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1. INTRODUCTION

This report discusses the problem of digital simulation of

the vector nonlinear stochastic differential equation

d
?1% = a(x(t), t) + b(x(t), t) £(t), -
te [tozztmin’ tmax]
where x = (xl,xz,...,xh) is a nxl state variables vector,
a(x,t) = [| a; || isa nxl vector functions of x and t,
b(x,t) = ||bij || is a nxm matrix function. a(x,t) and b(x,t)

are satisfied to the Lipschiz conditions. Random forcing
g(t) = é%w(t) is a mxl vector of white noises, w(t) is a mx1l

standard Wiener process

E{wi(t)} =0, (2)

E{wi(tz)wj(tl)} = 6ij|t2—t1|.

The initial condition of state variables equals x(to).

There are few papers on numerical integration of the stochastic
differential equation (1), see [1-9,14,15]. The theoretical
estimations of accuracy are discussed only in [2] and [9].

The articles [3,5,8] present the experiment experience. The
papers [5,6,14,15] are devoted to numerical schemes providing
only the statistical convergence, i.e. the convergence of

the sample moments. The sample path convergence is discussed

in the Ph.D. thesis [2], the book [4, p.186], and the paper [9].

This report deals with:

(a) the application of the Picard iterations [1l, p. 279] to
obtain several integration schemes (not only Euler and
Runge-Kutta schemes) which provide a sample path con-

vergence;



(b)

(c)

the development of a special Wiener process generator
applicable to sample path convergence investigations
and to numerical schemes with variable integration

step lengths;

the development of routines to integrate the n-dimen-
sional stochastic differential equation (1) in Itd and
Stratonovich senses both with constant and variable
integration step lengths. The routines are written for
FORTRAN-4 compiler at computer PDP-15 (versus FOR at

the Department of Automatic Control).



2. DIFFERENCE SCHEMES TO OBTAIN ITO AND STRATONOVICH
SOLUTIONS

2.1 Preliminary

In the theoretical approach it is more convenient to work
with the integral equation equivalent to the differential

equation (1):

t t
x(t) = X(to)'FJ a(x(s),s) ds-kj b(x(s),s) dw(s). (3)
o £

To simplify the calculations we consider equation (3)
to be the one-dimensional one. The extension to the
n-dimensional equation is rather clear, some necessary

remarks are pointed out in Section 2.4.

We use the Picard iterations [1l, p. 279] to obtain difference

schemes for solving equation (3):

t t
MES X, +J a(xlt g ds+[ b s) aw (4)
s s s
t 0 c ¢
0 0
where X, = x(t), W, = w(t), index in square brackets
indicates the number of iteration.
Let us choose the zero approximation as XLO] = X, . Then,
according to (4), the first approximation is 0
t t
x[l] =x, +| a(x s) ds + | b(x s) dw_ =~
t t t.f t. s
0 £ 0 ‘ 0 (5)
0 0
R xt0-+a(xt0,t0) At + b(xto,to) Awt

where At = t-to, Awt = w(t)-—w(to).



Putting (5) into (4) we get the second approximation:

t
[2] _
X = xt0-+J a(xto-ka(xto,to)'(s—to) + b(xto,to)-
%

t
'(W(S)'-W(to)),s> ds+—J b(xt + a(xg ,t0)°(s-t0) +
0

0
£
+ By s to) * (wis)-wleg)), s) dw (6)
t
& X +a1t+(a'+aﬁ')i§23-ka'b Aw_ ds + +
ty t b4 2 s e
t
t t
. 1 ! h!
+ b Awt-+(bt-+a bx) J As dws + b bx J Aws dws-+...
o 9

In this expression we used the notations
a = a(xto,to), b = b(xto,to),

A

t 5T a(x,t) etc.

to’ 0

Expression (6) contains stochastic integrals. Therefore the
results of calculations depend on the definition of the
stochastic integral. Consider below both the Itd and the
Stratonovich solutions of the stochastic differential

equation (1).

2.2 Stratonovich Solution

It can be shown [1] that the first approximation (5) con-
verges to the Itd solution of (1l). The simplest difference

scheme to find the Stratonovich solution runs from the



second approximation (6) retaining only the terms order At
and (Awt)z:

= . 1 ' 2
Xy xt0-+a At-+2 b bX(Awt) (7)

where we use the well-known Stratonovich integral [10]
f
_1 2
J Aw dws =3 (Awt) . (8)
g
A more accurate difference scheme follows from the full

expression for the second approximation (6). This expression

contains two stochastic integrals

t t

J Aw _ ds and J As dw
s s

£ B

which are the same both in the It0 and Stratonovich senses.

Therefore we can use the Itdo lemma [6]

t t
Awt-At = J As dws + J AwS ds (9)
o to
and calculate only one of them, for example
t
n = J AWS ds. (10)
to

The integral n (10) can't be expressed in the closed form.

So, we find the optimal estimate in the mean square sense
A At-Aw,
n =E {T'l |W(t),W(t0)} = _5‘_‘_- (ll)

The estimate ﬁ converges to n as At is refined for every

realization of w(t).

Hence we have got a difference scheme more accurate than (7):



= ] . .;L. . ' 2
X, xt0-+a At +b Awt-+2 b bx (Awt) +
2 At - Aw (12)
(At) ' * t
' oa! ', 1 S —
+ (at-+a aX) > + (aX b-+bt-+a bx) 5

providing Stratonovich solution of equation (1).

We can't estima%e other stochastic integrals of higher
order such as J;(Aws)zds and so on. But we can partly
improve the accuracy retaining the higher derivatives of
function a(x,t) at the second approximation (6). Thus we
get the scheme analogous to the fourth-order Runge-Kutta

(R-K) scheme for deterministic equations [2,11]

X, = Xto + %(Kl + 2K, +2K; +K,) (13)
where

Kl = a(xto,tO)At-+b(xt0,t0)Awt,

Ky = alxg +K—2l sty +55) At D 0x +I—} sty 5D A,

K3 = a(xto +% ) t0 +523)At +b(xto +52% ) t0 +—Az—t) Awt,

Ky = a(xto +tK3, ty + At) At +b(xt0 +Kq 4t + At) Aw,,

the Wiener process increment Awt = w(t)-—w(tO).

When the coefficient b(x,t) in equation (1) is rather small,
scheme (13) has advantages compared to scheme (12). But for
large b(x,t) both schemes have approximately the same
accuracy. A similar phenomenon was at first mentioned in

[2] and then in [4].

The Runge-Kutta method (13) is the most convenient method
to provide the Stratonovich solution of equation (2).
Compared with schemes (7) and (12) this method has the
better accuracy and demands to calculate only the coeffi-

cients a(x,t) and b(x,t), not their higher derivatives.



Therefore just method (13) was used in the FORTRAN program

(see Section 5) to obtain the Stratonovich solution.

2.3 Itd Solution of One-dimensional Equation

As it was mentioned above, the first approximation (5)

3 . ° 1
= xtO + a*At + b Awy (5")

Xt
converges to the Itd solution of equation (1). We call this
(5') as the Euler scheme has expanded to the stochastic

differential equations.

Putting the Ito integral [10]
t
J Awsdws =
t,

into the expression for the second approximation (6) and re-

[ (aw,)? - At]

(ST

taining only the terms order At and (Awt)2 we get a more

accurate scheme than (5'),

_ ] 1 ' 2 _

X, = xt0-+a At-+2 b bx[(Awt) At] (14)
Note that if we put the approximate equality (Awt)2 ~ At
into the right-hand side of (14) we'll get the previous

scheme (5').

The difference scheme similar to (12) is

1 2
X, =X, +a'At+b-Aw_ += bb'[(Aw, )" - At] +
t to t 2 X t (15)
At'Awt

', ' ! )

+ (aX b-+bt-+a bX) > a

(At) 2
2

+ (a!

el
t-+a ax)

Scheme (15), providing the Ito solution, differs from the
Stratonovich solution scheme (12) only by the term %b-bé-At.
Hence the R-K scheme to obtain the Itd solution of equation

(1) differs from expression (13) by the same term:

L ppr.
+K,) b+b-At (16)

_ 1
= xt0-+g (Kl-+2K2-+2K3 5

10



11

where
Kl e a(xto,tO)At-+b(xt0,t0) Awt,
Ky = ale +521-, ty +55) At +b(xt0+%, to +55 aw,,
K3 = a(xt0+K—22, t0+%)At+b(xt0+K—22, t0+%§)Awt,
K4 = a(xto +K3, t0 + At) At +b(xtO+K3, t0+At)Awt.

Another way to get an R-K scheme to obtain the Itd solution
of equation (1) is to apply the standard R-K scheme (13)
to the next Stratonovich equation equivalent to the Itd

one (1):

dx = [a(x,t) -% b (x,£)b} (x,t) dt +b (x,t) dw (t) . (17)

Hence we get an R-K scheme like (13), applied to the egquivalent

Stratonovich equation (17):

_ 1
X, = XtO +z (K1+2K2 +2K3 +K4) (18)
where
— _1 '
Kl [a(xto,to) 5 b bx(xto,to)]At-+b(xt0,t0)Awt,
Kj At, 1 . K1 At
K2 = [a(xto +7, to +—2—) —'5 b bx(xt0+7, tO +7)]At +
K
1 At
+ b(XtO +T, t0+—2—)AWt,
K2 At, 1 . K> At
K3 = [a(xto +7, to +7) —E b bx(XtO +—-2——, tO +"2—) ]At +
K2 At
+ b(Xt0+7, tO +—2-)AWt,
_ . '
K, = [a(xt0+K3, tO+At) > b bX(xtO+K3, t0+At)]At +
tblxp +K3, tg+at)Aw,.

Scheme (16) has some advantages compared to the standard R-K
scheme (18) as it demands to calculate the term %labéAt only



once per each integration step. At the same time it has

drawbacks from the point of programming.

To solve the Ito equation (1) we use the Euler method (5)
in the FORTRAN program (see Section 5). In order to apply
the standard R-K method (18) it is preliminarily necessary
to calculate the term %b(x,t)bi(x,t) of the equivalent
Stratonovich equation (17) analytically (see also next

section, 2.4).

2.4 Generalization to Many-dimensional Equations

The generalization of the R-K scheme (13) and the Euler
scheme (5') for equation (1) to be n-dimensional is rather
clear. It is necessary to replace scalar values by vectors
and matrices [11]. That is only a formal thing to do. As
for the R-K scheme (18) for the equivalent Stratonovich
equation (17), it is necessary to calculate the term %l)bé.

Consider three cases:

2.4.1. In the general case the scalar form of the Itd

vector equation (1) is

Tﬂ% = al(gpt)-+'?l bij(g’t) Ej(t)

i g (19)
dx_ . m .

L d_t = an(X,t) + Jil bij (Xlt) gj(t) .

Using the Stratonovich rule [10] we find that the scalar

term %Iab; in equation (17) corresponds to the term

b -
m 9 ik(x,t) N '
 y ——— b. (x,t), i1 = 1,n. (20)

1 k=1 %%y jn

N[ =
h™MB

j

12



2.4.2. In the second case there is only one white noise

excitation, &(t):

P

dxl 5 -
?'E. b al(x,t) + gl(X,t) E(t),

I (21)
dxn R R

| a - a,(x,t) + g, (x,t) £(t)

so the term %labi corresponds to
-3

1 n Bgl(x,t) - . _—

3 =z S gj(x,t), i=1,n. (22)
Jj=1 J

2.4.3. 1In the third case every scalar equation contains

only one white noise:

( dx, . .
{ (23)
dxn o R
| 3t = an(X,t) + gn(Xrt) En(t)
so the term %k)bé corresponds to
L 89y (X,8)
5 -_SEZ——— gi(x,t), i=1,n (24)

Remark. A difference scheme to solve the n-dimensional Itd

equation (19), similar to (15), is shown in Appendix.

13
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3. WIENER PROCESS GENERATOR

3.1 Algorithm

While digital simulating the stochastic differential
equations it is necessary to check the accuracy and to be
sure that the approximate solution converges to the exact
one (we consider the convergence in the sample path sense).
So, we are to repeat simulations with different integration
step lengths taking the same realization of the vector
Wiener process W(t). It means that the samples of an approxi-
mate Wiener process at any point tr equal the values of
finer approximation at that time. The same problem takes
place at the variable integration step method (see Section
4).

To do this, let us choose the smallest integration step

length

h _ _Max min. (25)

Kmax
2

The current step length equals

tmax -t .
h = min (26)

2K

.., K ., +1,..., K . The value of K is appointed
min min max

by the user in the constant integration step length method

where K = K

or is automatically chosen in the variable integration step

length method.

So, if we have a sample of one-dimensional standard Wiener
process w(t,) at any point t_ and are to generate the next
r+l) at the point tr+l = tr + hr’ where step hr is
equal to (26), we use the algorithm (see Fig. 1):

h/h

sample w(t

min
) =w(t ) + vh L chHi (27)

w(t r min
£

r+l

™

where Ci is Gaussian random numbers with zero mean and unite



Vﬁ(tr) e

|
I
| T ' [ T |
tr L ,“hmin‘i tra1

Fig. 1 - Wiener process generator.

variance, J. is the number of the latest sample of the
random number generator. The increment of one-dimensional

Wiener process is equal to

h/h_.
min
AWr - W(tr+l)_w(tr) = Vimin E t7 +L° W2ie)
£=1 r
Generating the m-dimensional Wiener process Ww(t) = (wl(t),

sy wm(t)) by one random number generator we use the

algorithm
h/hmin
where j = 1,2,..., m.

Algorithm (29) was written in FORTRAN as

9 DO 11 J=1,M
11 R(J)=0.0

DO 12 I=1,KR

DO 12 J=1,M

CALL MCNODI (NU,GS) (30)
12 R(J)=R(J)+GS

DO 13 J=1,M

R(J) =R (J) *SHM
13 W(J)=W(J)+R(J)

15
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wheﬁe M %s the number of scalar Wiener processes, KR==h/hmin
= 2 M3X " SHM = VE_._, MCNODI(NU,GS) is the Gaussian

routine name, NU is an odd number, GS is N(0,1l) Gaussian

14

random numbers, R(J) is equal to the Wiener process

) =W (t,) .

increment wj(tr+l 3

3.2 Comparison of two Gaussian Random Number Generators

At first we tested algorithm (29) with a PDP-15 Gaussian
random number routine MCNODI like (30). It was obtained
that this routine provides Wiener processes with periodical
components, see Fig. 2a. We divided the time interval

t € [0,1] on 215 = 32 768 points and tested the MCNODI
routine with several initial numbers NU (Fig. 2a corresponds
to NU = 9) but at every realization a period of approximate-

ly 5460 numbers was obtained.

To increase the period we used nonlinear transformation of

two rectangular random variables [12, p.1l76]

]

_ 1/2
Yy (-2 1n Cl) cos 2mi,

(31)

_ 1/2
Y, (-2 1n cl) sin 2nc2.

Algorithm (31) transforms two independent random variables,
Zq and z,, rectangular over [0,1] to two independent
variables, Yy and Yor from a Gaussian distribution with

zero mean and unit variance.

To simplify the program we use only one random number, Yq-
Rectangular variables provides the routine MCREDI which
gives one zero sample per period. The FORTRAN program to

generate the Wiener process (29) is
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9 DO 11 J=1,M
11 R(J)=0.0
DO 12 I=1,KR
DO 12 J=1,M
99 CONTINUE

CALL MCREDI (NU,REC1)
CALL MCREDI (NU,REC2)

IF(REC1.EQ.0.0) GOTO 99

GS=SQRT (-2.0*%ALOG (REC1) ) xCOS (PI2*REC2)

12 R(J)=R(J)+GS
DO 13 J=1,M
R(J) =R (J) *SHM

13 W(J)=W(J)+R(J)

The period of such a generator on PDP-15 is equal to

217

-1 = 131071. A realization of a Wiener process with

initial number NU=9 is shown in Fig. 2b.

In conclusion, we point out the dependence between the

(32)

mean value m and the standard deviation o of the Gaussian

generator (32) on N numbers of sampling:

N

2

4

8

16

32

64
128
256
512
1024
2048
4096
8192
16384
32768

m

1.0080227554
0.7538282275
0.1870607361
0.0475175977
0.1173253767

-0.0137966501
-0.0495720468

0.0026516137
0.0438656453
0.0572415916

-=0.0095007990
-0.0236054291
-0.0117221705
-0.0032938370

0.0002269202

o

1.3937898577
1.0280693471
1.2018311917
1.2200787663
1.0714786648
0.9706972837
1.0398858189
1.0168921351
0.9735938460
0.9886081666
1.0021583736
1.0073654949
0.9965249449
0.9994821548
1.0002311468

18



4. VARTIABLE INTEGRATION STEP SIZE TECHNIQUE (STEP DOUBLING
AND HALVING)

The estimation of local truncation error and integration
step size control developed for ordinary differential
equation [11] doesn't prove for stochastic ones. However,
we have no alternative, as it is desirable to reduce the
computation time applying the variable integration step
length method. Therefore let's try to do this.

Each basic step of size hr is done twice, once as two steps

of size hr/2 and once as one step of size hr (see Fig. 3).

If the result of one step of size hr is xéii, while the
result of two steps of size hr/2 is xéii, we have a local
truncation error
= (1) _ (2)
Sr+1 T [Fpi1 T Xyl 1SR
(1)
l X (tr+1)
(2)
lx (traq)
|
l
I
l | |
| | |
| |t

|
t hi/2 + hy2 tret
hr

Fig. 3 - Variable step size.

19
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In the n-dimensional case § = (Xl’x2""’xn) is a vector,
S0
= (1) _ . (2)
6r+l = mix X, (tr+l) X (tr+l} 5 (34)

Then compare 6r+1 with some limit error e¢.

If 6r+l > ¢, restart from point tr halving the integration
step length hr = hr/2. To get the same samples of Wiener
process we have to store the state of the random number
generator (NU in program (32)) and the Wiener process value
w(tr) at each initial point t..

If ¢/10 < 6r+l < ¢, calculate the next step with the same
step length hr+l = hr'

If 6r+1 < €¢/10, calculate the next step with double step
length hr+l = 2hr'

The integration method can be both Runge-Kutta and Euler.
But some examples show (see Section 6) that the Euler
method with variable integration step length has no
advantages compared to the Euler method with constant
integration step length. In fact the R-K local truncation

error decreases as h -» 0 faster than the EBuler error.
(2)
r+l
(30) to be rather close to the exact one, it is not true

Therefore, if we can consider solution x in expression

for the Euler method. Hence we recommend to use the variable

integration step method only for R-K schemes.
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5. DESCRIPTION OF THE FORTRAN PROGRAM

The program package for simulating the n-dimensional
stochastic differential equation (1) contains three
standard subroutines STOCH, STH, STEP, the main program,
and at least two user subroutines SIDE and OUTP which are

called on by standard subroutines.

5.1 Main Program

The main program calls on the standard subroutine

CALL STOCH (XI,TMIN,TMAX,NX,NR,EPS,K,KMAX,KMIN, ISTEP,
METHOD, TP1,DP,NU, IS, W)

where the input arguments are:

XT - vector of initial conditions of state variables
TMIN - initial time of integration

TMAX - upper limit of integration time

NX - number of first-order equation n in (1)

NR - number of input white noises m in (1)

EPS - local truncation error in the variable integration

step length method, ¢

K - defines the value of the integration step h (26) if
ISTEP=0,/otherwise K indicates the initial value of h

KMAX - indicates the minimum value of the integration step
length h . = (25)

KMIN -~ indicates the maximum value hmaX

ISTEP - if ISTEP=0, the integration interval [tmin'tmax] is

divided into 2K equal segments of length h (26),
otherwise the variable integration step method is used

METHOD - if METHOD=0, the subroutine obtains Itd solution by
the Euler method, otherwise Stratonovich solution by
the fourth-order Runge-Kutta method

TP1 - first point of time to output the solution by means of
the user subroutine OUTP

DP - increment of time to output the solution

NU - initial state of the random number generator (odd

number) .
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The argument IS is the output one which equals the number
of integration steps. Vector W is the allocation vector.

In the main program the user has to define the input
arguments and point out the real dimensions of vectors
XI (NX) and W(7+NX+4-NR).

5.2 Standard Subroutines

Subroutine STOCH (Table 1) is the auxiliary subroutine for
dynamic allocation of vectors in FORTRAN-4 language (see
report [13]1). This subroutine calls on the basic subroutine
STH (Table 2) which organizes the numerical integration with
a constant, if ISTEP=0, or with variable step length other-
wise. The subroutine STH also contains the Wiener process

generator (32) which calls on the library subroutine MCREDI.
Subroutine STH calls on the standard subroutine STEP (Table

3) to perform integration on one step by the Euler method
(5'), if METHOD=0, or by R-K method (13) otherwise.

5.3 User Subroutines

5.3.1 Subroutine SIDE. Subroutine STEP calls on the user

subroutine
SIDE (T+H,H,XH, R, DX)

where the input arguments are

T - current time, tr

H - current integration step length, hr’ when using constant
step technique, hr/2 otherwise

X =-initial wvector Q(tr) on elementary integration interval
(tr’tr+l)

R - vector of Wiener process increments AWr.
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The user has to write the program to calculate the output

vector argument DX of dimension NX in such a way.

For the Euler method (5') DX is the wvector state variables
increments, for the R-K method (13) it is the vector
coefficient K, (£=1,2,3,4).

Vector DX contains coefficients of the stochastic differential
equation (1). Let the nxl vector A(I) = ai(g(tr),tr). Note
that in many practical cases matrix ||bij || in equation (1)
contains a lot of zero elements. Therefore the user has to

' R ->
write down the nxm matrix ||bij || as a vector B(J) =bij(xr’tr)
for non-zero elements bij' The dimension of B is equal to
data of non-zero elements in matrix ||bij Il .
In the FORTRAN notation the i:th component of vector DX is
equal to

DX(I) =A(I)*H+B(...)*R(1)+...+B(...)*R(NR),
(35)
I=1,2,...,NX.

Thus, in subroutine SIDE, the user has to define the vector
coefficients A(I) and B(J) and write down expression (35)
where H and R(J) are input arguments defined into basic sub-
routine STEP.

Due to allocation vector techniques the dimension of the

vectors X, R, and DX can be described like this:
DIMENSION X(1),DX(1),R(1)

For vectors A and B the user has to point out their real

dimensions.

5.3.2 Subroutine OUTP. Basic subroutine STH calls on the

subroutine
OUTP (T, X,WIENER)

to output the current time T, the vector state wvariables X

and the Wiener process WIENER.



All the arguments of subroutine OUTP are the input

arguments defined into the basic subroutine STH.

Dimensions of the vector X and WIENER are described in

such a manner:

DIMENSION X (1) ,WIENER(1).
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TaBLE 1 25

NAME: STOCH

SURTITLE: SOLUTION QOF THE NONLINEAR {TO OR STRATONQVICH STOCHASTIC
DIFFERENTIAL EQUATIQNS

KEYWORDS

—— -

SOLUT|ON, SYSTEM OF NONLINEAR STQCHASTIC DIFFERENTIAL EQUATIONS,
ITO EQUATION, STRATONOVICH EQUATION

IMPLEMENTOR: VSEVOLOD D,RAZEVIG NDATE: 1977-05-19

- -

DEPARTMENT QF AUTOMAT{C CONTROL
LUND INSTITUTE QF TECHNOLOGY, SWEDEN

ACCEPTED: VERSI|ONS 1

S T e op S R SN MR M TR e e SR e S TE M S e e v SN g PR D G 4N D m e G P mm GE Gm S e N mr e @S W wn Gy A MR W s A em W
=~ T R R =i I~~~ == =i — e X R

i -1
[ ==

ITO OR STRATONOVICH SOLUTION OF THE SYSTEM OF N FIRST-0ORDER NONLINEAR
STOCHASTIC DIFFERENTIAL EQUATIONS X'sA(X,T) + B(X,T)#W' WITH
CONSTANT OR VARIABLE LENGTH STERS

- -
—_—_—— =

PROGRAM TYPE: SURROUT|MNE

- D - S e -

STOCHCX |, TMIN, TMAX, X, NR,EPS, K, KMAX ,KMIN, ISTFP,METHOD,
1ITPL,DP s NU, IS, W)

X1 - VECTOR OF |NITIAL CONMDITIONS OF STATE VAR|ABLES

TMIN = INITIAL TIME OF INTEGRATION

TMAX = UPPER LIMIT OF INTEGRATION TIME

N X - NUMBER OF EQUATIONS

NR - NUMBER OF INPUT WHITE NOISES

EPS - LLOCAL TRUNCATIDN ERROR

K - INDICATE THE INITIAL VALUE OF THE INTEGRATION STEP
H= (TMAX=TMiN) /2#%K

KMAX = INDICATE THE MINIMUM VALUE OF THE INTEGRATION STEP
HMINS (TMAX~TH [N)/2%2KMAX

KMIN = [NDICATE THE MAXIMUM VALUE OF THE INTEGRATION STEP
HMAX= (TMAX~-TM|M) /72 %KMIN

ISTEP - I|F ISTEP=0, INTEGRATION INTERVAL DIVIDED INTO 2##K EQUAL

SEGMENTS OF LENGTH H, OTHERWISE ARE USED THE VARIABLE
INTEGRAT|ON STEP

METHOD~- |IF METHOD=0, SUBROUTINE OBTAINS [TO SOLUTION BY FULER METHOD,
OTHERWISE STRATONOVICH SOLUTION BY THE FOURTH=-0RDER
RUNGE~KUTTA METHOD

TP1 = FIRST POINT OF TIME TO OUTPUT THE SOLUTION BY MEANS USER
SUBROUT INE OUTP

ne - INCREMENT OF TIME TQ OUTPUT THE SOLUTION

NU - INITIAL STATE OF RANDOM NUMBER GENERATOR
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TaBLE 1 (continued)

IS - NUMBER OF THE INTEGRATIOM STEPS
W - ALLOCATION VECTOR HAVING DIMENS|INON 7#NX+4#NR

NOTES:
1) USER COMPOSES THE MAIN PROGRAM WHICH CALLS ON SUBROUTINE STOCH
2) USER COMPOSES SUBROUTINE SIDE(T,H,X,R,DX)

INPUT ARGUMENTS:

T - CURRENT TIME

H - CURRENT [INTEGRATION STEP LENGTH
X - CURRENT STATE VARIABLES VECTOR
R - WIENER PROCESS INCREMENT VECTOR

QUTPUT ARGUMENT
DX = UNIT INCREMENT VECTOR EAUALS TO DXCI)=A(X, T)#H+B(X,T)*R(J)
(121,25 402 NXy,  J=1,2,.4.,NR) ., NONLINEAR VECTOR COEFFICIENTS
ACX,T) AND B(X,T) ARE DESCRIBED BY USER., DIMENSION
OF A(X,T) EQUALG TO NX, MAXIMUM DIMENSION OF B(X,T)
EQUALS TO aNX#NR,
3) USER COMPOSES SURBROUTINE OUTP(T,X,WIENER)Y TO QUTPUT
THE SOLUTION X(t) AND WIENER PROCESS WIENFR(J),
4) SUBROUTINE STOCH CALLS ON INNER SUBROUTINEFS STH AND STEP
5) SUBROUTINE STH CALLS NN LIBRAKRY SUBROUTINE MCREDI (RECTANGULAR
RANDOM NUMBER GENERATOR)

IN STH |S USED EULER NR FORTH=0RDER RUMGE-KUTTA METHOD BOTH W[TH
CONSTANT AND VARIABLE INTEGRATION STEP LENGTH , THE CURRENT STEP
IS HALFING AND DOURING [N SUCH A MANNER TO GET THE SAME SAMPLES
OF NOISE WHILE SOLVING THE EQUATION WITH DIFFERENT VALUES OF

EFS OR K.

REFERENCES:
1., D.J,WRIGHT, IFEE TRAWNS, OM AUTOMATIC CONTROL, V,AC-19, N 1, 1974
2. NJNIKITIN, S.PERVACHEV, V,RAZEVIG, AUTOMATION AND
REMOTE CONTROL, N 4, 1975,
3. C.W.GEAR, NUMFRICAL INITIAL VALUE PROBLEMS [N ORDINARY
DIFFERENT|AL FQUATIONS, 1971,

CHARACTERISTICS

- e o o o e W o e o
s o e o am e oy

SUBROQUT INE STOCH(X !, TMIN, TMAX,NX,NR,FPS,K,KMAX,KM [N, |STEP,METHOD,
LTPL,DP,NU, S, W)

DIMENSION X (1),4 (1)

KWi=1

KWZ2=KW1+NX
KW3=KW2+NX
KWa=KW3I+NX
KWbBz=KW4+NR
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L36
137
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141

TABLE 1 (continued)

KW6=KW5+NR
KW7sKW6+NR
KW8=KW7+NR
KWOsKWB+NX
KW10BKWO+NX
KWlisKW10+NX

CALL ON THE BASIC SUBROUTINE STH

CALL STH(X},TMIN, TMAX,NX,NR,EPS,K,KMAX,KMIN, ISTEP,METHOD,
1TPL,DP NU, IS, WEKWL) y W(KW2) , W(KW3) yW(KWE) , W(KWS) , W(KWE),W(KWT),
W KWB) ) WKW ) , W(KWL10) ,W(KW11))

RETURN

END
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4

2
TABLE 2 8

THIS 1S BASIC SUBROUTINE TO SOLVE STOCHASTIC DIFFERENTIAL EQUAT|ON

SUBROUTINE STH(X,TMIN, TMAX,NX yNR,EPS, K, KMAX, KMIN, | STEP,METHOD,
LTP1,DP,NU, IS, X1,X2,XM2,WIENER,W|ENEL1,R,R1,51,52,83,54)

DIMENSION X(€1),X1(1),X2(1),XH2(1),WIENER(1),WIENEL(L),R(1),R1(1),
1S1(1),52€1),83(1),54(1)

DATA P12/6.283185307/
DETERMINE ZERO IN|JTIAL CONDITIONS FOR W|ENER PROCESSES

0 1 J=1,NR
WIENER(J)S0,0

voo FOR TIME T, SWITCH 1S AND VARIABLE TPR RUNNIG
THE OQUTRUTING SUBROUTINE QUTP

TaTMIN

1S$=0

TPR=TR]
EPS1=EPS/10.,0

DETERMINE THF MINIMUM AND MAX|MUME VALUES OF INTEGRATION
STEP LENGTH

HMIN= (TMAX=TM|N) /2% 4KMAX
HMAX= (TMAX~TMIN) /28 %KM |N
SHM=SQRT (HMIN)

CALL ON USER SUBROUTINE GUTP TO OUTPUT THE INITIAL CONDITIONS
CALL OUTP(T X, WIENER)

THE BEGINING OF THE INTEGRATION,
DETERMINE THE CURRENT INTEGRATION LENGTH STEP

Hz (TMAX~TMIN) /2% %K
H2=H+H

STORAGE THE PRECFDING VALUE OF STATE NU OF RANDOM NUMBER GENFRATOR
AND WIENER PROCESS FOR A RESTART

N1=NU

DD 3 J=1,NR
WIENELC(J) =WIENER(J)
R(J)=0,0

CALCULATE THE NUMBER OF CONSECUTIVE SAMPLINGS KR
KR= |NT(H/HMIN+D,1)

GENERATE GAUSSIAN |NCREMENTS R(J) OF WIENER PROCESS AND
THE WIENER PROCESS AT THE POINT TeH

DO 4 1=1,KR

DO 4 J=1,NR

CALL MCREDI(NU,RECL)

CALL MCREDI(NU,REC2)
{F(REC1.,£Q,0,0)G0TO 31
GS=SQRT(=2,0#ALOG(RECL))*COS(PI2%REC?2)
R(J)=R(J)+GS



TABLE 2 (continued) 29

164 DO 5 J=1,NR

165 R(J)=R(J)#SHM

166 5 WIENER(JI=WIENER(J)+R (W)

167 c

168 C CALL ON SUBROUTINE STEP TO CALCULATE THE STATE VARIABLES
169 c X1(1) ON THE FIRST STEP LEMGTH H

170 C

171, CALL STEP(T,H,X,RyX1NX,NR,METHOD,51,52,53,54)

172 c

173 C IF ISTEP=0, PUT THE VALUES X1(1) T0O THF CURRENT STATE VARIABLES
174 C VECTOR XCI1) AND GO TO THE BOTTOM OF SUBRDUTINE

175 ¢

176 |[FCISTEP NE.O)GOTO 7

V77 T=T+H

178 DO 6 [=1,NX

179 6 X(1)=xX1¢1)

180 1S=15+1

181 GOTD 16

182 ¥

183 C IF ISTEP NOT EQUALS TO ZERD, COMPUTE THE NEXT STEP

184 c OF THE LENGTH H AND THE LARGER STEP OF THE LENGTH 2#H
185 C

186 c GENERATE GAUSSIAN INCREMENTS OF WIENER PROCESS ON THE NEXT STEP R1i(J)
187 c AND CALCULATE WIENER PROCESS AT THE POINT T+2#H

188 ¢

189 7 N0 8 J=1,NR

190 8 R1(J)=0,0

191 DO 10 1=1,KR

192 DO 10 J=1,NR

193 9 CALL MCREDI[(NU,REC1)

194 CALL MCREDI| (NU,JREC2)

195 IF(RECL.,EQ,0,0)GOT0 9

196 GS=SURT(-2,0#ALOG(RECL))®CNS(PIZ2+REC?)

197 10 R1CJ)=R1(J)+GS

198 DO 11 J=1,NR

199 R1(J)=R1(J)*SHM

.00 WIENER(J)=WIENER(J)+R1(J)

01 11 RCII=RCJ)I+RL(J)

.02 C

103 c CALL ON SUBROUTINE STERP TO CALCULATE XH2(1) ON THE LARGE STEP 2#H
.04 C

.05 CALL STEPC(T,H2+sX,R,XH2,NX,NR,METHOD,51,82,53,54)

Q6 C

.07 C CALL ON SUBROUTINE STEP TO CALCULATE X2(i) ON THE SECOND STEP H
.08 C

09 CALL STEP(T+H,H,»X1,R1,X2,NX,NR,METHOD,S1,582,53,$4)

.10 c

A1 C CALCULATE THE LARGEST ERROR DM

12 C

13 NM=0.,0

114 DO 12 |=1,NX

15 DE=ABRS(XH2(1)=X2(|))

116 XASABS(X2(1))

117 [F(XA.GT,1,0)DE=DE/XA

186 IF(DE.GT,DM)DM=DE

19 12 CONTINUE

20 C

.21 c IS DM LARGER EPS3?

.22 ¢

23 IF(DM-EPS)13,13,20

24 C

.25 c [F DMCEPS, DETERM|NE CURRENT TIME T=T+H AND CURRENT STATE VARIABLES
26 c XCi)=Xx2¢C1), |F IN ADDITION DMKEPS/10 DOUBL THE LENGTH STEP
27 C
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TABLE 2 (continued) 30

IF(DM, . T,.EPS1)K=K=~1
{IF(K,LT.KMINYKeKM|N
TeT+H2

|S=|5¢2

DO 15 i=1,NX
XC1)eX2(1)

CHECK THE NECESSERITY TO CALL ON SUBROUTINE OUTP
IF(T=TPR)2,19,19

TPR=TPR+DP

CALL OUTP(T,X,WIENER)

IS T LARGER THAN TMAX?

IFC(T+#HMIN/2,0,LT,TMAX)GOTO 2
GOTO 25

|F DM>EPS, REPEAT THE CALCULATIONS HALFING THE LENGTH STEP

KazK+1

IS K LARGER THAN KMAX?

IF(KMAX=K)21,22,22

IF K>XMAX, ELIMINATE K AND GO TO THE NEXT STEP
KzKMAX

GOTO 14

IF K LESS OR EQUAL KMAX RENEW THE STATE OF THE RANDOM NUMBER
GENERATOR AND WIENER PROCESSES AND REPEAT THE CALCULATIONS

NU=N1

DO 23 Js1.,NR
WIENER(J)SWIENEL (J)
GOTO 2

RETURN

END
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TABLE 3

THIS 1S INNER SURROUTINE TO PERFORM INTEGRATION ON ONE STEP,
[F METHOD=0, SUBROUTINE STEP OBTAINS ITO SOLUTION RY EULER
METHOD, OTHERWISE STRATONOV|CH SOLUTION RY THE FORTH-ORDER
RUNGE-KUTTA METHOD,

SUBROUTINE STEP(T,H,X,R,XH,NX,NR,METHOD,51,52,53,54)

DIMENS ION X€1),R(1),XH(1),S1(1),S2(1),S3(1),54(1)

CALL ON USER SUBROUTINE SIDE TO DETERMINE THE INCREMENT OF
STATE VARIABLES ON THE STEP LENGTH H WITH INITIAL

CONDITIONS X(1) AT THE TIME T,

CALL SIDE(T,H,X,R,S1)

IS METHOD=0?

|F(METHOD . NE.0)GOTO 2

|F METHOD=0 CALCULATE THE NEXT SAMPLE XH(|) OF EULER SOLUTION
AT THE POIN T+H AND GO TO THE BOTTOM OF THF SUBROUTINE

DO 1 |=1,NX
XHCI)Y=S101)+X (1)
GOTO 7

IF METHOD NOT EQUAL T0O ZFERO CALCULATE THE NEXT RUNGE-KUTTA
CORFFICIENTS

DO 3 {=1,NX
XHC)I=X(1)+S1(1)#»0,8

CALL SlDE(T*H*U ByH,XH,R,82)
No 4 1=1,

XH('):X(I)*S?(I)*U 3

CALL SIDE(T+H*U G,H,XH,R,S83)
no 5 =1,

XH(I)=X(|)+S3<|)

CALL SIDE(TeH,H,XH,R,54)

DETERMINE THE NEXT SAMPLE XH(|) OF STRATONOVICH SOLUTION

DO 6 I=1,NX

XHCI)=(S1 (1) +2,0#82(1)+2,0#S3(1)+54(1))/6,0+X (1)
RETURN

END
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6. EXAMPLES

Example 1. Consider the Ito solution of equation
dx(t) = cx dt + gx dw (t) (36)

by the Euler method (5') with constant integration step
length on time interval t € [0,1] with initial condition
x(0) = 1.

Choose the number of samples x(t) to be printed equal to
100 (TP1=DP=1/100), the integration step size h = 1/2lO

— _ 15 _
(K=10), hmin-—l/z (KMAX=15) .
The number of equations in (36) equals NX=1 and the number
of white noises NR=1. Therefore the dimension of the
allocation vector W equals 7#NX+1+«NR=11l. Choose the initial

value of random number generator NU = 65317.

The main program is shown in Table 4. Note that variables
KMIN and EPS are not used in the constant integration step
length method.

The coefficients of equation (36) and solution increment (35)
are described at the user subroutine SIDE, Table 5, where

coefficients ¢ = -1, g = 1.

The user subroutine OUTP (Table 6) outputs the current time
T, the solution X(1) and the Wiener process WIENER(1l) on a

line-printer.

Besides, at Fig. 4 we compare the rate of convergence of

several Ito integration procedures:
1) Euler method (5'")
2) modified Euler method (14)

3) second approximation (15)
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TABLE 4
001 c PROGRAM MA N
002 DIMENS | ON X1¢1),W(11)
003 COMMON /0UT/|STEP,METHOD
004 TMIN=0.0
005 TMAX=1,0
006 DP=(TMAX~-TMIN)/100,0
007 TP1=DP
008 KMAX=15
009 K=10
010 |STEP=0
011 METHOD=0
012 X1(1)=1,0
013 NX=1
014 NR=1
015 NUS65317
J16 WRITE(6,1)TMIN, TMAX,EPS, TP1, NP, KMAX, KMIN,K,NX,NR, | STEP, METHOD
017 {1 FORMAT(S5F11.,8,718)
018 CALL STOCH(XI,TMIN, THAX,NX,NR,EPS,K,KMAX,KMIN, ISTEP,METHOD,
019 1TP1,DP,NU, IS, W)
020 WRITE(6,100)18
321 100 FORMAT(|10)
022 STOP
023 END
TABLE 5
001 SUBROUTINE SIDE(T,H,X,R,DX)
002 DIMENSION X(1),DX(1),R(1)
003 DIMENS|ON A(1),B(1)
004 DATA C,G/=1.0,1.0/
005 AC1)=C#X(1)
006 B(1)zGeX (1)
007 DX(1)=AC1)#HeB(1)*R(1)
008 RETURN
009 END
TABLE 6
001 SUBROUT INE OUTP(T,X,W|ENER)
002 DIMENS|ON X(1),WIENER(1)
003 WRITE(6,10)T,X(1),WIENER(L)
004 10 FORMAT(3F15,8)
005 RETURN

006 END
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0.05-

x(1)

(17)

Integration step size h=1/2
(a)
Fig.4a. Equation (36)
1 -Euler method (5")
2 - modified Euler method (14)
3 - second approximation (15)
4 - standard Euler-Cauchy method applied to equation
5 - Euler-Cauchy method analogues to (16)
6 - standard Runge-Kutta method applied to equation (17)
7 - Runge-Kutta method (16)

34



x(0.5)
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(b)

Fig.4b. Equation dx = -sin(x) + V|x| dw(t)
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4) standard Euler-Cauchy method (second-order R-K
method) applied to equivalent Stratonovich

equation (17)
5) Euler-Cauchy method analogues to (16)

6) standard Runge-Kutta method (18) applied to

equivalent Stratonovich equation (17)

7) Runge-Kutta method (16).

Fig. 4a,b shows that the relative rates of convergence

were as follows:

quickest - Runge-Kutta methods (16), (18)

- second approximation (15)

intermediate - Euler—-Cauchy methods
- modified Euler method (14)

slowest - EBuler method (5').

Example 2. Let's find the Itd solution of equation (36)
by the step variable fourth-order Runge-Kutta method (18)

applied to equivalent Stratonovich equation (17)
_ 1 2
dx(t) = (c-3 g%) x dt + gx dw(t). (37)

The new main program and the subroutine SIDE are shown in
Tables 7 and 8 accordingly. Subroutine OUTP is the same as

in Example 1 (see Table 6).

Equation (36) has the analytical Itd solution

x(t) = x(0) exp {(c—% g2t + gw(t)]. (38)

Hence it is possible to find the accuracy of numerical

solution

A
5(t) = | 2leLox(®) (39)

where x(t) is the exact solution (38), g(t) is the numerical

solution.
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TABLE 7/

PROGRAM MA{N
DIMENSION XI¢1),¥W(11)
COMMON /0UT/|STER,METHOD
TMIN=0,0
TMAX=1,0
DP=(TMAX=TMIN)/100,90
TP1sDP
KMAX®15
K=10
KMIN=4
EPS=1.0E~06
|STEP=1
METHOD=1
X1(1)=1,0
NX=1
NR=1
NU=65317
WRITE(6,1)TMIN, TMAX,EPS, TP1,DP,KMAX,KMIN,K,NX,NR, | STEP,METHOD
1 FORMAT(5F11,8,718)
CALL:STOCH(XI,TMIN.TMAX.NX,NR,EPS.K.KMAX.KMIN.ISTEP.METHOD.
1TP1,DP,NU, IS, W)
WRITE(&,100)18
100 FORMAT({10)
sTOP
END

TABLE 8

SUBROUTINE SIDECT,H,X,R,DX)

DIMENSION X(1),DX(1),R(1)

DIMENSION A(1),B(1)

DATA C;G/~1.0;1-D/

A(1)=CaX(1)

R(1)Y=sG#X (1)
DX(1)=CA(1)=0,5#G#GaX (1)) #H+B(1)*R(1)
RETURN

END
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In order to compare the accuracy of Euler and R-K schemes
with constant and variable step lengths, Fig. 5 shows the
accuracy 6 (39) at time t = 1 as a function of number of
steps. We can conclude that the R-K method with variable
integration step length is the most available integration

method for stochastic differential equations.

10-2 \
10
:
“é -
= 10
O
o
=) 2
8 | 5
< 10
3
10
10 100 102 1 10t 10

Number of steps

Fig. 5 - Accuracy of methods with constant and variable

step size.

1 - Euler method with constant step length.
2 - Runge-Kutta method with constant step length.
3 - Runge-Kutta method with variable step length.
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Example 3. Consider the system of two first-order stochastic

differential equations

dxl
at T X2 t by £ (%)
9 (40)
dx2 - x7/L
& - VT Xy~ ax e + b2(x2)£2(t)
where
2
_ g-a 1+10 X
b,(x,) = - 5 .
5410 x2

The user routines to obtain Itd solution of (40) by constant
step Euler method and to display results with IDPAC system
are shown in Tables 9-11. The dialog on teletype is shown in
Table 12. The displayed phase plane of system (40) is shown
in Fig. 6.

Example 4. 1In article [8] second-order phase-lock loop
differential equation was studied and it was discovered in
practice that "the Euler integration is greatly superior to
Runge-Kutta methods from a convergence-rate accuracy
criterion". It is difficult to comment on such a statement
as no mathematical expressions to the numerical schemes used

was pointed out.

We consider that the Runge-Kutta methods (13), (16), (18)
(and their multidimensional analogues) have better accuracy
that the Euler method (5') or have, in some special examples

[4, p.186], at least the same accuracy.

That's why we implement our computer program to simulate

the phase-lock loop [8]:

[oN
b
=

— X2'

3
s

(41)

oR
w
N

- sin(xl)-cos(xl)gl(t)-Sin(xl)Ez(t)

[oR
o+
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TABLE 9
001 C PROGRAM MA|N
pg2 DIMENSION X1 (2),W(22)
003 COMMON /PLOT/ZIP
004 TMIN=0,0
005 TMAX=1,0
006 NPR=1000
0n7 IP=NPR+1
pos DP=(TMAX®THM | N)/NPR
009 TP1=DP
010 KMAX=12
011 K=12
niz |STEP=0
013 METHOD=D
014 Xl1(1)==2,0
015 X1(2)=1,25%
01é NX=2
017 NR=?2
018 NU=65317
019 CALL QUTPR(T,X|,W)
020 IP=0
021 WRITEC6,1)TMIN, TMAX,EPS, TP1, 0P, KMAX ,KMIN,K,NX,NR, ISTEP,METHOD
pze 1 FORMAT(5F11.8,718)
023 CALL STOCH(X1,TMIN, TMAX,NX,NR,EPS,K,KMAX,KMIN, |STEP,METHOD,
Q24 1TP1,DP,NU, IS, W)
025 WRITE(6,100)18
D26 100 FORMAT({10)
D27 |P==1
028 CALL QUTRP(T, X1 ,W)
029 STOP
030 END
TaBLE 10
001 SUBROUTINE SIDE(T,H,X,R,DX)
0o2 DIMENSIQN X(1),DX(1),R(1)
003 DIMENSION A(2),B(2)
004 DATA GJVQAK'TAY!RB/Ou3l1-25'50000051004/
No5 B(2)=BB
006 XX=X(1)#X (1)
007 X10=210,0#X(2)%X(2)
noa ACL)=X(2)
009 A(2)s(V=-X(2)-AK#X (1) *EXP(=-XX))/TAY
010 BC1)=G#AK/TAY®#(1,0+X10)/(5,0+X10)
011 DX(1)Y=A(1)»H+B(2) %R (2)
012 DX(2)=A(2)#H+B(L)#R(1)
013 RETURN

014 END



TaBLE 11

001 SUBROUTINE OQUTP(T,X,WIENER)
po2 DIMENSION X(1),WIENER(L), IT(L0),FILNC2)
N03 COMMON /PLOTZIP
004 DATA FILN(2)/4H BIN/
0o% IFCIPY300,200,100
006 160 IT(1)= P
007 IT(2)=3
008 IT(4)=0
Noe9 IT(9)=0
010 WRITE(9,1000)
011 READ(8,1001)FILNC1)
012 CALL: ENTER(L ., FILN)
n13 WRITE(I)IT
Ni4 RETURN
015 1000 FORMAT(' ENTER FILE NAME!')
016 1001 FORMAT(AS)
0nL7 200 WRITE(L)T X(1),X%X(2)
018 RETURN
fi9 300 CALL CLOSE(1)
020 RETURN
nel END
TaBLE 12
$FOR
FPF4X V3A000
>BL<MAIN
END PASS1
FPF4X V3A000
>BL<«SIDE

DOS-15 UV3A000
$A RK <NEW> -1

$GLOAD

LOADER V3A000
><MAIN, SIDE,OUTP,STOCH,STH, STEP

ENTER FILE NAME
DATA

STOP 000000

DOS-15 YV3A999

$A RK <PAC> -4/RK 3,4,5,7,15,16
$BUFFS 5

$E IDPAC

IDPAC V2D

>
PLOT 4 DATA(2)«DATA(3) -2 2
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where gl(t) and gz(t) are uncorrelated white random

processes with unite spectral density.

In [8] is shown that equation (41) has the same It6 and
Stratonovich solutions as the term (20) is equal to zero.
So, we solve (41) with Euler (5') and Runge-Kutta (13)
methods. Listings of user subroutines are shown in Tables
13-15. Results of simulation during time t € [0,1] and
initial conditioms xl(O) = n/4, x2(0) = n/4 with different
1/2K, K=1,2,...,14, are shown

in Tables 16-17. The solutions xl(l), x2(l) as functions

integration step size h

of parameter K are shown in Fig. 7 which proves that the
Runge-Kutta method (13) has a higher rate of convergence
than the Euler method (5').



001
o2
003
004
00%
00é
007
0os
009
010
011
012

001
002
003
004
005
006
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TaBLE 13

PROGRAM MAIN
DIMENSYION X{1(2),W(22)
TMIN®D,O
TMAX=1-0
DP=TMAX
TP1=DP
KMAX=14
JSTEP=0
METHOD=1
NX=z2

NR=2
WRITE(6,33)

33 FORMAT(5X,19H RUNGE=-KUTTA METHORD)
DO 1 K=1,KMAX
WRITE(6,22)K

22 FORMAT(|6)

NY=65317

X1¢(1)=0,785

X1(2)=0,785

CALL STOCH(X|,TMIN, TMAX,NX,NR,EPS,K,KMAX,KM|N, |STEP,METHOD,
1TP1L,DP,NU, IS, W)

1 CONTINUE
sTOP
END
TABLE 14

SUBROUTINE SIDE(T,HyX,R,DX)
DIMENSION X(1),DX(1),R(1)
DIMENSIOM AC2)
S=ESIN(X(1))

C=COS(X(1))

A(L)=X(2)

A(2)=-3

B=CxR(1)+S%R(2)
DX(1)=A(1)*H
DX(2)=A(2)#H~-B

RETURN

END

TaBLE 15

SUBROUTINE QUTP(T,X,wW|ENER)
DIMENSION X(1),WIENER(L)
WRITE(6,1)T,X(1),X(2)

1 FORMAT(3F18.10)
RETURN
END



TABLE 16

RUNGE=KUTTA METHOD

K=1 t
0.,0000000000
1,0000000000

2
0,0000000000
1,0000000000

3
0.,0000000000
1.0000000000

4
0.0000000000
1.0000Q000000

]
0,0000000000
1,0000000000

6
0,0000000000
1,0000000000

7
0.0000000000
1,0000000000

8
g.0000000000
1,0000000000

9
0.0000Q0C000
1,000000000¢0

10
0.0000000000
1.0000000000
11
0,0000000000
1,0000006000
12
0.,0000000000
1,0000000000
13
0,0000000000
1.0000000000
14
0,0000000000
1.0000000000

S
0,78499999564
0.755981794%

0,7849999964
0.867913648%

0.7849999964
0,8875938505

0.7849999964
0.8886059821

0.7849999964
U,.B8837629259

0.7849999964
0.883585214¢6

0,7849999964
0,8829277456

0,7849999964
0,8827768266

0.7849999964
0.8813270479

0,7849999964
0,8813672960

0,7849999964
0,8814257830

0,7849999964
0,8814252317

0,76849999964
0,8814192563

0.,7849999964
0,8814185113

X

2
0.7849999964
0.0567011535

0,7849999964
0.0010905191

0,7849999964
0,0400029011

0,7849999964
0,0224689320

(,7849999964
0,0077346563

0,7849999964
0,0092189689

D,7849999964
0,0078043751

0.7849996964
0,0072949543

0,7849999964
0,0067779524

0,7849999964
0.0066111484

0,7849999964
0,0067376704

0,7849999964
0,0067664690

0.7849999964
0,0067955683

0.7849999964
0,0067782488



TaBLE 17

EULER METHOD
K=1 t

0.,0000000000
1,0000000000

2
g.,0000000000
1.0000000000

3
0.0008000000
1.,0000000000

4
0.0000000000
1,0000000000

5
0.0000000000
1,0000000000

6
¢.,0000000000
1.000000000C0

7
v.0000000000
1,000000G000

8
0.0000000000
1.,0000000000

9
0.0000000000
1,00G60000000

10
0.,0000000000
1,0000000000

11
G.0000000000
1.,0000000000

12
0.0000000000
1,0000000000

13
¢c.00060000000
1.0000000000

14
0.0000000000
1,0000000000

X

0,7849999964
0,9426864088

0,7849999964
0,9193312973

01,7849969964
0.9185541421

0,7849999964
0,9033740759

0,78499999864
0.8915344328

0,7849999964
0,8868568391

0,7849999964
0,8847047687

0.76849999964
0.8837036937

0,7849999964
U,881746619%9

0,7849999964
0.8815876842

0,7849999964
0,8815371841

0,7849999964
0,8814813346

0,7849999964
0,8814466149

0.,7849999964
0,8814319670

%

0,7849999964
-0,4416966140

0,7849999964
-0.,1712644026

0,7849999964
~0,0245606415

D,7849999964
~0,0134939626

0,7849999964
-0,011955695¢2

0,7849999964
-0,0003889427

0,7849999964
0,0031411243

0.7849999964
0.0050881854

0.7849999964
0.0055904603

0,7849999964
0,0060214628

0,7849999964
0,0064465657

0,7849999964
0.0066198139

0,7849999964
0.0067221449

0.7849999964
0,0067414588

46
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9. APPENDIX

Iterative solution of the n-dimensional It0 stochastic
differential equation (19) provides the next difference

scheme, similar to the one-dimensional scheme (15):

m
xi(t) = xi(to)-i-ai At-+_§ bij ij(to) +
J=1
m n m db.. m ,3b
i At 1]
+ ¥ ¥ I b n,.(ty) + =5 2( +
j=1 k=1 £=1 3Xk k£ 2570 2 j=1 ot
(41)
n aal n abij
+ —— + +
kil 9Ky bkj kil 90Xy ak) Aw, (tg)
aal n aai (At)2
*ime Y. %k 9% 2
k=1 k
where AWj(tO) = Wj(t)"wj(to),
1 2 .
=l [(ij (to)) _At]r L = J
"zj(to) = (42)
1 .
5 sz(to) ij(to), L # 3.

Algorithm (41) is not used in our routine. We have published
it, as expression (41l) is more general than expressions (15)
and (23) in [14]. Our scheme (41) provides not only sample
moments convergence as (15) and (23) in [14], but also the
sample path convergence. Besides expression (23) in [14]
contains some misprints and expression (15) in [14] doesn't
consider the correlation between dependent random variables
Zln and ZZn' Such a correlation is taken into account in
scheme (3.2) in [6] but this algorithm is implementable only
for the one-dimension case (and provides only sample moments

convergence) .
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In order to obtain the Stratonovich solution of equation
(19) by means of (41) it is necessary to replace expression
(42) by

_1 .
npy () = 7 AWy (kg) Aws () - (42)
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