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Summary

In an engineering treatment of the rotation of a layer of hot gas emerging from
under a balcony Morgan and Marshall [1] introduced the concept of a horizontal
Equivalent Gaussian Source for the resulting vertical plume.

They found it necessary to suppose that in the rotation the entraiment was more
than 5 times the amount to be expected using conventional entrainment
coefficients for vertical plumes.

In this report two versions of an alternative model are given and it is suggested
that the apparently high entraimmnent is due to the way equivalence is defined,
i.e. it is in part real in part fictitious and in part an effect of temperature not
in the Morgan and Marshall model.

Introduction

It is now practical to analyse flow problems by computational fluid dynamics
and this means that some of the analyses can be refined, modified or validated
against such calculations. This paper deals with a problem in smoke flow still
awaiting such an analysis: it does however offer an explanation of an unresolved
discrepancy between an empirical model and data.
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2.1

Morgan and Marshall [1] have interpreted data on horizontal flows emerging
from under a halcony as if there was considerable extra entrainment when the
layer rotated into an upward plume. They originally proposed a model, which as
they themselves recognized, was "ad hoc": to fit data to it required assuming an
entrainment coefficient over 5 times that found by Lee and Emmons [2] for a
vertical plume, i.e. 0.90 instead of 0.16. ‘

In horizontal stratified flows one would expect a lower value so the result
presents a problem in interpretation: no explanation has as yet been offered of
why the value of 0.90 is so far above what would be expected for a situation
intermediate between a near zero entrainment coefficient and 0.16 for vertical
flow.

Theorv

The Theory of Morgan and Marshall

Morgan and Marshall wished to produce a model for the flow of a layer around

a corner with no account being taken of the conditions in a room which resulted
in .a layer of hot gas moving under a flat horizontal surface. Their result would

therefore be suitable for general application.

Continuity of thermal energy, i.e. convected heat was assumed and the effect of
buoyancy on the rotating flow was described in terms of the change from
potential to kinetic energy, the resulting upward flow being described in terms of
a plume from an Equivalent Source having Gaussian distributions of velocity and
temperature rise across a horizontal section.

The value of an arbitrary coefficient of entrainment on one side of the rotating
flow was obtained by matching the equations to data. It was this arbitrary
coefficient which proved unexpectedly large.

There are two defects in the theory. The assumption of the conservation of
potential and kinetic energy is plausibly correct in the limit of no entrainment
when, at any level 'z' there would be acceleration due to buoyancy. However, in




. 2.2

the turbulent system there is a continuous dissipation of energy: in plume theory
momentum and buoyancy equations are used, not energy.

Secondly, making a Gaussian Source equivalent to a "top hat" or triangular
distribution means one cannot have equivalence both in average temperature rises
and in peak values. If average temperature rises are conserved (in the absence of
entrainment) one would have to postulate a rise in peak temperature! Peak
temperature rises would be less than "theoretically" required and would imply a
fictitious entrainment.

Matching therefore takes place over a distance over which the average

temperature rise falls sufficiently. Any temperature measurements within this
region would be misleading if interpreted as being for a Gaussian plume.

The Velocity Distribution

The discussion of the flow out of openings customarily assumes the velocity is
low in the neutral plane where inflow and outflow pass each other, see Fig. 1.
The gases flowing out at A have a velocity due to the reduction in hydrostatic
pressure from B to A but there is a vena contracta since some fluid has to move
down from C and cannot change direction sharply.

A
©
®

AAA

Figure 1




This effect does not arise in the same way when the layer {lows out from under

Entrainment -'7

a flat surface as in Fig. 2.

G

/Entminmenf

T Low entrainment

NV

Figure 2

There is no stagnant region upstream, the only pressure drop being associated
with friction or a change in cross—section.

This type of fiow would have a lower velocity at C than at A. In view of these
different processes giving rise to different velocity distributions across the layer it
is plausible, in the absence of other information, to assume uniformity as did
Morgan and Marshall.

Alternative Theory

We shall describe two models (based not on energies, but on momentum and
buoyancy) one integral and one differential, but we first will need to compare a
plume with "top hat" distributions of velocity and temperature rise with a
Gaussian Lee and Emmons plume. This will permit an exploration of what is
meant by an Equivalent Gaussian Source.




2.3.1

Gaussian and Top Hat Plumes

Lee and Emmons assumed a distribution of a small density difference and hence
of a small temperature rise across the plume viz

o
6=20,ce A%
and of velocity
%
W= W, e b?

- where the suffix ¢ denotes centre line, peak values, b is a characteristic width of
. plume (which depends on height) and X is a parameter found experimentally to
1 be 0.9.

" 'We seek to examine the conditions for an equivalence to be plausible and
'_'__-j"'compare the equations for Gaussian and top hat plumes, necessarily assuming
‘similarity and following the far field equations of Lee and Emmons [2] and
" Morton [3]. Here the following derivation follows that of Mitler [4].

- Gaussian (after Lee and Emmons) Top Hat (two sided)
Mass 90 = 9F ., w (1A) dm' _ 9p (1B)
: dz G Yefo dz — °°T )
Momentum
' _ BObVTAL, av _ 2800y
Iz = T (2A) dz = _T—_o (2B)
0

where E is the entrainment coefficient m' and M' being mass and momentum
respectively per unit length.
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Convection (the suffix ¢
being now dropped)
VT A : _ , - o
(1+,\2)1 5 Qv\cppob = Q' 20wcpp0b = Q (3B)
| (34)
where Q' is the heat flow
per unit length
 where m' = ﬁrwpob (4A) where  m' = 2whp, (4B)
M = %szob (5A) M' = 2w?bp,  (5B)
2

It may be recalled that omitting the fluctuating components of w and  is
:_:'- _pérmissible 80 long as they are proporiional (similar) to the mean values, the

proportionality constant is in effect absorbed into the experimentally determined
Here we have not separated the velocity and temperature distributions for the
top hat plume, so our comparison properly ought to be based on A=1. From the

-above we now have:

‘Gaugsian  A=] Top Hat

:' a_f = 2/2p, M'/m’ E, (6A) = 20 o B (6B)
dM' _ gQ' m' A _gQ' m 7B
e EQTCD - 5 (7A) = B—Tcp oW (7B)

and there is clearly an equivalence in m' and M' for a given Q' and z if [4]

ET =42 EG (8)




An Approximate Integral Model

" We consider the flow described as in Fig. 2 and Fig. 3 with "top hat" profiles.

'mperature rige 91 and a velocity V and its specific heat is cp — assumed
‘constant.

mywy ST T8 (10)

. where w, is the mean vertical velocity, where 0,—0, is provisionally assumed
. small compared with f; and d,, and where the mean density has been taken, for

e T
. convenience, as p o T_-??F' and the shaded area A is written as kBH'
o o 1

where 1>k >1/2
If the shaded area were a square k would be 1.0
If it were a triangle k would be 0.5

If it were a quarter of an ellipse k would be g = 0.785




.~ Many of the results below depend on yk which varies by & 13% with the above
" figures, We shall for convenience take

k = 2/3
_Hence I’IE;W2 = g_2.. pO m [1+WJ BH' (11)
From definitions we have

1

=gk (12)

1 Cpml

mé B sz 3

m; - 'V (13)

_.Where the difference between the densities of mi and mé is neglected and
§/H <« 1.

t pOTO 1
|
2 — k ‘ lnl ! -
W2 = Eg""-* Olnl [l'f'”ﬁ“:l*"gr] H (IO)

L = 2|2 0 H' (16)
g QI3 3 IO-I—EJI
0
O{pocpio}
13, 141/2
| 1/33 TO-H]I my
RN el ot el R o




‘We can write my as m; with the addition of the entrained flow and for this we
need an upward velocity averaged over the rise H/2. For simplicity we take the

“value appropriate to zero entrainment i.e. %Wz (aé did Morgan and Marshall) and
so obtain

m,] Ew,p H'
2 ., 2 2%
1/2
e BE (19)
2y [
'_:We denote
%{i 1+1$r1— as K
D 0
m,
ﬁ]—-% as y
1
1 1/2
y = 1+K[1+§] (20)

for Cpy - 07, 6 - T, - 300° and E = 7 x 0.16 Le. 0.22 and k - 2 we have
K~ 0.26.

& 1.34

EIR:]

_"’If"l'ie ratio of the peak to average temperature in a Gaussian Plume is, from Lee
and Emmons

5 1/2
max _ (1427 (21)

f'___'__Here we take A = 1 and the ratio is 1.41 instead fo the 1.50 in their plume. An
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equivalent Gaussian Plume , i.e. equivalent in mass momentum and heat flow
requires a fictitious entrainment to explain the measured axial temperature being
less than the "theoretical" and the estimate of entrainment will then be 1.4:1.34
% 1.88 ie. 88% extra. The use of A = 0.9 will give 100% extra.

The result is perhaps fortuitously close to Morgan and Marshall's presumption of
“an extra 100% entrainment around a corner. We shall, below, describe a
Q_--'d:jfferentia,l version of the above model but we first need to note the ratio of w,
“to the far field velocity Wier for a top hat plume.

.--:From equation (4B) — (7B)

0'p o
s0 that
W 1/3 T +4 1/3 I, 1/2
2 - {3] A | I W (23)
wep o U tp T, )

which is ~ 0.83, less than unity for the values of the constants taken here. As
forgan and Marshall state, the plume is of the retarded type but the

“appearance of E and CD, both essentially experimental constants suggests that a
‘numerical analysis is required.

Before discussing the differential model we evaluate the position of the virtual

_'I‘he Virtual Source

_:.;:.._-__-.__Equations (6), (7) and (22) give

2
M“dM 3
m2dm ff
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where for convenience M and m are used for M' and m' respectively.

M = Mg + W%f(m3 - mg)

84
W p Bz = dm (25)
ff Po ©T M3 w3 311173
m LW
2 |14
Wffl‘ﬂ

s0 that for small departures from neutrality i.e.

Mg — W?,f mg <« w?f m‘g

Mg—wfg fmg Mg——w% ¢m

Wwee p  Eqn z=m—m, — 5 + (26)
ff%o ™T 2 ] W?f m% GW? me

11:(__311 m— o and 2z — « in the far field

. P\flg—w% fmg}

2w P Bz =m = my = Sy (27)

6Wff m .,
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3/2
A= m2 §+1 ETTH 1+ﬁ (28)
B powir | 87 6372 \Cp T )"~ My
M
m is A the correction to a neutral plume obtained by extending
SET Fo'ff
the truncated plume as in Fig. 4.
% AO is an upper bound for A for a retarded plume
Ay S Mo
6 2B oy
{ 1.35/28, (2E) /3 .Y
F— m'
Y = for energy flows [5].
1 £Q' 173
o]
0 lp 0T,
A, 5 1.35
W6 023 Y (29)

Y =020, & is between 0.46 and 0.38

mas [6] has analysed data obtained by Morgan and Marshall and has

__ulated values of ﬁ- between 0.20 and 0.60.

er [7] has analysed some larger scale experiments satisfactorily with H N
0___but to get good estimates of A requires more temperature data along the

_ s of the plume than in either of these sets of experiments: % varies only by
6% if entrainment around the corner is, say 100% instead of 50% of the layer
flow. The role of entrainment around a corner, however measured or assessed is
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ynly important for plumes that do not rise far. That is, it is less important for
xpensive smoke clearance installations when the smoke layer is kept high.

\ \ Retarded plume__/ /
\ Neutral plume

\ Nominal /
\ source

1w
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cussion of Integral Model

gh the discussion has been in terms of zone models, perhaps now no

" ecessary since these problems are better pursued by means of "field"

g, the analysis shows how it may be possible to account for Morgan and
supposedly large entrainment. One fact is that the entrainment

nt with "top hat" flow is higher than with Gaussian flow and the other

atching the two flows can introduce a fictitious entrainment because

(

re (for zero entrainment) and real measured temperature rises will

without thermodynamics) produces calculated (but unreal) rises in

ily“imply dilution. This means, in short, that fitting a plume with a
| distribution down to the level of the balcony (XX} in Fig. 3 is itself
of the problem i.e. it leads to higher than realistic entrainment

"0_'11:_1.‘ce of difficulty lies in the treatment of the secondary effects of
Consider equations (1B) to (5B), redefining
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m = 2wbpp
9wl
M = 2w bpp

T

0 e . . .

where o = Py m , the density in the plume. Equation (]'B,) is unaltered.
2g0bp,
The right hand side of equation (2B) becomes TTF whilst the left hand side
0

20wc pOTO

of equation (3B} is ﬁ—— .
0

Equations (6B} and (7B) remain unaltered and, at this level of approximation,

: : , : f g
the solutions to the equations give # in term of T NOt g
0 ot

This suggests that in the zone where transition from layer to plume is occurring
a source of thermodynamic difficulty ~ the theoretical temperatures should be
lower than estimated by Morgan and Marshall and a coﬁ;&parison with data
would imply a lesser dilution than would be apparant from their theory. Lee and
Emmons explicitly assume the absence of density differences except in the
buoyancy term: their theory does not distinguish between p and o T and TO
except when PyP and T~TO are involved.

A Differential Zone Model

For this approach to calculating the trajectory of the plume, equations are
obtained by integrating the mass, momentum and heat conservation equations
across a section at height z. The width of the plume and depth of the layer are
regarded as small compared to the radius curvature. We follow Morgan and
Marshall's assumption relating entrainment to vertical velocity, viz. the mass
increases as

dm — Fp Vsin ¢ (30)

where V is the actual velocity and ¢ is the inclination of the plume to the
horizontal. Density differences are neglected except in the buoyancy term.

I
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Horizontal momentum is conserved so
m' Veos ¢ = myV, (31)

where m' is the local mass and mi is the layer mass flow at velocity v, per
unit length of surce. Vertical momentum and buoyancy give

1d [y2,:.2

: EE[V sin ¢J - %3 0 (32)
for an ideal gas.
Heat conservation gives

m'cp@ = Q' (33}

and by definition

—gizj = Tan ¢ (34)

From equations (30), (32) and (33)

9
dm' d"m' 2 -2 Q) .
W dz 2 Tl =¥ (35)
7 0

Equations (30}, (31) and (34) give

dm' dz
m' a-? = ﬂOEHl' Vv a)—( (36)
_ dz
=B dx

Equations (35) and (36) can be used to obtain the trajectory z(x) and the mass
flow m(z,mO). It follows from equations (35) and (36) that

dz d"m :%“
a;-‘dzz B
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so that

dm' _F _
dz ° BFX

where the constant of integration is zero.

2
Hence m = %}E g—}—z{-

and differentiation gives

dm' _ Fx _ Bg.d_gg.dh _ Ez_
dz Fx dx? dz Fx
from which
Fx | Fx , B® | _d% | dz
B2 | B TRt e E
3 2
F Fx B L dz
—E;-Q— B~—3—+F—-Lnx an—dE-i-p

where p is an integration constant.

F2x3
Hence m' = mi exp | —5-
3B
3 2
But P = o 8Q / mPv3=FE ?0 Q.
33 3 pocpTO 1 "1 73 ml\/1 e T
(43)
From equation (38)
X Q=C1/3x
Fm; 3 m,
Z:B21 xecx dx=323Fﬁ11§ we' dw

(37)

(44)
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Fig. 5 shows a trajectory y(f2)

-

200+

15.0 4

10,0 4

5.0~

301
201
10+

17

Figure 5  Idealised trajectory
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Q w3
y = j we dw
0

appropriate for flow in free space — without a facade behind the plume. The
definition of the initial conditions is inadequate since departure from the
horizontal flow (i.e. 6 # 0 in Fig. 4) commences upstream of the opening.
However, for our purposes and at this level of simplification it would probably
not be worth while to allow for this.

|
ID{)

We require =T when z = H' for which we have to solve
1
Q
32/3mi K
7z = H' = 173 we' dw
2/3.2/3 ‘
e )
p o
| B T
But  my =p H VO
Y
; B23 || aq 1/3/ . W3d
ence : = | we' dw
32/3 pocpT0 0
0

Dimensional analysis suggests the term in brackets is a constant and Hinkley

1/3
obtained v ie. V, / {&%— as 0.7.
Potp o
The left, hand B*/? ! d 0 h
e left hand side is then approximately 0.25 an + 0.66 so that
v3273
my

m—rl = 1.34 the differential and integral approximate solutions being effectively
the same for the same numerical values of E and v. This dependance on only E

and v, as well as presumably CD, is made more clear in the differential solution.
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For a first linear aproximation we have

E?/S o RQ

32 3 2

My 3 93/2p,
and —r- 2 1 + w" = 1 +

m1 3V3; 2

Conclusion

As Mitler has shown, comparing a Gaussian plume and a Top Hat plume shows
their equivalence in mass and momentum requires a 40% increase in entrainment
coefficient. The definition of an Equivalent Gaussian Source presents no
theoretical problems provided no significance is attached to measurements of
temperature in the region where the real temperature cannot thermodynamically
exceed the temperature of the layer or uniform source to which the Gaussian
Source is equivalent. However based on real measurements one might deduce a
fictitious dilution. It has been pointed out that modifying conventional weak
plume theory to incorporate the effect of the lower plume density in the heated
plume is not warrented by the Lee and Emmons theory: although some
correction may be required it is not based on simple substitution of T for T o

The above reasons all give grounds for thinking that the 100% extra entrainment
deduced by Morgan & Marshall is unreal; a full analysis by means of
computational fluid dynamics is required.



[1]

2]

3]

[4]
[5]

[6]
7]

20

References

Morgan H.P. and Marshall N.R., "Smoke Hazards in Covered Multi~Level
Shopping Malls: Some Studies Using a Model 2 Storey Mall". Current paper
48/75 BRE, Borehamwood 1975.

Lee S.~L. and Emmons H.W., Journal of Fluid Mechanics 11, 1961, p 353.

Morton B.L., Tenth Symposium (International) on Combustion. The Combustion
Institute, p 973, 1965.

Mitler H. (personal communication).

Hinkley P.L., "The Flow of Gases Along an Enclosed Shopping Mall. A
Tentative Theory". Fire Research Note 807, Borehamwood 1970.

Thomas P.H., Fire Safety Journal 12, 1987, p 191.

Porter A., "Larger Scale Tests to Evaluate Mass Flow of Smoke in Line Plumes"
(to be published).




