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A New Auto-tuning Design

Karl Johan Astrém

Department of Automatic Control, Lund Institute of Technology, Lund, Sweden

Tore Hagglund
SattControl Instruments, Lund, Sweden

Abstract.

The simple relay auto-tuners are based on the idea that the ultimate gain and the

ultimate period can be determined from a simple relay feedback experiment. This tuning principle
has proven very successful in practical industrial applications. This paper proposes a new tuning
method which is also based on a relay feedback experiment. A new method to process the data from
the experiment gives a sampled data model. Many different analog and digital design methods can
be applied to the model including dead-time compensation, pole placement etc. The method also
offers interesting possibilities to determine the process time delay and to validate the model. The
method is also ideally suited for pre-tuning of more complicated adaptive algorithms. The paper

describes the basic idea and gives scine examples.

Keywords: Auto-tuning; dead-time compensation; relay oscillations.

1. Introduction

In spite of many advances in control theory simple regula-
tors of the PID type are still widely used. See Deshpande
and Ash (1981) and McMillan (1983). Significant efforts
have lately been devoted to provide automatic tuning of
such regulators, see e.g., Bristol (1977) and Astrém and
Higglund (1988). A new method for automatic tuning of
simple regulators was introduced in Astrém and Higglund
(1984a). The idea was to determine the critical period and
the critical gain from a simple relay feedback experiment
and to use Ziegler-Nichols type of control design methods
to find the parameters of PID regulators. Several industrial
products based on this idea are now available on the mar-
ket, see Astrém and Higglund (1988). The scheme does,
however, inherit the fundamental limitations of the Ziegler
Nichols designs. The underlying difficulty being that the
design is based on knowledge of only one point of the
Nyquist curve of the open loop system. The consequences
of this are analyzed in Astrém and Higglund (1984b) and

. Higglund and Astrdm (1985) where some remedies are
also suggested.

A different approach to the problem is taken in this
paper. The idea is to still use the relay feedback experi-
ment to obtain the process knowledge required. Instead of
only using the amplitude and the period of the oscillation
we will however now also use the shape of the oscillation
under feedback control. A new technique for estimating a
process model based on the wave-form of the oscillation is
proposed. This is described in Section 2. Many different
methods can be used for the control design. A sinple pole
placement miethod is given in Section 3. This allows test
of the idea. It can be expected to outperform conventional
PID designs because the response speed is easily adjusted
and it can also handle systems with time-delays. There are
several interesting practical aspects of the scheme. One is
that it is possible to adjust the input filtering with re-
spect to the closed loop bandwidth. The other is that the
model can be validated based on properties of the wave-
form. An alarm can then be generated if the model is not
proper with respect to the specifications. This is discussed
in Section 4.

2. Parameter Estimation

To design digital control laws it is necessary to know the
sampling period and a discrete time process model. To de-
termine a process model experimentally a sampling period
is first chosen, perturbation signals are then introduced
and the process model is then obtained using some param-
eter estimation method. In self-tuning control the pertur-
bations are generated by the conventional feedback and
the parameters are estimated recursively. The sampling
period is a crucial parameter both in conventional param-
eter estimation and in adaptive control. Prior knowledge
about the time-scale of the process and the closed loop sys-
tem are required to determine the sampling period. This
fact has for a long time been a stumbling block for auto-
matic modeling and adaptive control.

An interesting tuning method which bypasses the
difficulties discussed above was proposed in Astrém and
Higglund (1984a). The idea is that most plants will exhibit
a periodic oscillation under relay feedback. The amplitude
and the period of the oscillation can then be used to tune
a regulator based on conventional Ziegler-Nichols type
designs.

The tuning methods discussed in Astrém and Higg-
lund (1984a) are only based on knowledge of the ampli-
tude and the period of the oscillation. We will here show
that conventional sampled data models can be determined
using the wave-form of the oscillation.

The starting point is that a relay feedback experiment
in stationarity gives periodic input output signals as shown
in Figure 1. The period of the oscillation is approximately
the ultimate period under proportional feedback. This
period can be used as a basis for selecting the sampling
period. Assume that we choose 2n samplings per period.
Since the signals are periodic, it is sufficient to consider a.
half-period. The input signal is then given by

U = UL = .. = Uy =1 (1)

Without loss of generality it has been assumed that the
relay gives an output with unit amplitude. The output
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Figure 1. Input and output signals obtained
from an experiment with relay feedback.

signal is given by
Yo,Y15---Yn (2)

A standard input-output model for a linear system can be
written as

A(9)y(k) = B(g)u(k) ©))

Where A(q) and B(q) are polynomials in the forward shift
operator with .

d=deg A —degB

The estimation problem is thus to determine the model
(3) from the data (1) and (2). A simple scheme for doing
this will now be developed. First observe that in steady
state the Z-transforms of the signals (1) and (2) can be
written as

n n~1 —
m Tk s B
zh 41
Y(z) = %27 ¥zt dygiaaz | D(z)
- z4(zm + 1) T ozd(zn41)

The particular representation of the Z-transform of the
periodic function y is chosen to be causally compatible
with the model (3). Notice also that

Ynt+k = —Uk
It follows from equation (3) that

Q(z)
A(z)

Y(z) = % U(z) +

where the polynomial Q(z) corresponds to initial condi-
tions which give the steady state periodic output. Intro-
* ducing the expressions for Y(z) and U(z) above we get

D(z) B(z)E(=z) Q(z)

zd(zn +1) T (zm +1)A(z) | A(2)

or

A(2)D(2) + 2*B(:)E() = 4(=" + 1)Q(z)  (4)

This is an equation for determining the polynomials A, B,
and Q. Equating coefficients of equal powers of z we get
n-+deg A4-1 linear equations to determine the coefficients
in the model. The number of unknown parameters in
the polynomials 4, B, and Q is 3deg(A) — 2d + 2. To
determine these parameters, it is therefore necessary to
have n > 2(N — d) + 1. In the case n > 2(N —d) + 1, the
number of equations is larger than the number of unknown
parameters. It is therefore suggested to use some kind
of minimization technique to determine the parameters
in this case. It is thus straightforward to determine the
coefficients of the process model (3) from the wave-form
Y0, Y1,-..,Yn of the periodic solution. The procedure is
illustrated by some examples:

EXAMPLE 1
Consider the process model

y(t+ 1) = ay(t) + bru(t) + bau(t — 1) (5)

which corresponds to sampling of a first order system with
a time-delay less than one sampling period. In this case we
have

A(z) = z(z — a)
B(z) = blz + b2

The model has 3 parameters. To determine these it is
thus necessary to have n > 3. For n = 3 the equation
(4) becomes

2(z = a)(yp12® + y22? — 102) + z(b1z + ba)(2* + 2% + z)
=2(z* + 1)(qoz 4+ q1)

It follows immediately that ¢g; = 0 and the equation then
reduces to

(z—a,)(ylzz+y;zz—yo)+(blz+bg)(z2 +z+1) = qo(zz3 +1)

Equating coefficients of equal powers of z we get 4 equa-
tions to determine the unknowns a, b, bz, and gg. These
equations are

y1+b1=qo
—ayi+y2+b1+b2=0
—ay; —yo+b1+by=0
ayo + b2 = qo

The equations have a solution if y; # 2. It is given by

o= Yo + y2
1 —y2

by = y2 =0+ ¥+ vov1 + Yove + v1v2
2(y1 — v2)

by = ~¥ + ¥+ ¥+ vou1 — Yoz — w12
2(y1 — y2)

= Y +v3 + v2 + vour 4 voya — 12
2(n1 — w2)

O

In Example 1 it was assumed that the time delay was less
than one sampling period. We will now consider a problem
where the time delay is between one and two sampling
periods.

EXAMPLE 2

Consider a first order system where the time delay is
between one and two sampling intervals. The sampled
model of such a system is

y(t+1) = ay(t) + bru(t —1) + bau(t — 2) (6)
In this case we have

A(z) = 2%(z — a)
B(z) =biz+ by

The equation (4) becomes

z2(z - a)(y223 + yoz? — y12) + 22(blz + bz)(z3 +22 4 z)
= 2(2° +1)(g0z + q1)

It follows immediately that ¢; = 0 and the equation then
reduces to

(z=a)(v22® +yoz—91) + (brz+b2)(22 +241) = go(2° +1)



Equating coefficients of equal powers of z we get 4 equa-
tions to determine the unknowns a, by, bz, and qo. These
equations are

y2+b1 =q
—ay2+yo+bi+b2=0
—ayo—y1+b1+b2=0
aytbz = qo

The equations have a solution if yo # —y2. It is given by

Y1 — %o
a = —
Yo + y2
2 2 .2 =
K Yo +U] —U; — %o¥1 — Yov2 + 12
2(yo + v2)
by = Y3 —¥7 4+ v3 + vour + vy + 1y
2(yo + y2)
. Y2+ v+ vZ — voyr + Youz + 1192
0 et
2(yo + y2)

O

In Example 2 it was assumed that the time deiay was less
than one sampling period. We will now consider a problem
where the time delay is between one and two sampling
periods.

ExaMPLE 3

Consider a first order system where the time delay is
between two and three sampling intervals. The sampled
model of such a system is

y(t +1) = ay(t) + bru(t — 2) + bou(t — 3) (7)
in this case we have
Az) = z"’(z —a)
B(z) =biz+ b,
The model has 3 parameters. To determine these it is thus
necessary to have n > 3. The equation (4) becomes
za(z — a.}(yoz3 —yiz? — y2z) + zs(blz + bz)(z3 + 22 + z)
=222+ 1){(qoz + q1)
It follows immediately that g; = 0 and the equation then
reduces to
(z-a)(—yozz—ylz—y2)+(blz+52)(z2+z+1) = qo(z3+1)

Equating coefficients of equal powers of z we get 4 equa-
tions to determine the unknowns a, by, bz, and q¢. These
equations are g

—yw+bhi=q

ayo —y1 +b14+b2 =0

ayy —y2+b1+ba =0

ay2 + b2 = qo

The equations have a solution if yg # 1. It is given by

= Y1+ y2
Yo — %

by = Vs — V2 — Y2 — You1 + Youz + n12
2(yo — y1)

by = —y3 — v} + V3 + vou1 + wovz — iz
2(yo — y1)

o= —Y3 — ¥} — 2 +voy1 + vov2 + v1vz
2(%0 —v1)

A dead-beat observer is used in all the examples. A
more robust design is obtained by choosing observer poles
that are removed from the origin, e.g., at z = 0.2, see
Lennartson (1987).

3. Control Design

When a process model of the form (3) is available there are
many design methods that can be used to obtain a control
law. A pole placement design where natural frequency w
and relative damping ¢ of the dominant poles are specified
is, e.g., one alternative. The design parameters can be cho-
sen automatically. Parameter ¢ can be fixed and frequency
w can be chosen as w = 2x /T, for systems with low order
dynamics. For systems with a large pole excess this value
of w is, however, too large. It is better to reduce w by a fac-
tor of two. In those cases where w is reduced we may also
consider to make a new experiment at a lower frequency.
Otherwise the input signal is not ideal for the parameter
estimation, see Astrém and Wittenmark (1984). This de-
sign will now be determined for the systems in Examples
1, 2, and 3.

EXAMPLE 4
Consider the system (5) obtained in Example 1, i.e.,

A(z)=2(z—a)
B(z) =biz+ by

Assume that the desired closed loop characteristic poly-
nomial is given by

22P(z) = 22(22 + prz + p2)

p1 = —2e¢wh cog (CWhM)

e—2(wh

where

D2 =

This corresponds to a second order response with relative
damping ¢ and frequency w. To obtain a pole placemient
design with integral action we have to solve the Diephan-
tine equation

A(2)(z—1)R; (z)+ B(2)8(2) = zzP(z)

It is straightforward to find the following minimal degree

solution
R(z) = (z = 1)(z + 1)
S(z) = 802 + 812
where L P(1) P(a)
0T . (3(1) _“B(a))
__4a (PQ1) P(a)
I (B(l) - B(a))
b2
T = —— 381

The control law is then given by

u(t) = toYeer — s0y(t) — s1y(t — h)
+ (1= r1)u(t — h) + ryu(t ~ 2h)

where
to = 50 + 81



ExAMPLE 5
Consider the system (6) obtained in Example 2, i.e.,

A(z) = 2%(z — a)
B(z) =b1z4 by

Assume that the desired closed loop characteristic poly-
nomial is given by

2*P(2) = 2*(2® + p12 + pa)

with p1 and ps as before. To obtain a pole placement de-

sign with integral action we have to solve the Diophantine
equation

A(z)(z ~ 1)Ry (=) + B(2)S(2) = 24P(z)

It is straightforward to find the following minimal degree
solution
Ri(z) = 22riz 4+ 79

S(2) = 502 + 81 2%

where
o= (R0 _ 2@
1—a \ B(1) B(a)
5o O (P(l) _aP(a)>
YT a1 \BO) T "B
by
Ty = ——a— 81
1+4+a by by
T = T2— —381 ——3

The control law is then given by
u(t) = toyref - Soy(t) — 8 y(t - h) + (1 - rl)u(t - h)
+ (1 — r2)u(t — 2h) + rou(t — 3h)
(8)

where
to =39 + 33

(]

EXAMPLE 6
Consider the system (7) obtained in Example 3, ie.,

A(z) = 23(2 —a)
B(z) = b1z 4 by

Assume that the desired closed loop characteristic poly-
nomial is given by

2P(2) =25(22 + p1z + P2)

with p; and p; as before. To obtain a pole placement de-
sign with integral action we have to solve the Diophantine
equation :

A(z)(z — 1)R1(2) + B(2)8(z) = 2° P(2)
The degree solution is given by

Ri(z) = 24 riz2 b rez41g

S(2z) = s02* + 312°

where
1 (P(lj 3P(a))
Sp = —a
1—a \B(1) B(a)
.= % (Pfll_azpf“))
YT a1 \BO) B(a)
by
T3=——an
a
1+ﬂ. bl bz
Ty = r3s ——381 — — 39
a a a
(14+a) 1 by
Tl =-—"72-—T3— —39
a a a

The control law is then given by

'u,(t) = t0Yrer — S0 y(t) — 381 y(t - h)
+ (L —r)u(t—h) + (r1 — r2)u(t — 2h)
+ (r2 — r3)u{t — 3h) + r3u(t — 4h)

where
to = 80 + 81

O

It is now straightforward to obtain a tuning procedure
as follows:

ALGORITHM 1

Step 1. Run a relay feedback experiment.

Step 2. Determine the model parameters from the wave-
form as expressed by (5), (6), and (7).

Step 3. Compute the regulator parameters from the
equations given in this section. O

Remark. Since the time delay is not known, it will be
estimated from the position of the maximum point of the
wave-form. If the system has the transfer function

el

9
1 45T ©)

G(s) =k

then the maximum of the output appears L time units
after a switch in the input. With high order dynamics the
maximum will typically occur earlier. The maximum of
the output can be used to estimate the time delay in the
following way. Let tinax be the distance from the extremum
of the output to the previous switch of the input. The value
of d should then be chosen so that

d> tmax
~  h

where h is the sampling period.

There are several relations which can be used for
model validation. It follows from the calculations in Ex-
amples 1, 2, and 3 that

ala?d® = -1

Where al, a? and a® are the parameters a obtained in
the different calculations. The expression implies that one
of the a*:s always is positive. This means that only two
models are reasonable. This can also help in determination
of the time delay. )
The parameters b_f’. satisfy the following relations:

p= Y12,
Yo + 2
b:li = —---yl —¥z bl

Yo +m
_ Yot B2

Yo — 1

Also notice that a proper model must have positive b;
parameters.

Lack of Identifiability

The output of the system is close to sinusoidal for certain
processes. This may happen when the transfer function
falls off rapidly with increasing frequency. In such a case
it is not possible to determine more than two parameters
in a model. When three amplitude values are used, as
in Examples 1, 2, and 3, it is easy to verify that the
amplitudes are related through

Yo—v1+y2=0



Table 1. Parameters of models having different

delay.

d a bl bz k T L
1 —-6.11 -3.59 —2.16

2 0.636 0.128 0.586 2.0 4.3 3.6

3 0.257 0.554 0202 1.0 1.4 4.7

Based on this relation it is easy to develop a criterion that
tells if the results are reliable. It may, e.g., b+ required
that the quantity

o = Vo= v+l (10)
max; |yl
is sufficiently large. If the test quantity is too small the
additional information can be derived from the process
gain that can be determined from a static experiment.

4. An Example

To illustrate the design procedure we will show the results
when it is applied to a process with the transfer function

—4x

G(s) = ﬁ:_ﬁf

The results of a relay experiment with the process is shown
in Figure 1. The relay amplitude was 1 and the hysteresis
level 0.1. With six samples per period we get

yo = —0.106
1= 0.782
y2 = 0.956

The reason why yo is slightly less than —0.1 js because
of the sampling. The criterion (10) becomes a = 0.07,
which means that there is a reasonable content of higher
harmonics in the output. Calculation of the parameters of
a first order model gives the results shown in Table 1.
The model for d = 1 can immediately be excluded since
the parameter a is negative, To choose arnong the models
we also compute the parameters in the mode (9), that
corresponds to the discrete time system (5), (6), or (7).
These parameters are given by

g rtbe
l—a
h
T=———
Ina
L=hd+Tm 22 tb2
by 4 ba

The numerical values are given in Table 1. The maximum
of the waveform in the relay experiment occurs 4 s after
the input change. Since the sampling period is 1.94 s,
wit get tnax/h = 2. The model with d = 2 is therefore
chosen. If the undamped closed loop frequency is chosen to
correspond to the period of the relay oscillation and if the
relative damping is specified to ¢ = 0.707 the control law
is given by (8). This regulator can be interpreted as a PT
controller with dead-time compensation. The parameters
are

so = 0.925 ro = 0.665
81 = —0.232 r3 = 0.182
rr = 0.553

Output and set point
| \/
0.5

L‘ T T T T 1
0 20 40 60 80 100

2 Control signal

i

0.5

04 T T T T —

20 40 60 80 100

Figure 2. Response of the closed loop system
obtained when the design procedure is applied
to a system with the transfer function G(s) =
e~ /(s +1)2.

Disregarding the dead-time compensation the regulator
has an equivalent integration time T; = 2.6. This can be
compared with the values k = 0.23 and 7} = 1.9, which
are obtained by a dominant pole design of a PID regulator,
see Astrdm and Higglund (1988). Figure 2 shows how
the closed loop system responds to commands and load
disturbances. The controller gives good performance both
with respect to command following and load disturbance
rejection.

5. Practical Aspects

There are many practical aspects of the regulator that are
similar to the conventional auto-tuner. It is useful to in-
troduce hysteresis in the relay to avoid chattering, The
hysteresis amplitude can be determined by measuring the
noise level in steady state. The relay amplitude can be
adjusted to avoid too large deviations during the relay ex-
periment. The criterion (10) can also be used to influence
the hysteresis. If (10) is too low the hysteresis should be
increased.

Proper signal conditioning is very important for good
control. For digital control laws it is particularly important
to have good anti-aliasing filters, See e.g., Astrdm and
Wittenmark (1984). Since this filter will depend on the
sampling period it is normally difficult to make a good a
priori choice. With the design procedure proposed in this
paper the sampling period is determined automatically, It
is then possible to match also the antialiasing filter to the
particular conditions.

If the sampling period is h then the Nyquist frequency
is 7/h rad/s. Assuming that we are using a second order
Butterworth filter, to obtain a gain reduction of 16 at
the Nyquist frequency the filter bandwidth should then
be chosen as m/(4w).

The following procedure is used to obtain a filter
whose bandwidth is easily adjusted. Select a high sampling
rate and an appropriate analog prefilter. Then implement
a digital filter which does the additional filtering required
and sample the output of this filter with period k. In this
way it is easy to obtain the appropriate filtering. It is
probably also a good idea to repeat the relay experiment
with the digital prefilter in the loop.

Based on some preliminary experiments it is expected
that this form of adaptive prefiltering will substantially
improve the quality of the control.



6. Conclusions

This paper proposes a simple method for tuning digital
control laws directly. It is believed that these methods
are superior to the techniques based on continuous time
PID algorithms for the following reasons: There are fewer
approximations involved, because a discrete time model
is fitted directly. The information about the full wave-
form is used, not only amplitude and frequency. It is also
easy to include an adjustment of the response rate in the
system simply by letting the operator choose ¢ and w. The
algorithm can also cope with systems having time delays.
The algorithm also allows adaptive prefiltering.

Extensive simulation has shown that the method
works very well for low order systems with time delay.
This can of course be expected. For system with a large
pole excess the direct approach does not work so well.
There are several reasons for this. The output signal is
almost sinusoidal which means that only two parameters
can be determined. It is however possible to arrange the
relay experiment so that the steady state gain can also be
determined. The model (9) can then be determined.

There are some key design issues to be explored fur-
ther. A major issue is the model complexity reyuired. It
is our guess that the simple model used in the examples
will go a long way. It is a good idea to introduce some
observer dynamics. This may be chosen as a function of
the noise level. A design based on predictive control may
also be considered.

Apart from uses as a PID regulator the algorithm is
also ideally suited for initialization of adaptive regulators.
In this case the initialization is executed under tight
feedback conditions. The algorithm gives initial parameter
estimates as well as estimates of sampling periods as well
as an estimate of the achievable bandwidth.
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