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Abstract

ThÍs paper presents a Fort,ran rv subroutine called NELME
that i-s a straightforward implementat.ion of the slmplex
method for function mini-mization proposed by Nelder and
Mead. NEL¡48 is wrÍt,ten and documented according to the
rules of the Scandinavían Control Library.

NELME has been tested and compared. with a quasi-Newton
algorithm without derivatives and wÍLh the powell-Brent
algorÍthm.

The result of the tests shows that it is hard to rank the
algorit,hms.
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1. INTRODUCTION

This paper presents a Fort,ran rv subroutine ca1led NELME
that ís a strai-ghtforward implementation of the Nelder and
Mead search. NELME has been tested and compared with a quasi.-
Newton algorithm wi-thout d.erivatíves and with the powell-Brent
algorÍthm.

chapter 2 describes NELl.dE and the computer codes can be
found in Appendix A. chapt,er 3 treat,s the problem of evaruating
ItrELME and test results are presented. Appendix B contains
additional test results.

2. NELME

NEL¡48 is a Fortran rv subroutine that is a st,raightforward
i-mplementation of a simplex method for function minimization
proposed by Nelder and ÙIead (L964). In this implementation
the reflection coefficient Ís chosen to L, the contraction
coefficient to 0.5 and the expansion coeffi_cient to 2.

NELME is writt,en and documented. according to the rules of
the scandinavian control Library and consequently the sub-
routine within itself contains arl adequate informat,ion
how it is used. A rist,i-ng of the subroutine NELME can be found.
in Appendix A.
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3. EVALUATTON

rn Himmelblau (L972) chapter 5 and Ín Brent (Lg73) section
7 '7 the problem of evaluate algorit.hms for unconstrained
nonlinear programming is discussed and a number of algorithms
are evaluated. The 1¡¡¡entors have of course evaluated their
method and Himmelblau (1972) discusses explicitly the method
of Nelder and Mead.

Five di-fferent functions were used to test NELME. The functions,
whose minimum value is zero, were:
(1) Rosenbrocr<-s parabolic vaIley (Rosenbrock

y = too (xr-x rr), * 1t-x1) 2,

starting point (-L.2 ,L) ,
mÍnimum point (1r1)

X

(2) I¡'Iood-s function
y - 100 (xr-x r')'

(1e68) )

+ 90(x + (l-x )

) + 19.8 (*z-r) (x¿-1) ,

(cotvitle
+ (l-xr) 2

+ (x n-t) 
2

(1e60) )

3q-*22 ) 
2 2

2+ 10.1 ( (x -1)2

starting point
mj-nimum point

(-3r-1 ,-3 r-L) ,
(1r1r1r1)

(3) Flet,cher and powell-s helical valley (Fletcher and powell
(1e63) )

y' = 100 (xr-100 (x, ,xr) )

where 2n0 (xU,xr) I
I

arctan (xr/xr) , xl_ > 0

Tr + arctan (xr/xr) , *l . O

starting poi_nt (-lr0r0)
minimum point (1r0r0)

2 2
1 2

2 Ð2 * *32+x+ (x
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(4) Powell-s

y= (xt

TESTQ

quartic

+ 10x
2

1
ñTÏ

n+
I (f (x )-f(x

42

function (Powe1l

+ S(xr-xn)2 + (xz

(Le62) )

-2x3
+ 10 (xr-xn) 4

truncated linear terms

+ e(xr),
is the largest integer 11"1,

starting point (3r-1r0rI)
minimum point (0r0r0r0)

(5) A quadratic functj-on with
y = xL2 * e(lx, l) + s *22

where e(z) = sign (z) .n, n

starting points (*2, t2) ,
minirnum point (0,0)

)<

The propertj-es of functj-onsr-4 are d.j-scussed in Brent (1973).

The progress of NELME on funcLion r-5 has been studied for
different sj-zes of the initial simplex. The number of itera-
tions, the number of function evaLuations and the value of
the test quantity (TESTQ) were noted when the function val,ue
had been reduced to 10-j for j = L, 3, 5, 7. TESTQ (to be
compared in the algorithm with the desired accuracy in the
minimum value) i-s given by

2

i=1 a c

where n is the dimension of the optimization problem, the
xi: s are the vertj-ces and x" the centroj_d of the polyhed.ron
and f (.) the functi-on to be minimized.

The results can be found in Appendix B. The maximum number of
times the loss function could be evaluated was set to 2000.
rf a number in the column "number of evaluations required."
is 2000 or g'reater, it means that the polyhedron has degenerated
(to a point) before reaching the minimum point.
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rn order to get a feeli-ng for the rerative efficiency of
NELME, the probrems 1-5 were solved with the help of uuFLET
and PowBRE. NUFLET j-s based on a quasi-Newton method. without
derivatives. The method is described. in Fletcher (1971).
POWBRE is an implementation of a version of pov¡el1-s
algorithm, modified by Brent (1923). powe1l-s algoritJ.ur is a
conjugate direction method without derivati-ves. The comput,er
codes (in Fortran) can be found in KäIlström (197g). NUFLET
and PowBRE have some additional parameters that l:ave to be
set. The values of these parameters have been chosen according
to Källström (L978) ,
i. e.
in NUFLBT DFN = -0.2 (estimate of the like1y reduction

to be obrained in f (x) is O.2lt (xo) l.
DFN is only used on the first, iteration
so an order of magnitude estimate
suf f j-ces )

XI'f= [ 1, . . . ,1] (no scaling wanted)
HH=10 ' (the step length used when calculating

_tr the gradient j-s 10-3)
-ÊEPS=10 ' (th" accuracy required in x. is to-5)

MODE=I (tfre initial esti-mate of the Hessian
matrix is set to the unit matrix)

and
in POI{BRE DIST=1 (est,imated dj-stance from initial

approximation to minj-mum)
(no scaLing wanted)
(wanted relative accuracy in x)
(the algorithm j-s started with the
coordinate axes as search directions)

(the problem is supposed to be illcondi-
tioned)

(number of iterations without progress
before termination)

SCALE=1
-â.TOL=10 "

MODE=1

ïLLCO=. TRUE.

NSTOP=1

The results for NELME with VDIST=l (initial
NUFLET and pOtr¡IBRE on functi_ons l-4 are given

sj-ze of the simplex) ,
in Tab1e 1-4.
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Tab1e I

Number of iteratÍons (nr) and number of fi¡¡rction
(nr) to reduce Rosenbrock-s function to < 10-j.

evaluations

J
NELT{E

n. n-l_ï

NUFLET

n.
l_

n-
T

POVüBRE

n. n-l-r

37

47

52

52

52

57

57

t02

L27

140

140

140

L52

L52

I

2

3

4

5

6

7

59

75

82

83

86

88

89

185

23L

253

256

268

276

279

23

2g

31

32

33

34

35

99

140

152

1s8

I64

170

t76
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Tab,le 2

Number of iterations (nr) and number of function
evaluations (nr) to reduce !{ood-s function to < 10 J

j

I

2

3

4

5

6

7

NELME

n
L tf

NUFLET

n.
L n f

POV4IBRE

n.
L n f.

253

265

270

287

287

294

299

68r

709

719

758

758

777

787

30

35

35

81

94

103

108

105

L25

l.25

269

310

344

358

6B

72

73

74

75

76

77

664

704

7L4

724

734

744

754
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Table 3

Number of iterat,ions (nr) and number of function
evaluations (nr) to reduce Fletcher and Powell-s
helj-cal valley to < 10-1.

l

I

2

3

4

5

6

7

NELI\ß

t1 .
l-

tf
I\iUF'LET

n.
L

n-
T

POVúBRE

n.
L

tf

43

57

63

63

67

67

73

110

143

158

158

L66

L66

r80

154

L72

185

189

193

L96

200

480

s33

576

590

606

616

632

18

24

28

29

29

30

31

L02

158

191

199

199

207

2L5
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Table 4

Number of iterations (*i) and number of function
evaluatÍons (nr) to reduce Powell-s quarti-c function
to < 10 r.

)

I

2

3

4

5

6

7

38

43

48

55

65

72

77

91

101

111

r30

]-52

r71

r82

POWBRE

n. n-l-r
NELME

n
l-

n-t

NUFLET

n.
T

n-r

31

56

68

70

76

78

85

99

L77

206

2L8

238

246

276

9

10

I2

22

23

25

27

6L

67

79

16r

L7L

191

2rt
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The resurts speak for themselves and only a few comments
will be given here. As seen from the results in AppendÍx B

the size of the initial simplex has a significant effect
on the speed of the convergience. Wood-s funct,ion is an
illustratíve example. The result shown in Table 2 (the
size of the initial sj-mplex is 1) is very good, but
NELIIE fails for some sizes of the initial simplex. pohTBRE

too had difficulties and stopped at, (-0.988, 0.986, -0.949,
0.913) and declared that this point is a minimum. But
when NSTOP was increased to 5, POI/fBRE found the minimum
point and j-t is these results that are given in Table Z.
Brent, (1973) reports that with DIST=IO POWBRE after I91
linear searches and 452 function evaluations had reduced
the function value to 6.10-14.

This dependence, which is not (L fJtLLolLi known, makes it
dif f icult to rank NELME, NUFLET and pOi,{BRE. Function 5

is dj-scontinuous when x,. or x, is an irrteger and one may
suspect that NUFLET and powBRE mighL fail. As seen from
the results in Table 5 this is the case.

rf no special lnformation is availabre that can confirm
the result of a "minimization algorithm" to be a close
approximat.ion to the solution, how can it then be decided
whether the solution of the problem is found or not,? This
is a hard question. This problem is dlscussed in Murray
(1972) . He gives the following advice:

1) Check the rate of convergence
2) Restart, the routine
3) Try other starting points, input parameters, rescale

the variables
4) Try a different method
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Table 5

Number of iteratíons (nt) and number of function
evaluations (nr) to reduce function 5 to 10-7 for
different, startíng poínts.

POVIBRE

n.
L

tf

I2

faÍ1ed

L2

failed

34

2)

34

3)

1)

2)

3)

stopped. at
stopped at
stopped at

(L.9996, -2.0098)
(-1.53.10-3, -2)
(1.01.10-3, -2)

NUFLET

n-In.Itf
}¡ELT;¡.E

n.
l_

starting
poixt

(2, 2)

(2,-2)

(-2, 2')

(-2, '2)

28

24

31

26

94

86

r04

90

I

failed

I
L2

69

87

44

1)
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APPENDTX A

Compu ter Codes

NELI4E

NBWX

PNEL¡{E

L6

24

25
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APPENDIX B

Results from the minimization of fÍ ve functions using

NELTIE

Function 1

2

3

4

5

(Rosenbrock-s function)
(Wood-s function)
(Fletcher and Powell-s helical valley)
(Powell-s quartj-c function)
(A quadratic function with
truncated línear terms)

29

37

45

53

61

If a number in the column "number of evaluati'ons
requíred" is 2000 or greater, it means that NELME

failecl. The polyhedron hag dcgonerated before
reaching the minimum Point-
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