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Ti:S']] T*iF CÛ},IMON r,ACTÛRS T}" íDENTTT']I]Ð MÛilEI,S"
APPI,TCA']'].ON TO THH G[}.JER.ALTZËD LT],AS1] SQUARES MET,}IOÐ,

T" Söder*tröm

Abstract

Test$ rsl- comrírcìn fåctoï.s of two pol.ynoniars *tre csnsiciered.
Çtihen the coeff icíents of the uorynonii^ai-s ð.rae given onJ-y
vEith solne cer:taírr accur:åcy, the pr:obrem i.s not tr-íviar. A
*ystemati.c wåy 'ro pe:'form such tests taki*g the accur,å.-
cies ':f ihe cr:ef f icier¡ts into acccunt, is pr.opased . Dif*
fe*en'r rdåys ta implement the pr.aposed argarithm êre <ti.s*
cu.ssed. rt is fr;rthe' proven that applied to models ob-
ta'-ined rn¡itli reast squares identification, the nesur.ting
algori'hhr* i-s equi.r.'alent to crankerç gene*ari-zeei ieast
sqüånêË ¡netheid. The pnr:poseci method f an in fact be con*
sidered d's an arterna'tive to get the gener,arizecr reast
Ëquares ectinrate.
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fr: the anal,ysis eif moqlels ohtair;eC bv process :-r:lentif:i.cation
it is often clesirable t'o pe::forn a test of common factcrns"
l\ typicai exarnple is models of murtivariabre sys-tem$, where
l-he numbe' of cornmon factc'rs mi*y have a drastic infruence
on the fínat ciroice of the c.r,<ie:: as ¡¿ell å.s the structune
of the model. Anathen typicar example is th* so carled re*
peated ieast squðres me'thod' see .r\strðm-flykncff (1g7r), This
method means sinply the onclínany reast squåre$ methCId i¡ut
with a high orcer. mocel in or'<le:r. ta include also the ncise
in a proper. waj¡ in the moder. rn the papers by iJnbehauen-
Göhring (1973) ancl van den Bcon*van den Hnden (rg?a) tests
of common factor:s a.l:ê used to deterr.rråne euitable orders fon
rrrocl¡+ls of singåe fnput. sångle output s¡¡stems.

Although intenest has been shown coneer:ning tests of conmon
f.actors in identified models, there is not presen.ted any
systemati* way to penform such a test " A usual method to
do the test is to compute the uenoË of the two porynomiars
and compåre them ftvisuarryt o* by a quite arbitr:ary ,'cnite-
nic¡*." rn this report the purpose is to give and discuss
å systematic way to perform tests of this nåturê.

The pnoblem that
follows:
Assume that the

Â(z)

B{z) +

are given. It is possible to allow
c:ients are known. A usual case is a
that the ::emaining, unknown el-ements
tirat the cov.aníance matrix of these
timated es well.
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esti-mated anci

is known or: es*



Tile prr:ì:Ieni is ncw to decjcie j.f the pclynomials Å(zi and
E(z)
intc¡
mtrl

have eoillmûn factr:r-s or not taking the uncertainties
¿tccount. Especially, the tes.t can be done for j< com*

factor:s, and then the test ca* be r.epeated with k : lr2
å"s long ¿" comrnon fecto::s ar"e f ound.

Tlie r:epont is organized as follows. Tn the next cha.pte-r
a way of testing common factr:r:s is given. Tt lead.s to
an Õptim.izati.on problem with a complícated constråínt.
lÍcwever', it is shown in chapten TTT that it is eaÊy to :re*
move the constnai't completely thr:ough a på.rð.meterization.
Also rJífferent approximate soluti.o*s of the optirnization
p*oblem a:'* dåscussed. rn chapter TV the argorithm is clís*
cussed fori applica'tion to the repeated least squ*nes algo-
ri-thm. Tt is shown tha'L it leads tÕ tlie gener.,al least
squares method pnoposed by clanke (1967). The pnopenties
of this met l'rod v¡ere arrålyzed in [iöders-rríin t]g..,¿) and 80me
of them ¿re cliscusrìed ín chapte* rv .3s r,¿err" FinaJ-iy, chapt
ter v con'tainç $oÍne rru.mericar exampi-es of the pnopoeed algo-
rithm.
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:iï" A SYST'ËMA:|IC L\ïAY iti: iÏS.T'1NG CO}ÍMON F'AC'IORS.

Ïn this cliapter a basic j.clea how tc i-est ancì cc,mpute commori
facl--ors wi"Li be preseni-ecl" r"r j"s a.ssumer:1 that the cceff i-
c':Íerits t:f 't.he poJ-ynr:m-i-a1s å.re J.;nov¡n with a gi.v*n å.ccurúci/.
iln al-gorithm fox. perfor'rrii.rrg the t'est _is pncpc,secl and i.l is
furi;her rl j-scussed in tiie n€xi- ch;ip-{-er', whir:h a.lsc :i-ncl_uEjes
srJrne å.ppr'.oxj-rrate ver'ßion$ of tÌre tl J_gcr,:"ltlrm.

T'he prcbie'r is to test if the two poïynorråais A(z) anci. åcrl
have k cnmrnotì factor$, This prc;1-'1em r,¡iii f irsl- be corlEjicler.ecl
in a. geomet::ic w;ey anci 'tl¡e e-J-garithm ç¡i}l be formurated geo-
metri*aii.ry a* well" Then the same aì-gori-thm i.s presented in
å.n an.rlytical form. F:inal.ly, th* chapter wirl eorrtain Ëûme
g;ta I ist ical inte:rpnetati_ons of t.he algorit]rm 

"

i,et the v€ctor" x cr:nsist of the *stimates of
coeff j-c j_ents cf the polynomials " Assume that

dtJ the ¡^lnknown

is n*dinren**i-onal" An ¿rx'Ï:itrary poi*t x i.n F.' corr.esponds also to twr:
pr:}yr:o:ni a-Ls . Tntnociuce nÕ*n ¿'rrÕeuce n*w the set $k, which is & subset ofK ? deÍr'ed by st = {x, such 'Lirat the Õo}arespÕncrirrg parync-
mi"als have at r-east k common f*ctansl" Thus the p*oÌ:J.em i*;to exainine if x €SX. If the çtatj.scj.caj- natur,,e of the pr.o*
blern is not considenedo the*e &ye seve::ar werr*kriown r",åys .ro
pe::fo:'m the 'Lest and the pr.ol:ren i.e r.a"the¡, triviar, One
methocl is to compute ar-l thre zer{Õs of the tr^/o porynomi.ars and
cömpare them one by one, An'ther way to penform the examina*
t:'-on is tû Lrse the Euclidean alg*ni.thm" ït wir1 be shov¡n i*the next chapte:: how these tç¡o r¡ethads c¿ln be used also in a
more sophj.stj.cated way including the consid.enatian of tire st¿1*'t-i$tical natur"e c,f the probj.em.

Tak.ing the accur"acies into å.ccour'ìt, it is necessd.ny to allow
i:ot only the point x buf also points clocc to * *rr"r. ti.¡e sel
s"lo is examinecl. rt is convenient in simirar applj-catj-ons to
cÛnsider poi.nts in an ellipsoíd with een.'e in x. "In orrjer
to def:Lr¡e this type of set in å prÕper wåy, å.Ësr.lme thåt; is
an unbiased esti¡ïate of an unknown vecton mo and that * rr.r*
the known co'a*iance ma'tri-x p. Then thç elri_ps;oicr gj.ven r:,:r



4

'T ^I{x¿ (x*x} 'f)
I (x*x )

the ellipsor'_d af concentration,
e-l1ipsoid of eÕncentr'âtjor: for

{Ì{ }
- 'fì"

i-s calteci
1{ typical
f igur,e 2.L

see Cram6r- ( 194 [ì ) 
"

is shorvn inIt - L

l'igune ?.I An ellipsoid of concentrå.tion',

T'hene arç severål wayfn to detenmine a "suitabre'r value of
yri" 0f ccunseu tl¡e j-n'tencled uçe cf c influences the choj.ce.
some natunal. choices åre the followíng. intr,Õduce an arti*
ficial stoch*stic var.,iabre g with me*n x an¿ cÕvâriance
rnatr ix P .

t. Foilowing Cr.am6n(1946) y cå.n be definedItdition that g is unifonmty cJistribr.rted in
ir¡ Cr*mér.
'lhe riunrben

-1=Ëtrp'

(ltì46) tha't tl'tl$ g:tves yn : rì+? .

yr, îan be chosen as Il ({*;)T p-l
(q-*l Cg-xlT' : 'Lr ¡fl p : r"i

through
t\ T+u. -LL

the cÕn*

is sÏ¡cwn

2 (g-x)

Assume: thðt { is gaìiss: j.an rli.str j"i¡u.^lerÌ, Then y,, üån be
choeen so thet tlie probabi.lity of {€c is an anbitrany
numher, 1*ß (û < ß < l_) " $ince qq^":'Ï p*1{q-;) js ,.2{r.,)

,)clistr-ibuted , this ,ief initron leade; tCI yr, = x ãt n I . 0f
course, also Õthev' dii;tri-bulj-ö::rs are posÉ;ibl-e .to use for.
a def inj.tíon of y

n
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Th*

-f tlr
rtra, ^-L IIE:

cc¡:ce Þt of ei.li.pso"Lds of concçn'tr.ation lçiLl now be usecJ

prop,:$ing an algor.:ithn fr:::' a tesÌ- r:f cüDlrnûfi. factcrs,
a.Igo::ithm cari be fai:mul.a.tecl cì.eI

Ëxe.rnine if thet"e. is any x å;r L'r,vhjch a-t_so be*
longs tc ll, . If tirr:r'e are i;uch points, [],en

J(

t}:e estinåte x can be ¡rrarj.lf ieci tÕ tTr, which is
"lhe point j-¡": S:. tl"ra't is closest to * j-rr the
iiti

P
, -rIoIlIn

This idea neån$ thåt points inside C are cönsiclered as li.ke1y
vaL.ues of the unknown vecror m, and points outsirle the ei-1-Í"p*
soici d,t'e consicie:.e<i as not iikely, üoreover, the close.r .tû

x a point is si'cuatecl tiie more iikely ít is cons:ldered..

?he idea of the algorithm is illustrated i.n tico fi.gu::es f:cx,
the case n = ']. rn f i.gLme z.z the sets c. and so have nc
ir¡tersec.tion ancl t'hus the tes't gives thal there are nÕ cornrflon
factors .rf the two polynomials. rn figune 2.3 the sets inj_er*
sect and the "best" point ri is also gi.ven inthe figure.

S¡

t+te
t\t,

S¡

Figure 2 "2 Fígu::e 2 " 3



6

ïn ordey' to apply ttre algorithm, it j.s nece$sã.ry tc
late j,t j"n an arral.ytj.cal. wây, which is easy to do.
dnal.5r1iça} vension of the a.lgorithm is a"s follows:

Find the gtobal- minimum point m of

F(x ) (x*x) rlr
¿ -1

P (x-x)

under- the
to have k

const::aint x€ S

coürmcn factot'f3
polynomials
i.s small.eI"

fo:'mu-.

The

{2"1)

are cons i-cie::ed

than r'n
k:

The

if F(m)

It is aiso pofìsj-bte to give $ûme statistieal interpr"etations
of the algor:ithm. Consider ti"re'hypothesis Ho, m €Sn. It is
to l:¡e tested against [lr: * {St. T]re test is perfcnmed such
that Hu is rejected if and only if F(m) j-s langer than yn.
llhisway of testing the cornpiicated h.ypothesÍs seems to be
natural

Tt is possi¡te to somewhat anatyze tiie significance levelof the
test. Assume especially that r. is gâ"ussían distníbuted.
Then the significanee level ofulfills ü ; P (r:eject Ho,if
Ho ís tï.ue) = P Cfim) r y' when m €Sn) j P (Ë(m), r;
wlienm€S,);(x.K' O

whene rJ
v

is given by the equation

ô
L\ X (n)

c'

Moneover, pnovÍded that Ho is tnue and that x is gaussian,
the estimate m is the maxi.mum likelihood estimate of m.

This asse::ti.on follows fnom the fact that in this caÉe the
likelihr:od 'function fulf i1l

Icgl"(m) : c¿:nstant + F(m)

It cån
cerning
ís nçt

be noted that j-n several pr:acticai- situations con-
i)rocess identifir:ation tlre tnue covar"ian*e matrix p

known" Holiever, sevet:al well.*known iclentification
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methods like the least squares metho,J, the general ized }east
squares methad, clarke (1962) and the maximum líkelihood
method, Åstr'öm-Bohlin (1966) prorluce an estj-mated covaria¡rce
matrix. 0f cou¡:sen this can be used as welt ås the true
covariance matr:ix, but the statistical interpnetations are
not sö stnaíghtfor"wand fon this cå$e. rt can also be
noted that the mentioned iclentification methods under mitd
condåti.ons give asymptotically gaussian distril¡uted esti*
mates. This fact justifieç the assumption of gaussåan dís*
tr'íbution of x in the statistical intenpnetations.
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TIT. i¡'lpl,il.{r'j'.rxA'il0}.Js 0F 1}ffi AIÉ0RITTÍ{

ilhe algorithm propos*d i¡ the fo::egc;ing chapter. is nrerely a p:-ecise

;z-'obian fcrrrulation. '.thr'ee aiffe.r'ent üreîhods wj,ll- be 'i:reiated. Tt

l"¡ill ire aesumed that ån ar¡ci Ë^ $È': be knov¡n .anci that all oth.er coeff:i.*U U*,
cients c,r nta) and Ê(z) aoe nat icrov¡n exêctiy" 'This is also the most

mrsnon sj"tuetion in pnac'tice.

illlie giver: p::oi:l,em means that a quadratic ir:sg function is tci be mj¡ri*
mj"zed under a constnaint cf ;r cønplicat€cL for¡Tr. l4oreover, í.t is a

Ïerd "Las],: to {:v'pT'âss ti:e consf¡aint expi..iciti-y 'nrhen 
-the po}ynor'nials a::e

rrf genefal degryeles. This implies ti'ra.'í: iï i.s not pentinent 'to try tc:

s*lve the oroposed p,r.oblem just strðightforc,rård.

üre way tc so-Lve the problem wiii be to use a re¡n:.ameterjzaLj-on.
!üf¡en the ¡:*ciimensiana-J- vector: x €s*, the "degrees of freedr¡mt' j-s

n * k. Tt i.s in fact possible ter find â. new vector" y of oå:rren*

sion n - k arrd a tna¡rsfornntion f such th¿t x = f(y) vrhen x €so.
1?rås fur¡cti.on x * f(y) Ís srlch ttlat when y vanies.over Rn-'k t-Ïre¡r

x varj-es over the get Sk or' Ð{pr1e$sed :in a sf.ni:rgeni way,

rtriri*k) = sk.

A seconci way of soJ-ving the prohrlern will be tc conrpute the zer,as

r:f the'tvro pclynomiais. Let the vector" y colitail these z.,eros. Atsn
thÍs wæy neans that a transfovîìåtion of variabie ie done and tliat
this trånsformaticn charrges the ioss functj.on into a nere c.crnpli-
cated form" Far this method the constraint becomes li¡eex' for y,
sj.nr:e for exanple yi " y7 , ]r2 = V6 is to be teste(i. For thjs metliad

it u¡i-Ll be prrcposed that lj"nearj,z¿tion of t.he t¡'ansfor'rmticn is
suital¡le in +rde*:, to get d. new problern of a nCIre uncomplícatecl
str^uÕtrü'e" Tt wi}l i¡ fact make the loss function quadr'*.ti.c Írr
a new variable y.

The third way discussed for solvi¡g the problem r¿ilt T:e to utílize
if¡e Ëucliriean algæíthm. lt means that succesive pcl5nroroial divjr--

sions are pæfr:rmed. tet y denote the vecton consisting c¡f the co*

efficisits of the nern*j"ntien polynomi**l at ssne step. It is tÕ b€

tested if y = Û or not. llhe vectÕT: y ís a functj.on af the vectcr xt
ar¡d tl:¡r:.s this case also nÞåJàs th,at the onj-gina} pn'oblern is reformulated

using tnansfarmations of variables.
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!.ï¿mnle*T-

Also foE tliis methcd it r¿j.li be pr.oposed that linearization of the "f¡'ans*

fcyrnati-ons is suitabie.

Ílirice all ilrree ways (calted nethods j:: the follora.i:rg) trrean that a tråns-
forr¡ration of variables is useü, i.f tø*uld be val-ua]:Ie l-o a:ralyre the *ffect
of a- g*nenal- fratrgforma"cion. However, the fnænsf'orrnations tliat r.vil-l be
mnsádenec a::e of essentially t!,lc Cj.ffe::ent kinris e¡rd i"t w-i-tt be mûre Þer*
tiner:t to nuke simple arralysds for, each type of transforsurtian. ïn order
ta fi*T'ther explain the diffene¡:t mcfllods, it witl be especially cons j.<1er"d

h:w they work ap piåel to the foilCI^¡i-rg sinple example.

Cr¡nsíder the case^gíven^by^" = {år å, û, tr,iT *r,*r,u Â("} ,
z + aZ ard B(x) = bl" + br(b* = ü fcr cûnvenience only) and

suppose thâ't the c¡rvar'ía¡rce nntrjx of x is F. For.' this eimple exalrple it
is easy to .formulate the cn'Íginal problern i¡ en explícit form. The locs
function is gåven by (?,1). Tl:e cons'h:aint me,rne that Ala) l-¿s a" zero jn
-b,,/bî, which givee the equatiûn

¿L

nl -ari:rbr+arul=o \ö.IJ

foy' tþre conxtr"aint.

Method 1:

As ¡nenti.ond above, it ås qossíbre to pårårneterize the vecton x. ïntro-
d"rce the three polyncxnials A(z), B(a) a¡¡d L(z)

.¡.L å*-ì

A(zj = Htz
n -k*1*ãr"*n*-k

ó-
.t s

n_-K
d"

^, fL *k
B(z)=Ë,J*o +Brz

nO*k*1

.k
LJUJ'} = â

+

k-17"*

l,Rurb*K

+ ol k
If ;CI e nol is lrrown, then p:r åo - åo (Bo ,, uo;.
equivarì.ently be expressecl as

lhe conditJ,on x€SO cå.n
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A(z) = A(z) L(z)

þ
B(z) 'B(zj L{z) (3.2)

for arbitna::y values of the coefficients of ic"¡, äc"1, and t(z).
Collect these aoeffícients (with posCIibi.e exclusÍon of äo analor Bo)
in a new vector y, rorhich must håve dimension n - k.. l]ren x is para-
meterizd, in the elernents of y r,uhen x belongs to the set s*. ähe func-

tion Ë(x) can easily be erçnessed as a function of y. rn thís ¡¡ay the
cons'rrai-nt Ís avoided. ccrnpletely. lhe pnice fon this is a morne compli*
cated structune of the loss function F.

, Now the application of the method ta the special example is conside¡ced.
Fcnr this example the vecton y is given by

y = i31 ß' rr:

and the loss function can be rrr.itten as

F(x) = F(f(y)) " ¿l p-l ,ly

Áy * tä, + n, - âi år,or ;1 ßi'u, ltsl

Ïn method 2 aÏd 3 anothen type of ü:ar¡sfomation of varj¿hl"es j.s used,.
rnstead of exp"essing x as a function of å new vector y, a vector vr

td:ích contains the new vaníables, is expressed as a function of x. ïf y
þas sfiåller dímension than x, r¿l:ich ofter¡ is the case, the difference is
rrrt tnivial.

ïirtroduce no$r å. þansfcrnntiongiven by y - f(x) with dj¡r y < dim x. Tf
st¡rj^ct inequau-$ holds, intnrduce aiso scrne slack vaniable of djrnension
dim x - dirn y.tÏrrough z = g(x). lihe functionç are assuned to satiefy

T!ttzal

søne- bransfofrnåtíon of vdþiabL-e,s 4rrd ríheãnization of them-'. - r-:!' | ¡-:-;ì';:---'-:-'--
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ft' r"f
L*' t"il

non singula¡r close 'lo x = i"

T}re constr¡íint u¡ill for. methsl z anct 3 be of the form

ùY=u (3.3 )

and (of cou:rse) zarbitrar"y. sisasxn (s< n)nsürixof nar:lcc.
Jhe case s : Trr which in fact ås used in method 3, mearrs that the con-
stnaint is degenæated tÕ y : C]. Ttrís means that no optirnization had
tc be performeo at all. rn or.cler" to get an Ltrlcsmplicated proble*n,
linearj-zation of the tr'¿utsf'arrnations is pnoposed. Since it is assu¡ïied
tJrat rn is cl.ose to * ard only values of x close to * *u consíclered,
it may be apprapri¿'te to linea¡:ize the t?ansfbrrnåtions anoun¿ x. ïn-
t::oduce the points t = f(i) and ; = g(i). ære lineanization is
given by

t"r] Itl [rc">1 fic">-] [r'c*i]
L"J LJ = 

[,.,J 
- [,;j = 

L',;J 
(x-x) (3'I+)

ldith use of this lineanizatåon the loss function carr after lr"ivíal cal-
ürlations be expressed as

r(x) = [ot-ut "::-ir1 '(x)Pf r(x) f r(xlPgr (x)
r¡

T'(x)Pf r(x) g'(x)Pgr(x)

-1

ft
tg f 

-r 
fïl =

(3.5)
m^ffiñ^m

= lyt-yt ,t -*t ) Qru

Qzz

fott

Lo,,

I
t
I
I
¡t

J

v.1

7,-Z

l
J

tr'tinimization of r wíth respect to the free slack variable z gives

zrz*ezz-1
Qrz

T(y-y)



J" 1.

and ti¡e r-ri:ri,num value of the i.ass f'¿nc"[ion beeomes

icu; = tv*vlr {Q**Qre Qrr*. Qrnt} tv*yl =

= (y-y¡rLrr(;) pr'(xlr.r*tcoi: =

T p*l
v= \y'y ) (y-y)

rP 
-"t(SPyS") * S y'u-PsT"vm

J

IJ.bJ

thus the new optirnÍ-zation problen meå.ns thåt (3"6) is to be nr:i¡j:n-lzed
eubject to the constråint (3"3), This p::oblem is of, a l.i¡ear-qua<lra-
tie type. Tt is easy to obtain the solution e.g" using the concept of
peeudoi:rvtrses' see F,alnnn*Englan (1g68) æ tagnange mui-tipliæs. ilhe
global minimurn point ie

{3.7 }

'fi:e 'linearization can be intenpreted jn a gecrnet:ric way. ttre ,Frans-

forsn'tion meåns that the sets c and so are tlansfc¿-rned fr'crn the x-fipåcä
to the y*spåce. fhe tr^ar¡sfornation i.s ehosen such that the cons.tz.aint
ber:omes a plane through the origin i¡ the y-space, but the set c is not
tr¿sr¡sfevrr¡red i¡to a new ellip*oi"d. rhe lineanization meanË that the
þ(:'nsforry':tion of c is appr.oximated to a new eltipsoid.. This geometric
in'ta".p::etatíc¡n is illustrated in fSgupe 3.)..

,{*cordirç to the apçr-oxÍrnatian forurulae gíven i:t Ha}d (lgs2}, .f}re linea.-
r"i-zation *an be inte*:p:eted statis.tically as well. Fi-:rst note that the
1CIss function can be r,¡nå.tten es

T'(x) . (x - Ë({) (VantÇ}-l (x * H{å}) (3.8)

Ðefíne now the nelq stochaetåc vâríable n thnrugh n * f(Ei" Then H¿ld?s
fornulas gåve

fr(n)"Ëf{6)"f(x}"y

var'(n) * f 'eil p r'(x)T * p,tt
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cðn5tr0¡nt

ftgr:::e 3.]]- Gesneþic intenpr,etation of the lir¡ea::izatíon of the t?åns-
fcrnation of va::iables. The rxllxcke¡r Line gíves the frue tyansfarrffrt1cn
of the set C. T?re dashed li¡¡e gives the approximate¿ t::ansformåtíon of
C into å. neiÀr ellipscid

Thus the app::c'xÍxrated loss function (9.6) can be r,,nritten

r{y} * (y* Ë(n} )T (var,(nli*r (y * H{rì))

'*i:iich hlas the sårne *frr¿ctur.e as (3.ü).

Methad 2.

l'on this metlrod new v*¡'jabies are' jntroduced by defining the vector y by

y - lry ...pn- 2L.,. *o]
a -b

where {p1}are the uær:s of A(z) arrrt

is not J<nown, also aslack variable
this methed the seårch over' " 

jr-r h
typical test þrpcrhe*is may be pl
diffryent ccrrbin¿tions can be made.

{zr}the z€åros of B(z). ff e.g. -b,

is used as clircussed above. Usång

is qojL performed in ong step, A

42, Fg = "1, ËS * zU. Seve*'a} oth*,
C1early this t5rye of hypthesis can



be exÞ:'ess¿:d in the for'ni {3"-i). A::¿),rnJ of s consists of one +1, or}e *1,
r^*¡iie the nemaining elen.*ncÊ of the ï,or¿ ãr,e ueå:Õ.

fn ortler" to apr-:iy thís methcrJ, the.Tacobian ft(x) i-c neÕced. In l¡fiikinsori
í-19â3) expr.'*ssÍ.ons for the partial. cl.e:r:lvat:Lv*s ir¡ f ,{y) are given" Let
a de;:o'Le the vector la, . . . **j *nd p the vectcr. lpl " . p*l defir:ed by

A(zj * f + ar:m*l + ".. + am*iä- (ã * pi)

the ,lac*bi":n dpl<la exísts if ¿md onty if ¡l(z) has no muitÍ_ple zes,os"
Ihe matrix ïraLds

n-1piï -
1-

14

The

dt)
,{:

F1

- .r.rz**-"
fr' ( pI/

m-1
,m

Ar(n )

p"m-a_Fruï

m-2
D.

tr6t

- qtn-;r

*z

I
Ã1Tþ.r

Thie attempt of solutiorr ås i¡r fact a bit noäe complicatd ür*n c.rutlj¡ecl here.
Tt ís necessã}'}¡ to tÏ'eåt ccn:rgllex factons ard neal ones i.*r diffes"e¡:t bîåys 

"The propcsd rnÉthüc ås exffrlined in detaíl in h.¡rstrtfoi (1g?B), whe*^e aiso
¡rurrc*rical expæience is reporced"

The eff*c;t af the nrethocl appiåed to the exarnple i-s nohr íllusü:aJeci.
zerogi of A(z) = *2 * a1z + å., åï1çL¿

*1
t) *zMPa å1

+

4L¡
¿

¿

2ål
Ë-

'Ihe zmÖ z, of*B(¿) íç zl" = - b2lbl. ihen the veûtÕr y ís given by
y - flrl þz *rJ' fo¿" the specific exanrplei, consicier. the ûiypath*sis
Fl " ä1. 'ïhen S ía a ncw vect*r (s=I), næmely

S=[1 û *t]
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l"f:r"eover. the Jacobian f t(y) can be shoerrl -co be

f r(y)

dr

d2

,1
m*¿

dm*i"

-1*tcû

Þ2Þ1 00

ttr

{qT¡,qd 3-. rn c:rden to expiaS.n this methCIdo which is the Ëuclidean
algorí'tlun, å.$sutne fon eiJrÞlíci"S that n* * m, ïb = tn, aû : I anel

bO i t. Fþom Aizi a¡rd B(zi the po)_yncrnial fr(te) = clläh-z + ... +

{'lhe first r:er¡raínder pol5nromial} ås computed fr,sn the equat5.on

¡l
m-I

Å(*) = nr"r q*
,1

or' erqpS.icítly

a"b. -b^
-r+#) + Ð{z)

bi
z+ (3.1r)

a -;2 b^+
Fì*l

I

bt

L

!)'l
.L

r,m-

arbr-b,
*-?i*

\¿tl
nL

a., b', *bo
*¿L

xL-*_-rr?î*'ðr - Þa ;7- - b,,e r, ¡J1 ,+
.L

åfn*I 1¡

a, b" *'b^
T,L '¿ 

^**-îõ** 
L

LL * i)

'1 m

,4s a fiï,st rtep it ie to be testtrt if di = û i =.1r.. {m.1¡ " Tf thic is
not truee å nelr ne¡nj::cls: polyncxnial Ðr(z) cf degree m - B is computecl

from the equatår:n '.



t6

";"B(z) = jj(zlf-.å
r¡1

I
n'b

b'cil* btd
*"Ð t'¿)1

Tn this wd.y tl¡e clivisi.orrs ¿*d the tests ãre rÊpe.lted rxrtil a nernairrden

¡rl.ynamiaj" j-s consids'ecl ci,ç zero or the refi,å.index' pr:13*"iomi,a] j-s a' constant,
.fn the Le.tte]r ease the resuit of the pnoceciur'e is that the onigi:ra1 ¡nlpro-
¡nials hås¡* no cÕIffnon factons.

Cieæ*tly the coefficients af art arbifraq,' r"ern¿incíer pclyruxniai- iri a
fi-lnction sf the veütor x, Tll:ås funetion ås ha¡d -Lo ey,prness explicit"iy
for the g*n*,'al case" Ëor tiris rÊåËon it ås prroposed tha-t Linealiza-
t:i-on sliould tle r"ltil-izied. Lineariaation must "fle nnde ín ever:¡ s.tep"
llhe colist?ai¡i ¡rtean:s that all the *oeffj.cients of the pr"esent r,ennj-¡rcien
p*i-yncaniai. a-r"c z,er'Õr a¡rrå thus li: f i.n (3"3) for thís case" 'Ihi"s is',-
pliex thet no optimíeation.at'ai"l" fiåd ta Lre performed for this rnethad.

rï ís e{å.$y to e"4}r.e$s the coefficåents of t{ z} in x and tt: lj.nea:"i.ae

. this *ansfCIr'nation" rn the next step the coefficients of [r, {u } are
expre*seci ¿s furrctians of tlie coefficierrt* of Ë(z) and D(z) uåo *nr*
trzursfÕT-ffåticn Ís .Lineæ"ízd, arirJ so on. This meåns that i-t is Éuf*
fåcíent tc cot:sirler thê Jacobi*.n of the finst tr¿r¡sf'orl¡rã.tion fnsrr
(*l .'. ** b'l ... b*) to (Þ1 ... b* dl ".. dm*'). Tt has tlie str-uci:ì;re

[s Tl| ,,,1

tt
Ltt rrj

where J, is the fol"lou¡ing matríx of ortier, (m*l) x m

T

ü

dl

'fr"

i,2
î-*
b,,

,L

b
*q
1."1

0 I
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ånd JZ is the foLlcrvring rra1:'jx of crnJer (m*1.) x m

1

ã
Lul

h
L

a-b- -2b,. b^T-L ¿ J*-.--¿_ ¡ ^4-L./,
Ðî Þ1

II

**:T-
-t

-L4Lc1lul*ru4

0
;.

J
F-
þt"1

I
Ltl

h
m

A4
't4
"l

-?ba
F*'vr.*fli*

ûÐ
m

b,
¿

br-arb,
*.=1"'*

o1

t

T-*2

I

ål
I +

Ì-.
arbr-2b,

and the Jacobian is

äbt abl ã

àbz

ry

bz-*r\
bi

In the special example þ(s) L¡ecomee a scalar

b4
dt=*z-E{arbr-bz}

ry
Þ-

L

ãbl
aÐ1

âbtq
ädt

ry

ä*i ã*2

k t,*r-

ã*I åu2.

ädl ad:.
Tî :T-o*r. ðo?

q et ûIt'ìu

I

b2

0

b2
r
"r

dtö

d

û û

I
*rbr*?b, arbr*2b,

u{

Thene iç arr*tl¡er- varj¿nt of the Ëirclide¿m aigonithrn" ft diffcra f.rcrn the
descni-bd one only r,rrhen the Froblesn is seated ir¡ a statísticel fi:amer*ork.



]TI M-
A(z) =.,[. (z * p" ), B(z) = b_ rll].:J 'l 1.*

1B

The equaTions (3.i0) cari be ncal-ed" Since a scal.e factor will aepenct

cr.1 x, the Jacobian will change nr:ne than only by the ccale facton.
krus the 'te*t quantity will deper:ci ori the choice of scale fa.c-
"tor " fhis is an unpieasånt property of the methori. FIow-

aver, ít is not the only Õnê, Let

I
L( x - "t)

Assu:ïe tliat p, is to be consj.dereti equal ta za- but no other pores ancl

zexâÕs are equal. 'llte remaindes' polyncrníal computed by the F,Lrciidean
algor.ithm v¡il1 be of the form

m rn*i
K ifr 3*1 

(r1-zr:

K i¡vclves the d*penderrce of'the scåJ.e factor. Tf it is wanted to test
the hypothesis Ft ' "1, then the remajning factons (Þg*ar) will jnftuence
the result since -they contamir¡ate the test quantity.

nhe use of the Ëuclidean algcir:ithm in the âltljr"ìed ways is examíned ån

Iì:r's"rr¿)il (1973). It is sliÕr^rrì by numerical exarrples that tlie test qlËn-
tities obtaind v¡ith this methcd inåy vålry consider.abJy due tç the choice
or" scaling" A cor¡clusicrr is therefor.e tlrat method I or methoci Z is
to be pr'efenred.
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-tV AFFLT{NTTON TÛ IãAST SQUARËS Ïlr"r\ffÏl"IC/\TI0N

In thås clrapter the pFcposed aJ"gor.j.thm fon "testi:rg of corrsìþn facto¡,s
wil'l be examineci in applicati-on to analysis of nodels obtaj¡ed by leaat
squäres {}-s} iclenti-f icati.on. -tt witl- l:e s}rcv¡n that the new
combírrecl alg*r'i'thm is just 'the same û.s the genenarized reast
sque.res method pnoposed by C"Lanke { 1g6? ) .

The least riquäf'es method mean$ that ttre falJ-or,víng n¡odel is al¡tajned

{r*årt*l+ ". " åon*t}y(t) * {brq*l-* ... t ,o*o}u(t)+e{t)

by min*niza.Lion of

N
t/ -'r6nnre2(ti

'ihe input af the proceÊs i-c denoted u(-t) ar,d the measured outut by
y(t) ' Tlre notation q-l is the bacl$^raïd shift opeÍaton ârrd N denotes
the m*bæ af data. rt ie nb:ai€htfornuard tû e'û€rìd the followi',g
analysis to the case of *u f %.

T?te LS niethod can easily be formulated using mahrices as v¡ell. ïntroduce

y{n+1} *y(n) -y(1) u(n) u(1)

ç
t

y(N) 1). -y(N-n) u(N-t), .u(



2t

I*1

å
Lr

u1
L

e(n+l

Eô

(o?o )

T
û*

ancl the ccnres¡:ondi4g míni$r$n value of the loss fwction is

ôts

"{il),

I,riith ttrese nc¡tations the ross fur¡ction v can be v¡¡.itten as

v(çl = €Tã = yTr * evroô ,s' .ô+

Tlre LS estirTm.te e* is easåly obtaind by rnÍniraization, rt is

ryr,y

v(ôts) = yTy - yTo(a,ro)-l *Ty

An es'tir¡ated variance rstnix o1'si.,s ca¡r be obtained as well, see
e.g. .A,sirflmr (tS6S). Tt is

q;- -. = v(ô,.*) " iöró)-1 ¡¡¡*L5

It is naw pcssi^ble tö exâm:í-rie the function F for thís caee. Str"aight*
forwani caiculationr give

*1
ó
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t4.1)

(4,2)

r(q?)
v(er*)
-*tr* . tç- **lre*T*lcrr- w".: .

* 9t.fÁ)

T+ *9Ls

^rïÍ^^rFrT\ro'etoç - zrpl' o'ly + yTo{cTo)-}çTy 
=

= v(ç) - v{rn*)

V(ç) - V {*r,l

= *T*'t'6 {tls'lt r' ô-e2q T

, v*råch means

F(ep) *
)

N
o/(Wr,U)

'Ïhus i't íe ;prcveet that mjnimizatåon or r (ô) is equiva.ler¡t ta mÍnirni-
zation of V(ç) ' Tnbocir.lce ægaJ.n the par.ame;tenizatåan r¡sed ín chapteç
ïTI. Tlie ccnstpajnt g€Sk can be formp,¡lated a¡;

/r.{a} * &tz}Ctz} B(z Ë{

wirer*

) c()n l

A(z)"1+ a] z.l- "." +
À

aïl - l-a

n-k
z,

frtr,j = L,rt r "o. * tr_* 
""*k

C(¿) ' l + 3rz + .". o ãn k

Fonn a new vecta:. ô i:y

;.-r1 ! 3 3, tuo ; t*,1 ." dr.,*¡. Ët .. Ën_r är ." änjt

ln this way the !'eclu:,,v is elryressed as a function of the vector â
th;"Ðugh (4.?). rt tunns out tlsr the loss functiori vc.icô)) can be
ex¡x'e*sed using pol¡rnøn:i"al o¡reratør"s as



na

ï\l

V(tp( 6)) =. IT:il *r'?{t}

¿(t) = ärq*it ðrn*t, y(t) - äcu*r, ätq*l: uct: (11.8)

li=*¡ever, this is exactly the loss function fo* the generaiized leas.t
squår'es iGls) estjs*iion of the model {q.g)¡ s€€ cra::ke (}g67) anrl
&dersÐ:öm t:Lg?Z).

The establiçle<i fact th,et {4.1") holds ar¡ci the jxterpretåtian given a}.çv*
þnve several. inpor:tant implications.

-1

¿. rt ís shovm in $ixrerstrfu (lg?2) that the Gl,s me.Llrod can be ints,-
preted å'5 an cptinrizati.on of v{ôio)) an¿ thet the i¡volvsl nri::irni*
zat-ion rirethod gives slow {anly lir"re¿r"} convergence. The calcula-
tions n"arcie above re¿d tÕ the ,suggest:ian of a ¡n:r:e efficient way fon
computing the tt,S estjïates " ,qs a first step q.* *¿ på_ -- år-e ccfn-
pured. l.n rhe second step r(ô(åll i" ryrinimizedÏ *o** Tåå* rrr.nr*
rci¡imi-zation the data ape rgl rreeded explici try which means ttrat
the iter'atíons are rathæ fast. Tf a fast minimi.zation method is
choËenn then the runrrben of íter"ations needed rnay.be snarl" rbn
scne sinçle first*ûr.ler systems tlris new alga,l:ithm fo* ccrnputing
'the tl,s mcxlel. has r'€dr¡ced ttie ccxnputing time to about l/lû. ihis
Smplication ís mçxrtíonen also iï såle¡str-itn (1g7g).

Ttre p*opex'ti-es of the aqriÌtptotic loss runction hr(ô) = Lim* vCôf,i:>
a'e ar,alyzú ín stderstr^öm (rg7?)" rt is pnoved that N'* inu ,ru*-
ber- r:f local nininrunr poÍnts of W(ô) deperrds on the sígnal to noise
ratio' é*r j¡nneciiate implícatíon af thís ís that the rninjmiza.tion
j.s no tr.ivi¡l oT¡enation. It is of lar.ge írnpontance to get gocd
s'får't values for the rainiruization^i order to prcvide eonve*^gerlce
to the global minimurn point or r(ç(g)). A method fo* conputing
stert values is rliscurced in the appendix.

/-
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Another' .,bser,v¡rr.:ic¡¡r c.an be marlc+ fron ( r+.1) " T,h* exp'ess:1o'
is of the same st¡.uctuï"e.*a test quanti-ries f{¡:" tenti'g ür.,*
tiel" nf mcdeì.s, see Âst::,om { i"gûB } ancJ B.,thliri ( igTt ) . ,l.hiE:

fact indi.cates br¡t coc¿s not pr:úve tirat a sui.ta.bre varue of.}y,. wouSd i:e r'i k ) .¡l --f]

Surunav'ízLng the ch,apter., it lras beer: shcwn that the leas.r
Ëquåres method comhined with the pr,oposed algor,i.thm for" ?est*
r"ng commÕr¡ factcrs i-s ncthine but the ge::enal ized least
sq:J¿¡rìes a.lgorithm. rt ccnsti.t.utes in fact a very effi.cient
q¡av 'fo compute the GLs moclel. T'he close connectå$n betweeR
tir* r.il$ methorl and the f.,$ methocl !üith a hÍgh anden model arrd
"r.gills. tests çf common factors weïìÊ pointed out earli_en in
Åstnöm-Êykhoff {tÊ?r) and söder"str,ðm (ïg?z). söme, simiiar
ideas i^rere $niefly <liscusse,d by t{iesrancrer. (rg6g).
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V ¡.JUì.,IJ:RTÜ.At ËXAMPLE S

T'he nurnev'j.r:a1 exampies given in 1-his ehaptep are al_I concerning
the GLS netj':od, discuesecl i¡: chapter" TV.

tJxan'rple.s l and Z

Å*ymtotic values or ôr* anci p¿- ^ were computed using theo¡,eti_-
cal exp*essions, The number äF*o*a., n, r¡/as assumed to be
1t0t. The systems are genêral first-ord.en system$,

ïxample l"

Hxample 2

& : *û.5

a : *û"8
D = I.U

b * l..t

al LU * U¡rJ

ar

y('r)+åy(t*l)=T,u(r-l)+e(t)+ce(t*}) 
(b"l)

tntitlre e(t) is v¡hite noise ¡¡itlr variance r,0 and irdeperrcient of the input.ï':e input is alsa asfl¡med'fo k r*híte noíse wíth vari¿nce t.û" The ros,sfi*rction rcb¡ is minimize<i numerica*y using rnethod 1. ïhe crder of theLS model v¡as chosen a's rr: I '." 5. ït tr-a'necl 0ut, in accrxrrence withisffi& 4.2, that when k { n - t then the sy*tem of equationç (A"6) becanresÍngulan, 'whåch i¡dicates å tor s:rni.l value of k.

jh a:der''ro evaluate the mxJelsrthe follawi-*g vaniables håve been ceimputed"i) the lrlee, the ã€û:Õs a¡rd the stati-c gaìn fcr the fi¡r¡e systan (5,1)
the r's rnociel 0f orx3e* n a¡rd tlre *e*ucmr, GHn noclel w-t?rk:n*i"(n>l),

jj) The tJeviatio* i:i the 5mp.rrse re*ponse fon lhe LS a¡d the GL,S
¡no*e's " 'Lo.t {gå} ¿*ote the -h^ue irnpulse responee a::a {gi}tl:e üryu1Ée respCInsc obtained f¡'om a mader, The qua.ntíty

^/\^-þ/l'l\: *.l'-(
-L -"I s1*&i)

rH ccrnputed.

l-Lr-J

i.v)

Tf¡o diffes'ent s.ystems were tr.iecl.
erd figures 5.1-S.?.

The step resprJnËes for the sy*tøn ald the tr+o nndels.
'Ihe test ryantity f(;),

0.?

/t
¿

The nesults år'e given in Table g.ì,._S.?



Reduceo {GtS} model

Atr

û. ûûc 321-

û.ü01 854

CI " uÌCIt CI06

0.0{i0 tû7

static gain

?.ic6

i ilc-tu-

p0l-e

û"484

n uqq

ñ f¿^¡1

F(rn)

ì n a1

¿ . /_t)

CI. $4

n't Ê

ürigi-r,,al ndel

ü. ûEi

0.02û

r"trs

s. cr*i

U. TJUU .J

stati-c gaÍn

1 '-lt,

L"6?

¿,rt

1" g2

¿ . i_)"t

u€rçs

t .4?

û.24 * i ü-38

û,S? * i. t"4?

u. +b

*0.13 * i ü.46

0.38 * i û,27

poles

S.6l{
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Lkaniples 3 and 4.

Ï:: crder to fr.u'thm evaluate the valídity of using the theoretical åsyûìp*
-tntåc expr:essions fon ôr* * Pô, 

oo 
Lû differ.ent nealizatians using toûCI

sjÍnrlated data were usecl fc¡n theL$ystems given in ecampte I a¡rd Z " the
cåse n = 5r k : 4 was chosen. The nesultË åre presented jn Tables 5"3*S.q
and Figr.rne* 5"3-5,4,

T?rc conclusions ü¡hi.ch carr be rnad.e fnorn the elcanrpS.esåre the following" Tne
sÍmptÍfied madels are as god as the <rigínal ones" No clean diffenrence
between the tt"¡o kír¡ds af models 'l¡ave besl detected, An edvarrtage of the
rduced model, Ïnwevæ, is that ít contair¡s fewer pâråtl¡et€rË.
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thrrrÞarisoris jrethee¡:r the tlrree nrethacis

MethcxJs 2 arv.3 3 hr¿rvÉ l-reerr ex;*nined by l};r'st::orn (1973). fo $ryne ey;tent
-tï:e s*ìme exampJ-es were u.çed as the ûnes cûr¡gid*rerJ here" itre'maj¡ conch:-
sj-on *f $:r's"Ll:'ðxï!s r¡rÕT.k is tirat rnethr:d ? is sripe:.icn to rnethcej 3 .

l'f*throd 2 wäa trjed cn exanple 1. '1.'he reduced maclel.s rûer:e Õônsiderably

þ¡)rse for inethr.:C 2 than fr:r metlrod 1, T-c'r' jnstance, the value of the pcJ-e

ves {J.54 f*T,n . 3, t-6û for n : 4 s^r¿<1 û"59 fcrr n : 5. These values should

Le comlxred with"Lhe valuee given ilt tal:le 5.1 f'or ¡nethorJ 1.

A ¡,ríncipal, rlra¡^¡ba.ck of method I is titat the loss functicrn can have rnore

:fhan one loce.l minjmr:m point, Sðder"strrïËn (1ü?2), Howe¡¡er, 5n the considæaj
exarnples no rrumer'ical probiems occut:) perhaps becau,çe of good inilial values

far' "the mininri-zæt;ions. This clx'awJ:sck does not appeär in the ctheæ two methods

since the l"css funct"ion i.s apprerximateci ín these cases,

A sa¿l1--1" advantag* of method 3 was obaæved by h:nstrðrn (1.973). "ltlhen the
i:rput sågnal is rrrhite ncise, it turned üut in exarples that the reclucd
¡¡nelei gåve {:Õnsístent estifiåtes " It i.s in faet possible to pncve this
'üreo::etic¿11y, see *"g" $ðiderslröm (1973b). 'Ilre basic tool needed for
a ¡:roof ís le¡nna /\.1. Howevæ, such a proof is not j.ncLuded here, cinee
füe method has also a large dr.awi:ack. 'fhe exper,ience of Bi:rsþtln was, 5"n

acccrda;:ce r^¡ith tlie discussiorr in chapter ITI' ';ha't "Ure test qrantities
seeq to l:e qr-råte irrelevant
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A .basic iciaa fr.:r test3ng cçlïniÕrì factc*s cf tr,+o polynomials iras been

prro¡:osed, The cc'¿arj¿nce mat:rix of tlre estirnates of t?re caefficierrts
j-e assurnccl lo i:e given a¡d, is uçet1 in 'the algoril;hi:rr. ltre algori'thrn

can h'e formril-ated as a mininúzat"i"on of a quadrati,c loss f.urrction lrnden

a eonplicaterJ constr.aínt "

ü

al Three díffer.ent ways af i:nplenreniirrg "tl"re algcrithrn were cliscuss€d.

The fjrut way ía a r-epa.r^ame-f*r'izati-on which Egives å new optirnir-atj"on
pt"oblern rsithc'rut conËta airrts. The secorrd way is -to cCITûp,rre the ue:ro$

of th* twc'poly-runials. The thj-rrl way is brased on the H.rclidear¡ al*
gcråthm" The experj-ence j-s that the first methcd is aiso the ¡nost

p:nefæable one" 0ne drawback of tiris metirod ís that the new optfirri*
zation pi:'obJ-m can have sevs*l j-oc*.l e.")çfj:'ema" Thus it íe impr:rtant
to h¿rve good initial value*. for the optirni.zatj-on" A way of construct*
íng i.n"itial r¡alues is rliscus*sl. fr¡e second way of Ímpleme.nti4g the
al"garitlm is i& general superia:r to the third one" 0n the whcle the
thjrd ç'Tay cð.n not be rece¡nrnerded for, use ari"thout rpiial cautiÕn*
sjnce the test qu*ntíties seern to l¡e quite jmelevant in tirís cåse"

Apçlí-ed ta n"oclels obtaj¡ed i:y ieast squeres identífication it is
çrr-ovd t¡at the method is nothing but a new arrd rnuch more efficåent
nethc¡d to obtail the gener:alized least sqtei:es mdeï.

r)
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'1-he t-ui-irl"::.'i{r¡-rTî.ii ic iila¡ù, ifi:f" K. J. ikirðrnr Dr., .I. Gustavssc¡r: a¡id

är:. i.,. i,jirng í;,::' :,ii,.ir.r-i1æti-ir¡4 e_iiscussj'cni,: ,lJid pertÌ-nerrt cormer:.ts. Il
,i.r:.*r*c,,'i pieæ-sur)4ri -r-rJ'11'øn1.: Tvrrs. M" I'{oo::e, uûro t-yped.t}re ¡nanuscr:ipt
;¡1il. Fj-iss íj*l:l i.l;rr'is5cxr, whc ;.rrep*::ed tlie f igi-r::'es. 'il're pr:rti-ar suppor:.

of f"he Sr"¡edisl: P.c¡¿¡r'ci fcv''leclxljcei .lleve'lciçlnent is gra'tefully ac)-;icwJ"eciged
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ÂFPENDTX. CTMPUTA:ITÛ¡J Oí' T}íTTTAt VAtUf,S.

l.i- r¡as nentic¡:æd in chapter' IV tlìåt the inítiaj- values far the minimize*

ti.i:n can lwve ínfl.ue,nce nÕt only on the nixnl:en of nequíred iteration* but
alsû on the r.esui"l of ti:e ninimization. the re¡.son f"or this is that the

iciss fi.rnction can heve several local rninjnn¡m pcints. Tn this appendix is
rliscussed å wåy of abta.ining i:ritial values far t}re mini'nization. lJndæ

s¡r'tain corrditions it wilt be prcved thnt they are coneístent estir¡ates

{a.} and {b.}.'1- 'l--

Åszume tlr'st the true systern is gavernecl by the eqr.ra'tion

a{c1"l)ytt} = B{q-l)u(t) + v(t} (A.i)

ü¡îr&re u(t) arrd v(t) are írxleperdent and v(t) can have an a:rbiþany cÕva*

r:iance function- Tt"re poi3rnonrials of (4.1) ar"e

-1)=1+a¡.e- ÐY\
acun

Õ

*1/(q * + +

*-l
3(q *) = b-,

l-

-1q + ... + h
n*

It

q-rb

Tbr .t?:e tes't <¡f eonr$n factc¡r-s the followi¡g f,S '¡nncle1 is availåble

titrrene

Åtq*l)yet) * s(r¿*l)u(t) + e{t}

-nfr
n

\fr. ¿ J

Âtq*t) " I n å-,+-t + ".. u å,,d*

B(q * b,q
I'

*L
+ L q

kïTli 4¿" Ase]-¡rile thal; u.('f) is r,utrite nr:i.se- Tï¡€,r"r asSrmptotícaliy the i"m*

¡ulse T1â*ptnses com.esSrorxfårç to the t:r,¿nsfar frrrrctionp

)

Þ{q "r
^1
A(q -)

)

)

-_1

{liL
- *l

¡ ¡t \j.

anC cci:icicie i:l the fix'st n poi¡ts.



Í@nark: 'lhe result of the le¡¡r¡a ca:r be o,çresoed as
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(A.3 )Fgì -*91 = o(zn+l), z+ût\\û/ A(Z)

æ, equivaJ"ently

Bfo.) A{z} - Bir-!.{(z} " û{u*+1) , ?"+a (A.4)

Træ{: The asymptotic equatíone for the l,S est*nates give, see e.g.
-4str'ðn (1868 i ,

ar{t*i} l*y(t*r) .., -y(t-n}u(r-t} ... u(t-})l

= Hu{t*j)y(t}

for i. s 1: ,.. n

lris cån be written as

I *1
0 : *.r(t*i) tA(q )y(t) - B(e )u(t).1:

= lj¡(t*i)

"l

a
^Il
b"L

-1A{q -}
u(t) + fuqj, u,.

A(q *)

urt{

{

-1 -1
' Ëiu(t*i) å( )B(

A(q-

" åb(t-i) [iirn3"'*-3¡
Since u{t) is w}¡ite noise thie equation gåver

hi = ð í'1r .. n

which is nothÍrç b;t ß.3) or" (4.4) expessøl j¡ an attænate f,cflßn"

*1) 
_ I

)

EI



r+3

Tle.seci ori 'ihis lennm 'the foll<:wi:1g algor:ithm is pxuposed, The i:r:i-tial
r¡al-ues ar ;iC.i-li ana ütq-l) are comçruted fnom

?n*2k+1 z-r0h{z}ß{z} -A(z)B(z) ' 0 {z )

a
.ul-K
b:.

*bl

-1."zn*zk

(A.5)

(a.n)

(4.?)

The algcríthm c¿n be implemented as a systan of linean eguations, namely

0 -1 *t
0 0

b.
Å -åt

;1 -l
*å1

bzn*zþl . bn*k -å -.a\*^rg-Zn-?k-i *n-k

B{ r-) * û{z2n-2k*1 ), s -Þ 0

t,
.Dn*K

'nffre,*re h-. a¡d c1., åre neplacerl with zer.o jf i > n.l-I

The equatÍon (,{.5) ean al.eo be expn:essed as

tlz)r*
A(z)tllzj

k¡trsiuce the imprlse respÕnse h, fi:cnr

$q*
^ _'t
A(q *

\ æ^-l

1&1 hi9 *
)

¡r¡:n

Ä(*)rf., ûr"t - il(r) = û¡r2n-zk+rr,
a"--L )..

lherr (4.7) car¡ be ímplerientd as

Y+(l

cet exptlesserl ae] a rystern of línear equations
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ari-
tu
lr"I

t

't-,tl

ü
t -t "h.

.L

J( ß. B)

ü

hzn*zk-l * hn-k k ¿n-

1}le equatåons (4,8) lras the cìisadvåntåge ccxnpaner3 hrÍth (A"ri) tl¡et the
i-rn¡x.rlse re$pãn6e of the npdel (A,z> nmst be ccrnputerJ. Hcnrevm, an.

advantage íc that 5.n pu'actåce ürrly a systêrn of {n-lc) eguations nmst J:e

solvëd, namery; the last (n-k) equaticrrs ín ß.si. ttre f, *variables
are earily comput*d when the ä, -rrariabies are kncr,¡n.

$cånethirç can be saj-d ah.:out the effect of tlie orrler.$ clf the pr:lyncnrials"

fefirrn, A,2 consideù: the plropos*j argonitlxr¡ and suppo$e tlrat u(t) ís tçhite.

i) Tf n3 2 noarrdk '; n - DÕ, ther:.theaigonithrnwillgive
r"unique estirnates, namely

Ärq*l1 =.q(q-l), ü(e-tl = n(q*])

íí) Tf n - k , *o and k I ha, therr the atgorithm will not have a
unique salution (if solutions e¡<ist, there are Ínfjnitely many).

äqpåt Pånt i) follows frcrn lerrna 4.1 after a ccrmpanison of (A.A) etd
(4"7). Fart ii) j.s pr,ovd as folrows. Ðenote the matr^ices of (A,6)
årri (A,S) by Pi'ard P, nesp. Consider the vector." Pl* and Prx wh*,e
the vector x holds



ãf
l-

å

0
0
"b,

¿

bto

l, (
-tJ

(A. $)

T1-re cordition n - k > no guãråntees the pÕssible côristruction of x.

'Ihen Prx x ü is equivalent tô

¿(zl n(z) * Ä<a) Bl.:-j = nrn-k+no+l, z o a

ainci Frx ; [J ca¡: be expres$ed es

a(z)ifi År*t- - s(z) * orrn-k+n6'+1", z -+ a

r,r¡hich is ecpivalent to (A.S). Acconlíng to (4.4) these expressions

are fulfi)-ledproviderJn- l<+ Þo * 1r' n + Iorkàoo. Thus the

nn:tnices P-, and Ë, *u singuler, vrhieh ccrqrletes the prccf. tl

Nofe tlr,at the singula:'ity of the matrjx i"r: (4.8) can also be examineo

usìng thecry frçm l(alrnan-Anbib-Falb (ig{ig).

The secorrl part of the lennn. gives also valuable i¡ufornation concerning
-tlie deter..rninatien of ã. pr'ôper ncdet oìøer when the inpuf sigrrai is u,hitc

ncise. Suppo*ê thet k satisfies nos k< n - no. It Ís alr*ays possi.i:ie to
find k ¿nrJ n suc?: that these conditions are satisfied for a gíven vaiue of
nÕ" l,rítren they ar'e fulfilt€d, the systems of equations (A'6) and (A"B) be*

crxne sångula:', thus ineiicating that the number of cøn¡ron factors is cha*en

unp,opø.ly. A way to estinrerte the üue systøri orl1en no ie 'the foLlovring.

Consider the equatíans (4.6) f-on diffenent values of k. Suppose that the

U

i



Llû

iì:¿Gtrin beLirlrlÊ$ singuiai" fi-..r scrme vaiue{ s ) of k, i¡lcr,ease },r i¡r'tj-L the

ry{Éiteni l:eccçÌr.es.licn sing¡"lì-ar,. 'I'lìc)rì ¡.i,,: i} * h.. i¡e fi:.s"t pagl of l.efltrkr

A.'l gi'tes tha"l tile üÊ"lrix P-. st:r.el"v is nori sì-ng.r}..ir. fûr'Lhis ccrnbinati.o¡.

lihe i:rec¡.ralitj-e* n*( j.< n - 
^,, 

** jj"jlrs'ïr,a"Lec in fi,igr_u:e ,A.l fc:-' iÌle c.rses

I1.,, = .J- ani 2. Clearl-Vr i <k <:r * I rnust al'wa"ys hcld"

K

t
s
ti
3
2
t

þ
r
t,

3
2
I

h* k3

12 3åS6? n t2 3¿Sñ?0 n

Figr:::'e 4.1" f l"iristratiori of tlre cor¡ditic,ns ro5 k < n * *,r.
il'he "lashed squcLres are c,rml:in¿rtions whict: sal:isfy the conC j.ticnE 

"

(X course, a test of singulanit5r of the matriceg p. and F, is nct a tr"i,
vial task" 'Jne way lo do it is to cÕmpute the ccndj.tíon m¡¡nl:ers fi:r
,Jifferent va-i-ue:r of' J<. I'or considerabty l*rge rzal-ues of -this ¡ium¡er the
nrit;rices may be ci:nsiderecl as singulnr"

'Ihe çrroposed ;:Igr:r'ithm can in fact be :i.ntenpneted asympîotical1.y as an
iris'L::urnen"Lal variable (IV) method, l¡hi,l..h use of the notat:ions of section
IV, this cl¿tss of methods cän be clescrj--i:e'3 l.:y, r:f hlong*Fc1ak (196'/) a¡rd

Young (197û).



"¡iurp ,, zïy

çd::ere Z i,s a nu.1:rix of c¡rder (N*n) x ?n such that

i.)
1 'Tr,L 

-)-'.fi:rr fr Z- fr i$ non airrgulan

47

{Å. r"û )

(A.r-1)

{A- 12 }
,:i1
.L,L ] tr*frZï{çtao*v) = ú

å.S.

å.s

whrer* t$o denr:tes 'fhe true perêmelry veJ.ues.

I'c is eåsy tÕ Fnove conois'tency of sr;ch æ methryl {assl¡med that n = *o),

With the npecial choice

u(r¡) u(n*t) u{}-n}

/re

(N*r) u(N-2n)

it is €a$y to see that (,q.12) i.s fulfjl"led- Mcreovæo it tr¡nns o¡t tlr,at
(li.lt) can asynptcticalty be equívalently ex¡xreesed as {,q.S). }}çn lenrna

.4..? then (A.ri.) follows.

T.he specijic Z is a speciai ca,çe of. a ela*s af Z*netr'íces treated by
Ëinigan*Rowe {1373}. Thus it Ís possíbte, to obtai¡ rhe fínst part of
lewn*. fi..Z i:s*:g thei-n theÕl:y as well

lfhen the ínitåal values of A(z) arxJ Ð(z) a¡re fouruå, ít is easy to ccurrgnite

inåtÍal values of C{a}, A $ui"rðble r^¡ay to do this is to rnirrimi¡ç f(ç{t))
withrnespect to tr,e 3, -.panarnetgn& only ald r^rith the initial values of ät"l
e¡rd Ëiz) kept fÍxed. tÏris res*Ícted lcss fr.¡rrction is c¿uadnatic ard thus
the minimizatåon ie ü:åvièl,


