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Verification of the BET-theory by
Experimental Investigations on the Heat of
Adsorption

Bjorn Johannesson

Lund Institute of Technology, Divison of Building Materials
Box 118, SE-221 00 Lund, Sweden

Abstract

A sorption micro-calorimeter and a sorption balance were used
to obtain sorption isotherms for two different materials, porous Vycor
glass and micro-crystalline cellulose, MCC, at room temperature. The
results from these measurements are compared with the predictions
given by the BET-equation.

The results from measurements together with simulations of sorp-
tion on porous glass indicate that not only molecules adsorbed onto
the solid surface have an adsorption heat significantly different from
normal condensation heat. By assuming adsorption of molecules form-
ing the second discrete layer having a condensation heat that differs
from that of bulk water, a better match between measurements of ad-
sorption and global heat of condensation was obtained than with the
one-layer method. The experimentally obtained values of adsorption
heat of molecules on a ‘bare’ material surface differed by about a fac-
tor 2.5 from the one suggested by the BET-theory. This indicates that
one of the assumptions leading to a theoretical expression for the ad-
sorption heat involved in adsorbing water molecules onto the material
surface may be incorrect.

A very poor match was observed between experimentally obtained
values, for micro-crystalline cellulose MCC regarding the heat of ad-
sorption, and values predicted on basis of physical sorption models.
This indicates that other mechanisms than molecule adsorption (on
flat surfaces) are active for this material.



The assumptions in the BET-theory are carefully studied. The
Boltzmann distribution law is examined in order to justify some of
the assumptions. Further, a detailed study is included leading to
an expression for the relation between the pressure in vapor above
adsorbate and in adsorbed layers. These considerations are based on
thermodynamics as defined in the so-called mixture theory, which is
a continuum approach.

1 Summary

The BET-theory can be used to establish how different adsorbed layers are
distributed among the total volume of adsorbate at different relative hu-
midities. According to the BET-theory each layer can be assigned a special
adsorption heat which, normally, is assumed to be different from the normal
condensation heat. The differential condensation heat measured for a ma-
terial adsorbing vapor is only the global response, i.e. heat effect from all
developed layers. Therefore, it is of interest to check whether the volume of
adsorbate in different adsorbed layers, calculated by the BET-theory, can be
compatible with assigned condensation heats for the same layers when com-
paring with experiments using a sorption micro-calorimeter. It will be shown
that for porous glass a quite good match between theory and experiment can
be obtained when assigning a special heat of condensation for only the two
first layers. For micro-crystalline cellulose no satisfying match could be ob-
tained using the BET-theory together with assumptions concerning different
heat of adsorption in different layers.

The expressions for the fraction of total adsorbed water in material lo-
cated in different assumed discrete layers will be written down explicitly, as a
function of the relative humidity, by using some of the basic equations in the
BET-theory. These expressions will be used when converting the measured
global heat of adsorption, given from the sorption micro-calorimeter, to heat
of sorption values assigned to different discrete layers. The crux is, as men-
tioned above, that the calorimetric measurements do not include any measure
of how the adsorbed molecule layers are distributed among the total volume.
That is, only a portion of vapor molecules entering the sample chamber,
will be located at sites in the material resulting in a heat response different
from normal heat of condensation. Therefore, the assumptions leading to
the prediction of the formation of layers on material surfaces are analyzed



carefully. Certain possible generalizations of the classical BET-theory are
also discussed in this context.

The sorption micro-calorimeter used for determining sorption isotherms
consists of two connected chambers, a vaporization chamber and a sample
chamber. Heat flow sensors are placed at the two chambers. At the start
of the experiment water is added to the vaporization chamber and a dry,
finely divided, material is inserted into the sample chamber. By assuming
that the air in the vaporization chamber is always saturated together with an
assumption stating that the gradient of the relative humidity in the thin tube
connecting the chambers is always constant, it becomes possible to calculate
the development of the relative humidity of air surrounding the tested mate-
rial in the sample chamber. This can be done since the measured heat of va-
‘porization in the water-filled chamber easily can be converted to a mass flow
of water molecules in the tube connecting the chambers. The mass gain of
sample is, further, calculated by integrating the mass flow of vapor molecules
entering the sample chamber. One drawback with the described calorimetric
test method is that the diffusion resistance in the thin tube connecting the
chambers must be adjusted in such a way that the underlying assumptions
becomes relevant. One consequence is that the sorption kinetics must be
shown to be quite rapid, otherwise the significance of the measurements fails
(see paper, Restrictions on the Rate of Adsorption when Evaluating Sorption
Isotherms from Measurements Using a Micro-calorimetric Technique).

In order to compare the relevance of the sorption isotherms obtained from
the sorption micro-calorimeter, measurements are also performed with a more
direct method. The instrument used is a sorption balance (DVS-1000). This
instrument consists of a closed system in which dry and saturated air are
mixed in desired proportions, using flow regulators, obtaining different rel-
ative humidities. The system is placed in a climate chamber. A balance is
placed in the system, a reference pan and a sample pan are connected sym-
metrically to this balance. The construction is used to avoid effects caused by
sorption on the sample holder. Different pre-defined relative humidities can
be set with an accuracy of about +0.5%. The mass of samples in use is typi-
cally around 100 mg and the balance measures changes in sample mass lower
than 1 part per 10 million. Relative humidity probes are placed near the
sample and reference holders. The registered measures from these probes are
only used to check the general performance during experiments since the flow
regulators are used to obtain the desired relative humidity. The performance
of the flow regulators can be tested by running calibration measurements
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using saturated salt solutions.

One of the main assumptions included in the BET-theory is the introduc-
tion of an Arrhenius factor describing the evaporation from different adsorbed
layers. By introducing this factor it becomes possible to predict the energy
required to form the few first layers by setting the ratio of some material
constants included in BET-theory equal to unity, see section 3. It will, how-
ever, be shown that this type of assumption is in conflict with the results
obtained from the experiments, which suggests that the ratio of material
constants in use should be in the order of 0.02 instead of unity. Using the
classical BET-theory the difference in terms of heat of condensation, forming
adsorbed molecules at surfaces became a factor 2.5 smaller than using the
experimentally obtained ratio of material constants for porous glass.

Since the Arrhenius factor, see section 2, is very important in the BET-
theory, the arguments for introducing it will be discussed. It turns out that
statistical arguments can be used to establish the so-called Bolzmann’s dis-
tribution law. This ‘law’ implies that the ratio of populations, in terms of
the number of molecules present in different energy levels at equilibrium, is
proportional to a factor very similar to the Arrhenius factor. From experi-
mentally obtained data it has, further, been concluded that many types of
chemical reaction rates are proportional to the Arrhenius factor, i.e. when
using the Arrhenius factor, when constituting chemical reactions, the tem-
perature dependence can be incorporated in a stringent manner.

A section is devoted to restrictions, in the model describing sorption,
imposed by the second axiom of thermodynamics. It is assumed that the
vapor and adsorbed gas can be described in terms of the Helmholtz free en-
ergy which, for the two constituents considered, is assumed to depend solely
on the temperature and its corresponding mass density concentrations. In
isothermal conditions it is shown that a differential expression can be estab-
lished connecting the pressure in gas and in the adsorbate. Some classical
results concerning, for example, the thermodynamical definition of partial
pressures and the relation for the chemical potentials at equilibrium are de-
rived. It is concluded, however, that explicit expressions for the Helmholtz
free energies for the constituents are difficult to establish. One issue is that
the energy equations as described with the Helmholtz free energies must give
a reasonable prediction of the temperature while simultaneously satisfying
all derived thermodynamic relations.



2 The Boltzmann distribution law

The BET-theory contains constitutive equations describing the mass ex-
change between adsorbed molecules and molecules in the gas phase above
the material surface. An equilibrium state is defined when the rate of con-
densation is equal to the evaporation rate for different discrete adsorbed
layers considered. These rates are described by using an expression very
similar to the Arrhenius equation. The Arrhenius equation was originally
based on experimental observations for chemical reaction kinetics. It turns
out, however, that a deeper theoretical justification for the reliability of the
Arrhenius factor can be obtained by studying the concepts established within
statistical mechanics. The similarities between the so-called Boltzmann dis-
tribution law, which is one of the most central results given from statistical
mechanics, and the Arrhenius factor will be pointed out. This subject be-
comes important since the motivation of using an Arrhenius equation in the
BET-theory cannot directly be motivated by experimental proofs but rather
by statistical methods.

Consider an assembly of N molecules in the gas phase. It is assumed
that these molecules can appear in different discrete energy levels denoted by
€0,€1, €9, ...ER, Where g, is the lowest discrete energy level and ¢, is the highest
level. The number of molecules in each level is presented as n,,n1, ng, ...n4.
A system of molecules can shift between different states, where a state is
referred to a certain combination of the total number of molecules being dis-
tributed in the different energy levels. The number of possible combinations
is referred to as complexions, denoted by 2. It can be confirmed that the
number of complexions is given as

N!

(1)

e.g. see [1], where II;n;! is the product of the n;! values for all the considered
levels. The important point that can be made from (1) is that for a large
number of molecules a certain state will dominate. This can, for example, be
illustrated by considering that all N molecules are in different energy levels,
which gives Q = N!/(1!1l..) = N!; this value can be compared with the
situation when all the molecules except one are in the lowest level, which
gives Q = N!/((N — 1)!1!..) = N. This example indicates that the number
of complexions is large when considering a broad distribution of the molecules
over all energy levels. Further, a state leading to a high complexion will be
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more probable than states having a smaller complexion.

Before proceeding, two restrictions will be introduced. The first is that
the sum of the number of molecules present in the different energy levels is
equal to the total number of molecules, i.e. -

Y ni=N (2)
The second restriction is that the total energy density is fixed, i.e.

where E denotes the total energy of the assembly.

From the above discussion it is clear that the combination of the values
No, N1, N2, ...n; among its corresponding energy levels leading to the highest
Q) is the most probable one. It is therefore of interest to find the maximum
of 2 by using the equation

o9 = Z oron (4)

Since N and E are constant, i.e. N =0 and §F = 0, equations (2) and (3)

can be written as

08 Z gibn; =0 (6)

where « and (3 are arbitrary constants.
Taking the total sum of (4), (5) and (6), one obtains

Z (g—iz +a-— ﬁsz) on; =0 (7)

7

For choices of én; values not violating the equation (2) one can make the
choice that for all 7 values one should have

Gt +a—pLPe =0 (8)
on;

where it is noted that Q is a function of n; as defined by the expression (1).
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The (approximative) solution to equation (8) can be written as
n; = e®e e 9)

The total number of molecules must further be related to the energy level ¢;,

as
N = Zni = e Ze‘ﬁsi (10)

The fundamental equation of the Boltzmann distribution is obtained by es-
tablish the ratio n;/N using (9) and (10) to obtain

. —Be;
n; e
- 11
N E ie‘ﬁsi ( )

This equation gives the fraction of molecules that are in a specified energy
state €;. The ratio between the numbers of molecules in two different levels
of energy can be obtained in the same manner, i.e.

i _ Blej—e) (12)
nj
The conclusion drawn from this relation is that the ratio of populations in
the two energy states depends on the energy difference €; — ¢;, through the
material constant 4. Within the kinetic gas theory it can, further, be shown
that 8 = 1/ (ky0), where k, is the Boltzmann constant and 6 is the absolute
temperature.

From experimental evidence it is shown that the rate of many chemical
reactions involving two constituents is proportional to the factor g Fa/(RO),
This term may be referred to as the Arrhenius factor.

Summing up, the conclusion drawn from experiments is in essence the
same conclusion drawn from the Boltzmann distribution or equation (12).
The analogy is that the number of molecules in a certain volume can be
assumed proportional to the collision frequency among molecules in the same
volume. Therefore, the fraction of collisions in two different energy states can
be presented by the same formula. That is, the fraction of collisions in which
the energy is in excess of a particular value E, is e~%+/(f%) Furthermore, the
collision frequency is very much a controlling factor for the rate of reaction
among molecules with different energy levels. It can also be noted that R
is related to k, as ky = R/N,, where N, is the Avogadre constant. The
property E, is often referred to as the activation energy.
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In the BET-theory different discrete energy levels will be assigned to
discrete layers formed on a flat surface. The static equilibrium condition in
which an equal number of molecules enters and leaves a certain layer will be
constituted by using the Arrhenius factor.

3 The BET-theory

The BET-theory gives, among other things, an estimate of the volume of
gas required to form a unimolecular layer on an adsorbent, and further, it is
possible to yield the heat of adsorption to form this layer. From the infor-
mation regarding the area on a material surface occupied by one molecule
it is also possible to predict the specific surface area of the material, from
the properties given from the BET-equation. The basic assumption in the
BET-theory is that only discrete molecule layers can be formed on the bare
material surface. Equilibrium conditions concerning the different layers are
introduced by constituting the net condensation and evaporation rates in the
system to be equal, e.g. see [2] and [3]. Different types of BET-equations
to be used express the relation of total volume of gas adsorbed in relation
to the relative vapor pressure, i.e. the BET-equation gives a theoretically
derived adsorption isotherm. The equation is derived in a way that makes
the materials constants have a clear physical meaning. When considering,
for example, the standard BET-equation, two material constants are used,
one related to the energy required to place molecules on bare surfaces and
the other related to the specific surface area of material.

The area on a material surface, occupied by molecules present in the
first layer, can be changed in two ways, either by condensation on the bare
surface or by evaporation from the first layer. At equilibrium it is stated
that an equal number must enter and leave the first layer. By assuming
that the static rate of condensation, forming first layer clusters, is related to
the vapor pressure p above the adsorbent surface and the area of the bare
material surface s,, as a;ps,, where a; is a material constant related to the
nature of the adsorbate and adsorbent. Assuming, further, that the static
rate of evaporation contributing to a reduction of clusters, including one
layer, is only related to the surface area s; occupied by these clusters and to
the temperature according to bisie~EY/(B9) where by and E; are constants.
The temperature is denoted 6 and R is gas constant. The constant E; is a
measure of the heat of adsorption of molecules in the first layer. At the static



equilibrium condition considered the rate of evaporation and condensation
related to the first layer must be equal, i.e.

a1ps, = bysie~Br/(H9) (13)

where s, is the current area of bare material surface and s; is the current
area occupied by molecules present in the first layer.

The process involved in the first layer clusters affecting the area s; in-
cludes: (7) condensation on the bare surface, (ii) evaporation from the first
layer, (i4i) condensation on the first layer (making it belong to the second
discrete layer) and (iv) evaporation from the second layer (making it travel
back to the first discrete layer). The sum of these four static rate processes
will be assumed to be zero, which defines an equilibrium condition for the
area s;. Assuming the static condensation rate to form second layer clusters
on first layers to be proportional to the area occupied by first layer clusters
s1 and on the actual surrounding vapor pressure p, as asps;, where as is a
constant not necessarily equal to a;. The static evaporation rate from sec-
ond layer is the assumption bysoe™F2/(B9  where s, is the actual surface area
occupied by second layer clusters, b, is a constant and Es is associated with
the heat involved in forming the second layer only. The sum of the four static
rates involved in establishing the first layer is assumed to be equal to zero.
The equation (13) and the above assumptions therefore give

‘agps1 + bisie B = g ps, + by spe~ 2/ (F9) (14)
By combining (13) and (14) one also obtain that
axps; = byspe™ B2/ () (15)

Proceeding with the same method of constituting static rates at higher
formed layers one obtains

aspss = b383€_E3/ (R9)
asps3 = bysye” Eal (1) (16)
aipsi—y = bisie P/

By summing the surface areas occupied by the different discrete clusters
having different numbers of layers, one obtains the total surface area occupied
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by the adsorbate, as '
A= Z S; (17)
i=0

Further, the total volume v of the adsorbed gas is
v =17, Z 18; (18)
i=0

where v, represents the volume of adsorbate on the adsorbent surface per
unit area of the material when covered by a complete unimolecular layer
(this first complete layer is in turn partly covered by more layers).

By forming the ratio v/ (Av,) as

v v

o0
Z ’iS,‘
_ =0

Av, - Umn (19)

gL

S;
=0

.

and defining v,, as the volume of adsorbed gas corresponding to a complete
mono-layer, i.e. v, = Av,, an expression for v is obtained. Considering the
value v,, to be constant, the total volume of adsorbate can be determined
solely by ¢ and s;.

First the standard BET-equation will be examined. The derivation lead-
ing to this equation includes the assumption that Fs = E3 = ... F; = E,
where E}, is the heat of liquefaction, i.e. the condensation heat involved in
creating discrete layers is the same for all layers greater than one. Assuming,
further, that the material constant ratios by/as = bs3/as = ... b;/a; = g, where
g is a constant, the following can be established

81 = YSo (20)
where (13) is used and where the property y is defined as y = (a1 /b1 ) pe?*/(#9),
Further, by using (15) one obtains

Sy = TS (21)

where z = (p/g) e”t/(F9, Note also that s; = 2s;_; holds for all i > 1, due to
(16) and the above described simplifications. By combining such equations
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one can, for example, establish that s3 = zsy = 22

1 > 1, one obtains the relations

s1. More generally, for

8 =181 =12 1sy = yxi s, = cxts, (22)

where the property c is defined as ¢ = y/z = 2e(®1=FL)/(R9)  That is, the
areas occupied by ¢ molecule layers, i.e. s;, so, 83, ... 8; can be expressed in
terms of s, by the constant ¢ and different powers of z.

By using s; = cz's, given from (22), the equation (19) can be written as

" cso Y izt
v_ _ z:loo (23)
s, (1 +cd. $Z>

i=1

To be able to write the term v/v,, as a function of z only, one can, for
example, assume that an infinite number of layers can be formed. In such a
case the sums included in equation (23) converge, as

S

1=1

(24)

and

Z izt = )2 (25)

i=1
That is, when assuming that an infinite number of layers can be formed on

a (‘flat’) material surface, the term v/v,, is a function of z, including the
material constants v,, and c, given as

P s ¥ gy (26)

which was obtained by inserting (24) and (25) into (23). The expression (26)
can be referred to as the (one-layer) standard BET-equation.

Assuming, instead, that a maximum finite number n molecule layers can
be formed, the two sums in (23) can be expressed as

Zml— 2@ =1) (27)

:c—l
i=1
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and

=~ ; z(l—z")—z"'n(l-1)
2Ty .

By substituting (27) and (28) into (23), an alternative version of (26) is
obtained as

(29)

v =

Umer (11— (n+1)z" + ng™
1-2z)\ 14+ (c—1)z — cznt!

As will be shown later, z is a number between zero and unity, therefore the
terms (n + 1) 2", nz™™! and cz™™ become small when n is a large number.
Hence, when z not is to close unity, the expression (29) becomes identical
with (26). A choice of a maximum infinite number n layers formed can be
motivated by considering the available space in the pore system. It should
be noted, however, that wetting of material surfaces contributing to a curved
liquid surface being in contact with the vapor is not included in the BET-
theory. Therefore, the use of an infinite n value, in the expression (29), is
somewhat questionable.

By examining the equations (26) and (29) it is concluded that when v —
00, one must have r — 1. Further, it is assumed that v — co when p = p,,
where p, is the saturation pressure of the gas at the examined temperature.
This assumption seems to be reasonable for a flat surface being subjected
to a gas. However, when considering adsorption in a pore system the value
of v can hardly exceed the value given from the total porosity. Using the
definition of z, i.e. = = (p/g)ePr/(F9 it is concluded that the relation
1 = (p,/g) ePr/(F) holds when having v — oo and p = p,. Furthermore,
the term eFr/(F9 /g is forced to be constant, since the saturation pressure
is forced to be given by p, = ge~Fr/(®)  Indeed, this places a restriction
on the values that g and F; can take. The physical meaning of z can be
obtained by combining the definition z = (p/g) /(79 with the restriction
po = ge~Fr/(B9 to yield x = p/p,. That is, z is the relative vapor pressure.

Another type of assumption concerning the static condensation rates will
be tested. Assuming that the static rate of evaporation, forming the first
layer clusters, is related to the surrounding vapor pressure p and the sur-
face area of the bare surface s,, as a1p"s,, instead of a;ps, as used before,
where a; is a material constant related to the nature of the adsorbate and
adsorbent and r is a material constant being restricted to be greater than
zero. Assuming, again, that the static rate of evaporation contributing to a
reduction of clusters, including one layer only, is related to the surface area

12



occupied by these clusters and to the temperature according to b;s;e~F/ (RO)
where b; and E; are the same constants as used in the normal BET-theory.
In this case, the equation corresponding to (13), is

a1p" s, = by s e~ B/ (F9) (30)

In the same way and with the same motivations as used before one obtains

azp”s1 + by s e B/ (RO) — ai1p”s, + bysge™ B2/ (R9) (31)

By combining (30) and (31) one also obtains the general expression valid for
the different formed layers, i.e.

aip"Si_1 = b;s;e B/ (B9, 1=1,2,...,00 (32)

The area occupied by mono-layers, i.e. s;, can be related to s, as s; =
Y*s,, by defining y* as y* = (a1 /b;) p"eP/ (B9, Assuming, again, that all con-
densation heats involved in forming layers including more than one molecule
are equal to the normal condensation heat Er, i.e. Ey = E3 = ... FE;, = Ep,
and that by/as = bs/az = ...b;/a; = g, where g is a constant. This means
that s; = 7*s; can be established by (32) and by using z* = (p"/g) eF2/(F9),

Defining c in the same manner as before, i.e. ¢ = y*/z* = (a1 /b;) ge!Fr~Fr)/(R9)
it is straightforward to obtained a generalized version of (26), as

*

v cx
N C G g (33)
and the generalized version of (29) becomes
_ vper® (1= (n+1)2*" 4 na* ! (34)
C (1—-2*) \ 1+ (c—1)z* — cz*+!

where z* is related to the relative vapor pressure as z*'/" = p/p,. When using
the generalized (one-layer) BET-equation (33), three material constants must
be searched for, i.e. ¢, v, and r. When using (34), four material constants
are used, i.e. ¢, U, r and n.

When it comes to comparing measurements with the BET-theory it is
convenient to plot the property z*/ (v (1 — z*)) against z*, as shown in equa-
tion (35). By doing this, the intercept becomes 1/ (vnc) and the slope is
(¢—=1)/(vme). From this information the value of ¢ and v,, can be pre-
dicted.

13



z* 1 (c=1) ,
v(l—2*)  Unmc * UmC * (35)

This type of method evaluating the material constants ¢ and v,, can only
be used in the standard BET-equation (26). The result from this type of
method can, however, be used as an indication regarding the range in which
values ¢ and v,, vary, when also incorporating the material constants r» and
n.

In order to compare the measured heat due to adsorption with the values
given from the BET-theory it is of interest to find an expression of the amount
of adsorbate located in different layers. Considering, first, the standard BET-
equation in which it is assumed that only the first layer has a condensation
heat different from the normal condensation Ej. The volume of adsorbate
in the first layer can be expressed as

o0
V1 = Vo Z S; (36)
i=1
Combining, further, this expression with (22), i.e. s; = cz*'s,, one obtains
oo
V1 = UpCSo Z ™ (37)
i=1

The total volume of adsorbate is given by the following expression
oo
V = V€S, Z ix* (38)
i=1

where (18) and (22) are in use. The ratio between the volume in first layer
v; and the total volume v is

D D A
Y1 _ z;l — (1;;13*) =1—2z" (39)
v Z iac*i (1_1*)5

in which the equations (24) and (25) are used. Hence the volume v; can be
expressed as a function of z* by combining (39) with the BET-equation (33),

to obtain i
U CT

I=o tc) (40)

(A
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Now the interest will be turned to the derivation of the BET-equation
when assuming that the two first layers have an energy of condensation which
significantly differs from the normal condensation heat F;. The expression
of the volume content in these two layers will also be established.

In the same manner as obtaining the expressions shown in (16), one can
again conclude that s; can be written as

8; = %si_lpreEi/Re (41)
The difference of (41) compared to the expression (16) is the power of 7 on
the pressure p. The following relation between s; and s;_; values can, in this
case, be defined

*
S1 = Y So
S9 = 2¥s;
83 = LE*SQ (42)
S4 = .’L‘*S3
s = I8

where y*, z* and z*, according to (42), must be given as

ax

* r E1/RO,

Yy =DpE€ / ;2
b1

P_0

eEg/RG; It = p_reEL/RG (43)
bs g

The property g will in this case have the meaning g = b3/az = by/ag = ... =
b;/a;. From (32) and (42) it is, further, concluded that, for example, the
relation s; = zs3 = z2s; can be obtained. More generally one can express
this as

8; = T¥8;_1 = 2% %8y = 22 %5, = bz* s, (44)
where b is defined as i
z ag _
h=2" = 2 4e(B2—EL)/RS 45
== 5.9 (45)

The property s;, defining the area occupied by mono-layers can, furthermore,
be written as
$1 = cx*s, (46)
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where c, in this case, takes the form

_Y Y (BB A
c=r =39 (47)

The ratio v/v, is established by using (19), (44) and (46), which leads to
the equation

o0 o0 oo .
> is; s1+ Y8 cxs, + bes, D it
vV i=0 i=2 _ i=2
m DS Sot+S1+ D8 So+crS,+bes, Y, T
i=0 i=2 1=2

The two sums in equation (48) can be expressed as direct functions of z*, as

S iar = L) (49

and
0 *2

D=y (50)
i z*)
in which the standard series (24) and (25) where used.

By combining (48) with (49) and (50) the BET-equation for a case where
the two first layers contribute to a special condensation heat will be obtained,
as

* * *2
Y UmCT (14 (b—1)(2z* — z*%)) (51)
1—z)(1+(c—1)z*+ (b—1)x*%¢)

This equation expressing the relation between the total adsorbed volume v
and the property z*, which is related to the relative vapor pressure as z*/" =
p/Do, can be referred to as a modified two-layer BET-equation. Expression
(51) includes four material constants, i.e. ¢, vm, 7 and b. When setting
b = 1 the above relation is identical to the BET-equation (33) valid for
the first-layer molecules having a condensation heat different from normal
condensation heat.

Again, it will be of interest to establish the expressions for the volume
content v; in the first layer. This volume is obtained by using (36) together
with (44), (46) and (50), to give

oo o0
. 1 *(b—-1
V1 = Vo Z 8; = VoCSoZ” + VobCs, Z " = v,c8,2" (L))> (52)

i=1 i=2 (1 -2z
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The total volume v of adsorbate is obtained from (44) and (46), i.e.

o0 oo oo
V=1, E 18; = U, E 18; = V,CT S, + UobCS, E iz (53)
i=0 i=1 i=2

Using, further, the equation (49), one obtains the expression for the total

volume v, as
* 2 * — *
v = vcs.a® (1—2*)°+bx 2(2 z*) (54)
(1—a¥)

The ratio v; /v is given from (52) and (54), i.e.

n_(1-z)+z(b-1)(1-2")
v (1—2*)* + bz (2 — z¥)

(55)

where it can be noted that for b = 1 the ratio v, /v, in (39), is recovered,
valid for the one-layer method.

When making special assumptions concerning the condensation heat of
second-layer molecules, the volume content of this layer also becomes impor-
tant. This is because this information is needed when it comes to making
comparisons with calorimetric measurements. The volume of the second layer
is obtained as

=, i $; = v,bcs, Z Tt = vobcso *) (56)

=2

where (44), (46) and (50) are used. Forming the ratio v2/v by the use of
(54), the result is

vy z* (1 —x*)
v (1—2*)? + ba* (2 — z¥) (57)

Hence, the expression for v; is obtained by combining (51) and (55), to yield
Umer* (14+ (b—1) 2z* —2*?)) (1 —2*) +2* (b—1) (1 — z¥))

v = 58
Y=z (14 (c— 1)zt + (b 1) @) (1 — 2*)’ + ba* (2 — z¥)) (58)
and v, is obtained by combining (51) and (57) to give the result
*2 _ o2r* — *2 ok
vy — Umez* (1+ (b—1) (2z* — 2*%)) (1 — z¥) (59)

(1—a*) (1+ (c—1)z* + (b— 1) z*2¢) (1 — %) + ba* (2 — z*))
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The important knowledge about how the different layers are distributed
in terms of volumes, given from the BET-theory, becomes crucial since the
calorimetric measurements to be evaluated or any other sorption technique
cannot distinguish from which layer the heat responses originated.

In the BET-theory it is often assumed that the ratio (a1bs) / (biaz), where
a1, b1, az and by are material constants, should be approximately equal to
unity, i.e. (a1bs)/(b1az) =~ 1, when adopting the one-layer approach. By
making this assumption the condensation heat involved in placing molecules
on the material surface F; can be calculated from the material constants
c and R by using the definition of ¢, i.e. ¢ = %ﬁge(El‘EL)/ (B9 once the
temperature 6 is controlled and when the normal condensation heat of the
vapor Ej, at the adopted test temperature is known. That is, when assuming
(a1b2) / (biaz) =~ 1, the condensation heat E; can be calculated as: F; =
Rflnc+ Er.

The same type of conclusions can be made within the two-layer con-
cept when assuming the two material constant ratios (aibs)/(bias) and
(azbs) / (baas) to be equal to unity, the expressions for E; and E,, in this
case, become: Fy = Rflnc+ Er and F; = ROInb + Ey, e.g. compare with
equations (45) and (47). It is, again, noticed that when setting b = 1, the
two-layer method reduces to the one-layer method since E; = Ep, in this
case.

4 Experimental procedure

Two types of experiments are used to measure the adsorption isotherms for
porous glass and micro-crystalline cellulose at room temperature. The first
is the use of a sorption balance instrument which enables the user to measure
both the absorption/desorption isotherms and the kinetics before reaching
equilibrium. The second method of measuring is the use of a newly developed
sorption micro-calorimeter from which both the absorption isotherm and the
heat of adsorption can be evaluated, e.g. see [4] and [5].

The calorimeter consists of two chambers connected with a thin tube.
Both chambers are equipped with heat flow sensors. In one of the chambers,
a liquid is inserted at the beginning of the experiment, which is referred
to as the vaporization chamber. A dry sample, divided into small parts, is
placed in the other chamber. During the experiments the thermal power is
measured in the two chambers. In order to evaluate the experiments, certain
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assumptions must be made. It is assumed that the vapor pressure in the
vaporization chamber always is at saturation. Further, the flow from the
vaporization chamber to the sample chambers is assumed to be constant
along the thin tube connecting the chambers at every time level. This flow,
denoted F, is assumed given from a Fick’s first law type of equation, i.e.

F=K (p'zs)ap - psorp) (60)

where p;,,, is the constant saturation pressure in the vaporization chamber,
at a given temperature, and p,.p is the unknown partial vapor pressure in
the sample chamber. The property K is a constant assumed given as

wrix

bt

K=D, (61)
where r; and [; are the diameter and length of the tube connecting the cham-
bers, respectively, D, is the diffusion constant in air with vapor pressure as
potential, and ¢ is a correction coefficient which can be obtained by calibra-
tion.

The thermal power P, (t) and Psorp (t) are the measured properties in
this method. From the known value of the vaporization heat Ayq,h for the
liquid and the measured value P,q, the flow F' can be estimated as

Pvap

F=
Ayaph

(62)

Having assumed that the vapor pressure in the vaporization chamber always
is at saturation, the relative humidity in the sample chamber, at every time
level, can be calculated as

psorp F Pva,p
¢so7‘ = =1- =1- (63)
P Daap K Drap K Avaphpqs)ap

where (60), (61) and (62) are used.

The moisture content u, i.e. the mass adsorbate per mass (dry) adsorbent,
in the sample is obtained by integrating the predicted flow F' () entering the
sample chamber during the experiment, as

u(t)=u(0)+i/OtF(t)dt:u(0)+

Mo

1
MoDyaph

/ P (Bt (64)
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That is, it is assumed that vapor reaching the sample chamber immediately
will be adsorbed onto the sample surfaces and that the portion of molecules
in the air in the sample chamber is very small compared to the molecules
adsorbed onto sample.

A plot of @,,,,, obtained from equation (63), against u, obtained from
equation (64), constitutes the adsorption isotherm. Further, at each value of
®sorp» Obtained from the experiments and the assumptions explained above,
the thermal power of P, is also measured. That is, the global response of
the heat of adsorption can be evaluated as a function of the relative humidity.

The heat of condensation of molecules located in first and second layers
cannot be measured explicitly. The calorimetric measurements will only give
the differential heat (i.e. the difference in thermal power registered in the two
chambers) as a function of the predicted relative humidity ¢,,,, in the sample
chamber. Therefore, one must use expressions describing the growth of the
first and second layers (or more layers having a condensation heat different
from the normal heat of liquification) given as a function of the relative
humidity. Such a relation can be derived using the basic assumptions within
the BET-theory, e.g. see equations (58) and (59).

In other words, the expected development of the differential heat, as reg-
istered by the calorimeter, can be modeled by using a proper BET-equation
which is used in order to evaluate the total volume of adsorbate and the vol-
ume of molecules located in the first and second layers. Since the development
of the simulated volume of molecules located in the first and second layers,
described as a function of the relative humidity, is proportional to global
heat of differential condensation, the measured and predicted values can be
matched by testing different values of F; and Es. This means, further, that
the ratio (a1b2) / (b1ag), in the one-layer method and the ratios (a1bs) / (bias)
and (agb3) / (b2as), in the two-layer method, are calculated from the results
given from the measured data together with the use of the development of
different layers given from the BET-equation.

In order to control the reliability of the obtained isotherm for the porous
glass from the calorimetric approach, another type of experiment was per-
formed using a sorption balance (DVS-1000). This method of measuring
sorption consists of letting a dry and saturated flow of vapor mixed into
desired proportions pass the sample, placed on a symmetric balance, at a
velocity of approximately 1 mm/s. The relative humidity, given by the flow
regulators, is changed when the registered mass change of sample is smaller
than a pre-defined value of 0.0003%/minute of dry sample weight.
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A regulated flow of dry nitrogen enters the instrument housed in a climate
chamber. The flow is divided into two different pipes with flow regulators
attached to them. One of the two pipes enters a bottle of distilled water,
making the flow saturated. The two pipes are then reunited in a single pipe
with a known relative humidity given from the settings on the flow regulators.
In order to check the performance of the flow regulators humidity probes are
situated just below the sample and reference holders in the symmetrically
arranged balance.

The performance of the instrument is constantly controlled by running
tests on saturated salt solutions with known saturation pressures. When such
a calibration is performed the relative humidity in sample chamber is changed
very slowly by a pre-defined setting, controlled by a computer. When a mass
-change very close to zero is obtained the saturation point of the tested salt is
located. The reading of the relative humidity given from the flow regulators
and humidity probes is compared with the saturation point of the salt in
use. From this method the accuracy of the relative humidities, given from
the flow regulators, was concluded to be in the range of £0.5%.

A porous Vycor glass sample of approximately 100 mg was used in the
test. Before the sample was inserted into the instrument the balance was
calibrated for the reference and sample holders used. The holders were
washed with ethanol and dried at zero relative humidity before the experi-
ment started. The finely divided porous glass sample was dried in the instru-
ment before the test was started giving the sorption isotherm. The sample
was regarded as dry when a very small weight change was obtained; this
drying period typically takes about 10 hours. During measurements a step
in relative humidity was taken when the registered mass change of sample
was less than the pre-defined target. Typically steps about 8% in relative
humidity were used up to approximately 60% relative humidity. The sample
was then dried to check that the original measured weight was the same as
the one measured after sorption, which was always the case, within very good
accuracy.

The temperature in the instrument was controlled by the computer, at-
tached to the instrument, using heating and cooling systems in the climate
chamber. The measured temperature near the sample and reference holders
differed approximately +0.1 degree Celsius from the desired target tempera-
ture set at 25°C.

The porous glass samples, type Vycor® from Corning, being tested in
the sorption micro-calorimeter were either washed with an acid, to avoid
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effects caused by organic vapors in air reacting with material, or unprepared
with regard to organic vapors. The porous glass sample being tested in
the sorption balance was unprepared with regard to organic vapors. The
difference in terms of sorption isotherm obtained for washed and unprepared
porous glass was, however, observed to be quite small. Furthermore, the
porous glass isotherm obtained from the calorimetric method was somewhat
lower than the one obtained with the sorption balance. This is the expected
behavior since the ‘true’ equilibrium path, i.e. the points on the absorption
isotherm, cannot be exactly followed during sorption in the chamber of the
calorimeter. When it comes to evaluating the properties F; and E; from
experiments, only the absorption isotherm and the global heat as registered
by the calorimeter are used. Hence, the results obtained from the sorption
balance, in which only an unprepared porous glass sample was examined,
are used only to check the relevance of the absorption isotherm evaluated
from the calorimetric measurements and are therefore not involved in the
determination of the condensation heats F; and Es.

The micro-crystalline cellulose was only tested with the sorption micro-
calorimeter.

5 Restrictions in BET-theory on the rate con-
stants at equilibrium

The approach for evaluating the material constants ¢ and b is to find the
best match to the experimentally obtained data in terms of the adsorption
isotherm. Further, different values of Ejand E, are tested to give the best
fit to the data obtained from the calorimetric measurements. This leads
to a case where the material constant ratios a;bs/ (b1as) and aqbs/ (b2as)
must take given values which in most cases was observed to be significantly
different from unity. Here it will be shown that the values of a1/b1, as/by
and a3 /bs can be given as a function of the temperature 6, the condensation
energies F1, F; and Er, and the saturated mass density of vapor p,, in air
at the studied temperature.

It is very important to note that the pressure p must develop in the correct
manner. That is, the pressure involved in the basic assumption leading to
the BET-equation must be compatible with a state function describing the
pressure.
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The state function describing the pressure p, identified as the partial
pressure of the vapor above the surface of the material, can, for example, be
a function of the temperature # and the mass density of vapor p,, as

R
=—40 65
p M.U p v ( )
where M, is the mole weight and R is the gas constant. Further, the mass
density of vapor is related to the saturation mass density p,, through the
relative humidity z, as

Pv = TPys (66)
The ratio between the ‘free’ surface area s, and the area occupied by one
layer s; can be expressed as a function of the relative humidity, i.e.

So_ S0 _ 1 (67)

sy crs, cI

where (46) is used with z = z* (i.e. setting r equal to unity for simplicity).
The ratio between the area occupied by one layer s; and by two layers
So, is
81 €IS, cTS, 1

= B @

sy brs;  bcx?s, bx

where £ = z* and where (44) is used. According to (44) one can, further,
express the relation between s, and s3, as

So 1

== 69
P (69)
From (30), (65), (66) and (67), the ratio a;/b; can be written as
—E1/(Rf)
o _ e B (0

bl %epvs

where r = 1, again, is used. It is noted that the value as/bs can be determined

in the same manner, as
by E0p,,

and as/bs becomes
—Er/(Rf)
B _ eR— (72)
bs mepvs
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It can be assumed that aibs/ (bjas) =~ 1 and agbs/ (beasz) =~ 1; this will,
however, imply that the material constants ¢ and b must be related to Ej,
E, and E}, as given from (70), (71) and (72). The performed experiments
did not confirm such a relation. This subject will be discussed later.

It is observed that (70), (71) and (72), gives

9,93 _ (BL—E1)/(Rf) (73)
bi” bs

and o a
2,03 -
92 /93 _ po(EL—Ez)/(RS) 4
by By C (74)

That is, the definition of ¢ and b is recovered.

It is concluded that the value of a1 /b1, ag/bs and as/bs must be compat-
ible with the measured values of F,, F5, and E; and the values of ¢ and
b (giving the best fit to the measured adsorption isotherm), other wise the
state function describing the pressure and the basic assumption (41) will not
be consistent. Further it is noted that no restrictions are placed on the ratios
a1b3/ (a3b1) and a2b3/ (agbz).

A more general discussion of different types of equilibrium conditions
will be performed in the next section where thermodynamical arguments
originating from the combination of constitutive assumptions and the second
axiom of thermodynamics will be studied.

6 Thermodynamic considerations concerning
adsorption

In this section an expression for the pressure in the adsorbed water will be
derived by using some simplifying assumptions. The Helmholz free energy for
the vapor and for the adsorbate will be assumed to depend on temperature
and its mass densities only. Different equilibrium results are discussed and
several thermodynamic restrictions are pointed out. The basic assumption
concerning the two considered constituents is that the stress can be given
as T, = —p.I, where T, is the stress tensor and p, is the pressure for
an arbitrary constituent denoted a. That is, the adsorbed molecules and the
vapor are assumed not to be able to sustain shear stress. Further, the ‘global’
velocities x/, for the two constituents are assumed to be zero, which can be
interpreted as an explicitly assumed equilibrium condition.
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The mass balance and energy balance equations together with the entropy
inequality will be used. These equations is presented in the form as described
in [6].

Consider the second axiom of thermodynamics, as expressed in terms of
the Helmholz free energy 1, and the entropy 7,, written in local form, as

R R R
0 < =D pae—D pamaf+) uT;L (75)
a=1 a=1 a=1

s
— > (@a + pafngua) - grad () /6

a=1

R R
— ua-f)a—-Zéa (wa-l—%uz)

a=1 a=1
where p, is the mass density concentration of a constituent denoted a, 1)
is the material time derivative of the Helmholtz free energy following the
motion of the a:th constituent, § is the rate of change of temperature of
the mixture of all considered R constituents with respect to the motion of
the whole mixture, T, is the stress tensor, L, is the velocity gradient, q,
is the heat flux vector, u, is the diffusion velocity related to the velocity of
the mixture, p, is the momentum supply to the a:th constituent from all
other constituents present in the mixture, ¢, is the mass supply to the a:th
constituent from all other constituents and u? denotes the scalar product
U, - U,.

A case where the Helmholtz free energy depends only on the temperature

and the mass density will be studied, i.e.

Yo =Yq (0, ,) (76)

This type of constitutive assumption is referred to as a simple fluid. The
partial hydrostatic pressures p, can be defined with the help of the Helmholtz
free energy 1, described through (76). In order to define the pressure p,,
consider the derivative of (76), i.e.

o 8¢a / Bwa /
pa’wa - pa 89 6 + pa apa pa (77)

It should further be noted that divx/, = tr (grad x,) = tr L, where x/, denotes
the velocity of the a:th constituent, which allows the mass balance equation
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expressed with the material derivative of the mass density, i.e. p),+p,divx], =
Cq, to be written

Po = —PatrLo+é, (78)
If (77) and (78) are combined
% 9y N,
= 20 — p2——2tr Ly+p,—2Ca 7
Pate = Pagpt — Pz Ftr Latpazg 2 (79)

is yielded.

Only the terms in the second axiom of thermodynamics (75) containing
the term L, will be considered at this stage. It is concluded that the first
term and the third term in (75) together with (79) result in a validation of
the following restriction:

R
> tr <p§a—¢—a1 + Tf) L,>0 (80)
pot 9pa

Since L, is arbitrary, it follows that the parenthesis in equation (80) must
be equal to zero in order to satisfy the part of the inequality containing the
velocity gradient term. This makes it possible to define the thermodynamic
law for the stress tensor as

Mg
Ta = _pza’cﬁ

I (81)

where the stress tensor is described with the hydrostatic pressure only, i.e.
T, = —p.l (82)

Following the thermodynamic law (81) as well as (82), the expression for the
hydrostatic pressure can be written as

ok
_ 2 a
pa - pa apa (83)

The following discussion will concern two constituents denoted v and am,
denoting the vapor phase and the material with adsorbed molecules on it,
respectively. For simplicity, the following restrictions will be assumed:

x, (x,t) =0
Xom (X,) =0

am

(84)
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This means that the velocity of the mixture x and the diffusion velocities
u, are also restricted to be zero. That is, a problem with heat conduction
and mass exchanges between constituents will be studied, in which the con-
stituents have zero velocities and where the pressures for the constituents are
defined by p, = p20v¢,/0p, and pam = 02,00 4m/OPam, i-€. by the equation
(83).

The fifteen unknown properties in this problem involving the heat con-
ducting and reacting constituents v and am are:

Py (X’ t) . 9 (X t) . é” (X’ t) . My (X7 t) . d}v (X7 t) . qQuv (X, t) .

Pam (36,8) 7 7T Cam (X,8) T N (%8) 7 Yo (%,8) 7 Qam (%,7)

(85)

where the independent variables are the mass densities p, and p,,, and the

temperature 6. The rest of the properties listed in (85) are the constitutive

variables. It should be noted that the heat fluxes q, and q,,, involve three
unknown properties each.

Following the assumptions in (84), the inequality (75) is simplified to

2 2 2
= patha— b= qa-grad (0) /60— > éath, > 0 (86)
a=1 a=1 a=1

where 1), = 1ba due to the restriction of zero velocities for the two considered
constituents, in this case.

It is assumed that the Helmholtz free energy v for the constituents v and
am is given as functions of the temperature 6 and the mass densities p, and
Pams €-8. see (76), as

% = wv (0’ pv)
wam = ,wam (0’ pam) (87)
The entropies 7 for the constituents v and am are assumed to depend on the
same quantities, i.e.
My = Ty (0, 0y) (88)
Nam = Mam (0 Pam)
The chemical reaction rate ¢, is constituted as a function of the temperature
@ and the mass density of the constituents.

év:f‘v(97p 7p)
) v Pv 89
’ Ca,mzfam (97pam:pam) ( )

27



Finally, the heat fluxes is constituted as

q, = £, (grad 9)
m = fam (grad 9)

where f, and f,,, are tensor functions relating the gradient on temperature
to the heat flux vector.
The differentiation of 1, and v,,,, given from (87), yields

(90)

y 77% 1/)

¥y 50 0+ 5 vp (91)
y _ 8’@Da,m 6¢am .
wam - 8(9 9 + 8Pam am (92)

The total entropy density 7 and the mass density p of the whole mixture is
related to the individual entropies and mass densities through the definition

R
M= pamla (93)
a=1

If (91), (92), and (93) are introduced into the simplified inequality (86), the
result is

—E: (

2
) Zpa%@ an grad (6) /6 — ) éathy 2 0
a=1

(94)

The mass balance for constituents v and am is broken down to
Py = & (95)
Ibam = éam (96)

since the spatial derivative 0p,/0t is identical with the material derivative,
ie. 0p,/0t = p, when x|, and % are equal to zero, and also due to the
possibility to write the mass balance, using the spatial derivative, in a form
given as: O0p,/0t+ divx), = ¢é,.

The constraint on the mass balance equation is

D ea=0 (97)



In other words, no net production of mass can occur solely due to mass
exchange among constituents. If the mass balance equations (95), (96), and
the constraint (97) are introduced into (94),

2 o 2 o 2
— a o — —ra h — o >
;pa<ae +77a> ;(paapa +¢a> Pa ;q grad (6) /6 > 0
: (98)
is yielded. Since 6 is an arbitrary quantity, it seems natural to define the
thermodynamic ‘laws’

9,

a’Qba.m _ .
80 - Nam) (100)

which assure that the first terms in (98) fulfill the reduced inequality.

A so-called dissipation inequality is introduced for the second term in (97)
by replacing p, with ¢, and also p,,,, with .. In other words, the equations
(95) and (96) are inserted into the second term in (98). This yields the
dissipation inequality

2 (91,/)
Pchem. = — Z (pa 8pa + ¢a> éa > 0 (101)

a=1

This inequality is valid only when the velocity of both constituents is zero,
i.e. when the relation p, = ¢, holds for the constituents v and am. The
property @.n.m. can be referred to as the chemical dissipation.

It can be established that the dissipation inequality (101) is positive by
making a proper constitutive assumption for the rate of the chemical reaction
¢q, rather than introducing thermodynamic definitions or laws.

To obtain a constitutive relation, which describes the reaction kinetics,
(97) must be considered, which yields

&y = —Cam (102)

The chemical dissipation ¢, for the constituents v and am then becomes

2
MY, > R < oy, OV o, ) R
chem. — a + a)Ca =" v + v~ Fam —VYam | G
Peh ;:1 (p P, (2 P B, Yy — P B, Y
(103)
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This makes the constitutive relation describing the chemical reaction rate ¢,
restricted. The following natural choice appears attractive:

L b, am
Co = Py = G (pv apv + ¢’v — Pam apam - z/)am) (104)
where G is a positive scalar quantity denoting a material property, which
describes the reaction kinetics. From (104) and (101) it is concluded that
the chemical dissipation is always positive, in this case, since @ em iS @
quadratic assumption. It is noted that the chemical reaction rate ¢, is a
function of the mass densities p, and p,,, and the temperature 6, compare
(89). This is due to the fact that 1, and 1,,,, depend on the same quantities,
compare (87).

It is noted that the term in parentheses in (104) has a special meaning.
This can be seen by considering the definition of the chemical potential tensor
K,,ie.

K, = ¥,I - T2 /p, (105)

Using the assumption (82) the chemical potential tensor takes the form K, =
I, where p, is the chemical potential for a simple fluid. The chemical
potential can, therefore, in this case, be written as

P = VatDa/Pq (106)

where (82) is used. Further, by using the thermodynamic ‘law’ for the pres-
sure p,, i.e. equation (83), the expression (106) can be written

oY
= a 107
Ha = YatPamy ). (107)
That is, the classical result that u, = p,,, is obtained when the equilibrium
condition, defined by p, = p,,,, = 0, holds. This can be seen by inserting
(107) into (104), hence
pv = -G (:u'v - :u’a,m) (108)
It should be carefully noted that this result is in no way general, since it
depends on the structure of the constitutive assumptions for the Helmholtz
free energy and the entropy for the constituents.
The so-called thermal dissipation is the last term in the reduced inequality
(98), i.e.
2
Ptherm. = _Z_g_zl_qa.grada 2 0 (109)
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If an isotropic heat flux is assumed, the thermal dissipation can be assured
to be a non-negative quantity by introducing the constitutive relations

a = —\gradd (110)
@ = —Xgradf (111)

which means that the dissipation is quadratic in grad#. Both material con-
stants A; and )\, are restricted to be positive scalar numbers. When study-
ing anisotropic heat flux problems, i.e. using an assumption of the type
qo = —Cpyegradf, the thermal dissipation inequality, i.e. @uerm = 0,
imposes the restriction that the conductivity tensor Cy), must be positive
definite.

From the introduced thermodynamic laws (99) and (100), the expression
for the rate of change of the entropies 7, for the constituents v and am takes
the form

%y, , 0%
. - vy v . 2
7711 802 6 aeapvp’v (]‘1 )
2 2
Tam _Oam gy Oam (113)

802 - 868pam pam

where it is assumed that 7, and 7,,, depend on the same quantities as 1,
and 1),,,, do, compare (88).

The energy balance equation written in terms of the Helmholtz free energy
¥, and the entropy 7 for the whole mixture, can be written as

R R
p01’7+divh+Zua-f)a+Zéa% 2 pr (114)
a=1 a=1

R

s
= = (patly + Cathy) —pmb +tr Y ToL,

a=1 a=1

With the constraints in (84), the simplified version of the energy equation
(114) is

2 2 2
PO +div Y dat D Patbat D Cathy+ pd =0 (115)
a=1 a=1 a=1
It follows from (93) that

R
1
=2 > pana (116)
a=1
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By the differentiation of the quantity n as

2
.1 ) )
=2 > (Palla + Palla) (117)

a=1

where it should be observed that p = const. due to the simplified mass
balance equations (95) and (96) and due to (97), i.e

2
D Ca=Pamthy=p=0 (118)

a=1

where the mass balance for the mixture, i.e. p+ pdivx, and the assumption
% = 0 are also used.

If the assumed expressions are introduced for 7, and {ba, the energy equa-
tion (114) can be written, in terms of the Helmholtz free energy and the heat
flux vector, as

N 0%, 0%, |
=0 (p“ ("55) “"( T aeapf“)) (119)
+div an-{—z < a9+3¢ap>

2

+an¢ +Zpa( a¢“> '

where (117), (112), and (113) together with the thermodynamic laws (99) and
(100) are used. If this expression is rearranged and ¢, and &, are replaced
by p, and p,,,, through the use of the mass balance equations, i.e. (95) and

(96), the result is
2
_ : 9, g, b,
0 = 92(%(— Be)ﬂ)a( 50 9—896 Pa (120)
2 2 oy
+div ; qa + ; paa_pa-pa + ; pawa

a=1
This expression can be referred to as a generalization of the standard heat
conduction equation.
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The Helmholtz free energy v, is specified in a more detailed manner by
introducing direct constitutive relations containing the material constants
Cy, R/M,, and L, as

"bv (eapv) = C—Ue (1 - 1119) —_ ]\Pj

v

0(1—1Inp,) + L, (121)

where C, is the heat capacity for the vapor in air, R/M, represents a factor
describing the dependency of the Helmholtz free energy on the composition
and temperature. The pressure p, should in this case, according to the
thermodynamic law (83), be given as p, = p204,/8p,. From (121) it is then
concluded that the state function for the vapor pressure is p, = A%@m, which
is the perfect gas law.

At equilibrium, it is now concluded that p, = p,,,, and p, = pgm = 0
holds. Furthermore, it will be explicitly assumed that a measured adsorption
isotherm is in equilibrium condition, hence y,, = p,,,, must hold at every point
on the adsorption isotherm. That is, the state function relating p, and p,,,,,
e.g. given from the ‘best’ fit of the BET-equation to the experimental data,
must also be added to the list of conditions valid at equilibrium.

As it is assumed that the vapor is a perfect gas, according to (121), the
chemical potential for the vapor is, at equilibrium, obtained as

522 = G (1= 1n0) + 105y + Ly = o (6. ) (122

It is realized that the function describing the chemical potential for the ad-

sorbed gas is known since the chemical potential is given from the assumption

of the Helmholtz free energy. However, it is very difficult to find an explicit

physically meaningful expression for 4, in terms of the temperature 6 and

the mass density of adsorbed gas, p,,,, which satisfies p,, = f4,-
Integration of the derived relation u, = p,,, yields, simply

[y = Ham (123)

Assuming that adsorption can occur without significantly affecting the tem-
perature, i.e. § = 0, the thermodynamic relations (91) and (92) are simplified
as

Hy = Py tpy

9,

b= ; 124

¥, a5, (124)

| 0 am -

Vam = P, (125)
Pam,
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For 6 = 0 the relations (112) and (113) for the rate of change of the entropy
become

. 0*Y, .
. Yo .
Nam = — aeapam Pam (127)

The rate of change of the chemical potential y, (, p,) is, in the general case,
obtained as

: O, » Ouy, .
— a a 12
fta 899+8papa (128)
With the same assumption used above, i.e. § = 0, one obtains
. "

L, = LYs 129

f 2p. (129)

Obam (130)

/‘l’ am = apam am

for the two considered constituents. From (123), (129) and (130) one obtains

Oty . Oltgm .
v — am 131
. = Bp Pam (131)

The property p, is in the general case allowed to be arbitrary, which means
that the thermodynamic relation between the chemical potentials for the two
considered constituents can be written

0 0
lLl"D — lu’a,m (132)
op, OPam
where (118) is used, i.e. p, = —pam-
The term Oy, /dp, is expressed with the explicit expression given from
the constitutive relation for the Helmholtz free energy, i.e. equation (122),

as
R o,
dp,  Op, (w”ﬂ)” 3%)

0 R
= o, (Cv0(1—ln9)+ i
RO

‘Upv

f1n p, + Lv) (133)

<
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Using (132) and (133) gives

ou O RO
_ am — v — 1 4
Oam  Opy,  Mup, (134

According to (106) the derivative of the chemical potential with respect to
the mass density can be expressed as

T
for the vapor and
B e 159
for the adsorbed gas. By multiplying (136) by p2,. to obtain
oo = i g4 L e (137

it is realized that the first term on the right-hand side of (137) represents
the thermodynamic definition of the pressure in the adsorbed gas, i.e. see
equation (83), therefore

Ottgm,
OPam

0 (Pam/ Pam)
_ 2 am
- pam +pam a

Pam (138)

is obtained. Taking the partial derivatives of the second term on the right-
hand side of (138), the expression for the derivative Ou,,,/0p,., is obtained,
as

Oltam _ Pam O(1/pam) . 1 Opam

a. 2 + am +

am  Pam am  Pam OPam
Noting, further, that the two first terms on the right-hand side of this ex-
pression cancel each other out. This means that the chemical potential y,,,
and the pressure p,,, are related, as

(139)

ou, OPam
e 140
o am O 140
Using (134) and (140) it is concluded that
a:u‘am — _pamRe _ apam (141)

pam apam M’Upv B apam
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That is, the pressure in the adsorbed gas psm (which is in contact with an
ideal gas) can be expressed as

OPam Pam R0
— am 1
6[) am M vP. v ( 42)

This relation is noticed to be somewhat similar to another equation leading
to the so-called Kelvin equation. It is realized that the so-called capillary
pressure peqp, €.g. see [7], is obtained by integrating the left-hand side of

(142), as
—_ Pus pamRe > _ pamRe (ﬁ_)

Py = = | o mdp, = P n 5 (143)
where p,,,, is assumed to be constant. The notations p, and p,,, are used to
stress that these properties are not mass concentrations in a representative
volume where both constituents are present, but mass concentrations in ma-
terial points where only one constituent is present at micro-scale. This means
that p,,, is the density of the adsorbed gas, e.g. for adsorbed water vapor
Pam = 1000 kg/m3. That is, a very important difference in the definition of
the state variables used in receiving an expression for the capillary pressure
Peap are used, compared with the ones used in receiving the relation (142).
The pressure p.,, should, therefore, not be confused with the measure pam,
which has a different meaning.

It is noticed that the term p, can be eliminated in expression (142) by us-
ing a relation of the format p,,, = f (p,), which is the sorption isotherm as de-
scribed by experiments or from the BET-equation. The derivative pum/0pam
is therefore, as expected, concluded to be given from the shape of the sorp-
tion isotherm, when assuming that the Helmholtz free energies are expressed
as functions of temperature and its corresponding mass concentrations, i.e.
¢v = ,Qb’l) (97 p'U) and d)am = ,L/)a'm (67 pam)'

From the defined thermodynamic relations in this section, it is concluded
that it is difficult to find an explicit expression for the chemical potential for
the adsorbed gas, describing adsorption in a stringent manner, even though
very simple assumptions are introduced for the Helmholtz free energies for
the two considered constituents. The reason is that the energy equation
should result in a realistic prediction of the temperature, when at the same
time requiring the derived thermodynamic relations to be satisfied.
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Figure 1: Absorption of water vapor on unprepared porous glass at 25 degree
Celsius, measured with the sorption balance. Lower curve, calculated mass
adsorbate per mass adsorbent located in the second layer. Middle curve, cal-
culated mass adsorbate per mass adsorbent located in the first layer. Upper
curve ‘best’ fit of the one-layer BET-equation. The stars represent measured
values.
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Figure 2: Absorption of water vapor on unprepared porous glass at 25 degree
Celsius, measured with the sorption balance. Lower curve, calculated mass
adsorbate per mass adsorbent located in the second layer. Middle curve, cal-
culated mass adsorbate per mass adsorbent located in the first layer. Upper
curve ‘best’ fit of the two-layer BET-equation. The stars represent measured
values.

7 Results

Results of absorption isotherms for washed and unprepared porous Vycor
glass and micro-crystalline cellulose, measured at room temperature, are pre-
sented. Further, the measured global heat of adsorption is presented for the
same two materials, [8]. The material constants ¢ and vy, giving the ‘best’ fit
to measured data, are used when adopting the one-layer method, where the
term ‘one layer’ refers to the first layer of adsorbed water molecules having a
heat of sorption different from the normal condensation heat. In the so-called
two-layer method, in which the two first layers have a special condensation
heat, the fitting parameters c, b and v, are used.

The condensation heat involved when the first and second layers form are
analyzed in two ways. The first is the calculated heat obtained by using the
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Table 1: Results for unprepared porous glass at 25 degree Celsius. Material
constants and evaluation of specific surface area obtained from the one- and
two-layer BET-equation. The absorption isotherm was measured with the
sorption balance instrument.

One-layer BET Two-layer BET

cO) 25.71 16.7
b(-) (1) 5.00
Um () 0.0298 0.0211
S (m?/g) 105.45 74.87
EBET _ [, (J/kmol)  7.95-10° 6.83 - 10°
EBET _ I, (J /kmol) (0) 3.44-10°

proposed expression within the BET-theory. The second approach is to use
a value of the condensation heat for the first or for the first and second layer
giving the best match to the experimentally obtained condensation heats.
As will be seen, the calculated and matched values of the condensation heats
differ significantly. It should be carefully observed that the method of fit-
ting the condensation heat involved in creating adsorbed layers at material
surfaces needs information given from the BET-theory. That is, the fraction
of total adsorbed water located in the first and second layers must be pre-
dicted. The expressions describing these relations were derived directly from
the basic assumptions within the BET-theory in section 3.

The material parameter v,,, obtained from tests on porous glass and
micro-crystalline cellulose, becomes significantly smaller when fitting the
BET-equation valid for two layers than when one layer has a condensation
heat different from normal condensation, e.g. compare Figures 1 and 3 with
Figures 2 and 4. This will mean that different specific surface areas will
be obtained since v,, represents the volume adsorbate required to form a
complete mono-layer.

When using the one-layer method very little influence of third layer mole-
cules was observed, which can be seen by summing the first and second layer
contributions and comparing this sum with the total adsorbed volume. For
example, the development of a third layer becomes significant at approxi-
mately 35% relative humidity when using the one-layer method, compared
to when using the two-layer method in which the development of the third-
layer molecules becomes significant at approximately 10%, e.g. compare
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Figure 3: Absorption of water vapor on washed porous glass at 25 degree Cel-
sius, measured with the calorimetric method. Lower curve, calculated mass
adsorbate per mass adsorbent located in the second layer. Middle curve, cal-
culated mass adsorbate per mass adsorbent located in the first layer. Upper
curve ‘best’ fit of the one-layer BET-equation. The stars represent measured
values.
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Figure 4: Absorption of water vapor on washed porous glass at 25 degree Cel-
stus, measured with the calorimetric method. Lower curve, calculated mass
adsorbate per mass adsorbent located in the second layer. Middle curve, cal-
culated mass adsorbate per mass adsorbent located in the first layer. Upper
curve ‘best’ fit of the two-layer BET-equation. The stars represent measured
values.

Figures 1 and 2. This is due to the distributions of areas occupied by dif-
ferent layers derived in section 3, i.e. in the one-layer approach the areas
are distributed as s;_;/s; = 1/z, except for the first layers which is distrib-
uted as: s,/s1 = 1/ (cz). In the two-layer approach the areas are distributed
as s;_1/s8; = 1/x, except for the two first layers which is distributed as:
So/$1 = 1/ (cx) and s1/s2 = 1/ (bx), where z is the relative humidity and ¢
and b are material constants.

A general situation observed was that a better fit was obtained at low
relative vapor pressures when using the one-layer method compared with
the two-layer method. On the other hand, a better match was obtained at
medium relative vapor pressure when using the two-layer method than with
the one-layer method.

When using the two-layer method, the growth of the molecules located in
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first layer reaches values close to zero earlier than when using the two-layer
method, e.g. see Figures 1 and 2. This conclusion will only be correct if
one obtains a satisfying match between measured sorption data and values
given from the one- and two-layer BET-equations. This stabilized volume
of molecules, present in the first layer, corresponds to the v,, value, which
for porous glass is also presented in Table 1. Because different v,, values
are obtained depending on whether the first- or the second-layer method
is used, the evaluation of specific surface area will also be affected. It is
explicitly assumed that the specific surface S is proportionally related to vy,
as: S = kv, where k = 3.54 - 103. The k value is obtained by assuming that
each absorbed water molecule occupies an area of 10.6 A% on the material
surface.

The difference between calculated specific surface areas using the one- or
two-layer method was significant for all three tests performed, see Tables 1-3.
For unprepared porous glass the one-layer method gave 40% higher specific
surface areas compared to the two-layer method, when using the sorption
balance measurements. The same number for the calorimetric measurements
on washed porous glass was 38%. The difference between the results in
terms of specific surface areas on unprepared porous glass obtained from the
sorption balance and calorimetric measurements differed by 9% using the
one-layer method and by 10% using the two-layer method, see Tables 1 and
4.

The test on micro-crystalline cellulose gave a specific surface area 65%
higher when using the one-layer method than the two-layer approach. It
should be noted that the two-layer approach gave a significantly better match
to the experimentally obtained data, in terms of sorption, i.e. compare Fig-
ures 7 and 8. A higher specific surface area was obtained on micro-crystalline
cellulose than on porous glass.

The results of the measured sorption on porous glass and micro-crystalline
cellulose, using the sorption micro-calorimeter, are used together with the
global measured heat of sorption. That is, the development of the mass of
molecules per mass adsorbent located in first layer or in the first and second
layers as shown in, for example, Figures 3 and 4, is used when modeling the
global response in terms of the condensation heat of sorption. This will result
in a measure of the sorption heat when creating first and second layers. The
values of the condensation heats of the first and second layers used are the
ones giving the best fit to the measured global adsorption heats.

For porous glass the measured differential heats, at different relative hu-
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Figure 5: Comparison of the measured differential heat of adsorption on
porous glass with predicted values from the one-layer BET-equation. The
stars represent the global differential heats, measured by the calorimeter, at
different relative vapor pressures.
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Figure 6: Comparison of the measured differential heat of adsorption on
porous glass with predicted values from the two-layer BET-equation. The
stars represent the global differential heats, measured by the calorimeter, at
different relative vapor pressures.
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Table 2: Results for washed porous glass at 25 degree Celsius. Material
constants and evaluation of specific surface area obtained from the one- and
two-layer BET-equation. The measured data analyzed are using the calori-
metric approach.

One-layer BET Two-layer BET

c(-) 19.22 17.00
b(-) (1) 4.00
vm (-) 0.0278 0.0202
( ?/g) 98.64 71.68
E1 L (J/kmol) 17.00 - 10° 17.00 - 106
— L (J/kmol) ) 17.00 - 106
(albz) / (braz) (-) 0.020 )
(a1b3) / (bra3) (-) () 0.018
(azb3) / (boas) (-) -) 0.004
EBET _ [, (J/kmol) 7.29 - 108 7.02 - 108
EPPT — L (J/kmol) (0) 3.43 - 10°

midities, are shown by the dots in Figures 5 and 6. The solid lines in these
figures represent calculated values obtained from the distribution of layers
among the total volume and by assigning a value of the condensation heat
involved in placing molecules in first layer, Figure 5, or in the first and sec-
ond layers, Figure 6. As seen from, for example, Figure 3 all molecules
entering the sample chamber in the calorimeter will contribute to a heat re-
sponse at relative humidities between about 0 and 3%, which is because all
these molecules will be located in the first layer, as predicted by the BET-
equation. Therefore, the initially obtained value of condensation heat in the
calorimeter, presented as Joule per mole substance, is used as the test value
of differential condensation heat. The development of the differential heat is
then only determined by the distribution of adsorbed first and second layers
among the total volume of adsorbate as described by equations (58) and (59).
The simulated results of the development of the differential heat as a func-
tion of relative humidity are presented in Figure 5, one-layer method, and in
Figure 6, two-layer method. It is seen that an overall better fit was obtained
when assuming that the adsorbed molecules present in the two first layer
gives a condensation heat significantly different from normal condensation
heat.
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For the porous glass, the simulated development of the differential heat
is quite satisfying, i.e. see Figure 6. It is noted, however, that the measured
heat of condensation differs significantly from the one proposed in the BET-
theory in which the material constant ratios a;bs/ (b1as) and agbs/ (boas) are
set to unity. The differences are shown in Tables 1-3, where E; — L and E;— L
are the measured differential heats, for the first and second layer, respectively,
and where EBPT — [ and EPPT — [ are the differential heats as calculated
from setting a1bs/ (b1as) = 1 and agbs/ (bsaz) = 1 in the BET-theory.

Due to the large difference in the predicted values EBFT — [ and EBPT — [
compared to the measured values F1 — L and F, — L, it is noted that the
method of evaluating properties describing sorption, as discussed in section
3, instead can be used to identify the ratios a1bs/ (bias) and aqbs/ (baas)
which are in no way restricted to be equal to unity. The obtained values of
these ratios for porous glass are shown in Table 2 and the same values for
micro-crystalline cellulose are presented in Table 3.

The relevance of the BET-theory, when regarding the possibilities to
match the adsorption isotherm and, at the same time, requiring a satisfying
agreement of the development of the differential heats with the relative hu-
midity, could not be confirmed for the tested micro-crystalline cellulose. That
is, even though a good fit of the measured sorption isotherm was obtained
using the BET-equation, this did not by any means make it possible for the
development of the differential heat to be followed correctly. This is, most
probably, due to that other effects than those included in the BET-theory
are active.

8 Conclusions

The material constants aq, b1, as, by, az and bs are involved in describing
the equilibrium conditions between pressure in the vapor phase, temperature
and amount of water adsorbed in different layers, see section 3. One of the
main results from the investigation is that the assumption of letting these
material constants a;, by, as, by, as and by be related as ajbs/ (bias) ~ 1
and agbs/ (beas) =~ 1, leading to a theoretical expression for the heat in-
volved to place vapor molecules in the first and second layers, respectively,
cannot be verified by the experiments performed using the theory described
in this report. The result show that the ratios a;bs/ (b1as) and a2b3/ (beas)
between the material constants can take values significantly different from
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Figure 7: Absorption of water vapor on micro-crystalline cellulose at 25 de-
gree Celsius, measured with the calorimetric method. Lower curve, calculated
mass adsorbate per mass adsorbent located in the second layer. Middle curve,
calculated mass adsorbate per mass adsorbent located in the first layer. Upper

curve ‘best’ fit of the one-layer BET-equation. The stars represent measured
values.

unity. These proposed conditions are not in conflict with the derived expres-
sions in sections 3, 5 and 6. By choosing values c, b, v,,,, E; and E, that give
the best fit to the measurements, the ratios a;/b1, as/by and az/bs can be
calculated, using the equations (72), (73) and (74), respectively, which as-
sumes that the vapor phase can be described as an ideal gas. The individual
values of the constants a1, by, as, be, a3 and bz, are, however, as seen above,
difficult to predict.

The simulated development of global heat of sorption, on porous glass,
obtained by using the condensation heats F; and FE, giving the best fit,
resulted in a better match between experiments and model being obtained
when using the two-layer method compared with one layer having a conden-
sation heat different from normal heat of condensation, see Figure 5 and 6.
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Figure 8: Absorption of water vapor on micro-crystalline cellulose at 25 de-
gree Celsius, measured with the calorimetric method. Lower curve, calculated
mass adsorbate per mass adsorbent located in the second layer. Middle curve,
calculated mass adsorbate per mass adsorbent located in the first layer. Upper
curve ‘best’ fit of the two-layer BET-equation. The stars represent measured
values.

These results should also be judged according to how well the BET-equations
for the one-layer and two-layer approaches, fit the experimental adsorption
results. This is important since these equations predict the development of
layers contributing to heats of sorption different from normal condensation.

Even though an excellent match between the BET-equation (using the
two-layer method) and the measured sorption on micro-crystalline cellulose
was obtained, it was by no means the result that the evaluation of differential
heats of sorption could be followed by assigning different test values of heats
involved in creating first and second layers. This can be due to different
causes. One of them is that the BET-method does not simulate the devel-
opment of different layers in a correct manner. These kind of contradictory
results for the tested micro-crystalline cellulose were not markedly observed
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Figure 9: Comparison of the measured differential heat of adsorption on MCC
with predicted values from the one-layer BET-equation. The stars represent
the global differential heats measured by the calorimeter at different relative
VaPOT Pressures.

when examining the measured data obtained for the porous glass, which
probably is explained by the fact that this material fulfills the assumptions
behind the BET-equation quite well.

The main difference between the measured global heat of condensation
on porous glass and micro-crystalline cellulose was that higher values were
obtained for the latter. This effect was most dominant for medium and high
relative humidities.

From the thermodynamic relations and constitutive relations discussed
in section 6, it was concluded that a relation between the pressure in vapor
phase above the material surface and in the adsorbed layer could be obtained.
No special properties were assigned to different discrete layers of adsorbed
molecules in this study. The approach was to use the Helmholtz free energies
¥, and ¢, as the constitutive dependent properties for the vapor phase and
adsorbed water, respectively. The Helmholtz free energies for the two consid-
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ered constituents were assumed to be given as a function of temperature and
the mass density of constituent, only, which is referred to as the simple fluid
assumption. The classical result p, = —G (i, — fgm), Where G is a material
constant, was derived, i.e. when defining the rate of mass density change
p, = 0, to be an equilibrium condition, the chemical potential for vapor p,
and adsorbed water y,,, must be equal. Another classical result from the
thermodynamic considerations, using the simple fluid assumptions for the
two constituents, was the expressions for the pressures, i.e. p, = p20v,/dp,
and Pam = p2,,004m/OPum- When choosing an assumption for Helmholtz free
energy in a way that the vapor pressure is given by the ideal gas assumption
and also assuming that temperature is constant, i.e. 0 ~ 0, the relation
between the pressure in the adsorbed water p,, and mass density concen-
tration of vapor p,, mass density concentration of adsorbed water p,,, and
temperature 6, was forced to be related as: 0pam/0Pem = —Pam B0/ (Mup,).
This means that a quantitative measure of the pressure in the adsorbed wa-
ter pam can be calculated by using the measured relation between p,,, and
Py, 1.e. the absorption isotherm, and an integrated version of the expression
described above for Opam/0pgm-

From the thermodynamic considerations in section 6 it can, further, be
concluded that the equilibrium condition w, = p,,, (and p, = —p,, = 0),
cannot be exactly satisfied during the sorption process, as measured by the
sorption micro-calorimeter. This is due to the rate of change of the mass con-
centration of vapor and adsorbed water, denoted p, and p,,,, (which is related
as: P, = —Pum), being the main factor contributing to a (small) registered
temperature change 0 in the test chamber, resulting in a heat flow registered
by the heat flow sensors. Assuming that § ~ 0 and that the temperature
remains constant in the spatial domain, i.e. divq = 0 in sample tested, it
can be seen from the energy equation (120) that all terms left in this case
include p,. Treating the measured thermal power as a boundary condition in
the energy equation (120), in which only terms involving p, are considered,
it is concluded that v, and ,, (or more correctly the difference between
¥, and 1),,,) must be related in a very special way, which can be seen as a
restriction imposed by thermodynamic reasons when assuming 0 ~ 0 during
the process of sorption. This method can be used as an instrument calcu-
lating the difference between v, (6, p,) and ¥,,, (6, Porm). The whole concept
is, however, realized to be somewhat complex since the equilibrium condi-
tion Ou,/0p, = —Olgm/OPam also should hold, see the derivation leading to
equation (132), where it is noted that the Helmholtz free energies v, and
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Figure 10: Comparison of the measured differential heat of adsorption on
MCC with predicted values from the two-layer BET-equation. The stars rep-
resent the global differential heats measured by the calorimeter at different
relative vapor pressures.
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Table 3: Results for micro-crystalline cellulose, MCC, at 25 degree Celsius.
Material constants and evaluation of specific surface area obtained from the
one- and two-layer BET-equation. The measured data analyzed are from the
calorimetric approach.

One-layer BET Two-layer BET

c(-) 8.25 10.00

b(-) (1) 7.00

U, (-) 0.0355 0.0215

S (m2/g) 125.67 76.08
E1 L (J/kmol) 20.00 - 10° 20.00 - 108
— L (J/kmol) ) 20.00 - 106

(ale) / (braz) (-) 0.0026 (-)

(a1b3) / (bras) (-) ) 0.0031

(azbs) / (boas) (-) ) 0.0022
EBET — L (J/kmol)  5.23-10° 5.70 - 106
EFET — L (J /kmol) (0) 4.82-10°

Y,.m are to be related to the chemical potentials u, and y,,, as given by the
relation (107).

An interesting extension to this study is to examine the heat of conden-
sation of different adsorbed layers at different test temperatures. By making
such experiments in the calorimeter the temperature dependence of the ma-
terial ratios, the ratios a;/by, as/bs and a3/bs can be examined. If such a
dependence can be shown to be weak the relevance of the use of the Arrhenius
function, included as one of the main assumptions in the BET-theory, can be
motivated. Further, a more general model must be established, concerning
both the physical and chemical sorption in order to study the heat effects
during fixation of vapors on surfaces for material with similar behavior to
micro-crystalline cellulose.
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Figure 11: Absorption of water vapor on porous glass at 25 degree Celsius.
Lower curve, calculated mass adsorbate per mass adsorbent in the second
layer. Middle curve, calculated mass adsorbate per mass adsorbent located
in the first layer. Upper curve, ‘best’ fit of the one-layer BET-equation.
The stars represent measured values on unprepared porous glass using the
calorimetric method.
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Figure 12: Comparison of the measured differential heat of adsorption with
predicted values from the one-layer BET-equation (dashed line). The mea-
surements were performed at 25 degree Celsius. The diamonds represent a
few of the points evaluated from the calorimetric measurements on washed
porous glass. The solid line represents the measured differential heat on un-
prepared porous glass.
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Figure 13: Absorption of water vapor on porous glass at 25 degree Celsius.
Lower curve, calculated mass adsorbate per mass adsorbent in the second
layer. Middle curve, calculated mass adsorbate per mass adsorbent located
in the first layer. Upper curve, ‘best’ fit of the two-layer BET-equation.
The stars represent measured values on unprepared porous glass using the
calorimetric method.
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Figure 14: Comparison of the measured differential heat of adsorption with
predicted values from the two-layer BET-equation (dashed line). The mea-
surements were perforemed at 25 degree Celsius. The diamonds represent a
few of the points evaluated from the calorimetric measurements on washed
porous glass. The solid line represents the measured differential heat on un-
prepared porous glass.
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Table 4: Properties obtained from the one- and two-layer BET-theory. Data
from the calorimetric measurements on unprepared porous glass, at 25 degree
Celsius, are used.

One-layer BET Two-layer BET

c(-) 19.77 5700
b(-) (1) 6.50
Um () 0.0281 0.0190
S (m2/g) 95.50 67.26
E1 L (J/kmol) 23.00 - 10° 23.00 - 108
— L (J/kmol) (-) 93.00 - 10°
(a1b2) / (bra2) (-) 0.00184 )
(a1b3) / (bras) (-) -) 0.00252
(agbs) / (baas) (-) ) 0.00061
EBET — L (J/kmol) 7.40 - 10° 8.17-10°
EPPT — L (J/kmol) (0) 4.64 - 108
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