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Summary 

In an engineering treatment of the rotation of a layer or hot gas emerging from 

under a balcony hlorga,n a,nd Marsllall [l] introduced the concept of a liorizontal 

Equivalent Gaussian Source for the resulting vertical plume. 

They found it necessary to suppose that in the rotation the entraiment was more 

thall 5 times the amount to be expected using conventional entrainlnent 

coefficients for vertical plumes. 

In this report two versions of an alternative model are given and it is suggested 

that the apparently high entrainment is due to t,lle way equivalence is defined, 

i.e. it is in part real in part fictitious and in part an effect of temperature not 

in the Morgan and Marshall model. 

Introduction 

It is now practical to analyse flow problems by computational fluid dynamics 

and this means that some of the analyses can be refined, modified or validated 

against such calculations. This paper deals with a problem in smoke flow still 

awaiting such an analysis: it does however offer an explanation of an unresolved 

discrepancy between an empirical model and data. 



Morgau and Marshal1 [l] have interpreted da.ta on horizontal flows emerging 

from under a balcony as if there was considerable extra entra.inment when the 

layer rotated into an upward plume. They originally proposed a model, which as 

they themselves recognized, was "ad llocl': to  fit data to it  required assuming an 

entrainment coefficient over 5 times that found by Lee and Emmons [2] for a 

vertical plume, i.e. 0.90 instead of 0.16. 

In horizontal stratified flows one would expect a lower value so the result 

presents a problem in interpretation: 110 explanation has as yet been offered of 

why thc value of 0.90 is so far above what would he expected for a situation 

intermediate between a near zero entrainment coefficient and 0.16 for vertical 

flea.. 

The Theory of R f o r m ~  and Marshal1 

Morgan aud Marshall wished to produce a model for the flow of a lager around 

a corner with no account being taken of the conditions in a room which resulted 

in a layer of hot gas moving under a flat horizontal surface. Their result would 

therefore be suitable for general application. 

Continuity of thcrmal energy, i.e. convected heat was assumed and the effect of 

buoyancy on the rotating flow was described in terms of the change from 

potential to kinetic energy, the resulting upward flow being described in terms of 

a plume from an Equivalent Source having Gaussian distributions of velocity and 

temperature rise across a horizontal section. 

The value of an arbitrary coefficient of entrainment on one side of the rota.ting 

flow was obtained by matching the equations to data. It  was this arbitrary 

coefficient which proved unexpectedly large. 

There are two defects in the theory. The assumption of the conservatioli of 

potential and kinetic energy is plausibly correct in the limit of no entra,inment 

when, a t  any level 'zl there would be acceleration due t o  buoyancy. However, in 



the turbulent system there is a continuous dissipation of energy: in plume theory 

momentum and buoyancy equations are used, not energy. 

Secondly, making a Gaussian Source equivalent to a "top hat" or trialigular 

distribution means one cannot have equivalence both in average temperature rises 

and in values. If average temperature rises are conserved (in the absence of 
entrainment) one would have to postulate a rise in peak temperature! Peak 

temperature rises would be less than "theoretically" required and would imply a 

fictitious entrainment. 

Matching therefore takes place over a distance over which the average 
temperature rise falls sufficiently. Any temperature measurenlents within this 

region would be misleading if interpreted as being for a Gaussian plume. 

The Velocitv Distribution 

The discussion of the flow out of openings customarily assumes the velocity is 

low in the neutral plane where inflow and outflow pass each other, see Fig. 1. 

The gases flowing out at A have a velocity due to the reduction in hydrostatic 

pressure from B to A but there is a vena contracta since some fluid has to move 

down from C and cannot change direction sharply. 

Figure 1 



This effect does not arise in the same way when the layer flows out from under 

a flat surface as in Fig. 2. 

Entrainment 
I 

.I' Low entrainment 

Figure 2 

There is no stagnant region upstream, the only pressure drop k i n g  associated 

with friction or a change in cross-section. 

This type of flow would have a lower velocity a t  C than a t  A. In view of thesc 

different processes giving rise to different velocity distributions across the layer it 
is plausible, in the absence of other information, to assume unifornlity as did 

Morgan and Marshall. 

Alternative Theorv 

We shall describe two models (based not on energies, but on momentum and 

buoyancy) one integral and one differential, but we first will need to compare a 

plume with "top hat" distributions of velocity and temperature rise with a 

Gaussian Lee and Emmons plume. This will permit an exploration of what is 

meant by an Equivalent Gaussian Source. 



Gaussian and Ton Ha,t Plumes 

Lee and Emlnons assumed a distribution of a small density difference and hence 

of a small temperature rise across the plume viz 

and of velocity 

where the suffix c denotes centre line, peak values, b is a characteristic width of 

plume (which depends on height) and X is a parameter found experimentally to 

be 0.9. 

We seek to examine the conditions for an equivalence to be plausible and 

compare the equations for Gaussian and top hat plumes, necessarily assuming 

similarity and following the far field equations of Lee and Emnlons [2] and 

Morton [3]. Here the following derivation follows that of Mitler [4]. 

Gaussian (after Lee and Emmons) 

dm' Mass G = 2EG wcpo 

Momentum 

Top Hat (two sided) 

where E is the entrainment coefficient m' and M' being mass and momentum 

respectively per unit length. 



Convection (the suffix c 

being now dropped) 

(3A) 
where Q' is the heat flow 

per unit length 

m' = &pob (4A) 

may be recalled that omitt~ing the fluctuating components of w and 0 is 

missiblc so long a,s thcy are proportional (similar) to the me,an values. blie 

portionality constant is in effect absorbed into the experimentally deterninecl 

e we have not separated the velocity ancl temperature distributions for the 

a.t plume, so our comparison properly ought to be ba,sed on ,\=l. From the 

we now ha, \c  

and there is clearly an equivalence in m' and M' for a given Q'  and z if [4] 

Top Hat 



We consider the flow described as in Fig. 2 and Fig. 3 with "top hat" profiles. 

ontinuit,y of convected heat gives 

(9) 

re m; is the mass of gas flowing under the unit length of edge. It has a 

perature rise 81 and a velocity V a.nd its specific heat is c - assumed 
P 

uating the gain in vertical momentum to the buoyaucy gives 

(10) 

where w2 is the mean vertical velocity, where 01-O2 is provisionally assumed 

small compared with and 02, and where the mean density has been taken, for 

and the shaded area A is written as kBHi 

where l > k > 112 

If the shaded area were a square k would be 

k would be 

k would be 



Many of the results below depend on 6 which varies by ?C 13% with the above 

figures. We shall for convenience take 

rom definitions we have 

But from conventional theory for the flow out of openings (see also Hinkley 



We can write m$ as n ~ i  with the addition of the entrained flow and for this we 

eed an upward velocity averaged over the rise H/2. For simplicity we take the 

lue appropriate to zero entrainment i.e. :w2 (as did Morgan and Marshall) and 

(18) 

(19) 

(20) 

0 
00' and E = $2 x 0.16 i.e. 0.22 and k - 5 we have 

ratio of the peak t o  average temperature in a Gaussian Plume is, from Lee 

(21) 

e ratio is 1.41 instead fa the 1.50 in their plume. An 



equivalent Gaussian Plume , i.e. equivalent in mass momentum and heat flow 
requires a fictitious entrainment to explain the measured axial temperature being 

less than the "theoretical" and the estimate of entrainment will then be 1.4.1.34 

1.88 i.e. 88% extra. The use of X = 0.9 will give 100% extra. 

result is perhaps fortuitously close to Morgan and Marshall's presumption of 

xtra 100% entrainment around a corner. We shall, below, describe a 
rential version of the above model but we first need to note the ratio of w2 

the far field velocity wff for a top hat plume. 

rom eqmtion (4B) -4 (7B) 

(23) 

h is 0.83, less than unity for the values of the constants taken here. As 
rgan and Marshal1 sta.te, the plume is of the retarded type but the 

pearancc of E and CD, both essentially exnerimental constants suggests that a 
merical analysis is required. 

ate tbe position of the virtual 

quations (6), (7) and (22) give 





that from equation (23) 

is A. the correction to a neutral plume obtained by extending 

d plume as in Fig. 4. 

for energy flows [5]. 

= 0.20, is between 0.46 and 0.38 

ta  obtained by Morgan and Marshall and has 

ed values of between 0.20 and 0.60. 

A [7] has analysed some larger scale experiments satisfactorily with :: 

t to get good estimates of A requires more temperature data along the 
A the plume than in either of these sets of experiments: -R varies only by 

entrainment around the corner is, say 100% instead of 50% of the layer 

around a corner, however measured or assessed is 
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ly important for plumes that do not rise far. That is, it is less important for 

pensive smoke clearance installations when the smoke layer is kept high. 

the discussion has been in terms of zone models, perhaps now no 

ssary since these problems are better pursued by nieans of "field" 

the analysis shows how it may be possible to account for Morgan and 

upposedly large entrainment. One fact is that the entrainment 

it11 "top hat" flow is higher than with Gaussian flow and the other 

ing the two flows can introduce a fictitious entrainment because 
ithout thermodynamics) produces calculated (but unreal) fises in 

(for zero entrainment) and real measured temperature rises will 
mply dilution. This means, in short, that fitting a plume with a 

tribution down to the level of the balcony (XX) in Fig. 3 is itself 

the problem i.e. it leads to higher than realistic entrainment 

of difficulty lies in the treatment of the secondary effects of 

er equations (1B) to (5B),  redefining 

The definitions of A. and A 



l 
the density in the plume. Equation ( IB)  is unaltered. where pp = p. v , 

2g Bhp, 
The right hand side of equation (2B) becomes - T ~  , whilst the left hand side 

n 

2 h c  p,T0 
of equation (3B) is 

0 

Equations (GB) and (7B) remain unaltered and, a.t this level of a,pproximation, 

the solutions to the equations give 0 in term of 0 D 
T F . 

This suggests that in the zone where transition from layer to plume is occurring - 
a source of thermodynamic difficulty - the theoretical temperatures should he 

lower thau estimakd by Morgau and Marshal1 and a conlparison with data 

would imply a lesser dilution than would be apparant from their theory. Lee and 

Elnmous explicitly assume the a,hsence of density differences except in the 

buoyancy term: their theory does not distinguish between p and po, T aud To 
except when p -p and T-T are involved. 

0 0 

4 .  A Differential Zone Alodel 

For this approach to calculating the trajectory of the plume, equations are 

obtained by integrating the miss, inomentunl and heat conservation equations 

across a section at height z. The width of the plume and depth of the layer are 

regarded as small compared to the radius curvature. We follow Morgan and 
Marshall's assumption relating entrainment to vertical velocity, viz. the mass 

increases as 

where V is the actual velocity and q5 is the inclination of the plume to the 

horizontal. Density differences are neglected except in the huoyailcy term. 



Horizontal momentunl is conserved so 

m' Vcos 4 = m ' V  1 1  

where m' is the local mass and m i  is the layer mass flow at  velocity V1 per 

unit length of surce. Vertical momentum and buoyancy give 

for an ideal gas. 

Heat conservation gives 

m'c 0 = Q' 
P 

and by definition 

dz E = Tall 4 

From equa,tions (30), (32) a,nd (33) 

Equations (30), (31) and (34) give 

d m ' m' z = p Em' 
0 

Equations (35) and (36) 

flow m(z,nlo) It follows 

can be used to obtain the trajectory z(x) and the mass 

from equations (35) and (36) that 



so that 

where the constant of integration is zero. 

Hence m' = 
B2 dz 
E X  

and differentiation gives 

from which 

where p is an integration constant 

From equation (38) 



g. 5 shows a trajectory y(R) 

Figure 5 Idealised trajectory 



appropriate for flow in free space - without a faca.de behind the plume. The 

definition of the initial conditions is inadequate since departure from the 

horizontal flow (i.e. S f 0 in Fig. 4) commences upstream of the opening. 

However, for our purposes and at  this level of simplificatio~l it would probably 

not be worth while to allow for this. 

111 ' 2 We require nil when z = H' for which we have to solve 

' - p H' v. But m1 - 

L 

Dimensional analysis suggests the term in brackets is a constant a,nd I-Iinliley 

E2/3 
The left hand side .32/3 is then approximately 0.25 and R + 0.66 so that 

mi? , = 1.34 the differential and integral approximate solutions being effectively 
m, 

l 

the same for the same numerical values of E and v. This dependance on only E 
and v, as well as presumably CD, is made more clcar in the dilfercntial solution. 



For a first linear aproximation we have 

% and - = l + w 3 = l +  2 3 / 2 ~  
ml W 

Conclusion 

As Mitler has shown, coluparing a Gaussian plume and a Top Hat plume shows 

their equivalence in mass and momentum requires a 40% increase in entrainment 

coefficient. The definition of an Equivalent Gaussian Source presents no 

theoretical problems provided no significance is attached to measurements of 

temperature in the region where the real temperature cannot thermodynamically 

exceed the temperature of the layer or uniform source to which the Gaussian 

Source is equivalent. However based on real measurements one might deduce a 

fictitious dilution. It has been pointed out that modifying conventional weak 
plume theory to incorporate the effect of the lower plume density in the heated 

plume is not warrented by the Lee and Emmons theory: although some 

correction may be required it  is not based on simple substitution of T for To. 

The above rea.sons all give grounds for thinking that the 100% extra entrainment 

deduced by Morgan & Marshall is unreal; a full analysis by means of 

computational fluid dynamics is required. 
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