA(r)− ρA

′
(r)
]
dr . 	�����


��



'PS EFDBEFT UIF BQQSPYJNBUJPO PG B DPOTUBOU FMFDUSPOJD EFOTJUZ XJUIJO UIF OVDMFBS WPM�
VNF XBT BTTVNFE MJNJUJOH UIF FYQBOTJPO 	�����
 UP JUT MPXFTU UFSN 	TFF F�H� <���>
� ɨF
DPSSFTQPOEJOH '4 XBT UIFSFGPSF TJNQMZ HJWFO CZ

δνAA′
'4,k ≈

∆Fk,0

h
δ〈r2〉AA′

, 	�����


UIBU BDDPVOUT GPS NPTU PG UIF '4� ɨF QBSBNFUFS ∆Fk,0 DBO UIFSFGPSF CF DPNQVUFE BT

∆Fk,0 =
Z

3
∆|Ψ(0)|2k , 	�����


XIFSF ∆|Ψ(0)|2k JT UIF DIBOHF PG FMFDUSPOJD EFOTJUZ BU UIF PSJHJO� ɨF '4 DPNQVUFE VTJOH
&R� 	�����
 JT LOPXO BT UIF SFGPSNVMBUFE mFME TIJGU 	S'4
 BOE PĊFST NPSF nFYJCJMJUZ UIBO UIF
DPOTUBOU FMFDUSPOJD EFOTJUZ BQQSPYJNBUJPO BMMPXJOH UP UBLF JOUP BDDPVOU OVDMFBS EFGPSNB�
UJPOT <���>� "EEJUJPOBM EFUBJMT PO UIF S'4 BSF QSPWJEFE JO 4FD� 	���
 XIFO DPNNFOUJOH PVS
QBQFST #*** BOE B*7�

'JOBMMZ JU JT JOUFSFTUJOH UP NFOUJPO UIBU UIF BQQSPYJNBUJPO PG UIF DPOTUBOU FMFDUSPOJD EFOTJUZ
JT PGUFO JNQSPWFE CZ DPOTJEFSJOH λA,A′  UIF OVDMFBS QBSBNFUFS JOUSPEVDFE CZ 4FMU[FS <���>
TP UIBU

δνAA′
'4,k =

∆Fk,0

h
λAA′

, 	�����


XIFSF
λAA′

= δ〈r2〉AA′
+

C2

C1
δ〈r4〉AA′

+
C3

C1
δ〈r6〉AA′

+ . . . . 	�����


ɨJT QBSBNFUFS DPVME UIFSFGPSF BDDPVOU GPS JTPUPQJD EJĊFSFODFT JO UIF OVDMFBS DIBSHF EFOTJ�
UJFT <��� ���> UISPVHI UIF DPFċDJFOUTCi XIJDI BSF DPOTJEFSFE DPOmHVSBUJPO�JOEFQFOEFOU
POMZ WBSZJOH XJUI UIF BUPNJD OVNCFS <��� §���>�

����� -BOEÏ g GBDUPST

*O UIJT TFDUJPO XF EJTDVTT CSJFnZ UIF JNQBDU PG BO FYUFSOBM NBHOFUJD mFME PO UIF BUPNJD
TQFDUSB BOE HJWF UIF EFmOJUJPO PG UIF -BOEÏ g GBDUPST� ɨF TQMJUUJOH PG UIF FOFSHZ MFWFMT
EVF UP UIF QSFTFODF PG B IPNPHFOFPVT NBHOFUJD mFME XBT mSTU PCTFSWFE CZ ;FFNBO <���>�
'PS B HJWFO BUPNJD MFWFM XJUI BOHVMBS NPNFOUVN J  UIF 2J +1 NBHOFUJD DPNQPOFOUT BSF
SFWFBMFE BOE UIF EFHFOFSBDZ SFNPWFE JO UIF QSFTFODF PG B NBHOFUJD mFME� UIBU JT UIF TP�DBMMFE
;FFNBO FĊFDU� *O PSEFS UP SFQSPEVDF UIFTF FYQFSJNFOUBM PCTFSWBUJPOT UIFPSFUJDBMMZ UIF
JOUFSBDUJPO PG UIF BUPN XJUI BO FYUFSOBM NBHOFUJD mFME TIPVME CF BEEFE UP UIF )BNJMUPOJBO�
*O UIF GVMMZ SFMBUJWJTUJD UIFPSZ UIF SFQMBDFNFOU

pi → pi +A 	�����


��



TIPVME CF NBEF JO UIF %$ )BNJMUPOJBO 	���
� ɨF QPUFOUJBM WFDUPS A JT SFMBUFE BT VTVBM
UP UIF NBHOFUJD mFME BT

B = ∇×A 	�����


XIFSF A = 1
2B × r GPS BO IPNPHFOFPVT NBHOFUJD mFME� *OTQJSFE CZ F�H� UIF IZQFSmOF

TUSVDUVSF UIFPSZ POF DBO XSJUF UIF NBHOFUJD )BNJMUPOJBO

Hmag = c
Ne∑

i=1

αi · (
1

2
B × ri) 	�����


BT UIF TDBMBS QSPEVDU PG UXP UFOTPS PQFSBUPST PS SBOL � FYQMJDJUMZ

Hmag =
1

2
N(1) ·B(1) . 	�����


ɨF MBUUFS FYQSFTTJPO JOUSPEVDFT UIF UFOTPS N(1) XJUI DPNQPOFOUT

N (1)
q =

Ne∑

i=1

µ(1)
q = − 1

α

N∑

i=1

J
√

8π

3
riαi ·Y(0)

1q (i) , 	�����


XIFSF Y(0)
1q (i) BSF UIF WFDUPS TQIFSJDBM IBSNPOJDT <���> GPS XIJDI UIF BOHVMBS WBSJBCMFT BSF

PNJUUFE MFBWJOH POMZ UIF TZNCPM i SFGFSSJOH UP FBDI FMFDUSPO� ɨF MBUUFS BSF EFmOFE BT <��
§���>

Y(0)
kq (θ,φ) =

1√
k(k + 1)

LY q
k (θ,φ) . 	�����


ɨF EFmOJUJPO PG UIF -BOEÏ g GBDUPST JT IPXFWFS NPSF OBUVSBM XIFO DPOTJEFSJOH UIF NBH�
OFUJD JOUFSBDUJPO )BNJMUPOJBO BT

H′
mag = −µ ·B , 	�����


XIFSF µ UIF NBHOFUJD NPNFOU PG UIF BUPN JT HJWFO CZ

µ = −µB(L+ gsS) , 	�����


BOE µB BOE gs BSF UIF #PIS NBHOFUPO BOE UIF HZSPNBHOFUJD GBDUPS PG UIF FMFDUSPO SF�
TQFDUJWFMZ� ɨF FYQSFTTJPO PG UIF EJBHPOBM NBUSJY FMFNFOUT PG Hmag JO OPO�SFMBUJWJTUJD LS
DPVQMJOH

〈ΓπLSJMJ |H′
mag|ΓπLSJMJ〉 = BµBMJ gLSJ , 	�����


EFmOFT UIF -BOEÏ g GBDUPS BT

gJLS = 1 + (gs − 1)
J(J + 1) + S(S + 1)− L(L− 1)

2J(J + 1)
. 	�����


��



ɨF MBUUFS JT TPMFMZ EFQFOEFOU PO BOHVMBS RVBOUJUJFT BOE DBO UIFSFGPSF CF DPNQVUFE FBTJMZ
GPS BOZ 2S+1LJ UFSN� *O UIF DBTF XIFSF UIF FYUFSOBM NBHOFUJD mFME JT XFBL UIF NBHOFUJD
JOUFSBDUJPO DBO CF JODMVEFE QFSUVSCBUJWFMZ BOE IFODF OFHMFDUJOH PĊ�EJBHPOBM FMFNFOUT CF�
UXFFO TUBUFT XJUI UIF TBNF MJ WBMVF CVU EJĊFSFOU J � *O UIBU DBTF JU DBO CF TIPXO UIBU UIF
SFMBUJWJTUJD LS NJYJOH JT UBLFO JOUP BDDPVOU CZ DPOTJEFSJOH UIF GPMMPXJOH XFJHIUFE TVN

gγJ =
∑

LS

w(LS)gJLS , 	�����


XIFSF w(LS) JT UIF XFJHIU PG UIF DPSSFTQPOEJOH LS UFSN JO UIF FYQBOTJPO <�� §����>�
(PJOH CBDL UP UIF GVMMZ SFMBUJWJTUJD DBTF BOE DPOTJEFSJOH UIBU 〈ΓπJMJ |Hmag|ΓπJMJ〉 =
〈ΓπJMJ |H′

mag|ΓπJMJ〉 POF DBO EFmOF UIF NBHOFUJD EJQPMF NPNFOU

µ = −µBgγJJ 	�����


JO BOBMPHZ XJUI UIF OPO�SFMBUJWJTUJD FYQSFTTJPO� ɨF gγJ JT UIFSFGPSF UIF -BOEÏ g GBDUPS
BSJTJOH GSPN UIF SFMBUJWJTUJD UIFPSZ BOE JT OP MPOHFS B QVSF BOHVMBS QSPQFSUZ� *UT FYQSFTTJPO
JT HJWFO CZ

gγJ =
1

2µB

〈ΓπJ ||N(1)||ΓπJ〉√
J(J + 1)(2J + 1)

. 	�����


$POTJEFSBUJPOT GSPN 2&% UIFPSZ MFE UP JOUSPEVDF B DPSSFDUJPO UP N(1) LOPXO BT UIF
4DIXJOHFS 2&% DPSSFDUJPO BT EFTDSJCFE BOE JNQMFNFOUFE CZ "OEFSTTPO BOE +ÚOTTPO <���>�

ɨF EJĊFSFODF JO UIF SBEJBM EFQFOEFODZ PG UIF g GBDUPS PQFSBUPS CFUXFFO UIF SFMBUJWJTUJD
FYQSFTTJPO 	∝ r
 BOE UIF OPO�SFMBUJWJTUJD FYQSFTTJPO 	JOEFQFOEFOU PG r
 DBO CF FYQMBJOFE CZ
SFPSHBOJ[JOH &R� 	�����
 JO B GPSN UIBU SFTFNCMFT UIF POF HJWFO GPS UIF NBHOFUJD IZQFSmOF
JOUFSBDUJPO 	����
� ɨJT DBO CF EPOF CZ JOTFSUJOH UIF EFmOJUJPO PG UIF WFDUPS TQIFSJDBM
IBSNPOJDT 	�����
 JO 	�����
� 8F mOE

N(1) = − J
α

N∑

i=1

riαi · liC(1)(i) , 	�����


XIJDI UIFO TIPXT UIF TBNF αi · liC(1)(i) TQJO�BOHVMBS GBDUPS UIBO UIF NBHOFUJD IZQFSmOF
PQFSBUPST(1) 	����
 BOE XIFSF UIF SFOPSNBMJ[FE TQIFSJDBM IBSNPOJDT BSF TVDI UIBUC(1) =√
4π/3Y(1)� 4JNJMBS TQJO�BOHVMBS BSHVNFOUT UIBU XFSF BQQMJFE UP UIF IZQFSmOF PQFSBUPS

T(1) UP FYQMBJO UIF r−3 SBEJBM EFQFOEFODF 	TFF BMTP 4FD� �����
 DBO UIFO CF VTFE UP FYQMBJO
UIF WBOJTIJOH SBEJBM EFQFOEFODF PG N(1) JO UIF OPO�SFMBUJWJTUJD MJNJU� ɨJT SFMBUJPO CFUXFFO
UIF OPO�SFMBUJWJTUJD MJNJU PG UIF UXP PQFSBUPST JT SBSFMZ EJTDVTTFE BMUIPVHI JU XBT BMSFBEZ
FYQMJDJUMZ NFOUJPOFE CZ 1ZQFS FU BM� <���>�

��



����� 5SBOTJUJPO SBUFT BOE MJGFUJNFT

&MFDUSPOJD USBOTJUJPOT QMBZ BO JNQPSUBOU SPMF JO BUPNJD QIZTJDT� ɨF KVNQ PG BO FMFDUSPO
GSPN POF FMFDUSPOJD TUBUF UP BOPUIFS JO SFMBUJPO XJUI UIF BCTPSQUJPO PS FNJTTJPO PG QIPUPOT
SFWFBMT UIF BUPNJD TUSVDUVSF PG UIF BUPN VQPO DPOTJEFSBUJPO� ɨF TQFDUSVN PG IZESPHFO MJFT
QBSUJBMMZ JO UIF PQUJDBM SFHJPO TIPXJOH POMZ EJTDSFUF GSFRVFODJFT XIJDI XFSF UIF TUBSUJOH
QPJOU PG UIF RVBOUVN UIFPSZ� &BDI BUPNJD TZTUFN FNJUT BOE BCTPSCT MJHIU EJĊFSFOUMZ IFODF
JU QPTTFTTFT JUT PXO TQFDJmD TQFDUSVN XIJDI JT UIFSFGPSF B TJHOBUVSF PG UIF QSFTFODF PG UIBU
FMFNFOU JO UIF NFEJVN DPOTJEFSFE� ɨF TQFDUSBM BOBMZTJT JT VTFE JO F�H� UIF EFUFSNJOBUJPO
PG BUPNJD BCVOEBODFT JO TUFMMBS PCKFDUT PS JO QMBTNB EJBHOPTUJD� %VF UP TJHOJmDBOU JNQPS�
UBODF PG BUPNJD USBOTJUJPO QBSBNFUFST DPVOUMFTT DPNQJMBUJPOT FYJTU 	TFF F�H� UIF /*45 "4%
EBUBCBTF <�> BOE SFGFSFODFT UIFSFJO
 UP TVQQPSU FYQFSJNFOUBM BOE UIFPSFUJDBM XPSLT�

ɨF NBUIFNBUJDT PG USBOTJUJPOT JO UIF GVMMZ SFMBUJWJTUJD UIFPSZ XFSF QSFTFOUFE CZ (SBOU <���>�
)PXFWFS XF XJMM SBUIFS GPMMPX UIF CPPL CZ (SBOU XIJDI QSFDJTFT BOE EFWFMPQT UIF BMSFBEZ
QVCMJTIFE SFTVMUT <�� §���> BT XFMM BT UIF CPPL CZ +PIOTPO <�� §�>� 4JODF USBOTJUJPOT BSF
PG WBTU JOUFSFTU BOE BMNPTU FTTFOUJBM UP B UIFTJT JO BUPNJD QIZTJDT FYUFOTJWF EFUBJMT XFSF QSF�
TFOUFE JO QSJPS UIFTFT 	TFF F�H� 3FGT� <��� ���>
� )PXFWFS PVS QSFTFOU XPSL GPDVTFT NPTUMZ
PO PUIFS QSPQFSUJFT TVDI BT IZQFSmOF TUSVDUVSFT PS JTPUPQF TIJGUT BOE XF XJMM UIFSFGPSF POMZ
CSJFnZ QSFTFOU UIF NBUIFNBUJDBM EFUBJMT PG UIF SFMBUJWJTUJD SBEJBUJWF USBOTJUJPO UIFPSZ SFGFS�
SJOH UIF SFBEFS UP UIF BCPWF SFGFSFODFT GPS NPSF JOGPSNBUJPO�

" SBEJBUJWF USBOTJUJPO DPOOFDUT BO BUPNJD TUBUF |ΓαπαJα〉 XJUI FOFSHZ Eα UP BO PUIFS
BUPNJD TUBUF |ΓβπβJβ〉 XJUI FOFSHZ Eβ TP UIBU GPS FNJTTJPO XF IBWF UIF USBOTJUJPO

|ΓαπαJα〉 → |ΓβπβJβ〉+ !ω , 	�����


XIFSF !ω DPSSFTQPOET UP UIF FOFSHZ !ω = Eα −Eβ PG UIF QIPUPO� 0OF TIPVME UIFSFGPSF
MPPL GPSHint UIF )BNJMUPOJBO EFTDSJCJOH UIF FMFDUSPO�QIPUPO JOUFSBDUJPO� 5XP FRVJWBMFOU
BQQSPBDIFT BSF QSPQPTFE CZ (SBOU <��� §���> BOE +PIOTPO <�� §�> SFTQFDUJWFMZ� *O UIF
BQQSPBDI UBLFO CZ (SBOU XIJDI JT JO UIF GSBNFXPSL PG RVBOUVN mFME UIFPSZ 	TFF F�H� UIF
CPPL CZ .BOEM BOE 4IBX <���>
 Hint JT VTJOH UIF OPUBUJPOT GSPN 4FD� ����� EFmOFE BT

HG
int =

1

c

∫
jµ(x)aµ(x)d

4x , 	�����


XIFSF x JT UIF GPVS�DPNQPOFOU TQBDFUJNF DPPSEJOBUF WFDUPS 	����
 jµ JT UIF FMFDUSPO DVS�
SFOU EFOTJUZ BOE aµ(x) UIF GPVS�DPNQPOFOU FMFDUSPNBHOFUJD QPUFOUJBM 	����
� &YQMJDJUMZ
UIF MBUUFS JT DPNQPTFE PG B TDBMBS QPUFOUJBM BOE B WFDUPS QPUFOUJBM

aµ(x) = (Φ(r, t), cA(r, t)) . 	�����


ɨF FMFDUSPO DVSSFOU EFOTJUZ UBLFT UIF GPSN

jµ = −ψ†(x)γ0cγµψ(x) , 	�����


��



XIFSF
γ0 = β, γi = βαi, i = 1, 2, 3 	�����


BSF UIF %JSBD NBUSJDFT BOE ψ(x) JT UIF %JSBD mFME <�� §�>�

+PIOTPO <�� §�> PO UIF PUIFS IBOE TUBSUT XJUI UIF EFTDSJQUJPO PG UIF FMFDUSPNBHOFUJD mFME
UP QSPHSFTTJWFMZ CVJME UIF JOUFSBDUJPO )BNJMUPOJBO JO UIF GSBNFXPSL PG iVTVBMw RVBOUVN
NFDIBOJDT 	BT PQQPTFE UP RVBOUVN mFME UIFPSZ
� ɨF FMFDUSJD BOE NBHOFUJD mFMET EFmOFE
BT

E(r, t) = −∇Φ(r, t)− ∂A(r, t)

∂t
	�����


B(r, t) = ∇×A(r, t) 	�����


TBUJTGZ .BYXFMM�T FRVBUJPOT

∇2Φ(r, t)− 1

c2
∂2Φ(r, t)

dt2
= − 1

ε0
ρ(r, t) 	�����


∇2A(r, t)− 1

c2
∂2A(r, t)

dt2
= −µ0J(r, t) 	�����


XIFSF ρ(r, t) BOE J(r, t) BSF UIF DIBSHF EFOTJUZ BOE DVSSFOU EFOTJUZ SFTQFDUJWFMZ BOE
QSPWJEJOH UIBU UIF QPUFOUJBMT TBUJTGZ UIF -PSFOU[ DPOEJUJPO

∇ ·A+
1

c2
∂Φ(r, t)

∂t
= 0 . 	�����


*U JT XFMM�LOPXO UIBU UIF FMFDUSJD BOE NBHOFUJD mFMET SFNBJO VODIBOHFE VOEFS UIF HBVHF
USBOTGPSNBUJPO

A(r, t) → A′(r, t) = A(r, t) +∇χ(r, t) 	�����


Φ(r, t) → Φ′(r, t) = Φ(r, t)− ∂χ(r, t)

∂t
. 	�����


"DDPSEJOH UP UIF -PSFOU[ DPOEJUJPO 	�����
 UIF HBVHF GVODUJPO χ(r, t) TBUJTmFT UIF GPM�
MPXJOH XBWF FRVBUJPO

∇2χ(r, t)− 1

c2
∂2χ(r, t)

∂t2
= 0 . 	�����


+PIOTPO TVHHFTUT UIF VTF PG UIF USBOTWFSTF HBVHF XIJDI JT EFmOFE CZ UIF DPOEJUJPO

∇ ·A(r, t) = 0 	�����


BOE MFBET UP B WBOJTIJOH TDBMBS QPUFOUJBM Φ(r, t) = 0� 8JUIJO UIBU DIPJDF PG HBVHF UIF
POF�FMFDUSPO JOUFSBDUJPO )BNJMUPOJBO JOUSPEVDFE CZ +PIOTPO SFEVDFT UP

HJ
int = cα ·A(r, t) , 	�����


��



UIBU JT FBTJMZ HFOFSBMJ[FE UP Ne FMFDUSPOT BT

HJ
int =

Ne∑

j=1

(cαj ·A(r, t)) 	�����


XIJMF JUT NPTU HFOFSBM GPSN JT HJWFO CZ

HJ
int =

Ne∑

j=1

(cαj ·A(r, t)− Φ(r, t)I4×4) . 	�����


ɨF MJOL CFUXFFO UIF UXP BQQSPBDIFT DBO CF NBEF FYQMJDJU TUBSUJOH GSPN 	�����
 BOE FY�
QSFTTJOH UIF NBUSJDFT −γ0γµ BT

(−I4×4,−α) , 	�����


XIFSF α BSF UIF NBUSJDFT BQQFBSJOH JO %JSBD FRVBUJPO� 8F DBO UIFO TJNQMZ UBLF UIF JOOFS
QSPEVDU PG γ0γµ XJUI aµ 	�����


− γ0γµaµ = −Φ(r, t)I4×4 + cα ·A(r, t) 	�����


XIJDI SFTFNCMFT UIF POF�FMFDUSPO JOUFSBDUJPO )BNJMUPOJBO PG +PIOTPO 	�����
� $POUSBSJMZ
UP UIF )BNJMUPOJBO PG +PIOTPO UIBU JT DPOTJTUFOU XJUI UIF VTVBM JOUFSQSFUBUJPO PG )BNJM�
UPOJBOT EFWFMPQFE JO UIJT UIFTJT UIF )BNJMUPOJBO PG (SBOU 	�����
 JT EFSJWFE JO UIF 2&%
BOE -BHSBOHJBO mFME UIFPSZ GSBNFXPSLT UIBU MFBE UP BO FRVJWBMFOU SFQSFTFOUBUJPO PG UIF
)BNJMUPOJBO PQFSBUPS CBTFE PO B )BNJMUPOJBO EFOTJUZ 	TFF F�H� 3FGT� <�� §���> BOE <��
"QQ� &��>
� *OUSPEVDJOH 	�����
 JO UIF FYQSFTTJPO PG UIF NBUSJY FMFNFOU

〈α|HG
int|β〉 =

1

c

∫
〈α|jµ|β〉 aµd4x

=− 1

c

∫
ψ†
β(x)γ

0cγµψα(x)aµd
4x ,

	�����


XF IBWF

〈α|HG
int|β〉 =

∫
ψ†
α(x) [−Φ(x)I4×4 + cα ·A(x)]ψβ(x)d

4x 	�����


UIBU JT FRVJWBMFOU UP UIF NBUSJY FMFNFOU 〈α|HJ
int|β〉���

6Q UP UIJT QPJOU PVS GPDVT XBT NPTUMZ PO UIF FMFDUSPNBHOFUJD mFME BOE UIF JOUFSBDUJPO
)BNJMUPOJBO� ɨF FWBMVBUJPO PG USBOTJUJPO QSPQFSUJFT JOWPMWFE SJHPSPVT EFWFMPQNFOUT JO

��/PUF UIF EJĊFSFODF PG B DPNNPO NJOVT TJHO DPNQBSFE UP (SBOU <�� §���>� )PXFWFS JO UIF DPOUFYU PG
SBEJBUJWF USBOTJUJPOT UIF NJOVT TJHO JT JSSFMFWBOU BT UIF DBMDVMBUJPOT POMZ JOWPMWF NBUSJY FMFNFOUT TRVBSFE� *O
4FD� ����� UIF TJHO PG UIF NBHOFUJD JOUFSBDUJPO JT IPXFWFS JNQPSUBOU UP PCUBJO UIF DPSSFDU OFHBUJWF TJHO PG UIF
PQFSBUPS N(1) 	�����
� *O PSEFS UP TUBZ DPOTJTUFOU UISPVHIPVU UIJT UIFTJT XF UIFSFGPSF VTF −Φ(x)I4×4+ cα ·
A(x) BT UIF JOUFSBDUJPO )BNJMUPOJBO JO TQJUF PG UIF HMPCBM TJHO GBDUPS EJĊFSFODF XJUI (SBOU�

��



UIF GSBNFXPSL PG UJNF�EFQFOEFOU QFSUVSCBUJPO UIFPSZ TFDPOE RVBOUJ[BUJPO BOE RVBOUJ�
[BUJPO PG UIF FMFDUSPNBHOFUJD mFME� 5P DJSDVNWFOU UIFTF NBUIFNBUJDBM EJċDVMUJFT BOE UP
BWPJE QBHFT PG MPOH BOE DPNQMJDBUFE NBUIFNBUJDBM FYQSFTTJPOT XF POMZ SFDBMM UIF NPTU
JNQPSUBOU GFBUVSFT BDDFQUJOH UIBU OPU FWFSZUIJOH JT DPNQMFUFMZ EFmOFE CFJOH DPOTUSBJOFE
UP MJNJU PVSTFMWFT GPS UIF QSFTFOU EPDVNFOU�

#PUI 3FGT� <�� §���> BOE <�� §�> TUBSU XJUI UIF EFTDSJQUJPO PG UIF POF�FMFDUSPO BUPN
HFOFSBMJ[JOH RVJDLMZ UP NBOZ�FMFDUSPOT JO B TFDPOE TUFQ� " LFZ DPNQPOFOU PG UIF SFBTPOJOH
JT UIF NVMUJQPMF FYQBOTJPO PG UIF FMFDUSPNBHOFUJD mFME� &R� 	�����
 BDDFQUT QMBOF XBWF
TPMVUJPOT GPS UIF TDBMBS QPUFOUJBM J�F�

Φ(x) = Φ(r, t) ∼ exp [−J(ωt− k · r)] 	�����


XJUI UIF VTVBM EJTQFSTJPO SFMBUJPO ω2 = c2|k|2� &YQBOEJOH exp [−Jk · r] JO UFSNT PG
#FTTFM�T GVODUJPOT BOE -FHFOESF QPMZOPNJBMT POF DBO mOE B DPNQMFUF TFU PG NVMUJQPMF
TPMVUJPOT

ΦLM (r;ω) = iL(2L+ 1)jL(ωr/c)CLM (θ,φ) 	�����


XIFSF jL(ωr/c) BOE CLM (θ,φ) BSF TQIFSJDBM #FTTFM BOE OPSNBMJ[FE TQIFSJDBM IBSNPOJDT
SFTQFDUJWFMZ� (JWFO UIBU UIF QBSUJDVMBS TPMVUJPO PG UIF TDBMBS QPUFOUJBMΦ(x) = ΦLM (r;ω)×
exp [−Jωt] WFSJmFT UIF -PSFOU[ DPOEJUJPO 	�����
 UISFF TPMVUJPOT GPS UIF WFDUPS QPUFOUJBM
FYJTU�

cAl
LM (r;ω) =

−Jc
ω

∇ΦLM (r;ω) 	�����


cAm
LM (r;ω) =

L√
L(L+ 1)

ΦLM (r;ω) 	�����


cAe
LM (r;ω) =

c∇×L

ω
√
L(L+ 1)

ΦLM (r;ω) . 	�����


ɨFZ DPSSFTQPOE UP UIF MPOHJUVEJOBM NBHOFUJD BOE FMFDUSJD UZQFT� /PUF UIBU JO UIF USBOTWFSTF
HBVHF UIF MPOHJUVEJOBM DPNQPOFOU PG UIF WFDUPS QPUFOUJBM WBOJTIFT� ɨF DIPJDF PG UIF HBVHF
GVODUJPO χ(r, t) = GLΦLM (r;ω) exp [−Jωt] XIFSF GL JT UIF HBVHF QBSBNFUFS NPEJmFT
UIF QPUFOUJBMT BT

ΦLM (r;ω) →
(
1− J

ω

c
GL

)
ΦLM (r;ω)

Ae
LM (r;ω) → Ae

LM (r;ω) +GLA
l
LM (r;ω) ,

	�����


XIJMFAm
LM (r;ω) JT MFGU VODIBOHFE� 'SPN UIFTF FYQSFTTJPOT JU BQQFBST UIBU TFUUJOHGL = 0

TVQQSFTTFT UIF MPOHJUVEJOBM DPNQPOFOUT PG Ae
LM (r;ω) XIJDI DPSSFTQPOET UP UIF USBOT�

WFSTF HBVHF BMTP LOPXO BT UIF $PVMPNC HBVHF� ɨF DIPJDF GL =
√
L(L+ 1) JT LOPXO

BT UIF #BCVTILJO HBVHF�

��



(PJOH UP TFDPOE RVBOUJ[BUJPO BOE EFmOJOH BOOJIJMBUJPO BOE DSFBUJPO PQFSBUPST GPS UIF
FMFDUSPOT BOE UIF FYDIBOHFE QIPUPO UIF JOUFSBDUJPO )BNJMUPOJBO DBO CF EFDPNQPTFE XJUI
FNJTTJPO BOE BCTPSQUJPO DPOUSJCVUJPOT BT

Hint =
∑

LM

{[He
LM ]em + [Hm

LM ]em + [He
LM ]abs + [Hm

LM ]abs} , 	�����


XIFSF F�H�
[He,m

LM ]em =
∑

αβ

a†αaβc
†
LM (ω)[Me,m

LM (t)]∗αβ 	�����


XJUI a†αaβ CFJOH UIF DSFBUJPO BOE BOOJIJMBUJPO PQFSBUPST PG UIF BDUJWF FMFDUSPO c†LM (ω) UIF
DSFBUJPO PQFSBUPS PG B QIPUPO PG FOFSHZ w 	J�F� IFODF UIF FNJTTJPO QSPDFTT
� [Me,m

LM (t)] JT
QSPQPSUJPOBM UP UIF USBOTJUJPO BNQMJUVEF��

〈α|Oe,m
LM |β〉 = 〈α|− Φe,m

LM (r;w)I4×4 + cα ·Ae,m
LM (r;ω)|β〉 	�����


XIFSF |α〉 BOE |β〉 BSF POF�FMFDUSPO XBWF GVODUJPOT XJUI BTTPDJBUFE RVBOUVN OVNCFST
nα,κα, . . . � ɨJT BMMPXT UIF EFmOJUJPO PG F�H� UIF USBOTJUJPO SBUF GPS TQPOUBOFPVT FNJT�
TJPO PG QIPUPOT CZ TVNNJOH PWFS UIF EFHFOFSBDZ PG UIF JOJUJBM TUBUF |α〉 BOE BWFSBHJOH PWFS
UIF mOBM TUBUF |β〉 BT

A(L)
αβ =

2ω

c

1

(2L+ 1)(2jβ + 1)
| 〈α||o(L)||β〉 |2 	�����


XIFSF 〈α||o(L)||β〉 JT EFmOFE CZ VTJOH UIF 8& UIFPSFN 	����


〈α|OLM |β〉 = (−1)jα−mα

(
jα L jβ

−mα M mβ

)
〈α||o(L)||β〉 . 	�����


ɨF POF�FMFDUSPO SFEVDFE NBUSJY FMFNFOUT 〈α||o(L)||β〉 DBO CF GVSUIFS EFDPNQPTFE JOUP
BOHVMBS BOE SBEJBM DPOUSJCVUJPOT� 6MUJNBUFMZ JU JOWPMWFT SBEJBM JOUFHSBMT XJUI UIF #FTTFM
GVODUJPOT BSJTJOH GSPN UIF NVMUJQPMF FYQBOTJPO PG UIF FMFDUSPNBHOFUJD QPUFOUJBM BOE UIF
MBSHF BOE TNBMM SBEJBM DPNQPOFOUT PG UIF POF�FMFDUSPO PSCJUBMT 	TFF 3FG� <�� §�����>
� ɨF
HFOFSBMJ[BUJPO PG UIBU SFTVMU UP NBOZ�FMFDUSPO TZTUFNT JT EFSJWFE CZ (SBOU VTJOH UIF FYQBO�
TJPO PG UIF "4' PWFS UIF $4' CBTJT BOE UIF EFDPNQPTJUJPO PG UIF $4'T JO POF�FMFDUSPO
%JSBD PSCJUBMT VTJOH UIF $'1 BQQSPBDI 	TFF 4FDT� ��� BOE �����
�

��"T QPJOUFE PVU JO UIF GPPUOPUF 10 UIF FYQSFTTJPO PG UIF USBOTJUJPO BNQMJUVEF 	�����
 EJĊFST CZ B NJOVT
TJHO XJUI (SBOU <�� §���> 	TFF &R� 	�����

� ɨF FYQSFTTJPO PG UIF USBOTJUJPO SBUFT 	�����
 TIPXT UIBU UIJT
HMPCBM TJHO GBDUPS JT JSSFMFWBOU BT POMZ UIF TRVBSF PG UIF USBOTJUJPO BNQMJUVEF JT JOWPMWFE�

��



5SBOTJUJPO QSPQFSUJFT JO QSBDUJDF

ɨF NBUIFNBUJDBM FYQSFTTJPOT UIBU XF TVNNBSJ[FE JO UIF QSFWJPVT TFDUJPO BSF OFFEFE JG POF
XBOUT UP DPNQVUF USBOTJUJPO QSPQFSUJFT BT JU XBT EPOF JO "*7� )PXFWFS JO UIF GSBNFXPSL
PG (ģĒĤġ UIFPSFUJDBM DPOTJEFSBUJPOT BSF PGUFO IJEEFO EVF UP UIFJS DPNQMFYJUZ BOE UIBU UIFZ
IBWF CFFO LOPXO GPS EFDBEFT� $PNQVUBUJPOT BSF NPSF SFTVMU�PSJFOUFE USZJOH UP QSPWJEF
JNQPSUBOU USBOTJUJPO QBSBNFUFST� "NPOH UIFN XF IBWF UIF USBOTJUJPO SBUFT CFUXFFO MFWFMT
a BOE b

Aλ(L)
a→b =

2w

c

| 〈ΓaπaJa||Õ(L)||ΓbπbJb〉 |
(2L+ 1)(2Ja + 1)

	�����


XIJDI JT EJSFDU HFOFSBMJ[BUJPO PG &R� 	�����
 XIFSF UIF UJMEF TJNQMZ JOEJDBUF UIBU Õ(L) JT
UIF NBOZ�FMFDUSPO PQFSBUPS XIJMF o(L) JT UIF DPSSFTQPOEJOH POF�FMFDUSPO PQFSBUPS� *O UIBU
OPUBUJPO λ JOEJDBUFT UIF UZQF PG USBOTJUJPO J�F� λ = 1 DPSSFTQPOET UP BO FMFDUSJD 	&
 USBO�
TJUJPO XIJMF λ = 0 DPSSFTQPOET UP B NBHOFUJD 	.
 USBOTJUJPO BOE L JOEJDBUFT UIF QPMBSJUZ
L = 1, 2, 3, . . . � ɨF NPTU JNQPSUBOU POFT BSF UIF FMFDUSJD EJQPMF 	&�
 NBHOFUJD EJQPMF 	.�

BOE FMFDUSJD RVBESVQPMF 	&�
 USBOTJUJPOT� ɨF GPSNFS BSF EPNJOBOU BOE BSF VTVBMMZ SFGFSSFE
UP BT BMMPXFE USBOTJUJPOT JO DPOOFDUJPO XJUI UIF FMFDUSJD EJQPMF BQQSPYJNBUJPO 	TFF F�H� <��
§�����> PS <�� §��> JO UIF OPO�SFMBUJWJTUJD DPOUFYU
� 5SBOTJUJPOT BSF PGUFO BDDPNQBOJFE CZ
B TFU PG TFMFDUJPO SVMFT UIBU DPOOFDUT UXP BUPNJD TUBUFT XIJDI DBO CF VOEFSTUPPE GSPN UIF
8JHOFS 3j TZNCPM BSJTJOH JO UIF FWBMVBUJPO PG UIF SFEVDFE NBUSJY FMFNFOUT� ɨF QBSJUZ PG
FMFDUSJD BOE NBHOFUJD USBOTJUJPOT JT Πe = (−1)L BOE Πm = (−1)(L+1) SFTQFDUJWFMZ� ɨF
TUBUFT JOWPMWFE JO UIF USBOTJUJPO TIPVME UIFSFGPSF TBUJTGZ πaπb = Πe,m� ɨF PUIFS SVMF JT UIF
USJBOHVMBS SFMBUJPO δ(Ja, L, Jb)� 5SBOTJUJPOT Ja = 0 → Jb = 0 BSF UIFO TUSJDUMZ GPSCJEEFO�

5SBOTJUJPO SBUFT BSF LFZ QSPQFSUJFT UP FTUJNBUF UIF MJGFUJNF PG FYDJUFE TUBUFT� 4JODF USBOTJUJPO
SBUFT QSPWJEF UIF OVNCFS PG EFDBZT QFS TFDPOE JG POF DPOTJEFS BMM QPTTJCMF EFDBZ DIBOOFMT
GSPN BO FYDJUFE MFWFM a JUT MJGFUJNF JT HJWFO CZ

τa =
1

∑
b,λLAλ(L)

a→b

	�����


XIFSF UIF TVN SVOT PWFS BMM BMMPXFE MPXFS MFWFMT b BOE BMM FMFDUSJD BOE NBHOFUJD NVMUJQPMF
USBOTJUJPOT�

/PO�SFMBUJWJTUJD MJNJU

'PS IJTUPSJDBM SFBTPOT UIF OPO�SFMBUJWJTUJD MJNJU PG UIF USBOTJUJPO SBUFT JT TUJMM PGUFO EJTDVTTFE
JO SFDFOU QVCMJDBUJPOT� *O QBSUJDVMBS UIF DIPJDF PG UIF HBVHF DBO CF NPSF FBTJMZ JOUFSQSFUFE�
ɨJT JT POF PG UIF GPDJ PG "**� *O UIF OPO�SFMBUJWJTUJD MJNJU UIF $PVMPNC HBVHF SFEVDFT UP

��



UIF WFMPDJUZ GPSN XIJMF UIF #BCVTILJO HBVHF DPSSFTQPOET UP UIF MFOHUI GPSN� *O UIFTF GPSNT
UIF FMFDUSJD EJQPMF SFEVDFE NBUSJY FMFNFOUT BSF

〈ΓaπaJa||
1

Eb − Ea

Ne∑

i=1

∇(1)
i ||ΓbπbJb〉 	�����


BOE

〈ΓaπaJa||
Ne∑

i=1

riC
(1)(i)||ΓbπbJb〉 , 	�����


SFTQFDUJWFMZ� %VF UP UIFJS EJĊFSFOU GPSN UIFZ QVU FNQIBTJT POUP EJĊFSFOU TQBUJBM MPDBMJ[B�
UJPO PG UIF XBWF GVODUJPO J�F� UIF WFMPDJUZ GPSN QSPCFT UIF JOOFS QBSU PG UIF XBWF GVODUJPO
BOE UIF MFOHUI GPSN UIF PVUFS QBSU� 'PS FYBDU XBWF GVODUJPOT JU DBO CF TIPXO UIBU UIF
SFEVDFE NBUSJY FMFNFOUT JO UIF MFOHUI BOE WFMPDJUZ GPSNT BSF FRVBM <�� §�����>� )PXFWFS
JO SFBM DBMDVMBUJPOT XIJDI BMXBZT BSF BQQSPYJNBUJWF UIF NBUSJY FMFNFOUT EFQFOE PO UIF
HBVHF� "MTP JO SFMBUJWJTUJD DBMDVMBUJPOT UIF USBOTJUJPO NBUSJY FMFNFOUT EFQFOE PO UIF HBVHF
BOE B TNBMM EJĊFSFODF JT BO JOEJDBUJPO PG UIBU UIF XBWF GVODUJPOT BSF BDDVSBUF� .PSFPWFS
UIF QBSBNFUFS

dT =
|AB −AC |

max(AB, AC)
	�����


IBT CFFO TUBUJTUJDBMMZ SFMBUFE UP FTUJNBUFE VODFSBJOUZ PG UIF USBOTJUJPO SBUF GPS BMMPXFE &�
USBOTJUJPOT <��� ���>�

��� $PNQVUBUJPOBM BTQFDUT

����� ɧF (ģĒĤġ DPNQVUFS QBDLBHFT

ɨF NFUIPET QSFTFOUFE JO 4FD� ��� SFRVJSF OVNFSJDBM QSPDFEVSFT XIFUIFS JU JT UP TPMWF UIF
.$%)' FRVBUJPOT PS UIF TFDVMBS FRVBUJPO JO UIF 3$* DBMDVMBUJPOT� ɨSPVHIPVU PVS UIF�
TJT XF NPTUMZ 	BMNPTU FYDMVTJWFMZ
 VTFE UIF (FOFSBM 3FMBUJWJTUJD "UPNJD 4USVDUVSF 1BDLBHF
	(ģĒĤġ
 DPNQVUFS QSPHSBNT <��� ��� ��>� ɨF MBUUFS BSF EFWFMPQFE XJUIJO UIF $PNQV�
UBUJPOBM "UPNJD 4USVDUVSF 	$PNQ"4
 HSPVQ XIJDI JT B MBSHF JOUFSOBUJPOBM DPMMBCPSBUJPO
UIBU BJNT UP QSPWJEF UPPMT GPS MBSHF�TDBMF BUPNJD TUSVDUVSF DBMDVMBUJPOT <��� ���>� ɨF
TPVSDF DPEFT BSF GSFFMZ BWBJMBCMF POMJOF FOBCMJOH UIF JNQMFNFOUBUJPO PG BEEJUJPOBM UPPMT CZ
XIPFWFS JT JOUFSFTUFE JO QFSGPSNJOH BUPNJD DBMDVMBUJPOT� ɨF DPMMFDUJWF FĊPSUT MFE UP OV�
NFSPVT iTJEF�QSPHSBNTw UP UIF NBJO (ģĒĤġ SPVUJOFT� 8IFUIFS UIFZ JNQSPWF UIF BOHVMBS
JOUFHSBUJPO BOE PVS VOEFSTUBOEJOH PG UIF PQUJNBM DPVQMJOH TDIFNF <��� ���> PS BMMPX VT
UP DPNQVUF BUPNJD QSPQFSUJFT TVDI BT IZQFSmOF TUSVDUVSFT <���> XJUI UIF ;FFNBO TQMJU�
UJOH JO QSFTFODF PG BO FYUFSOBM NBHOFUJD mFME <���> JTPUPQF TIJGUT <���> JODMVEJOH UIF

��



SFMBUJWJTUJD DPSSFDUJPOT UP UIF SFDPJM PQFSBUPS <���> BOE B SFGPSNVMBUJPO PG UIF mFME TIJGU UP
BDDPVOU GPS OVDMFBS EFGPSNBUJPOT <���> USBOTJUJPO QSPCBCJMJUJFT BOE "VHFS QBSBNFUFST GPS
PQFO TIFMM TZTUFNT XJUI BO FMFDUSPO JO UIF DPOUJOVVN <���> SBEJBM EFOTJUJFT BOE OBUVSBM
PSCJUBMT <���> 	TFF "***
 PS QPMBSJ[BCJMJUJFT PG OPNJOBM POF�FMFDUSPO TZTUFNT <���> 	TFF "7

UIFZ BSF BMM XSJUUFO UP CF DPNQBUJCMF XJUI UIF (ģĒĤġ mMFT TZTUFN�

*U JT UIFO PCWJPVT UIBU UIF (ģĒĤġ QBDLBHF JT JO DPOTUBOU FWPMVUJPO BT BMTP BUUFTUT UIF SFDFOU
JOWFTUJHBUJPOT CZ 'SPFTF 'JTDIFS BOE 4FODIVL <��>� *O SFBMJUZ UIF EJċDVMUZ UP VOEFSTUBOE
UIF EJĊFSFOU QSPHSBNT CFTJEF UIF VOEFSTUBOEJOH PG UIF JNQMFNFOUFE BMHPSJUINT JT EVF
UP UIF MBSHF OVNCFS PG SPVUJOFT TVCSPVUJOFT MJCSBSJFT PS NPSF TJNQMZ UIF OVNCFS PG MJOFT
PG DPEF� /BWJHBUJOH BNPOH (ģĒĤġ TVCSPVUJOFT JT JOEFFE B UFEJPVT CVU OFDFTTBSZ UBTL GPS
XIPFWFS XBOUT UP DPOUSJCVUF UP UIFJS EFWFMPQNFOUT� ɨJT JT FWFO NPSF DSVDJBM XIFO JN�
QSPWJOH BMSFBEZ FYJTUJOH SPVUJOFT� ɨF MBUFTU SFMFBTF PG UIF QBDLBHF (ģĒĤġ2018 XBT XSJUUFO
JO 'PSUSBO �� TUBSUJOH GSPN (ģĒĤġ2Ĝ XSJUUFO JO 'PSUSBO 77� 4VDI B TVCTUBOUJBM DIBOHF XBT
OFDFTTBSZ UP NBJOUBJO UIF DPEFT BDDFTTJCMF XJUI UIF OFXFTU HFOFSBUJPO PG DMVTUFST� .PSF�
PWFS JU NBLFT JU FBTJFS GPS UIF ZPVOHFS HFOFSBUJPO PG TDJFOUJTUT UP HFU BDRVBJOUFE XJUI UIF
DPEFT� TUSVDUVSF� 'JOBMMZ POF TIPVME CF BXBSF UIBU UIF (ģĒĤġ DPNQVUFS QBDLBHF POMZ VTFT
UIF 'PSUSBO QSPHSBNNJOH MBOHVBHF XJUI JUT PSJHJOBM GFBUVSFT� *O UIF GVUVSF (ģĒĤġ EFWFM�
PQFST NJHIU UBLF BEWBOUBHF PG UIF GVMM FċDJFODZ PG NPEFSO DPNQVUJOH MBOHVBHFT BT JU JT
BMSFBEZ JO QSFQBSBUJPO XJUI UIF SFDFOU PCKFDU PSJFOUFE UFTUT <��> PS UIF SFDFOU SFMFBTF PG UIF
+FOB "UPNJD $BMDVMBUPS 	+"$
 JNQMFNFOUFE JO +VMJB <���>�

*O UIF GPMMPXJOH XF XJMM EFUBJM TPNF PG (ģĒĤġ�T TQFDJBM GFBUVSFT BOE NBJO OVNFSJDBM NFUI�
PET� 8F XJMM BMTP QSPWJEF UIF SFBEFS XJUI UIF CBTJD XPSLnPX PG UIF QSPHSBNT BMPOH XJUI
UIFJS OBNFT TP UIBU UIF EFUBJMT PG UIF DBMDVMBUJPOT HJWFO JO UIF GPMMPXJOH XJMM CF VOEFSTUPPE�

ɧF HSJE

ɨF EFUFSNJOBUJPO PG UIF Pnκ(r) BOE Qnκ(r) SBEJBM DPNQPOFOUT PG UIF POF�FMFDUSPO PS�
CJUBMT 	TFF &R� 	����

 JT QFSGPSNFE CZ TPMWJOH OVNFSJDBMMZ UIF .$%)' FRVBUJPOT 	TFF
4FD� �����
 CBTFE PO UIF 4$' QSPDFEVSF� ɨF NPTU CBTJD DPOTUJUVFOU PG UIF OVNFSJDBM
NFUIPE JT UIFSFGPSF UP EFDJEF PO B SFQSFTFOUBUJPO PG UIF SBEJBM PSCJUBMT� *O (ģĒĤġ UIF MBUUFS
BSF EFTDSJCFE PO B SBEJBM HSJE TQBOOJOH UIF SBOHF [0,+∞[� ɨJT JT IPXFWFS OPU UIF POMZ
QPTTJCJMJUZ BOE XF XJMM EJTDVTT MBUFS JO $IBQUFS � PUIFS PQUJPOT�

ɨF HSJE NVTU UIFO CF DIPTFO TP UIBU JU BMMPXT BO BDDVSBUF EFTDSJQUJPO PG UIF SBEJBM PSCJUBMT�
4JODF XF BMSFBEZ LOPX UIBU UIFJS CFIBWJPVS GPS r → ∞ JT B EFDSFBTJOH FYQPOFOUJBM FN�
QIBTJT JT HJWFO PO UIF JOOFS QBSU PG UIF SBEJBM PSCJUBMT CZ EFmOJOH UIF GPMMPXJOH FYQPOFOUJBM
HSJE

Zr = c0(exp[t]− 1) ti = ih, i = 0, . . . , N , 	�����


XIFSF c0 = 2.6 × 10−6 BOE UIF FYQPOFOUJBM TUFQ h = 0.05 CZ EFGBVMU� /PUF UIBU UIF

��



HSJE QPJOUT {ti} BSF UIF TBNF GPS BMM FMFNFOUT BOE BMUIPVHI UIF mSTU OPO�[FSP HSJE QPJOU JT
BMXBZT t1 = 0.05 UIF NBQQJOH UP r1 =

c0
Z (exp[0.05]− 1) TVHHFTUT UIBU UIF MBUUFS JT DMPTFS

UP UIF PSJHJO GPS IFBWJFS FMFNFOUT� ɨF VTF PG BO FYQPOFOUJBM HSJE UIFSFGPSF MFBET UP B IJHIFS
EFOTJUZ PG QPJOUT DMPTFS UP UIF PSJHJO UIBO UPXBSE JOmOJUZ XIJDI JT XIBU JT OFFEFE GPS UIF
EFTDSJQUJPO PG SBEJBM PSCJUBMT� *O UIFJS SFDFOU QBQFS 'SPFTF 'JTDIFS BOE 4FODIVL TIPXFE
UIBU UIF VTF PG B DPNQMFUFMZ FYQPOFOUJBM HSJE TVDI UIBU

Zr = c0 exp[t] 	�����


DPVME CF BO BMUFSOBUJWF UP UPEBZ�T HSJE <��>�

ɧF OVDMFVT

ɨF EFTDSJQUJPO PG UIF OVDMFVT JT BMTP B LFZ GFBUVSF JO BUPNJD TUSVDUVSF DBMDVMBUJPOT FTQF�
DJBMMZ XIFO DPOTJEFSJOH IFBWZ TZTUFNT� 'PS MJHIU FMFNFOUT UIF QPJOU�MJLF BQQSPYJNBUJPO
PG UIF OVDMFVT NJHIU CF BEFRVBUF EFQFOEJOH PO UIF UBSHFUFE BUPNJD QSPQFSUJFT� *OEFFE
BUPNJD QSPQFSUJFT UIBU BSJTF GSPN UIF JOUFSBDUJPO CFUXFFO UIF FMFDUSPO DMPVE BOE UIF OV�
DMFVT SFRVJSF BEEJUJPOBM DBSF JO UIF NBUIFNBUJDBM EFTDSJQUJPO PG UIF OVDMFVT� 1SFTFOUMZ JO
(ģĒĤġ UIF DPNNPO VTF JT UP EFmOF UIF OVDMFBS DIBSHF EJTUSJCVUJPO BT B 'FSNJ EJTUSJCVUJPO

ρA =
ρA0

1 + exp
(
r−c
a

) , 	�����


JO XIJDI ρA0 JT B OPSNBMJ[BUJPO DPOTUBOU TP UIBU

Z =

∫ ∞

0
4πr2ρAdr . 	�����


c JT UIF iIBMG�EFOTJUZ SBEJVTw BOE a UIF EJĊVTFOFTT JT SFMBUFE UP UIF iTLJO UIJDLOFTTw t CZ
t/a = 4 ln 3 <���>� #Z EFGBVMU UIF TLJO UIJDLOFTT JT TFU VQ UP t = 2.3 GN XIJMF c EFQFOET
PO UIF DIPJDF PG UIF OVDMFBS NFBO TRVBSF SBEJVT� 3FDFOUMZ UIF QPTTJCJMJUZ UP SFBE B OVDMFBS
DIBSHF EJTUSJCVUJPO PO mMF XBT BEEFE BMMPXJOH B NPSF SFBMJTUJD EFTDSJQUJPO PG UIF OVDMFVT�
ɨF OVDMFBS DIBSHF EJTUSJCVUJPO JT UIFO VTFE UP F�H� CVJME UIF OVDMFBS QPUFOUJBM Vnuc�

/VNFSJDBM NFUIPET

5XP NBJO OVNFSJDBM NFUIPET BSF FNQMPZFE JO (ģĒĤġ� mOJUF EJĊFSFODF NFUIPET <���>
BOE UIF %BWJETPO EJBHPOBMJ[BUJPO BMHPSJUIN <���>� ɨF GPSNFS BSF VTFE UP TPMWF UIF SBEJBM
JOUFHSP�EJĊFSFOUJBM .$%)' FRVBUJPOT XIJMF UIF MBUUFS JT FNQMPZFE UP EJBHPOBMJ[F UIF 3$*
NBUSJY� ɨF DIPJDF PG B QBSUJDVMBS NFUIPE BNPOH mOJUF EJĊFSFODF NFUIPET EFQFOET PO UIF
OVNCFS PG OFJHICPVSJOH QPJOUT VTFE UP BQQSPYJNBUF EFSJWBUJWFT BOE JOUFHSBMT XIJDI XJMM

��



JOnVFODF UIF mOBM BDDVSBDZ BT UIF SFTVMUT 	TFF 3FG� <��>
� ɨF %BWJETPO BMHPSJUIN JT DSVDJBM
UP TQFFE�VQ UIF 3$* DBMDVMBUJPOT GPS XIJDI UIF OVNCFS PG $4'T DBO SFBDI NJMMJPOT QFS
TZNNFUSZ (J,π)� 0OF PG JUT NBJO BEWBOUBHFT JT UIF QPTTJCJMJUZ UP DPNQVUF POMZ UBSHFUFE
FJHFOWBMVFT QSFWFOUJOH UP EJBHPOBMJ[F UIF GVMM NBUSJY�

����� $PNQVUBUJPOBM TUSBUFHJFT

ɨF (ģĒĤġ DPNQVUFS QBDLBHF QSPWJEFT UIF QSPHSBNT UP QFSGPSN BUPNJD TUSVDUVSF DBMDVMB�
UJPOT PO BOZ BUPNJD TZTUFN GSPN OFVUSBM BUPNT UP IJHIMZ JPOJ[FE TZTUFNT JODMVEJOH OFHB�
UJWF JPOT� )PXFWFS FWFO UIPVHI UIF DIBJO PG QSPHSBNT EPFT OPU WBSZ NVDI CFUXFFO UXP
DBMDVMBUJPOT UIF DPNQVUBUJPOBM TUSBUFHJFT DBO CF ESBTUJDBMMZ EJĊFSFOU VQPO UIF TZTUFN BOE
QSPQFSUZ DPOTJEFSFE� 8F IFSFCZ EFmOF VTFGVM DPODFQUT UP EJTDVTT DPNQVUBUJPOBM TUSBUFHJFT
BOE FBTF UIF VOEFSTUBOEJOH PG PVS TDJFOUJmD QBQFST�

1SPHSBNT XPSLnPX

ɨF TUFQT PG B DBMDVMBUJPO BSF HJWFO JO (ģĒĤġ�T NBOVBM 	TFF F�H� 'JH� ���
� ɨFZ BSF TVN�
NBSJ[FE BT GPMMPXT XJUI UIF OBNF PG UIF DPSSFTQPOEJOH QSPHSBN JO QBSFOUIFTJT

�� (FOFSBUF UIF OVDMFBS EBUB TFU 	BUPNJD OVNCFS NBTT OVNCFS FUD�
� 	ģğĦĔĝĖĦĤ


�� (FOFSBUF UIF MJTU PG $4'T GPS UIF "4' FYQBOTJPO� 	ģĔĤėĘĖğĖģĒĥĖ


�� 1FSGPSN UIF BOHVMBS JOUFHSBUJPO� 	ģĒğĘĦĝĒģ


�� (FOFSBUF JOJUJBM FTUJNBUFT GPS BMM SBEJBM PSCJUBMT� 	ģĨėğĖĤĥĚĞĒĥĖ


�� 4PMWF UIF .$%)' FRVBUJPOT JO UIF 4$' QSPDFEVSF UP PCUBJO SBEJBM PSCJUBMT BOE
FOFSHZ QBSBNFUFST� 	ģĞĔĕęė


�� 1FSGPSN 3$* DBMDVMBUJPOT UP JODMVEF IJHIFS�PSEFS FĊFDUT� 	ģĔĚ


ɨFTF GPSN UIF TJNQMFTU TVDDFTTJPO PG BDUJPOT UIBU DPVME CF EPOF� )PXFWFS BT XF XJMM TFF
TNBMM DIBOHFT NJHIU PDDVS UP VTF NPSF TVCUMF DPNQVUBUJPOBM TUSBUFHJFT� ɨF NPSF DPNQV�
UBUJPOBMMZ EFNBOEJOH QSPHSBNT TVDI BT ģĒğĘĦĝĒģ ģĞĔĕęė BOE ģĔĚ BSF BMTP BWBJMBCMF JO
QBSBMMFMJ[FE WFSTJPO VTJOH 0QFO.1*�

��



&MFDUSPO DPSSFMBUJPO

ɨF "4'T 	����
 BSF FYQBOEFE PWFS B TFU PG CBTJT GVODUJPOT UIF $4'T� 4UBSUJOH GSPN UIF
UBSHFUFE DPOmHVSBUJPOT UIF $4'T BSF HFOFSBUFE CZ BMMPXJOH FMFDUSPO TVCTUJUVUJPOT GSPN
UIF TQFDUSPTDPQJD PDDVQJFE PSCJUBMT UP B TFU PG DPSSFMBUJPO PSCJUBMT� ɨF SVMFT UP HFOFSBUF UIF
$4'T UISPVHI FMFDUSPO TVCTUJUVUJPOT BSF FTUBCMJTIFE JO B TZTUFNBUJD GBTIJPO� ɨF EJċDVMUZ
JT UIBU UIF RVBMJUZ PG UIF $4' TQBDF PUIFSXJTF LOPXO BT UIF BDUJWF TQBDF EFQFOET PO 	J
 UIF
TZTUFN PG JOUFSFTU 	JJ
 UIF BUPNJD QSPQFSUZ PG JOUFSFTU BOE 	JJJ
 UIF TJ[F PG UIF DBMDVMBUJPOT�
ɨF $4' FYQBOTJPO XJUI NCSF > 1 XBT JOUSPEVDFE JO TFDUJPO ��� UP HP CFZPOE UIF %)'
BQQSPYJNBUJPO BOE IFODF JODMVEF TPNF DPSSFMBUJPO JO UIF FMFDUSPOT� NPWFNFOU� ɨF MBUUFS
JT DPNQPTFE PG UXP DPOUSJCVUJPOT BSJTJOH GSPN EJĊFSFOU PSJHJOT DBMMFE UIF TUBUJD DPSSFMBUJPO
BOE UIF EZOBNJD DPSSFMBUJPO <�� ���>�

4UBUJD DPSSFMBUJPO PUIFSXJTF LOPXO BT OPOEZOBNJDBM DPSSFMBUJPO JT NBJOMZ EVF UP UIF OFBS
EFHFOFSBDJFT PG UIF 	%
)' PSCJUBMT J�F� JU JT IJHIMZ EFQFOEFOU POZ Ne BOE UIF TZNNFUSZ
BOE JT UIFSFGPSF SFMBUFE UP B MPOH�SBOHF SFBSSBOHFNFOU PG UIF FMFDUSPO DIBSHF EJTUSJCVUJPO�
" SFMBUJWFMZ TNBMM TVCTFU PG DPOmHVSBUJPOT JT CFMJFWFE UP CF FOPVHI UP DBQUVSF NPTU PG UIF
TUBUJD DPSSFMBUJPO� ɨJT TFU GPSNT XIBU JT LOPXO BT UIF NVMUJSFGFSFODF 	.3
 TQBDF� ɨF
DIPJDF PG UIF .3 JT UIFSFGPSF POF PG UIF WFSZ mSTU TUFQT JO BOZ PG PVS DBMDVMBUJPOT BT JU JT
HFOFSBM BDLOPXMFEHFE UIBU UIF .3 HFOFSBUFT UIF $4'T XJUI UIF MBSHFTU FYQBOTJPO DPFċ�
DJFOUT� )PXFWFS UIF TJ[F PG UIF .3 BMTP IBT B ESBNBUJD JOnVFODF PO UIF TJ[F PG UIF mOBM
DBMDVMBUJPOT BT UIF FMFDUSPO TVCTUJUVUJPOT BSF BMMPXFE OPU POMZ GSPN UIF UBSHFUFE DPOmHVSB�
UJPO 	PS TJOHMFSFGFSFODF 	43

 CVU GSPN UIF XIPMF HSPVQ PG DPOmHVSBUJPOT CFMPOHJOH UP UIF
.3� 0OF NVTU UIFO TFFL GPS B CBMBODF CFUXFFO UIF OVNFSJDBM BDDVSBDZ BOE UIF DPNQV�
UBUJPOBM SFTPVSDFT� MJNJUT� ɨF DIPJDF PG UIF .3 JT HVJEFE CZ UIF VTFGVM DPODFQU PG -BZ[FS
DPNQMFYFT XIJDI BSJTF OBUVSBMMZ XIFO BOBMZ[JOH UIF )BNJMUPOJBO FJHFOWBMVF XJUI B QFSUVS�
CBUJWF FYQBOTJPO CBTFE PO Z <���>� *O UIF OPO�SFMBUJWJTUJD UIFPSZ DPNQMFYFT EFmOF TFUT PG
DPOmHVSBUJPOT XJUI UIF TBNF TFU PG QSJODJQBM OVNCFST BOE TBNF QBSJUZ� *OEFFE BDDPSEJOH
UP UIF IZESPHFOJD NPEFM UIF FOFSHZ PG B HJWFO DPOmHVSBUJPO JT TJNQMZ

∑
n = −Z2/2n2

XIFSF UIF TVN SVOT PWFS UIF QSJODJQBM RVBOUVN OVNCFST PG BMM PDDVQJFE PSCJUBMT� *O UIBU
BQQSPYJNBUJPO UIF DPOmHVSBUJPOT 1s22s2 BOE 1s22p2 QPTTFTT UIF TBNF UPUBM FOFSHZ� UIFZ
CFMPOH UP UIF DPNQMFY EFOPUFE CZ {1222}� -BZ[FS MBUFS FYUFOEFE IJT PXO XPSL UP UIF
SFMBUJWJTUJD UIFPSZ <���> VMUJNBUFMZ EFNPOTUSBUJOH UIBU UIF DPOmHVSBUJPO JOUFSBDUJPO CF�
UXFFO DPOmHVSBUJPOT XJUIJO B DPNQMFY JT UIF EPNJOBOU DPOUSJCVUJPO UP UIF %)' FOFSHJFT�
#FDBVTF (ģĒĤġ POMZ BMMPXT VT UP HFOFSBUF $4'T GPMMPXJOH OPO�SFMBUJWJTUJD OPUBUJPOT XF
XJMM PGUFO TFFL UIF DPNQMFY UIBU DPOUBJOT UIF UBSHFUFE OPO�SFMBUJWJTUJD DPOmHVSBUJPO 	����

XIJDI DBO CF XSJUUFO JO JUT NPTU HFOFSBM GPSN BT {nw̃1

1 nw̃2
2 . . . n

w̃m′
m′ }�

ɨF EZOBNJDBM DPSSFMBUJPO JT SFMBUFE UP UIF ADVTQ DPOEJUJPO� XIJDI EFSJWFT GSPN UIF TJOHV�
MBSJUJFT BSJTJOH GSPN UIF FMFDUSPO�FMFDUSPO SFQVMTJPO QPUFOUJBM 1/rij  BOE JT UIFSFGPSF DPO�

��



TJEFSFE BT B TIPSU�SBOHF FĊFDU <���>� ɨF TJOHVMBSJUJFT rij = 0 BSF OPU JTPMBUFE QPJOUT CVU
JOWPMWF IZQFSTVSGBDFT JO UIF FOUJSF TQBDF� ɨFTF TJOHVMBSJUJFT PDDVS BU QPJOUT UIBU IBWF UIF
IJHIFTU QSPCBCJMJUZ UP mOE B QBJS PG FMFDUSPOT� ɨF DPODFQU PG QBJS�DPSSFMBUJPO JT UIFSFGPSF
EFDJTJWF�

*U JT JOUFSFTUJOH GPS UIF VOEFSTUBOEJOH PG UIF TUBUJD BOE EZOBNJD DPSSFMBUJPOT JO UFSNT PG
UZQFT PG FMFDUSPO TVCTUJUVUJPOT PS HFOFSBUJPO PG FYDJUFE DPOmHVSBUJPOT UP UBLF BO BQQSPBDI
CBTFE PO Z�QFSUVSCBUJPO UIFPSZ <���>� "T XF BMSFBEZ EJTDVTTFE JU BMMPXT UIF EFmOJUJPO PG
UIF -BZ[FS DPNQMFYFT� *U JT BMTP BO FċDJFOU UPPM UP DBUFHPSJ[F DPSSFMBUJPO FĊFDUT XJUI SFTQFDU
UP UIF UZQF PG FMFDUSPO TVCTUJUVUJPOT� "DDPSEJOH UP 'SPFTF 'JTDIFS <��� §3.1> UIF DPOUFOU
PG UIF mSTU�PSEFS XBWF GVODUJPO JO OPO�SFMBUJWJTUJD Z�QFSUVSCBUJPO UIFPSZ DBO CF TFQBSBUFE
JOUP $4'T UIBU EJĊFS CZ POF PS UXP FMFDUSPOT GSPN UIPTF CFMPOHJOH UP UIF [FSP�PSEFS XBWF
GVODUJPO J�F� UIF MJOFBS DPNCJOBUJPO PG $4'T CFMPOHJOH UP UIF -BZ[FS DPNQMFY� ɨF $4'T
HFOFSBUFE CZ B TJOHMF FMFDUSPO TVCTUJUVUJPO BSF PG UISFF UZQFT 	J
 UIF DPVQMJOH TDIFNF TUBZT
UIF TBNF CVU POF QSJODJQBM RVBOUVN OVNCFS IBT DIBOHFE 	JJ
 POF QSJODJQBM RVBOUVN
OVNCFS BOE UIF DPVQMJOH TDIFNF IBWF DIBOHFE BOE 	JJJ
 POF BOHVMBS RVBOUVN OVNCFS IBT
DIBOHFE XIJDI JT UIFO BDDPNQBOJFE CZ B SFDPVQMJOH PG UIF SFNBJOJOH FMFDUSPOT� ɨFZ BSF
SFGFS UP BT SBEJBM DPSSFMBUJPO TQJO QPMBSJ[BUJPO BOE PSCJUBM QPMBSJ[BUJPO�

ɨF $4'T HFOFSBUFE CZ EPVCMF FMFDUSPO TVCTUJUVUJPOT DBO BMTP CF DMBTTJmFE <� §���>� $PO�
TJEFSJOH UIF TFUT PG PDDVQJFE PSCJUBMT {a, b, c, · · · } BOE DPSSFMBUJPO PSCJUBMT {x, x′, · · · }
UIFO UIF EPVCMF TVCTUJUVUJPOT ab → xx′ BSF DBUFHPSJ[FE BT SFQSFTFOUJOH WBMFODF�WBMFODF
	77
 DPSSFMBUJPO DPSF�WBMFODF 	$7
 DPSSFMBUJPO BOE DPSF�DPSF 	$$
 DPSSFMBUJPO JG a BOE b BSF
CPUI PVUFS FMFDUSPOT a JT BO PVUFS FMFDUSPO BOE b JT B DPSF FMFDUSPO PS a BOE b BSF DPSF
FMFDUSPOT SFTQFDUJWFMZ� ɨJT DMBTTJmDBUJPO PG DPSSFMBUJPO FĊFDUT CBTFE PO UIF UZQF PG FMFD�
USPO TVCTUJUVUJPOT XBT XJEFMZ VTFE JO PVS NBOVTDSJQUT BOE BSUJDMFT� ɨJT DMBTTJmDBUJPO SFMJFT
HSFBUMZ PO UIF EFmOJUJPO PG BO FMFDUSPOJD DPSF� 'PS MJHIU FMFNFOUT UIF FMFDUSPOJD DPSF JT
JEFOUJmFE CZ MPPLJOH BU UIF OPCMF HBT FMFNFOUT F�H� UIF 1s22s22p63s DPOmHVSBUJPO PG
TPEJVN JT TQMJU JOUP UIF 1s22s22p6 OFPO�MJLF DPSF BOE UIF WBMFODF 3s FMFDUSPO� ɨF PSCJUBMT
{1s, 2s, 2p} BSF UIFSFGPSF JEFOUJmFE BT DPSF PSCJUBMT� 'PS IFBWJFS TZTUFNT IPXFWFS UIF
DPSF NJHIU OPU CF VOBNCJHVPVTMZ EFmOFE BOE FYUSB DBSF NVTU CF UBLFO� 0OF NJHIU UIFO
DMBTTJGZ PSCJUBMT JO UISFF TVCTFUT J�F� JOBDUJWF DPSF BDUJWF DPSF BOE WBMFODF PSCJUBMT <��>� "
SFDFOU FYBNQMF JT UIF TUVEZ PG UIF $F2+ FOFSHJFT XIJDI MFE UP UIF JEFOUJmDBUJPO PG UIF 4d10
mMMFE TVCTIFMM BT UIF BDUJWF DPSF MFBWJOH F�H� 4s24p6 BT QBSU PG UIF JOBDUJWF DPSF <���>�

ɧF PSCJUBM CBTJT TFU

*O UIF .$%)' NFUIPE UIF TQFDUSPTDPQJD BOE DPSSFMBUJPO PSCJUBMT BSF PQUJNJ[FE UISPVHI
UIF WBSJBUJPOBM QSPDFTT J�F� UIFSF JT POF TFU PG JOUFHSP�EJĊFSFOUJBM FRVBUJPOT GPS FBDI PS�
CJUBM UIBU JT PDDVQJFE JO 	BU MFBTU
 POF $4'� $PNNPOMZ UIF TQFDUSPTDPQJD PSCJUBMT BSF PQ�
UJNJ[FE UPHFUIFS BOE UIFO GSP[FO GPS UIF SFTU PG UIF DBMDVMBUJPOT� ɨF DPSSFMBUJPO PSCJUBMT

��



BSF PQUJNJ[FE MBZFS�CZ�MBZFS 	-#-
 XIFSF B DPSSFMBUJPO MBZFS DPOUBJOT BU NPTU POF DPSSFMB�
UJPO PSCJUBM QFS TZNNFUSZ��� ɨF BDUJWF TFU 	"4
 PG PSCJUBMT JT EFmOFE BT UIF TFU PG PSCJUBMT
XIJDI BSF FJUIFS DPSSFMBUJPO PSCJUBMT PS TQFDUSPTDPQJD PSCJUBMT UIBU BSF JOWPMWFE JO UIF HFO�
FSBUJPO PG UIF BDUJWF TQBDF CZ FMFDUSPO TVCTUJUVUJPOT� 0SCJUBMT CFMPOHJOH UP UIF JOBDUJWF DPSF
BSF UIFSFGPSF FYDMVEFE GSPN UIF "4� 4QFDUSPTDPQJD BOE DPSSFMBUJPO PSCJUBMT BSF TPNFXIBU
PQUJNJ[FE EJĊFSFOUMZ TJODF UIF GPSNFS IBWF B TQFDJmFE OVNCFS PG OPEFT 	FYQFDUFE GSPN
UIF IZESPHFOJD POF�FMFDUSPO PSCJUBMT
 XIJMF UIF DPSSFMBUJPO PSCJUBMT BSF GSFF PG UIJT SFRVJSF�
NFOU� $PSSFMBUJPO PSCJUBMT BSF UIFSFGPSF EJĊFSFOU JO FTTFODF GSPN TQFDUSPTDPQJD PSCJUBMT�
UIFZ BSF TQBUJBMMZ MPDBMJ[FE EFQFOEJOH PO UIF TUSVDUVSF PG UIF FOFSHFUJDBMMZ JNQPSUBOU $4'T
	PS FRVJWBMFOUMZ FMFDUSPO TVCTUJUVUJPOT
� $POTJEFS GPS FYBNQMF EPVCMF TVCTUJUVUJPOT UIBU
BSF BMMPXFE POMZ GSPN UIF JOOFS DPSF TIFMM 1s2 UIF DPSSFTQPOEJOH DPSSFMBUJPO PSCJUBMT BSF
MPDBMJ[FE DMPTF UP UIF OVDMFVT� "O JMMVTUSBUJPO PG IPX UIF PSCJUBM MPDBMJ[BUJPO EFQFOET PO
UIF TUSVDUVSF PG UIF TVCTUJUVUJPOT JT FYQMJDJUMZ HJWFO JO 3FG� <���> JO XIJDI UIF BVUIPST
QFSGPSNFE UISFF EJĊFSFOU .$)' DBMDVMBUJPOT GPS UIF HSPVOE TUBUF PG #F� &BDI DBMDVMBUJPO
JODMVEFT POF DPSSFMBUJPO FĊFDU J�F� $$ $7 PS 77 DPSSFMBUJPO DPSSFTQPOEJOH JO UIF DBTF PG
UIF 1s22s2 HSPVOE DPOmHVSBUJPO PG #F UP UIF TVCTUJUVUJPOT 1s2 → xx′ 1s2s → xx′ BOE
2s2 → xx′ SFTQFDUJWFMZ� 'JH� � JO UIF TBNF QBQFS TIPXFE IPX UIF DPSSFMBUJPO PSCJUBMT BSF
TQBUJBMMZ MPDBMJ[FE EFQFOEJOH PO UZQF PG TVCTUJUVUJPOT UIBU JT JODMVEFE� ɨF PCTFSWFE EJĊFS�
FODFT NPUJWBUFE UIF EFWFMPQNFOU PG UIF QBSUJUJPOFE DPSSFMBUJPO GVODUJPO JOUFSBDUJPO 	1$'*

BQQSPBDI EFNPOTUSBUJOH UIF CFOFmUT PG EFTDSJCJOH FBDI DPSSFMBUJPO FĊFDU XJUI JUT PXO
XFMM�TVJUFE PSCJUBM CBTJT 	NPSF EJTDVTTJPOT PO UIF PSCJUBM CBTJT BSF QSFTFOUFE JO $IBQ� �
�

4ZTUFNBUJD DBMDVMBUJPOT

ɨF EJċDVMUZ XJUI MBSHF�TDBMF BUPNJD TUSVDUVSF DBMDVMBUJPOT JT UIBU FBDI TZTUFN DPOTJEFSFE
QPTTFTTFT JUT PXO TQFDJmDJUJFT� 4JODF UIFSF JT OP TJOHMF SFDJQF XF NVTU JOTUFBE FYQMPSF B OVN�
CFS PG DPSSFMBUJPO NPEFMT BOE UIFJS SFMBUJWF JNQPSUBODF� ɨF DBMDVMBUJPOT BSF QFSGPSNFE JO B
TZTUFNBUJD GBTIJPOFE TP UIBU UIF XF DBO FYQFDU UIF DBMDVMBUFE QSPQFSUJFT UP DPOWFSHF� *O UIFJS
XPSL #JFSPƵ FU BM� <���> EFmOF GPVS iEJNFOTJPOTw UIBU BSF TZTUFNBUJDBMMZ WBSJFE UP PCTFSWF
DPOWFSHFODF PG UIF UBSHFUFE BUPNJD QSPQFSUJFT� ɨFZ BSF 	�
 UIF TVCTUJUVUJPO NVMUJQMJDJUZ
J�F� TJOHMF 	4
 EPVCMF 	%
 USJQMF 	5
 RVBESVQMF 	2
 . . .  	�
 UIF OVNCFS PG PQFOFE DPSF
PSCJUBMT 	�
 UIF OVNCFS PG DPSSFMBUJPO MBZFST BOE 	�
 UIF NBYJNBM BOHVMBS RVBOUVN OVN�
CFS� " DBSFGVM TZTUFNBUJD JOWFTUJHBUJPO PG UIF EFQFOEFODF PG DPNQVUFE BUPNJD QSPQFSUJFT
JO FBDI PG UIFTF EJNFOTJPOT BMMPXT UP MJNJU UIF TJ[F PG UIF DBMDVMBUJPOT� &YUFOEJOH UIF DBM�
DVMBUJPOT JO POF 	PS NPSF
 PG UIFTF EJNFOTJPOT DBO BMTP CF VTFE UP FTUJNBUF DPNQVUBUJPOBM
VODFSUBJOUJFT BT UIFZ QSPCF UIF TFOTJUJWJUZ PG UIF DBMDVMBUFE QSPQFSUZ UP UIF DPNQVUBUJPOBM
NPEFM�

��/PUF UIBU UIF MBZFS�CZ�MBZFS PQUJNJ[BUJPO NFUIPE JT GPSDFE EVF UP OVNFSJDBM JOTUBCJMJUJFT BSJTJOH XIFO BMM
DPSSFMBUJPO PSCJUBMT BSF PQUJNJ[FE UPHFUIFS 	TFF "*
�

��





1BSU **

1SFTFOUBUJPO PG TDJFOUJmD NBOVTDSJQUT
BOE BSUJDMFT

��





$IBQUFS �

(SPVQ "� 0O UIF PSCJUBM CBTJT

*O UIJT $IBQUFS XF QSFTFOU UIF NBJO SFTVMUT PG UIF QBQFST "*o"7 UPHFUIFS JO XIJDI XF
GPDVT PO UIF JNQPSUBOU DIPJDF PG UIF PSCJUBM CBTJT JO BUPNJD TUSVDUVSF DBMDVMBUJPOT� 1BQFST
"* <���> BOE "*** BSF SFMBUFE UP UIF OBUVSBM PSCJUBMT BOE UIFJS DPOOFDUJPO XJUI UIF WBSJBUJPOBM
.$%)' PSCJUBMT� "** <���> TIPXT UIF JNQPSUBODF PG UIF PSCJUBMT JO .$%)' DBMDVMBUJPOT
BOE IPX UIFJS MPDBMJ[BUJPO JOnVFODF DBMDVMBUFE RVBOUJUJFT TVDI BT USBOTJUJPO SBUFT� 1BQFST
"*7 <���> BOE "7 <���> QSFTFOU UIF SFTVMUT PG PVS TUVEZ PG TUBUJD EJQPMF BOE RVBESVQPMF
QPMBSJ[BCJMJUJFT VTJOH B mOJUF CBTJT NFUIPE� ɨFTF MBTU UXP QBQFST BSF TPNFXIBU TFQBSBUF
GSPN UIF PUIFST CVU BSF JOUFSFTUJOH UP JMMVTUSBUF BMUFSOBUJWFT UP UIF .$%)' NFUIPE� 'J�
OBMMZ QBQFST "*** BOE "7 EFTDSJCF DPNQVUFS QSPHSBNT UIBU XFSF EFWFMPQFE JO DPOOFDUJPO
XJUI "* BOE "*7 SFTQFDUJWFMZ�

��� $PNQMFUF mOJUF CBTFT

*O 4FD� ����� XF EFmOFE IPX UIF (ģĒĤġ SBEJBM PSCJUBMT BSF QSPKFDUFE POUP BO FYQPOFOUJBM
HSJE BOE FYQMBJOFE UIBU DPVQMFE PG EJĊFSFOUJBM FRVBUJPOT BSF TPMWFE VTJOH TUBOEBSE mOJUF
EJĊFSFODF NFUIPET UP mOBMMZ PCUBJO POF TPMVUJPO GPS FBDI PSCJUBM JO UIF TFMG�DPOTJTUFOU mFME
QJDUVSF� )PXFWFS CFTJEFT UIJT OVNFSJDBM BQQSPBDI PUIFS PQUJPOT FYJTU DPOTJTUJOH NPTUMZ
JO FYQBOEJOH UIF SBEJBM PSCJUBMT PWFS B mOJUF BOE DPNQMFUF TFU PG GVODUJPOT

Pnκ(r) =

Nf∑

i=1

pnκi fi(r) 	���


��



BOE

Qnκ(r) =

N ′
f∑

i=1

qnκi f
′
i(r) , 	���


XIFSF UIF FYQBOTJPO DPFċDJFOUT {pnκi, qnκi} BSF UIF VOLOPXOT UP CF EFUFSNJOFE� .VMUJQMF
DIPJDFT BSF BWBJMBCMF GPS UIF CBTJT GVODUJPOT fi(r) BOE f ′

i(r) FBDI XJUI JUT PXO TQFDJmDJUJFT�
*O UIF GPMMPXJOH XF EJTDVTT UXP QPTTJCJMJUJFT POF JT UIF PSCJUBM CBTJT VTFE JO UIF -BHSBOHF�
NFTI NFUIPE 	4FD� �����
 BOE UIF PUIFS JT UIF #�TQMJOF PSCJUBM CBTJT 	4FD� �����
 XIJDI
BQQFBST BT UIF NPTU QSPNJTJOH WBSJBUJPOBM BMUFSOBUJWF UP mOJUF�EJĊFSFODF .$%)' NFUIPET�
0UIFS DIPJDFT PG mOJUF CBTFT FBDI XJUI UIFJS BEWBOUBHFT BOE EJTBEWBOUBHFT BSF EJTDVTTFE
JO F�H� 3FGT� <�� §�> PS <���>�

����� -BHSBOHF�NFTI NFUIPE PSCJUBM CBTJT

ɨF -BHSBOHF�NFTI NFUIPE 	-..
 FYQMPJUT UIF QSPQFSUJFT PG -BHSBOHF�-BHVFSSF GVOD�
UJPOT UP HFOFSBUF B CBTJT PG GVODUJPOT UIBU GPSN B DPNQMFUF PSUIPOPSNBM TFU 	GPS B SFWJFX
TFF <���>
� ɨFTF GVODUJPOT BSF BTTPDJBUFE UP B TFU PG NFTI QPJOUT TVDI UIBU FBDI CBTJT
GVODUJPO WBOJTIFT BU BMM NFTI QPJOUT FYDFQU POF

fi(xj) ∝ δij . 	���


ɨF DPNCJOBUJPO PG UIF BCPWF QSPQFSUZ XJUI UIF (BVTT RVBESBUVSF JOUFHSBUJPO NFUIPE PG
B GVODUJPO g(x)

∫ b

a
g(x)dx ≈

Nf∑

k=1

λkg(xk) , 	���


XIFSF UIF λk BOE xk BSF UIF BTTPDJBUFE XFJHIUT BOE NFTI QPJOUT SFTQFDUJWFMZ BMMPXT UP
FċDJFOUMZ FWBMVBUF JOUFHSBMT� "EEJUJPOBM DPOTJEFSBUJPOT BCPVU UIF NFTI QPJOUT UIF CBTJT
GVODUJPOT PS UIF (BVTT RVBESBUVSF DBO CF GPVOE FMTFXIFSF <��� ���>� ɨF NPTU JNQPSUBOU
GFBUVSF JT UIBU VOEFS TQFDJmD DPOEJUJPOT UIF (BVTT RVBESBUVSF QSPWJEFT UIF FYBDU TPMVUJPO
UP UIF JOUFHSBM BOE OPU BO BQQSPYJNBUJPO PG JU�

ɨF -.. XBT TIPXO UP CF QBSUJDVMBSMZ FĊFDUJWF UP TPMWF OPO�SFMBUJWJTUJD RVBOUVN NF�
DIBOJDBM QSPCMFNT <���> JODMVEJOH UISFF�CPEZ TZTUFNT <��� ��� ���>� 'VSUIFS XPSL
JO UIF OPO�SFMBUJWJTUJD DPOUFYU TIPXFE UIBU UIF -.. DPVME CF VTFE UP DPNQVUF FYBDUMZ
UIF QPMBSJ[BCJMJUJFT PG UIF IZESPHFO�MJLF TZTUFNT <���> 	GPS B SFWJFX PO QPMBSJ[BCJMJUJFT TFF
F�H� 3FG� <���>
� -BUFS UIF TBNF NFUIPE XBT BQQMJFE TVDDFTTGVMMZ UP UIF POF�FMFDUSPO %JSBD
FRVBUJPO <���> UIF DPSSFTQPOEJOH IZESPHFOJD QPMBSJ[BCJMJUJFT <���> BOE UIFO UP IZESPHFOJD
UXP�QIPUPO EFDBZ SBUFT <���>� ɨJT TFSJFT PG QBQFS XBT FYUFOEFE JO "*7 JO XIJDI XF DPN�
QVUFE QPMBSJ[BCJMJUJFT BOE UXP�QIPUPO EFDBZ SBUFT PG $B+ #B+ BOE 4S+ <���>� )PXFWFS
UIF QBTTBHF GSPN UIF POF�FMFDUSPO %JSBD FRVBUJPO UP UIF NBOZ�FMFDUSPO TZTUFNT SFRVJSFE

��



UIF EFmOJUJPO PG B TFNJFNQJSJDBM DPSF�QPMBSJ[BUJPO QPUFOUJBM UIBU VMUJNBUFMZ QFSNJUUFE UP
SFDPWFS B POF�FMFDUSPO %JSBD�MJLF FRVBUJPO GPS UIF TJOHMF WBMFODF FMFDUSPO� ɨF GPDVT PO
QPMBSJ[BCJMJUJFT BOE UXP�QIPUPO EFDBZ SBUFT JT SFMBUFE UP UIF FBTF PG UIF -.. UP JODMVEF
DPOUSJCVUJPOT GSPN UIF OFHBUJWF BOE QPTJUJWF DPOUJOVB� "T BO FYBNQMF UIF FYQSFTTJPO PG
UIF TUBUJD QPMBSJ[BCJMJUZ PG NVMUJQPMBSJUZ λ GPS B WBMFODF TUBUF v ≡ nvκv JT 	TFF &R� 	��
 JO
"*7


αS
λ(v)=

∑

κ′
v

2[j′v]

[λ]

(
j′v λ jv

−1/2 0 1/2

)2∑∫

n′
v

{
∫∞
0 [Pv(r)Pv′(r)+Qv(r)Qv′(r)]r̃λ dr}2

εv′ − εv
,

	���

JOWPMWFT B TVNNBUJPO PG BMM EJTDSFUF CPVOE TUBUFT BOE BO JOUFHSBUJPO PWFS CPUI DPOUJOVB
BT SFQSFTFOUFE CZ UIF TZNCPM ∑

∫
� 8F MFBWF UIF EFmOJUJPOT PG UIF OPUBUJPOT UP "*7 GPDVTJOH

PO UIF TVN�JOUFHSBUJPO SFRVJSFNFOU�

#FDBVTF UIF BUPNJD TZTUFN XJUI B TJOHMF WBMFODF FMFDUSPO DBO CF EFTDSJCFE BT B DMPTFE�TIFMM
DPSF QMVT B WBMFODF FMFDUSPO JG POF BTTVNFT UIBU UIF DPSF PSCJUBMT BSF LOPXO UIF QSPCMFN
UP TPMWF SFTVNFT UP

HDHFCP φv = εv φv , 	���


XIFSF HDHFCP JT UIF %JSBD�$PVMPNC�QMVT�DPSF�QPUFOUJBM 	%)'$1
 )BNJMUPOJBO εv JT
UIF JOEJWJEVBM FOFSHZ PG UIF WBMFODF PSCJUBM BOE φv = (Pv(r) Qv(r))

T � *OTFSUJOH UIF
FYQBOTJPOT 	���
 BOE 	���
 XIJDI BSF CBTFE PO UIF TBNF CBTJT GVODUJPOT fi(r) = f ′

i(r) BOE
IBWF UIF TBNF EJNFOTJPO Nf = N ′

f  JO 	���
 XF IBWF

HDHFCP pv = εv pv , 	���


XIFSF HDHFCP JT B 2Nf × 2Nf TRVBSF NBUSJY XJUI NBUSJY FMFNFOUT HDHFCP(i, j) =∫∞
0 fi(r)HDHFCPfj(r)dr BOE pv = (pv1, pv2, . . . , pvNf , qv1, qv2, . . . , qvNf )

T � ɨF EJ�
BHPOBMJ[BUJPO PG HDHFCP SFUVSOT 2Nf FJHFOWBMVFT BOE FJHFOWFDUPST� ɨF FJHFOWBMVFT DPS�
SFTQPOE UP UIF JOEJWJEVBM FOFSHJFT BOE DPOTJTU PG UIF GPMMPXJOH TQFDUSVN

Ev = (ε1v, . . . , ε
Nf
v , ε

Nf+1
v , . . . , ε

2Nf
v ) , 	���


PSEFSFE CZ JODSFBTJOH WBMVFT� 5P FBDI FOFSHZ εiv JT BTTPDJBUFE BO FJHFOWFDUPS pi
v� ɨF TQFD�

USVN Ev DBO CF TFQBSBUFE JO UISFF TVCTFUT� C− = {ε1v, . . . , ε
Nf
v }B = {εNf+1

v , . . . , ε
Nf+k
v }

BOE C+ = {εNf+k+1
v . . . ε

2Nf
v } XIFSF k JT BO JOUFHFS TNBMMFS UIBO Nf � ɨFZ EFmOF UIF

GPMMPXJOH FOFSHZ JOUFSWBMT

∀εiv ∈ C−; εiv ≤ −2c2 (i = 1, . . . , Nf ) , 	���

∀εiv ∈ B; −2c2 ≤ εiv ≤ 0 (i = Nf + 1, . . . , Nf + k) , 	����

∀εiv ∈ C+; εiv ≥ 0 (i = Nf + k + 1, . . . , 2Nf ) . 	����


��



"NPOH UIFTF 2Nf TUBUFT POMZ UIF UBSHFUFE TUBUF JT AQIZTJDBM� BOE JUT FOFSHZ CFMPOHT UP B�
ɨF SFNBJOJOH k − 1 FOFSHJFT PG B BSF BTTPDJBUFE UP AVOQIZTJDBM� TUBUFT UIBU TJNVMBUF UIF
CPVOE�TUBUF TQFDUSVN� 4JNJMBSMZ TUBUFT XJUI FOFSHJFT CFMPOHJOH UP C− BOE C+ BSF BMTP
VOQIZTJDBM BOE BSF PGUFO SFGFSSFE UP BT QTFVEP�TUBUFT� UIFZ TJNVMBUF UIF OFHBUJWF BOE QPTJUJWF
FOFSHZ DPOUJOVVN SFTQFDUJWFMZ� ɨBOLT UP UIF EJTDSFUJ[BUJPO PG UIF FOFSHZ TQFDUSVN BOE
UIF DPNQMFUFOFTT QSPQFSUZ PG UIF CBTJT TVN�JOUFHSBMT TVDI BT UIF POF JO &R� 	���
 SFEVDF
UP B TJNQMF TVN PWFS UIF 2Nf EJTDSFUF 	QTFVEP�
TUBUFT�

ɨF DSVDJBM BTQFDU UP IJHIMJHIU IFSF JT UIF QPTTJCJMJUZ UP EFTDSJCF DPOUJOVVN XBWF GVODUJPOT
FBTJMZ XIJDI BMMPXT UP JODMVEF UIFJS DPOUSJCVUJPOT UP QPMBSJ[BCJMJUJFT UXP�QIPUPO USBOTJ�
UJPO SBUFT FMFDUSJD EJQPMF NPNFOUT FUD�� ɨF EFUFSNJOBUJPO PG UIFTF RVBOUJUJFT VTJOH UIF
.$%)' NFUIPE JT NPSF EFNBOEJOH� *U SFRVJSFT UP HFOFSBUF DPOUJOVVN XBWF GVODUJPOT
CZ FYUSBQPMBUJOH 3ZECFSH TFSJFT BCPWF UIF JPOJ[BUJPO MJNJU FOGPSDJOH B TNPPUI DIBOHF CF�
UXFFO UIF CPVOE BOE GSFF XBWF GVODUJPOT 	TFF F�H� <���>
�

)PXFWFS UIF -.. NFUIPE XBT POMZ TVDDFTTGVMMZ BQQMJFE JO UIF GVMMZ SFMBUJWJTUJD DPOUFYU
UP OPNJOBM POF�FMFDUSPO TZTUFNT� 6Q UP OPX JU GBJMT UP TPMWF TZTUFNT XJUI UXP PS NPSF
FMFDUSPOT� ɨF VTF PG QFSJNFUSJD DPPSEJOBUFT JO UIF OPO�SFMBUJWJTUJD DBMDVMBUJPOT DJSDVN�
WFOU TPNF PG UIF EJċDVMUJFT BOE QFSNJU UP TPMWF UIF 4DISÚEJOHFS FRVBUJPO GPS BUPNJD BOE
NPMFDVMBS TZTUFNT TVDI BT )F )− PS )+

2 <���>� /PUIJOH TJNJMBS JT ZFU EFWFMPQFE GPS UIF
%JSBD�$PVMPNC FRVBUJPO XIJDI JT XIZ UIF QSFTFOU NFUIPE SFMJFT PO UIF VTF PG B TFNJFN�
QJSJDBM DPSF QPUFOUJBM� ɨF MBUUFS XBT UIFPSFUJDBMMZ EFSJWFE CZ DPOTJEFSJOH UIF QPMBSJ[BUJPO PG
UIF DPSF CZ UIF FMFDUSJD mFME PG UIF WBMFODF FMFDUSPO XIJDI UIFO BDRVJSFT BO JOEVDFE EJQPMF
NPNFOU QSPQPSUJPOBM UP UIF DPSF QPMBSJ[BCJMJUZ α1(core) <��� ��� ��� ���>

VCP(r) = −α1(core)

2r4
[
1− exp

(
−r6/ρ6κ

)]
	����


XIFSF ρκ JT UIF DVU�PĊ TFNJFNQJSJDBM QBSBNFUFS 	TFF "*7 BOE "7 GPS EFUBJMT
�

����� #�TQMJOFT

ɨF #�TQMJOF CBTJT GVODUJPOT IBWF QSPCBCMZ CFDPNF JO UIF QBTU EFDBEFT UIF NPTU QPQVMBS
WBSJBUJPOBM BMUFSOBUJWF UP UIF mOJUF�EJĊFSFODF .$%)' NFUIPE JO BUPNJD QIZTJDT CVU BMTP
BOE NPTUMZ JO NPMFDVMBS QIZTJDT 	GPS B SFWJFX TFF F�H� <��� ���> BOE SFGFSFODFT UIFSFJO
�
ɨF IJHI BDDVSBDZ PCUBJOFE GSPN mOJUF�EJĊFSFODF NFUIPET BT JOUSPEVDFE CZ )BSUSFF JO
BUPNJD QIZTJDT DBO CF FYQMBJOFE CZ UIF TQIFSJDBM TZNNFUSZ PG UIF QSPCMFN UIBU BMMPXT B
DMFBO TFQBSBUJPO PG UIF BOHVMBS BOE SBEJBM WBSJBCMFT XIJDI JT OPU UIF DBTF GPS NPMFDVMBS
QIZTJDT XIJDI UIFO EFWFMPQFE mOJUF CBTJT TFU NFUIPET GBTUFS� #BDIBV FU BM� <���> BSHVFE
UIBU UIF mOJUF CBTJT IBT UP CF ADPNQMFUF FOPVHI� TP UIBU JU CFDPNFT DPNQFUJUJWF XJUI UIF
mOJUF�EJĊFSFODF NFUIPET� #�TQMJOFT NFU UIJT DSJUFSJB XJUI POMZ B GFX CBTJT GVODUJPOT XIJDI
FYQMBJOT UIFJS QPQVMBSJUZ� 'VSUIFSNPSF UIF IJHI nFYJCJMJUZ PG UIF #�TQMJOF GVODUJPOT BMMPXT

��



UP HFOFSBUF UIF HSJE QPJOUT UP EFTDSJCF CPVOE TUBUFT BOE DPOUJOVVN TUBUFT J�F� IBWJOH HSJE
QPJOUT GBS BXBZ GSPN UIF OVDMFVT� 'JOBMMZ UIF OVNCFS PG #�TQMJOF GVODUJPOT DBO CF MBSHF
XJUIPVU BOZ DPNQMJDBUJPOT GSPN MJOFBS EFQFOEFODFT <���>� /VNFSPVT BQQMJDBUJPOT PG #�
TQMJOF JO BUPNJD QIZTJDT DBO CF GPVOE JO F�H� 3FGT� <��� ��� ��� ��� ��� ��� ���>�

$POUSBSJMZ UP UIF -BHSBOHF�-BHVFSSF GVODUJPOT XIJDI BSF EFmOFE PWFS UIF [0,+∞[ SBOHF
#�TQMJOFT BSF QJFDF�XJTF QPMZOPNJBM GVODUJPOT EFmOFE PWFS mOJUF JOUFSWBMT [a, b]� ɨFTF
JOUFSWBMT BSF EFUFSNJOFE BDDPSEJOH UP B TFRVFODF PG HSJE QPJOUT PS LOPU TFRVFODF [ti], i =
1, 2, . . . , n <���>� #�TQMJOFT PG PSEFS k BSF UIFO EFmOFE SFDVSTJWFMZ GSPN UIF #�TQMJOFT
Bi,k−1(r) BOE Bi+1,k−1(r) BT

Bi,k(r) =
x− ti

ti+k − ti
Bi,k−1(r) +

ti+k+1 − x

ti+k+1 − ti+1
Bi+1,k−1(x) , 	����


XJUI UIF #�TQMJOFT PG PSEFS � EFmOFE BT

Bi,1(r) =

{
1, ti ≤ r ≤ ti+1

0, PUIFSXJTF
. 	����


&BDI Bi,k JT UIFSFGPSF EFmOFE PWFS k JOUFSWBMT HFOFSBUFE GSPN k + 1 LOPUT� ɨF nFYJCJMJUZ
PG UIF #�TQMJOFT GVODUJPOT MJFT JO UIF OVNFSPVT QPTTJCJMJUJFT PG HSJE QPJOU TFRVFODFT� ;BU�
TBSJOOZ BOE 'SPFTF 'JTDIFS <���> JMMVTUSBUF UIBU nFYJCJMJUZ CZ DIPPTJOH B HSJE UIBU XPVME CF
MJOFBS XJUI TUFQ hi DMPTF UP UIF OVDMFVT FYQPOFOUJBM XJUI TUFQ 1 + he JO UIF NJEEMF SBOHF
BOE UIFO BHBJO MJOFBS XJUI BOPUIFS TUFQ hmax GVSUIFS GSPN UIF OVDMFVT� 0OF DPVME UIFO
UVOF UIF HSJE QBSBNFUFST UP PCUBJO B DPNQMFUFMZ MPHBSJUINJD HSJE PS BO FRVBMMZ�TQBDFE HSJE
JOTUFBE PG UIF EFGBVMU TFNJ�MPHBSJUINJD HSJE� %FQFOEJOH PO UIF BQQMJDBUJPO POF HSJE NJHIU
UIFO CF NPSF TVJUBCMF UIBO PUIFST�

#�TQMJOFT EFmOFE BT TVDI BSF UIFO VTFE UP FYQBOE UIF PSCJUBM CBTJT BT &RT� 	���
 BOE 	���

BT

Pnκ(r) =

np∑

i=1

pnκiBi,kp(r), Qnκ(r) =

nq∑

i=1

qnκiBi,kq(r) . 	����


/PUF UIBU UIF #�TQMJOFT PSEFST BSF EJĊFSFOU GPS UIF MBSHF BOE TNBMM DPNQPOFOU kp *= kq
BT TVHHFTUFE CZ ;BUTBSJOOZ BOE 'SPFTF 'JTDIFS <���> UP QSFWFOU UIF BQQBSJUJPO PG TQVSJPVT
TUBUFT 	GPS NPSF EFUBJMT BCPVU TQVSJPVT TUBUFT TFF F�H� 3FG� <��� ���>
� 4QVSJPVT TUBUFT JG
EFUFDUFE BSF IPXFWFS OFDFTTBSZ UP FOTVSF UIF DPNQMFUFOFTT PG UIF CBTJT <���>� 3FDFOUMZ
;BUTBSJOOZ BOE 'SPFTF 'JTDIFS <���> EFWFMPQFE UIF QSPHSBN %#43@)' UIBU TPMWFT UIF
%)' FRVBUJPOT VTJOH #�TQMJOFT FYQBOTJPOT� ɨJT BQQFBST UP CF EJSFDUMZ JO MJOF XJUI UIF
41)' QSPHSBN B OPO�SFMBUJWJTUJD QSPHSBN UP TPMWF UIF )' FRVBUJPOT <���>� 6MUJNBUFMZ
UIF %#43@)' QSPHSBN CVJMET BOE EJBHPOBMJ[FT POF SFMBUJWFMZ TNBMM NBUSJY GPS FBDI PSCJUBM
JO UIF 4$' QSPDFEVSF�

��



#BTFT PG #�TQMJOFT GVODUJPOT KVTU BT CBTFT PG -BHSBOHF�-BHVFSSF PG GVODUJPOT UBLF BEWBOUBHF
PG UIFJS DPNQMFUFOFTT QSPQFSUZ UP TJNVMBUF B DPNQMFUF FOFSHZ TQFDUSVN JODMVEJOH OFHBUJWF
	JO UIF SFMBUJWJTUJD GSBNFXPSL POMZ
 BOE QPTJUJWF DPOUJOVB BOE CPVOE TUBUFT� ɨFZ BSF UIFSF�
GPSF QBSUJDVMBSMZ FċDJFOU UP EFBM XJUI JOmOJUF TVNNBUJPOT� 4BQJSTUFJO BOE +PIOTPO <���>
JMMVTUSBUF UIJT QIFOPNFOPO CZ DPOTJEFSJOH UIF TFDPOE�PSEFS FOFSHZ DPSSFDUJPO GSPN QFS�
UVSCBUJPO UIFPSZ� 5BLJOH UIF FYBNQMF PG UIF TFDPOE�PSEFS 4UBSL FĊFDU PO IZESPHFO UIFZ
FYQMBJO IPX UIF JOmOJUF TVN PWFS BMM TUBUFT SFEVDFT UP B TVN PWFS UIF QTFVEPTQFDUSVN
DPNQPTFE PG B mOJUF OVNCFS PG TUBUFT� ɨF DPOUSJCVUJPO GSPN UIF JOmOJUF TVN DPVME CF
UBLFO JOUP BDDPVOU BOBMZUJDBMMZ CZ TPMWJOH B EJĊFSFOUJBM FRVBUJPO� )PXFWFS UIF UIJSE�PSEFS
FOFSHZ DPSSFDUJPO JODMVEFT NVMUJQMF JOmOJUF TVNT BOE IFODF B NVDI NPSF DPNQMJDBUFE EJG�
GFSFOUJBM FRVBUJPO UP TPMWF XIJMF UIF #�TQMJOFT BMMPX UP USFBU UIFTF JOmOJUF TVNT BT mOJUF�
0OMZ UIF DPNQVUBUJPOBM UJNF JODSFBTFT OPU UIF DPNQMFYJUZ�

'JOBMMZ CFDBVTF PG UIFJS IJHI nFYJCJMJUZ BOE QSBDUJDBM VTF #�TQMJOFT BSF WFSZ QPQVMBS UP
EFTDSJCF DPOUJOVVN QSPDFTTFT BOE DPMMJTJPOT� "O FYBNQMF JT UIF 4QMJOF�(BMFSLJO NFUIPE
UIBU XBT EFWFMPQFE JO B TFSJFT PG QBQFST JO UIF BVUPJPOJ[BUJPO DPOUFYU <��� ��� ��� ���>
JO DPOOFDUJPO XJUI UIF .$)'@"650 QSPHSBN <���> BO FYUFOTJPO PG UIF .$)' NFUIPE
EFWFMPQFE JO UIF "541 DPEFT� <���> BOE JUT FBSMJFS SFMFBTFT� "OPUIFS FYBNQMF JT UIF VTF PG #�
TQMJOFT JO 3�NBUSJY DBMDVMBUJPOT UP EFTDSJCF DPMMJTJPOT BT JNQMFNFOUFE JO UIF OPO�SFMBUJWJTUJD
HFOFSBM TVJUF PG DPEFT #43 	#�TQMJOFT 3�NBUSJY DPEF
 <���> BOE JUT SFMBUJWJTUJD DPVOUFSQBSU
%#43 VTFE JO F�H� <���> UIBU JT UIF PSJHJOBM QSPHSBN PO XIJDI JT CBTFE %#43@)'�

��� .$%)' PSCJUBMT

ɨF .$%)' PSCJUBM CBTJT JT VTVBMMZ PQUJNJ[FE JO UISFF NBJO TUFQT� 'JSTU UIF TQFDUSPTDPQJD
PSCJUBMT BSF HFOFSBUFE CZ TPMWJOH UIF %)' FRVBUJPOT PG UIF UBSHFUFE TUBUF� ɨFO UIF DPO�
mHVSBUJPO TQBDF JT FYUFOEFE UP UIF .3 BOE UIF DPSSFTQPOEJOH PSCJUBMT BSF PQUJNJ[FE 	PGUFO
UIF TQFDUSPTDPQJD PSCJUBMT BSF SF�PQUJNJ[FE
� 'JOBMMZ DPSSFMBUJPO PSCJUBMT BSF HFOFSBUFE CZ
JODSFBTJOH QSPHSFTTJWFMZ UIF $4' TQBDF� *O UIJT TFDUJPO XF EJTDVTT JNQPSUBOU QSPQFSUJFT PG
UIFTF PSCJUBMT BOE IPX UIF PQUJNJ[BUJPO TUSBUFHZ BĊFDUT UIF DPNQVUFE BUPNJD RVBOUJUJFT�

����� #SJMMPVJO�T UIFPSFN

#SJMMPVJO�T UIFPSFN JT B LFZ DPODFQU UP FYQMBJO UIF TVDDFTT PG UIF )' NFUIPE BOE JT PGUFO
QVU GPSXBSE BT UIF NBJO SFBTPO XIZ UIF SFTVMUT PCUBJOFE XJUI UIF ATJNQMF� )' NFUIPE BSF
SFBTPOBCMZ HPPE� 4JODF NPTU PG UIF MJUFSBUVSF PO UIF UPQJD JT EJTDVTTFE JO UIF OPO�SFMBUJWJTUJD

�"541 JT UIF .$)' BUPNJD�TUSVDUVSF QBDLBHF GPS MBSHF�TDBMF DBMDVMBUJPOT PGUFO SFGFSSFE UP BT UIF OPO�
SFMBUJWJTUJD DPVOUFSQBSU PG (ģĒĤġ�

��



DPOUFYU PG UIF )' BOE .$)' NFUIPE XF TIBMM EP UIF TBNF TJODF 'SPFTF 'JTDIFS FU BM�
BSHVFE UIBU #SJMMPVJO�T UIFPSFN EFWFMPQFE GPS UIF )' NFUIPE BMTP BQQMJFT UP UIF %)'
NFUIPE QSPWJEJOH NJOPS DPODFQUVBM DIBOHFT <��>�

#SJMMPVJO�T UIFPSFN JT JOUSJOTJDBMMZ SFMBUFE UP UIF WBSJBUJPOBM OBUVSF PG UIF )' TPMVUJPOT�
'PMMPXJOH UIF EFmOJUJPO HJWFO JO 3FG� <� §���> XF TUBSU CZ DPOTJEFSJOH UIF QFSUVSCBUJPO
nl → n′l PG BO PDDVQJFE PSCJUBM UIBU MFBWFT JOWBSJBOU UIF BOHVMBS DPVQMJOH TDIFNF� (JWFO
UIF 	OPO�SFMBUJWJTUJD
 $4' TPMVUJPO UP UIF )' FRVBUJPO ΦHF(γLS) BTTPDJBUFE XJUI m PD�
DVQJFE PSCJUBMT XJUI SBEJBM DPNQPOFOUTPHF(n1l1; r)PHF(n2l2; r), . . . , PHF(nmlm; r)
UIF QFSUVSCBUJPO JT VTVBMMZ XSJUUFO

P (nl; r) = PHF(nl; r) + εP (n′l; r) . 	����


1SPQBHBUJOH UIBU QFSUVSCBUJPO UP UIF )' $4' <��� ��� ���> MFBET VT UP

Φ(γLS) = ΦHF(γLS) + εF (nl → n′l) +O(ε2) , 	����


XIFSF UIF GVODUJPO F (nl → n′l) JT OPU BMXBZT B $4' BT XF XJMM EJTDVTT MBUFS� *O UVSO UIF
FOFSHZ GVODUJPOBM JT BMTP QFSUVSCFE BT

F
(
P (nl; r)

)
= F

(
PHF(nl; r)

)
+ 2ε 〈ΦHF(γLS)|HNR|F (nl → n′l)〉+O(ε2) ,

	����

XIFSF POMZ UIF NPEJmFE SBEJBM PSCJUBM JT FYQMJDJUMZ TIPXO BT B WBSJBCMF PG UIF FOFSHZ GVOD�
UJPOBM BOE HNR JT UIF OPO�SFMBUJWJTUJD 4DISÚEJOHFS )BNJMUPOJBO� #FDBVTF UIF )' FOFSHZ
GVODUJPOBM JT TUBUJPOBSZ UP mSTU PSEFS UP BOZ QFSUVSCBUJPO JU GPMMPXT UIBU

〈ΦHF(γLS)|HNR|F (nl → n′l)〉 = 0 , 	����


XIJDI JT LOPXO BT UIF #SJMMPVJO UIFPSFN� ɨF TUSVDUVSF PG F (nl → n′l) JT IPXFWFS DPN�
QMJDBUFE BOE POMZ JO TQFDJBM DBTFT JU JT B $4'� ɨFTF TQFDJBM DBTFT JODMVEF GPS FYBNQMF UIF
TJOHMF TVCTUJUVUJPOT GSPN DMPTFE�TIFMM TZTUFNT GPS XIJDI F (nl → n′l) JT B XFMM�EFmOFE
$4' BT EFTDSJCFE CZ #BVDIF BOE ,MBQJTDI <���>� "OPUIFS QSFTFOUFE DBTF JT UIF POF PG
BMLBMJ�MJLF TZTUFNT XIFSF TJOHMF TVCTUJUVUJPOT GSPN UIF PVUFSNPTU FMFDUSPO BSF DPOTJEFSFE�
" XFMM�LOPXO FYBNQMF JT UIF HSPVOE TUBUF PG MJUIJVN 1s22s 2S GPS XIJDI UIF #SJMMPVJO
UIFPSFN IPMET GPS BOZ $4' PG UIF GPSN 1s2ns 2S J�F�

〈ΦHF(1s22s 2S)|HNR|Φ(1s2ns 2S)〉 = 0 ∀n > 2 , 	����


XIFSF F (nl → n′l) JT TJNQMZ F (2s → ns) = Φ(1s2ns 2S)� *O UIF $* QJDUVSF UIFTF
WBOJTIJOH NBUSJY FMFNFOUT DPSSFTQPOE UP OPO�JOUFSBDUJOH $4'T BOE UIFSFGPSF UIF $4'T
Φ(1s2ns 2S) EP OPU DPOUSJCVUF UP MPXFS UIF FOFSHZ PG UIF HSPVOE TUBUF CZ EJBHPOBMJ[JOH
UIF JOUFSBDUJPO NBUSJY J�F� JU JT BMSFBEZ EJBHPOBM � " DPNNPO BSHVNFOU JT UP TBZ UIBU UIF )'
TPMVUJPO BMSFBEZ JODMVEFT TVDI $4'T XIJDI FYQMBJO JUT IJHI RVBMJUZ� 0OF TIPVME TJNQMZ CF

��



BXBSF UIBU JO NPSF HFOFSBM DBTFT F (nl → n′l) JT OPU B TJOHMF $4' CVU B MJOFBS DPNCJOBUJPO
PG $4'T XFJHIUFE CZ UIF BQQSPQSJBUF DPFċDJFOUT� "T JU UVSOT PVU UIFTF DPFċDJFOUT BSF
FYBDUMZ UIF $'1T BMSFBEZ FODPVOUFSFE JO 4FD� ������ 5BLJOH UIF FYBNQMF PG UIF 2p3 2P o

XJUI UIF 2p → np QFSUVSCBUJPO #SJMMPVJO�T UIFPSFN IPMET GPS B MJOFBS DPNCJOBUJPO PG UIF
QBSFOUT Φ(2p2(3P )np 2P o) Φ(2p2(1D)np 2P o) BOE Φ(2p2(1S)np 2P o)� iǲVT UIF )'
TPMVUJPO IBT JODMVEFE B QBSUJDVMBS DPNCJOBUJPO PG UIF 2p2np $4'T CVU OPU FBDI $4' FYBDUMZ�
BEEJOH UIF UISFF $4'T TFQBSBUFMZ FBDI XJUI UIFJS PXO FYQBOTJPO DPFĆDJFOU XPVME MPXFS UIF
FOFSHZ PG UIF )' XBWF GVODUJPO�w <��>�

"O PUIFS JNQPSUBOU DBTF TUVEJFE JO EFUBJMT CZ 'SPFTF 'JTDIFS <���> DPODFSOT QFSUVSCBUJPOT
PG B QBJS PG PSCJUBMT nl BOE n′l TVCKFDU UP PSUIPHPOBMJUZ DPOEJUJPOT� ɨFTF QFSUVSCBUJPOT
BSF SFGFSSFE UP BT SPUBUJPOT TJODF UIFZ JNQMZ UIF TJNVMUBOFPVT nl → n′l BOE n′l → −nl
SFQMBDFNFOUT UIBU DBO CF SFXSJUUFO JO NBUSJY GPSN BT

(
P ′
nl(r)

P ′
n′l(r)

)
=

1√
1 + ε2

(
1 −ε
ε 1

)(
Pnl(r)
Pn′l(r)

)
, 	����


XIJDI JT UIF NBUSJY SFQSFTFOUBUJPO PG B SPUBUJPO PG BOHMF θ JG cos θ = ε/
√
1 + ε2� *O TVDI

DBTFT 'SPFTF 'JTDIFS <���> EFNPOTUSBUFE UIF GPMMPXJOH SFMBUJPO

〈ΦHF(nln′l LS)|H|ΦHF(nl2 LS)〉 = 〈ΦHF(nln′l LS)|H|ΦHF(n′l2 LS)〉 . 	����


ɨFSFGPSF JG POF PG UIF JOUFSBDUJPOT WBOJTIFT UIF #SJMMPVJO UIFPSFN IPMET GPS CPUI $4'T�
5P JMMVTUSBUF UIJT MBTU FRVBMJUZ MFU VT UBLF UXP FYBNQMFT� 'JSTU DPOTJEFS BHBJO UIF HSPVOE
TUBUF PG -J 1s22s 2S GPS XIJDI UIF SFQMBDFNFOUT 1s → 2s BOE 2s → −1s MFBE UP UIF $4'T
Φ([1s2s]1S 2s 2S) BOE Φ([1s1s]1S 1s 2S) SFTQFDUJWFMZ� )PXFWFS CZ UIF 1BVMJ FYDMVTJPO
QSJODJQMF UIF MBUUFS JT GPSCJEEFO BOE UIFSFGPSF JUT JOUFSBDUJPO XJUI UIF HSPVOE $4' WBOJTIFT
BOE UIF #SJMMPVJO UIFPSFN IPMET BMTP GPS Φ([1s2s]1S 2s 2S) = Φ(1s2s2 2S)� 5VSOJOH UP
UIF DBTF PG UIF mSTU FYDJUFE TUBUF PG )F 1s2s 1S UIF SFQMBDFNFOUT 1s → 2s BOE 2s → −1s
MFBE UP Φ(2s2 1S) BOE −Φ(1s2 1S) SFTQFDUJWFMZ� #SJMMPVJO�T UIFPSFN EPFT OPU BQQMZ GPS
FBDI JOEJWJEVBM $4' CVU GPS TPNF BWFSBHF PG UIF UXP FYQMJDJUMZ

Φ(2s2 1S)− Φ(1s2 1S)√
2

. 	����


ɨF BOBMZTJT PG UIF FĊFDU PG B QBJSXJTF QFSUVSCBUJPO 	����
 JOWPMWJOH UXP PDDVQJFE PSCJUBMT
CFMPOHJOH UP UIF TBNF l�TZNNFUSZ IBT CFFO HFOFSBMJ[FE JO UIF TJOHMF DPOmHVSBUJPO )' BQ�
QSPYJNBUJPO <���>� ɨJT QBQFS JMMVTUSBUFT UIF SBQJE QSPHSFTTJWF DBODFMMBUJPO PG UIF #SJMMPVJO
NBUSJY FMFNFOU

〈ΦHF(γLS)|HNR|F (nl → n′l)− F (n′l → nl)〉 = 0 , 	����


XJUI UIF DPOWFSHFODF PG UIF )' TFMG�DPOTJTUFOU QSPDFTT� 5BLJOH JOUP BDDPVOU #SJMMPVJO�T
UIFPSFN JT BO FYDFMMFOU XBZ UP SFEVDF UIF TJ[F PG UIF $* FYQBOTJPO CZ BWPJEJOH UP JODMVEF
VTFMFTT $4'T�

��



ɨF HFOFSBMJ[BUJPO PG #SJMMPVJO�T UIFPSFN UP UIF .$)' NFUIPE DPNFT OBUVSBMMZ

〈ΨMCHF
nl |HNR|ΨMCHF

nl→n′l〉 = 0 	����


XIFSF ΨMCHF
nl JT UIF .$)' XBWF GVODUJPO BOE ΨMCHF

nl→n′l JT UIF QFSUVSCFE XBWF GVODUJPO
JO XIJDI FBDI $4' XJUI UIF PSCJUBM nl PDDVQJFE XBT TVCKFDU UP UIF nl → n′l QFSUVSCBUJPO�
"DDPSEJOH UP 'SPFTF 'JTDIFS FU BM� #SJMMPVJO�T UIFPSFN BQQMJFE UP UIF .$)' NFUIPE JT
OPU OFBSMZ BT JNQPSUBOU BT GPS UIF )' NFUIPE TJODF iUIF JODMVEFE JOUFSBDUJPO NBZ POMZ BQQMZ
JO B CSPBE BWFSBHF TFOTFw <��>� ɨF iDPODFQUVBM DIBOHFTw OFFEFE GPS EJTDVTTJOH #SJMMPVJO�T
UIFPSFN JO 	.$
%)' JOTUFBE PG 	.$
)' BSF UIF OBUVSBM BEBQUBUJPO GSPN UIF l� UP κ�
TZNNFUSZ UPHFUIFS XJUI UIF XSJUJOH PG B SPUBUJPO NBUSJY JEFOUJDBM UP 	����


(
P ′
nκ(r)/Q

′
nκ(r)

P ′
n′κ(r)/Q

′
n′κ(r)

)
=

1√
1 + ε2

(
1 −ε
ε 1

)(
Pnκ(r)/Qnκ(r)
Pn′κ(r)/Qn′κ(r)

)
. 	����


CVU BQQMJFE UP UIF SBEJBM GVODUJPOT PG CPUI UIF MBSHF BOE TNBMM DPNQPOFOUT�

����� /PO�VOJRVFOFTT PG UIF XBWF GVODUJPO

" UIPSPVHI SPUBUJPOBM BOBMZTJT TIPXT UIBU UIF 	%
)' XBWF GVODUJPOT NJHIU OPU CF VOJRVF�
$POTJEFSJOH UIF TJNQMF 1s22s2 DBTF BOZ VOJUBSZ USBOTGPSNBUJPO PG UIF 1s BOE 2s PSCJUBMT
MFBWFT UIF FOFSHZ BOE XBWF GVODUJPO JOWBSJBOU� ɨF PQUJNBM DIPJDF JT UIF POF UIBU TFUT UIF
PĊ�EJBHPOBM -BHSBOHF QBSBNFUFST UP [FSP <���>� *O NVMUJDPOmHVSBUJPO NFUIPET IPXFWFS
OPO�VOJRVFOFTT PG UIF XBWF GVODUJPO JT SBSF BOE TFUUJOH UIF PĊ�EJBHPOBM -BHSBOHF NVMUJQMJ�
FST UP [FSP JT OPU BMXBZT FċDJFOU� ɨF NPTU JNQPSUBOU DBTF PG OPO�VOJRVFOFTT BSJTFT XIFO
DPOTJEFSJOH $PNQMFUF "DUJWF 4QBDF 	$"4
 FYQBOTJPOT JO XIJDI BMM QPTTJCMF TVCTUJUVUJPOT BSF
HFOFSBUFE XJUIJO B TFU PG PSCJUBMT� ɨF TJNQMFTU FYBNQMF JT QSPCBCMZ UIF $"4 FYQBOTJPO
PG UIF )F HSPVOE TUBUF GPS XIJDI UIF HFOFSBUJPO PG BMM $4'T CZ TVCTUJUVUJPOT GSPN UIF
1s2 1S XJUIJO UIF {1s, 2s} PSCJUBM TFU MFBET UP UIF {1s2, 1s2s, 2s2} 1S $"4� 3PUBUJPOT PG
UIF PSCJUBMT 1s BOE 2s MFBWF UIF XBWF GVODUJPO BOE FOFSHZ JOWBSJBOU� ɨJT EFHSFF PG GSFFEPN
DBO CF VTFE UP F�H� TFU POF FYQBOTJPO DPFċDJFOUT UP [FSP BOE IFODF SFEVDJOH UIF OVNCFS
PG $4'T� ɨF SFEVDFE GPSN PG B $"4 XBWF GVODUJPO JT EFUBJMFE JO BMM HFOFSBMJUZ JO 3FG� <�
§���>� 8F TIBMM DPOTJEFS POMZ UIF DBTF PG UIF )F HSPVOE TUBUF GPS XIJDI UIF $"4 FYQBOTJPO
JT XJUI OP MJNJUBUJPO PO UIF PSCJUBM CBTJT

Ψ(1s2 1S) =
∑

nn′

c(ss)nn′ Φ(nsn
′s 1S) +

∑

nn′

c(pp)nn′ Φ(npn
′p 1S)

+
∑

nn′

c(dd)nn′ Φ(ndn
′d 1S) + . . . .

	����


$POTJEFSJOH POMZ UIF l = 0 QBSU PG UIF FYQBOTJPO BT BO FYBNQMF XF IBWF

Ψl=0(1s2 1S) =

(
∑

nn′

c(ss)nn′ Rns(r1)Rn′s(r2)

)
|ss 1S〉 , 	����


��



XIFSF Rns(r) = Pns(r)/r BOE |ss 1S〉 JT UIF TQJO�BOHVMBS GBDUPS DPNNPO UP BMM $4'T
Φ(nsn′s 1S)� ɨF TVNNBUJPO PWFS nn′ DBO CF SFXSJUUFO JO NBUSJY GPSN TP UIBU

∑

nn′

c(ss)nn′ Rns(r1)Rn′s(r2) = R(r1)C
(ss)R(r2)

T , 	����


XIFSF UIF NBUSJY FMFNFOUT PG C(ss) BSF UIF c(ss)nn′ DPFċDJFOUT BOE R(r) JT UIF SPX WFDUPS
DPOUBJOJOH UIF SBEJBM QBSUT PG BMM s PSCJUBMT� 0OF DBO UIFO mOE UIF VOJUBSZ USBOTGPSNBUJPO
UIBU EJBHPOBMJ[FT UIF C(ss) NBUSJY

C̃(s) = O(s)C(ss)O(s),T . 	����


5SBOTGPSNJOH UIF PSCJUBMT BDDPSEJOH UP R′(r) = O(s)R(r) SFTVMUT JO UIF SFEVDFE GPSN PG
UIF FYQBOTJPO UIBU XSJUFT JO UIF OFX PSCJUBM CBTJT

Ψl=0(1s2 1S) =
∑

n

d(s)n Φ(ns2 1S) . 	����


ɨF USBOTGPSNFE PSCJUBMT BSF LOPXO BT OBUVSBM PSCJUBMT BOE XJMM CF UIF UPQJD PG 4FD� ���� 'PS
NPSF JOGPSNBUJPO BCPVU UIF HFOFSBM DBTF TFF F�H� 3FG� <� §���>�

����� ɧF QBJS�DPSSFMBUJPO GVODUJPOT

*O UIF �����T BOE �����T UIF SFNPWBM PS SFMBYBUJPO PG UIF PSUIPHPOBMJUZ DPOTUSBJOUT BQQMJFE
JO UIF .$)' BOE .$%)' NFUIPET XBT TVCKFDU UP EJTDVTTJPOT 	TFF F�H� <��� ��� ���
���>
� "T TIPXO CZ 'SPFTF 'JTDIFS BMMPXJOH OPO�PSUIPHPOBMJUJFT CFUXFFO PSCJUBMT PG UIF
TBNF BOHVMBS TZNNFUSZ DPOTJEFSBCMZ TJNQMJmFT #SJMMPVJO�T UIFPSFN <���>� .PSF JNQPS�
UBOUMZ UXP DPOmHVSBUJPOT NJHIU SFRVJSF UIF TBNF nl PSCJUBMT UP CF EJĊFSFOU EFQFOEJOH
PO F�H� JUT PDDVQBUJPO OVNCFS� "T BO FYBNQMF UIF BDDVSBUF EFTDSJQUJPO PG UIF UXP 7P o

TUBUFT JO $S * BOE UIFJS JOUFSBDUJPO CFOFmU HSFBUMZ GSPN OPO�PSUIPHPOBMJUJFT� ɨFSFGPSF
UIF DPSSFTQPOEJOH DPOmHVSBUJPO DPVME CF EFOPUFE BT 3d514p1 BOE 3d424s4p2 XIFSF UIF
MPXFS JOEJDFT FNQIBTJ[F UIBU UIF 3d BOE 4p PSCJUBMT BSF EJĊFSFOU JO UIF UXP DPOmHVSB�
UJPOT <���>� ɨF VTF PG UXP OPO�PSUIPHPOBM 3d BOE 4p PSCJUBMT SFEVDFT DPOTJEFSBCMZ UIF
OVNCFS PG DPOmHVSBUJPOT UP CF JODMVEFE� )PXFWFS UIF NBUIFNBUJDBM USFBUNFOU PG UIFTF
OPO�PSUIPHPOBMJUJFT JOEVDFT NPSF DPNQMFY FRVBUJPOT UP TPMWF JO XIJDI PWFSMBQ JOUFHSBMT
TVDI BT 〈4p1|4p2〉NVTU CF DBSSJFE PVU FYQMJDJUMZ <���>� 4JNJMBS DPOTJEFSBUJPOT BSF EJTDVTTFE
JO #*7 JO XIJDI UIF 5d76s2 BOE 5d86s DPOmHVSBUJPOT XFSF GPVOE UP IBWF WFSZ EJĊFSFOU
5d PSCJUBMT 	TFF 4FD� ���
�

'SPN Z�QFSUVSCBUJPO UIFPSZ JU BQQFBST UIBU UIF NPTU JNQPSUBOU DPSSFDUJPOT UP UIF [FSPUI
PSEFS XBWF GVODUJPO BSF $4'T HFOFSBUFE CZ BU NPTU EPVCMF TVCTUJUVUJPOT GSPN UIF SFG�
FSFODF 	%
)' $4' BOE UIBU JOUFSBDU XJUI UIF MBUUFS� 5BLF BOZ TZTUFN XJUI NPSF UIBO

��



UXP FMFDUSPOT UIFO UIF DPSSFMBUJPO PG UIF 1s2 DPSF MFBET UP TVCTUJUVUJPOT TVDI BT 1s2 1S →
nln′l 1S� ɨF FYQBOTJPO DPOTJTUJOH PG BMM UIFTF TVCTUJUVUJPOT JT DBMMFE B QBJS�DPSSFMBUJPO GVOD�
UJPO 	1$'
 <��� §���>� *EFBMMZ XF TIPVME UIFO IBWF POF 1$' CZ QBJS PG FMFDUSPOT� .PSF
SFDFOUMZ 7FSEFCPVU FU BM� JOWFTUJHBUFE UIF UISFF 1$'T UIBU DPSSFMBUF UIF UISFF FMFDUSPO QBJST
PG UIF 1s22s2 1S HSPVOE TUBUF PG #F FYQMJDJUMZ 1s2 1s2s BOE 2s2 <���>� 1FSGPSNJOH
JOEJWJEVBM .$)' DBMDVMBUJPOT GPS FBDI 1$' UIFZ PCTFSWFE UIBU UIF DPSSFMBUJPO PSCJUBMT
BSF TQBUJBMMZ MPDBMJ[FE WFSZ EJĊFSFOUMZ J�F� UIF DPSSFMBUJPO PSCJUBMT EFTDSJCJOH UIF 1s2 QBJS
BSF DMPTF UP UIF OVDMFVT UIF POFT DPSSFMBUJOH UIF 2s2 BSF GVSUIFS BXBZ XIJMF UIF PSCJUBMT
PQUJNJ[FE GPS UIF 1s2s QBJS MJF TPNFXIFSF JO CFUXFFO� ɨJT JT IPXFWFS OPU TVSQSJTJOH
BT UIF DPSSFMBUJPO PSCJUBMT UFOE UP NBYJNJ[F UIFJS JOUFSBDUJPO XJUI UIF DPOTJEFSFE QBJS PG
FMFDUSPOT PDDVQZJOH UIF TQFDUSPTDPQJD PSCJUBMT J�F� UIF 1s UIF 1s BOE 2s BOE UIF 2s GPS
FBDI 1$' SFTQFDUJWFMZ� ɨF BVUIPST PG 3FG� <���> SJHIUGVMMZ DPODMVEFE UIBU UP PQUJNJ[F
UIF DBMDVMBUJPOT FBDI 1$' TIPVME CF EFTDSJCFE XJUI JUT PXO PSCJUBM CBTJT� ɨJT JOFWJUBCMZ
MFBET UP OPO�PSUIPHPOBMJUJFT� ɨF FWBMVBUJPO PG BOZ BUPNJD QSPQFSUZ XPVME UIFO SFRVJSF
UP DPNQVUF NBUSJY FMFNFOUT JO XIJDI UIF -)4 BOE 3)4 BSF EFTDSJCFE JO UXP EJĊFSFOU
OPO�PSUIPHPOBM PSCJUBM CBTFT� ɨF VTF PG CJPSUIPHPOBM USBOTGPSNBUJPOT BOE DPVOUFS�XFJHIU
USBOTGPSNBUJPOT PG UIF XBWF GVODUJPO <���> BWPJET UIF JODSFBTJOH DPNQMFYJUZ PG UIF BMHFCSB
BOE BMMPXT UIF BQQMJDBUJPO PG UIF PSJHJOBM 8JHOFS�3BDBI�'BOP GPSNBMJTN� ɨJT HBWF SJTF UP
UIF 1BSUJUJPO $PSSFMBUJPO 'VODUJPO *OUFSBDUJPO 	1$'*
 NFUIPE UIBU XBT QSPWFO UP CF IJHIMZ
FċDJFOU JO UIF DBTF PG #F <���>� *G OPO�PSUIPHPOBM 1$'T BSF CVJMU FBDI XJUI JUT PXO CBTJT
POF DPVME USBOTGPSN FBDI PSCJUBM CBTJT JOUP JUT SFEVDFE GPSN BOE IFODF SFEVDF DPOTJEFSBCMZ
UIF OVNCFS PG $4'T JO FBDI PG UIF 1$'T FYQBOTJPO� *G PQQPTJUFMZ OPO�PSUIPHPOBMJUJFT
DBO OPU CF USFBUFE QSPQFSMZ UIF SFEVDFE GPSN PG UIF FYQBOTJPO DPVME POMZ CF VTFGVM JO WFSZ
MJNJUFE OVNCFS PG DBTFT�

����� 4NBSU PQUJNJ[BUJPO

*O "** XF JOWFTUJHBUF UIF SPMF PG UIF PQUJNJ[BUJPO TUSBUFHZ GPS UIF DPSSFMBUJPO PSCJUBMT PO
USBOTJUJPO SBUFT JOWPMWJOH IJHI 3ZECFSH TUBUFT JO $ *7 BOE $ ***� ɨFTF JPOT DPSSFTQPOE
UP -J�MJLF BOE #F�MJLF TZTUFNT J�F� XJUI UISFF BOE GPVS FMFDUSPOT SFTQFDUJWFMZ� 5BLJOH UIF
FYBNQMF PG $ *7 UIF UBSHFUFE TUBUFT CFMPOH UP DPOmHVSBUJPOT PG UIF GPSN 1s2nl GPS n = 2
UP 8 BOE l = 0 UP 4� ɨF 1s26h DPOmHVSBUJPO JT BMTP JODMVEFE� #FDBVTF PG UIF TNBMM
OVNCFS PG FMFDUSPOT UIF BDUJWF TQBDF JT VTVBMMZ HFOFSBUFE CZ BMMPXJOH BMM 4% TVCTUJUVUJPOT
IFODF JODMVEJOH 7 $7 BOE $$ DPSSFMBUJPOT FĊFDUT� #BTFE PO TVDI FYQBOTJPOT UIBU XF
DPVME SFGFS UP BT OPSNBM PS DPOWFOUJPOBM FYQBOTJPOT XF PCTFSWF UIBU UIF DPSSFMBUJPO PSCJUBMT
BSF QSFGFSFOUJBMMZ MPDBMJ[FE DMPTF UP UIF OVDMFVT EVF UP UIF MBSHF PWFSMBQ XJUI UIF UXP 1s
FMFDUSPOT� )PXFWFS CFDBVTF UIF UBSHFUFE TUBUFT JODMVEF IJHI 3ZECFSH TUBUFT GPS XIJDI UIF
FYUFSOBM nl PSCJUBM MJFT GBS BXBZ GSPN UIF OVDMFVT UIF PSCJUBM CBTJT CVJMU JO UIBU XBZ NJHIU
CF JMM�TVJUFE� *O PSEFS UP BTTFTT UIF RVBMJUZ PG FBDI "4' XF JOWFTUJHBUF UIF HBVHF EFQFOEFODF
PG UIF USBOTJUJPO SBUFT UISPVHI UIF QBSBNFUFS dT 	�����
� -PPLJOH GPS FYBNQMF BU UIF TFU

��



PG USBOTJUJPOT 2p 2P o
1/2 − ns 2S1/2 BOE np 2P o

1/2 − 8s 2S1/2 GPS JODSFBTJOH WBMVF PG n
	TFF 'JH� � JO "**
 XF NBLF UIF GPMMPXJOH PCTFSWBUJPOT� 	J
 UIF HBVHF EJĊFSFODF JT DMPTF UP
� XIFO UXP MPX�MZJOH TUBUFT BSF JOWPMWFE 	JJ
 UIF HBVHF EJĊFSFODF JT DMPTF UP � XIFO UXP
IJHI 3ZECFSH TUBUFT BSF JOWPMWFE 	JJJ
 UIF HBVHF EJĊFSFODF JT MBSHF 	VQ UP ��%
 XIFO UIF
USBOTJUJPO JOWPMWFT B MPX�MZJOH TUBUF BOE B IJHI 3ZECFSH TUBUF�

ɨJT EJTBHSFFNFOU XBT PWFSDPNF UIBOLT UP BO BMUFSOBUJWF NFUIPE UP PQUJNJ[F UIF DPSSFMB�
UJPO PSCJUBMT� #FDBVTF UIF PVUFSNPTU FMFDUSPO JT QVTIFE GVSUIFS BXBZ GSPN UIF DPSF XIFO
DPOTJEFSJOH IJHIFS 3ZECFSH TUBUFT XF BSF MPPLJOH GPS BO PSCJUBM CBTJT UIBU FĊFDUJWFMZ EF�
TDSJCFT CPUI UIF JOOFSNPTU QBSU PG UIF XBWF GVODUJPOT CVU BMTP UIF PVUFSNPTU QBSU� *O UIJT
BMUFSOBUJWF PQUJNJ[BUJPO TUSBUFHZ UIF $4'T HFOFSBUFE CZ 4% TVCTUJUVUJPOT GSPN UIF DMPTFE
1s2 TIFMM XFSF OPU JODMVEFE J�F� $$ DPSSFMBUJPO FĊFDU XBT POMZ JODMVEFE UISPVHI 3$*
DBMDVMBUJPOT BOE EJE OPU UP QMBZ BOZ SPMF JO UIF PQUJNJ[BUJPO PG UIF PSCJUBMT� 5BCMF � PG
"** EJTQMBZT UIF NFBO SBEJVT PG UIF TQFDUSPTDPQJD BOE DPSSFMBUJPO PSCJUBMT� "T FYQFDUFE UIF
BMUFSOBUJWF PQUJNJ[BUJPO TUSBUFHZ HFOFSBUFE PSCJUBMT UIBU BSF MPDBMJ[FE GVSUIFS BXBZ GSPN UIF
OVDMFVT� $PNQVUJOH UIF USBOTJUJPOT SBUFT GPS UIF TBNF USBOTJUJPOT BT NFOUJPOFE BCPWF UIF
dT QBSBNFUFST SFNBJO GBJSMZ DPOTUBOU BOE TNBMM PWFS UIF FOUJSF TFU PG USBOTJUJPOT�

" EFFQFS BOBMZTJT XBT QFSGPSNFE PO UIF USBOTJUJPO SBUFT GSPN XIJDI XF QVU JO FWJEFODF
UIBU UIF MBSHF dT WBMVFT BSPTF GSPN UIF USBOTJUJPO SBUFT DPNQVUFE JO UIF #BCVTILJO HBVHF�
3FNFNCFSJOH UIBU UIF #BCVTILJO HBVHF FNQIBTJ[FT UIF PVUFS QBSU PG UIF XBWF GVODUJPO
XF XFSF BCMF UP DPODMVEF UIBU UIF PSJHJOBM PSCJUBM CBTJT XBT JMM�TVJUFE UP EFTDSJCF IJHIFS 3Z�
ECFSH TUBUFT EVF UP UIF MBDL PG DPSSFMBUJPO PSCJUBMT BU MBSHF EJTUBODFT GSPN UIF OVDMFVT� ɨJT
XBT GVSUIFS DPOmSNFE CZ MPPLJOH BU UIF FWPMVUJPO PG UIF USBOTJUJPO SBUFT XIFO UIF SBEJBM
JOUFHSBMT JOWPMWJOH DPSSFMBUJPO PSCJUBMT BSF MJNJUFE UP BO JODSFBTJOH SBEJVTR� ɨJT JT EPOF JO
'JH� � PG "** GSPN XIJDI XF PCTFSWF UIBU UIF NBKPS QBSU PG UIF USBOTJUJPO SBUFT DPNQVUFE
JO UIF #BCVTILJO HBVHF DPNFT GSPN UIF PVUFS QBSU PG UIF XBWF GVODUJPO� )PXFWFS UIF
$PVMPNC HBVHF NPSF TFOTJUJWF UP UIF JOOFS QBSU PG UIF XBWF GVODUJPO JT BMNPTU VOBĊFDUFE
CZ UIF SBEJBM USVODBUJPO PG UIF JOUFHSBMT J�F� NPTU PG UIF DPOUSJCVUJPOT UP UIF USBOTJUJPO SBUFT
BSF DBQUVSFE BU TNBMM EJTUBODFT GSPN UIF OVDMFVT� ɨJT mOBMMZ FOBCMFE VT UP SFDPNNFOE UIF
VTF PG UIF $PVMPNC HBVHF JOTUFBE PG UIF #BCVTILJO HBVHFT GPS DBMDVMBUJPOT PG USBOTJUJPO
SBUFT JOWPMWJOH 3ZECFSH TUBUFT� ɨF DIPJDF PG UIF NPTU BQQSPQSJBUF HBVHF #BCVTILJO PS
$PVMPNC 	PS FRVJWBMFOUMZ UIF MFOHUI PS WFMPDJUZ GPSN
 DBO CF DPOOFDUFE UP #SJMMPVJO�T UIF�
PSFN� $PXBO BSHVFE UIBU iǲF MFOHUI GPSN XFJHIUT UIF JOUFHSBOE UPXBSE MBSHF r� IPXFWFS
UIJT JT OPU BO JOIFSFOU EJTBEWBOUBHF XIFO VTJOH 	%
)'�UZQF SBEJBM XBWFGVODUJPOT XIJDI IBWF
UIF DPSSFDU BTZNQUPUJD GPSN <���>� 4JODF UIF MFOHUI GPSN JT DBMDVMBUJPOBMMZ UIF TJNQMFTU JU JT UIF
POMZ POF UIBU XF TIBMM DPOTJEFS GVSUIFS�w <�� §����>� *O PUIFS UFSNT UIF #BCVTILJO HBVHF JT
XFMM TVJUFE GPS DPNQVUJOH USBOTJUJPO QSPQFSUJFT JO UIF TJOHMF�DPOmHVSBUJPO BQQSPYJNBUJPO
CFDBVTF UIF %)' TPMVUJPOT JODMVEF BMM TJOHMF�TVCTUJUVUJPO DPOUSJCVUJPOT TVDI BT IJHI 3ZE�
CFSH TUBUFT PS DPOUJOVVN TUBUFT UIBU FYUFOE GBS PVU GSPN UIF OVDMFVT� UIJT JT UIF #SJMMPVJO
UIFPSFN 	TFF 4FD� �����
� )PXFWFS XIFO NVMUJQMF TUBUFT BSF UBSHFUFE TJNVMUBOFPVTMZ JO

��



UIF .$%)' GSBNFXPSL XIJDI QSFWFOUT #SJMMPVJO�T UIFPSFN UP IPME GPS FBDI TUBUF JOEJ�
WJEVBMMZ UIFTF TJOHMF�TVCTUJUVUJPO TUBUFT TIPVME CF FYQMJDJUMZ BEEFE JO UIF DBMDVMBUJPOT� ɨF
VTF PG UIF #BCVTILJO HBVHF UIFO CFDPNFT QSPCMFNBUJD EVF UP UIF EJċDVMUZ UP DPNQFOTBUF
UIF MBDL PG WBSJBUJPOBM GSFFEPN PG FBDI JOEJWJEVBM UBSHFUFE TUBUF VTVBMMZ CSPVHIU UIBOLT UP
#SJMMPVJO�T UIFPSFN� ɨF BSHVNFOU NBEF JO "** JT UIBU UIF BMUFSOBUJWF PQUJNJ[BUJPO TUSBU�
FHZ DPNQFOTBUFT CFUUFS UIF MBDL PG #SJMMPVJO�T UIFPSFN UIBU JNQSPWFT UIF EFTDSJQUJPO PG UIF
XBWF GVODUJPO BU MBSHF r UIBO UIF USBEJUJPOBM PQUJNJ[BUJPO TUSBUFHZ�

'JOBMMZ XF CFMJFWF UIBU "** JT B XBSOJOH BHBJOTU VOUIJOLJOH DPNQVUBUJPOBM TUSBUFHJFT UIBU
XPVME QSJWJMFHF FYUSFNFMZ MBSHF FYQBOTJPOT PWFS B DBSFGVM DIPJDF PG UIF PSCJUBM CBTJT� ɨF
TNBMM DBTFT PG $ *7 BOE $ *** BMSFBEZ TIPXFE UIBU UIF NPTU PCWJPVT PQUJNJ[BUJPO TUSBUFHZ
DBO MFBE UP VOSFDPWFSBCMF QPPS RVBMJUZ SFTVMUT� *O UIBU DPOUFYU VOSFDPWFSBCMF JT NFBOU UIBU
FWFO UIF MBSHFTU 3$* DBMDVMBUJPOT DPVME OPU DPNQFOTBUF UIF JMM�TVJUFE PSCJUBM CBTJT BT JU JT
DPNNPOMZ UIPVHIU� 0OF TIPVME UIFSFGPSF DBSFGVMMZ UIJOL BCPVU IPX UIF PSCJUBM CBTJT JT
PQUJNJ[FE� #FDBVTF EJĊFSFOU BUPNJD QSPQFSUJFT BSF TFOTJUJWF UP EJĊFSFOU UZQFT PG FMFDUSPO
TVCTUJUVUJPOT EVF UP UIF GPSN PG UIFJS SFTQFDUJWF UFOTPS PQFSBUPS JU BMTP NFBOT UIBU UXP
BUPNJD QSPQFSUJFT NJHIU OPU CF BEFRVBUFMZ EFTDSJCFE CZ UIF TBNF PSCJUBM CBTJT�

��� /BUVSBM PSCJUBMT

/BUVSBM PSCJUBMT 	/0T
 XFSF mSTU JOUSPEVDFE CZ -ÚXEJO <���> BT UIF PSCJUBMT UIBU EJBHPOBM�
J[F UIF mSTU�PSEFS EFOTJUZ NBUSJY� 8F BMSFBEZ EJTDVTTFE B NPSF JOUVJUJWF XBZ UP JOUSPEVDF
UIF /0T JO DPOOFDUJPO XJUI B SPUBUJPOBM BOBMZTJT PG UIF XBWF GVODUJPO� *O UIF OFYU TFDUJPO
XF XJMM EJTDVTT CSJFnZ IPX UIFZ DBO CF EFSJWFE VTJOH UIF EFOTJUZ NBUSJY GPSNBMJTN� /BU�
VSBM PSCJUBMT BSF NPTUMZ VTFE JO RVBOUVN DIFNJTUSZ GPMMPXJOH UIF XPSL PG ,VU[FMOJHH FU
BM� <��� ���>� ɨFZ BSF LOPXO UP HFOFSBUF DPNQBDU BDUJWF TQBDFT IFODF MJNJUJOH UIF TJ[F
PG UIF DBMDVMBUJPOT BOE JODSFBTJOH UIF SBUF PG DPOWFSHFODF PG $* DBMDVMBUJPOT <���>� .PSF
SFDFOUMZ (JFTCFSU[ JOWFTUJHBUFT UIF VTF PG UIF /0T JO IJT QBQFS i"SF OBUVSBM PSCJUBMT VTFGVM
GPS HFOFSBUJOH BO FĆDJFOU FYQBOTJPO PG UIF XBWF GVODUJPO w <���>� UIF VTFGVMOFTT PG UIF /0T
JT TUJMM PQFOFE UP EFCBUF� /0T JO BUPNJD QIZTJDT BSF SBSFMZ FYQMPJUFE BOE UIFJS FċDJFODZ
GPS NBOZ�CPEZ NFUIPET JT TUJMM VODMFBS� ɨFZ XFSF VTFE JO QJPOFFS IZQFSmOF TUSVDUVSF DBM�
DVMBUJPOT CZ F�H� &OHFMT <���> PS -JOEHSFO FU BM� <���>� " TFSJFT PG QBQFST JO MJOF XJUI UIF
XPSL CZ -JOEHSFO FU BM� EFNPOTUSBUFE IPX UIF DBMDVMBUJPOT JNQSPWFE XIFO USBOTGPSNJOH
UIF PSCJUBM CBTJT UP /0T PS #SVFDLOFS PSCJUBMT <��� ��� ��� ��� ���>� #SVFDLOFS PS�
CJUBMT BSF UIF PSCJUBMT UIBU NBYJNJ[F UIF PWFSMBQ CFUXFFO UIF FYBDU BOE BQQSPYJNBUF XBWF
GVODUJPOT� /PUF UIBU UIFSF JT OP EJĊFSFODF CFUXFFO #SVFDLOFS PSCJUBMT BOE /0T XIFO 5
2 . . .  TVCTUJUVUJPOT BSF OFHMFDUFE TP UIBU UIF EJĊFSFODFT CFUXFFO UIF UXP TFUT PG PSCJUBMT
JT FYQFDUFE UP SFNBJO TNBMM GPS NBOZ BQQMJDBUJPOT <���>� 0VS SFTVMUT QSFTFOUFE JO "* DPO�
mSN UIFJS PSJHJOBM DPODMVTJPOT� ɨF VTF PG UIFTF PSCJUBMT UP EFTDSJCF UIF QPMBSJ[BUJPO PG
UIF DPSF BOE UIF MPXFTU�PSEFS DPSSFMBUJPO FĊFDUT FĊFDUJWFMZ DBQUVSFT TPNF JNQPSUBOU IJHIFS

��



PSEFS DPSSFMBUJPO FĊFDUT� ɨFZ BMTP PCTFSWFE UIBU GPS UIF BMLBMJ BUPNT UIF NPEJmDBUJPO PG
UIF )' PSCJUBMT UPXBSE #SVFDLOFS PS OBUVSBM PSCJUBMT BĊFDUT DPOTJEFSBCMZ UIF WBMFODF PS�
CJUBM QVMMJOH UIF FMFDUSPO DMPTFS UP UIF OVDMFVT XIJDI IBT TVCTUBOUJBM FĊFDUT PO IZQFSmOF
TUSVDUVSFT BOE JTPUPQF TIJGUT� 8F SFQPSU TJNJMBS PCTFSWBUJPOT GPS UIF .$%)' NFUIPE�

����� %FOTJUZ NBUSJY GPSNBMJTN

-ÚXEJO EFmOFE UIF EFOTJUZ NBUSJY PG PSEFS p GPS B NBOZ�CPEZ XBWF GVODUJPO PG Ne FMFD�
USPOT JO UIF OPO�SFMBUJWJTUJD DPOUFYU BT

Γ(q′1, q
′
2, . . . , q

′
p|q1, q2, . . . , qp) =

(
Ne

p

)
×

∫
Ψ∗(q′1, q

′
2, . . . , q

′
p, q

′
p+1, . . . , qNe)Ψ(q1, q2, . . . , qp, qp+1, . . . , qNe)dqp+1 . . . dqNe

	����


XIFSF
(
Ne

p

)
JT B TJNQMF CJOPNJBM OPSNBMJ[BUJPO GBDUPS <���> BOE q SFQSFTFOUT UIF TQBUJBM

BOE TQJO DPPSEJOBUFT�� ɨF NBUSJY PG JOUFSFTU UP VT JT UIF NBUSJY PG MPXFTU PSEFS J�F�

γ(q′1|q1) = Ne

∫
Ψ∗(q′1, q2, . . . , qNe)Ψ(q1, q2, . . . , qNe)dq2 . . . dqNe 	����


(FOFSBM QSPQFSUJFT PG UIF EFOTJUZ NBUSJDFT BSF EJTDVTTFE JO UIF PSJHJOBM QBQFS CZ -ÚXEJO
	TFF 3FG� <���>
� /PUF UIBU UIF EJBHPOBM FMFNFOUT γ(q1|q1) = γ(q1) IBWF DMFBS QIZTJDBM
JOUFSQSFUBUJPOT� γ(q1)dv1 DPSSFTQPOET UP UIF OVNCFS PG QBSUJDMFT UJNFT UIF QSPCBCJMJUZ PG
mOEJOH B QBSUJDMF XJUIJO UIF WPMVNF dv1 BSPVOE UIF QPJOU r1 BOE IBWJOH UIF TQJO s1� .PSF
JOUFSFTUJOH JT UIF EFmOJUJPO PG UIF EFOTJUZ NBUSJDFT JO UIF k�TQBDF J�F� FYQSFTTJOH UIF XBWF
GVODUJPOT JO UFSNT PG TQJO�PSCJUBMT BOE 4MBUFS EFUFSNJOBOUT��� ɨF NBUIFNBUJDBM EFmOJUJPO
JT

γ(l|k) =
(k)∑

K

(l)∑

L

C∗
KDKL(k|l)CL/

∑

K

|CK |2 , 	����


XIFSF CK BOE CL BSF FYQBOTJPO DPFċDJFOUT BOE DKL(k|l) JT B EFUFSNJOBOU DPOUBJOJOH
PWFSMBQ JOUFHSBMT 	TFF 3FG� <���> GPS NPSF JOGPSNBUJPO BCPVU DKL(k|l) BOE UIF BTTPDJ�
BUFE OPUBUJPOT
� 6TJOH UIBU EFmOJUJPO JO k�TQBDF UIF EJBHPOBM NBUSJY FMFNFOUT DBMMFE UIF

�ɨF VTF PG UIF DPPSEJOBUF q JT EJSFDUMZ SFMBUFE UP UIF JOUSPEVDUJPO PG TQJOPS XBWF GVODUJPOT JO UIF OPO�
SFMBUJWJTUJD UIFPSZ 	TFF F�H� <���>
� (PJOH UP UIF GVMMZ SFMBUJWJTUJD UIFPSZ UIF GPVS�DPNQPOFOU TQJOPS DIBSBDUFS
PG UIF SFMBUJWJTUJD PSCJUBMT EFSJWFT OBUVSBMMZ GSPN UIF TUSVDUVSF PG UIF POF�FMFDUSPO %JSBD�$PVMPNC FRVBUJPO�
ɨF SFQMBDFNFOU q → r TIPVME CF FOPVHI UP TXJUDI GSPN UIF OPO�SFMBUJWJTUJD GSBNFXPSL UP UIF SFMBUJWJTUJD
POF QSPWJEJOH UP SFQMBDF UIF OPO�SFMBUJWJTUJD TQJO�PSCJUBMT <��� §���> CZ SFMBUJWJTUJD PSCJUBMT 	����
�

�*O UIF DPOUFYU PG UIF PSJHJOBM XPSL PG -ÚXEJO CBTJT GVODUJPOT BSF 4MBUFS EFUFSNJOBOUT� 8IFO JO UIF
GPMMPXJOH XF EJTDVTT UIF EFOTJUZ NBUSJY JO UIF .$%)' DPOUFYU UIF CBTJT GVODUJPOT BSF $4'T BT VTVBM�

��



DIBSHF PSEFS BSF iγ(k) = OVNCFS PG QBSUJDMFT × UIF QSPCBCJMJUZ GPS mOEJOH B QBSUJDMF JO UIF
TQJO�PSCJUBM k XIFO BMM PUIFS QBSUJDMFT PDDVQZ BSCJUSBSZ TQJO�PSCJUBMTw <���>� ɨF PĊ�EJBHPOBM
FMFNFOUT γ(l|k) BSF SFGFSSFE UP CZ -ÚXEJO BT UIF CPOE PSEFS PG UIF UXP TQJO�PSCJUBMT k BOE
l� 5BLJOH BT BO FYBNQMF UIF c1Φ(1s2 1S) + c2Φ(1s2s 1S) + c3Φ(2s2 1S) OPSNBMJ[FE
FYQBOTJPO JO UIF .$%)' GSBNFXPSL XF IBWF BMSFBEZ TFFO JO 4FD� ����� UIBU UIF OBUVSBM
FYQBOTJPO SFEVDFT UP c̃1Φ(1̃s

2 1S) + Φ(2̃s
2 1S)� 1SBDUJDBMMZ UIF EJBHPOBM FMFNFOUT PG UIF

2× 2 EFOTJUZ NBUSJY DBO CF SFBEJMZ DPNQVUFE BT F�H� (c21 × 1 + c22 × 1/2)× 2 GPS UIF 1s
PSCJUBM XIFSF (c21 × 1) BOE (c22 × 1/2) DPSSFTQPOE UP UIF QSPCBCJMJUZ UP IBWF BO FMFDUSPO
PDDVQZJOH UIF 1s PSCJUBM JO UIF $4'T Φ(1s2 1S) BOE Φ(1s2s 1S) SFTQFDUJWFMZ� ɨF UIJSE
$4' EPFT OPU DPOUSJCVUF BT UIF 1s PSCJUBM JT VOPDDVQJFE� ɨF HMPCBM GBDUPS UXP JT TJNQMZ
UIF OVNCFS PG FMFDUSPOT��

ɨJT DIBSHF� BOE CPOE�PSEFS NBUSJY JT )FSNJUJBO TP UIBU B VOJUBSZ USBOTGPSNBUJPO FYJTUT
UIBU USBOTGPSNT UIBU NBUSJY JOUP JUT EJBHPOBM GPSN

U†γU = γ̃ 	����


XIFSF γ̃ JT B EJBHPOBM NBUSJY�� " OFX TFU PG TQJO�PSCJUBMT TVDI UIBU

χ = φU PS χβ =
∑

α

φαUαβ 	����


BSF JOUSPEVDFE� ɨF χb BSF DBMMFE UIF OBUVSBM 	TQJO�
PSCJUBMT� *O UIF /0 CBTJT BMM CPOE
PSEFST WBOJTI BOE UIF FJHFOWBMVFT γ̃β BSF JOUFSQSFUFE BT PDDVQBUJPO OVNCFST� 'JOBMMZ UIFZ
GVMmM UIF DPOEJUJPOT

0 ≤ γ̃β ≤ 1 ,
∑

β

γ̃β = Ne , 	����


TP UIBU FBDI TQJO�PSCJUBM JT PDDVQJFE CZ BU NPTU POF FMFDUSPO� *O UIF MJNJUJOH DBTF XIFSF UIF
XBWF GVODUJPO JT EFTDSJCFE CZ B TJOHMF 4MBUFS EFUFSNJOBOU FBDI TQJO�PSCJUBM JT PDDVQJFE CZ
BO FMFDUSPO 	γ̃β = 1 ∀β
�

*O UIF DPOUFYU PG UIF WBSJBUJPOBM NVMUJDPOmHVSBUJPO NFUIPET UIF EFSJWBUJPO PG UIF OBUV�
SBM PSCJUBMT JT QFSGPSNFE JO UIF TFDPOE RVBOUJ[BUJPO GPSNBMJTN BOE BSJTFT OBUVSBMMZ XIFO
CVJMEJOH UIF FMFDUSPOJD EFOTJUZ� ɨF NBUIFNBUJDBM EFUBJMT BSF HJWFO JO 3FG� <���> GPS UIF
OPO�SFMBUJWJTUJD .$)' NFUIPE BOE JO "*** GPS UIF GVMMZ SFMBUJWJTUJD .$%)' NFUIPE� ɨF
TUFQT PG UIF DBMDVMBUJPOT BSF IPXFWFS TJNJMBS� 8F BMSFBEZ JOUSPEVDFE UIF SBEJBM EFOTJUZ JO

�/PUF UIBU XF DPOTJEFS UIF 1s PSCJUBM BT CFJOH PDDVQJFE UXJDF� -ÚXEJO IPXFWFS SFGFST UP TQJO�PSCJUBMT
XIJDI DBO POMZ CF PDDVQJFE CZ B TJOHMF FMFDUSPO� ɨJT JNQMJFT NJOPS DPODFQUVBM DIBOHFT SFHBSEJOH F�H� UIF
SBOHF PG UIF FJHFOWBMVFT PG UIF EFOTJUZ NBUSJY 	TFF &R� ����
�

�/PUF UIF VTF PG UIF DPOKVHBUF USBOTQPTF NBUSJY JOTUFBE PG UIF USBOTQPTF NBUSJY JO &R� 	����
� *O UIF NPTU
HFOFSBM DBTF UIF EFOTJUZ NBUSJY JT )FSNJUJBO BT QPJOUFE PVU CZ -ÚXEJO <���>�

��



&RT� 	����o�����
� ɨF EFOTJUZ NBUSJY JT SFMBUFE UP UIF SBEJBM EFOTJUZ XIFSF UIF MBUUFS JT
FYQSFTTFE BT

D(r) =
∑

ij

ciDij(r)cj =
∑

ij

ci

[
∑

κ

∑

nn′

νijnn′κIρ(n
′κ, nκ; r)

]
cj , 	����


XIFSF νijnn′κ BSF BOHVMBS DPFċDJFOUT BOE

Iρ(n
′κ, nκ; r) ≡ [Pn′κ(r)Pnκ(r) +Qn′κ(r)Qnκ(r)] . 	����


ɨF BOHVMBS DPFċDJFOUT νijnn′κ BOE SBEJBM GBDUPST Iρ(n′κ, nκ; r) DPNF GSPN FWBMVBUJOHD(r)

BT UIF FYQFDUBUJPO WBMVF PG UIF PQFSBUPS ˆδ(r) 	�����
 JO UIF TFDPOE RVBOUJ[BUJPO GPSNBMJTN�
&YQSFTTJOH UIF DSFBUJPO BOE BOOJIJMBUJPO PQFSBUPST JO UIFJS JSSFEVDJCMF UFOTPSJBM GPSN 	�����

POF DBO BQQMZ TUBOEBSE 3BDBI BMHFCSB BOE EFSJWF UIF BOBMZUJDBM FYQSFTTJPO PG UIF QVSFMZ BO�
HVMBS DPFċDJFOUT JO UFSNT PG 3nj�DPFċDJFOUT BOE 	DPNQMFUFMZ
 SFEVDFE NBUSJY FMFNFOUT�
ɨFTF BOHVMBS DPFċDJFOUT DBO CF EFSJWFE CZ XPSLJOH PVU UIF NBUSJY FMFNFOUT PG B POFo
QBSUJDMF TDBMBS PQFSBUPS CFUXFFO $4'T XJUI u PQFO TIFMMT BT FYQMJDJUMZ EFSJWFE CZ (BJHBMBT
FU BM� <���>�

0VS JOUFSFTU JT UP SFXSJUF &R� 	����
 JO TVDI XBZ UIBU UIF κ�EFOTJUZ NBUSJDFT BQQFBS FYQMJD�
JUMZ� 3FPSHBOJ[JOH UIF TVNNBUJPOT JO &R� 	����
 XF IBWF

D(r) =
∑

κ

∑

nn′

ρκnn′Iρ(n
′κ, nκ; r) 	����


XIFSF ρκ JT UIF EFOTJUZ NBUSJY GPS B TQFDJmD κ�WBMVF XJUI JUT NBUSJY FMFNFOUT EFmOFE BT

ρκnn′ =
∑

ij

ciν
ij
nn′κcj . 	����


ɨJT MBTU FRVBUJPO JT JO EJSFDU DPOOFDUJPO XJUI FYQSFTTJPO 	����
 EFSJWFE CZ -ÚXEJO VTJOH
VOOPSNBMJ[FE EFUFSNJOBOU TFUT� 'PMMPXJOH -ÚXEJO�T QSFTDSJQUJPOT UIF PSCJUBMT BSF UIFO
USBOTGPSNFE UP OBUVSBM PSCJUBMT BDDPSEJOH UP

P̃mκ(r) =
∑

n

uκn,mPnκ(r) 	����


BOE
Q̃mκ(r) =

∑

n

uκn,mQnκ(r) , 	����


XIFSF UIF DPFċDJFOUT uκn,m BSF UIF NBUSJY FMFNFOUT PG UIF VOJUBSZ NBUSJY Uκ UIBU EJBHP�
OBMJ[FT UIF CMPDL ρκ J�F�

Uκ,†ρκUκ = ρ̃κ . 	����


��



'JOBMMZ OPUF UIBU CFDBVTF XF XPSL XJUI SFTUSJDUFE %)' NFUIPET J�F� UIF SBEJBM DPNQPOFOUT
BSF UIF TBNF GPS BMM PSCJUBMT CFMPOHJOH UP UIF TBNF nκ TIFMM UIF PDDVQBUJPO OVNCFST EFmOFE
BT UIF EJBHPOBM FMFNFOUT ρ̃κnn = λκn BSF TVDI UIBU

0 ≤ λκn ≤ 2j + 1 BOE
∑

κ

∑

n

λκn = Ne . 	����


" QSPQFSUZ UIBU GPMMPXT JNNFEJBUFMZ GSPN UIFTF FRVBUJPOT JT UIBU JG UIF TIFMM (nκ)w JT
DMPTFE GPS BMM $4'T PG UIF .$%)'�3$* FYQBOTJPO J�F� OP TVCTUJUVUJPOT BSF BMMPXFE GSPN
UIBU TQFDJmD TIFMM UIFO UIF DPSSFTQPOEJOH NBUSJY FMFNFOUT BSF ρκnn′ = δnn′w J�F� UIF
USBOTGPSNBUJPO UP UIF OBUVSBM PSCJUBMT EPFT OPU BĊFDU UIF PSJHJOBM DPSSFTQPOEJOH PSCJUBM
BOE JUT FJHFOWBMVF JT FYBDUMZ w JUT PDDVQBUJPO OVNCFS�

'JOBMMZ JU TIPVME CF QPJOUFE PVU UIBU JO UIF DPOUFYU PG UIF .$)' BOE .$%)' NFUIPE
UIF OBUVSBM PSCJUBMT BSF DPNQVUFE UIBOLT UP UIF ĕĖğĤĚĥĪ <���> BOE ģĕĖğĤĚĥĪ 	TFF "***
 QSP�
HSBNT XIJDI BSF DPNQBUJCMF XJUI "541 BOE (ģĒĤġ SFTQFDUJWFMZ� 6Q VOUJM OPX /0T XFSF
NPTUMZ DPOTJEFSFE BT CZ�QSPEVDUT PG UIF FWBMVBUJPO PG UIF SBEJBM EFOTJUZ BOE UIFSFGPSF UIFJS
QSPQFSUJFT XFSF OPU TUVEJFE JO EFUBJMT GPS NBOZ�FMFDUSPO TZTUFNT� )PXFWFS GPS OPNJOBM
UXP�FMFDUSPO TZTUFNT UIF OBUVSBM FYQBOTJPO 	����
 PG UIF XBWF GVODUJPO JT XFMM�LOPXO 	TFF
4FD ����� PS F�H� <��� §���>
�

����� "QQMJDBUJPO UP UIF IZQFSmOF TUSVDUVSF PG /B

*O "* XF JOWFTUJHBUF UIF FĊFDU PG VTJOH UIF /0T PO UIF DPNQVUFE IZQFSmOF TUSVDUVSF DPO�
TUBOUT VTJOH UIF OPO�SFMBUJWJTUJD .$)' NFUIPE BOE UIF GVMMZ SFMBUJWJTUJD .$%)' NFUIPE�
'PMMPXJOH DMPTFMZ UIF XPSL CZ +ÚOTTPO FU BM� <���> XF TIPXFE UIF XFBLOFTTFT PG VTJOH B
MBZFS�CZ�MBZFS 	-#-
 PQUJNJ[BUJPO TUSBUFHZ� 4UBSUJOH GSPN OPO�SFMBUJWJTUJD DPOTJEFSBUJPOT
XF QFSGPSNFE UXP TFUT PG DBMDVMBUJPOT� 0OF DPSSFTQPOET TUSJDUMZ UP UIF DPNQVUBUJPOBM TUSBU�
FHZ PG +ÚOTTPO FU BM� <���> JO XIJDI BMM DPSSFMBUJPO PSCJUBMT BOE UIF WBMFODF PSCJUBM BSF PQUJ�
NJ[FE UPHFUIFS BU FBDI TUFQ BOE UIF PUIFS POF JT B -#- BQQSPBDI JO XIJDI POMZ UIF OFXMZ
JOUSPEVDFE DPSSFMBUJPO PSCJUBMT BSF PQUJNJ[FE LFFQJOH UIF PUIFST GSP[FO JO UIF WBSJBUJPOBM
QSPDFTT� 8F XFSF BCMF UP TIPX UIBU UIF DPNQVUFE IZQFSmOF TUSVDUVSF DPOTUBOU A1/2 PG
UIF /B HSPVOE TUBUF JO UIF -#- BOE AGVMM WBSJBUJPOBM� 	'7
 PQUJNJ[BUJPO TUSBUFHJFT EJĊFS CZ
BQQSPYJNBUFMZ ���%� ɨF WBMVF DPNQVUFE JO UIF -#- BQQFBST UP CF ∼ 16 .)[ UPP TNBMM
DPNQBSFE UP UIF FYQFSJNFOUBM WBMVF A1/2 = 885.813064 4(5) .)[ <���> XIJMF UIF '7
SFTVMU JT NVDI DMPTFS UP UIF MBUUFS EJĊFSJOH POMZ CZ ∼ 3 .)[� ɨF USBOTGPSNBUJPO UP /0T
GPS FBDI CBTJT MFBEJOH UP UIF -#-NO BOE '7NO PSCJUBM CBTFT SFEVDFE DPOTJEFSBCMZ UIF
EJTDSFQBODZ CFUXFFO UIF UXP TFUT PG DBMDVMBUJPOT XIJDI CFDBNF TNBMMFS UIBO ∼ 2 .)[�
ɨF WBMVFT DPNQVUFE JO UIF /0T CBTFT BSF BMTP JO CFUUFS BHSFFNFOU XJUI UIF FYQFSJNFOUBM
WBMVF UIBO BSF UIF WBMVFT DPNQVUFE JO UIF '7 CBTJT� 'JOBMMZ XF TFF UIBU UIF '7 BQQSPBDI PS
UIF -#- BQQSPBDI XJUI USBOTGPSNBUJPO UP /0 HJWFT DPNQBSBCMF SFTVMUT� 'SPN UIF QPJOU PG

��



DPNQVUBUJPOBM FċDJFODZ UIF MBUUFS BQQSPBDI JT UP QSFGFS BT UIF TJNVMUBOFPVT PQUJNJ[BUJPO
PG B MBSHF OVNCFS PG PSCJUBMT JT WFSZ UJNF DPOTVNJOH DPNQBSFE UP PQUJNJ[JOH POF MBZFS BU
B UJNF� ɨF UJNF GPS UIF /0 USBOTGPSNBUJPO JT OFHMJHJCMF JO DPNQBSJTPO�

4USFOHUIFOFE XJUI UIFTF PCTFSWBUJPOT XF UVSOFE UP SFMBUJWJTUJD DBMDVMBUJPOT� #FDBVTF UIF
(ģĒĤġ QSPHSBNT EP OPU TVQQPSU TJNVMUBOFPVT PQUJNJ[BUJPO PG NVMUJQMF MBZFST PG DPSSFMB�
UJPO PSCJUBMT POMZ UIF -#- PQUJNJ[BUJPO TUSBUFHZ JT BWBJMBCMF� /PUF BMTP UIBU UIF -#- PQUJ�
NJ[BUJPO TUSBUFHZ JT UIF POMZ TUSBUFHZ BEPQUFE CZ BMM (ģĒĤġ VTFST JO UIF MBTU EFDBEFT� +VTU BT
JO OPO�SFMBUJWJTUJD DBMDVMBUJPOT UIF -#- SFMBUJWJTUJD DBMDVMBUJPOT BSF GBS GSPN CFJOH JO BHSFF�
NFOU XJUI UIF FYQFSJNFOUBM WBMVF JO TQJUF PG BEPQUJOH UIF TBNF BDUJWF TQBDF FYQBOTJPOT
BT JO UIF OPO�SFMBUJWJTUJD TUVEZ CZ +ÚOTTPO FU BM� <���>� ɨF USBOTGPSNBUJPO UP /0T BHBJO
SFEVDFT DPOTJEFSBCMZ UIF EJTDSFQBODZ XJUI UIF FYQFSJNFOUBM WBMVF� *U TIPVME CF NFOUJPOFE
IFSF UIBU UIF BDUJWF TQBDF JT QSPHSFTTJWFMZ JODSFBTFE� 'JSTU POMZ $7 DPSSFMBUJPO FĊFDUT BSF
UBLFO JOUP BDDPVOU CZ BMMPXJOH NBYJNVN POF IPMF JO UIF OFPO�MJLF DPSF PG TPEJVN� ɨFO
$$ DPSSFMBUJPO JT BEEFE CZ BMMPXJOH BMM % TVCTUJUVUJPOT JODMVEJOH % TVCTUJUVUJPOT GSPN UIF
DPSF� 'JOBMMZ IJHIFS�PSEFS DPSSFMBUJPO FĊFDUT BSF UBLFO JOUP BDDPVOU CZ BMMPXJOH 5 BOE 2
TVCTUJUVUJPOT� ɨF USBOTGPSNBUJPO UP OBUVSBM PSCJUBMT JT QFSGPSNFE CFGPSF UIF JOUSPEVDUJPO
PG $$ DPSSFMBUJPO BOE IJHIFS�PSEFS FMFDUSPO TVCTUJUVUJPOT� "MUIPVHI UIF USBOTGPSNBUJPO JU�
TFMG MFBWFT BMNPTU JOWBSJBOU UIF FOFSHZ BOE UIF IZQFSmOF TUSVDUVSF DPOTUBOU UIF TVCTFRVFOU
JOUSPEVDUJPO PG $$ DPSSFMBUJPO IBT B ESBTUJDBMMZ EJĊFSFOU FĊFDU PO A1/2 EFQFOEJOH PO UIF
PSCJUBM CBTJT 	-#- PS /0
 BT TFFO JO 5BCMF *7 PG "*�

ɨF FĊFDU PG UIF USBOTGPSNBUJPO UP /0T JT UP JODSFBTF UIF WBMVF PG UIF IZQFSmOF TUSVDUVSF
DPOTUBOUT� ɨJT XBT DPOmSNFE CZ QFSGPSNJOH TJNJMBS DBMDVMBUJPOT BMPOH UIF /B JTPFMFD�
USPOJD TFRVFODF BT XFMM BT GPS UIF FYDJUFE 2P o

1/2,3/2 TUBUFT� *O "* XF QVU PO FWJEFODF UIBU
UIF USBOTGPSNBUJPO UP UIF /0T MFE UP B TUSPOH TQBUJBM SFBSSBOHFNFOU BNPOH UIF s DPSSFMBUJPO
PSCJUBMT� 'VSUIFSNPSF XF TIPXFE UIBU UIF TQFDUSPTDPQJD 3s PSCJUBM XBT NPSF DPOUSBDUFE JO
UIF /0T UIBO JO -#- PSCJUBMT BOE UIBU UIF NJYJOH DPFċDJFOU PG UIF %)' SFGFSFODF $4'
XBT JODSFBTFE JO UIF /0 CBTJT� #FDBVTF UIF HSPVOE DPOmHVSBUJPO PG /B JT 1s22s22p63s
JU JT XFMM�LOPXO UIBU UIF VOQBJSFE s WBMFODF PSCJUBM DPOUSJCVUFT UIF NPTU UP UIF IZQFS�
mOF TUSVDUVSF DPOTUBOU� ɨFSFGPSF TNBMM DIBOHFT JO JUT SBEJBM TIBQF DBO TUSPOHMZ BĊFDU UIF
WBMVF PG UIF DPNQVUFE IZQFSmOF TUSVDUVSF DPOTUBOU� " EFFQFS BOBMZTJT PG UIF SPMF PG UIF
TQFDUSPTDPQJD 3s PSCJUBM JT DPOEVDUFE JO UIF OFYU TFDUJPOT BOE TIPVME CF DPOTJEFSFE BT BO
VOQVCMJTIFE DPNQMFNFOU PG "*�

������� 0O UIF DSVDJBM SPMF PG UIF TQFDUSPTDPQJD 3s PSCJUBM

4VC�TQBDFT DPOUSJCVUJPOT BOBMZTJT

ɨF VOFYQFDUFE WBSJBUJPO PG UIF NBHOFUJD EJQPMF IZQFSmOF DPOTUBOU XIFO BEEJOH $$ DPS�
SFMBUJPO UP UIF $7 BDUJWF TQBDF JODJUFE VT UP JOWFTUJHBUF JO NPSF EFUBJMT UIF EJĊFSFOU DPO�

��



h�#H2 9XR, *QMi`B#miBQMb Q7 i?2 o- *o �M/ * bm#@bT�+2b �M/ i?2B` +QK#BM�iBQMb iQ i?2
K�;M2iB+ /BTQH2 ?vT2`}M2 +QMbi�Mi Q7 i?2 ;`QmM/ bi�i2 Q7 M2mi`�H bQ/BmKX h?2
2z2+i Q7 ** +Q``2H�iBQM QM A1/2 Bb H�`;2` BM i?2 G"G #�bBb- H2�/BM; iQ � HQr2`
A1/2@p�Hm2X LQi2 i?�i Bib 2z2+i Bb KQbiHv BM/B`2+i bBM+2 i?2 /2+`2�b2 BM i?2 o@o
+QMi`B#miBQM Bb Km+? H�`;2` i?�M i?2 *@* +QMi`B#miBQM Bib2H7X a22 i2ti 7Q` 7m`i?2`
/Bb+mbbBQMX

A1/2 	.)[

$7 $7�$$

*OUFSBDUJPO -#- /0 -#- /0
7�7 ������� ������� ������� �������

7�$7 ������� ������� ������� �������
7�$ � � ��� ���

$7�$7 ������ ������ ����� �����
$7�$ � � −����� −�����
$�$ � � ������ ������

∑
������� ������� ������� �������

USJCVUJPOT UP JU� ɨF BDUJWF TQBDF CBTFE PO UIF 9h BDUJWF TFU 	DPOTJTUJOH PG BMM PSCJUBMT XJUI
n ≤ 9 BOE l ≤ 5(h)
 JT TQMJU JOUP UISFF TVC�TQBDFT� ɨF mSTU POF DPSSFTQPOET UP UIF WB�
MFODF TVCTQBDF 	7
 JODMVEJOH POMZ $4'T HFOFSBUFE GSPN UIF TJOHMF TVCTUJUVUJPOT 3s → ns
	4 ≤ n ≤ 9)� ɨF TFDPOE POF JT UIF DPSF�WBMFODF TVCTQBDF 	$7
 JODMVEJOH $4'T HFOFS�
BUFE CZ BMM TJOHMF TVCTUJUVUJPOT GSPN UIF DPSF BOE SFTUSJDUFE EPVCMF TVCTUJUVUJPOT 	BU NPTU
POF IPMF JO UIF DPSF
� ɨF UIJSE POF UIF DPSF TVCTQBDF 	$
 DPOUBJOT BMM $4'T HFOFSBUFE
CZ EPVCMF TVCTUJUVUJPOT GSPN UIF DPSF� &BDI PG UIF TVC�TQBDF DPNCJOBUJPOT DPOUSJCVUFT
XJUI EJĊFSFOU XFJHIUT UP UIF mOBM A1/2 WBMVF� ɨF EJBHPOBM 	7�7 $7�$7 BOE $�$
 BOE
Pą�EJBHPOBM 	7�$7 7�$ BOE $7�$
 DPOUSJCVUJPOT BSF UBCVMBUFE JO 5BCMF ���� ɨFJS TVN
DPSSFTQPOEJOH UP UIF UPUBMA1/2 WBMVF JT BMTP HJWFO GPS FBDI CBTJT BOE FBDI BDUJWF TQBDF� ɨF
$7 BDUJWF TQBDF DBMDVMBUJPOT J�F� UIPTF QFSGPSNFE CFGPSF JODMVEJOH $$ DPSSFMBUJPO TIPX
UIBU UIF 7�7 7�$7 BOE $7�$7 DPOUSJCVUJPOT QSPWJEFE JO CPUI CBTFT BSF DMPTF UP FBDI
PUIFS� *O UIF /0 CBTJT UIF 7�7 JOUFSBDUJPO JT TMJHIUMZ TUSPOHFS UIBO JO UIF -#- CBTJT 	CZ
≈ 2 .)[
� ɨJT JT DPOTJTUFOU XJUI UIF FYQFDUFE QSPQFSUZ PG UIF /0 CBTJT PG JODSFBTJOH UIF
NJYJOH DPFċDJFOU PG UIF MFBEJOH %)' $4'� *O UIF $7�$$ DBMDVMBUJPOT UIF EJĊFSFODF JO
UIF 7�7 JOUFSBDUJPO CFUXFFO UIF UXP PSCJUBM CBTFT JT MBSHFS 	≈ 29 .)[
� *O BEEJUJPO UIF
$�$ BOE 7�$7 JOUFSBDUJPOT BSF BMTP MBSHFS JO UIF /0 CBTJT UIBO JO UIF -#- CBTJT CZ ≈ 3
.)[ BOE ≈ 1.7 .)[ SFTQFDUJWFMZ� *OEFQFOEFOUMZ PG UIF CBTJT XF PCTFSWF GSPN 5BCMF ���
UIBU UIF FĊFDU PG $$ DPSSFMBUJPO JT NBJOMZ JOEJSFDU TJODF UIF DIBOHF JO UIF 7�7 DPOUSJCVUJPO
JT NPSF UIBO mWF UJNFT MBSHFS UIBO UIF $�$ DPOUSJCVUJPO JUTFMG 	F�H� GPS UIF -#- CBTJT UIF
7�7 DPOUSJCVUJPO EFDSFBTFT CZ ≈ 80 .)[ XIJMF UIF $�$ DPOUSJCVUJPO JT POMZ ≈ 14 .)[

BT JU XBT BMSFBEZ EJTDVTTFE JO UIF BOBMZTFT PG &OHFMT FU BM� <���> BOE (PEFGSPJE FU BM� <���>�
ɨF JOUFSBDUJPO CFUXFFO UIF WBMFODF BOE DPSF TVC�TQBDFT JT FYBDUMZ [FSP EVF UP UIF POF�CPEZ
TUSVDUVSF PG UIF IZQFSmOF )BNJMUPOJBO�

��
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6B;m`2 9XR, .Bz2`2M+2 #2ir22M i?2 �#bQHmi2 p�Hm2b Q7 i?2 H�`;2 +QKTQM2Mi `�/B�H 7mM+iBQM Q7
i?2 bT2+i`Qb+QTB+ 3s Q`#Bi�H BM i?2 G"G �M/ BM LP #�bBbX

3BEJBM GVODUJPOT PG UIF 3s PSCJUBM� -#- WT� /0

5BCMF 7 PG "* QVU JO FWJEFODF B EJĊVTF 7s PSCJUBM JO UIF -#- CBTJT BT XFMM BT B NPSF
DPOUSBDUFE TQFDUSPTDPQJD 3s PSCJUBM JO UIF /0 CBTJT� ɨF QVSFMZ SBEJBM DPOUSJCVUJPO UP
〈1s22s22p63s 2S1/2||T(1)||1s22s22p63s 2S1/2〉 JT−0.026857 BOE−0.030312 JO UIF -#-
CBTJT BOE JO UIF /0 CBTJT SFTQFDUJWFMZ� ɨF TNBMM TIBQF EJĊFSFODF CFUXFFO UIF 3s BOE
3s/0 PSCJUBMT JT MBSHF FOPVHI UP DSFBUF B TQFDUBDVMBS ∼ 11% EJĊFSFODF JO UIF IZQFSmOF
SBEJBM FYQFDUBUJPO WBMVF� 'JH� ��� EJTQMBZT UIF EJĊFSFODF PG UIF BCTPMVUF WBMVFT UIF MBSHF
DPNQPOFOUT P (r) PG UIF TQFDUSPTDPQJD 3s PSCJUBM JO UIF -#- BOE /0 CBTJT� ɨF 3s OBUVSBM
PSCJUBM JT TMJHIUMZ NPSF DPOUSBDUFE UIBO UIF -#- POF BT BUUFTUFE CZ UIF UISFF iCVNCTw DMPTF
UP UIF OVDMFVT� ɨJT DPOUSBDUJPO JMMVTUSBUFE CZ B MBSHFS USBOTGPSNFE |P/0

3s (r)| UIBO UIF PSJH�
JOBM |P -#-

3s (r)| GVODUJPO JO UIF r = [0, 4] EPNBJO FYQMBJOT JUT IJHIFS WBMVF PG UIF SBEJBM IZ�
QFSmOF JOUFHSBM JO UIF DBMDVMBUJPOT PG UIF 〈1s22s22p63s 2S1/2||T(1)||1s22s22p63s 2S1/2〉
SFEVDFE NBUSJY FMFNFOU� ɨF DPOUSBDUJPO PG UIF TQFDUSPTDPQJD WBMFODF PSCJUBM JT B EJSFDU
FĊFDU PG DPSF�WBMFODF DPSSFMBUJPO� ɨJT CFDPNFT PCWJPVT XIFO MPPLJOH UIF SFTVMUT PG UIF
OPO�SFMBUJWJTUJD '7 PQUJNJ[BUJPO TUSBUFHZ PG +ÚOTTPO FU BM� <���> JT BOBMZ[FE� 8F SFQSP�
EVDFE UIFJS DPNQVUBUJPOT CZ BMMPXJOH BMM DPSSFMBUJPO PSCJUBMT UP WBSZ TJNVMUBOFPVTMZ XJUI
UIF WBMFODF 3s PSCJUBM GPS XIJDI UIF NFBO SBEJVT XBT DPNQVUFE BGUFS FBDI MBZFS� *O 'JH� ���
JT QMPUUFE UIF NFBO SBEJVT PG UIF 3s PSCJUBM BMPOH UIF FYQBOTJPO PG UIF BDUJWF TQBDF DIBSBD�
UFSJ[FE CZ JUT NBYJNVN QSJODJQBM RVBOUVN OVNCFS� 'PS DPNQBSJTPO UIF SFMBUJWJTUJD -#-
BOE OBUVSBM 3s PSCJUBMT NFBO SBEJJ BSF BMTP TIPXO PO UIF mHVSF� ɨF CMBDL MJOF DPSSF�
TQPOEJOH UP UIF OPO�SFMBUJWJTUJD DBMDVMBUJPOT DMFBSMZ JMMVTUSBUFT UIF QSPHSFTTJWF DPOUSBDUJPO
XJUI UIF BDUJWF TQBDF FYQBOTJPO J�F� UIF DPSF�WBMFODF DPSSFMBUJPO IBT UIF EJSFDU FĊFDU PG
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DPOUSBDUJOH UIF WBMFODF PSCJUBM 	TFF F�H� <���>
� *O UIF -#- PQUJNJ[BUJPO TUSBUFHZ UIF 3s
PSCJUBM JT GSP[FO BGUFS UIF PQUJNJ[BUJPO PG UIF n = 3 MBZFS BOE UIFSFGPSF MBDLT PG WBSJBUJPOBM
GSFFEPN XIJDI JT QBSUJBMMZ SFDPWFSFE XIFO DPNQVUJOH UIF OBUVSBM�PSCJUBM CBTJT� *OEFFE UIF
SBEJBM SF�PSHBOJ[BUJPO DBVTFE CZ UIF EJBHPOBMJ[BUJPO PG UIF EFOTJUZ NBUSJY NJYFT DPSSFMBUJPO
PSCJUBMT BOE TQFDUSPTDPQJD PSCJUBMT MFBEJOH UP B NPSF DPOUSBDUFE OBUVSBM 3s PSCJUBM�

	%
)' �� � � � � � �

4.05

4.1

4.15

4.2

.BYJNVN QSJODJQBM RVBOUVN OVNCFS n

〈r
〉 3

s

.$)'�'7
.$%)'�-#-
.$%)'�/0

6B;m`2 9Xk, J2�M `�/BB Q7 i?2 3s Q`#Bi�H BM i?2 G"G #�bBb- LP #�bBb �M/ i?2 MQM@`2H�iBpBbiB+
6o b+?2K2 BM r?B+? �HH Q`#Bi�Hb �`2 QTiBKBx2/ iQ;2i?2`X h?2 H�v2` bi�` M2ti iQ i?2
n = 3 p�Hm2 Bb i?2`2 �b � `2KBM/2` i?�i i?2 bT2+i`Qb+QTB+ 3s Q`#Bi�Hb r�b p�`B2/
�HQM; rBi? i?2 +Q``2H�iBQM 3p �M/ 3d Q`#Bi�HbX

"SUJmDJBM DPOUSBDUJPOT

"DDPSEJOH UP UIF QSFWJPVT TFDUJPO UIF 3s PSCJUBM JT OPU DPOUSBDUFE FOPVHI JO UIF -#-
BQQSPBDI� ɨF JOUSPEVDUJPO PG DPSSFMBUJPO TIPVME DPNQFOTBUF GPS B UPP EJĊVTF %)' 3s
PSCJUBM� )PXFWFS JU JT GSP[FO JO B MBZFS�CZ�MBZFS BQQSPBDI� 5P DPOmSN UIF TUSPOH MJOL CF�
UXFFO UIF DPOUSBDUJPO PG UIF 3s PSCJUBM 	UISPVHI JUT NFBO SBEJVT
 BOE B MBSHFS IZQFSmOF
TUSVDUVSF DPOTUBOU WBMVF UXP BSUJmDJBM XBZT PG DPOUSBDUJOH UIF 3s PSCJUBM BSF FYQMPSFE JO
UIF .$%)' GSBNFXPSL�

	J
 .JYJOH XJUI B EJĊVTF PSCJUBM
ɨF mSTU MBZFS DPSSFTQPOEJOH UP UIF n = 3 BDUJWF TQBDF PQUJNJ[FT UPHFUIFS UIF

���



3s, 3p−, 3p, 3d−, 3d PSCJUBMT� "O BEEJUJPOBM 	BSUJmDJBM
 IZESPHFOJD 6s PSCJUBM JT BEEFE
UP UIF TFU PG PQUJNJ[FE PSCJUBMT TP UIBU UIF JOUFSBDUJPO CFUXFFO UIF EJĊVTF 6s PS�
CJUBM BOE UIF TQFDUSPTDPQJD 3s PSCJUBM SFTVMUT JO B DPOUSBDUJPO PG UIF MBUUFS� 0OMZ UIF
n = 3 PSCJUBMT BSF LFQU XIJMF UIF 6s PSCJUBM JT SFNPWFE BOE UIF PQUJNJ[BUJPO PG MBZFST
n = 4, 5, 6, 7, 8, 9 JT QFSGPSNFE BT EFTDSJCFE JO "*� ɨF DPSSFTQPOEJOH PSCJUBM CBTJT
JT MBCFMMFE -#-�6s�

	JJ
 &YUFOUFE PQUJNBM MFWFM PQUJNJ[BUJPO 	&0-

ɨF mSTU MBZFS DPSSFTQPOEJOH UP UIF n = 3 BDUJWF TQBDF PQUJNJ[FT UPHFUIFS UIF
3s, 3p−, 3p, 3d−, 3d PSCJUBMT CZ NJOJNJ[JOH TJNVMUBOFPVTMZ UIF UXP J = 1/2 MPX�
FTU MFWFMT� 3FMBUJWF XFJHIUT CFUXFFO UIF MPXFTU BOE TFDPOE MPXFTU MFWFMT BSF DIPTFO UP
CF 	���
 PS 	���
 JO UXP TFQBSBUF DBMDVMBUJPOT� 4VDI XFJHIU QBSUJUJPOT BĊFDU POMZ
TMJHIUMZ UIF SFTVMUT PCUBJOFE CZ PQUJNJ[JOH PO UIF MPXFTU MFWFM POMZ� ɨFTF UXP TFUT PG
DBMDVMBUJPOT BSF MBCFMMFE -#-�820 BOE -#-�815 SFTQFDUJWFMZ�

ɨF A1/2 IZQFSmOF DPOTUBOUT DPNQVUFE XJUI UIFTF EJĊFSFOU PQUJNJ[BUJPO TUSBUFHJFT BSF
SFQPSUFE JO 5BCMF ��� BMPOH XJUI UIF BDUJWF TQBDF FYQBOTJPO� 4JODF UIFTF TUSBUFHJFT XFSF
OPU CVJMU PO SBUJPOBM BSHVNFOUT � FYDFQU GPS UIF OFFE PG B NPSF DPOUSBDUFE 3s PSCJUBM �
DPNQVUBUJPOT EP OPU JODMVEF UIF UXP DPSF�DPSF DPSSFMBUJPO MBZFST OPS UIF USJQMF FYDJUBUJPOT
JO 3$*� " TJOHMF TNBMMFS 3$* DBMDVMBUJPO JT QFSGPSNFE GPS FBDI TUSBUFHZ UP JODMVEF $$
DPSSFMBUJPO XIJDI JT BMSFBEZ FOPVHI UP BQQSFDJBUF UIF EJĊFSFODF CFUXFFO UIF -#- BOE /0
CBTFT� ɨF NFBO SBEJJ PG UIF 3s PSCJUBM BSF BMTP HJWFO JO 5BCMF ���� " IJHI DPSSFMBUJPO JT
PCTFSWFE CFUXFFO UIF DIBOHF JO UIF NFBO SBEJVT BOE UIF IZQFSmOF TUSVDUVSF DPOTUBOUT�
*OEFFE HPJOH GSPN MFGU UP SJHIU UIF NFBO SBEJVT PG UIF 3s PSCJUBM EFDSFBTFT DPSSFTQPOEJOH
UP B DPOUSBDUJPO PG UIF PSCJUBM XIJMF UIFA1/2 3$* $7�$$ WBMVF JODSFBTFT� *U JT SFNBSLBCMF
UIBU UIF /0 BQQSPBDI QSPWJEFT TJNJMBS WBMVFT GPS BMM GPVS CBTFT JO CPUI UIF $7 BOE $7�$$
BDUJWF TQBDFT�

������� "TTFTTJOH UIF SFMJBCJMJUZ PG /0T y

8IJMF PSCJUBM SPUBUJPOT XJUIJO FBDI LBQQB TZNNFUSZ JO DPNQMFUF BDUJWF TQBDFT MFBWF UIF
XBWF GVODUJPO BOE FOFSHZ JOWBSJBOU SPUBUJPOT JO JODPNQMFUF BDUJWF TQBDFT QFSUVSC UIF XBWF
GVODUJPO BOE DBO UIFSFGPSF MFBE UP EJTBTUSPVT SFTVMUT BT TIPXO JO 4FD� *7 $ � BOE UIF
BQQFOEJY JO "*� 4JODF UIF OFHBUJWF JNQBDU PG SPUBUJPOT JO JODPNQMFUF BDUJWF TQBDFT IBT CFFO
FTUBCMJTIFE JU JT JNQPSUBOU UP BTTFTT UIF SFMJBCJMJUZ PG UIF /0 CBTJT� ɨF TNBMM FYBNQMF
QSFTFOUFE JO UIF "QQFOEJY PG "* BMSFBEZ TIPXT UIBU UIF /0 DPSSFTQPOET UP SPUBUJPOT XJUI
TNBMM BOHMFT BOE UIFSFGPSF POMZ TMJHIUMZ QFSUVSC UIF XBWF GVODUJPO�

*O TPEJVN EVF UP UIF TJOHMF WBMFODF FMFDUSPO DPSF�WBMFODF DPSSFMBUJPO IBE UP CF JODMVEFE
GSPN UIF WFSZ CFHJOOJOH� ɨF 2p3s → nln′l′ BOE 2s3s → nln′l′ DMBTTFT PG TVCTUJUVUJPOT

���



h�#H2 9Xk, >vT2`}M2 +QMbi�Mi A1/2 �M/ K2�M `�/Bmb Q7 i?2 bT2+i`Qb+QTB+ 3s Q`#Bi�H 7Q`
/Bz2`2Mi QTiBKBx�iBQM T`Q+2bb2b Ub22 i2tiVX

A1/2	.)[

"DUJWF TFU -#- -#-�6s -#-�820 -#-�815
%)' ������� ������� ������� �������
.$%)'�$* $7
3 ������� ������� ������� �������
4 ������� ������� ������� �������
5 ������� ������� ������� �������
6 ������� ������� ������� �������
7h ������� ������� ������� �������
8h ������� ������� ������� �������
9h ������� ������� ������� �������
9h�/0 ������� ������� ������� �������

$* $7�$$�
9h ������� ������� ������� �������
9h�/0 ������� ������� ������� �������

〈r〉
3s ������� ������� ������� �������
3s�/0 ������� ������� ������� �������

HFOFSBUF BO JODPNQMFUF BDUJWF TQBDF� ɨF PQFOJOH PG UIF n = 2 TIFMM XPVME SFRVJSF UIF
TJNVMUBOFPVT FYDJUBUJPOT PG OJOF FMFDUSPOT 	UXP GSPN UIF 2s TJY GSPN UIF 2p BOE POF GSPN
UIF 3s
 UP SFDPWFS DPNQMFUFOFTT� 'PSUVOBUFMZ UIF -#- PSCJUBM CBTJT JT AOPU TP GBS� GSPN
UIF OBUVSBM�PSCJUBM CBTJT J�F� UIF DPSSFTQPOEJOH SPUBUJPOT IBWF TNBMM BOHMFT� *OEFFE BMM
TQFDUSPTDPQJD PSCJUBMT BSF POMZ TMJHIUMZ QFSUVSCFE BT TIPXO CZ UIF MFBEJOH DPOUSJCVUJPO PG
UIFJS WFDUPS DPNQPTJUJPO 	BU MFBTU ������ % JO UIFJS BOBMPHPVT PSCJUBM JO UIF -#- CBTJT
�
/FWFSUIFMFTT JU JT JNQPSUBOU UP BTTFTT UIF RVBMJUZ PG UIF OBUVSBM�PSCJUBM CBTJT QSPWJOH UIBU
UIF DIBOHF EVF UP UIF /0 SPUBUJPOT JO PVS TQFDJmD JODPNQMFUF BDUJWF TQBDF SFNBJOT TNBMM�

yUISPVHI PWFSMBQT

4JODF UIF XBWF GVODUJPO JT OPU JOWBSJBOU UIF SFMBUJPO

|Ψ{φ}〉 = |Ψ̃{φ̃}〉+ |Γ̃{φ̃}〉 	����


EFmOFT |Γ̃{φ̃}〉 BT UIF HBQ CFUXFFO UIF XBWF GVODUJPO |Ψ{φ}〉 CVJMU PO UIF -#- PSCJUBM CBTJT
{φ} BOE UIF USBOTGPSNFE XBWF GVODUJPO |Ψ̃{φ̃}〉 CVJMU PO UIF /0 PSCJUBM CBTJT {φ̃}� ɨF

���



QSPKFDUJPO PG |Ψ{φ}〉 PO JUTFMG

〈Ψ{φ}|Ψ{φ}〉︸ ︷︷ ︸
=1

= 〈Ψ{φ}|Ψ̃{φ̃}〉+ 〈Ψ{φ}|Γ̃{φ̃}〉︸ ︷︷ ︸
:=γ1

BMMPXT UP JOUSPEVDF
γ1 = 1− 〈Ψ{φ}|Ψ̃{φ̃}〉 , 	����


BT B NFBTVSF PG UIF HBQ BT B GVODUJPO PG UIF PWFSMBQ CFUXFFO UIF -#- BOE USBOTGPSNFE
XBWF GVODUJPOT� 4JODF UIF UXP PSCJUBM CBTFT BSF OPOPSUIPHPOBM UIF CJPSUIPHPOBMJ[BUJPO
NFUIPE <���> JT FNQMPZFE UP FWBMVBUF UIF PWFSMBQ 〈Ψ{φ}|Ψ̃{φ̃}〉� ɨF CJPSUIPHPOBMJ[BUJPO
QSPWJEFT UXP BEEJUJPOBM CBTFT {φ′} BOE {φ̃′} TVDI UIBU 〈φ′i|φ̃′j〉 = δij � ɨF DPVOUFS�
USBOTGPSNBUJPO <���> BDUT PO UIF NJYJOH DPFċDJFOUT TP UIBU UIF UPUBM XBWF GVODUJPOT BSF
JOWBSJBOU� *G c′i BOE c̃′i BSF UIF NJYJOH DPFċDJFOUT SFTVMUJOH GSPN UIF DPVOUFS�USBOTGPSNBUJPOT
GPS UIF -#- BOE /0 XBWF GVODUJPOT SFTQFDUJWFMZ UIFO






|Ψ{φ}〉 =
N∑

i=1

ci |Φi{φ}〉 =
N∑

i=1

c′i |Φ′
i{φ′}〉

|Ψ̃{φ̃}〉 =
N∑

i=1

c̃i |Φ̃i{φ̃}〉 =
N∑

i=1

c̃′i |Φ̃′
i{φ̃′}〉 .

	����


4UBSUJOH GSPN &R� 	����
 BOE VTJOH UIF SFMBUJPOT PG &R� 	����
 UPHFUIFS XJUI UIF CJPSUIPH�
POBMJUZ DPOEJUJPOT γ1 SFTVNFT UP

γ1 = 1−
N∑

i=1

c′ic̃
′
i . 	����


ɨF PWFSMBQ SFQSFTFOUT B NFBTVSF PG UIF DIBOHF JOEVDFE CZ USBOTGPSNJOH UIF -#- CBTJT
UP UIF /0 CBTJT� *U JT UIFSFGPSF OFDFTTBSZ UP FOTVSF UIBU BUPNJD QSPQFSUJFT DPOWFSHF XJUI
SFTQFDU UP UIF /0 USBOTGPSNBUJPO� ɨF OBUVSBM PSCJUBMT BSF UIF PSCJUBMT UIBU EJBHPOBMJ[F UIF
EFOTJUZ NBUSJY� *G UIF BDUJWF TQBDF XBT DPNQMFUF SF�DPNQVUJOH UIF OBUVSBM PSCJUBMT XPVME
CF USJWJBM TJODF UIF EFOTJUZ NBUSJY XPVME BMSFBEZ CF EJBHPOBM CZ EFmOJUJPO� *G UIF BDUJWF
TQBDF JT JODPNQMFUF UIF EFOTJUZ NBUSJY SF�DBMDVMBUFE JO UIF /0 CBTJT JT OP MPOHFS EJBHPOBM�
ɨF EJBHPOBMJ[BUJPO PG UIJT OFX EFOTJUZ NBUSJY QSPWJEFT BOPUIFS /0 CBTJT� *U JT DSVDJBM
UP TIPX UIBU BO JUFSBUJWF USBOTGPSNBUJPO UP /0 DPOWFSHFT UP B EJBHPOBM EFOTJUZ NBUSJY�
"QQMZJOH JUFSBUJWFMZ &R� 	����
 UIF XBWF GVODUJPO JT XSJUUFO

|Ψ{φ}〉 = | ˜̃Ψ{ ˜̃φ}〉+ |˜̃Γ{ ˜̃φ}〉+ |Γ̃{φ̃}〉 . 	����


ɨF iTFDPOE�PSEFSw PWFSMBQ JT UIFSFGPSF SFMBUFE UP CPUI γ1 BOE γ2 CZ UIF SFMBUJPO

γ2 + γ1 = 1− 〈Ψ{φ}| ˜̃Ψ{ ˜̃φ}〉 	����
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XIJDI JT FBTJMZ HFOFSBMJ[FE GPS B OVNCFS x PG USBOTGPSNBUJPOT BT

〈Ψ{φ}|Ψ(x){φ(x)}〉 = 1−
x∑

j=1

γx . 	����


yUISPVHI JUFSBUJWF USBOTGPSNBUJPOT

*UFSBUJWF USBOTGPSNBUJPOT UP UIF OBUVSBM PSCJUBMT BSF BQQMJFE UP UIF TPEJVN HSPVOE TUBUF UP
BTTFTT UIF WBMJEJUZ PG UIF SFTVMUT QSFTFOUFE JO "*� &BDI JUFSBUJPO DPOTJTUT JO UIF GPMMPXJOH
UXP�TUFQ QSPDFEVSF�

	J
 'PS B HJWFO PSCJUBM CBTJT {φ(i)} XJUI 0 ≤ i ≤ x − 1 XIFSF x JT UIF UPUBM OVNCFS PG
JUFSBUJPOT UIF "4' FYQBOTJPO DPFċDJFOUT BSF EFUFSNJOFE UISPVHI $* DBMDVMBUJPO�

	JJ
 " EFOTJUZ NBUSJY JT DPNQVUFE VTJOH UIF NJYJOH DPFċDJFOUT PG TUFQ 	J
 BOE EJBHPOBM�
J[FE� *UT FJHFOWFDUPST QSPWJEF UIF SPUBUJPOT DPFċDJFOUT UP CVJME UIF OFX PSCJUBM CBTJT
{φ(i+1)} BT MJOFBS DPNCJOBUJPOT PG {φ(i)} XJUI 0 ≤ i ≤ x− 1�

5BCMF ��� QSFTFOUT UIF FOFSHZ UIF IZQFSmOF DPOTUBOU BOE UIF PWFSMBQ XJUI UIF -#- XBWF
GVODUJPO GPS BO JODSFBTJOH OVNCFS PG USBOTGPSNBUJPOT UP UIF /0T� &BDI RVBOUJUZ JT DPN�
QVUFE GPS UXP EJĊFSFOU BDUJWF TQBDFT POF CBTFE PO $7 DPSSFMBUJPO BMPOF BOE BOPUIFS CBTFE
PO $7�$$ DPSSFMBUJPO� ɨFTF UISFF QSPQFSUJFT TFFN UP DPOWFSHF GBTU XJUI UIF OVNCFS PG
JUFSBUJPOT x� ɨJT SFTVMU JT SFBTTVSJOH BOE MFBET UP UIF DPODMVTJPO UIBU QFSGPSNJOH TNBMM
SPUBUJPOT JO BO JODPNQMFUF BDUJWF TQBDF POMZ TMJHIUMZ QFSUVSC UIF XBWF GVODUJPO�

h�#H2 9Xj, 1M2`;v �M/ ?vT2`}M2 +QMbi�Mi �b � 7mM+iBQM Q7 i?2 MmK#2` Q7 iBK2b i?2 LPb �`2
+QKTmi2/X h?2 2z2+i Q7 +Q`2@+Q`2 +Q``2H�iBQM Bb �HbQ b?QrMX

&OFSHZ A1/2 | 〈Ψ|Ψ(x)〉 − 1|
x $7 $7�$$ $7 $7�$$ $7 $7�$$
� −����������� −����������� ������� ������� ����<−��> ����<−��>
� −����������� −����������� ������� ������� ����<−�> ����<−�>
� −����������� −����������� ������� ������� ����<−�> ����<−�>
� −����������� −����������� ������� ������� ����<−�> ����<−�>
� −����������� −����������� ������� ������� ����<−�> ����<−�>
� −����������� −����������� ������� ������� ����<−�> ����<−�>
� −����������� −����������� ������� ������� ����<−�> ����<−�>
� −����������� −����������� ������� ������� ����<−�> ����<−�>
� −����������� −����������� ������� ������� ����<−�> ����<−�>
� −����������� −����������� ������� ������� ����<−�> ����<−�>
�� −����������� −����������� ������� ������� ����<−�> ����<−�>

���



��� $PODMVEJOH SFNBSLT

*O UIJT DIBQUFS XF JOWFTUJHBUFE EJĊFSFOU QPTTJCJMJUJFT PG PSCJUBM CBTJT GPS WBSJBUJPOBM BUPNJD
TUSVDUVSF DBMDVMBUJPOT� 8F TIPXFE UIBU DPNQMFUF mOJUF PSCJUBM CBTJT TFU NFUIPET BSF B SFBM
BMUFSOBUJWF UP mOJUF�EJĊFSFODF .$%)' NFUIPET BOE IBWF UIF BEWBOUBHF PG EFTDSJCJOH DPO�
UJOVVN TUBUFT FBTJMZ� 'PDVTJOH PO UIF .$%)' PSCJUBM PQUJNJ[BUJPO TUSBUFHZ XF EJTDVTTFE
UIF JOUSJOTJD RVBMJUZ PG UIF )' PSCJUBMT JOIFSJUFE GSPN WFSJGZJOH UIF TP�DBMMFE #SJMMPVJO UIF�
PSFN� 8F GVSUIFS TIPXFE UIBU GPS NVMUJDPOmHVSBUJPO TZTUFNT POF TIPVME QBZ BUUFOUJPO
UP UIF TQBUJBM MPDBMJ[BUJPO PG DPSSFMBUJPO PSCJUBMT� "T JU UVSOT PVU TNBMM EJĊFSFODFT JO SBEJBM
PSCJUBMT DBO MFBE UP IVHF FĊFDUT PO UIF DPNQVUFE QSPQFSUZ� 8F EJTDVTTFE UIF FċDJFODZ
PG VTJOH UIF OBUVSBM PSCJUBMT GPS IZQFSmOF TUSVDUVSF DBMDVMBUJPOT JO OFVUSBM TPEJVN� 0VS
TUVEZ TIPXFE UIF MJNJUBUJPOT PG UIF DVSSFOU -#- TUSBUFHZ DPNNPOMZ BEPQUFE JO BMM (ģĒĤġ
DBMDVMBUJPOT� )PXFWFS GVSUIFS XPSL PO UIF OBUVSBM PSCJUBMT TIPVME CF DPOEVDUFE UP FWBMV�
BUF BOE VOEFSTUBOE GVMMZ UIFJS QPUFOUJBM� *OWFTUJHBUJPOT PO UIF USBOTJUJPO SBUFT PG /B�MJLF 4J
	Z = 14
 GPMMPXJOH UIF XPSL PG "UBMBZ FU BM� <���> BSF POHPJOH <���>� 1SFMJNJOBSZ SFTVMUT
BSF QSPNJTJOH� ɨF DPNQVUFE HBVHF�EJTDSFQBODZ JT SFEVDFE JO UIF /0 CBTJT� $POTJEFSJOH
GPS FYBNQMF UIF </F>7p 2P o

3/2 → </F>3s 2S1/2 USBOTJUJPO "UBMBZ FU BM� SFQPSU B USBOTJUJPO
SBUF PGAB = 1.046×108 T−1 JO UIF #BCVTILJO HBVHF XJUI dT = 0.071 DPSSFTQPOEJOH UP
AC = 1.126×108 T−1� ɨF WBMVFT DPNQVUFE JO UIF /0 CBTJT BSFAB

NO = 1.205×108 T−1

BOE AC
NO = 1.161 × 108 T−1 DPSSFTQPOEJOH UP dT = 0.036� 8F PCTFSWF BO JNQSPWF�

NFOU CZ B GBDUPS UXP DPNQBSFE UP UIF PSJHJOBM SFTVMUT� 'VSUIFSNPSF UIJT TFFNT UP DPOmSN
PVS mOEJOHT JO "** UIBU UIF $PVMPNC HBVHF XPVME CF NPSF SFMJBCMF BT UIF USBOTJUJPO SBUF
DPNQVUFE JO UIF $PVMPNC HBVHF JT MFTT BĊFDUFE CZ UIF USBOTGPSNBUJPO UP UIF /0 CBTJT�
4JNJMBS BOBMZTFT PWFS UIF FOUJSF SBOHF PG DPNQVUFE USBOTJUJPO SBUFT TIPVME CF EPOF CFGPSF
ESBXJOH BOZ DPODMVTJPO CVU UIJT TNBMM FYBNQMF NPUJWBUFT GVSUIFS TUVEJFT�

���



$IBQUFS �

(SPVQ #� /VDMFBS QIZTJDT BQQMJDBUJPOT

*O UIJT $IBQUFS XF QSFTFOU UIF SFTVMUT PG PVS QVCMJTIFE XPSLT XJUI BQQMJDBUJPOT UP OVDMFBS
QIZTJDT� ɨF mSTU UXP QBQFST 	#* BOE #**
 SFTVMU GSPN UIF KPJOU UIFPSFUJDBM BOE FYQFSJNFOUBM
TUVEJFT PO UIF IZQFSmOF TUSVDUVSF PG UJO XIJMF JO UIF MBTU UXP 	#*** BOE #*7
 XF GPDVT PO UIF
JTPUPQF mFME TIJGU JO OFVUSBM JSJEJVN� ɨF UXP QBQFST PG FBDI TVCHSPVQ BSF QSFTFOUFE TJNVM�
UBOFPVTMZ BT UIFZ BSF DPNQMFNFOUBSZ J�F� PSJFOUFE UP OVDMFBS QIZTJDT BOE UP DPNQVUBUJPOBM
BUPNJD QIZTJDT SFTQFDUJWFMZ�

��� )ZQFSmOF TUSVDUVSF PG UJO

ɨF UIFPSZ PG IZQFSmOF TUSVDUVSF XBT QSFTFOUFE JO 4FD� ������ ɨF QSFTFOU TFDUJPO JOUSP�
EVDFT UIF UXP QBQFST #* <��> BOE #** <���> PO UIF IZQFSmOF TUSVDUVSF PG UJO 	Z = 50
 UIBU
XFSF SFDFOUMZ QVCMJTIFE� ɨFZ TIPVME CF DPOTJEFSFE BT DPNQMFNFOUBSZ� #* GPDVTFT NPTUMZ
PO UIF OVDMFBS QIZTJDT BOE SFMJFT PO UIF DBMDVMBUFE FMFDUSPOJD GBDUPST UP FYUSBDU OVDMFBS QSPQ�
FSUJFT XIJMF #** JT EFEJDBUFE UP UIF EFUBJMT PG UIF NBOZ�CPEZ BUPNJD TUSVDUVSF DBMDVMBUJPOT�
'SPN UIF QFSTQFDUJWF PG B UIFTJT PO DPNQVUBUJPOBM BUPNJD TUSVDUVSFT UIF DPNQMFNFOUBSJUZ
PG UIFTF UXP QBQFST JT B QFSGFDU FYBNQMF PG IPX BUPNJD QIZTJDT DPOOFDUT UP PUIFS SFTFBSDI
mFMET BOE UIFJS DIBMMFOHFT� 1BQFST MJLF #* QSPWJEF UIF MBSHFS DPOUFYU JO XIJDI UIF BUPNJD
DBMDVMBUJPOT BSF QFSGPSNFE XIJDI HJWFT BO FBTZ BOE VOEFSTUBOEBCMF QVSQPTF GPS UIF DBM�
DVMBUJPOT XIJMF QBQFST MJLF #** BSF FTTFOUJBM GPS UIF EFWFMPQNFOU BOE JNQSPWFNFOUT PG UIF
DVSSFOU DPNQVUBUJPOBM UPPMT GPS MBSHF�TDBMF BUPNJD DBMDVMBUJPOT�

ɨF WBSJFUZ PG SFTFBSDI mFMET JOWPMWFE J�F� FYQFSJNFOUBM BOE UIFPSFUJDBM BUPNJD QIZTJDT OV�
DMFBS QIZTJDT BOE TFBSDI GPS iOFX QIZTJDTw MFBET UP MBSHF JOUFSOBUJPOBM DPMMBCPSBUJPOT BOE
OFUXPSLT HBUIFSJOH SFTFBSDIFST GSPN BMM BSPVOE UIF XPSME� #* GPS FYBNQMF JT UIF QSPEVDU

���



PG UIF DPMMBCPSBUJPO PG �� TDJFOUJTUT TQSFBE PWFS �� EJĊFSFOU VOJWFSTJUJFT� "NPOHTU UIFN �
XFSF SFTQPOTJCMF GPS UIF BUPNJD TUSVDUVSF DBMDVMBUJPOT SFQPSUFE JO #**� ɨF BCJMJUZ UP DPN�
NVOJDBUF SFTVMUT BOE PCKFDUJWFT BMPOH XJUI B SFBMJTU UJNF MJOF JT B EJċDVMU BOE DIBMMFOHJOH
UBTL� 'SPN PVS DPNQVUBUJPOBM QFSTQFDUJWF UIF DBMDVMBUJPOT XFSF QFSGPSNFE JO UIF GBMM PG
���� BOE UIF QBQFST QVCMJTIFE JO UIF TQSJOH ���� GPS #* BOE FBSMZ JO ���� GPS #**� 5XP
ZFBST BOE IBMG XFSF OFFEFE UP VMUJNBUFMZ DPNNVOJDBUF POF OVNCFS UP UIF OVDMFBS QIZTJDT
DPNNVOJUZ BOE QVCMJTI UIF EFUBJMT PG UIF DBMDVMBUJPOT� *O UIF OFYU TFDUJPOT XF XJMM QSFTFOU
CPUI QBQFST TJNVMUBOFPVTMZ GSPN UIF BUPNJD TUSVDUVSF QPJOU PG WJFX PVUMJOJOH UIF NPTU
JNQPSUBOU SFTVMUT BT XFMM BT QSPWJEJOH JOTJHIUGVM NBUFSJBMT UIBU EJE OPU mU JOUP UIF QBQFST�

����� $PNQVUBUJPOBM TUSBUFHJFT

0OF PG UIF JOUFSFTUJOH GFBUVSFT PG UIF QSFTFOU TUVEZ JT UIF QMVSBMJUZ PG UIF DPNQVUBUJPOBM
TUSBUFHJFT FNQMPZFE UP DBMDVMBUF UIF FMFDUSPOJD GBDUPST Ael BOE Bel 	TFF &R� ����
 PG UIF
<,S>4d105s25p6s 1,3P o

1 FYDJUFE TUBUFT PG OFVUSBM UJO� *O EJSFDU MJOF XJUI B QSFWJPVT TUVEZ
PO UIF IZQFSmOF TUSVDUVSF PG ;O <�� ���> EJĊFSFOU NFUIPEPMPHJFT CBTFE PO UIF TBNF
UIFPSFUJDBM BQQSPBDI 	UIF .$%)'�3$* NFUIPE
 BOE VTJOH UIF TBNF DPNQVUFS QSPHSBN
	(ģĒĤġ
 XFSF QFSGPSNFE JO QBSBMMFM XJUI OP PS MJUUMF DPNNVOJDBUJPO CFUXFFO UIF EJĊFS�
FOU SFTFBSDI HSPVQT� *O B XBZ XF TIPX UIF DPNQMFYJUZ PG QFSGPSNJOH MBSHF�TDBMF DBMDVMB�
UJPOT XIJDI JT 	BU MFBTU QBSUJBMMZ
 EVF UP UIF IJHI nFYJCJMJUZ UIBU PĊFST (ģĒĤġ� " GPVSUI
JOEFQFOEFOU TFU PG DBMDVMBUJPOT CBTFE PO UIF DPOmHVSBUJPO JOUFSBDUJPO %JSBD�'PDL�4UVSN
	$*�%'4
 NFUIPE <��� ��� ��� ��� ���> XBT BMTP QFSGPSNFE BMMPXJOH UP WBMJEBUF UIF
.$%)'�3$* SFTVMUT� 'PDVTJOH PO UIF (ģĒĤġ DBMDVMBUJPOT UIF DPNQVUBUJPOBM TUSBUFHJFT
EJĊFS JO UISFF NBKPS BTQFDUT� UIF DIPJDF PG UIF NVMUJSFGFSFODF UIF PQUJNJ[BUJPO PG UIF DPS�
SFMBUJPO PSCJUBMT BOE UIF BDUJWF TQBDF PG UIF 3$* DBMDVMBUJPOT� &BDI PG UIFTF BTQFDUT XJMM
CF EFUBJMFE� 1SBDUJDBMMZ UIFZ BSF SFMBUFE UP IPX $4'T�FYQBOTJPOT BSF HFOFSBUFE XIFUIFS
VTFE GPS UIF .$%)' TUFQ PS UIF 3$* TUFQ� ɨF EJĊFSFODFT JO UIF DPNQVUBUJPOBM TUSBUFHJFT
BSF NBEF FYQMJDJU CZ SFGFSSJOH UP UIF UISFF TFUT PG DBMDVMBUJPOT BT 4�.3�.$%)' 4S%�43�
.$%)' BOE 4S%�.3�.$%)'�

.VMUJSFGFSFODFT

ɨF DIPJDF PG UIF .3 JT HVJEFE CZ UIF DPODFQU PG UIF -BZ[FS DPNQMFYFT 	TFF 4FD� �����

PS CZ QSFWJPVT FYQFSJNFOUBM BOE UIFPSFUJDBM TUVEJFT� 5BCMF ��� QSFTFOUT UIF .3 GPS FBDI
DPNQVUBUJPOBM TUSBUFHZ� ɨF DBTF XIFSF UIF OVNCFS PG DPOmHVSBUJPOT JT POF USJWJBMMZ SF�
EVDFT UP B 43� *O UIF 4�.3�.$%)' TUSBUFHZ UIF DIPJDF PG UIF .3 JT HVJEFE CZ B QSFWJPVT
TUVEZ XIJDI TIPXFE UIF JNQPSUBODF UP JODMVEF UIF 5s5p3 DPOmHVSBUJPO� <���>� ɨF GPVSUI
DPOmHVSBUJPO 5s25p7s JT JODMVEFE UP BDDPVOU GPS UIF LS�UFSN EFQFOEFODF CFUXFFO UIF

�ɨF <,S>4d10 JT DPNNPO UP BMM DPOmHVSBUJPOT BOE JT UIFSFGPSF PNJUUFE�

���



5s25p6s 3P o
1 BOE 5s25p6s 1P o

1 MFWFMT <� §���>� 'JOBMMZ UIF UIJSE .3 JT DIPTFO CZ QFS�
GPSNJOH TNBMM DBMDVMBUJPOT UP JEFOUJGZ UIF DPOmHVSBUJPOT XJUI UIF IJHIFTU NJYJOH DPFċDJFOU
BOE JODMVEFT UISFF DPOmHVSBUJPOT UIBU CFMPOH UP UIF {5361} -BZ[FS DPNQMFY EFmOFE CZ UIF
SFGFSFODF DPOmHVSBUJPO�

h�#H2 8XR, JmHiB`272`2M+2 +QM};m`�iBQMb 7Q` i?2 a@J_@J*.>6- a`.@a_@J*.>6 �M/ a`.@J_@J*.>6 +QKTmi�iBQM�H
bi`�i2;B2bX h?2 +QM};m`�iBQMb BM T�`2Mi?2bBb �`2 MQi BM+Hm/2/ BM i?2 +�H+mH�iBQMb #mi r2`2 mb2/ iQ T`Q#2 i?2
b2MbBiBpBiv Q7 i?2 ?vT2`}M2 bi`m+im`2 7�+iQ`b iQ i?2 J_X

m 4�.3�.$%)' 4S%�43�.$%)' 4S%�.3�.$%)'
� 5s25p6s 5s25p6s 5s25p6s
� 5s25p5d 5p36s
� 5s5p3 5s5p5d6s
� 5s25p7s 	5s25p6d

� 	5s5p26p

� 	5s26s6p

� 	5s25d6p


'VSUIFS JOWFTUJHBUJPOT BSF QFSGPSNFE UP BTTFTT UIF RVBMJUZ PG UIF DIPTFO .3� ɨJT JT EPOF
CZ QSPHSFTTJWFMZ FOMBSHJOH UIF .3 TFU CZ BEEJUJPOBM DPOmHVSBUJPOT BDDPSEJOH UP DPMVNO
� PG 5BCMF ���� /PUF UIBU BMM DPOmHVSBUJPOT CVU UIF TJYUI POF CFMPOH UP UIF DPNQMFY�
ɨF TBNF PSCJUBM CBTJT JT VTFE GPS BMM DBMDVMBUJPOT BOE JODMVEFT � DPSSFMBUJPO MBZFST� ɨF
PQUJNJ[BUJPO PG UIF PSCJUBMT UBSHFUT 77 DPSSFMBUJPO GPS XIJDI UIF $4'T BSF HFOFSBUFE CZ
BMMPXJOH 4% TVCTUJUVUJPOT GSPN UIF WBMFODF PSCJUBMT XJUI n ≥ 5� 6TJOH UIJT PSCJUBM CBTJT
TFU 3$* DBMDVMBUJPOT BSF QFSGPSNFE FOMBSHJOH QSPHSFTTJWFMZ UIF OVNCFS PG DPOmHVSBUJPOT
JO UIF .3 BOE JODMVEJOH $7 DPSSFMBUJPO CZ BMMPXJOH 4S% TVCTUJUVUJPOT GSPN UIF 4d PSCJUBM�
'JH� ��� TIPXTAel<3P o

1 > BT B GVODUJPO PG UIF OVNCFS PG $4'T JO UIF .3 GPS CPUI DPSSFMBUJPO
NPEFMT J�F� 77 BOE 77�$7	4d
 XIFSF UIF 4d JO QBSFOUIFTJT FNQIBTJ[FT UIBU POMZ UIF 4d
TVCTIFMM XBT PQFOFE UP 4S% TVCTUJUVUJPOT� ɨF DBTFT GPS XIJDIm = 1 BOEm = 2 BSF BEEFE
GPS UIF 77 DPSSFMBUJPO NPEFM UP TIPX UIF TNPPUI DPOWFSHFODF PG Ael<3P o

1 >� 8F PCTFSWF
UIBU UIF 77 DBMDVMBUJPOT DPOWFSHF GPS m = 3 XIJDI KVTUJmFT UIF DIPJDF PG UIF .3 PG
UIF 4S%�.3�.$%)' DBMDVMBUJPOT� )PXFWFS UIF 77�$7	4d
 DBMDVMBUJPOT EFNPOTUSBUF
UIBU BEEJUJPOBM DPOmHVSBUJPOT BSF SFRVJSFE UP SFBDI DPOWFSHFODF XJUIJO UIBU DPSSFMBUJPO
NPEFM� 'VSUIFSNPSF JUT DPOWFSHFODF JT JSSFHVMBS BOE UIF EJĊFSFODF CFUXFFO UIF 77 BOE
77�$7 DBMDVMBUJPOT JODSFBTFT GPS BO JODSFBTJOH OVNCFS PG DPOmHVSBUJPOT� 6OGPSUVOBUFMZ
FOMBSHJOH UIF .3 JT DPNQVUBUJPOBMMZ DPTUMZ TJODF UIF OVNCFS PG $4'T JO UIF TVCTFRVFOU
DBMDVMBUJPOT UIBU EFTDSJCF EJĊFSFOU DPSSFMBUJPO FĊFDUT JODSFBTFT NPSF SBQJEMZ BT B GVODUJPO
PG UIF JODSFBTJOH PSCJUBM TFU� ɨJT JT TIPXO JO 'JH� ��� UIBU EJTQMBZT UIF OVNCFS PG $4'T
HFOFSBUFE GPS FBDI DBMDVMBUJPO GPS BO JODSFBTJOH OVNCFS PG DPOmHVSBUJPOT� 0O UIF MFGU mHVSF
POMZ UIF 77 DBMDVMBUJPOT BSF TIPXO XIJMF PO UIF SJHIU CPUI 77 BOE 77�$7 DBMDVMBUJPOT
BQQFBS� /PUF mSTU UIBU UIF JOUSPEVDUJPO PG $7 MFBET UP BDUJWF TQBDFT ∼ 20 UJNFT MBSHFS�
4FDPOE HPJOH GSPN m = 3 UP m = 7 BU MFBTU EPVCMFT UIF OVNCFS PG $4'T� 0OF TIPVME
UIFSFGPSF MJNJU UIF TJ[F PG UIF .3 TP UIBU BEEJUJPOBM DPSSFMBUJPO MBZFST DBO CF JODMVEFE
CFGPSF SFBDIJOH UIF MJNJU PG UIF BWBJMBCMF DPNQVUBUJPOBM SFTPVSDFT�

���



1 2 3 4 5 6 7
2000

2050

2100

/VNCFS PG DPOmHVSBUJPOT 	m
 JO UIF .3

A
el
<3 P

o 1
>	

.
)

[�
µ
N

 77 77�$7	�E


6B;m`2 8XR, *QMp2`;2M+2 Q7 i?2 �(3P o
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6B;m`2 8Xk, LmK#2` Q7 *a6b 7Q` �M BM+`2�bBM; MmK#2` Q7 +QM};m`�iBQMb BM i?2 J_X U�V b?Qrb QMHv i?2 oo +�H+mH�iBQMb
r?BH2 U#V T`2b2Mib #Qi? i?2 oo �M/ i?2 ooY*o +�H+mH�iBQMbX h?2 Q`#Bi�H b2i BM+Hm/2b �HH bT2+i`Qb+QTB+ Q`#Bi�Hb
�M/ }p2 +Q``2H�iBQM Q`#Bi�Hb T2` bvKK2i`v Us, p, d, �M/ fVX

0QUJNJ[BUJPO PG UIF DPSSFMBUJPO PSCJUBMT

ɨF PQUJNJ[BUJPO PG UIF PSCJUBM CBTJT JT QFSGPSNFE MBZFS CZ MBZFS� 1SJPS UP UIF PQUJNJ[BUJPO
PG UIF DPSSFMBUJPO PSCJUBMT UIF TQFDUSPTDPQJD PSCJUBMT J�F� UIF PSCJUBMT PDDVQJFE JO BU MFBTU
POF $4' CFMPOHJOH UP UIF .3 BSF PQUJNJ[FE UPHFUIFS� "O BOBMZTJT PG UIF TQFDUSPTDPQJD PS�
CJUBMT JO UFSNT PG UIFJS JOEJWJEVBM FOFSHZ BOE�PS UIFJS TQBUJBM MPDBMJ[BUJPO IFMQT UP EFUFSNJOF
UIF UZQF PG FMFDUSPO TVCTUJUVUJPOT UP CF JODMVEFE� 'JH� ��� EJTQMBZT UIF MBSHF DPNQPOFOUT PG
BMM TQFDUSPTDPQJD PSCJUBMT XJUI κ < 0 J�F� 1s1/2, 2s1/2, 2p3/2, . . .  TIPXJOH POMZ POF SFMB�

���



UJWJTUJD PSCJUBM QFS l�TZNNFUSZ UP MJHIUFO UIF HSBQI� 8F JEFOUJGZ UISFF TQBUJBM BSFBT EFOPUFE
" # $ JO 'JH� ��� UIBU BSF BQQSPYJNBUFMZ EFMJNJUFE CZ UIF EBTIFE MJOFT� " JT UIF DMPTFTU UP
UIF OVDMFVT BOE FYQFDUFEMZ BMM PSCJUBMT MZJOH EPNJOBOUMZ JO UIBU BSFB BSF UIF DPSF PSCJUBMT� $
JT UIF GVSUIFTU BXBZ GSPN UIF OVDMFVT BOE UIF DPSSFTQPOEJOH PSCJUBMT 	5s, 5p, 5d BOE 6s
 BSF
UIF WBMFODF PSCJUBMT� ɨF MBTU SFHJPO # MJFT CFUXFFO UIF DPSF BOE UIF WBMFODF BOE JODMVEFT
UIF 4s, 4p BOE 4d PSCJUBMT� " SFmOFE BOBMZTJT TIPXT UIBU 〈r〉4s < 〈r〉4p < 〈r〉4d XIJDI
DPNCJOFE XJUI UIBU UIFSF BSF 10 d FMFDUSPOT MFE VT UP PQFO UIF 4d PSCJUBM UP TVCTUJUVUJPOT
JO UIF PQUJNJ[BUJPO PG UIF DPSSFMBUJPO PSCJUBMT� ɨJT DPSSFTQPOET UP UIF PQUJNJ[BUJPO TUSBU�
FHZ FNQMPZFE JO UIF 4S%�.3�.$%)' XIFSF UIF 4S% FYQMJDJUMZ SFGFST UP UIF BMMPXFE 4S%
TVCTUJUVUJPOT GSPN UIF 4d PSCJUBM� *O UIF PUIFS BQQSPBDIFT EJĊFSFOU DPOTJEFSBUJPOT XFSF
UBLFO JOUP BDDPVOU UP EFmOF UIF PQUJNJ[BUJPO TUSBUFHZ� ɨF 4S%�43�.$%)' BQQSPBDI
BMMPXT 4S% TVCTUJUVUJPOT GSPN BMM TQFDUSPTDPQJD PSCJUBMT CVU UIF 1s� ɨF DIPJDF PG B 43
JOEFFE SFEVDFT UIF OVNCFS PG $4'T HFOFSBUFE BOE BMMPXT FMFDUSPOT UP CF DPSSFMBUFE EFFQFS
JO UIF DPSF� 'JOBMMZ UIF 4�.3�.$%)' QSPDFEVSF PQUJNJ[FT UIF DPSSFMBUJPO PSCJUBMT BM�
MPXJOH TPMFMZ 4 TVCTUJUVUJPOT� "MUIPVHI UIJT MBTU TUSBUFHZ MBDLT PG FOFSHFUJDBMMZ JNQPSUBOU
$4'T HFOFSBUFE GSPN % TVCTUJUVUJPOT UIF VTF PG 4 TVCTUJUVUJPOT GPS IZQFSmOF TUSVDUVSFT
DBO CF KVTUJmFE GSPN QFSUVSCBUJPO UIFPSZ 	TFF 4FD� ����� GPS B EFEJDBUFE EJTDVTTJPO
�
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Ui?Qb2 rBi? j = l+1/2VX h?2 bi`�B;?i /�b?2/ HBM2b b2T�`�i2 i?2 /Bz2`2Mi bT�iB�H `2;BQMb �- " �M/ * Ub22 i2ti
7Q` /2i�BHbVX

3$* BDUJWF TQBDF

"T FYQMBJOFE JO 4FD� ����� UIF .$%)' PQUJNJ[BUJPO PG UIF PSCJUBMT JT GPMMPXFE CZ 3$*
DBMDVMBUJPOT� #SFJU JOUFSBDUJPO BOE MFBEJOH 2&% DPSSFDUJPOT BSF JODMVEFE BOE UIF BDUJWF

���



TQBDF JT GVSUIFS FOMBSHFE� -FBWJOH UIF EFUBJMT UP #** JU JT OFWFSUIFMFTT XPSUI NFOUJPOJOH
TPNF TQFDJmDJUJFT PG FBDI TUSBUFHZ JO MJOF XJUI UIF BOBMZTFT QSFTFOUFE BCPWF� ɨF 4�.3�
.$%)' BQQSPBDI BEET $4'T HFOFSBUFE CZ % TVCTUJUVUJPOT GSPN UIF WBMFODF PSCJUBMT
XIJDI BSF FOFSHFUJDBMMZ EPNJOBOU� ɨF 4S%�43�.$%)' BQQSPBDI BMMPXT GVSUIFS 4% TVC�
TUJUVUJPOT GSPN UIF DPSF PSCJUBMT� #FDBVTF PG UIF VTF PG B 43 JNQPSUBOU 5 TVCTUJUVUJPOT OFFE
UP CF JODMVEFE FYQMJDJUMZ XIJDI JODSFBTF USFNFOEPVTMZ UIF TJ[F PG UIF BDUJWF TQBDF� /FWFS�
UIFMFTT XF TIPXFE UIBU UIF FĊFDU PG 5 TVCTUJUVUJPOT JT UP DPVOUFSCBMBODF UIF FĊFDU PG UIF
% TVCTUJUVUJPOT 	TFF 'JH� � PG #**
 BOE UIVT UIFZ NVTU CF UBLFO JOUP BDDPVOU� 3FHBSEJOH
UIF 4S%�.3�.$%)' BQQSPBDI UIF 3$* DBMDVMBUJPOT JODMVEFE 4 TVCTUJUVUJPOT GSPN BMM
PSCJUBMT BOE 4S% TVCTUJUVUJPOT GSPN UIF 4p PSCJUBMT BT NPUJWBUFE CZ UIF TQBUJBM MPDBMJ[BUJPO
BOBMZTJT PG UIF TQFDUSPTDPQJD PSCJUBMT� 4JNJMBS TVCTUJUVUJPOT GSPN UIF 4s XFSF DPOTJEFSFE
CVU UIF DPNQVUBUJPOBM SFTPVSDFT BU PVS EJTQPTBM EJE OPU BMMPX VT UP JODMVEF UIFN�

����� 1FSUVSCBUJWF BQQSPBDI

*O UIJT TFDUJPO XF JOWFTUJHBUF UIF SPMF PG UIF 4 TVCTUJUVUJPOT UISPVHI B QFSUVSCBUJWF BOBMZ�
TJT UP KVTUJGZ UIFJS JNQPSUBODF XIFO DPNQVUJOH FMFDUSPOJD IZQFSmOF TUSVDUVSF GBDUPST� 8F
GPMMPX UIF XPSL CZ 7FSEFCPVU FU BM� <���> XIP FNQMPZFE B OPO�SFMBUJWJTUJD QFSUVSCBUJWF BQ�
QSPBDI UP FċDJFOUMZ UBSHFU UIF DPOmHVSBUJPOT UIBU DPOUSJCVUF UIF NPTU UP UIF FYQFDUBUJPO
WBMVF PG B HJWFO PQFSBUPS� ɨFJS BOBMZTJT JT SFJOWFTUJHBUFE IFSF UP KVTUJGZ UIF JODMVTJPO PG TJO�
HMF TVCTUJUVUJPOT� $POTJEFS UIBU UIF %$ )BNJMUPOJBO DBO CF SFXSJUUFO BTHDC = H0+λV 
XIFSF H0 JT UIF [FSP�PSEFS )BNJMUPOJBO DPOTJTUJOH PG UIF TVN PG POF�FMFDUSPO )BNJMUPOJ�
BOT GPS XIJDI UIF FJHFO�TPMVUJPOT BSF LOPXO

H0 |n(0)〉 = E(0)
n |n(0)〉 	���


BOE λ JT UIF FYQBOTJPO QBSBNFUFS SFMBUFE UP UIF QFSUVSCBUJPO V  XIJDI JT UIF FMFDUSPO�
FMFDUSPO SFQVMTJPO QPUFOUJBM� 1FSUVSCBUJPO UIFPSZ MFBET VT UP CVJME UIF FJHFOGVODUJPO PG
ĤDC BT

|n〉 = |n(0)〉+ λ
∑

k &=n

|n(0)〉 Vkn

E(0)
n − E(0)

k

+ λ2
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UP TFDPOE PSEFS PG λ2� *O UIJT FYQBOTJPO Vij = 〈i(0)|V |j(0)〉 JT UIF NBUSJY FMFNFOUT PG
UIF QFSUVSCBUJPO V CFUXFFO UXP FJHFOGVODUJPOT CFMPOHJOH UP UIF [FSP�PSEFS TQBDF� ɨF

���



FYQFDUBUJPO WBMVF PG BOZ PQFSBUPS 〈n|X|n〉 DBO UIFO BMTP CF FYQBOEFE JO QPXFS PG λ� 5P
UIF TFDPOE PSEFS JU HJWFT

〈n|X|n〉 = 〈n(0)|X|n(0)〉

+ λ




∑
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∑
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∑
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∑
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	���

ɨF UFSNT PG mSTU PSEFS JO λ BSF LOPXO BT UIF ADSPTTFE TFDPOE�PSEFS� DPSSFDUJPOT <���> TJODF
UIFZ SFRVJSF UIF FWBMVBUJPO PG Vnk BOEXnk BOE UIFSFGPSF UIF $4'T UIBU DPOUSJCVUF UIF NPTU
UP 〈n|X|n〉 BSF UIPTF UIBU JOUFSBDU XJUI UIF SFGFSFODF $4' UISPVHI UIF $PVMPNC SFQVMTJPO
QFSUVSCBUJPO BOE UIF PQFSBUPS PG JOUFSFTU IFSF UIF IZQFSmOF TUSVDUVSF PQFSBUPST� /PUF UIBU
UIF [FSP�PSEFS TQBDF JT DPNQPTFE PG UIF $4'T CFMPOHJOH UP UIF -BZ[FS DPNQMFY J�F� MFBEJOH
UP B EFHFOFSBDZ PG UIF FOFSHJFT E(0)

i  E(0)
j XIJMF UIF mSTU�PSEFS TQBDF JT DPNQPTFE PG UIF

$4'T UIBU JOUFSBDU XJUI UIF .3 UISPVHI UIF QFSUVSCBUJPO Vnk� )PXFWFS POF DBO TIPX
UIBU USFBUJOH UIF OPO�EFHFOFSBUF DBTF JT FOPVHI BOE UIF SFTVMUT BSF FBTJMZ HFOFSBMJ[FE <���
§���>� ɨF mSTU�PSEFS DPSSFDUJPO UP UIF IZQFSmOF FYQFDUBUJPO WBMVF JT FYDMVTJWFMZ EFQFOEFOU
PO UIF mSTU�PSEFS XBWF GVODUJPO� )PXFWFS UIF TFDPOE�PSEFS DPOUSJCVUJPO BSJTFT GSPN CPUI

〈n(1)|X|n(1)〉 	���


BOE
〈n(0)|X|n(2)〉 	���


UZQFT PG NBUSJY FMFNFOUT� 0OF TIPVME UIFSFGPSF MPPL GPS $4'T UIBU BSF FOFSHFUJDBMMZ JN�
QPSUBOU BOE XJMM DPOTUJUVUF UIF mSTU�PSEFS TQBDF J�F� 4% TVCTUJUVUJPOT GSPN UIF SFGFSFODF
BOE UIFO $4'T UIBU BSF JNQPSUBOU GPS UIF IZQFSmOF TUSVDUVSF JO UIF TFDPOE�PSEFS TQBDF�
4JODF UIF IZQFSmOF PQFSBUPST BSF POF�CPEZ PQFSBUPST POMZ UIF $4'T HFOFSBUFE CZ 4 TVC�
TUJUVUJPOT BSF PG JOUFSFTU� (PJOH POF TUFQ GVSUIFS DPVME CF UP DPOTJEFS UIF FOFSHFUJDBMMZ
mSTU�PSEFS TQBDF BT UIF AIZQFSmOF�TUSVDUVSF [FSP�PSEFS TQBDF� BOE UIFO HFOFSBUJOH UIF JN�
QPSUBOU $4'T CZ BMMPXJOH 4 TVCTUJUVUJPOT GSPN UIJT OFX [FSP�PSEFS TQBDF� *O UIJT XBZ UIF
HFOFSBUFE $4'T DPVME CF 5 TVCTUJUVUJPOT GSPN UIF SFGFSFODF DPOmHVSBUJPOT IFODF DPOmSN�
JOH UIF JNQPSUBODF PG 5 TVCTUJUVUJPOT�

���



����� $PSSFMBUJPO CFUXFFO FMFDUSPOJD GBDUPST

" LFZ BSHVNFOU UP BTTFTT UIF SFMJBCJMJUZ PG UIF DBMDVMBUJPOT PG IZQFSmOF FMFDUSPO GBDUPST JT UIF
FNQJSJDBMMZ�PCTFSWFE DPSSFMBUJPO CFUXFFO Ael BOE Bel XIFO MPPLJOH BU UIFJS DPOWFSHFODF
XJUI BO JODSFBTJOH OVNCFS PG DPSSFMBUJPO MBZFST PS XJUI UIF JODSFBTJOH TJ[F PG UIF 3$* BDUJWF
TQBDF 	TFF F�H� <��� ���>
� *O #** XF SFMZ HSFBUMZ PO UIJT BSHVNFOU UP JNQPTF B TIJGU PO
Bel CZ DPOTJEFSJOH UIBU

|B −Bexpt|
Bexpt

≈ |A−Aexpt|
Aexpt

. 	���


*U JT PGUFO BTTVNFE UIBU UIF SBEJBM CFIBWJPVS PG Ael BOE Bel JT QSPQPSUJPOBM UP r−3 XIJDI
FYQMBJOT UIF DPSSFMBUJPO CFUXFFO UIF UXP RVBOUJUJFT BOE KVTUJGZ UIF VTF PG 	���
� "MUIPVHI
UIJT JT PCWJPVT GSPN OPO�SFMBUJWJTUJD DPOTJEFSBUJPOT 	TFF F�H� UIF OPO�SFMBUJWJTUJD IZQFSmOF
PQFSBUPST JO 3FG� <� §���>
 UIF SFMBUJWJTUJD PQFSBUPST T(1) 	����
 BOE T(2) 	����
 TIPX BU
mSTU TJHIU B SBEJBM EFQFOEFODZ PG r−2 BOE r−3 SFTQFDUJWFMZ� 'PMMPXJOH +PIOTPO <�� §���>
XF XJMM EFNPOTUSBUF IPX UIF NBHOFUJD EJQPMF BOE FMFDUSJD RVBESVQPMF PQFSBUPST VMUJNBUFMZ
IBWF UIF TBNF SBEJBM EFQFOEFODF� ɨF QSPPG JT HJWFO JO UIF %)' BQQSPYJNBUJPO GPS B
TZTUFN XJUI B TJOHMF WBMFODF FMFDUSPO PVUTJEF B DMPTFE TIFMM DPSF� *O UIBU TQFDJmD DBTF UIF
DPSF FMFDUSPOT EP OPU DPOUSJCVUF UP UIF IZQFSmOF FMFDUSPOJD GBDUPST XIJDI UIFO SFEVDF UP

〈nvκvjvmv|t(1)0 |nvκvjvmv〉 = 2κv 〈−κvjvmv|C(1)
0 |κvjvmv〉

(
1

r2

)

vv

, 	���


BOE

〈nvκvjvmv|t(2)0 |nvκvjvmv〉 = −〈κvjvmv|C(2)
0 |κvjvmv〉

〈
1

r3

〉

vv

, 	���


XIFSF t(k)0 	L���
 BSF UIF POF�FMFDUSPO IZQFSmOF PQFSBUPST� 'PDVTJOH POMZ PO UIF SBEJBM
JOUFHSBMT UIFZ BSF EFmOFE JO BMM HFOFSBMJUZ BT

(
1

r2

)

vw

=

∫ ∞

0

dr

r2
(Pv(r)Qv(r) +Qw(r)Pw(r)) 	���


BOE 〈
1

r3

〉

vw

=

∫ ∞

0

dr

r3
(Pv(r)Pw(r) +Qw(r)Qv(r)) . 	����


0CTFSWF IPX UIF NBHOFUJD EJQPMF PQFSBUPS NJYFT UIF TNBMM BOE MBSHF DPNQPOFOUT XIJMF UIF
FMFDUSJD EJQPMF PQFSBUPST EPFT OPU� $POTJEFS UIF OPO�SFMBUJWJTUJD MJNJU XJUI UIF VTVBM 1BVMJ
BQQSPYJNBUJPO EJTDVTTFE JO 4FD� ����� XIJDI JT TVDI UIBU

Qv ≈ − 1

2c

(
d

dr
+
κ

r

)
Pv , 	����


���



BDDPSEJOH UP &RT� 	����
 BOE 	����
� ɨF SBEJBM FYQFDUBUJPO WBMVFT
(

1
r2

)
vw

BOE
〈

1
r3

〉
vw

BSF
SFMBUFE UP FBDI PUIFS CZ <�� §���>

(
1

r2

)

vw

=
1

2c

(
PvPw

r2

)

r=0

− κv + κw + 2

2c

〈
1

r3

〉

vw

. 	����


/PUF UIBU JO UIF BCPWF FYQSFTTJPO Pv, Pw BOE
〈

1
r3

〉
vw

NVTU CF DPNQVUFE VTJOH OPO�
SFMBUJWJTUJD XBWF GVODUJPOT� ɨF mSTU UFSN DBO CF TFFO BT BO PĊTFU EVF UP UIF DPOUSJCVUJPO
PG s FMFDUSPOT XIJMF UIF TFDPOE UFSN EFNPOTUSBUFT UIF QSPQPSUJPOBMJUZ CFUXFFO UIF SBEJBM
FYQFDUBUJPO WBMVF PG UIF NBHOFUJD EJQPMF PQFSBUPS BOE FMFDUSJD RVBESVQPMF PQFSBUPS�

����� 6ODFSUBJOUJFT

ɨF WBSJBUJPOBM .$%)'�3$* NFUIPE MBDLT KVTU BT PUIFS NBOZ�CPEZ NFUIPET TVDI BT
.#15 BO FċDJFOU QSPDFEVSF UP FTUJNBUF VODFSUBJOUJFT� 'VSUIFSNPSF UIF PSJHJO PG UIF
UIFPSZoFYQFSJNFOU EJTDSFQBODJFT JT B NJY CFUXFFO OVNFSJDBM DPNQVUBUJPOBM BOE UIFPSFUJ�
DBM FSSPST� /VNFSJDBM JOBDDVSBDZ BSJTFT GSPN F�H� UIF OVNFSJDBM JOUFHSBUJPO BMHPSJUINT BOE
DPVME UIFSFGPSF CF JNQSPWFE PS BU MFBTU UFTUFE BT TVHHFTUFE JO 3FG� <��>� $PNQVUBUJPOBM
VODFSUBJOUJFT BSF IBSE UP BTTFTT UIFZ BSF SFMBUFE UP UIF DPNQVUBUJPOBM TUSBUFHZ FNQMPZFE
UP QFSGPSN UIF DBMDVMBUJPOT� ɨF QSFTFOU FYBNQMF PG UIF IZQFSmOF TUSVDUVSF PG UJO JMMVT�
USBUFT QFSGFDUMZ IPX SFTVMUT PCUBJOFE XJUI UIF TBNF UIFPSFUJDBM NPEFM BSF EFQFOEFOU PO UIF
DPNQVUBUJPOBM TUSBUFHZ� *O PSEFS UP QSPWJEF SFBMJTUJD VODFSUBJOUJFT POF TIPVME UIFSFGPSF
QFSGPSN B DBSFGVM JOWFTUJHBUJPO UIBU DPNQBSFT UIF PSCJUBM CBTFT UIF BDUJWF TQBDFT UIF DPN�
QVUFE FOFSHJFT FUD� 'JOBMMZ FSSPST DBO BMTP BSJTF GSPN UIF UIFPSFUJDBM NPEFM UIBU JT VTFE� "T
BO FYBNQMF JG UIF #SFJU JOUFSBDUJPO JT OPU UBLFO JOUP BDDPVOU UIF NPEFM JT OPU DPNQMFUF
BOE POF TIPVME UIFSFGPSF USZ UP FTUJNBUF JUT FĊFDU� 'PSUVOBUFMZ UIF JOnVFODF PG UIF #SFJU
JOUFSBDUJPO DBO CF NFBTVSFE CZ QFSGPSNJOH DBMDVMBUJPOT XJUI BOE XJUIPVU BEEJOH JU UP UIF
)BNJMUPOJBO XIJDI NJHIU OPU CF UIF DBTF GPS PUIFS JOUFSBDUJPOT�

*O UIF QSFTFOU XPSL FYUSB DBSF XBT QVU JOUP UIF FTUJNBUJPO PG SFMJBCMF VODFSUBJOUJFT� %JĊFS�
FOU NFBOT XFSF FNQMPZFE F�H� DPOTJEFSJOH UIF SFTVMUT GSPN UIF GPVS TFUT PG DBMDVMBUJPOT BT
B TUBUJTUJDBM TBNQMF PS VTJOH UIF DPSSFMBUJPO CFUXFFO UIF FMFDUSPOJD GBDUPST 	TFF 4FD� �����
�
ɨJT JT QBSUJDVMBSMZ JNQPSUBOU XIFO UIF BUPNJD TUSVDUVSF RVBOUJUJFT BSF MBUFS DPNCJOFE XJUI
FYQFSJNFOUT UP FYUSBDU JOGPSNBUJPO BCPVU F�H� OVDMFBS QSPQFSUJFT� 8F VMUJNBUFMZ FTUJNBUF
UIF VODFSUBJOUZ POBel[1P o

1 ] UP CF 50.)[�µN XIJDI DPSSFTQPOET UP B SFMBUJWF VODFSUBJOUZ
PG ∼ 7% PO PVS mOBM WBMVF Bel[1P o

1 ] = 706 .)[�µN� "MUIPVHI UIJT VODFSUBJOUZ DPVME
CF DPOTJEFSFE BT CFJOH MBSHF XF BSF DPOWJODFE UIBU UP GVSUIFS VTFBel[1P o

1 ] B SFMJBCMF VODFS�
UBJOUZ JT NBOEBUPSZ UP QSFWFOU GBMTFMZ 	JO
BDDVSBUF SFTVMUT GPS F�H� OVDMFBS RVBESVQPMF NP�
NFOUT� ɨF BDDVSBDZ PG UIF OVDMFBS NPNFOUT JT UIFSFGPSF MJNJUFE CZ CPUI UIF FYQFSJNFOUBM
NFBTVSFNFOUT PG B BOE UIF UIFPSFUJDBM QSFEJDUJPOT PG Bel BT JU TIPVME� 3FDFOU DBMDVMB�
UJPOT VTJOH UIF SFMBUJWJTUJD 'PDL�TQBDF DPVQMF�DMVTUFS NFUIPE XFSF SFDFOUMZ QFSGPSNFE UP

���



EFUFSNJOF UIF IZQFSmOF TUSVDUVSF GBDUPST GPS UIF TBNF Bel[1P o
1 ] MFWFM TIPXJOH SFBTPOBCMF

BHSFFNFOU XJUI PVS WBMVF <���>�

����� /VDMFBS QIZTJDT PVUDPNFT

ɨF IZQFSmOF TUSVDUVSF QSPWJEFT JOGPSNBUJPO BCPVU UIF OVDMFBS TUSVDUVSF� *OEFFE JU BSJTFT
GSPN UIF DPVQMJOH PG UIF FMFDUSPO DMPVE XJUI UIF FMFDUSPNBHOFUJD mFME PG UIF OVDMFVT� $BM�
DVMBUJPOT PG IZQFSmOF TUSVDUVSF FMFDUSPOJD GBDUPST BSF UIFSFGPSF PGUFO SFBMJ[FE JO UIF VMUJNBUF
HPBM UP FYUSBDU UIF SFMFWBOU OVDMFBS JOGPSNBUJPO� ɨJT XBT EPOF JO #* CZ DPNCJOJOH UIF
DPNQVUFE Bel[1P o

1 ] GBDUPS XJUI FYQFSJNFOUBM NFBTVSFNFOUT PG UIF IZQFSmOF RVBESVQPMF
DPVQMJOH DPOTUBOU B[1P o

1 ]� *O UIF DPOUFYU PG OVDMFBS QIZTJDT UJO JT PG QBSUJDVMBS JNQPS�
UBODF BT JU JT UIF FMFNFOU XJUI UIF MBSHFTU OVNCFS PG TUBCMF JTPUPQFT� ɨF FYQFSJNFOU XBT
QFSGPSNFE PWFS B MPOH TFSJFT PG PEE�N JTPUPQFT XJUI B OVDMFPO OVNCFS SBOHJOH GSPN 117
UP 131� %VF UP UIF GBDU UIBU BMM JUT QSPUPO TIFMMT BSF DMPTFE UJO POMZ BDRVJSFT RVBESVQPMF
NPNFOUT CFDBVTF PG UIF VOQBJSFE WBMFODF OFVUSPO XIJDI QPMBSJ[FT UIF QSPUPOT� 4JODF UIF
SFNBJOJOH WBMFODF OFVUSPOT IBWF UIF PQQPTJUF QBSJUZ BOE MPXFS BOHVMBS NPNFOUB JTPNFSJD
TUBUFT XFSF BMTP EFUFDUFE JO UIF FYQFSJNFOU� ɨFSFGPSF DIBOHFT JO UIF OVDMFBS TUSVDUVSF CF�
UXFFO UIF HSPVOE BOE JTPNFSJD TUBUF BSF BMTP JOWFTUJHBUFE JO BEEJUJPO UP UIF FWPMVUJPO PG UIF
OVDMFBS TUSVDUVSF BMPOH UIF JTPUPQJD DIBJO� ɨF FYQFSJNFOU XBT QFSGPSNFE BU UIF $&3/�
*40-%& MBCPSBUPSZ <���> BU XIJDI UIF BUPNJD UJO CFBN XBT QSPEVDFE CZ VSBOJVN mTTJPO�
" UVOBCMF MBTFS XBT VTFE UP FYDJUF UIF UJO BUPNT UP UIFJS 3P o

1 BOE 1P o
1 FYDJUFE TUBUFT VTJOH

UXP DPNQMFNFOUBSZ USBOTJUJPOT GSPN UIF HSPVOE TUBUF 	TFF 'JH� �C PG #*
�

ɨF FYQFSJNFOU VMUJNBUFMZ QSPWJEFE JOGPSNBUJPO PO UIF OVDMFBS RVBESVQPMF NPNFOUT BOE
UIF EJĊFSFODF JO NFBO TRVBSF SBEJJ CFUXFFO UIF OVDMFBS HSPVOE BOE JTPNFSJD TUBUFT� 5SFOET
XFSF GPVOE BOE DPNQBSFE UP UIF DBENJVO JTPUPOFT XIJDI IBWF POMZ UXP QSPUPOT MFTT UIBO
UJO� 0CTFSWBUJPOT BSF MJTUFE JO #* 	TFF UIF TFDUJPO PO FYQFSJNFOUBM USFOET
 BOE XF IFSFCZ
IJHIMJHIU UIF NPTU JNQPSUBOU POFT� 'JSTU UIFSF JT B TJHOJmDBOU BUUFOVBUJPO PG UIF RVBESVQPMF
NPNFOUT HPJOH GSPN DBENJVN 	Z = 48
 UP UJO 	Z = 50
 XIJDI JT EVF UP UIF DMPTJOH PG
UIF QSPUPO TIFMM BOE TFDPOE BMM USFOET GPMMPX TJNQMF QPMZOPNJBMT TPNFUJNFT MJOFBS BOE BU
NPTU RVBESBUJD�

ɨF FYQFSJNFOU XBT GPMMPXFE CZ OVDMFBS TUSVDUVSF DBMDVMBUJPOT JO UIF GSBNFXPSL PG UIF
OVDMFBS EFOTJUZ GVODUJPOBM UIFPSZ 	GPS NPSF JOGPSNBUJPO BCPVU OVDMFBS EFOTJUZ GVODUJPOBM
UIFPSZ TFF F�H� <���>
� ɨF DPNQBSJTPO CFUXFFO UIF FYQFSJNFOUBM SFTVMUT BOE UIF BC JOJUJP
OVDMFBS DBMDVMBUJPOT QSPWJEFT JOTJHIU JOUP UIF OVDMFBS NPEFMT� ɨF SFTVMUT BSF TBUJTGBDUPSZ JO
UIF TFOTF UIBU UIFZ SFQSPEVDF XFMM UIF PCTFSWFE MJOFBS PS RVBESBUJD USFOET GPS CPUI $E BOE
4O� "OPUIFS JOUFSFTUJOH GFBUVSF JT UIBU UIF RVBESVQPMF NPNFOU TIPVME WBOJTI BU NJE 	OFV�
USPO
 TIFMM XIJDI JT BDDPSEJOH UP UIF TFOJPSJUZ DPVQMJOH TDIFNF IBQQFOJOH BU N = 75�
&YQFSJNFOUBMMZ UIJT [FSP DSPTTPWFS QPJOU JT BU N = 73 XIJDI TIPVME BMFSU VT UIBU TPNF PG
PVS QBSBNFUFST F�H� UIF TJOHMF�QBSUJDMF FOFSHZ PG UIF WBMFODF OFVUSPO NJHIU OPU CF PQUJ�

���



NBM� )FODF SFQSPEVDJOH UIF FYQFSJNFOUBM SFTVMUT VTJOH BC JOJUJP DBMDVMBUJPOT JT BO FċDJFOU
XBZ UP SFmOF PVS UIFPSFUJDBM NPEFMT� ɨJT TUSFTTFT UIF OFFE GPS BDDVSBUF NFBTVSFNFOUT�

��� *TPUPQF TIJGU PG JSJEJVN

ɨF NBUIFNBUJDBM EFmOJUJPO PG UIF JTPUPQF TIJGU XBT TVDDJODUMZ QSFTFOUFE JO 4FD� ������ ɨF
QSFTFOU TFDUJPO BJNT UP DPNNFOU PVS UXP QVCMJTIFE QBQFST #*** <���> BOE #*7 <���> PO
UIF JTPUPQF TIJGUT BOE OVDMFBS QSPQFSUJFT PG 196,197,198*S 	Z = 77
� ɨF *4 EFUFSNJOBUJPO
JT QSJNBSJMZ PG JOUFSFTU JO OVDMFBS QIZTJDT BT JU JT BO FċDJFOU NFBO UP FYUSBDU JOGPSNBUJPO
BCPVU UIF OVDMFVT 	TJ[F TIBQF EFGPSNBUJPOT y
� ɨJT USBOTQJSFT DMFBSMZ GSPN &R� 	�����

GSPN XIJDI POF DPVME FYUSBDU UIF EJĊFSFODF JO NFBO TRVBSF SBEJJ BMPOH BO JTPUPQF DIBJO
QSPWJEJOH UIBU UIF '4 XFSF QSFWJPVTMZ NFBTVSFE� ɨF EFUFSNJOBUJPO PG UIF '4 GSPN mSTU
QSJODJQMFT JT B DPNQMFY UBTL SFRVJSJOH BUPNJD DBMDVMBUJPOT GPS UIF '4 MJOF QBSBNFUFS	T
 BOE
OVDMFBS NPEFMMJOH GPS UIF NFBO TRVBSF SBEJJ� *O UIF DPOUFYU PG (ģĒĤġ UIF SPPU NFBO
TRVBSF 	SNT
 SBEJJ BSF FJUIFS UBLFO GSPN BWBJMBCMF DPNQJMBUJPOT PS DPNQVUFE BDDPSEJOH UP
UIF GPSNVMB √

〈r2〉A = 0.836A1/3 + 0.570 	JO GN
 . 	����


ɨFO UIF OVDMFBS QPUFOUJBM JT CVJMU CZ BEKVTUJOH UIF 'FSNJ EJTUSJCVUJPO 	�����
 TP UIBU UIF
DPSSFTQPOEJOH SNT SBEJVT NBUDIFT UIF POF DPNQVUFE XJUI UIF BCPWF GPSNVMB�

����� .BTT TIJGUT BOE ,JOH QMPUT

*O UIF DPOUFYU PG BUPNJD TUSVDUVSF DBMDVMBUJPOT A'4 DBMDVMBUJPOT� NPSF DPNNPOMZ SFGFS UP
UIF BC JOJUJP EFUFSNJOBUJPO PG UIF mFME TIJGU QBSBNFUFST XIJDI BSF UIFO DPNCJOFE XJUI
NFBTVSFE '4 UP FYUSBDU OVDMFBS NFBO TRVBSF SBEJJ� 8F BMSFBEZ BSHVFE JO 4FD� ����� UIBU UIF
'4 CFDPNFT EPNJOBOU PWFS UIF .4 GPS IFBWZ TZTUFNT BMMPXJOH VT UP OFHMFDU UIF MBUUFS TP
UIBU δν*4,k ≈ δν'4,k� 'SPN OPO�SFMBUJWJTUJD DPOTJEFSBUJPOT UIF .4 DBO CF FTUJNBUFE VTJOH
UIF iTDBMJOH MBX BQQSPYJNBUJPOw BT

δν.4,k = δν/.4,k + δν4.4,k ≈ −(1± 0.5)

1836.1
ν0

M ′ −M

MM ′ , 	����


XIFSF ν0 JT UIF GSFRVFODZ PG UIF MJOF BOE BTTVNJOH UIF GPMMPXJOH DSVEF FTUJNBUJPO PG
UIF TQFDJmD NBTT TIJGU� |δν4.4,k| < 1/2|δν/.4,k|� $POTJEFSJOH UIF DBTF PG JOUFSFTU JO
PVS QBQFS XJUI F�H� UIF 193o197 JTPUPQF QBJS BOE UIF USBOTJUJPO MJOF BU 247.587 ON 	PS
1 210 857 ()[
 UIF .4 JT BQQSPYJNBUFE CZ 35 ≤ δν.4,k ≤ 100 .)[ XIJDI JT CFMPX
UIF FYQFSJNFOUBM VODFSUBJOUZ PG 0.7 ()[ 	TFF #***
�

���



'PS MJHIU	FS
 TZTUFNT UIF .4 NVTU CF JODMVEFE BOE UIF DPSSFTQPOEJOH BUPNJD QBSBNFUFST
DPNQVUFE XIJDI JODSFBTFT UIF DPNQMFYJUZ PG UIF DBMDVMBUJPOT BOE JT UIFSFGPSF PGUFO BDDPN�
QBOJFE CZ B EFDSFBTF JO BDDVSBDZ� 5P PWFSDPNF UIJT JTTVF POF DBO TFQBSBUF FYQFSJNFOUBM
.4 BOE '4 VTJOH UIF ,JOH QMPU UFDIOJRVF <��� §���> 	TFF F�H� <��� ��� ��� ���> GPS
SFDFOU BQQMJDBUJPOT
�

ɨF CBTJD JEFB JT UP DPNCJOF UIF *4 NFBTVSFNFOUT GPS NVMUJQMF JTPUPQF QBJST BOE 	BU MFBTU

UXP FMFDUSPOJD USBOTJUJPOT� $POTJEFS UIF NPEJGZJOH GBDUPS GPS UIF JTPUPQF QBJS 	AA′


µ(AA′) =
(MR −MR′)MAMA′

(MA −MA′)MRMR′
	����


XIFSF R, R′ SFGFS UP UIF JTPUPQF QBJS PG SFGFSFODF�� ɨF NPEJmFE TIJGUT GPS UIF BUPNJD
USBOTJUJPOT k BOE k′ BSF

µ(AA′)δν
AA′
*4,k = δνRR′

.4,k + µ(AA′)δν
AA′
'4,k 	����


BOE
µ(AA′)δν

AA′
*4,k′ = δνRR′

.4,k′ + µ(AA′)δν
AA′
'4,k′ 	����


SFTQFDUJWFMZ� 1MPUUJOH UIF NPEJmFE *4 PG UIF USBOTJUJPO k′ BHBJOTU UIBU PG UIF USBOTJUJPO k
GPS NVMUJQMF JTPUPQF QBJST TIPVME FYIJCJU B MJOFBS CFIBWJPVS� ɨF DPSSFTQPOEJOH TUSBJHIU
MJOF QBTTFT UISPVHI 	δνRR′

.4,k, δν
RR′
.4,k′
 BOE JUT HSBEJFOU JT δνAA′

'4,k′/δν
AA′
'4,k 	TFF 'JH� ��� JO

3FG� <���>
� ɨFSFGPSF QSPWJEJOH JOGPSNBUJPO GPS POF HJWFO JTPUPQF QBJS UIF '4 BOE�PS
.4 DBO CF SFUSJFWFE IFODF BMMPXJOH UIF EFUFSNJOBUJPO PG UIF OVDMFBS QBSBNFUFST PG JOUFS�
FTU�

)PXFWFS TJODF UIF �����T OPO�MJOFBSJUJFT JO UIF ,JOH QMPUT XFSF EFUFDUFE� 0OF FYBNQMF
PDDVSSFE XIFO ,JOH IJNTFMG BOBMZ[FE UIF TQFDUSVN PG 4N 	Z = 62
 <���> XIJDI TIPPL POF
PG IJT GVOEBNFOUBM IZQPUIFTJT UIBU JT i UIF JTPUPQF TIJGU EVF UP UIF mOJUF OVDMFBS WPMVNF DBO
CF TQMJU JOUP BO FMFDUSPOJD GBDUPS & 	EJąFSFOU GPS -JOFT " BOE #
 NVMUJQMJFE CZ B OVDMFBS WPMVNF
GBDUPS 7 	EJąFSFOU GPS UIF QBJST PG JTPUPQFT � � �
w <���>� "MUIPVHI IF DPODMVEFE UIBU IJT
BTTVNQUJPO IPMET UIF FYJTUFODF PG OPO�MJOFBSJUJFT JO ,JOH QMPUT BSF OPXBEBZT FTUBCMJTIFE�
'VSUIFSNPSF UIF SFDFOU ZFBST TBX BO JODSFBTJOH OVNCFS PG QVCMJDBUJPOT PO UIF UPQJD DPO�
TJEFSJOH UIFTF OPO�MJOFBSJUJFT BT QPUFOUJBM TPVSDFT PG OFX QIZTJDT F�H� UIF TJHOBUVSF PG B
OFX CPTPO <�� ��>� 'VSUIFS JOWFTUJHBUJPOT JO UIF *4 PG :C+ 	Z = 70
 IPXFWFS SBUIFS
TIPXFE UIBU UIFTF OPO�MJOFBSJUJFT BSF NPTU QSPCBCMZ EVF UP OVDMFBS EFGPSNBUJPOT <���>
VTJOH B TMJHIUMZ EJĊFSFOU GPSNBMJTN UIBO UIF POF EFWFMPQFE JO ģĚĤ4 <���>� &YBNQMFT PG
OPO�MJOFSBUJFT JO ,JOH QMPUT XFSF SFDFOUMZ GPVOE JO 4S <��� ���> PS JPOJ[FE "S <���>
TUSFTTJOH UIF OFFE GPS JNQSPWJOH UIF BDDVSBDZ PG UIF NFBTVSFNFOUT BOE�PS UIF BUPNJD DBM�
DVMBUJPOT <���>�

�ɨF NPEJmFE GBDUPS TPNFUJNFT UBLFT UIF TJNQMFS GPSN µ(AA′) = (MA−MA′)/MAMA′ XIJDI QSFTFOU
TPNF BEWBOUBHFT BOE EJTBEWBOUBHFT 	TFF <��� §���> GPS EFUBJMT
�

���



����� 7BSJBUJPOBM BQQSPBDI

ɨF EFUBJMT PG UIF DPNQVUBUJPOBM TUSBUFHZ BQQMJFE UP EFUFSNJOF UIF '4 JO JSJEJVN JTPUPQFT
BSF BMSFBEZ HJWFO JO #*7� /FWFSUIFMFTT JU JT XPSUI FYUFOEJOH PVS BOBMZTJT� *O QBSUJDVMBS XF
QFSGPSNFE JTPUPQF�EFQFOEFOU DBMDVMBUJPOT GPS XIJDI UIF DPNQVUBUJPOBM NPEFM XBT TJNQMJ�
mFE CZ DIPPTJOH B TJOHMF�SFGFSFODF QJDUVSF PWFS UIF NPSF DPNNPO NVMUJSFGFSFODF BQQSPBDI
BEPQUFE JO UIF UXP QVCMJTIFE QBQFST� ɨF GPSNFS IBT UIF BEWBOUBHF PG SFEVDJOH UIF OVNCFS
PG $4'T BOE IFODF UIF TJ[F PG UIF DBMDVMBUJPOT BOE UIF DPSSFTQPOEJOH DPNQVUBUJPOBM UJNF�
8F XFSF UIFO BCMF UP QFSGPSN TFQBSBUF DBMDVMBUJPOT GPS JTPUPQFT XJUI NBTT OVNCFST 191
193 196 197 BOE 198� 4JODF UIF .4 PQFSBUPST BSF OPU JODMVEFE JO UIF )BNJMUPOJBO UIF
JTPUPQJD DIBOHF JO UIF UIFPSFUJDBM USBOTJUJPO FOFSHZ POMZ EFQFOET PO UIF EJĊFSFOU OVDMFBS
QPUFOUJBMT J�F� JU JT OPU DPOUBNJOBUFE CZ .4 DPOUSJCVUJPOT BOE TUSJDUMZ SFnFDUT UIF MFWFM
'4� #FDBVTF UIF JTPUPQF EFQFOEFODF JT FNCFEEFE JO UIF WBSJBUJPOBM QSPDFTT XF SFGFS UP UIJT
NFUIPE BT B iWBSJBUJPOBM BQQSPBDIw JO PQQPTJUJPO UP UIF QFSUVSCBUJWF BQQSPBDI VTFE JO #***
BOE #*7�

ɨF JTPUPQF mFME TIJGU JT UIFSFGPSF TJNQMZ HJWFO BT

δνAA′
*4,k =

∆EA
k −∆EA′

k

h
, 	����


XIFSF ∆EA
k JT UIF USBOTJUJPO FOFSHZ BTTPDJBUFE UP UIF TQFDUSBM MJOF k BOE JTPUPQF XJUI NBTT

OVNCFS A� ɨFO POF DPVME CF UFNQUFE UP VTF &R� 	�����
 UP FYUSBDU ∆Fk,0 BT

∆Fk,0 =
hδνAA′

*4,k

δ〈r2〉AA′ 	����


XIFSF UIF δ〈r2〉AA′
WBMVFT BSF TJNQMZ UBLFO GSPN (ģĒĤġ�� *O PVS DBMDVMBUJPOT XF IBWF JO

GN2
δ〈r2〉198,197 = 0.09 ≤ δ〈r2〉198,A

′
≤ 0.63 = δ〈r2〉198,191 . 	����


GPS UIF DPOTJEFSFE SBOHF A′ = 197− 191� ɨF EJĊFSFODF JO NFBO TRVBSF SBEJVT δ〈r2〉AA′

JT HJWFO GPS FBDI JTPUPQJD QBJS JO 5BCMF ���� 6TJOH &R� 	����
 DBO MFBE UP TUSPOH EJTDSFQ�
BODJFT CFUXFFO JTPUPQF QBJST EVF UP UIF OPO�MJOFBS CFIBWJPVS UIBU JT FYQFDUFE GSPN UIF
S'4 	�����
� "O BMUFSOBUJWF QJDUVSF JOTQJSFE CZ UIF ,JOH QMPUT JT UP EJTQMBZ δνAA′

k BT B GVOD�
UJPO PG δ〈r2〉AA′

BT JU JT EPOF JO 'JH� ��� GPS UIF USBOTJUJPO BU 247 ON� "MUIPVHI UIF 43
DBMDVMBUJPOT BSF TMJHIUMZ EJĊFSFOU UIBO UIF .3 DBMDVMBUJPOT QSFTFOUFE JO #*** BOE #*7 UIFZ
SFMZ PO UIF TBNF TUSBUFHZ J�F� UIFZ JODMVEF 77 DPSSFMBUJPO JO UIF .$%)' PQUJNJ[BUJPO
QSPDFTT BOE QBSU PG $7 DPSSFMBUJPO JO 3$* DBMDVMBUJPOT� 8F QSFTFOU IFSF POMZ UIF MBTU UXP

�/PUF UIBU POF DPVME DIPTF iNBOVBMMZw 〈r2〉A
′

TP UIBU δ〈r2〉AA′
JT FYBDUMZ POF J�F� UIF DIPJDF PG UIF

NFBO TRVBSF SBEJJ EPFT OPU QMBZ BOZ SPMF�

���



3$* TUFQT XIJDI CPUI JODMVEF 4% TVCTUJUVUJPOT GSPN UIF 5d PSCJUBM CVU POMZ UIF MBSHFTU
DBMDVMBUJPOT JODMVEF 4 TVCTUJUVUJPOT GSPN BMM PSCJUBMT XJUI n ≥ 4� ɨF #SFJU JOUFSBDUJPO
BOE 2&% DPSSFDUJPOT BSF JODMVEFE JO BMM 3$* DBMDVMBUJPOT� "TTVNJOH JO B mSTU BQQSPYJNB�
UJPO UIBU UIF MJOFBS SFMBUJPO 	����
 IPMET POF DBO FYUSBDU ∆F247,0 VTJOH B MJOFBS SFHSFTTJPO�
'JH� ��� EJTQMBZT UIF '4 BT B GVODUJPO PG UIF WBSJBUJPO JO NFBO TRVBSF SBEJJ GPS BMM QBJST PG
JTPUPQFT� " MJOFBS mU XIJDI DSPTTFT UIF PSJHJO JT QFSGPSNFE PO UIF EBUB QPJOUT BOE TIPXO
PO UIF mHVSF UP HVJEF UIF FZFT�

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

−30

−20

−10

0

δ〈r2〉AA′
	GN2


δν
A
A

′
2
4
7

	(
)

[


43�77�&0- � 3$* 4%5d

43�77�&0- � 3$* 4%5d 44spdf5sp

6B;m`2 8X9, 6B2H/ b?B7ib �b � 7mM+iBQM Q7 i?2 /Bz2`2M+2 BM K2�M `�/BB 7Q` T�B`b Q7 BbQiQT2b 7Q` /Bz2`2Mi +Q``2H�iBQM KQ/2HbX
h?2 δ〈r2〉AA′

p�Hm2 Bb ;Bp2M 7Q` 2�+? BbQiQTB+ T�B` BM h�#H2 8XkX

h�#H2 8Xk, .Bz2`2M+2 BM Mm+H2�` K2�M b[m�`2 `�/Bmb δ〈r2〉AA′
2ti`�+i2/ 7`QK i?2 (ģĒĤġ T�+F�;2 7Q` i?2 `�M;2 A,A′ =

198, 197, 196, 193, 191 rBi? A′ < A BM 7K2X

A = A′ ��� ��� ��� ��� ���
��� +0.09 +0.18 +0.45 +0.63
��� +0.09 +0.36 +0.54
��� +0.27 +0.45
��� +0.18

"OBMZ[JOH mSTU UIF DBMDVMBUJPOT UIBU EP OPU JODMVEF 4 TVCTUJUVUJPOT XF FYUSBDU ∆F247,0 =
−48.6 ()[�GN2� *OUFSFTUJOHMZ JG XF FYUSBDU ∆F247,0 GPS FBDI JTPUPQF QBJS BDDPSEJOH UP
&R� 	����
 UIF WBMVFT SBOHF GSPN −55.0 UP −41.7 ()[�GN2 GPS UIF 198o197 BOE 197o
196 JTPUPQF QBJST SFTQFDUJWFMZ� ɨJT DPOmSNT UIBU UIF '4 QBSBNFUFS TIPVME OPU CF FYUSBDUFE
GSPN B TJOHMF JTPUPQF QBJS XIFO VTJOH UIJT WBSJBUJPOBM BQQSPBDI FTQFDJBMMZ XIFO DPOTJEFS�
JOH TNBMM δ〈r2〉AA′

�

���



$PNNFOUT PO UIF SFGPSNVMBUFE mFME TIJGU

"DDPSEJOH UP 3FG� <���> UIF S'4 	�����
 DBO CF SFXSJUUFO JO UFSNT PG UXP OFX '4 QBSBNFUFST
UIBU BDDPVOU GPS B WBSZJOH FMFDUSPO EFOTJUZ 	WFE
 JOTJEF UIF OVDMFVT OBNFMZ ∆F (0)WFE

k,0 BOE
∆F (1)WFE

k,0  TVDI UIBU

δνAA′
*4,k ≈ 1

h

(
∆F (0)WFE

k,0 +∆F (1)WFE
k,0 δ〈r2〉AA′)

δ〈r2〉AA′
. 	����


5BLJOH BEWBOUBHF PG UIF 'FSNJ EJTUSJCVUJPO 	�����
 UIBU NPEFMT UIF OVDMFBS DIBSHF EFOTJUZ
JU JT QPTTJCMF UP EFNPOTUSBUF UIBU 	����
 JT B SBUIFS HPPE BQQSPYJNBUJPO PG 	�����
� ɨJT OFX
FYQSFTTJPO PG UIF S'4 IBT UIF BEWBOUBHF PG IJEJOH UIF EFQFOEFODF JO IJHIFS OVDMFBS NP�
NFOUB JOUP UIF '4 QBSBNFUFST� ɨF EJTBEWBOUBHF JT PCWJPVTMZ UIBU UIF '4 JT OPX RVBESBUJD
JO δ〈r2〉AA′

� /FWFSUIFMFTT JU JT JOUFSFTUJOH UP FWBMVBUF ∆F (0)WFE
k,0  BT JU DPOUSJCVUFT UIF NPTU

UP UIF '4 BOE JODMVEFT UIF MBSHFTU QBSU PG UIF DPSSFDUJPO UIBU BSJTFT GSPN B WBSZJOH FMFDUSPO
EFOTJUZ 	UIF DPOUSJCVUJPO GSPN ∆F (1)WFE

k,0 JT VTVBMMZ NVDI TNBMMFS
� 4JODF UIF WBSJBUJPOBM
DBMDVMBUJPOT EFTDSJCFE BCPWF JODMVEF UIF FĊFDU PG B WBSZJOH FMFDUSPO EFOTJUZ UISPVHI UIF EJG�
GFSFOU OVDMFBS QPUFOUJBMT JO UIF )BNJMUPOJBOT POF DPVME VTF B mU PG UIF UZQF y = ax2+ bx
JOTUFBE PG B MJOFBS mU BT JU JT EPOF JO 'JH� ��� TP UIBU UIF DPFċDJFOUT FYUSBDUFE GSPN UIF mU
DPNQBSF UP ∆F (0)WFE

k,0 BOE ∆F (1)WFE
k,0 � ɨF MBUUFS QBSBNFUFST BSF DPNQVUFE JO UIF 43 QJD�

UVSF UP CF −43.3 ()[�GN2 BOE −0.0427729 ()[�GN4 SFTQFDUJWFMZ XIJMF UIF FYUSBDUFE
DPFċDJFOUT GSPN UIF RVBESBUJD mU BSF a = −48.5 ()[�GN2 BOE b = −0.232 ()[�GN4�
ɨF TFDPOE DPFċDJFOU b JT IPXFWFS IJHIMZ TFOTJUJWF UP UIF mUUJOH QSPDFEVSF BOE TIPVME
OPU CF DPOTJEFSFE BT SFMJBCMF CFGPSF BOZ BEEJUJPOBM JOWFTUJHBUJPO� /PUF UIBU JO PVS QVCMJTIFE
QBQFST UIF BJN XBT UP FYUSBDU OVDMFBS EFGPSNBUJPOT BOE IFODF XF OFFEFE UP DPNQVUF UIF
∆Fk,0 ∆Fk,2 ∆Fk,4 BOE ∆Fk,6 QBSBNFUFST� ɨF FWBMVBUJPO PG ∆F (0)WFE

k,0 BOE ∆F (1)WFE
k,0

IFMQT UP NFBTVSF UIF JNQPSUBODF PG UIF FĊFDU PG B WBSZJOH FMFDUSPO EFOTJUZ BOE UIF EFUFS�
NJOBUJPO PG SFMJBCMF UIFPSFUJDBM FSSPS CBST� "DDPSEJOH UP PVS QVCMJTIFE SFTVMUT UIJT FĊFDU JT
PG UIF PSEFS PG 7% XIJDI TUSFTTFT UIF OFFE UBLJOH B WBSZJOH FMFDUSPO EFOTJUZ JOUP BDDPVOU�
ɨJT JT DPOmSNFE JO UIF 43 QJDUVSF CZ DPOTJEFSJOH UIF SFMBUJWF EJTDSFQBODZ CFUXFFO UIF
DPNQVUFE WBMVFT PG ∆Fk,0 = −46.4 ()[�GN2 BOE ∆F (0)WFE

k,0 = −43.3 ()[�GN2�

����� .VMUJSFGFSFODF TJOHMF TVCTUJUVUJPOT BOE SPPU nJQQJOH

ɨF EPNJOBOU DPOmHVSBUJPOT JO UIF MPX�MZJOH QBSU PG UIF *S TQFDUSVN BSF <9F>4f145d76s2
<9F>4f145d86s BOE <9F>4f145d9 GPS UIF FWFO QBSJUZ BOE <9F>4f145d76s6p <9F>4f145d86p
BOE <9F>4f145d66s26p GPS UIF PEE QBSJUZ� ɨF PQFOFE 5d TIFMM JT POF PG UIF EJċDVMUJFT

���



FYQMBJOJOH XIZ BC JOJUJP DBMDVMBUJPOT GPS UIF FMFNFOUT CFMPOHJOH UP UIF HSPVQ 7*** PG UIF
QFSJPEJD UBCMF BSF SBSF� /FWFSUIFMFTT XF EFNPOTUSBUFE JO #*7 UIBU UIF EFOTJUZ BU UIF PSJHJO
BOE IFODF UIF F0,i QBSBNFUFS XBT FTTFOUJBMMZ QSPQPSUJPOBM UP UIF PDDVQBUJPO OVNCFS PG
UIF 6s PSCJUBM� *U JT JOEFFE XFMM LOPXO UIBU s PSCJUBMT DPOUSJCVUF UIF NPTU UP UIF '4 BT UIFZ
IBWF B OPO�WBOJTIJOH SBEJBM EFOTJUZ BU UIF PSJHJO� *O SFMBUJWJTUJD UIFPSZ UIF p1/2 PSCJUBMT
BMTP DPOUSJCVUF UP UIF EFOTJUZ BU UIF PSJHJO� )PXFWFS UIF MBUUFS DPOUSJCVUF NVDI MFTT� ɨF
SBUJP PG FMFDUSPO EFOTJUJFT GSPN UIF p1/2 PSCJUBMT UP UIF s1/2 PSCJUBMT JT FTUJNBUFE UP SFNBJO
TNBMM BMUIPVHI JODSFBTJOH XJUI UIF BUPNJD OVNCFST� *U SFBDIFT 13% GPS 'S * 	TFF F�H� <���
§4.4>
�

6TJOH UIF iTIBSJOH SVMFw XF TFQBSBUFE UIF DPOUSJCVUJPOT GSPN UIF MFBEJOH DPOmHVSBUJPOT
UP UIF '4 BOE FTUBCMJTIFE UIF SFMBUJPO CFUXFFO '4 WBMVFT BOE DPOmHVSBUJPO DPNQPTJUJPOT�
)BWJOH UIF ADPSSFDU� DPOmHVSBUJPO DPNQPTJUJPOT JT UIFSFGPSF DSJUJDBM UP FWBMVBUF BDDVSBUFMZ
UIF '4 QBSBNFUFST� 8F UIFSFGPSF DPOTJEFS UIF DPOmHVSBUJPOT HJWFO BCPWF BT UIF NVMUJSFGFS�
FODF� /PUF UIBU UIFZ BSF BMM HFOFSBUFE GSPN TVCTUJUVUJPOT UIBU NPEJGZ UIF PDDVQBUJPO PG UIF
6s PSCJUBM� ɨF TJ[F PG UIF DBMDVMBUJPOT IPXFWFS JT LOPXO UP HSPX SBQJEMZ XJUI UIF OVN�
CFS PG SFGFSFODF DPOmHVSBUJPOT BOE UIFSFGPSF IJHIFS�PSEFS DPSSFMBUJPO FĊFDUT DPVME CF POMZ
JODMVEFE QBSUJBMMZ� 4JOHMF TVCTUJUVUJPOT XFSF JODMVEFE XJUI TJNJMBS BSHVNFOUT UIBO UIPTF
EFWFMPQFE JO PVS TUVEZ PO UJO )'4 CBTFE PO DPOTJEFSBUJPOT GSPN QFSUVSCBUJPO UIFPSZ� ɨF
MBUUFS BSF SFMBUFE UP UIF POF�FMFDUSPO DIBSBDUFS PG UIF EFOTJUZ PQFSBUPS�

ɨF JOUSPEVDUJPO PG TJOHMF TVCTUJUVUJPOT GSPN DMPTF PSCJUBMT XBT QFSGPSNFE JO 3$* DBMDV�
MBUJPOT� 8F XPVME FYQFDU BDDPSEJOH UP UIF )6. UIFPSFN 	TFF 4FD �����
 UP JNQSPWF
UIF FYDJUBUJPO FOFSHZ PG BMM UBSHFUFE TUBUFT BOE IFODF UIF RVBMJUZ PG PVS 3$* FYQBOTJPOT�
8F EFNPOTUSBUFE UIBU TJOHMF TVCTUJUVUJPOT PO UIF DPOUSBSZ QFSUVSC DPOTJEFSBCMZ UIF DPN�
QVUFE FOFSHZ TQFDUSVN� ɨFTF QFSUVSCBUJPOT MFE UP UIF PCTFSWBUJPO PG B iSPPU nJQQJOHw
XIJDI DPOTJTUT PG UIF JOWFSTJPO PG UXP SPPUT PG UIF )BNJMUPOJBO XJUI SFTQFDU UP UIF FY�
QFSJNFOUBM FOFSHZ�PSEFSFE TQFDUSVN <���>� %VF UP UIF IJHI TFOTJUJWJUZ PG UIF '4 QBSBN�
FUFST UP UIF DPOmHVSBUJPO DPNQPTJUJPO SPPU nJQQJOH JG VOEFUFDUFE DBO CF ESBNBUJD� *O
UIF QSFTFOU DBTF UIF TJYUI BOE TFWFOUI SPPUT BSF JO SFWFSTF PSEFS BOE FYIJCJU TUSPOH EJG�
GFSFODFT JO UIFJS DPOmHVSBUJPO DPNQPTJUJPO BOE IFODF JO UIFJS SFTQFDUJWF '4 WBMVFT� ɨJT
SPPU nJQQJOH XBT DPOmSNFE CZ DPNQVUJOH UIF -BOEÏ g GBDUPST 	TFF 4FD� �����
 XIJDI BSF
IJHIMZ DPNQPTJUJPO�EFQFOEFOU QSPQFSUJFT BOE DIBOHFT JO QIBTFT PG UIF EPNJOBOU $4'T
	TFF #*7 GPS NPSF FYQMBOBUJPOT
� #PUI EFNPOTUSBUFE UIBU UIF TJYUI BOE TFWFOUI MFWFMT BSF
OPU DPSSFDUMZ QPTJUJPOFE JO UIF TQFDUSVN BOE UIBU UIF FYQFSJNFOUBMMZ UBSHFUFE TJYUI MFWFM
XBT DPNQVUFE BT UIF TFWFOUI MFWFM JO PVS DBMDVMBUJPOT� ɨJT JT WJTJCMF BMSFBEZ JO 'JH� ��� BT
XF PCTFSWFE B SBEJDBM DIBOHF JO UIF TMPQFT PG UIF UXP TUSBJHIU MJOFT� ɨF SFE POF DPSSFTQPOET
UP UIF MBSHFTU DBMDVMBUJPOT UIBU JODMVEF TJOHMF TVCTUJUVUJPOT BOE EFWJBUFT TUSPOHMZ GSPN UIF
DBMDVMBUJPOT FYDMVEJOH UIFTF TVCTUJUVUJPOT� *U JT JOUFSFTUJOH UP OPUF UIBU UIF SPPU nJQQJOH
DBO BMSFBEZ CF EFUFDUFE XIFO QFSGPSNJOH TJNQMFS DPNQVUBUJPOBMMZ GBTUFS DBMDVMBUJPOT JO
UIF 43 QJDUVSF�

���



����� /VDMFBS QIZTJDT PVUDPNFT

#*7 GPDVTFT TPMFMZ PO UIF BUPNJD TUSVDUVSF DBMDVMBUJPOT GPS FWBMVBUJOH UIF '4 QBSBNFUFST
XIJDI UIFSFGPSF BEESFTTFT UIF DPNQVUBUJPOBM DIBMMFOHFT PG VTJOH BC JOJUJP NFUIPET� )PX�
FWFS BUPNJD TUSVDUVSF DBMDVMBUJPOT BSF PGUFO B QJFDF JO MBSHFS TUVEJFT F�H� JO OVDMFBS QIZTJDT�
$PMMBCPSBUJPOT CFUXFFO OVDMFBS BOE BUPNJD QIZTJDJTUT BSF GSFRVFOU BT BUUFTU UIF QSFTFOU
XPSL BOE PVS IZQFSmOF TUVEZ PG UJO 	TFF 4FD� ���
� *SJEJVN JT POF PG UIF FMFNFOU PG JN�
QPSUBODF JO UIF VOEFSTUBOEJOH PG UIF SBQJE OFVUSPO DBQUVSF QSPDFTT 	r QSPDFTT
 BT QBSU PG
UIF UIJSE�QFBL FMFNFOUT XIJDI BSF PGUFO VTFE UP DPOTUSBJO UIF r QSPDFTT BCVOEBODFT� ɨF
OVDMFBS TJNVMBUJPOT EFQFOE PO UIF TIBQFT EFGPSNBUJPOT β EFDBZT FUD� PG B MBSHF WBSJFUZ
PG OVDMFJ XIJDI JO UVSO JOnVFODF HSFBUMZ UIF DPNQVUFE BCVOEBODFT VTFE JO F�H� DPT�
NPDISPOPNFUSZ <���>� ɨFTF UIFPSFUJDBM EFWFMPQNFOUT UIFSFGPSF DPOTUBOUMZ SFRVJSF VQ�
EBUFE WBMVFT PG OVDMFBS QBSBNFUFST FJUIFS GSPN NFBTVSFNFOUT PS DBMDVMBUJPOT GSPN mSTU
QSJODJQMFT�

ɨF DPNQVUFE '4 QBSBNFUFST EFTDSJCFE JO #*7 BSF DPNCJOFE XJUI MBTFS TQFDUSPTDPQZ NFB�
TVSFNFOUT JO #*** UP FYUSBDU OVDMFBS QSPQFSUJFT� &NQIBTJT JT QVU PO UIF EFUFSNJOBUJPO PG
NFBO TRVBSF SBEJJ EFWJBUJPOT BOE UIF DPSSFTQPOEJOH OVDMFBS EFGPSNBUJPOT� )PXFWFS #***
BMTP EJTDVTTFT UIF DPNQMFY IZQFSmOF TUSVDUVSF PG *S BOE EFUFSNJOF UIF BTTPDJBUFE µI  I BOE
Q� 'SPN UIF EFmOJUJPO PG UIF IZQFSmOF DPOTUBOUT A BOE B JO &R� 	����
 JU BQQFBST UIBU
UIFPSFUJDBM DBMDVMBUJPOT PG UIF JTPUPQF�JOEFQFOEFOU IZQFSmOF GBDUPST Ael BOE Bel DBO CF
BWPJEFE JG µI  I BOE Q BSF LOPXO GPS B SFGFSFODF JTPUPQF� 8F IBWF

µI =
I

Iref

A

Aref
µI,ref ,

Q =
B

Bref
Qref ,

	����


XIJDI XFSF VTFE JO #*** UP SFTPMWF UIF IZQFSmOF TUSVDUVSFT PG JSJEJVN JTPUPQFT� µI,ref BOE
Qref XFSF EFUFSNJOFE GSPN QSFDJTJPO NFBTVSFNFOUT JOWPMWJOH BUPNJD CFBN NBHOFUJD SFT�
POBODF <���> BOE NVPOJD Y�SBZT <���> SFTQFDUJWFMZ� #PUI UFDIOJRVFT EP OPU SFRVJSF UIF
DBMDVMBUJPOT PG FMFDUSPOJD RVBOUJUJFT� ɨF UIFPSFUJDBM DBMDVMBUJPOT PG UIF Ael BOE Bel IZQFS�
mOF GBDUPST BSF IPXFWFS EJSFDU� *OEFFE XJUI UIF LOPXMFEHF PG UIF "4' GPS UIF HSPVOE BOE
FYDJUFE TUBUFT POF DBO FWBMVBUF UIF BTTPDJBUFE Ael BOE Bel GBDUPST BT EFTDSJCFE JO 4FD� ������
'VSUIFSNPSF CFDBVTF PG UIF TJNJMBS POF�CPEZ OBUVSF PG UIF )'4 BOE EFOTJUZ PQFSBUPST POF
DPVME BSHVF UIBU B TJOHMF "4' DPVME CF TVJUBCMF GPS '4 BOE )'4 DBMDVMBUJPOT�� *O #*7 XF

�ɨJT XPVME CF TPNFXIBU ABDDJEFOUBM� CFDBVTF UIF )'4 PQFSBUPST BSF TFOTJUJWF UP TQJO� BOE PSCJUBM�
QPMBSJ[BUJPOT 	TFF F�H� 3FG� <� §����>
 XIJMF UIF EFOTJUZ PQFSBUPS JT TFOTJUJWF UP SBEJBM DPSSFMBUJPO 	TFF 4FD� �����
GPS UIF EFmOJUJPOT
� )PXFWFS JO UIF GSBNFXPSL PG (ģĒĤġ DBMDVMBUJPOT TJOHMF TVCTUJUVUJPOT EFTDSJCJOH TQJO�
BOE PSCJUBM�QPMBSJ[BUJPOT BOE SBEJBM DPSSFMBUJPO BSF JODMVEFE TJNVMUBOFPVTMZ XJUIPVU UIF QPTTJCJMJUZ PG FBTJMZ
JEFOUJGZJOH UIFJS EJĊFSFOU DPOUSJCVUJPOT�

���



FYQMPJU UIF -BOEÏ g GBDUPST UP JEFOUJGZ UIF SPPU nJQQJOH� ɨF MBUUFS BSF DPNQVUFE VTJOH
UIF ģęėĤ QSPHSBN IFODF QSPWJEJOH UIF IZQFSmOF GBDUPST BMPOHTJEF UIF -BOEÏ g GBDUPST�
)PXFWFS GPS B NFBOJOHGVM DPNQBSJTPO POF TIPVME DPOEVDU B NPSF UIPSPVHI BOBMZTJT UP
EFUFSNJOF SFMFWBOU UIFPSFUJDBM VODFSUBJOUJFT�

ɨF EFUFSNJOBUJPO PG UIF '4 QBSBNFUFST BSF VTFE TVCTFRVFOUMZ UP FYUSBDU OVDMFBS NFBO
TRVBSF SBEJJ BOE EFGPSNBUJPOT� ɨF S'4 XBT EFNPOTUSBUFE UP FOBCMF UIF FYUSBDUJPO PG OV�
DMFBS EFGPSNBUJPOT CZ VTJOH UXP EJĊFSFOU BUPNJD USBOTJUJPOT GPS UIF TBNF QBJS PG JTPUPQFT
BOE PSUIPHPOBMJ[FE OVDMFBS NPNFOUT <���>� "OPUIFS BQQSPBDI XBT VTFE JO UIF QSFTFOU
XPSL CZ DPOTJEFSJOH UIF EFGPSNBUJPO QBSBNFUFS βA2  XIJDI NPEJmFT UIF 'FSNJ EJTUSJCV�
UJPO 	�����
 BT

ρA(r, θ) =
ρA0

1 + exp
(
r−cAdef [1+βA

2 Y20(θ)]
a

) . 	����


ɨF QBSBNFUFS cAdef IBT BO BOBMZUJDBM FYQSFTTJPO UIBU JT EFSJWFE CZ DPOTJEFSJOH UIF DPO�
TFSWBUJPO PG UIF OVDMFBS EFOTJUZ� *U EFQFOET PO βA2 BOE UIF NFBO TRVBSF SBEJJ DPNQVUFE
GSPN UIF TQIFSJDBM ESPQMFU NPEFM� ɨF EFUFSNJOBUJPO PG βA2 IBT UP CF QFSGPSNFE JUFSB�
UJWFMZ BOE SFMJFT PO UIF BTTVNQUJPO UIBU βA2 JT LOPXO GPS UIF SFGFSFODF JTPUPQF J�F� β1912 =

+0.140(2) <���>� ɨFO CZ WBSZJOH BSCJUSBSJMZ βA2 GPS BOPUIFS JTPUPQF δνA,191
FS,k DBO CF

FTUJNBUFE BDDPSEJOH UP &R� 	�����
 JO XIJDI UIF OVDMFBS NPNFOUT BSF FWBMVBUFE GSPN UIF
NPEJmFE 'FSNJ EJTUSJCVUJPO VOUJM JU NBUDIFT UIF FYQFSJNFOUBM WBMVF� 0OF TIPVME IBWF
JO NJOE UIBU GPS FBDI βA2 WBMVF UIF 'FSNJ EJTUSJCVUJPO TIPVME CF SFTDBMFE BDDPSEJOHMZ UP
DPOTFSWF UIF OVDMFBS EFOTJUZ� ɨJT MBTU TUFQ JT QFSGPSNFE CZ SFDPNQVUJOH UIF QBSBNFUFS cAdef �

��� $PODMVTJPO

ɨF TUVEJFT PO UJO IZQFSmOF TUSVDUVSFT 	#* BOE #**
 BOE JSJEJVN JTPUPQF TIJGUT 	#*** BOE
#*7
 BSF FYDFMMFOU FYBNQMFT PG XIBU NVMUJEJTDJQMJOBSZ SFTFBSDI DBO MFBE UP� *O UIJT DIBQUFS
XF GPDVTFE JO QBSUJDVMBS PO UIF DMPTF MJOL CFUXFFO BUPNJD BOE OVDMFBS QIZTJDT BOE IPX UIF
FMFDUSPOJD TUSVDUVSF PG BO BUPN DBO CF VTFE UP QSPCF UIF QSPQFSUJFT PG UIF OVDMFVT� 8IFUIFS
JU JT GPS IZQFSmOF TUSVDUVSFT PS mFME TIJGUT XF IJHIMJHIUFE UIF DIBMMFOHFT GBDFE JO UIF BUPNJD
DBMDVMBUJPOT BOE FNQIBTJ[FE UIF JNQPSUBODF PG UIFJS BDDVSBDZ UP FYUSBDU OVDMFBS RVBOUJUJFT�
8F BMTP QVU GPSXBSE UIF DSVDJBM SPMF PG DIPPTJOH BQQSPQSJBUFMZ UIF .3 DPOmHVSBUJPOT BOE
UIFJS JOnVFODF PO UIF SFTVMUJOH BUPNJD QSPQFSUJFT BOE PO UIF TJ[F PG UIF DBMDVMBUJPOT� *U
JT QBSUJDVMBSMZ JNQSFTTJWF UP PVS PQJOJPO UIBU MBSHF�TDBMF BUPNJD TUSVDUVSF DBMDVMBUJPOT BSF
SFRVJSFE UP QSPWJEF B TJOHMF 	PS B GFX
 BUPNJD RVBOUJUZ	JFT
 GPS EJTDVTTJOH OVDMFBS TIBQFT
USFOET EFGPSNBUJPOT . . . � 'SPN UIF OVDMFBS QIZTJDT QPJOU PG WJFX POF DPVME TVNNBSJ[F
UIF JOQVU GSPN BUPNJD QIZTJDT CZ UXP TJOHMF OVNCFST� Bel[1P1] = 706(50) .)[�µN BOE
∆F247,0 = −48.1(3.0) ()[�GN2 GPS UIF IZQFSmOF TUSVDUVSF PG UJO BOE UIF JTPUPQF TIJGU

���



PG JSJEJVN SFTQFDUJWFMZ� )PXFWFS XF IPQF UIBU XF TVDDFFEFE UP TIPX UIF DPNQMFYJUZ PG
UIF DBMDVMBUJPOT IJEEFO CFIJOE UIFTF TJOHMF OVNCFST JO PVS UXP AUFDIOJDBM� QBQFST #** BOE
#*7� ɨF EFUBJMT QSPWJEFE JO UIPTF QBQFST XFSF FYUFOEFE JO UIJT DIBQUFS UP JODPSQPSBUF
VOQVCMJTIFE NBUFSJBM UIBU TIPVME DMBSJGZ TPNF BTTVNQUJPOT NBEF JO UIF QBQFST TVDI BT
UIF JNQPSUBODF PG 4 TVCTUJUVUJPOT UIF DPSSFMBUJPO CFUXFFO Ael BOE Bel PS UIF AWBSJBUJPOBM
BQQSPBDI� GPS '4 DBMDVMBUJPOT� 'JOBMMZ UIF DPMMBCPSBUJWF OBUVSF PG UIFTF XPSLT TUSFTTFT UIF
OFFE PG BUPNJD DBMDVMBUJPOT UP TVQQPSU PUIFS SFTFBSDI mFMET BOE TIPVME FODPVSBHF OVDMFBS
BOE BUPNJD QIZTJDJTUT UP QVSTVF DPMMBCPSBUJPOT�

���





$IBQUFS �

(SPVQ $� "TUSPQIZTJDT BQQMJDBUJPOT

"GUFS QSFTFOUJOH BQQMJDBUJPOT PG BUPNJD QIZTJDT UP OVDMFBS QIZTJDT UIJT $IBQUFS EJTDVTTFT
BQQMJDBUJPOT PG DPNQVUBUJPOBM BUPNJD TUSVDUVSF DBMDVMBUJPOT GPS BTUSPQIZTJDT� ɨFPSFUJDBM
DBMDVMBUJPOT PG XBWFMFOHUIT FOFSHZ MFWFMT USBOTJUJPOT SBUFT PS -BOEÏ g GBDUPST PWFS TFRVFODFT
PG IJHIMZ DIBSHFE JPOT PG TQFDJmD JOUFSFTU JO F�H� BTUSPQIZTJDT TPMBS QIZTJDT PS QMBTNB EJ�
BHOPTJT JT QSPCBCMZ UIF BSFB JO XIJDI UIF BUPNJD DPNNVOJUZ JT UIF NPTU QSPEVDUJWF� "
SFDFOU SFWJFX CZ +ÚOTTPO FU BM� <���> TIPXT UIF FċDJFODZ PG UIF .$%)' NFUIPE UP DPN�
QVUF BUPNJD QSPQFSUJFT PG BTUSPQIZTJDBM JOUFSFTU 	TFF SFGFSFODFT UIFSFJO
� ɨFSF JT BO VSHFOU
OFFE GPS BUPNJD EBUB UP TVQQPSU FYQFSJNFOUBM EFUFSNJOBUJPO PG F�H� FMFNFOUBM BCVOEBODFT
JO TUFMMBS PCKFDUT PS QMBTNB QSPQFSUJFT <��� ��� ���>� "MUIPVHI BUPNJD QSPQFSUJFT PG
MPX�MZJOH TUBUFT PG NBOZ IJHIMZ JPOJ[FE TZTUFNT PG BTUSPQIZTJDBM JOUFSFTU BSF LOPXO FYQFSJ�
NFOUBMMZ UIF MBDL PG SFMJBCMF EBUB GPS IJHIFS FYDJUFE TUBUFT QSFWFOU FYQFSJNFOUBM QIZTJDJTUT
UP CVJME UIF DPNQMFUF DPSSFTQPOEJOH BUPNJD TQFDUSVN� ɨFZ UIFSFGPSF SFMZ PO UIFPSFUJDBM
DBMDVMBUJPOT 	TFF F�H� <�� �� ��� ��� ��� ���>
�

0WFS UIF MBTU EFDBEFT UIF DPNQVUBUJPOBM NFUIPEPMPHZ GPS FWBMVBUJOH TJNVMUBOFPVTMZ BUPNJD
RVBOUJUJFT PG IVOESFET PG TUBUFT FWPMWFE DPOTJEFSBCMZ� 6TJOH GPS FYBNQMF UIF DPNQBSJTPO
CFUXFFO UIF DPNQVUFE SFMBUJWF FOFSHJFT PG UIF MPX�MZJOH FYDJUFE TUBUFT BOE UIFJS FYQFSJ�
NFOUBM WBMVF UIBU BSF LOPXO XJUI IJHI BDDVSBDZ PS UIF DPNQBSJTPO CFUXFFO .$%)' BOE
.#15 NFUIPET PWFS UIF FOUJSF TQFDUSVN BMMPXT UP FTUJNBUF UIF SFMJBCJMJUZ PG UIF SFTVMUT�
"DDPSEJOH UP +ÚOTTPO FU BM� iDBMDVMBUJPOT DBO HJWF USBOTJUJPO FOFSHJFT PG TQFDUSPTDPQJD BDDVSBDZ
J�F� XJUI BO BDDVSBDZ DPNQBSBCMF UP UIF POF PCUBJOFE GSPN PCTFSWBUJPOT BT XFMM BT USBOTJUJPO
SBUFT XJUI FTUJNBUFE VODFSUBJOUJFT PG B GFX QFSDFOU GPS B CSPBE SBOHF PG JPOTw <���>�

'PS UIJT $IBQUFS XF DIPTF UP GPDVT PO GFBUVSFT PG PVS DBMDVMBUJPOT UIBU BSF UP PVS PQJOJPO
LFZ BTQFDUT GPS BTUSPQIZTJDBM QVSQPTFT� IPX XF UFDIOJDBMMZ QSPEVDF MBSHF EBUB TFUT BOE
IPX XF NPUJWBUF BOE JOUFSQSFU UIFTF DBMDVMBUJPOT� ɨSPVHI UIF QBQFST $* BOE $** XF XJMM

���



QSPWJEF FYBNQMFT PG MBSHF�TDBMF DBMDVMBUJPOT BOE HJWF BO JOUFSFTUJOH DPOUFYU SFMBUFE UP UIF
EFUFSNJOBUJPO PG NBHOFUJD mFMET JO UIF TPMBS DPSPOB� *O $* TQFDJBM DBSF JT UBLFO UP NBLF
UIF BOBMZTJT VOEFSTUBOEBCMF GPS BTUSP� PS TPMBS QIZTJDJTUT XIP BSF OPU FYQFSUT JO BUPNJD
TUSVDUVSF DBMDVMBUJPOT� *OUFSFTUJOHMZ XF DPVME IBWF DIPTFO UP JODMVEF "** JO UIJT DIBQUFS
SBUIFS UIBO JO $IBQ� � TJODF JU JT BMTP PG JOUFSFTU GPS UIF EFUFSNJOBUJPO PG UIF DBSCPO TPMBS
BCVOEBODFT BT TIPXO JO 3FG� <���> UIBU FYUFOET UIF SFTVMUT PG "**� )PXFWFS UIF UXP TFUT PG
TUVEJFE TZTUFNT UIF 4�MJLF JPOT BOE UIF $ JPOT DPOTJEFSFE JO $** BOE "** SFTQFDUJWFMZ UBSHFU
EJĊFSFOU TQFDUSBM SBOHFT JMMVTUSBUJOH UIF BCJMJUZ PG UIF .$%)' NFUIPE UP QSPWJEF BDDVSBUF
USBOTJUJPO EBUB PWFS B XJEF GSFRVFODZ SBOHF� *OEFFE UIF TUVEZ PG 4�MJLF JPOT DPODFSOT
UIF 67 BOE 967 EPNBJOT <��� ���> XIJDI BSF UZQJDBM GPS TQFDUSB PG IJHIMZ DIBSHFE
JPOT XIJMF DBMDVMBUJPOT PO $ JPOT GPDVT PO UIF OFBS�JOGSBSFE SFHJPO 	TFF F�H� <��� ���>

JOWPMWJOH USBOTJUJPOT CFUXFFO IJHIMZ FYDJUFE TUBUFT XJUI TNBMM FOFSHZ TFQBSBUJPOT�

��� 1SPEVDUJPO PG MBSHF EBUB TFUT

$** JT BO FYDFMMFOU FYBNQMF PG XIBU JT QPTTJCMF UP BDIJFWF XJUI TUBUF�PG�UIF�BSU NFUIPET JO
TQFDUSVN DBMDVMBUJPOT� 8F DPOTJEFSFE UIF JTPFMFDUSPOJD TFRVFODF PG 4 * 	Ne = 16
 JODMVE�
JOH $S *9 .O 9 'F 9* $P 9** /J 9*** BOE $V 9*7 	24 ≤ Z ≤ 29)� 'PS FBDI JPO
IVOESFET PG BUPNJD FOFSHZ MFWFMT BSF UBSHFUFE TJNVMUBOFPVTMZ PWFS CPUI QBSJUJFT BOE NVM�
UJQMF J �WBMVFT� 5BLJOH 'F 9* BT BO FYBNQMF XF DPOTJEFSFE UIF MPXFTU ��� MFWFMT CFMPOHJOH
UP UIF 3s23p4, 3p6, 3s3p43d, 3s23p23d2 FWFO BOE 3s3p5, 3s23p33d, BOE 3s3p33d2 PEE
DPOmHVSBUJPOT 	PNJUUJOH UIF OFPO�MJLF DPSF
 TQBOOJOH 0 ≤ J ≤ 6� *O UIF MBSHFTU 3$* DBM�
DVMBUJPOT UIF $4' CBTJT DPOTJTUFE PG BQQSPYJNBUFMZ �� ��� ��� BOE �� ��� ��� $4'T GPS
UIF FWFO BOE PEE QBSJUJFT SFTQFDUJWFMZ� 5P UIF LOPXMFEHF PG UIF BVUIPST UPHFUIFS UIFZ BSF
POF PG UIF MBSHFTU DBMDVMBUJPOT FWFS DPOEVDUFE JO UIF GSBNFXPSL PG UIF .$%)' NFUIPE�
'JH� ��� EJTQMBZT UIF OVNCFS PG $4'T QFS (J,π)�CMPDL TZNNFUSZ� 'PS NPTU J WBMVFT UIF
OVNCFS PG $4'T QFS QBSJUZ JT PWFS POF NJMMJPO SFBDIJOH � NJMMJPOT GPS UIF (5,−)�CMPDL
TZNNFUSZ� &WFO UIPVHI UIF DBMDVMBUJPOT GPS FBDI CMPDL BSF QFSGPSNFE TFQBSBUFMZ UIBOLT
UP UIF CMPDL�EJBHPOBM GPSN PG UIF NBUSJY B GFX NJMMJPOT PG $4'T QFS CMPDL JT BU UIF MJNJU
PG XIBU JT BDIJFWBCMF XJUI NPEFSO DMVTUFST� &BDI DBMDVMBUJPO UBLFT EBZT PS FWFO XFFLT
EFQFOEJOH PO UIF OVNCFS PG DPSFT UIBU BSF VTFE JO QBSBMMFM�

'PSUVOBUFMZ QPTTJCJMJUJFT FYJTU UP SFEVDF UIF DPNQVUBUJPOBM UJNF XJUI MJUUMF MPTT JO BDDVSBDZ�
*OTQJSFE GSPN QFSUVSCBUJPO UIFPSZ <�� ���> UIF GPMMPXJOH NFUIPE JT LOPXO BT $* DPN�
CJOFE XJUI TFDPOE�PSEFS #SJMMPVJOo8JHOFS QFSUVSCBUJPO UIFPSZ <���> CVU IBT CFFO SFOBNFE
SFDFOUMZ <���> UIF [FSP�mSTU PSEFS NFUIPE 	;'
� *O UIBU BQQSPBDI UIF BDUJWF TQBDF JT TQMJU
JOUP UXP TVCTQBDFT P BOE Q� ɨF P TVCTQBDF DPOUBJOT UIF NPTU JNQPSUBOU $4'T BOE DPS�
SFTQPOET UP UIF [FSP�PSEFS TQBDF XIJMF UIF Q TVCTQBDF JT UIF mSTU�PSEFS TQBDF� ɨF DIPJDF
PG UIF P TVCTQBDF JT MFGU UP UIF VTFS BOE JU DPOWFOUJPOBMMZ DPOUBJOT BU UIF WFSZ MFBTU UIF .3
$4'T� *U JT VTVBMMZ BVHNFOUFE CZ $4'T CBTFE PO UIF QSFWJPVT MBZFS DBMDVMBUJPO PS JO UIF

���
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DBTF PG 3$* DBMDVMBUJPOT UIF DPOUSJCVUJPOT PG $4'T UIBU BDDVNVMBUF UP B DFSUBJO QFSDFOUBHF
PG UIF XBWF GVODUJPO HFOFSBUFE BGUFS UIF 4$' QSPDFEVSF� ɨF JOUFSBDUJPO NBUSJY JT UIFO
QBSUJUJPOFE BT (

H(PP ) H(PQ)

H(QP ) H(QQ)

)
, 	���


XIFSF H(PP ) BOE H(QQ) BSF UIF TVCNBUSJDFT DPSSFTQPOEJOH UP UIF JOUFSBDUJPO PG $4'T
XJUIJO UIF P TVCTQBDF BOE Q TVCTQBDF SFTQFDUJWFMZ BOE H(PQ) JT UIF JOUFSBDUJPO NBUSJY
CFUXFFO UIF P BOE Q TQBDFT� ɨF HFOFSBM JEFB PG UIF NFUIPE JT UP BQQSPYJNBUF H(QQ)

ij =

δijE
Q
i  XIJDI UIFO UBLFT B EJBHPOBM GPSN� 5ZQJDBMMZ UIF OVNCFS PG $4'T JO UIF Q TQBDF

JT NVDI MBSHFS UIBO JO UIF P TQBDF BOE UIFSFGPSF UIF EJBHPOBM GPSN PG H(QQ) QSFWFOUT
VT GSPN DPNQVUJOH OVNFSPVT PĊ�EJBHPOBM FMFNFOUT� #FDBVTF $$ DPSSFMBUJPO JT LOPXO UP
HFOFSBUF USFNFOEPVT OVNCFS PG $4'T UIJT NFUIPE XBT QSPWFO UP CF QBSUJDVMBSMZ FċDJFOU
UP DBQUVSF UIBU FĊFDU JO TQFDUSVN DBMDVMBUJPOT PG .H�MJLF JPOT BMMPXJOH UP PQFO TIFMMT EFFQ
JO UIF DPSF <���>�

0OF EJċDVMUZ PG DBMDVMBUJPOT UBSHFUJOH IVOESFET PG TUBUFT UPHFUIFS JT UP FOTVSF B DPSSFDU
CBMBODF JO UIF FMFDUSPO DPSSFMBUJPO CFUXFFO F�H� MPX�MZJOH TUBUFT BOE IJHI FYDJUFE TUBUFT�
*G TVDI B CBMBODF JT OPU SFBDIFE POF NJHIU PCTFSWF FOFSHZ TIJGUT CFUXFFO UIF MPXFS BOE
IJHIFS QBSUT PG UIF TQFDUSVN J�F� UIF DPNQVUFE FYDJUBUJPO FOFSHJFT PG UIF MPX�MZJOH MFWFMT
BSF JO HPPE BHSFFNFOU XJUI FYQFSJNFOUT XIJMF UIPTF GPS IJHIFS FYDJUFE MFWFMT BSF OPU� 5P
BTTFTT UIF PWFSBMM RVBMJUZ PG UIF TQFDUSVN XF FWBMVBUF B NFBO MFWFM EFWJBUJPO 	.-%
 EFmOFE
BT

.-% =
1

nL

nL∑

i=1

|E/*45(i)− E.$%)'(i)− ES| , 	���


JO XIJDI nL JT UIF OVNCFS PG UBSHFUFE MFWFMT E/*45(i) BOE E.$%)'(i) BSF UIF FYQFSJNFO�

���



UBM 	VTVBMMZ UBLFO GSPN UIF /*45 "4% %"5"#"4& <�>
 BOE UIF UIFPSFUJDBM FOFSHZ PG MFWFM
i BOE ES JT BO FOFSHZ TIJGU UIBU NJOJNJ[FT UIF .-%� ES JT UIFSFGPSF DPNQVUFE BTTVNJOH
B TZTUFNBUJD FSSPS BOE DPVME CF JOUFSQSFU BT B DPSSFDUJPO GPS UIF HSPVOE TUBUF FOFSHZ� 'PS
FYBNQMF XF PCUBJOFE UIF WBMVFT ES = 547 DN−1 BOE .-%= 458 DN−1 GPS 'F 9*�

ɨF BOBMZTJT PG UIF SFTVMUT JT B UFEJPVT UBTL� "T JU DBO CF TFFO JO $** UIF TQFDUSVN PG FBDI JPO
JT DBSFGVMMZ BOBMZ[FE BOE DPNQBSFE UP FYQFSJNFOUT BOE PUIFS NFUIPET� #FTJEFT UIF FOFSHZ
UIF MBCFM PG FBDI MFWFM JT BMTP EJTDVTTFE CZ MPPLJOH BU UIF LS DPNQPTJUJPO PG FBDI BUPNJD
MFWFM� ɨF LS DPNQPTJUJPO PG FBDI TUBUF JT DPNQVUFE VTJOH UIF QSPHSBN EFWFMPQFE CZ
(BJHBMBT BOE DP�XPSLFST <��� ��> UIBU USBOTGPSNT XBWF GVODUJPOT GSPN UIFJS jj DPVQMJOH
SFQSFTFOUBUJPO UP UIFJS LS�DPVQMJOH SFQSFTFOUBUJPO 	TFF 4FD� ���
� 'VSUIFS XPSL JT BMTP
OFFEFE UP BTTFTT UIF RVBMJUZ PG UIF SBEJBUJWF SBUFT VTVBMMZ CZ VTJOH UIF HBVHF EFQFOEFODF PG
UIF SFTVMUT UISPVHI UIF QBSBNFUFS dT 	�����
 BT BO BDDVSBDZ JOEJDBUPS� 4VDI DBSFGVM BOBMZTFT
BSF VTFGVM UP IJHIMJHIU TQFDUSBM MJOFT BOE FOFSHZ MFWFMT NJTJEFOUJmDBUJPOT JO FYQFSJNFOUBM
TQFDUSB� 0OF TVDI FYBNQMFT XFSF GPVOE GPS 'F 9* BT EJTDVTTFE JO $**� "DDPSEJOH UP PVS
DBMDVMBUJPOT UIF MFWFMT JOWPMWFE JO NJTJEFOUJmFE USBOTJUJPOT IBWF FOFSHZ EJĊFSFODFT XJUI
/*45 SFBDIJOH PWFS 5 000 DN−1 GBS CFZPOE UIF .-% QBSBNFUFS�

��� .PUJWBUJPO BOE JOUFSQSFUBUJPO PG UIF SFTVMUT

"GUFS EFTDSJCJOH IPX UIF DBMDVMBUJPOT XFSF QFSGPSNFE JU JT XPSUI EJTDVTTJOH UIF NPUJWB�
UJPOT CFIJOE UIF QSPEVDUJPO PG UIFTF MBSHF UBCMFT PG FOFSHJFT BOE USBOTJUJPO QBSBNFUFST� 'PS
UIBU QVSQPTF $* JT B HPPE FYBNQMF� *O $* JOEFFE XF FTUJNBUFE UIF -BOEÏ g GBDUPST 	TFF
4FD� �����
 PG NVMUJQMF TUBUFT PG 4�MJLF JPOT� 8F UPPL BEWBOUBHF PG UIF BWBJMBCJMJUZ PG UIF
XBWF GVODUJPOT EFUFSNJOFE JO $** UP FWBMVBUF UIF -BOEÏ g GBDUPST� 4JODF UIF XBWF GVODUJPOT
BSF BMSFBEZ LOPXO J�F� UIF PSCJUBMT BOE FYQBOTJPO DPFċDJFOUT BSF LOPXO POF DBO ATJNQMZ�
DPNQVUF UIF -BOEÏ g GBDUPST XJUI UIF )ėĤīĖĖĞĒğȂǾ QSPHSBN <���>� 5XP NBJO SFBTPOT
NPUJWBUFE $*� 'JSTU JO DMPTF DPMMBCPSBUJPO XJUI TPMBS QIZTJDJTUT XF IBWF BO JOUFSFTU JO EF�
UFSNJOJOH NBHOFUJD mFMET JO UIF TPMBS DPSPOB� "T EFTDSJCFE JO $* 	TFF 4FD� �
 UIF NFUIPE
QSPQPTFE CZ +VEHF <���> BOE FYUFOEFE CZ 1MPXNBO <���> UP VTF B QBJS PG .� USBOTJUJPOT
TVĊFST GSPN VOEFUFSNJOBUJPOT XIFO B DFSUBJO GBDUPS F 

F =
3

4

{
J(J + 1)− J ′(J ′ + 1)− 2

}
(gJ − gJ ′) , 	���


JT [FSP GPS CPUI MJOFT� 'PS FBDI USBOTJUJPO J − J ′ JOWPMWFE JO TVDI B QBJS PG MJOFT gJ BOE
gJ ′ BSF UIF -BOEÏ g GBDUPST PG UIF UXP MFWFMT J BOE J ′ SFTQFDUJWFMZ� ɨJT F GBDUPS JT [FSP
GPS USBOTJUJPOT GPS XIJDI J = 1 BOE J ′ = 0 BOE GPS USBOTJUJPOT XJUI gJ = gJ ′ � 4VDI B
DBTF BSJTFT GPS 4J�MJLF TZTUFNT XIFO DPOTJEFSJOH UIF BTUSPQIZTJDBMMZ JNQPSUBOU GPSCJEEFO .�
USBOTJUJPOT XJUIJO UIF HSPVOE </F>3s23p2 3P UFSN� *OEFFE UIF 3P1 → 3P0 IBT F = 0 CF�
DBVTF PG UIF mSTU GBDUPS PO UIF 3)4 PG &R� 	���
 XIJMF UIF 3P2 → 3P1 USBOTJUJPO IBT F = 0

���



EVF UP UIF FRVBMJUZ gJ=2 = gJ ′=1 JO UIF TBNF FRVBUJPO� *OEFFE JO QVSF LS DPVQMJOH
BDDPSEJOH UP &R� 	�����
 BMM mOF TUSVDUVSF MFWFMT PG BO LS UFSN XJUI L = S IBWF UIF TBNF
-BOEÏ g GBDUPST J�F� gJLS ∼= 1.5012 GPS BMM J �� ɨJT JT UIF DBTF GPS B 3P UFSN 	L = S = 1

BU MFBTU JO UIF OPO SFMBUJWJTUJD QJDUVSF� "MUIPVHI GSPN UIF BUPNJD TUSVDUVSF DBMDVMBUJPOT QFS�
TQFDUJWF JU JT XFMM LOPXO UIBU TVCTUBOUJBM EFWJBUJPOT GSPN QVSF LS�DPVQMJOH WBMVFT FYJTU
JU NJHIU OPU CF BT FWJEFOU GPS BTUSP� BOE TPMBS QIZTJDJTUT� 0VS HPBM JT UIFSFGPSF iUP QFSGPSN
BDDVSBUF BUPNJD TUSVDUVSF DBMDVMBUJPOT PG EFQBSUVSFT GSPN -4 DPVQMJOH BMPOH TFWFSBM JTPFMFDUSPOJD
TFRVFODFT GPS JPOT PG JOUFSFTU JO BTUSPQIZTJDT BOE IJHIMJHIUJOH TPMBS DPSPOB BQQMJDBUJPOT�w 	$*
�
ɨF TFDPOE HPBM JT UP QSPWJEF CBTJD BOBMZTFT XJUI QFEBHPHJDBM JOUFOUJPOT GPS SFBEFST UIBU BSF
OPU FYQFSUT JO BUPNJD TUSVDUVSF DBMDVMBUJPOT�

8F GPDVTFE NPTUMZ PO UXP TZTUFNT J�F� UIF mOF TUSVDUVSF MFWFMT PG UIF 3s23p2 DPOmHVSB�
UJPO JO 4J�MJLF JPOT BOE UIPTF PG UIF 3s23p4 DPOmHVSBUJPO JO 4�MJLF JPOT� ɨFTF UXP TZTUFNT
BSF JEFOUJDBM JO B TJOHMF�DPOmHVSBUJPO QJDUVSF FYDFQU GPS UIF UIF mOF TUSVDUVSF PG UIF MPX�
FTU UFSN CFJOH JOWFSUFE JO 4�MJLF JPOT� 1FSGPSNJOH TJNQMF DBMDVMBUJPOT JO UIF .$)'�#1
BQQSPYJNBUJPO XF TIPXFE UIBU UIF -BOEÏ g GBDUPS PG UIF 3P2 TUBUFT EFWJBUFT GSPN JUT LS�
DPVQMJOH WBMVF NPTUMZ EVF UP UIF 1D2o3P2 SFMBUJWJTUJD NJYJOH� *O UIF TJOHMF�DPOmHVSBUJPO
DBTF TNBMM USBOTGPSNBUJPOT NBUSJDFT DBO CF VTFE UP TXJUDI GSPN LS DPVQMJOH UP jj DPV�
QMJOH� ɨFTF USBOTGPSNBUJPOT BSF XSJUUFO FYQMJDJUMZ JO 4FD� ��� PG $* VTJOH UIF OPUBUJPOT
2S+1LJ BOE (jj′)J UP SFGFS UP TUBUFT JO LS DPVQMJOH BOE jj DPVQMJOH SFTQFDUJWFMZ� 5FSN
NJYJOH XJUIJO UIF DPOmHVSBUJPO DBOOPU PDDVS GPS UIF 3P1 MFWFM TJODF JU JT UIF POMZ J = 1
MFWFM BSJTJOH GSPN UIF 3s23p2 PS 3s23p4 DPOmHVSBUJPOT� 8F UIFSFGPSF EFNPOTUSBUFE UIBU
UIF -BOEÏ g GBDUPS PG UIF 3P1 MFWFM SFNBJOT GBJSMZ DMPTF UP JUT QVSF LS WBMVF PG ���� 8F GVS�
UIFS TIPXFE UIBU UIF 1D2o3P2 SFMBUJWJTUJD NJYJOH QFSUVSCT UIF -BOEÏ g GBDUPS PG UIF 3P2 MFWFM
JO EJSFDU QSPQPSUJPO PG UIF 1D XFJHIU PG UIF XBWF GVODUJPO BT FYQFDUFE GSPN &R� 	�����
�
/FWFSUIFMFTT JUT EFWJBUJPO GSPN UIF QVSF LS�DPVQMJOH WBMVF SFNBJOT TNBMM� ɨJT DBO CF
FYQMBJOFE CZ UIF GBDU UIBU B TVCTUBOUJBM SFMBUJWJTUJD NJYJOH JT OFFEFE UP MFBE UP B TJHOJmDBOU
EFWJBUJPO GSPN LS�DPVQMJOH WBMVFT EVF UP UIF SFMBUJWF DMPTFOFTT PG gJ=2(3P ) = 1.5 BOE
gJ=2(1D) = 1�

%FWJBUJPOT GSPNLS DPVQMJOH DBO CF ESBNBUJD GPS PUIFS QSPQFSUJFT� "DDPSEJOH UP UIF -BOEÏ
JOUFSWBM SVMF JO LS DPVQMJOH  XF IBWF

E(3P2)− E(3P1)

E(3P1)− E(3P0)
= 2 . 	���


#FDBVTF UIF 3P1 JT BMNPTU VOBĊFDUFE CZ LS NJYJOH XIJMF UIF 3P2 BOE 3P0 TUSPOHMZ JOUFSBDU
XJUI UIF 1D2 BOE 1S0 SFTQFDUJWFMZ UIJT FOFSHZ SBUJP UBLFT VOFYQFDUFEMZ MBSHF WBMVFT� ɨF
MBUUFS BSF FBTJMZ FYQMBJOFE CZ MPPLJOH BU 'JH� � JO $* JO XIJDI UIF DSPTTJOH PG UIF 3P1

BOE 3P0 MFWFMT BMPOH UIF 4�MJLF JPOT MFBET UP VOVTVBMMZ MBSHF XBWFMFOHUIT� 8F IBWF JO UIJT
�ɨJT JT OPU USVF JO UIF DBTF J = 0 GPS XIJDI &R� 	�����
 JT VOEFUFSNJOFE EVF UP B 0/0 GBDUPS�

���



XBZ QPJOUFE PVU UP UIF BTUSPQIZTJDT DPNNVOJUZ UIBU MBSHF EFWJBUJPOT PG FOFSHZ EJĊFSFODF
SBUJPT GSPN UIF -BOEÏ JOUFSWBM SVMF WBMVFT TVDI BT 	���
 DBO PDDVS GPS DBTFT TIPXJOH TNBMM
EFWJBUJPOT PG UIF -BOEÏ GBDUPST GSPN UIF QVSF LS g GBDUPST BO B QSJPSJ DPVOUFS�JOUVJUJWF
PCTFSWBUJPO�

'JOBMMZ UIF MBSHF�TDBMF DBMDVMBUJPOT BMMPXFE VT UP TIPX IPX PGUFO UIF -BOEÏ g GBDUPST EJĊFS
GSPN UIF BOBMZUJDBMMZ DPNQVUFE LS WBMVFT� "T XF DPVME FYQFDU UIFTF EFWJBUJPOT EVF UP
LS�UFSN NJYJOHT BSF MBSHFS BOE NPSF GSFRVFOU GPS IFBWJFS JPOT BT UIF SFMBUJWJTUJD FĊFDUT BSF
LOPXO UP JODSFBTF XJUI UIF OVDMFBS DIBSHF Z� $* VMUJNBUFMZ QSPWJEFT UIF -BOEÏ g GBDUPST
GPS JPOT PG JOUFSFTU BMPOH UIF 4�MJLF JTPFMFDUSPOJD TFRVFODF BMFSUJOH TPMBS QIZTJDJTUT UP UIF
SJTL PG HFUUJOH VOSFMJBCMF BOBMZUJDBM g GBDUPST XIFO BTTVNJOH QVSF LS DPVQMJOH�

���



$IBQUFS �

(SPVQ %� /FHBUJWF JPOT

��� *OUSPEVDUJPO

/FHBUJWF JPOT BSF FYPUJD TZTUFNT UIBU QSPWJEF JODPNQBSBCMF JOTJHIU JOUP UIF DPMMFDUJWF CF�
IBWJPVS PG UIF FMFDUSPOT 	GPS B SFWJFX TFF F�H� <��� ���>
� ɨF PWFSBMM OFVUSBM DIBSHF PG
UIF BUPN JT EJTUVSCFE XIFO BO FYUSB FMFDUSPO QBTTFT BU JUT WJDJOJUZ QPMBSJ[JOH JUT FMFDUSPOJD
DMPVE BOE JOEVDJOH BO FMFDUSJD EJQPMF NPNFOU� ɨF TIPSU�SBOHF JOUFSBDUJPO CFUXFFO UIF
JODPNJOH FMFDUSPO BOE UIF BUPNJD EJQPMF NPNFOU NJHIU CF TUSPOH FOPVHI GPS UIF BUPN
UP DBQUVSF UIF FMFDUSPO IFODF BDRVJSJOH BO PWFSBMM OFHBUJWF DIBSHF� )PXFWFS UIF FĊFD�
UJWF TDSFFOJOH PG UIF OVDMFBS DIBSHF CZ UIF BUPNJD FMFDUSPOT NBLFT UIF OFHBUJWF JPOT IJHIMZ
TFOTJUJWF UP FMFDUSPO DPSSFMBUJPO� ɨFZ BSF UIFSFGPSF FYDFMMFOU TZTUFNT GPS VOEFSTUBOEJOH
UIF SPMF PG FMFDUSPO DPSSFMBUJPO JO UIF CJOEJOH FOFSHZ BOE PĊFS JOUFSFTUJOH JOTJHIU JOUP UIF
NBOZ�CPEZ QSPCMFN�

0WFS 80% PG OBUVSBMMZ PDDVSSJOH BUPNT NBZ GPSN OFHBUJWF JPOT� ɨFTF BSF PG QBSUJDVMBS
JOUFSFTU JO XFBLMZ JPOJ[FE HBTFT PS QMBTNBT� ɨFZ DBO CF GPVOE JO BTUSPQIZTJDBM FOWJSPONFOU
BOE JO QMBOFUBSZ BUNPTQIFSFT JO XIJDI UIFZ QMBZ B DSVDJBM SPMF JO UIF MPX�FOFSHZ DPMMJTJPOT
XJUI OFVUSBM BUPNT� "O FYBNQMF JT UIF BTTPDJBUJWF BUUBDINFOU QSPDFTT )−+) → )2+e−

UIBU JT UIF NBJO QSPEVDUJPO NFDIBOJTN PG IZESPHFO NPMFDVMFT JO JOUFSTUFMMBS NFEJB�

%VF UP UIF TIPSU�SBOHF PG UIF JOEVDFE QPUFOUJBM UIF FYUSB FMFDUSPO JO OFHBUJWF JPOT JT MPPTFMZ
CPVOE XIJDI NBLFT OFHBUJWF JPOT VOTUBCMF BOE GSBHJMF TZTUFNT� .PTU OFHBUJWF JPOT BSF
GPVOE UP IBWF B GFX CPVOE TUBUFT PGUFO CFMPOHJOH UP UIF TBNF HSPVOE DPOmHVSBUJPO BOE
UIF TBNFLS UFSN� .BOZ POMZ QPTTFTT B TJOHMF CPVOE TUBUF J�F� UIFJS HSPVOE TUBUF� ɨF TFO�
TJUJWJUZ PG UIFTF CPVOE TUBUFT UP FMFDUSPO DPSSFMBUJPO JT JMMVTUSBUFE CZ MPPLJOH BU UIF FWPMVUJPO
PG UIF OVNCFS PG CPVOE TUBUFT BMPOH UIF OJUSPHFO IPNPMPHPVT TFRVFODF <���>� $BMDVMB�
UJPOT QSFEJDU OP CPVOE TUBUF JO /− UISFF JO 1− BOE "T− 	DPSSFTQPOEJOH UP UIF 3P mOF

���



TUSVDUVSF
 GPVS JO 4C− BOE UXP JO #J− IJHIMJHIUJOH UIF VOQSFEJDUBCJMJUZ DIBSBDUFS PG UIF
TQFDUSB PG OFHBUJWF JPOT <���>� 7FSZ GFX OFHBUJWF JPOT IBWF CFFO TIPXO UP IBWF FYDJUFE
TUBUFT PG PQQPTJUF QBSJUZ UP UIBU PG UIF HSPVOE TUBUF� 4VDI PCTFSWBUJPOT XFSF NBEF SFDFOUMZ
JO -B− 0T− $F− BOE ɨ− <��� ��� ��� ��� ���>� ɨFTF BOJPOT BSF FYDFMMFOU DBO�
EJEBUFT GPS MBTFS DPPMJOH B QSPDFTT EVSJOH XIJDI UIFZ BCTPSC B MBTFS QIPUPO BOE VOEFSHP
&� USBOTJUJPOT GSPN UIF HSPVOE TUBUF UP BO FYDJUFE TUBUF PG PQQPTJUF QBSJUZ� 1SFDPPMFE BO�
JPOT BSF PG HSFBU JOUFSFTU JO UIF GPSNBUJPO PG BOUJIZESPHFO GPS XIJDI UIF BOUJQSPUPOT BOE
QPTJUSPOT OFFE UP CF DPPMFE CFMPX � , <���>� *O NPTU OFHBUJWF JPOT IPXFWFS FYDJUFE TUBUFT
IBWF UIF TBNF QBSJUZ BT UIF HSPVOE TUBUF BOE EFDBZ UISPVHI XFBLFS IJHIFS�PSEFS NVMUJQPMF
USBOTJUJPOT TVDI BT .� PS &� J�F� UIFZ BSF NFUBTUBCMF TUBUFT� ɨF MPOHFTU MJGFUJNF NFBTVSF�
NFOU PG B OFHBUJWF JPO FYDJUFE TUBUF XBT QFSGPSNFE BU UIF %PVCMF &MFDUSP4UBUJD *PO 3JOH
&YQFSJNFOU 	%&4*3&&
 GBDJMJUZ BU 4UPDLIPMN 6OJWFSTJUZ <���>� ɨF 2P1/2 FYDJUFE TUBUFT PG
32S− XBT NFBTVSFE UP CF 503± 54 T <���> GPMMPXJOH UIF NFUIPE QSPQPTFE CZ "OEFSTTPO
FU BM� <���>� "T XF XJMM EJTDVTT MBUFS PVS KPJOU UIFPSZ�FYQFSJNFOU TUVEZ PG *S− TVHHFTUT UIBU
UIF J = 2 mSTU FYDJUFE TUBUF IBT B MJGFUJNF MPOHFS UIBO UIF TUPSBHF UJNF PG∼ 1230 T 	TFF %*
�

��� %FUBDINFOU QSPDFTTFT

4JODF UIF OFHBUJWF JPOT BSF GSBHJMF TZTUFNT UIF FYUSB FMFDUSPO NJHIU CF EFUBDIFE CZ FWFO
MPX�FOFSHFUJD QSPDFTTFT� 7BSJPVT QSPDFTTFT BSF DPNQFUJOH BOE UIFJS SFMBUJWF QSPCBCJMJUJFT
EFQFOE PO UIF SFMBUJWF QPTJUJPOJOH PG UIF FOFSHZ MFWFMT PG UIF OFHBUJWF JPO BOE UIF BUPN
BT XFMM BT UIF QPTTJCMF JODPNJOH FOFSHZ FJUIFS PG B QIPUPO PS BO FMFDUSPO� " SFWJFX PG UIF
EJĊFSFOU QSPDFTTFT JT HJWFO JO 3FGT� <��� ��� ���>� &YQFSJNFOUBMMZ BUUPTFDPOE 	10−18 T

QVMTFT BSF VTFE UP TUVEZ EFUBDINFOU QSPDFTTFT PG OFHBUJWF JPOT BOE QIPUPJPOJ[BUJPOT PG OFV�
USBM BUPNT� )PXFWFS QSPDFTTFT UIBU FNJU QIPUPOT BSF TVCKFDU UP B UJNF EFMBZ UIBU TIPVME CF
UBLFO JOUP BDDPVOU JO UIF BOBMZ[FT <���>� *O OFVUSBM BUPNT UXP DPOUSJCVUJPOT NBLF UIBU
UJNF EFMBZ POF PG XIJDI BSJTFT GSPN UIF JOUFSBDUJPO CFUXFFO UIF MBTFS BOE UIF MPOH�SBOHF
JPOJD mFME� *O OFHBUJWF JPOT IPXFWFS CFDBVTF UIF EFUBDINFOU QSPDFTT QSPEVDFT UIF OFV�
USBM BUPN 	BOE OPU B QPTJUJWF JPO
 UIF MPOH�SBOHF QPUFOUJBM WBOJTIFT BOE UIF DPSSFTQPOEJOH
DPOUSJCVUJPO UP UIF UJNF EFMBZ JT FTTFOUJBMMZ [FSP� <���>� ɨJT BMMPXT UIF BDDFTT UP PUIFS
DPOUSJCVUJPOT FYQFSJNFOUBMMZ� *O UIF GPMMPXJOH XF XJMM OPU GPDVT PO UIF UJNF DIBSBDUFSJ[B�
UJPO PG BUUPTFDPOE QVMTFT BMUIPVHI UIJT JT PG QSJNF JNQPSUBODF JO UIF TUVEZ PG SFTPOBODFT
JO QIPUPJOPOJ[BUJPO TUVEJFT <��� ���>�

'JSTU JU JT OFDFTTBSZ UP EFmOF UIF FMFDUSPO BĆOJUZ 	&"
 PG BO BUPN " BT

&"	"
 = Eg.s(")− Eg.s("−) 	���

�"DDPSEJOH UP -JOESPUI BOE %BIMTUSÚN UIJT UJNF EFMBZ JT OPU FYBDUMZ [FSP CVU EFDSFBTFT FYQPOFO�

UJBMMZ <���>�

���



E

"− "

&"

6B;m`2 dXR, a+?2K�iB+ bT2+i`� Q7 �M �iQK � �M/ Bib M2;�iBp2 BQMb �− BMbTB`2/ #v 6B;X R Q7 _27X (kNy)X h?2 ;`�/B2Mi #HQ+Fb
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XIFSF Eg.s JT UIF FOFSHZ PG UIF HSPVOE TUBUF� 8JUI UIBU EFmOJUJPO B QPTJUJWF &"	"
 NFBOT
UIBU UIF DPSSFTQPOEJOH OFHBUJWF JPO "− IBT BU MFBTU POF CPVOE TUBUF� 'JH� ��� QSFTFOUT
UIF TDIFNBUJD FOFSHZ TQFDUSVN PG UIF "�"− TZTUFN XJUI UIF FYQMJDJU EFmOJUJPO PG UIF &"�
ɨF DPOUJOVB BSF SFQSFTFOUFE CZ CMPDL HSBEJFOUT� /PUF UIBU B MPXFS OVNCFS PG CPVOE
TUBUFT JO UIF OFHBUJWF JPO TQFDUSVN JT WPMVOUBSJMZ TIPXO UP QSFTFOU B SFBMJTUJD TJUVBUJPO�
*OEFFE OFHBUJWF JPOT POMZ IBWF B mOJUF OVNCFS PG CPVOE TUBUFT XIJMF BUPNT IBWF BO JOmOJUF
OVNCFS�

%JTDBSEJOH UIF DPMMJTJPOBM EFUBDINFOU QSPDFTTFT #SBHF JEFOUJmFT GPVS EFDBZ NPEFT PG BO
FYDJUFE CPVOE TUBUF PG B OFHBUJWF JPO OBNFMZ UISPVHI PQUJDBM USBOTJUJPOT BVUPEFUBDINFOUT
SBEJBUJWF BVUPEFUBDINFOUT BOE QIPUPEFUBDINFOUT BT SFQSFTFOUFE JO 'JH� � PG 3FG� <���>�
0QUJDBM USBOTJUJPOT SFGFS UP SBEJBUJWF USBOTJUJPOT JO XIJDI BO FYDJUFE TUBUF EFDBZT UPXBSE B
MPXFS�FOFSHZ TUBUF WJB UIF FNJTTJPO PG B QIPUPO� *U DPSSFTQPOET UP UIF USBOTJUJPOT BMSFBEZ
FODPVOUFSFE JO UIJT XPSL XJUI UIF OPUJDFBCMF DIBSBDUFSJTUJD PG OFHBUJWF JPOT UIBU NPTU PG UIF
EFUFDUFE FYDJUFE CPVOE TUBUFT TIBSF QBSJUZ XJUI UIF HSPVOE TUBUF BOE IFODF DBO OPU EFDBZ
UISPVHI &� USBOTJUJPOT J�F� UIFZ BSF NFUBTUBCMF� ɨF BVUPEFUBDINFOU QSPDFTT EFTDSJCFT UIF
QSPDFTT JO XIJDI BO FYDJUFE TUBUF PG UIF OFHBUJWF JPO JOUFSBDUT XJUI UIF DPOUJOVVN BOE BO
FMFDUSPO JT FKFDUFE� ɨJT EFDBZ DIBOOFM JT UIFSFGPSF PQFOFE POMZ JG UIF FYDJUFE TUBUF JT BCPWF
UIF JPOJ[BUJPO MJNJU J�F� EFHFOFSBUF UP B DPOUJOVVN TUBUF� ɨJT EFDBZ DBO CF SFQSFTFOUFE BT

"−∗ → " + e− 	���


XIFSF UIF BTUFSJTL JOEJDBUFT UIBU UIF OFHBUJWF JPO JT JO BO FYDJUFE TUBUF� *U JT SFRVJSFE UIBU

���



TVDI TUBUFT MZJOH JO UIF DPOUJOVVN JOWPMWF B QBJS PG FYDJUFE FMFDUSPOT GPS XIJDI POF DBO
FBTJMZ JNBHJOF BO FOFSHZ USBOTGFS CFUXFFO UIF UXP FMFDUSPOT SFTVMUJOH JO UIF FKFDUJPO PG POF
PG UIFN BOE UIF EFFYDJUBUJPO PG UIF PUIFS� UIF BVUPEFUBDINFOU JT JOEVDFE CZ UIF SFQVMTJWF
GPSDF CFUXFFO UIFTF UXP FMFDUSPOT� ɨF DPSSFTQPOEJOH MJGFUJNFT BSF UZQJDBMMZ PG UIF PSEFS
PG 10−13 − 10−15 T� *O SBSF DBTFT TVDI BT -J− <���> PS #F− <���> BVUPEFUBDIJOH BOE
SBEJBUJWF EFDBZ SBUFT BSF DPNQBSBCMF BOE XF DBO PCTFSWF SBEJBUJWF USBOTJUJPOT CFUXFFO UXP
NFUBTUBCMF TUBUFT� *G UIF EFUBDINFOU JT BMMPXFE J�F� JU GPMMPXT UIF OPO�SFMBUJWJTUJD TFMFDUJPO
SVMFT JU JT GBTU CVU TPNFUJNFT UIF EJSFDU EFDBZ JT GPSCJEEFO� ɨFO JU JT NFUBTUBCMF BHBJOTU
BVUPEFUBDINFOU� ɨF SBEJBUJWF BVUPEFUBDINFOU QSPDFTT JT GBJSMZ TJNJMBS UP UIF BVUPEFUBDI�
NFOU QSPDFTT 	���
� ɨF EJĊFSFODF DPNFT GSPN UIF BEEJUJPOBM FNJTTJPO PG B QIPUPO� ɨF
QSPDFTT DBO CF SFQSFTFOUFE BT

"−∗ → " + e− + γ . 	���


'JOBMMZ UIF QIPUPEFUBDINFOU QSPDFTT XIJDI XJMM CF UIF GPDVT PG UIF OFYU TFDUJPO DPSSF�
TQPOET UP UIF FKFDUJPO PG BO FMFDUSPO GPMMPXJOH UIF BCTPSQUJPO PG B QIPUPO J�F�

"−∗ + γ → " + e− . 	���


3FTPOBODFT� UIF DBTF PG $F−

ɨF DBTF PG UIF $F− OFHBUJWF JPO JT QBSUJDVMBSMZ JOUFSFTUJOH CFDBVTF PG UIF FYJTUFODF PG FY�
DJUFE CPVOE TUBUFT PG PQQPTJUF QBSJUZ UIBO UIF HSPVOE TUBUF DMPTF UP UIF EFUBDINFOU MJNJU� "
TFSJFT PG FYQFSJNFOUBM BOE UIFPSFUJDBM QBQFST EFUFDUFE TPNF SFTPOBODFT JO JUT QIPUPEFUBDI�
NFOU TQFDUSVN <��� ���>� 3FTPOBODFT BSJTF XIFO BO BUPN BOE BO FMFDUSPO BSF USBOTJFOUMZ
BTTPDJBUFE JOUP B TUBUF JOEVDFE CZ CPVOE�GSFF USBOTJUJPOT CFUXFFO B CPVOE TUBUF PG UIF OFH�
BUJWF JPO BOE UIF FYDJUFE TUBUFT XIJDI BSF JO UIF DPOUJOVB BCPWF UIF EFUBDINFOU MJNJU�
5SBEJUJPOBMMZ UIFTF BVUPEFUBDIJOH FYDJUFE TUBUFT BSF DMBTTJmFE BT CFJOH FJUIFS 'FTICBDI PS
TIBQF SFTPOBODFT <��� ���>� 'FTICBDI SFTPOBODFT MJF FOFSHFUJDBMMZ CFMPX UIF QBSFOU TUBUF
PG UIF OFVUSBM BUPN BOE IBWF MPOHFS BVUPEFUBDINFOU MJGFUJNFT UIBO TIBQF SFTPOBODFT� 0Q�
QPTJUFMZ TIBQF SFTPOBODFT MJF BCPWF UIF QBSFOU TUBUF PG UIF BUPN UIFZ IBWF TIPSUFS MJGFUJNF
BOE BSF UIFSFGPSF XJEFS UIBO 'FTICBDI SFTPOBODFT� ɨF BOBMZTJT PG UIF PCTFSWFE TQFDUSVN JT
IPXFWFS FYUSFNFMZ DPNQMJDBUFE EVF UP UIF MBSHF OVNCFS PG QPTTJCMF USBOTJUJPOT UPXBSE UIF
DPOUJOVVN 	TFF F�H� <���> PO -B−
� $PNQVUBUJPOT PG BVUPEFUBDINFOU QSPDFTTFT JOWPMWF
USFBUJOH CPUI UIF CPVOE OFHBUJWF JPO BOE UIF DPOUJOVVN PG UIF BUPN + B GSFF FMFDUSPO
XIFSF UIF MBUUFS NBZ JODMVEF B MBSHF OVNCFS PG DIBOOFMT UISPVHI EJĊFSFOU DPVQMJOH QPTTJ�
CJMJUJFT� *O UIF DBTF PG EPVCMZ FYDJUFE OFHBUJWF JPOT BO JOUFSFTUJOH NFUIPE JT UP VTF DPNQMFY
SPUBUJPOT <��� ���>�� "UUFNQUJOH UP JEFOUJGZ UIF USBOTJUJPOT BOE SFTPOBODFT PCTFSWFE JO
UIF NFBTVSFE TQFDUSVN XJUI UIF FOFSHZ MFWFM TUSVDUVSF PG UIF OFHBUJWF JPO BOE UIF BUPN JT

�/PUF UIBU UIF UXP 3FGT� <��� ���> VTF #�TQMJOFT GPS UIFJS DBMDVMBUJPOT DPOmSNJOH UIF #�TQMJOFT JOUFSFTU�
JOH QSPQFSUJFT�

���



B EJċDVMU UBTL� *U EFQFOET DSVDJBMMZ PO UIF SFMBUJWF QPTJUJPOJOH PG UIF CPVOE TUBUFT PG UIF
OFHBUJWF JPO CVU BMTP PO UIF BUPN <���> �

��� ɧF JSJEJVN DBTF� B DPMMBCPSBUJPO XJUI %&4*3&&

*O UIJT TFDUJPO XF QSFTFOU %* XIJDI SFTVMUFE GSPN UIF KPJOU FYQFSJNFOU�UIFPSZ XPSL JO
DPMMBCPSBUJPO XJUI UIF %&4*3&& GBDJMJUZ�

����� 4VQQPSUJOH FYQFSJNFOUT XJUI UIFPSFUJDBM QSFEJDUJPOT

/FHBUJWF JPOT BSF JOUFSFTUJOH GSPN CPUI FYQFSJNFOUBM BOE UIFPSFUJDBM QPJOUT PG WJFXT� 0G�
UFO UIF FYQFSJNFOU SFMJFT PO UIFPSFUJDBM QSFEJDUJPOT BU MFBTU UP BMMPX DMFBS JEFOUJmDBUJPOT
PG UIF PCTFSWFE CPVOE TUBUFT TPNFUJNFT UP QFSGPSN UIF NFBTVSFNFOU JUTFMG 	TFF F�H� UIF
KPJOU UIFPSZ�FYQFSJNFOU XPSL PO ɨ− <���> PS UIF QBJS PG UIFPSFUJDBM BOE FYQFSJNFOUBM
QBQFST PO -B− <��� ���>
� ɨF QIPUPEFUBDINFOU NFBTVSFNFOU JT EFTDSJCFE JO %* BOE XF
MJNJU PVSTFMWFT UP QSFTFOU UIF CBTJDT PG UIF FYQFSJNFOU� ɨF HFOFSBM JEFB JT UP VTF B UVOBCMF
MBTFS UP QIPUPEFUBDI UIF CPVOE TUBUFT PG UIF OFHBUJWF JPOT� #Z DIPPTJOH UIF FOFSHZ PG UIF
MBTFS TPVSDF POMZ DFSUBJO CPVOE TUBUFT DBO QIPUPEFUBDI BDDPSEJOH UP UIFJS SFTQFDUJWF FOFSHZ
UISFTIPME J�F� UIF FOFSHZ BU XIJDI QIPUPEFUBDINFOU CFDPNFT QPTTJCMF� ɨF DIPJDF PG UIF
MBTFS FOFSHZ JT HVJEFE CZ QSJPS FYQFSJNFOUT BOE UIFPSFUJDBM TUVEJFT�

8F QFSGPSNFE BUPNJD TUSVDUVSF DBMDVMBUJPOT GPS UIF JSJEJVN OFHBUJWF JPO BOE GPVOE UIBU
GPVS TUBUFT TIPVME CF CPVOE J�F� *S− TIPVME IBWF UISFF FYDJUFE CPVOE TUBUFT� ɨF HSPVOE
TUBUF XBT BMSFBEZ JEFOUJmFE UP CF 5d86s2 3F4� ɨF UXP mSTU FYDJUFE TUBUFT XFSF JEFOUJ�
mFE UP 5d86s2 3P2 BOE 5d86s2 3F3 SFTQFDUJWFMZ� )PXFWFS PVS DBMDVMBUJPOT TIPXFE UIBU
UIF J = 2 TUBUF FYIJCJUFE TUSPOH LS NJYJOH SFGVUJOH UIF QSJPS JEFOUJmDBUJPO UP B 3P2�
'VSUIFSNPSF XF QSFEJDUFE UIF FYJTUFODF PG B UIJSE CPVOE TUBUF XJUI J = 2 DMPTFS UP UIF
EFUBDINFOU MJNJU� #FDBVTF PG UIF MBSHF NJYJOH UIBU QSFWFOUT B DMFBSLS JEFOUJmDBUJPO PG UIF
FOFSHZ MFWFMT B OPNFODMBUVSF JOTQJSFE GSPN NPMFDVMBS TQFDUSPTDPQZ XBT VTFE JO XIJDI UIF
HSPVOE TUBUF JT SFGFS UP BT 9 BOE UIF FYDJUFE TUBUFT BT " # BOE $ 	TFF 'JH� � JO %*
� ɨF QIP�
UPEFUBDINFOU FYQFSJNFOU XBT SFQFBUFE GPS GPVS EJĊFSFOU QIPUPO FOFSHJFT 	BSSPXT ����
JO %*
 TVQQPTFEMZ EFUBDIJOH 	�
 BMM CPVOE TUBUFT 	�
 TUBUFT " # BOE $ 	�
 TUBUFT # BOE
$ BOE 	�
 TUBUF $ POMZ BT TIPXO PO 'JH� � PG %*� 'PS FBDI PG UIFTF QPTTJCJMJUJFT UIF DPVOU
PG QIPUPEFUBDIFE FMFDUSPOT EFDSFBTFT FYQPOFOUJBMMZ PWFS UJNF BMMPXJOH UIF EFUFSNJOBUJPO
PG UIF SBEJBUJWF MJGFUJNFT� 5BCMF ** PG %* TIPXT UIF SFMBUJWFMZ HPPE BHSFFNFOU CFUXFFO UIF
NFBTVSFE BOE DPNQVUFE MJGFUJNFT� #PUI TUBUFT # BOE $ BSF GPVOE UP CF NFUBTUBCMF XJUI
MJGFUJNFT MPOHFS UIBO 100 T� 4UBUF " IPXFWFS XBT GPVOE UP CF FWFO NPSF MPOH�MJWFE XJUI
B MJGFUJNF MBSHFS UIBO UIF TUPSBHF UJNF IFODF B QSFDJTF NFBTVSFNFOU XBT OPU EPBCMF�

���



ɨF NFBTVSFNFOU PG UIF CJOEJOH FOFSHZ PG BO FYDJUFE TUBUF JT QFSGPSNFE CZ TMPXMZ WBSZJOH
UIF MBTFS FOFSHZ JO UIF SBOHF BSPVOE UIF UISFTIPME FOFSHZ� 1MPUUJOH UIF ZJFME BT B GVODUJPO
PG UIF QIPUPO FOFSHZ DBO CF mUUFE BDDPSEJOH UP B 8JHOFS MBX� ɨJT SFMBUJPOTIJQ HJWFT UIF
CFIBWJPVS PG UIF QIPUPEFUBDINFOU DSPTT TFDUJPO BSPVOE UIF FOFSHZ UISFTIPME BT <���>

σ = (E − Et)
l + 1/2 E ≥ Et , 	���


XIFSF E − Et JT UIF FYDFTT FOFSHZ BCPWF UIF UISFTIPME� ɨF BOHVMBS RVBOUVN OVNCFS l
DPSSFTQPOET PG UIF BMMPXFE QBSUJBM XBWFT EFTDSJCJOH UIF PVUHPJOH GSFF FMFDUSPO� *O UIF DBTF
PG JSJEJVN JO XIJDI UIF QIPUPEFUBDINFOU

5d86s2 + γ → 5d76s2 + e−(l) 	���


JT PCTFSWFE UIF BMMPXFE WBMVFT GPS l BSF l = 1, 3 DPSSFTQPOEJOH UP QBSUJBM p�XBWF BOE
f �XBWF SFTQFDUJWFMZ� )PXFWFS JU JT XFMM�LOPXO UIBU DMPTF UP UIF EFUBDINFOU UISFTIPME
UIF DFOUSJGVHBM CBSSJFS TVQQSFTTFT UIF f �XBWF MFBWJOH UIF p�XBWF UP EPNJOBUF UIF QIPUPEF�
UBDINFOU DSPTT TFDUJPO <���>� "MUIPVHI UIF WBMJEJUZ PG UIF 8JHOFS MBX DMPTF UP UIF FOFSHZ
UISFTIPME JT XFMM FTUBCMJTIFE UIF SBOHF PG UIBU WBMJEJUZ JT OPU EFmOJUF <���>� )PXFWFS UIF
mUUJOH PG UIF EBUB UP B 8JHOFS MBX XJUI l = 1 FOBCMFE UIF EFUFSNJOBUJPO PG UIF CJOEJOH
FOFSHZ PG TUBUF " UP CF 1.045 ± 0.002 F7 JO HPPE BHSFFNFOU XJUI UIF SFDFOU WBMVF PG
1.04788± 0.00002 F7 <���>�

����� 0O QIPUPEFUBDINFOU JOUFOTJUJFT

3FGFSSJOH UP UIF OVNCFSJOH PG UIF WFSUJDBM BSSPXT PG 'JH� � JO %* UIF NFUIPEPMPHZ FN�
QMPZFE UP EFUFSNJOF UIF MJGFUJNFT PG UIF FYDJUFE TUBUFT SFMJFT PO UIF GBDU UIBU UIF TJHOBMT
PCUBJOFE XJUI UIF QIPUPO FOFSHJFT 	�
 	�
 BOE 	�
 PSJHJOBUF GSPN B TJOHMF CPVOE TUBUF J�F�
UIBU UIF TJHOBM DBO CF mUUFE UP B TJOHMF FYQPOFOUJBM� 'PS UIF EFUFSNJOBUJPO PG UIF MJGFUJNF
PG TUBUF " VTJOH UIF QIPUPO FOFSHZ 	�
 UIF TJHOBM JT SFHJTUFSFE GPS B UJNF NVDI MPOHFS UIBO
UIF MJGFUJNFT PG TUBUFT # BOE $ BWPJEJOH JUT DPOUBNJOBUJPO CZ UIF EFDBZ PG TUBUFT # BOE $�
ɨF TJUVBUJPO JT VOGPSUVOBUFMZ EJĊFSFOU XIFO QFSGPSNJOH UIF FYQFSJNFOU XJUI UIF QIPUPO
FOFSHZ 	�
 UIBU DBO QIPUPEFUBDI CPUI TUBUFT # BOE $ XIJDI IBWF MJGFUJNFT PG TJNJMBS PSEFS
PG NBHOJUVEF� 0OF XPVME VTVBMMZ mU UIF DPSSFTQPOEJOH EBUB UP UXP FYQPOFOUJBMT BSJTJOH
GSPN UIF EFDBZ PG CPUI TUBUFT # BOE $ XIFSF UIF MJGFUJNF PG $ DBO CF JOGFSSFE GSPN UIF
NFBTVSFNFOU 	�
� )PXFWFS UIF TJHOBM GSPN UIF TUBUF $ XBT UPP XFBL UP FOBCMF UIJT NFUIPE�

5P DJSDVNWFOU UIFTF FYQFSJNFOUBM EJċDVMUJFT POF DPVME USZ UP QSFEJDU UIF SFMBUJWF QIP�
UPEFUBDINFOU JOUFOTJUJFT BSJTJOH GSPN UIF " # BOE $ TUBUFT UIFPSFUJDBMMZ� 'PMMPXJOH 4DIBSG

���



BOE (PEFGSPJE <���> B TJOHMF�TIFMM QIPUPEFUBDINFOU SFBDUJPO PG B TJOHMF FMFDUSPO DBO CF
XSJUUFO BT

X−[nil
N
i (SiLi)Ji] + (!ω) → X[nil

N−1
i (SaLa)Ja] + e−[(slc)jc] 	���


JO 4-	+
 DPVQMJOH XIFSF UIF MBCFMT i a BOE c SFGFS UP UIF OFHBUJWF JPO UIF BUPN BOE UIF
DPOUJOVVN FMFDUSPO SFTQFDUJWFMZ� ɨF FKFDUFE FMFDUSPO JT SFQSFTFOUFE CZ UIF s, lc BOE jc
RVBOUVN OVNCFST� 6OEFS UIF BTTVNQUJPO UIBU UIF QIPUPEFUBDINFOU DBO CF EFTDSJCFE BT
B EJSFDU POF�FMFDUSPO QSPDFTT JO XIJDI B MBTFS CFBN JOTUBOUBOFPVTMZ QSPNPUFT BO FMFDUSPO
JO UIF BDUJWF nilNi TIFMM UP UIF DPOUJOVVN UIF SFMBUJWF JOUFOTJUJFT PG WBSJPVT DIBOOFMT DBO
CF EFUFSNJOFE GSPN TUBOEBSE 8JHOFS�3BDBI BMHFCSB VTJOH B GSBDUJPOBM QBSFOUBHF BQQSPBDI
WJB UIF $PY�&OHFMLJOH�-JOFCFSHFS 	$&-
 GPSNVMB

I(Ja, Ji) =
∑

ji

[Ja, Ji, ji]






Sa La Ja
s li ji
Si Li Ji






2

, 	���


VTJOH UIF OPUBUJPO [j] = (2j + 1) <���>�

*O UIF DBTF PG *S− EFUBDINFOU PDDVST GSPN FJUIFS PG GPVS QSFEJDUFE CPVOE 5d8 6s2 BOJPO
TUBUFT XJUI J = 4, 2, 3 BOE 2 JO JODSFBTJOH FOFSHZ PSEFS DPSSFTQPOEJOH UP TUBUFT 9 "
# BOE $� ɨF EPNJOBOU EFUBDINFOU DIBOOFM BU UISFTIPME FOFSHZ JT MJLFMZ UIF SFMFBTF PG B
p�FMFDUSPO� ɨF UXP MPXFTU mOBM BUPNJD TUBUFT CPUI IBWF 4F9/2 UFSNT BOE CFMPOH UP FJUIFS
5d8 6s PS 5d7 6s2 DPOmHVSBUJPOT JOEJDBUJOH DPOmHVSBUJPO JOUFSBDUJPO FĊFDUT� 4JNJMBSMZ BT
JO UIF QBQFS CZ 4DIFFS FU BM� <���> XF QSPWJEF UIF SFMBUJWF QIPUPEFUBDINFOU JOUFOTJUJFT
DPNQVUFE BDDPSEJOH UP &R� 	���
 BTTVNJOH UIBU UIF JPOT BSF JO MPDBM UIFSNBM FRVJMJCSJVN
BOE UIVT EFTDSJCFE CZ UIF #PMU[NBO EJTUSJCVUJPO exp(−EJ/kBT )�

ɨF OPSNBMJ[BUJPO TUJMM SFNBJOT BO JOUFSFTUJOH RVFTUJPO� 0OF TPMVUJPO JT UP DPOTJEFS BMM
mOF�TUSVDUVSF USBOTJUJPOT CFUXFFO BMM QPTTJCMF LS UFSNT PG UIF OFHBUJWF JPO 	J�F� BMM UFSNT
BQQFBSJOH JO UIF DPNQPTJUJPO NJYJOH PG BU MFBTU POF CPVOE TUBUF
 UP UIF HSPVOE UFSN PG UIF
BUPN BT 100% PG UIF TJHOBM� ɨJT JT EPOF JO 5BCMF ��� DPOTJEFSJOH BO JOmOJUF UFNQFSBUVSF
GPMMPXJOH UIF OPSNBMJ[BUJPO CZ 4DIFFS FU BM� JO UIFJS TUVEZ PG /J− <���>� ɨF MFWFM TUSVDUVSF
PG *S− JT IPXFWFS RVJUF EJĊFSFOU TJODF UIF MPXFS J = 2 TUBUF JT UIF POMZ POF UP QSFTFOU B
DPNQPOFOU PG B 3P mOF TUSVDUVSF MFWFM BQQFBSJOH BT B CPVOE TUBUF� .PSFPWFS UIF # TUBUF
DPNNPOMZ JEFOUJmFE BT B 3P2 MFWFM JT IJHIMZ NJYFE XJUI UIF 3F2 BOE 1D2 MFWFMT QFSUVSCJOH
UIF mOF TUSVDUVSF PG UIF 3F UFSN� ɨF FWBMVBUJPO PG JOUFOTJUJFT VTJOH &R� 	���
 IPXFWFS
BTTVNFT QVSF LS DPVQMJOH BOE JT OPU BCMF UP USFBU SFMBUJWJTUJD NJYJOH� ɨFSFGPSF B OPSNBM�
J[FE TJHOBM DBO POMZ CF SFDPWFSFE JG BMM mOF�TUSVDUVSF USBOTJUJPOT CFUXFFO UXP GVMMZ�SFTPMWFE
LS UFSNT BSF DPOTJEFSFE BT TIPXO JO 5BCMF ���� ɨJT OPSNBMJ[BUJPO JT EJSFDUMZ SFMBUFE UP
UIF QSPQFSUJFT PG UIF 9j�DPFċDJFOUT� /PUF UIBU UIF EPNJOBOU DPOUSJCVUJPOT BMXBZT JOWPMWF
UIF BUPNJD HSPVOE TUBUF�

���



h�#H2 dXR, _2H�iBp2 T?QiQ/2i�+?K2Mi BMi2MbBiB2b +QKTmi2/ �++Q`/BM; iQ 1[X UdX3V 7Q` �HH i`�MbBiBQMb #2ir22M }M2 bi`m+im`2
H2p2Hb Q7 i?2 BQM ;`QmM/ �M/ UTQi2MiB�HV 2t+Bi2/ bi�i2b �M/ i?2 �iQKB+ ;`QmM/ bi�i2 Ub22 i2ti 7Q` /2i�BHbVX

3F 3P 1D
ɨSFTIPMET *OUFOTJUJFT ɨSFTIPMET *OUFOTJUJFT ɨSFTIPMET *OUFOTJUJFT

3F4 → 4F9/2 ����� 3P2 → 4F9/2 ����� 1D2 → 4F9/2 ���
→ 4F7/2 ����� → 4F7/2 ����� → 4F7/2 ���
→ 4F5/2 ���� → 4F5/2 ��� → 4F5/2 ���
→ 4F3/2 ���� → 4F3/2 ���� → 4F3/2 ���

3F3 → 4F9/2 ���� 3P1 → 4F9/2 �
→ 4F7/2 ����� → 4F7/2 �����
→ 4F5/2 ���� → 4F5/2 �����
→ 4F3/2 ���� → 4F3/2 ����

3F2 → 4F9/2 ���� 3P0 → 4F9/2 �
→ 4F7/2 ���� → 4F7/2 �
→ 4F5/2 ���� → 4F5/2 ����
→ 4F3/2 ���� → 4F2/2 ����

"OPUIFS QPTTJCJMJUZ JT UP DPOTJEFS UIF TJHOBM GSPN UIF GPMMPXJOH � EFUFDUFE DIBOOFMT 9
→ 4F9/2 "→ 4F9/2 BOE #→ 4F9/2 BT SFQSFTFOUJOH 100% PG UIF QIPUPEFUBDINFOU TJHOBM
XIFSF UIF 9 BOE # BSF VOBNCJHVPVTMZ JEFOUJmFE BT UIF 3F4 BOE 3F3 MFWFMT SFTQFDUJWFMZ� ɨF
GPVSUI DIBOOFM UIBU JOWPMWFT UIF GPVSUI DPNQVUBUJPOBMMZ QSFEJDUFE CPVOE TUBUF $→ 4F9/2
JT OFHMFDUFE BT JUT QPQVMBUJPO JT NVDI MPXFS EVF UP JUT IJHIFS FYDJUBUJPO FOFSHZ� *U XJMM
UIFSFGPSF CF JNQPTTJCMF UP EJTDSJNJOBUF UIF TJHOBMT GSPN UIF QIPUPEFUBDINFOU PG UIF # BOE
$ TUBUFT� )PXFWFS UIF EJTDVTTJPO BCPVU QIPUPEFUBDINFOU JOUFOTJUJFT JT TUJMM JOUFSFTUJOH UP
VOEFSTUBOE UIF SFMBUJWF TUSFOHUIT PG UIF PUIFS DIBOOFMT�

*O PSEFS UP EJTDVTT UIF TUSPOH SFMBUJWJTUJD NJYJOH PCTFSWFE JO UIF # TUBUF 	TFF 5BCMF * PG %*

UISFF EJĊFSFOU TDFOBSJPT BSF QSFTFOUFE JO 5BCMF ��� JO XIJDI UIF UIF UISFF LS DPNQPOFOUT
	3F2 3P2 PS 1D2
 PG UIF # TUBUF BSF DPOTJEFS JOEJWJEVBMMZ BT QPUFOUJBM DBOEJEBUFT GPS UIF
JEFOUJmDBUJPO PG UIF MPXFTU J = 2 TUBUF� ɨF 1D2 IPXFWFS DBO OPU EFDBZ UP BOZ PG UIF 4FJ

MFWFMT PG UIF BUPNJD HSPVOE TUBUF EVF UP UIF TFMFDUJPO SVMFT FNCFEEFE JO UIF 9j−DPFċDJFOU�
ɨF mSTU TUBUF UP XIJDI UIF 1D2 DPVME QIPUPEFUBDI JT POF PG UIF 2PJ MFWFMT UIBU IBT BO FY�
DJUBUJPO FOFSHZ MBSHFS UIBO � F7� *O DPODMVTJPO UIF SFMBUJWJTUJD NJYJOH PCTFSWFE BNPOH
UIF J = 2 MFWFMT DPNQMJDBUFT DPOTJEFSBCMZ UIF DBMDVMBUJPO PG QIPUPEFUBDINFOU JOUFOTJUJFT
FTQFDJBMMZ XIFO UIFZ BSF QFSGPSNFE VTJOH LS�DPVQMJOH GPSNVMBT� 0OF DPVME CF UFNQUFE
UP XFJHIU UIF JOUFOTJUJFT BDDPSEJOH UP UIF LS DPNQPTJUJPO� )PXFWFS JO EPJOH TP JNQPS�
UBOU PĊ�EJBHPOBM DPOUSJCVUJPOT BSF OFHMFDUFE UIBU DBO OPU CF DPNQVUFE XJUI UIF QSFTFOU
DPNQVUBUJPOBM UPPMT�
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h�#H2 dXk, _2H�iBp2 T?QiQ/2i�+?K2Mi BMi2MbBiB2b �M/ bi�i2b TQTmH�iBQM Q7 A`− 7Q` /Bz2`2Mi i2KT2`�im`2b +QMbB/2`BM; i?2
i?`22 TQbbB#H2 +?�MM2Hb s(= 3F4) → 4F9/2- � → 4F9/2 �M/ "(= 3F3) → 4F9/2 �b `2T`2b2MiBM; 100% Q7 i?2
bB;M�HX h?`22 b+2M�`BQb �`2 T`2b2Mi2/ BM r?B+? i?2 HQr2bi J = 2 H2p2H- +QKKQMHv B/2MiB}2/ �b � 3P2 H2p2H- Bb
�`#Bi`�`BHv +QMbB/2`2/ iQ #2 � 3F2- � 3P2 Q` � 1D2 H2p2HX

ɨSFTIPMET *OUFOTJUJFT 1PQVMBUJPO
T = ∞ T = 650 , T = 1300 , T = 1300 ,

4DFOBSJP �
3F4 → 4F9/2 ����� ������ ����� ���
3F2 → 4F9/2 ���� < 10−4 ����� �����
3F3 → 4F9/2 ����� < 10−5 ���� ������

4DFOBSJP �
3F4 → 4F9/2 ����� ������ ����� ���
3P2 → 4F9/2 ����� ���� ���� ����
3F3 → 4F9/2 ���� < 10−5 ���� ������

4DFOBSJP �
3F4 → 4F9/2 ���� ������ ����� ���
1D2 → 4F9/2 � � � �����
3F3 → 4F9/2 ����� < 10−5 ���� ������

��� ɧFPSFUJDBM TUVEZ PO IFBWZ OFHBUJWF JPOT

*O %** XF DBSSJFE NVMUJDPOmHVSBUJPO DBMDVMBUJPOT UP DPNQVUF BUPNJD QSPQFSUJFT PG UIF IP�
NPMPHPVT *O 	Z = 49
 BOE 5M 	Z = 81
 BUPNT BOE UIFJS OFHBUJWF JPO� 8F GPDVT PO UIF
FWBMVBUJPO PG &"T BT XFMM BT UIF JTPUPQF TIJGU PO UIF &"T BOE SBEJBUJWF QSPQFSUJFT PG UIF
CPVOE FYDJUFE TUBUFT PG *O−� /P FYDJUFE TUBUFT XFSF GPVOE UP CF CPVOE JO 5M−� 8PSLJOH
XJUI B QBJS 	PS NPSF
 PG IPNPMPHPVT BUPNT QSFTFOUT UIF BEWBOUBHF PG WBMJEBUJOH B DPNQV�
UBUJPOBM TUSBUFHZ VTJOH B MFTT DPNQMJDBUFE TZTUFN IFODF DPNQVUBUJPOBMMZ DIFBQFS� ɨJT XBT
EPOF F�H� BMPOH UIF /− IPNPMPHPVT TFRVFODF <���> PS UIF $M− IPNPMPHPVT TFRVFODF UP
FTUJNBUF UIF &" PG "U 	Z = 85
 <���>� ɨF *O�*O− BOE 5M�5M− HSPVOE DPOmHVSBUJPOT BSF
ns2np BOE ns2np2 GPS UIF OFVUSBM BOE BOJPOJD TZTUFNT SFTQFDUJWFMZ XJUI n = 5 GPS *O
BOE n = 6 GPS 5M 	DMPTFE TIFMMT CFTJEFT ns2 XFSF PNJUUFE
� ɨF FOFSHZ MFWFMT BSF TIPXO
JO 'JH � PG %** JO XIJDI UIF HSPVOET TUBUFT BSF JEFOUJmFE BT 2P o

1/2 BOE 3P0 GPS UIF OFVUSBM
BOE BOJPOJD TZTUFNT SFTQFDUJWFMZ� #FGPSF UVSOJOH UP UIF SBEJBUJWF QSPQFSUJFT BOE FYDJUBUJPO
FOFSHJFT PG UIF CPVOE FYDJUFE TUBUFT JU JT JOUFSFTUJOH UP EJTDVTT UIF EFUFSNJOBUJPO PG UIF
&"T�

"T FYQMBJOFE JO 4FD� ��� UIF SPMF PG FMFDUSPO DPSSFMBUJPO JT FOIBODFE JO OFHBUJWF JPOT XIJDI
NBLFT JU EJċDVMU UP CBMBODF BEFRVBUFMZ UIF DBMDVMBUJPOT JO UIF OFHBUJWF JPO BOE JO UIF
OFVUSBM TZTUFN� ɨJT JT FYFNQMJmFE XIFO TVNNBSJ[JOH UIF WBSJPVT UIFPSFUJDBM QSFEJDUJPOT
PG &"	5M
 UIBU SBOHF GSPN ��� NF7 <���> UP ���� NF7 <���>� ɨF FYUSFNF WBMVF PCUBJOFE
CZ 'FMm FU BM� JT JOUSJHVJOH BT JU JT GBS GSPN BMM PUIFS UIFPSFUJDBM QSFEJDUJPOT 	TFF 5BCMF ***
JO %**
� /FWFSUIFMFTT UIF BVUIPST BSHVFE UIBU iUIF UIFPSFUJDBM BOE UIF FYQFSJNFOUBM &"T GPS
5M JO UIF QVCMJTIFE MJUFSBUVSF BDUVBMMZ DPSSFTQPOE UP UIF CJOEJOH FOFSHZ PG UIF mSTU FYDJUFE TUBUF
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PG UIF 5M− OFHBUJWF JPOw <���> BOE DBMM GPS FYQFSJNFOUBM WFSJmDBUJPO� 3FDFOUMZ 8BMUFS FU
BM� NFBTVSFE BO &"	5M
 PG �������	��
 IFODF UIFSFCZ DPOmSNJOH UIF PSEFS PG NBHOJUVEF
PG UIF BWBJMBCMF WBMVFT GPVOE JO UIF MJUFSBUVSF� ɨFZ BSHVFE i8IJMF PVS FYQFSJNFOU DBOOPU
SVMF PVU UIF FYJTUFODF PG B NPSF TUSPOHMZ CPVOE HSPVOE TUBUF PG 5M BT QSFEJDUFE CZ 'FMnJ FU BM�
TFWFSBM QJFDFT PG FWJEFODF TVQQPSU UIF BTTJHONFOU PG UIF QSFTFOU QIPUPEFUBDINFOU UISFTIPME WBMVF
PG 320.053(19) NF7 w <���> MFBWJOH SPPN GPS TPNF VODFSUBJOUZ UIBU NPUJWBUFE UIF QSFTFOU
TUVEZ�

ɨF DBMDVMBUJPOT PG UIF &"T BSF BT XF BMSFBEZ TUBUFE EJċDVMU� 0OF XPVME MJLF UP CBMBODF
DPSSFMBUJPO CFUXFFO UIF OFHBUJWF JPO BOE UIF OFVUSBM BUPN� *G UIJT CBMBODF JT OPU SFBDIFE
VOSFBMJTUJD WBMVFT DBO CF PCUBJOFE� *O QSBDUJDF XF BSF UFNQUFE UP JODMVEF JO CPUI .3T
DPOmHVSBUJPOT HFOFSBUFE GSPN TJNJMBS FMFDUSPO TVCTUJUVUJPOT� 'PS FYBNQMF JO 5M�5M− UIF
5d10 → 5d85f2 JT GPVOE UP CF JNQPSUBOU IFODFGPSUI XF JODMVEFE UIF DPOmHVSBUJPOT
5d85f26s26p BOE 5d85f26s26p2 JO UIF .3 TFU PG 5M BOE 5M− SFTQFDUJWFMZ� )PXFWFS
CFDBVTF DPSSFMBUJPO JT LOPXO UP QMBZ B NPSF JNQPSUBOU SPMF JO UIF OFHBUJWF JPO XF NJHIU
OFFE UP FOMBSHF JUT .3 DPNQBSF UP UIF OFVUSBM TZTUFN� ɨJT JT EPOF CZ BEEJOH UIF DPOmHVSB�
UJPO 5d95f6s6p27p� 'VSUIFSNPSF TPNF FMFDUSPO TVCTUJUVUJPOT BSF BMMPXFE UP B MBSHFS BDUJWF
TFU PG PSCJUBMT JO UIF OFHBUJWF JPO DBMDVMBUJPOT 	TFF %** GPS EFUBJMT
� 0OF TIPVME BMTP OPUF
UIBU DBMDVMBUJPOT GPS UIF BUPN BOE UIF BOJPOT BSF QFSGPSNFE TFQBSBUFMZ J�F� UIFJS SFTQFDUJWF
PSCJUBM CBTFT BSF EJĊFSFOU BOE UIFSFGPSF JODMVEF PSCJUBM SFMBYBUJPO�

5P NPOJUPS UIBU DPSSFMBUJPO JT QSPQFSMZ JODMVEFE UXP TFUT PG &"T BSF DPNQVUFE EFOPUFE
&"	∆n = 0
 BOE &"	∆n = 1
 BT TVHHFTUFE PSJHJOBMMZ JO DBMDVMBUJPOT PG UIF CPSPO�T
&" <��� ���>� ɨFZ BSF EFmOFE BT

&"(∆n = 0) = En(5M)− En(5M−) BOE &"(∆n = 1) = En(5M)− En+1(5M−) ,
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XIFSF En JT UIF HSPVOE TUBUF FOFSHZ DPNQVUFE BGUFS n MBZFS PG DPSSFMBUJPO PSCJUBMT� ɨFTF
WBMVFT QSPWJEF B MPXFS BOE VQQFS CPVOE GPS UIF &" SFTQFDUJWFMZ� #PUI TFUT PG &"T BSF
UIFO FYUSBQPMBUFE GPS n → ∞ BOE UIFJS JOUFSTFDUJPO QSPWJEFT B SFBMJTUJD FTUJNBUJPO PG UIF
&"� 8F FTUJNBUFE UIF &" PG *O BOE 5M UP CF �����	���
 NF7 BOE �����	���
 NF7 SF�
TQFDUJWFMZ XIJDI BSF CPUI JO FYDFMMFOU BHSFFNFOU XJUI UIF SFDFOU FYQFSJNFOUBM WBMVFT PG
������	�
 NF7 <���> BOE �������	��
 <���>�

*O BOE 5M CPUI IBWF NPSF UIBO POF TUBCMF JTPUPQFT� 'PS FYBNQMF 5M IBT UXP TUBCMF JTPUPQFT
2055M BOE 2035M XJUI OBUVSBM BCVOEBODFT PG 70% BOE 30% SFTQFDUJWFMZ� *U JT UIFSFGPSF
JOUFSFTUJOH UP TUVEZ UIF JTPUPQF TIJGU PO UIF &"� 8F BMSFBEZ BSHVFE JO 4FD� ��� UIBU UIF
SFMBUJWF XFJHIU PG UIF .4 PWFS UIF '4 EFDSFBTFT GPS JODSFBTJOH Z� ɨJT JT DPOmSNFE CZ
DPNQVUJOH FYQMJDJUMZ UIF .4 BOE UIF '4 PO UIF &" GPS *O BOE 5M� 'JH� � PG %** TIPXT
UIF .4 '4 BOE UIFJS TVN PO UIF TBNF HSBQI GPS *O 	MFGU
 BOE 5M 	SJHIU
� 'SPN *O UP 5M
UIF .4 HPFT GSPN CFJOH DPNQBSBCMF UP UIF '4 UP DPNQMFUFMZ OFHMJHJCMF 	BQQSPYJNBUFMZ UXP
PSEFST PG NBHOJUVEF TNBMMFS
 XIJDI DPOmSNT UIF EPNJOBODF PG UIF '4 GPS IFBWZ OVDMFJ�

���



ɨJT PCTFSWBUJPO JT PG HSFBU JOUFSFTU TJODF UIF DBMDVMBUJPOT PG UIF BUPNJD .4 QBSBNFUFST
SFRVJSF UP FWBMVBUF UIF NBUSJY FMFNFOUT PG UXP�CPEZ PQFSBUPST XIJMF UIF '4 POMZ SFRVJSFT
UIF LOPXMFEHF PG UIF FMFDUSPO EFOTJUZ JOTJEF UIF OVDMFBS WPMVNF� ɨFSFGPSF GPS UIF MBUUFS
POF DBO FYQFDU UP SFBDI BDDFQUBCMF BDDVSBDZ XJUI TNBMMFS DBMDVMBUJPOT�

'JOBMMZ XF JOWFTUJHBUFE UIF QPUFOUJBM FYJTUFODF PG FYDJUFE CPVOE TUBUFT� 8F DPOmSNFE UIF
FYJTUFODF PG UXP CPVOE FYDJUFE TUBUFT JO *O UIF 3P1 BOE 3P2 TUBUFT J�F� UIF UISFF mOF
TUSVDUVSF MFWFMT PG UIF 3P BSF GPVOE UP CF CPVOE� ɨFJS FYDJUBUJPO FOFSHJFT XJUI SFTQFDU UP
UIF BOJPOJD 3P0 HSPVOE TUBUF JT JO BHSFFNFOU XJUI UIF QSFWJPVT NFBTVSFNFOUT <��� ���>�
*O BEEJUJPO UP UIF FYDJUBUJPO FOFSHZ XF BMTP DPNQVUFE UIF USBOTJUJPO SBUFT PG BMM JOUFS�
UFSN USBOTJUJPOT XJUIJO UIF mOF TUSVDUVSF PG UIF 3P � 4VDI USBOTJUJPOT BSF &��GPSCJEEFO
BOE IFODF EPNJOBOU DPOUSJCVUJPOT BSJTF GSPN .� BOE�PS &� USBOTJUJPOT� 'PS CPUI FYDJUFE
CPVOE TUBUFT .� USBOTJUJPOT BSF GPVOE UP CF EPNJOBOU PWFS &� USBOTJUJPOT� ɨFSFGPSF UIF
DPNQVUFE SBEJBUJWF MJGFUJNFT BSF CFMJFWFE UP CF SFMJBCMF�� 'PS 5M IPXFWFS UIF mSTU FYDJUFE
TUBUF JT GPVOE UP MJF BCPWF UIF EFUBDINFOU MJNJU CZ ≈ 60 NF7 J�F� JU JT VOCPVOE� ɨF
TFDPOE FYDJUFE TUBUF MJFT FWFO IJHIFS JO FOFSHZ TP UIBU UIF 3P0 JT GPVOE UP CF UIF POMZ CPVOE
TUBUF JO 5M−�

��� $PODMVTJPO

/FHBUJWF JPOT BSF SJDI BOE GBTDJOBUJOH BUPNJD TZTUFNT GSPN DPNQVUBUJPOBM BOE FYQFSJNFOUBM
QFSTQFDUJWFT� ɨF MPPTFMZ CPVOE FYUSB FMFDUSPO NBLFT UIF WBSJBUJPOBM DBMDVMBUJPOT OVNFSJ�
DBMMZ VOTUBCMF� *O NBOZ DBTFT UIF %)' NFUIPE BMPOF JT OPU FOPVHI UP SFBDI DPOWFSHFODF
PG UIF WBSJBUJPOBM TPMVUJPOT BOE POF NVTU JODMVEF FMFDUSPO DPSSFMBUJPO UP TUBCJMJ[F UIF 4$'
QSPDFEVSF� )PXFWFS UIFPSFUJDBM TUVEJFT PG OFHBUJWF JPOT NJHIU OPU SFRVJSF IJHI BDDVSBDZ
PG UIF DPNQVUFE BUPNJD QSPQFSUJFT� ɨFPSFUJDBM DBMDVMBUJPOT DBO JOEFFE CF VTFGVM BT SPVHI
QSFEJDUJPOT UP TVQQPSU FYQFSJNFOUT JO DIPPTJOH F�H� UIF MBTFS�T FOFSHZ GPS QIPUPEFUBDINFOU
PS JEFOUJGZJOH UIF PCTFSWFE MFWFMT� 4VDI TVQQPSU XBT TVDDFTTGVMMZ QSPWJEFE UP UIF QIPUPEF�
UBDINFOU NFBTVSFNFOUT PG *S− XIJDI BMMPXFE UIF DMFBS JEFOUJmDBUJPO PG GPVS CPVOE TUBUFT
JODMVEJOH POF BEEJUJPOBM FYDJUFE CPVOE TUBUF JO BEEJUJPO UP UIF UISFF JOJUJBMMZ EFUFDUFE� ɨF
DBMDVMBUJPOT PG CJOEJOH FOFSHJFT BOE SBEJBUJWF MJGFUJNFT BMMPXFE UP EJTDSJNJOBUF UIF EJĊFS�
FOU QIPUPEFUBDINFOU TJHOBMT BOE IFODF FOBCMJOH XJUI DFSUBJOUZ UIF JEFOUJmDBUJPO PG UIF
NFBTVSFE MJGFUJNFT PG FBDI NFUBTUBCMF TUBUF� " GBJSMZ TJNJMBS TUVEZ JT DVSSFOUMZ FOHBHFE UP
FYQMPSF UIF BUPNJD TUSVDUVSF PG UIF 3I OFHBUJWF JPO UIBU JT IPNPMPHPVT UP *S� 1SFMJNJOBSZ
DBMDVMBUJPOT TIPX B TJNJMBS TUSVDUVSF UP UIF POF PCTFSWFE JO *S− JODMVEJOH BMTP GPVS CPVOE
TUBUFT XJUI UIF TBNF BOHVMBS TZNNFUSJFT� )PXFWFS UIF NJYJOH BNPOH J = 2 MFWFMT JT
GPVOE UP CF DPOTJEFSBCMZ MFTT JNQPSUBOU XIJDI BMMPXT B DMFBS LS�UFSN JEFOUJmDBUJPO PG

�*O UIF #SFJU�1BVMJ BQQSPYJNBUJPO UIF .� MJOF TUSFOHUI Sab = 〈ΓaπaJa||OM1||ΓbπbJb〉 JT FOUJSFMZ
EFUFSNJOFE CZ UIF LS DPNQPTJUJPO <�� §����> XIJDI JT MFTT TFOTJUJWF UP FMFDUSPO DPSSFMBUJPO� /PUF BMTP UIBU
DPOUSBSJMZ UP FMFDUSJD USBOTJUJPOT NBHOFUJD USBOTJUJPOT BSF HBVHF�JOEFQFOEFOU�
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UIF EFUFDUFE MFWFMT� 7BMVFT GSPN UIF DBMDVMBUJPOT BSF TUJMM VOEFS BOBMZ[FE CVU UIF SFTVMUT BSF
QSPNJTJOH EFNPOTUSBUJOH UIF SFBM OFFE PG UIFPSFUJDBM TVQQPSU GPS QIPUPEFUBDINFOU TUVEJFT
PG OFHBUJWF JPOT�

'JOBMMZ PVS UIFPSFUJDBM TUVEZ PG *O BOE 5M DPOmSNFE UIF JNQPSUBODF PG CBMBODJOH FMFDUSPO
DPSSFMBUJPO FĊFDUT CFUXFFO UIF BOJPO BOE BUPN� *U DPOmSNFE UIF FYQFSJNFOUBM WBMVF PG UIF
&" PG 5M BOE DPOUSBEJDUFE UIF MBSHF UIFPSFUJDBM WBMVF PG 'FMnJ FU BM� <���>� *U BMTP BMMPXFE VT
UP IJHIMJHIU UIF JODSFBTJOH JNQPSUBODF PG UIF '4 XJUI SFTQFDU UP UIF .4 XIFO DPOTJEFSJOH
IFBWJFS BUPNT� 'SPN *O UP 5M 	J�F� HPJOH EPXO POF SPX JO UIF QFSJPEJD UBCMF
 UIF .4�'4
SFMBUJWF XFJHIU XFOU GSPN BQQSPYJNBUFMZ ��� UP ������ ɨF EPNJOBODF PG UIF '4 PWFS UIF
.4 IBT QPTJUJWF DPOTFRVFODFT BT UIF GPSNFS JT LOPXO UP CF FBTJFS UP DPNQVUF BDDVSBUFMZ
BOE POF DPVME IPQF UP PCUBJO BDDVSBUF *4 UIFPSFUJDBM QSFEJDUJPOT GPS IFBWZ TZTUFNT� -BTUMZ
UIF QBSBMMFM JOWFTUJHBUJPOT JO *O BOE 5M EFNPOTUSBUFE UIF TFOTJUJWJUZ PG UIF OFHBUJWF JPOT
UP FMFDUSPO DPSSFMBUJPO TJNQMZ CZ MPPLJOH BU UIF OVNCFS PG CPVOE TUBUFT PG FBDI TZTUFN�
*OEFFE *O− XBT QSFEJDUFE UP IBWF � CPVOE TUBUFT BMM CFMPOHJOH UP UIF mOF TUSVDUVSF PG UIF
HSPVOE 3P UFSN XIFSFBT DBMDVMBUJPOT BOUJDJQBUFE UIF FYJTUFODF PG B TJOHMF CPVOE TUBUF JO
5M− UIBU JT UIF MPXFTU mOF TUSVDUVSF MFWFM PG UIF 3P UFSN�
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$IBQUFS �

$PODMVTJPOT BOE QFSTQFDUJWFT

8F SFQPSUFE UIF SFTVMUT PG PVS GPVS ZFBST PG SFTFBSDI XPSL JO DPNQVUBUJPOBM BUPNJD TUSVD�
UVSFT FNQMPZJOH NPTUMZ UIF .$%)' NFUIPE DPNCJOFE XJUI UIF 3$* BQQSPBDI� ɨSPVHI�
PVU UIJT UIFTJT XF IBWF TIPXO UIF DBQBCJMJUJFT PG UIF .$%)'�3$* NFUIPE BT JNQMF�
NFOUFE JO (ģĒĤġ UP BDDVSBUFMZ QSFEJDU B EJWFSTF SBOHF PG BUPNJD QSPQFSUJFT 	FYDJUBUJPO
FOFSHJFT USBOTJUJPO SBUFT SBEJBUJWF MJGFUJNFT IZQFSmOF BOE JTPUPQF TIJGU FMFDUSPOJD QBSBN�
FUFST -BOEÏ g GBDUPST FUD�
 GPS WBSJPVT DPNQMFY BUPNJD TZTUFNT PO UIF SPBE UP IFBWZ
FMFNFOUT� 8F QPJOUFE PVU UIF XFBLOFTTFT BOE MJNJUBUJPOT PG UIF UIFPSFUJDBM BQQSPBDI UIBU
TIPVME FODPVSBHF GVSUIFS NFUIPEPMPHJDBM BOE DPNQVUBUJPOBM EFWFMPQNFOUT� ɨF JOUFSFTUFE
SFBEFS JT SFGFSSFE UP UIF EJĊFSFOU DPODMVTJPO TFDUJPOT BTTPDJBUFE XJUI FBDI DIBQUFS PG 1BSU **�

0OF LFZ BTQFDU UIBU XF FNQIBTJ[FE JT UIF SPMF PG UIF PSCJUBM CBTJT JO NBOZ�CPEZ BUPNJD
TUSVDUVSF DBMDVMBUJPOT 	TFF $IBQ� �
� ɨF DPNQBSJTPO PG UIF .$%)' OVNFSJDBM PSCJUBM
CBTJT XJUI UIF -BHSBOHF�-BHVFSSF mOJUF DPNQMFUF CBTJT BTTPDJBUFE XJUI UIF -BHSBOHF�NFTI
NFUIPE UIBU XF VTFE GPS OPNJOBM POF�FMFDUSPO TZTUFNT XBT QBSUJDVMBSMZ JOUFSFTUJOH� *U JMMVT�
USBUFE UIF JOBCJMJUZ PG UIF mOJUF EJĊFSFODF .$%)' NFUIPE UP JODMVEF DPOUSJCVUJPOT GSPN
TUBUFT MZJOH JO UIF QPTJUJWF PS OFHBUJWF DPOUJOVB UP BUPNJD QSPQFSUJFT TVDI BT QPMBSJ[BCJMJUJFT
PS UXP�QIPUPO EFDBZ SBUFT� #FTJEFT UIF PCWJPVT BEWBOUBHF PG 	KVEJDJPVTMZ
 TFMFDUFE mOJUF
CBTJT TFU JOIFSJUFE GSPN UIFJS DPNQMFUFOFTT mOJUF CBTJT TFU NFUIPET HFOFSBUF B NVMUJUVEF PG
PSCJUBMT DPSSFTQPOEJOH UP QTFVEP�TUBUFT UIBU DPVME CF VTFE UP FOSJDI UIF .$%)' OVNFS�
JDBM PSCJUBM CBTJT BOE FYQBOE UIF DPOmHVSBUJPO TQBDF PG UIF TVCTFRVFOU 3$* DBMDVMBUJPOT�
*O #** XF BMSFBEZ QPJOUFE PVU UIF DPNNPO DPOGVTJPO CFUXFFO UIF DPSSFMBUJPO PSCJUBMT UIBU
PQUJNJ[F UIF JOUFSBDUJPO XJUI UIF PSCJUBMT PG UIF .3 DPOmHVSBUJPO BOE UIBU BSF OFDFTTBS�
JMZ PDDVQJFE BU UIF FOE PG UIF WBSJBUJPOBM 4$' QSPDFEVSF QSPDFTT BOE UIF WJSUVBM PSCJUBMT
UIBU SFTVMU BT B iCZ�QSPEVDUw GSPN UIF SFTPMVUJPO PG UIF NBUSJY FRVBUJPOT JO mOJUF CBTJT TFU
NFUIPET� "MUIPVHI UIF UXP UFSNJOPMPHJFT BSF PGUFO DPOGPVOEFE 	FWFO JO PVS PXO QBQFST �

XF XFSF WFSZ DBSFGVM UP POMZ SFGFS JO UIJT UIFTJT UP DPSSFMBUJPO PSCJUBMT XIFO XPSLJOH JO UIF
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.$%)' GSBNFXPSL� ɨBOLT UP UIF QSPHSBN EFWFMPQFE JO "7 GPS OPNJOBM POF�FMFDUSPO
TZTUFNT VTJOH UIF -.. NFUIPE POF DPVME SFUSJFWF UIF -.. WJSUVBM PSCJUBMT QSPKFDU UIFN
POUP UIF (ģĒĤġ SBEJBM HSJE BOE VTF UIFN UP FOSJDI UIF PSCJUBM CBTJT TFU VTFE JO B GPMMPXJOH
FYUFOEFE 3$* DBMDVMBUJPOT BOE IFODF BWPJEJOH UIF UJNF�DPOTVNJOH 4$' QSPDFEVSF�

"OPUIFS BTQFDU UIBU XF EFWFMPQFE JO UIF TBNF DIBQUFS JT UIF VTF PG OBUVSBM PSCJUBMT 	/0T

JO NBOZ�FMFDUSPO WBSJBUJPOBM DBMDVMBUJPOT� ɨFJS FċDJFODZ GPS DPNQVUJOH IZQFSmOF TUSVD�
UVSF DPOTUBOUT PG OPNJOBM POF�FMFDUSPO TZTUFNT JT VOEFOJBCMF� " OBUVSBM JOUFSFTUJOH GPMMPX
VQ DPVME UIFSFGPSF CF UP JOWFTUJHBUF UIFJS SFMFWBODF JO IJHIFS�PSEFS IZQFSmOF JOUFSBDUJPOT
FTQFDJBMMZ GPS UIF PDUVQPMF NBHOFUJD JOUFSBDUJPO <��� ���>� /FWFSUIFMFTT MJUUMF JT LOPXO
BCPVU UIFJS QSPQFSUJFT BOE IPX UIF USBOTGPSNBUJPO UP /0T JOnVFODFT UIF "4' FYQBOTJPO�
*O OPNJOBM UXP�FMFDUSPO TZTUFNT JU JT XFMM LOPXO BT XF EJTDVTTFE JO 4FD� ����� UIBU UIF
$4' FYQBOTJPO JT DPOTJEFSBCMZ SFEVDFE JO UIF /0 CBTJT UIBOLT UP WBOJTIJOH NJYJOH DPFċ�
DJFOUT� 4VDI B TQFDUBDVMBS DPNQBDUOFTT PG UIF XBWF GVODUJPO JT IPXFWFS OP MPOHFS PCTFSWFE
GPS NPSF DPNQMFY TZTUFNT GPS XIJDI UIF WBMVF PG TPNF NJYJOH DPFċDJFOUT EFDSFBTF CVU BSF
OPU FYBDUMZ [FSP� 'VSUIFS JOWFTUJHBUJPOT BSF OFFEFE UP VOEFSTUBOE UIF NFDIBOJTNT CFIJOE
UIF EFDSFBTF PG UIF XFJHIU PG DFSUBJO $4'T CVU TUJMM UIJT FNQJSJDBM PCTFSWBUJPO DPVME CF B
TUBSUJOH QPJOU� 5XP NBJO JEFBT BSF JOUFSFTUJOH UP EFWFMPQ JO UIBU EJSFDUJPO� 'JSTU POF DPVME
UBLF BEWBOUBHF PG UIF /0 CBTJT UP HFOFSBUF B NPSF DPNQBDU .3 TFU PG $4'T� ɨJT DPVME
CF EPOF CZ DPNQVUJOH UIF /0T CFGPSF PQUJNJ[JOH DPSSFMBUJPO PSCJUBMT BOE TP iDMFBOJOHw
UIF .3 TFU CZ SFNPWJOH UIF $4'T XJUI NJYJOH DPFċDJFOU CFMPX B HJWFO BSCJUSBSZ DVUPĊ
USFTIPME� "T XF SFQFBUFEMZ QPJOUFE PVU JO UIJT UIFTJT UIF TJ[F PG UIF .3 TQBDF DSVDJBMMZ
JNQBDUT UIF TJ[F PG UIF 3$* NBUSJDFT BOE TVCTUBOUJBM SFEVDUJPOT PG UIF $4' TQBDF DPVME CF
PCUBJOFE GPS UIF 3$* CZ SFEVDJOH UIF .3 $4' MJTU� 4FDPOE BOE GPMMPXJOH UIF TBNF JEFB
UIF EJBHPOBMJ[BUJPO PG UIF EFOTJUZ NBUSJY BU FBDI TUFQ PG UIF 4$' QSPDFEVSF XPVME BMMPX VT
UP TVQQSFTT GSPN UIF WBSJBUJPOBM QSPDFTT UIF $4'T UIBU BSF MFTT JNQPSUBOU� 0NJUUJOH UIFTF
$4'T DPVME BMTP CF VTFGVM UP FOTVSF UIF VOJRVFOFTT PG UIF XBWF GVODUJPO QSFWFOUJOH VO�
OFDFTTBSZ PSCJUBM SPUBUJPOT� *U JT OPU SBSF UIBU GPS WFSZ IFBWZ TZTUFNT TVDI BT MBOUIBOJEFT
99% PG UIF XBWF GVODUJPO JT BDDPVOUFE GPS CZ ∼ 1000 $4'T XIJMF UIF FYQBOTJPO PG UIF
"4' SFBDIFT NJMMJPOT PG $4'T� 8IZ UIFO TQFOE TP NVDI FĊPSU PO UIF SFNBJOJOH TNBMM
DPOUSJCVUJPOT  

ɨJT JT EJSFDUMZ JO MJOF XJUI UIF DPODMVTJPOT EFWFMPQFE JO $IBQ� � JO XIJDI XF BSHVFE
UIBU DIPPTJOH UIF NPTU BQQSPQSJBUF PQUJNJ[BUJPO TDIFNF GPS UIF PSCJUBM CBTJT XPVME CF
NPSF FċDJFOU UIBO IBWJOH UP DPNQFOTBUF GPS BO PSCJUBM CBTJT PG QPPS RVBMJUZ CZ HFOFSBUJOH
FYUSFNFMZ MBSHF $4'T FYQBOTJPOT�

/FX EFWFMPQNFOUT JO UIF (ģĒĤġ DPNNVOJUZ BSF BMXBZT PO�HPJOH IBWJOH JO NJOE UP JN�
QSPWF UIF FċDJFODZ PG UIF NFUIPE� ɨF NPTU QSPNJTJOH JEFB JT QSPCBCMZ UIF SFMBUJWJTUJD
1BSUJUJPO $PSSFMBUJPO 'VODUJPO 	1$'*
 NFUIPE 	TFF 3FGT� <��� ���> GPS JUT OPO�SFMBUJWJTUJD
DPVOUFSQBSU
 JO XIJDI OPO�PSUIPHPOBM PSCJUBM CBTJT TFUT DBQUVSF EJĊFSFOU DPSSFMBUJPO FG�
GFDUT� ɨF PSCJUBM CBTFT DPVME UIFSFGPSF CF UBJMPSFE BDDVSBUFMZ GPS UIF BUPNJD QSPQFSUZ PG
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JOUFSFTU� ɨF OPO�SFMBUJWJTUJD 1$'* BQQSPBDI IBT BMSFBEZ EFNPOTUSBUFE JUT QPUFOUJBM GPS
OFVUSBM #F� *O QBSUJDVMBS JU TIPXFE B GBTUFS DPOWFSHFODF PG UIF FOFSHZ BOE IZQFSmOF TUSVD�
UVSF DPOTUBOUT� )PXFWFS UIF DVSSFOU WFSTJPO PG UIF OPO�SFMBUJWJTUJD QSPHSBN TVĊFST GSPN
UIF MBDL PG B QBSBMMFMJ[FE WFSTJPO� *NQSPWFNFOUT JO UIF EBUB TUSVDUVSF BOE BMHPSJUINT XPVME
BMTP CF OFFEFE GPS NBLJOH UIF BQQSPBDI NPSF FċDJFOU IFODF SFOEFSJOH UIF 1$'* NFUIPE
DPNQFUJUJWF GPS NPSF DPNQMFY TZTUFNT�

"OPUIFS JOUFSFTUJOH JEFB VOEFS EFWFMPQNFOU GPDVTFT UIF VTF PG TZNNFUSZ PSEFSFE QSJNBMT
	401T
 <���>� ɨF DPOUJOVPVT JODSFBTF JO UIF TJ[F PG 3$* DBMDVMBUJPOT HPFT BMPOH XJUI
MPOHFS DPNQVUBUJPOBM UJNFT BOE NPSF DPFċDJFOUT UP TUPSF� 0OF RVJDLMZ SFBMJ[FT UIBU UIF
FWBMVBUJPO PG BOHVMBS DPFċDJFOUT JT PGUFO SFEVOEBOU J�F� UIF TBNF TFU PG BOHVMBS DPFċDJFOUT
JT DPNQVUFE FYQMJDJUMZ UPP NBOZ UJNFT� 5BLJOH UIF TJNQMFTU FYBNQMF PG )F HSPVOE TUBUF
1s2 1S0 UIF "4' FYQBOTJPO JODMVEFT $4'T TVDI BT |ns2 1S0〉 XJUI n ≥ 1� ɨF BOHVMBS QBSU
PG UIF $4' JT FOUJSFMZ EFUFSNJOFE CZ UIF BOHVMBS RVBOUVN OVNCFS l = s BOE JT JOEFQFO�
EFOU PG UIF QSJODJQBM RVBOUVN OVNCFS n UIBU POMZ EJĊFSFOUJBUFT UIF s PSCJUBMT BDDPSEJOH
UP UIFJS OVNCFS PG OPEFT� ɨFSFGPSF UIF EJBHPOBM NBUSJY FMFNFOUT 〈ns2 1S0|H|ns2 1S0〉
HFOFSBUFT UIF TBNF BOHVMBS DPFċDJFOUT GPS BMM WBMVFT PG n� #Z HSPVQJOH BMM $4'T XJUI UIF
TBNF BOHVMBS TUSVDUVSF JO 401T TVDI BT F�H� |nmaxs2 1S0〉 XIFSF nmax JT UIF NBYJNVN
n�WBMVF JO UIF $4'T TQBDF UIF $4'�MJLF 401 XSJUUFO BT |nmaxs2 1S0〉 TQBOT BMM $4'T XJUI
n ≤ nmax� ɨF JOUFSBDUJPO TVCNBUSJY 〈ns2 1S0|H|n′s2 1S0〉 UIBU JT B TRVBSF NBUSJY PG
EJNFOTJPO (nmax)× (nmax) POMZ SFRVJSFT UP FWBMVBUF � TFUT PG BOHVMBS DPFċDJFOUT� UIPTF
GPS EJBHPOBM NBUSJY FMFNFOUT n = n′ BOE UIPTF GPS PĊ�EJBHPOBM NBUSJY FMFNFOUT n *= n′�
5BLJOH B SFBMJTUJD OVNFSJDBM FYBNQMF nmax = 10 BOHVMBS DPFċDJFOUT XPVME CF DPNQVUFE
UXJDF JOTUFBE PG (10 × 9/2) = 45) UJNFT � 'VSUIFSNPSF POMZ UIF 401 |10s2 1S0〉 XPVME
BQQFBS JO UIF $4'T MJTU SFEVDJOH UIF TJ[F PG UIF DPSSFTQPOEJOH mMF BOE IFODF TQFFEJOH
VQ JUT QSPDFTTJOH� /PUF UIBU GPS FYUSFNF FYQBOTJPOT UIF $4'T MJTU mMF DBO SFBDI GFX (#T
PG EJTL TQBDF� 8F DPOEVDUFE FYQMPSBUPSZ XPSL JO UIJT EJSFDUJPO UIBU TIPXFE QSPNJTJOH
SFTVMUT� )PXFWFS EVF UP UIF MBDL PG UJNF POF DBO POMZ DPOTJEFS UIFTF SFTVMUT BT B QSPPG
PG QSJODJQMF UIBU UIF FċDJFODZ PG UIF NFUIPE XPVME CF JNQSPWFE GPMMPXJOH UIF VTF PG 401T�

5VSOJOH UP NPSF QSBDUJDBM BQQMJDBUJPOT XF TVDDFTTGVMMZ BQQMJFE UIF .$%)' NFUIPE UP
DPNQVUF BUPNJD QSPQFSUJFT TVDI BT IZQFSmOF TUSVDUVSFT PS JTPUPQF TIJGUT� *O $IBQ� � XF
QSFTFOUFE UIF SFTVMUT PG PVS DBMDVMBUJPOT GPS 4O 	Z = 50
 BOE *S 	Z = 77
 UIBU MFE VMUJ�
NBUFMZ UP UIF FYUSBDUJPO PG OVDMFBS RVBESVQPMF NPNFOUT OVDMFBS NFBO TRVBSF SBEJJ BOE
OVDMFBS EFGPSNBUJPOT� #FTJEFT JMMVTUSBUJOH UIF VTFGVMOFTT BOE SFMFWBODF PG BUPNJD TUSVDUVSF
DBMDVMBUJPOT UP OVDMFBS QIZTJDT XF QVU GPSXBSE UIF EJċDVMUJFT BSJTJOH JO MBSHF�TDBMF DBMDVMB�
UJPOT� *O #** BOE #*7 XF DBSFGVMMZ QSPWJEFE FYUFOTJWF EFUBJMT UP JMMVTUSBUF IPX DIBMMFOHJOH
DPNQVUBUJPOBM BUPNJD TUSVDUVSFT DBO CF GPS IFBWZ FMFNFOUT� *O QBSUJDVMBS UIF PCTFSWBUJPO
PG B SPPU�nJQQJOH JO UIF JTPUPQF TIJGU DBMDVMBUJPOT PG *S JT B QFSGFDU FYBNQMF PG UIF UIPSPVHI�
OFTT UIBU JT SFRVJSFE XIFO BOBMZ[JOH UIF SFTVMUT� " NPSF TVQFSmDJBM JOWFTUJHBUJPO NJHIU
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IBWF MFE UP NJTT UIF SPPU�nJQQJOH BOE UIFSFGPSF UP FSSPOFPVT mFME TIJGU QBSBNFUFST BOE
NPSF JNQPSUBOUMZ UP NFBOJOHMFTT OVDMFBS NFBO TRVBSF SBEJJ BOE EFGPSNBUJPOT� 8F BMTP
BEESFTTFE JO #** UIF RVFTUJPO PG UIFPSFUJDBM BDDVSBDZ BOE IPX UP FTUJNBUF NFBOJOHGVM
VODFSUBJOUJFT JO BC JOJUJP NFUIPET� *U JT JOEFFE IBSE UP TFQBSBUF UIF DPOUSJCVUJPOT BSJTJOH
GSPN OVNFSJDBM QSPDFEVSFT DPNQVUBUJPOBM TUSBUFHJFT BOE UIFPSFUJDBM NPEFMT� ɨF TPMVUJPO
QSFTFOUFE JO #** JT B SFBTPOBCMF BMUFSOBUJWF� )PXFWFS JU SFRVJSFT UP QFSGPSN TFQBSBUF JO�
EFQFOEFOU DBMDVMBUJPOT XIJDI UIFO USFNFOEPVTMZ JODSFBTF UIF OFFEFE DPNQVUFS SFTPVSDFT
BOE NBOQPXFS� $POUSBSJMZ UP FYQFSJNFOUT B MBSHF QBSU PG BTTFTTJOH UIFPSFUJDBM VODFSUBJO�
UJFT JO BUPNJD TUSVDUVSF DBMDVMBUJPOT DPNFT GSPN FYQFSJFODF BOE DPNQBSJTPO XJUI QSFWJPVT
DBMDVMBUJPOT XIJDI MBDL PG B SJHPSPVT QSPDFEVSF�

ɨF SBOHF BOE EJWFSTJUZ PG TZTUFNT TUVEJFE JO UIJT UIFTJT BMTP IJHIMJHIUFE UIF EJĊFSFODFT
UIBU FYJTU JO DBMDVMBUJPOT UIBU UBSHFU WFSZ GFX BUPNJD TUBUFT 	BT JT UIF DBTF JO UIF OVDMFBS
BQQMJDBUJPOT
 PS IVOESFET PG BUPNJD TUBUFT 	BT JO UIF DBTF PG UIF BTUSPQIZTJDT BQQMJDBUJPOT
�
&YUFOEFE TUVEJFT PG IVOESFET PG TUBUFT PWFS NVMUJQMF JPOT BMPOH JTPFMFDUSPOJD TFRVFODFT
BMMPX VT UP EFEVDF JOUFSFTUJOH USFOET� *U JT UIF DBTF JO PVS TUVEZ PG -BOEÏ g GBDUPST JO
XIJDI XF IBWF TIPXO IPX UIFTF GBDUPST EFWJBUF GSPN UIFJS LS�DPVQMJOH WBMVFT BOE IPX
UIFTF EFWJBUJPOT FWPMWF BMPOH UIF JTPFMFDUSPOJD TFRVFODF VQPO DPOTJEFSBUJPO�

'JOBMMZ UIF MBTU DIBQUFS PO OFHBUJWF JPOT JMMVTUSBUFE UIF WBSJFUZ PG EPNBJOT JO XIJDI UIFP�
SFUJDBM BUPNJD QIZTJDT DBO QSPWJEF TVQQPSU UP FYQFSJNFOUT� *OEFFE XF IBWF TIPXO IPX UIF
UIFPSFUJDBM QSFEJDUJPO PG B UIJSE FYDJUFE CPVOE TUBUF JO *S− MFE UP JUT FYQFSJNFOUBM EFUFD�
UJPO� JU JT EFmOJUFMZ FBTJFS UP mOE TPNFUIJOH XIFO XF LOPX XIFSF UP MPPL� 5P DPODMVEF
XF IBWF TIPXO UIBU DPNCJOJOH UIFPSFUJDBM BOE FYQFSJNFOUBM XPSL QSPWJEFT JOUFSFTUJOH JO�
TJHIUT JO PVS VOEFSTUBOEJOH PG TPNF PG UIF NPTU GVOEBNFOUBM JOUFSBDUJPOT� ɨF OFFE GSPN
FYQFSJNFOUBM QIZTJDT GPS IJHI�BDDVSBDZ UIFPSFUJDBM EBUB DPOUJOVPVTMZ NPUJWBUFT GVSUIFS EF�
WFMPQNFOUT PG TUBUF�PG�UIF�BSU BC JOJUJP NFUIPET BOE XF CFMJFWF UIBU UIF XPSL QSFTFOUFE JO
UIJT UIFTJT DPOTUJUVUFT BO PSJHJOBM DPOUSJCVUJPO UP UIFTF JNQSPWFNFOUT�
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DBM TJUFT GPS UIF S�QSPDFTT BOE UIF QSPEVDUJPO PG IFBWZ FMFNFOUT 1SPHSFTT JO 1BSUJDMF
BOE /VDMFBS 1IZTJDT ��	�
����o��� �����

<��> 0� %PSWBVY "� -PQF[�.BSUFOT ,� )BVTDIJME "� 7� :FSFNJO "� ,IPVBKB "� 7�
#FMP[FSPW $I� #SJBOÎPO .� -� $IFMOPLPW 7� *� $IFQJHJO %� $VSJFO 1� %ÏT�
FTRVFMMFT #� (BMM 7� "� (PSTILPW .� (VUUPSNTFO '� )BOBQQF "� 1� ,BCBDIFOLP
'� ,IBMGBMMBI "� ,PSJDIJ "� $� -BSTFO 0� /� .BMZTIFW "� .JOLPWB :V� 5T�
0HBOFTTJBO "� (� 1PQFLP .� 3PVTTFBV /� 3PXMFZ 3� /� 4BHBJEBL 4� 4IBSP
"� 7� 4IVUPW 4� 4JFN 7� *� -� 4UVUUHÏ "� *� 4WJSJLIJO /� 6� )� 4ZFE BOE $I�
ɨFJTFO� 4QFDUSPTDPQZ PG IFBWZ FMFNFOUT BU %VCOB� "*1 $POGFSFODF 1SPDFFEJOHT
����	�
���o�� �����

���



<��> 7� .� 4IBCBFW "� /� "SUFNZFW %� "� (MB[PW *� *� 5VQJUTZO "� 7� 7PMPULB BOE 7� "�
:FSPLIJO� 2VBOUVN &MFDUSPEZOBNJDT PG )FBWZ *POT BOE "UPNT� "*1 $POGFSFODF
1SPDFFEJOHT ���	�
���o�� �����

<��> 4� 'SJU[TDIF� 0O UIF BDDVSBDZ PG WBMFODFoTIFMM DPNQVUBUJPOT GPS IFBWZ BOE TVQFSo
IFBWZ FMFNFOUT� ǲF &VSPQFBO 1IZTJDBM +PVSOBM % � "UPNJD .PMFDVMBS 0QUJDBM BOE
1MBTNB 1IZTJDT ��	�
���o�� �����

<��> 1� +� *OEFMJDBUP� 2&% UFTUT XJUI IJHIMZ DIBSHFE JPOT� +PVSOBM PG 1IZTJDT #� "UPNJD
.PMFDVMBS BOE 0QUJDBM 1IZTJDT ��������� �����

<��> .� $� -J 3� 4J 5� #SBHF 3� )VUUPO BOE :� .� ;PV� 1SPQPTBM PG IJHIMZ BDDVSBUF
UFTUT PG #SFJU BOE 2&% FĊFDUT JO UIF HSPVOE TUBUF 2p5 PG UIF '�MJLF JTPFMFDUSPOJD
TFRVFODF� 1IZTJDBM 3FWJFX " ��������� �����

<��> (� 1MVOJFO #� .àMMFS 8� (SFJOFS BOE (� 4PĊ� /VDMFBS QPMBSJ[BUJPO DPOUSJCVUJPO
UP UIF -BNC TIJGU JO IFBWZ BUPNT� 1IZTJDBM 3FWJFX " �������o���� �����

<��> 7� "� :FSPLIJO BOE 7� .� 4IBCBFW� -BNC 4IJGU PG n = 1 BOE n = 2 4UBUFT PG
)ZESPHFO�MJLF "UPNT 1 ≤ Z ≤ 110� +PVSOBM PG 1IZTJDBM BOE $IFNJDBM 3FGFSFODF
%BUB ��	�
������� �����

<��> #� (� $� -BDLFOCZ 7� "� %[VCB BOE 7� 7� 'MBNCBVN� "UPNJD TUSVDUVSF DBMDVMBUJPOT
PG TVQFSIFBWZ OPCMF FMFNFOU PHBOFTTPO (Z = 118)� 1IZTJDBM 3FWJFX " ���������
�����

<��> 4� 0� "MMFIBCJ +� -J 7� "� %[VCB BOE 7� 7� 'MBNCBVN� ɨFPSFUJDBM TUVEZ PG FMFD�
USPOJD TUSVDUVSF PG FSCJVN BOE GFSNJVN� +PVSOBM PG 2VBOUJUBUJWF 4QFDUSPTDPQZ BOE
3BEJBUJWF 5SBOTGFS ���������� �����

<��> 7� "� %[VCB BOE 7� 7� 'MBNCBVN� &MFDUSPO TUSVDUVSF PG TVQFSIFBWZ FMFNFOUT 6VU
'M BOE 6VQ 	Z =��� UP ���
� )ZQFSmOF *OUFSBDUJPOT ���	�
��o�� �����

<��> 4� (BNSBUI 1� 1BMNFSJ BOE 1� 2VJOFU� $BMDVMBUFE PTDJMMBUPS TUSFOHUIT GPS UIF
TUSPOHFTU MJOFT PG DPTNPDISPOPMPHJDBM JOUFSFTU JO UIF WJTJCMF TQFDUSVN PG TJOHMZ JPO�
J[FE VSBOJVN 	6 **
� .POUIMZ /PUJDFT PG UIF 3PZBM "TUSPOPNJDBM 4PDJFUZ ���	�
�����o
���� �����

<��> .� -BBUJBPVJ 8� -BVUI )� #BDLF .� #MPDL %� "DLFSNBOO #� $IFBM 1� $IIFUSJ
$� &� %àMMNBOO 1� 7BO %VQQFO +� &WFO 3� 'FSSFS '� (JBDPQQP 4� (ÚU[ '� 1�
)FTTCFSHFS .� )VZTF 0� ,BMFKB +� ,IVZBHCBBUBS 1� ,VO[ '� -BVUFOTDIMÊHFS
"� ,� .JTUSZ 4� 3BFEFS &� .� 3BNJSF[ 5� 8BMUIFS $� 8SBJUI BOE "� :BLV�
TIFW� "UPN�BU�B�UJNF MBTFS SFTPOBODF JPOJ[BUJPO TQFDUSPTDPQZ PG OPCFMJVN� /BUVSF
���	����
����o��� �����

���



<��> %� 5 :PSEBOPW -� 7� 3PESÓHVF[ %� -� #BMBCBOTLJ +� #JFSPƵ .� -� #JTTFMM
,� #MBVN #� $IFBM +� &LNBO (� (BJHBMBT 3� '� (BSDJB 3VJ[ (� (FPSHJFW
8� (JOT .� 3� (PEFGSPJE $� (PSHFT ;� )BSNBO )� )FZMFO 1� +ÚOTTPO
"� ,BOFMMBLPQPVMPT 4� ,BVGNBOO $� )� ,FJUFM 7� -BHBLJ 4� -FDIOFS #� .BB
4� .BMCSVOPU�&UUFOBVFS 8� /B[BSFXJD[ 3� /FVHBSU (� /FZFOT 8� /ÚSUFSTIÊVTFS
/� 4� 0SFTILJOB "� 1BQPVMJB 1� 1ZZLLÚ 1��(� 3FJOIBSE 4� 4BJMFS 3� 4ÈODIF[
4� 4DIJĊNBOO 4� 4DINJEU -� 8FIOFS $� 8SBJUI -� 9JF ;� 9V BOE 9� :BOH�
4USVDUVSBM USFOET JO BUPNJD OVDMFJ GSPN MBTFS TQFDUSPTDPQZ PG UJO� $PNNVOJDBUJPOT
1IZTJDT �	�
���� �����

<��> "� &� #BS[BLI %� "UBOBTPW "� /� "OESFZFW .� "M .POUIFSZ /� "� "MUIVCJUJ
#� "OEFM 4� "OUBMJD ,� #MBVN 5� &� $PDPMJPT +� (� $VCJTT 1� 7BO %VQQFO 5� %BZ
(PPEBDSF "� EF 3PVCJO (� +� 'BSPPR�4NJUI %� 7� 'FEPSPW 7� /� 'FEPTTFFW %� "�
'JOL -� 1� (BĊOFZ -� (IZT 3� %� )BSEJOH .� )VZTF /� *NBJ 4� ,SFJN %� -VO�
OFZ ,� .� -ZODI 7� .BOFB #� "� .BSTI :� .BSUJOF[ 1BMFO[VFMB 1� -� .PMLBOPW
%� /FJEIFSS .� 3PTFOCVTDI 3� &� 3PTTFM 4� 3PUIF -� 4DIXFJLIBSE .� %� 4FMJW�
FSTUPW 4� 4FMT $� 7BO #FWFSFO &� 7FSTUSBFMFO "� 8FMLFS '� 8JFOIPMU[ 3� /� 8PMG
BOE ,� ;VCFS� 4IBQF DPFYJTUFODF JO 187Au TUVEJFE CZ MBTFS TQFDUSPTDPQZ� 1IZTJDBM
3FWJFX $ ���������� �����

<��> $� 8SBJUI 9� '� :BOH -� 9JF $� #BCDPDL +� #JFSPƵ +� #JMMPXFT .� -� #JT�
TFMM ,� #MBVN #� $IFBM -� 'JMJQQJO 3� '� (� 3VJ[ 8� (JOT -� ,� (SPC
(� (BJHBMBT .� (PEFGSPJE $� (PSHFT )� )FZMFO .� )PONB 1� +ÚOTTPO 4� ,BVG�
NBOO .� ,PXBMTLB +� ,SÊNFS 4� .BMCSVOPU�&UUFOBVFS 3� /FVHBSU (� /FZFOT
8� /ÚSUFSTIÊVTFS '� /PXBDLJ 5� 0UTVLB +� 1BQVHB 3� 4ÈODIF[ :� 5TVOPEB BOE
%� 5� :PSEBOPW� &WPMVUJPO PG OVDMFBS TUSVDUVSF JO OFVUSPO�SJDI PEE�;O JTPUPQFT
BOE JTPNFST� 1IZTJDT -FUUFST # �������o��� �����

<��> #� "� .BSTI 5� %BZ (PPEBDSF 4� 4FMT :� 5TVOPEB #� "OEFM "� /� "OESFZFW
/� "� "MUIVCJUJ %� "UBOBTPW "� &� #BS[BLI +� #JMMPXFT ,� #MBVN 5� &� $PDPMJPT
+� (� $VCJTT +� %PCBD[FXTLJ (� +� 'BSPPR�4NJUI %� 7� 'FEPSPW 7� /� 'FEPTTFFW
,� 5� 'MBOBHBO -� 1� (BĊOFZ -� (IZT .� )VZTF 4� ,SFJN %� -VOOFZ ,� .�
-ZODI 7� .BOFB :� .BSUJOF[ 1BMFO[VFMB 1� -� .PMLBOPW 5� 0UTVLB "� 1BTUPSF
.� 3PTFOCVTDI 3� &� 3PTTFM 4� 3PUIF -� 4DIXFJLIBSE .� %� 4FMJWFSTUPW 1� 4QBH�
OPMFUUJ $� 7BO #FWFSFO 1� 7BO %VQQFO .� 7FJOIBSE &� 7FSTUSBFMFO "� 8FMLFS
,� 8FOEU '� 8JFOIPMU[ 3� /� 8PMG "� ;BEWPSOBZB BOE ,� ;VCFS� $IBSBDUFSJ[B�
UJPO PG UIF TIBQF�TUBHHFSJOH FĊFDU JO NFSDVSZ OVDMFJ� /BUVSF 1IZTJDT ��	��
�����o
���� �����

<��> 5� %BZ (PPEBDSF "� 7� "GBOBTKFW "� &� #BS[BLI #� "� .BSTI 4� 4FMT 1� 3JOH
)� /BLBEB "� /� "OESFZFW 1� 7BO %VQQFO /� "� "MUIVCJUJ #� "OEFM
%� "UBOBTPW +� #JMMPXFT ,� #MBVN 5� &� $PDPMJPT +� (� $VCJTT (� +� 'BSPPR�
4NJUI %� 7� 'FEPSPW 7� /� 'FEPTTFFW ,� 5� 'MBOBHBO -� 1� (BĊOFZ -� (IZT

���



.� )VZTF 4� ,SFJN %� -VOOFZ ,� .� -ZODI 7� .BOFB :� .BSUJOF[ 1BMFO[VFMB
1� -� .PMLBOPW .� 3PTFOCVTDI 3� &� 3PTTFM 4� 3PUIF -� 4DIXFJLIBSE .� %�
4FMJWFSTUPW 1� 4QBHOPMFUUJ $� 7BO #FWFSFO .� 7FJOIBSE &� 7FSTUSBFMFO "� 8FMLFS
,� 8FOEU '� 8JFOIPMU[ 3� /� 8PMG "� ;BEWPSOBZB BOE ,� ;VCFS� -BTFS TQFD�
USPTDPQZ PG OFVUSPO�SJDI 207,208Hg JTPUPQFT� *MMVNJOBUJOH UIF LJOL BOE PEE�FWFO
TUBHHFSJOH JO DIBSHF SBEJJ BDSPTT UIF n = 126 TIFMM DMPTVSF� 1IZTJDBM 3FWJFX -FUUFST
���������� �����

<��> ,� 8BOH $� 9� 4POH 1� +ÚOTTPO +� &LNBO .� (PEFGSPJE $� :� ;IBOH 3� 4J
9� )� ;IBP $� :� $IFO BOE +� :BO� -BSHF�TDBMF .VMUJDPOmHVSBUJPO %JSBD�)BSUSFF�
'PDL BOE 3FMBUJWJTUJD $POmHVSBUJPO *OUFSBDUJPO $BMDVMBUJPOT PG 5SBOTJUJPO %BUB GPS
#�MJLF 4 9**� ǲF "TUSPQIZTJDBM +PVSOBM ���	�
���� �����

<��> ,� 8BOH 1� +ÚOTTPO (� (BJHBMBT -� 3BEäJǃUƪ 1� 3ZOLVO (� %FM ;BOOB BOE $� :�
$IFO� &OFSHZ -FWFMT -JGFUJNFT BOE 5SBOTJUJPO 3BUFT GPS 1�MJLF *POT GSPN $S 9 UP ;O
97* GSPN -BSHF�TDBMF 3FMBUJWJTUJD .VMUJDPOmHVSBUJPO $BMDVMBUJPOT� ǲF "TUSPQIZTJDBM
+PVSOBM 4VQQMFNFOU 4FSJFT ���	�
��� �����

<��> ,� 8BOH $� 9� 4POH 1� +ÚOTTPO (� %FM ;BOOB 4� 4DIJĊNBOO .� (PEFGSPJE
(� (BJHBMBT 9� )� ;IBP 3� 4J $� :� $IFO BOE +� :BO� #FODINBSLJOH "UPNJD
%BUB GSPN -BSHF�TDBMF .VMUJDPOmHVSBUJPO %JSBDo)BSUSFFo'PDL $BMDVMBUJPOT GPS "T�
USPQIZTJDT� 4�MJLF *POT GSPN $S *9 UP $V 9*7� ǲF "TUSPQIZTJDBM +PVSOBM 4VQQMFNFOU
4FSJFT ���	�
��� �����

<��> ,� 8BOH 9� )� ;IBOH $� :� ;IBOH 8� %BOH 9� )� ;IBP ;� #� $IFO 3� 4J
$� :� $IFO BOE +� :BO� &YUFOEFE DBMDVMBUJPOT PG FOFSHZ MFWFMT SBEJBUJWF QSPQFSUJFT
BOE MJGFUJNFT GPS 1�MJLF (F 97***� +PVSOBM PG 2VBOUJUBUJWF 4QFDUSPTDPQZ BOE 3BEJBUJWF
5SBOTGFS ���������� �����

<��> $� 9� 4POH $� :� ;IBOH ,� 8BOH 3� 4J .� (PEFGSPJE 1� +ÚOTTPO 8� %BOH 9� )�
;IBP +� :BO BOE $� :� $IFO� &YUFOEFE DBMDVMBUJPOT XJUI TQFDUSPTDPQJD BDDVSBDZ�
&OFSHZ MFWFMT BOE SBEJBUJWF SBUFT GPS 0�MJLF JPOT CFUXFFO "S 9* BOE $S 97**� "UPNJD
%BUB BOE /VDMFBS %BUB 5BCMFT ���������� �����

<��> 8� -J )� )BSUNBO ,� 8BOH BOE 1� +ÚOTTPO� ɨFPSFUJDBM JOWFTUJHBUJPO PG PTDJMMBUPS
TUSFOHUIT BOE MJGFUJNFT JO 5J� "TUSPOPNZ BOE "TUSPQIZTJDT ����"��� �����

<��> +� (SVNFS 5� #SBHF .� "OEFSTTPO +� -J 1� +ÚOTTPO 8� -J :� :BOH 3� )VUUPO BOE
:� ;PV� 6OFYQFDUFE USBOTJUJPOT JOEVDFE CZ TQJO�EFQFOEFOU IZQFSmOF BOE FYUFSOBM
NBHOFUJD�mFME JOUFSBDUJPOT� 1IZTJDB 4DSJQUB ��	��
������� �����

<��> 8� -J +� (SVNFS :� :BOH 5� #SBHF ,� :BP $� $IFO 5� 8BUBOBCF 1� +ÚOTTPO
)� -VOETUFEU 3� )VUUPO BOE :� ;PV� " /PWFM .FUIPE UP %FUFSNJOF .BHOFUJD

���



'JFMET JO -PX�EFOTJUZ 1MBTNB 'BDJMJUBUFE UISPVHI "DDJEFOUBM %FHFOFSBDZ PG 2VBO�
UVN 4UBUFT JO 'F9+� ǲF "TUSPQIZTJDBM +PVSOBM ���	�
��� �����

<��> +� -J .� (PEFGSPJE BOE +� 8BOH� "UPNJD QBSBNFUFST GPS UIF 2p53p 2[3/2]2 −
2p53s 2[3/2]o2 USBOTJUJPO PG /F * SFMFWBOU JO OVDMFBS QIZTJDT� +PVSOBM PG 1IZTJDT #�
"UPNJD .PMFDVMBS BOE 0QUJDBM 1IZTJDT ��	��
 �����

<��> 1� (� +VEHF 3� )VUUPO 8� -J BOE 5� #SBHF� 0O UIF 'JOF 4USVDUVSF 4QMJUUJOH PG UIF
�Q4�E 4%5/2 BOE �Q4�E 4%7/2 -FWFMT PG 'F 9� ǲF "TUSPQIZTJDBM +PVSOBM ���	�
����
�����

<��> 3� 4J 8� -J 5� #SBHF BOE 3� )VUUPO� 1SPQPTBM GPS PCTFSWBUJPO PG USBOTJUJPOT JO�
EVDFE CZ FYUFSOBM NBHOFUJD mFMET NJYJOH JO UIF MPXFS TUBUFT� XJUI BO FYBNQMF GSPN
'F 9� +PVSOBM PG 1IZTJDT #� "UPNJD .PMFDVMBS BOE 0QUJDBM 1IZTJDT ��	�
�������
�����

<��> 3� 4J 5� #SBHF 8� -J +� (SVNFS .� -J BOE 3� )VUUPO� " 'JSTU 4QFDUSPTDPQJD .FB�
TVSFNFOU PG UIF .BHOFUJD�mFME 4USFOHUI GPS BO "DUJWF 3FHJPO PG UIF 4PMBS $PSPOB�
ǲF "TUSPQIZTJDBM +PVSOBM ���	�
�-�� �����

<��> $� %FMBVOBZ 3� 0[FSJ (� 1FSF[ BOE :� 4PSFR� 1SPCJOH BUPNJD )JHHT�MJLF GPSDFT BU
UIF QSFDJTJPO GSPOUJFS� 1IZTJDBM 3FWJFX % ��������� �����

<��> +� $� #FSFOHVU %� #VELFS $� %FMBVOBZ 7� 7� 'MBNCBVN $� 'SVHJVFMF &� 'VDIT
$� (SPKFBO 3� )BSOJL 3� 0[FSJ (� 1FSF[ BOE :� 4PSFR� 1SPCJOH /FX -POH�3BOHF
*OUFSBDUJPOT CZ *TPUPQF 4IJGU 4QFDUSPTDPQZ� 1IZTJDBM 3FWJFX -FUUFST ����������
�����

<��> 7� "� %[VCB 4� 0� "MMFIBCJ 7� 7� 'MBNCBVN +� -J BOE 4� 4DIJMMFS� 5JNF LFFQJOH
BOE TFBSDIJOH GPS OFX QIZTJDT VTJOH NFUBTUBCMF TUBUFT PG $V "H BOE "V� 1IZTJDBM
3FWJFX " ���������� �����

<��> .� 4� 4BGSPOPWB %� #VELFS %� %F.JMMF %� '� +BDLTPO ,JNCBMM "� %FSFWJBOLP
BOE $� 8� $MBSL� 4FBSDI GPS OFX QIZTJDT XJUI BUPNT BOE NPMFDVMFT� 3FWJFX PG
.PEFSO 1IZTJDT ��������� �����

<��> #� )� #SBOTEFO BOE $� +PBDIBJO� 2VBOUVN NFDIBOJDT 	4FDPOE &EJUJPO
� 1SFOUJDF
)BMM�1FBSTPO �� �����

<��> $� $PIFO�5BOOPVEKJ #� %JV BOE '� -BMPÑ� .ÏDBOJRVF RVBOUJRVF WPMVNF �� &%1
4DJFODFT �����

<��> #� #SBOTEFO BOE $� +PBDIBJO� 1IZTJDT PG "UPNT BOE .PMFDVMFT� 1SFOUJDF )BMM�1FBSTPO
�� �����

���



<��> &� 4DISÚEJOHFS� "O 6OEVMBUPSZ ɨFPSZ PG UIF .FDIBOJDT PG "UPNT BOE .PMFDVMFT�
1IZTJDBM 3FWJFX �������o���� �����

<��> 8� (FSMBDI BOE 0� 4UFSO� %FS FYQFSJNFOUFMMF /BDIXFJT EFS 3JDIUVOHTRVBOUFMVOH
JN .BHOFUGFME� ;FJUTDISJGU GàS 1IZTJL �	�
����o��� �����

<��> 8� 1BVMJ� ÃCFS EFO ;VTBNNFOIBOH EFT "CTDIMVTTFT EFS &MFLUSPOFOHSVQQFO JN
"UPN NJU EFS ,PNQMFYTUSVLUVS EFS 4QFLUSFO� ;FJUTDISJGU GàS 1IZTJL ��	�
����o���
�����

<��> 8� 1BVMJ� ;VS 2VBOUFONFDIBOJL EFT NBHOFUJTDIFO &MFLUSPOT� ;FJUTDISJGU GVS 1IZTJL
��	����
����o��� �����

<��> 0� ,MFJO� 2VBOUFOUIFPSJF VOE GàOGEJNFOTJPOBMF SFMBUJWJUÊUTUIFPSJF� ;FJUTDISJGU GàS
1IZTJL ��	��
����o��� �����

<��> 8� (PSEPO� %FS DPNQUPOFĊFLU OBDI EFS TDISÚEJOHFSTDIFO UIFPSJF� ;FJUTDISJGU GàS
1IZTJL ��	�
����o��� �����

<��> 8� (SFJOFS� 3FMBUJWJTUJD 2VBOUVN .FDIBOJDT� 4QSJOHFS�7FSMBH #FSMJO �����

<��> 1� "� .� %JSBD BOE 3� )� 'PXMFS� 0O UIF UIFPSZ PG RVBOUVN NFDIBOJDT� 1SPDFFEJOHT
PG UIF 3PZBM 4PDJFUZ PG -POEPO� 4FSJFT " $POUBJOJOH 1BQFST PG B .BUIFNBUJDBM BOE
1IZTJDBM $IBSBDUFS ���	���
����o��� �����

<��> *� 1� (SBOU� 7BSJBUJPOBM NFUIPET GPS %JSBD XBWF FRVBUJPOT� +PVSOBM PG 1IZTJDT #�
"UPNJD BOE .PMFDVMBS 1IZTJDT ��	��
����� �����

<��> 8� &� -BNC BOE 3� $� 3FUIFSGPSE� 'JOF 4USVDUVSF PG UIF )ZESPHFO "UPN CZ B
.JDSPXBWF .FUIPE� 1IZTJDBM 3FWJFX ������o��� �����

<��> 5� "� 8FMUPO� 4PNF 0CTFSWBCMF &ĊFDUT PG UIF 2VBOUVN�.FDIBOJDBM 'MVDUVBUJPOT
PG UIF &MFDUSPNBHOFUJD 'JFME� 1IZTJDBM 3FWJFX �������o���� �����

<��> 1� "� .� %JSBD� " UIFPSZ PG FMFDUSPOT BOE QSPUPOT� 1SPDFFEJOHT PG UIF 3PZBM 4PDJ�
FUZ PG -POEPO� 4FSJFT " $POUBJOJOH 1BQFST PG B .BUIFNBUJDBM BOE 1IZTJDBM $IBSBDUFS
���	���
����o��� �����

<��> -� -� 'PMEZ BOE 4� "� 8PVUIVZTFO� 0O UIF %JSBD ɨFPSZ PG 4QJO ��� 1BSUJDMFT BOE
*UT /PO�3FMBUJWJTUJD -JNJU� 1IZTJDBM 3FWJFX �����o�� �����

<��> &� +� #BFSFOET 8� )� &� 4DIXBS[ 1� 4DIXFSEUGFHFS BOE +� (� 4OJKEFST� 3FMBUJWJTUJD
BUPNJD PSCJUBM DPOUSBDUJPOT BOE FYQBOTJPOT� NBHOJUVEFT BOE FYQMBOBUJPOT� +PVSOBM
PG 1IZTJDT #� "UPNJD .PMFDVMBS BOE 0QUJDBM 1IZTJDT ��	��
�����o���� �����

���



<��> 1� +FSBCFL #� 4DIVFUSVNQG 1� 4DIXFSEUGFHFS BOE 8� /B[BSFXJD[� &MFDUSPO BOE /V�
DMFPO -PDBMJ[BUJPO 'VODUJPOT PG 0HBOFTTPO� "QQSPBDIJOH UIF ɨPNBT�'FSNJ -JNJU�
1IZTJDBM 3FWJFX -FUUFST ���������� �����

<���> +� )� )BNJMUPO 4� )PGNBOO BOE :� 5� 0HBOFTTJBO� 4FBSDI GPS 4VQFSIFBWZ /VDMFJ�
"OOVBM 3FWJFX PG /VDMFBS BOE 1BSUJDMF 4DJFODF ��	�
����o��� �����

<���> 4� )PGNBOO 4� )FJO[ 3� .BOO +� .BVSFS (� .àO[FOCFSH 4� "OUBMJD 8� #BSUI
)� (� #VSLIBSE -� %BIM ,� &CFSIBSEU 3� (S[ZXBD[ +� )� )BNJMUPO 3� "�
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-ØQF[�6SSVUJB "� -BQJFSSF BOE +� 6MMSJDI� .BHOFUJD�EJQPMF USBOTJUJPO QSPCBCJMJUJFT
JO #�MJLF BOE #F�MJLF JPOT� 1IZTJDBM 3FWJFX " ��������� �����

<���> 3� 4PSJB 0SUT ;� )BSNBO +� 3� $SFTQP -ØQF[�6SSVUJB "� /� "SUFNZFW )� #SVIOT
"� +� (PO[ÈMF[ .BSUÓOF[ 6� %� +FOUTDIVSB $� )� ,FJUFM "� -BQJFSSF 7� .JSPOPW
7� .� 4IBCBFW )� 5BXBSB *� *� 5VQJUTZO +� 6MMSJDI BOE "� 7� 7PMPULB� &YQMPS�
JOH 3FMBUJWJTUJD .BOZ�#PEZ 3FDPJM &ĊFDUT JO )JHIMZ $IBSHFE *POT� 1IZTJDBM 3FWJFX
-FUUFST ��������� �����

<���> *�*� 5VQJUTZO� %JSBD�'PDL�4UVSN NFUIPE JO SFMBUJWJTUJD DBMDVMBUJPOT GPS BUPNT BOE UXP�
BUPNJD NPMFDVMFT� 1I% UIFTJT 4BJOU�1FUFSTCVSH 4UBUF 6OJWFSTJUZ 4BJOU�1FUFSTCVSH
�� ����� JO 3VTTJBO�

<���> +� %FNCD[ZƵTLJ BOE )� 3FCFM� 1FSUVSCBUJPO PG UIF DPOmHVSBUJPOT 5s25pn′s BOE
5s25pn′′d CZ UIF DPOmHVSBUJPO 5s5p3 JO UIF TQFDUSVN 4O *� 1IZTJDB $ ���	�
����
o ��� �����

<���> +� #BVDIF BOE 3��+� $IBNQFBV� 3FDFOU QSPHSFTT JO UIF UIFPSZ PG BUPNJD JTPUPQF TIJGU�
WPMVNF �� PG "EWBODFT JO "UPNJD BOE .PMFDVMBS 1IZTJDT QBHFT �� o ��� "DBEFNJD
1SFTT �����

<���> /� 'SÚNNHFO %� -� #BMBCBOTLJ .� -� #JTTFMM +� #JFSPƵ ,� #MBVN #� $IFBM
,� 'MBOBHBO 4� 'SJU[TDIF $� (FQQFSU .� )BNNFO .� ,PXBMTLB ,� ,SFJN
"� ,SJFHFS 3� /FVHBSU (� /FZFOT .� .� 3BKBCBMJ 8� /ÚSUFSTIÊVTFS +� 1BQVHB
BOE %� 5� :PSEBOPW� $PMMJOFBS MBTFS TQFDUSPTDPQZ PG BUPNJD DBENJVN� ǲF &VSPQFBO
1IZTJDBM +PVSOBM % ��	�
���� �����

<���> +� #JFSPƵ BOE 1� 1ZZLLÚ� /VDMFBS 2VBESVQPMF .PNFOUT PG #JTNVUI� 1IZTJDBM 3FWJFX
-FUUFST ��������� �����

<���> '� 1� (VTUBGTTPO $� .� 3JDLFUUT .� -� 3FJUTNB 3� '� (BSDJB 3VJ[ 4� 8� #BJ +� $�
#FSFOHVU +� #JMMPXFT $� -� #JOOFSTMFZ "� #PSTDIFWTLZ 5� &� $PDPMJPT #� 4� $PPQFS
3� 1� EF (SPPUF ,� 5� 'MBOBHBO «� ,PT[PSÞT (� /FZFOT )� "� 1FSSFUU "� 3� 7FSOPO
2� 8BOH 4� (� 8JMLJOT BOE 9� '� :BOH� 5JO SFTPOBODF�JPOJ[BUJPO TDIFNFT GPS
BUPNJD� BOE OVDMFBS�TUSVDUVSF TUVEJFT� 1IZTJDBM 3FWJFX " ���������� �����

<���> 3� /FVHBSU +� #JMMPXFT .� -� #JTTFMM ,� #MBVN #� $IFBM ,� 5� 'MBOBHBO
(� /FZFOT 8� /ÚSUFSTIÊVTFS BOE %� 5� :PSEBOPW� $PMMJOFBS MBTFS TQFDUSPTDPQZ
BU *40-%&� OFX NFUIPET BOE IJHIMJHIUT� +PVSOBM PG 1IZTJDT (� /VDMFBS BOE 1BSUJDMF
1IZTJDT ��	�
������� �����

<���> 1� ,MàQGFM 1��(� 3FJOIBSE 5� +� #àSWFOJDI BOE +� "� .BSVIO� 7BSJBUJPOT PO B UIFNF
CZ 4LZSNF� " TZTUFNBUJD TUVEZ PG BEKVTUNFOUT PG NPEFM QBSBNFUFST� 1IZTJDBM 3FWJFX
$ ��������� �����

���



<���> .� .VLBJ :� )JSBZBNB :� 9� 8BUBOBCF 4� 4DIJĊNBOO +� &LNBO .� (PEFGSPJE
1� 4DIVSZ :� ,BLJHVDIJ .� 0ZBJ[V .� 8BEB 4� $� +FPOH +� :� .PPO +� )� 1BSL
)� *TIJZBNB 4� ,JNVSB )� 6FOP .� "INFE "� 0[BXB )� 8BUBOBCF 4� ,BOBZB
BOE )� .JZBUBLF� *O�HBT�DFMM MBTFS SFTPOBODF JPOJ[BUJPO TQFDUSPTDPQZ PG 196,197,198Ir�
1IZTJDBM 3FWJFX $ ���������� �����

<���> 4� 4DIJĊNBOO BOE .� (PEFGSPJE� &MFDUSPOJD JTPUPQF TIJGU GBDUPST GPS UIF *S
5d76s2 4F9/2 → 	PEEJ = 9/2
 MJOF BU 247.587 ON� +PVSOBM PG 2VBOUJUBUJWF
4QFDUSPTDPQZ BOE 3BEJBUJWF 5SBOTGFS ���������� �����

<���> :� *TIJEB )� *JNVSB 4� *DIJLBXB BOE 5� )PSJHVDIJ� *TPUPQF TIJGUT PG PQUJDBM USBOTJ�
UJPOT JO $F ** CZ DPMMJOFBS MBTFS � JPO�CFBN TQFDUSPTDPQZ� +PVSOBM PG 1IZTJDT #� "UPNJD
.PMFDVMBS BOE 0QUJDBM 1IZTJDT ��	��
�����o���� �����

<���> $� (PSHFT ,� #MBVN /� 'SÚNNHFO $I� (FQQFSU .� )BNNFO 4� ,BVGNBOO
+� ,SÊNFS "� ,SJFHFS 3� /FVHBSU 3� 4ÈODIF[ BOE 8� /ÚSUFSTIÊVTFS� *TPUPQF TIJGU
PG 40,42,44,48$B JO UIF 4s 2S1/2 → 4p 2P3/2 USBOTJUJPO� +PVSOBM PG 1IZTJDT #� "UPNJD
.PMFDVMBS BOE 0QUJDBM 1IZTJDT ��	��
������� �����

<���> #� $IFBM 5� &� $PDPMJPT BOE 4� 'SJU[TDIF� -BTFS TQFDUSPTDPQZ PG SBEJPBDUJWF JTP�
UPQFT� 3PMF BOE MJNJUBUJPOT PG BDDVSBUF JTPUPQF�TIJGU DBMDVMBUJPOT� 1IZTJDBM 3FWJFX "
��������� �����

<���> +� 4� 4DIFMGIPVU BOE +� + .D'FSSBO� *TPUPQF TIJGUT GPS 1S0o3P o
0,1 :C MJOFT GSPN NVMUJ�

DPOmHVSBUJPO %JSBD�)BSUSFF�'PDL DBMDVMBUJPOT� BS9JW ���������� �����

<���> 8� )� ,JOH� $PNNFOUT PO UIF BSUJDMF iQFDVMJBSJUJFT PG UIF JTPUPQF TIJGU JO UIF TBNBS�
JVN TQFDUSVNw� +PVSOBM PG UIF 0QUJDBM 4PDJFUZ PG "NFSJDB ��	�
����o��� �����

<���> 4� 0� "MMFIBCJ 7� "� %[VCB 7� 7� 'MBNCBVN BOE "� 7� "GBOBTKFW� /VDMFBS EFGPS�
NBUJPO BT B TPVSDF PG UIF OPO�MJOFBSJUZ PG ,JOH QMPU JO UIF :C+ JPO� 1IZTJDBM 3FWJFX
-FUUFST ����-������ �����

<���> 5� .BOPWJU[ 3� 4IBOJW :� 4IBQJSB 3� 0[FSJ BOE /� "LFSNBO� 1SFDJTJPO .FB�
TVSFNFOU PG "UPNJD *TPUPQF 4IJGUT 6TJOH B 5XP�*TPUPQF &OUBOHMFE 4UBUF� 1IZTJDBM
3FWJFX -FUUFST ���������� �����

<���> )� .JZBLF /� $� 1JTFOUJ 1� ,� &MHFF "� 4JUBSBN BOE (� ,� $BNQCFMM� *TPUPQF�TIJGU
TQFDUSPTDPQZ PG UIF 1S0 →3 P1 BOE 1S0 →3 P0 USBOTJUJPOT JO TUSPOUJVN� 1IZTJDBM
3FWJFX 3FTFBSDI �������� �����

<���> 7� "� :FSPLIJO 3� "� .àMMFS "� 4VS[IZLPW 1� .JDLF BOE 1� 0� 4DINJEU� /PO�
MJOFBS JTPUPQF�TIJGU FĊFDUT JO #F�MJLF #�MJLF BOE $�MJLF BSHPO� 1IZTJDBM 3FWJFX "
���������� �����

���



<���> +� $� #FSFOHVU $� %FMBVOBZ "� (FEEFT BOE :� 4PSFR� (FOFSBMJ[FE ,JOH MJOFBSJUZ
BOE OFX QIZTJDT TFBSDIFT XJUI JTPUPQF TIJGUT� 1IZTJDBM 3FWJFX 3FTFBSDI ��������
�����

<���> /� 7BFDL .� (PEFGSPJE BOE +� &� )BOTFO� .$)' PTDJMMBUPS TUSFOHUI BOE MJGFUJNF
DBMDVMBUJPOT JO OFVUSBM DBMDJVN� +PVSOBM PG 1IZTJDT #� "UPNJD .PMFDVMBS BOE 0QUJDBM
1IZTJDT ��	�
����o��� �����

<���> 4� (PSJFMZ BOE .� "SOPVME� "DUJOJEFT� )PX XFMM EP XF LOPX UIFJS TUFMMBS QSPEVD�
UJPO "TUSPOPNZ BOE "TUSPQIZTJDT ���	�
�����o���� �����

<���> ,� )� #àSHFS 4� #àUUHFOCBDI 3� %JDLF (� (ÚM[ BOE '� 5SÊCFS� %JSFDU NFBTVSFNFOU
PG UIF OVDMFBS NBHOFUJD EJQPMF NPNFOUT PG 191*S BOE 193*S CZ IJHI�QSFDJTJPO BUPNJD
CFBN NBHOFUJD SFTPOBODF� 1IZTJDT -FUUFST # ���	�
��� o �� �����

<���> :� 5BOBLB 3� .� 4UFĊFO &� #� 4IFSB 8� 3FVUFS .� 7� )PFIO BOE +� %� ;VN�
CSP� 4ZTUFNBUJDT PG HSPVOE�TUBUF RVBESVQPMF NPNFOUT PG PEE�A EFGPSNFE OVDMFJ
EFUFSNJOFE XJUI NVPOJD M Y SBZT� 1IZTJDBM 3FWJFX $ �������o���� �����

<���> 1� +ÚOTTPO (� (BJHBMBT 1� 3ZOLVO -� 3BEäJǃUƪ +� &LNBO 4� (VTUBGTTPO
)� )BSUNBO ,� 8BOH .� (PEFGSPJE $� 'SPFTF 'JTDIFS *� (SBOU 5� #SBHF BOE
(� %FM ;BOOB� .VMUJDPOmHVSBUJPO %JSBD�)BSUSFF�'PDL $BMDVMBUJPOT XJUI 4QFDUSP�
TDPQJD "DDVSBDZ� "QQMJDBUJPOT UP "TUSPQIZTJDT� "UPNT �	�
 �����

<���> 4� #VEFS .� "TQMVOE -� %VPOH +� ,PT ,� -JOE .� ,� /FTT 4� 4IBSNB +� #MBOE�
)BXUIPSO "� 3� $BTFZ (� .� %F 4JMWB 7� %�0SB[J ,� $� 'SFFNBO (� '� -FXJT
+� -JO 4� -� .BSUFMM ,� +� 4DIMFTJOHFS +� %� 4JNQTPO %� #� ;VDLFS 5� ;XJUUFS
"� .� "NBSTJ #� "OHVJBOP %� $BSPMMP -� $BTBHSBOEF ,� ſPUBS 1� -� $PUUSFMM
(� %B $PTUB 9� %� (BP .� 3� )BZEFO +� )PSOFS .� +� *SFMBOE 1� 3� ,BnF
6� .VOBSJ %� .� /BUBG 5� /PSEMBOEFS %� 4UFMMP :��4� 5JOH (� 5SBWFO '� 8BUTPO
3� "� 8JUUFONZFS 3� '� (� 8ZTF %� :POH +� $� ;JOO .� ÇFSKBM BOE ("-")
DPMMBCPSBUJPO� ɨF ("-") 4VSWFZ� TFDPOE EBUB SFMFBTF� .POUIMZ /PUJDFT PG UIF
3PZBM "TUSPOPNJDBM 4PDJFUZ ���	�
�����o���� �����

<���> (� %FM ;BOOB BOE )� &� .BTPO� 4PMBS 67 BOE 9�SBZ TQFDUSBM EJBHOPTUJDT� -JWJOH
3FWJFXT JO 4PMBS 1IZTJDT ��	�
�� �����

<���> /� )FMM 1� #FJFSTEPSGFS (� 7� #SPXO .� &� &DLBSU 3� -� ,FMMFZ $� "� ,JMCPVSOF
.� "� -FVUFOFHHFS 5� &� -PDLBSE '� 4� 1PSUFS BOE +� 8JMNT� )JHIMZ DIBSHFE JPOT JO
B OFX FSB PG IJHI SFTPMVUJPO 9�SBZ BTUSPQIZTJDT� 9�3BZ 4QFDUSPNFUSZ ��	�
����o���
�����

<���> -� ;IPV 4�(BNSBUI 1� 1BMNFSJ 1� 2VJOFU .� ;IBOH BOE ;� %BJ� &YQFSJNFOUBM
BOE ɨFPSFUJDBM 3BEJBUJWF -JGFUJNFT #SBODIJOH 'SBDUJPOT 5SBOTJUJPO 1SPCBCJMJUJFT

���



BOE 0TDJMMBUPS 4USFOHUIT PG 4PNF )JHIMZ &YDJUFE 0EE�QBSJUZ -FWFMT JO *S *� ǲF
"TUSPQIZTJDBM +PVSOBM 4VQQMFNFOU 4FSJFT ���	�
�� �����

<���> :� -J 4� (BNSBUI 1� 1BMNFSJ 1� 2VJOFU 2� -J 2� :V .� ;IBOH -� ;IPV BOE
;� %BJ� 3BEJBUJWF MJGFUJNFT CSBODIJOH GSBDUJPOT BOE PTDJMMBUPS TUSFOHUIT PG IJHI�
MZJOH MFWFMT JO 3F *� .POUIMZ /PUJDFT PG UIF 3PZBM "TUSPOPNJDBM 4PDJFUZ ���	�
�����o
���� �����

<���> &� #PLBNCB .PUPVNCB 4� &O[POHB :PDB 1� 2VJOFU BOE 1� 1BMNFSJ� $BMDVMBUJPOT
PG USBOTJUJPO SBUFT JO FSCJVN�MJLF JPOT -V *7 )G 7 BOE 5B 7* VTJOH UIF "C JOJUJP
.$%)'�3$* BOE TFNJ�FNQJSJDBM )'3 NFUIPET� "UPNJD %BUB BOE /VDMFBS %BUB
5BCMFT �������������� �����

<���> "� 1BQPVMJB +� &LNBO BOE 1� +ÚOTTPO� &YUFOEFE USBOTJUJPO SBUFT BOE MJGFUJNFT JO
"M * BOE "M ** GSPN TZTUFNBUJD NVMUJDPOmHVSBUJPO DBMDVMBUJPOT� "TUSPOPNZ BOE "T�
USPQIZTJDT ����"�� �����

<���> 8� -J "� .� "NBSTJ "� 1BQPVMJB +� &LNBO BOE 1� +ÚOTTPO� &YUFOEFE UIFPSFU�
JDBM USBOTJUJPO EBUB JO $ *−*7� .POUIMZ /PUJDFT PG UIF 3PZBM "TUSPOPNJDBM 4PDJFUZ
���	�
�����o���� �����

<���> &� 5� :PVOH &� &� #FDLMJO 1� .� .BSDVN 5� -� 3PFMMJH +� .� %F #VJ[FS 5� -�
)FSUFS 3� (àTUFO &� 8� %VOIBN 1� 5FNJ #��(� "OEFSTTPO %� #BDLNBO
.� #VSHEPSG -� +� $BSPĊ 4� $� $BTFZ +� "� %BWJETPO &� '� &SJDLTPO 3� %� (FIS[
%� "� )BSQFS 1� .� )BSWFZ -� "� )FMUPO 4� %� )PSOFS $� %� )PXBSE 3� ,MFJO
"� ,SBCCF *� 4� .D-FBO "� 8� .FZFS +� 8� .JMFT .� 3� .PSSJT 8� 5� 3FBDI
+� 3IP .� +� 3JDIUFS )��1� 3PFTFS (� 4BOEFMM 3� 4BOLSJU .� -� 4BWBHF &� $�
4NJUI 3� :� 4IVQJOH 8� %� 7BDDB +� &� 7BJMMBODPVSU +� 8PMG BOE )� ;JOOFDLFS�
&BSMZ TDJFODF XJUI TPmB UIF TUSBUPTQIFSJD PCTFSWBUPSZ GPS JOGSBSFE BTUSPOPNZ� ǲF
"TUSPQIZTJDBM +PVSOBM ���	�
�-�� �����

<���> )��6� ,ÊVn 1� #BMMFTUFS 1� #JFSFJDIFM #� %FMBCSF 3� %POBMETPO 3� %PSO
&� 'FESJHP (� 'JOHFS (� 'JTDIFS '� 'SBO[B %� (PKBL (� )VTUFS :� +VOH +��-�
-J[PO -� .FISHBO .� .FZFS "� .PPSXPPE +��'� 1JSBSE +� 1BVmRVF &� 1P[OB
3� 4JFCFONPSHFO "� 4JMCFS +� 4UFHNFJFS BOE 4� 8FHFSFS� $3*3&4� B IJHI�
SFTPMVUJPO JOGSBSFE TQFDUSPHSBQI GPS &40�T 7-5� *O "MBO '� .� .PPSXPPE BOE
.BTBOPSJ *ZF FEJUPST (SPVOE�CBTFE *OTUSVNFOUBUJPO GPS "TUSPOPNZ WPMVNF ����
PG 4PDJFUZ PG 1IPUP�0QUJDBM *OTUSVNFOUBUJPO &OHJOFFST 	41*&
 $POGFSFODF 4FSJFT QBHFT
����o���� �����

<���> %� ,BUP 9��.� 5POH )� 8BUBOBCF 5� 'VLBNJ 5� ,JOVHBXB $� :BNBEB
4� 0IUBOJ BOE 5� 8BUBOBCF� 'JOF�TUSVDUVSF JO 3d4 4UBUFT PG )JHIMZ $IBSHFE 5J�MJLF
*POT� +PVSOBM PG UIF $IJOFTF $IFNJDBM 4PDJFUZ ��	�
����o��� �����

���



<���> 4� (VTUBGTTPO 1� +ÚOTTPO $� 'SPFTF 'JTDIFS BOE *� (SBOU� $PNCJOJOH .VMUJDPOmH�
VSBUJPO BOE 1FSUVSCBUJPO .FUIPET� 1FSUVSCBUJWF &TUJNBUFT PG $PSF�$PSF &MFDUSPO
$PSSFMBUJPO $POUSJCVUJPOT UP &YDJUBUJPO &OFSHJFT JO .H�-JLF *SPO� "UPNT �	�
��
�����

<���> (� (BJHBMBT 1� 3ZOLVO -� 3BEäJǃUƪ %� ,BUP .� 5BOBLB BOE 1� +ÚOTTPO� &OFSHZ
-FWFM 4USVDUVSF BOE 5SBOTJUJPO %BUB PG &S+2� ǲF "TUSPQIZTJDBM +PVSOBM 4VQQMFNFOU
4FSJFT ���	�
��� �����

<���> 1� (� +VEHF� 4QFDUSBM -JOFT GPS 1PMBSJ[BUJPO .FBTVSFNFOUT PG UIF $PSPOBM .BHOFUJD
'JFME� 7� *OGPSNBUJPO $POUFOU PG .BHOFUJD %JQPMF -JOFT� ǲF "TUSPQIZTJDBM +PVSOBM
���	�
����o��� �����

<���> +� 1MPXNBO� 4JOHMF�QPJOU JOWFSTJPO PG UIF DPSPOBM NBHOFUJD mFME� ǲF "TUSPQIZTJDBM
+PVSOBM ���	�
��� �����

<���> %� +� 1FHH� 4USVDUVSF BOE EZOBNJDT PG OFHBUJWF JPOT� 3FQPSUT PO 1SPHSFTT JO 1IZTJDT
��	�
����o��� �����

<���> 5� "OEFSTFO� "UPNJD OFHBUJWF JPOT� TUSVDUVSF EZOBNJDT BOE DPMMJTJPOT� 1IZTJDT
3FQPSUT ���	�
���� o ��� �����

<���> :� 4V 3� 4J ,� :BP BOE 5� #SBHF� ɨF TUSVDUVSF BOE SBEJBUJWF MJGFUJNFT PG OFHBUJWF
JPOT IPNPMPHPVT UP /−� +PVSOBM PG 1IZTJDT #� "UPNJD .PMFDVMBS BOE 0QUJDBM 1IZTJDT
��	��
������� �����

<���> $� 8� 8BMUFS /� %� (JCTPO %� +� .BUZBT $� $SPDLFS ,� "� %VOHBO #� 3� .BUPMB
BOE +� 3PIMÏO� $BOEJEBUF GPS -BTFS $PPMJOH PG B /FHBUJWF *PO� 0CTFSWBUJPOT PG
#PVOE�#PVOE 5SBOTJUJPOT JO La−� 1IZTJDBM 3FWJFX -FUUFST ���������� �����

<���> 3� $� #JMPEFBV BOE )� ,� )BVHFO� &YQFSJNFOUBM 4UVEJFT PG Os−� 0CTFSWBUJPO
PG B #PVOE�#PVOE &MFDUSJD %JQPMF 5SBOTJUJPO JO BO "UPNJD /FHBUJWF *PO� 1IZTJDBM
3FWJFX -FUUFST ������o��� �����

<���> $� 8� 8BMUFS /� %� (JCTPO :��(� -J %� +� .BUZBT 3� .� "MUPO 4� &� -PV 3� -�
'JFME %� )BOTUPSQ -JO 1BO BOE %POBME 3� #FDL� &YQFSJNFOUBM BOE UIFPSFUJDBM
TUVEZ PG CPVOE BOE RVBTJCPVOE TUBUFT PG $F−� 1IZTJDBM 3FWJFX " ��������� �����

<���> "� ,FMMFSCBVFS "� 'JTDIFS BOE 6� 8BSSJOH� .FBTVSFNFOU PG UIF ;FFNBO FĊFDU JO
BO BUPNJD BOJPO� 1SPTQFDUT GPS MBTFS DPPMJOH PG 0T−� 1IZTJDBM 3FWJFX " ���������
�����

<���> 3� 5BOH 3� 4J ;� 'FJ 9� 'V :� -V 5� #SBHF )� -JV $� $IFO BOE $� /JOH� $BO�
EJEBUF GPS -BTFS $PPMJOH PG B /FHBUJWF *PO� )JHI�3FTPMVUJPO 1IPUPFMFDUSPO *NBHJOH
PG Th−� 1IZTJDBM 3FWJFX -FUUFST ���������� �����

���



<���> -� 1BO BOE %� 3� #FDL� $BOEJEBUFT GPS MBTFS DPPMJOH PG BUPNJD BOJPOT� -B− WFSTVT
0T−� 1IZTJDBM 3FWJFX " ��������� �����

<���> )� 5� 4DINJEU 3� %� ɨPNBT .� (BUDIFMM 4� 3PTÏO 1� 3FJOIFE 1� -ÚGHSFO
-� #SÊOOIPMN .� #MPN .� #KÚSLIBHF &� #ÊDLTUSÚN +� %� "MFYBOEFS 4� -FPO�
UFJO %� )BOTUPSQ )� ;FUUFSHSFO -� -JMKFCZ "� ,ÊMMCFSH "� 4JNPOTTPO '� )FMM�
CFSH 4� .BOOFSWJL .� -BSTTPO 8� %� (FQQFSU ,� (� 3FOTGFMU )� %BOBSFE
"� 1BÈM .� .BTVEB 1� )BMMEÏO (� "OEMFS .� )� 4UPDLFUU 5� $IFO (� ,ÊMMFSTKÚ
+� 8FJNFS ,� )BOTFO )� )BSUNBO BOE )� $FEFSRVJTU� 'JSTU TUPSBHF PG JPO CFBNT
JO UIF %PVCMF &MFDUSPTUBUJD *PO�3JOH &YQFSJNFOU� %&4*3&&� 3FWJFX PG 4DJFOUJmD
*OTUSVNFOUT ��	�
������� �����

<���> &� #ÊDLTUSÚN %� )BOTUPSQ 0� .� )PMF .� ,BNJOTLB 3� '� /BTDJNFOUP
.� #MPN .� #KÚSLIBHF "� ,ÊMMCFSH 1� -ÚGHSFO 1� 3FJOIFE 4� 3PTÏO "� 4JNPO�
TTPO 3� %� ɨPNBT 4� .BOOFSWJL )� 5� 4DINJEU BOE )� $FEFSRVJTU� 4UPSJOH
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